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P R E F A C E .  

HE papers of the present Collection are reprinted very nearly as T they originally appeared, and with a few partial exceptions in order 

of date. Obvious misprints have been corrected, in several cases with the 

aid of the original manuscript. Other alterations of the slightest signi- 

ficance are indicated l y  the use of square brackets [ 1, while additional 

matter is introduced with the proper date in the form of footnotes or 

a t  the end of a memoir. I n  a few cases, where i t  has not been thought 

worth while to reproduce a paper in full, a brief statement of the 

principal results is giveri. 

Some short papers of a rather slender character have been iricluded. 

These may serve to mitigate the general severity. In  consulting siiiiilar 

collections 1 have asually felt even more grateflil for the reproduction 

of short and often rather inaccessible notes than for the larger and better 

known memoirs. 

TERLINQ PLACE, WITHAM, 
October 1899. 
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ON SOME ELECTROMAGNETIC PHENOMENA CONSIDERED IN 
CONNEXION WITH THE DYNAMICAL THEORY. 

[Phil. Mag. XXXVIII. pp. 1-15, 1869.1 

IT is now some time since general equations applicable to the conditions 
of most electrical problems have been given, and attempts, more or less 
complete, have been made to establish an analogy between electrical 
phenomena and those of ordinary mechanics. In particular, Maxwell has 
given a general dynamical theory of the electromagnetic field*, according 
to which he shows the mutual interdependence of the various branches of 
the science, and lays down equations sufficient for the theoretical solution of 
any electrical problem. He has also in scattered papers illustrated the 
solution of special problems by reference to those which correspond with 
them (at least in their mathematical conditions) in ordinary mechanics. 
There can be no doubt, 1 think, of the value of such illustrations, both as 
helping the mind to a more vivid conception of what takes place, and to a 
rough quantitative result which is often of more value from a physical point 
of view, than the most elaborate mathematical analysis. I t  is because the 
dynamical theory seems to be far less generally understood than its im- 
portance requires thnt 1 have thought that some more examples of electrical 
problems illustrated by a comparison with their mechanical analogues might 
not be superfluous. 

As a simple case, let us consider an experiment first made by De la Rive, 
in which a battery (such as a single Daniel1 cell) whose electromotive force 
is insufficient to decompose water, becomes competent to do so by the 
intervention of a coil or electromagnet. Thus, let the primary wire of a 
Ruhmkorff coil be connected in the usual manner with the battery, and the 
electrodes of the voltameter (which may consist of a test-tube containing 
dilute sulphuric acid into which dip platinum wires) with the points where 

Philosophical Transaetimur for 1863. 
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2 ON SOME ELECTROMAGNETIC PHENOMENA [l 

in the ordinary use of the instrument the contact is made and broken. 
There will thus be always a coinplete conducting circuit through the 
voltameter; but when the contact is made the voltameter will be s h n t e d ,  
and the poles of the battery joined by metal. Now when the shunt is 
open the battery is unable to send a steady current through the voltameter, 
because, as has been shown by Thomson, the mechanical value of the chemical 
action in the battery correspondiug to the passage of any quantity of 
electricity is less than that required for the decomposition of the water 
in the voltameter. When, however, the shunt is closed, a current establishes 
itself gradually in the coil, where there is no permanent opposing electro- 
motive force, and after the lapse of a fraction of a second reaches its full 
value as given by Ohm's law. I f  the contact be now broken, there is a 
momentary current through the voltameter, which causes bubbles of gas 
to appear on the electrodes, and which is often (but not, 1 think, well) 
called the extra current. Allowing the rheotome to act freely we get a 
steady evolution of gas. 

To this electrical apparatus Montgolfier's hydraulic ram is closely 
analogous. The latter, i t  will be remembered, is a machine in which the 
power of a considerable quantity of water falling a sniall height is used to 
raise a portion of the water to a height twenty or thirty times as great. 
The body of water from the reservoir flows down a closed channel to the 
place of discharge, which can be suddenly closed with a valve. When this 
takes place, the moving mass by its momentum is able for a time to 
overcome a pressure many timee greater than that to which i t  owes its 
own motion, and so to force a portion of itself to a considerable height 
through a euitably placed pipe. Just as the electromotive force of the 
battery is unable directly to overcome the opposing polarization in the 
voltameter, so of course the srnall pressure due to the fa11 cannot lift a valve 
pressed down by a greater. But when an independent passage is opened, 
the water (or electricity) begins to flow with a motion which cont,iniies to 
accelerate until the moving force is balanced by friction (resistance), and 
then remains steady. At the moment the discharge-valve is closed (or, 
in the electrical problem, the shunt-contact is broken), the water, by its 
inertia, tends to continue moving, and thus the pressure instantly rises to 
the value required to overcome the weight of the great column of water. 
The second valve is accordingly opened, and a portion of the water is forced 

up. Now the electrical current, in virtue of self-induction, can no more 
be suddenly stopped than the current of water; and so in the above 
experiment the polarization of the voltanieter is instantly overcome, and a 
quantity of electricity passes. 

If no second means of escape were provided for the water in the 
hydrrtulic ram, the pipe would in al1 probability be unable t o  withstand 
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il CONSIDERED IN CONNEXION WITH THE DYNAMICAL TAEORY. 3 

the shock, and in any case could only do so by yielding wit.hin the limits of 
its elasticity, so as gradually, though of course very quickly, to stop the flow 
of water. The bursting of the pipe may properly be compared to the 
passage of a spark a t  the place where a conductor carrying an electric 
current is opened. Jus t  as the natural elasticity of the pipe or the com- 
pressibility of the air in a purposely connected air-vesse1 greatly diminishes 
the strain, so the electrical spark uiay be stopped by connecting the 
breaking-points with the plates of a condenser, as was done by Fizeau in 
the induction-coil. Contrary to what might a t  first sight have been expected, 
the fa11 of the primary current is thus rendered more sudden, and the power 
of the instrument for many purposes increased. Of course the spark is 
equally prevented when the breaking-points are connected by a short 
conducting circuit, as in Our experiment by the voltameter. I n  fact the 
energy of the actual motion which exists the moment before contact is 
broken is in the one case transformed into that of the sound and heat of 
the spark, and in the other has its equivalent partly in the potential energy 
of the decomposed water, partly in the heat generated by the passage of the 
momentary current in the voltameter branch. 

The experiment will be varied in an instructive manner if we replace the 
voltameter by a coi1 (with or without soft iron), according to the resistance 
and self-induction of the latter. In  order to know the result, we must 
examine closely what takes place a t  the inornent when contact is broken. 
The original current, on account of its self-induction or inertia, tends to 
continue. At  the saine time the inertia in the branch circuit tends to 
prevent the sudden rise of a current there. A force is thus produced a t  the 
breaking-points exactly analogous to the pressure between two bodies, which 
we will suppose inelastic, one of which impinges on the other a t  rest. The 
pressure or electrical tension continues to Vary until the velocities or 
currents become equal. Al1 this time the motion of each body or current 
is opposed by a force of the nature of friction proportional to the velocity 
or current. Whether this resistance will affect the common value of the 
currents (or velocities) at the moment they become equal, will depend on i t ~  
magnitude as compared with the other data of the problem. 

There is for every conducting circuit a certain time-constant which 
determines the rapidity of the rise or fa11 of currents, and which is pro- 
portional to the self-induction and conductivity of the circuit. Thus, to use 
Maxwell's notation, if L and R be respectively the coefficient of self-induction 
and the resistance, the tinie-constant is LIR = T. If  the current c exist a t  
any moment in the circuit and fa11 undisturbed by external electroinotive 
force, the value a t  any time t afterwards is given by x = c .  e-t 7 Any action 
which takes place in a time much smaller than T will be sensibly unaffected 
by resistance. 

1-2 
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4 ON SOME ELECTROMAGNETIC PHENOMENA ri 
We see, then, that we m y  neglect the effects of resistance during the 

time of equalization of the currents, provided that the operation is com- 
pleted in a time much smaller than the time-constants of either circuit. 
And this 1 shall suppose to be the case. The value of the common current 
or velocity a t  the moment the impact is over will of course be given by the 
condition that the momentum, electromagnetic or ordinary, is unchanged. 
If L and N be the coefficients of self-induction for the main and branch 
circuits respectively, x and X the original and required currents, the 
analytical expression of the above condition is 

It is here supposed that there is no sensible mutual induction between 
the two circuits. 

The spark is the result of the excess of the one current over the other, 
and lasts until its cause is removed. I ts  mechanical value is the difference 
between that of the original current in the main circuit and that of the 
initial current in the combined circuit, and is expressed by 

or if the value of X be substituted, 

Exactlp the same expression holds good for the heat produced during the 
collision of the inelastic bodies, which is necessarily equal to the loss of 
ordinary actual energy, a t  least if the permanent change of their molecular 
state may be neglected. From the value X the current gradually increases 
or diminishes to that determined according to Ohm's law,-by the resistance 
of the combined circuit. It may be seen from the expression just found that 
the resistance of the branch may be varied without affecting the spark, 
provided always that it is not so great in relation to the self-induction as 
to make the time-constant comparable in magnitude with the duration of 
the spark. The spark depends only on the comparative self-induction of the 
branch circuit, being small when this is small, and when this is great ap- 
proximating to its full value &L&. 

These results are easily illustrated experimentally. 1 have two coils of 
thick wire belonging to an electromagnet, which for convenience 1 will cal1 
A and B. Each consists of two wires of equal length, which are coiled 
together. These may be called A, A,, B, B,. When A, A, are joined 
consecutively, so that the direction of the current is the same in the two 
wires, we have a circuit whose self-induction is four times that of either 

[1898-An erratum is here corrected.] 
IRIS - LILLIAD - Université Lille 1 



il CONSIDEKED I N  CONNEXION WITH THE DYNAMICAL THEOKY. 3 

wire taken singly. But if, on the contrary, the current flows opposite 
ways in the two wires, the self-induction of the circuit becomes quite 
insensible. 

The main circuit may be composed of the wire A, ( A ,  remaining open) 
into which the current from a single Daniel1 ceIl is led, and which can be 
opened or closed at  a mercury cup. One end of the branch circuit dips into 
the mercury while the other communicates with the wire whose entrance or 
withdrawal from the cup closes or opens the main circuit. I n  this way the 
coils of the branch may be said to be thrown i n  at  the break. 

If the branch is open, we obtain at  break the full spark, whose value 
is If the wire B, be thrown in, the spark is still considerable, having 
approximately the value aL9,  for N =  L. And if B, B, are thrown in, so 
that the currents are parallel, the spark is still greater and is measured 
by & L ~  x $. But if the currents are opposed, the spark disappears, because 
now N =  O ; so that the addition of the wire B,, whereby the resistance of 
the branch is doubled, diminislies the spark. I t  is true that to this last case 
our calculation is not properly applicable, inasmuch as the time-constant of 
the branch is so exceedingly small. But i t  is not difficult to see that in such 
a case (where the self-induction of the branch may be neglected) the tension 
a t  the breaking-points, or more accurately the difference of potential between 
them, cannot exceed that of the battery more than in the proportion of the 
resistances of the branch and main circuits, so that it could not here give 
rise to any sensible spark. Soft iron wires may be introduced into the 
coils in order to exalt the effects; but solid iron cores would allow induced 
currents to circulate which might interfere with the result. 

I n  this form of the experiment there was no sensible mutual induction 
between the coils A and B. Should there be such, the result may be 
considerably inodified. For instance, let the wire A, be thrown a t  the 
break into the circuit of A, and the battery. This may happen in two 
ways. If the connexions are so made that the currents are parallel in A, A,, 
there will be no sensible spark; but if the directions of the currents are 
opposed, the spark appears equal to the full spark &Lx2. 

And this is in accordance with theory. The current X is given by the 
same condition as before, which leads to the equation 

JI being the coefficient of mutual induction between the two circuits. The 
spark i~ therefore 

3 L - M  ~ L X ~ - & ( L + ~ M + N ) X ~ = ~ ~  , as N = L. 

Now in the first-rnentioned connexion M  = L very nearly, and in the second 
M = - L ; so that the observed sparks are just what theory requires. 
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With regard to those electrical phenoinena which depend on the mutual 
induction of two circuits, i t  may be remarked that i t  is not easy to find 
exact analogues in ordinary mechanics which are sufficiently familiar to be 
of much use as aids to conception. A rough idea of the reaction of 
neighbouring currents may be had from the consideration of the motion of 
a heavy bar to whose ends forces may be applied. If when the bar is at  rest 
one end is suddenly pushed forwards in a transverse direction, the inertia of 
the material gives the centre of gravity in some degree the properties of a 
fulcrum, and so the other end begins to move backwards. This corresponds 
to the inverse wave induced by the rise of a current in a neighbouring wire. 
If the motion be supposed infinitely small, so that the body never turns 
through a sensible angle, the kinetic energy is proportional to 

& (a2 + k.2) x2 + + (bz + h2) ys + (ab - rEZ) xyJ 

where a and b are the distances of the driving-points (whose velocities 
are 8 and y) from the centre of gravity, Ica the radius of gyration about 
the latter point. This corresponds to the expression for the energy of the 
electromagnetic field due to two currents, 

and if we imagine the motion of the driving-points to be resisted by a 
frictional force proportional to the velocity, we get a very ttolerable repre- 
sentation of the electrical conditions. 

Or we may take an illustration, which is in many respects to be preferred, 
from the disturbance of a perfect fluid, by the motion of solid bodies in its 
interior. Thus if in an infinite fluid two spheres move parallel to each other 
and perpendicularly to the line joining thein, and with such small velocities 
that their relative position does not sensibly change, the kinetic energy may 
as usual be expressed by 

+ Mxy + &Ny: 

xJ y denoting the velocities of the two spheres, and L, M, N being ap- 
proximately constants*. When the spheres move in the same direction, 
the reaction of the fiuid tends to press thein together; but if the motions 
are opposed, the force changes to a repulsion. We see here the analogues of 
the phenomena of attraction and repulsion discovered by Ampère. If  when 
al1 is a t  rest a given velocity is impulsively impressed on one sphere, the 
other immediately starts backwards, and, as Thomsont has shown, with such 
velocity that the energy of the whole motion is the least possible under the 
given condition. 

This theorem is general, and leads directly to the solution of a large class 
of electrical problems connected with induction; for whenever a current is 

Thomson and Tait's Natural Pldosophy, S§ 331, 332. 
+ Thomson and Tait, 8 317. IRIS - LILLIAD - Université Lille 1 



11 CONSIDERED IN CONNEXION WITH THE DYNAMICAL THEOHY. 7 

suddenly generated in one of the circuits of a system, the initial currents in 
al1 the others are to be determined so as to make the energy of the field a 
minimum. These initial currents are formed unmodified by resistance when- 
ever the electromotive impulses to which they owe their existence last only 
for a time which may be regarded as vanishingly small compared with the 
time-constants of the circuits. The sudden fa11 of a current when a circuit 
is opened generates the same currents, except as to sign, in neighbouring 
circuits as those due to a rise of the first current, and the condition as to 
sufficient suddenness.is more generally fulfilled ; a t  the same time it is more 
convenient in explaining the theory to take the case of the establishment 
of the primary current. 

Suppose, then, that in the wire A, of our coi1 a current x is suddenly 
generated, while the ends of A, are joined by a short wire. The condition of 
minimum energy is obviously fulfilled if there arise in A, a current repre- 
sented by - x ;  for then the energy of the field is approximately zero. But 
if the self-induction of the wire joining the ends of A, be sensible, the 
annihilation of the energy can no longer be perfect. Thus, let the circuit 
of A, be completed by B, B,, then the general expression for the energy 
of two currents becomes in this case 

+Lx2 + L x y  + *Ly2 X ( 5  or 1), 

according to the connexions; and the value of y for which this is a 
minimum is - x (1 or 4). In the first case, the exterior part of the induced 
circuit having no sensible self-induction, takes away nothing from the initial 
current; but in the second there is a reduction to one-fifth. On the other 
hand, i t  makes no difference to the total current (- xM/X)*, as measured by 
the deflection of the galvanometer-needle, which way the connexion is made ; 
for the smaller initial current, in virtue of its greater inertia, sustains itself 
proportionally longer against the damping action of resistance, which is the 
same in the two cases. The heating-power and the effect on the electro- 
dynamometer, which depend on the integral of the square of the current 
while i t  lasts (&?M2/NS), will be different ; but the easiest proof of the 
diversity of the cun-ents is t o  be had by comparing their powers of magnet- 
izing steel. 

Thus, if we include in the induced circuit a magnetizing spiral in which 
is placed a new sewing-needle, we shall find an immense difference in the 
niagnetization produced by a break-induced current, according as its direction 
is the same or otherwise in the wires BI B,. I n  the actual experiment the 
diluted current was unable, even after several repetitions, to give the needle 
any considerable niagnetizatioii (the vibrations were only about three per 
minute), while after one condensed current the needle gave sixteen, raised 

* R, S are the resistances of the primary and secondary circuits respectively. 
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by repetition to nineteen*. A new needle submitted to the action of 
several condensed currents also gave nineteen per minute. The magnetic 
moments, which are as the squares of these numbers, show a still greater 
disproportion. 

The truth seems to be that the time required for the permanent 
magnetization of steel is so small as compared even with the duration of 
Our induced currents, that the amourit of acquired magnetism depends 
essentially on the initial or maximum current without regard to the time 
for which it lasts. 

The increased heating-effect when the two parts of the current in B ai.e 
opposed in direction is, of course, a t  the expense of the spark in the mercury- 
cup. The mechanical value of the spark is the difference between the values 
of the currents which exist at  the moments before and after the breaking of 
the contact, and 

Now, according to the connexions, N =  L or 5L;  and so in the first case 
the spark disappears, while in the second i t  falls short of the full spark by 
only one-fifth. 

While considering the dynamics of the field of two currents, 1 noticed 
that the initial induced cuirent due to a sudden fa11 of a given ciment in the 
primary wire is theoretically greater the smaller the number of terms of 
which the secondary consists; for in calculating the energy of the field, 
it makes no difference whether we have a current of any magnitude in a 
doubled circuit, or twice that current in a single circuit. The same con- 
clusion may be arrived at  by the consideration of the analytical expression 
for the initial induced current 

M 
y0 = -Tg; 

for if the secondary circuit consists essentially of a single coi1 of n terms, 
we have, cwteris paribus, M cc n, while N oc n2, so that y, oc lln. The whole 
induced current j yd t  oc Moc n. Intermediate to these is the heating-effect 
j y q t ,  which oc M2/N, and is therefore independent of n. Thus it was evident 
that neither the galvanometer nor electrodynamometer was available for 
the verification of this rather paradoxical deduction from theory, at least 
without commutators capable of separating one part of the induced current, 
from the rest. On the other hand, it appeared probable that the smaller 
total current, in virtue of its greater maximum, might be the most powerful 
in its magnetizing action on steel. 

* These were comnplete vibrations. 
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With the view of putting this idea to the test of experiment, 1 bound 
three wires of .O01 inch diameter, and about 20 feet long, together into a, coil 
whose opening was sufficient to allow i t  to pass over the coil A. The ends 
of the wires were free, so that they could be joined up in any order into one 
circuit, which was also to contain the magnetizing spiral. It is evident that 
if the currents are parallel in the three wires (an arrangement which 1 will 
cal1 a), then 

M = 3 M o ,  N = 9 N o ,  

Mo AT, being the values of the induction-coefficients for one wire; while if in 
the two wires the current flows one way round and in the third the 
opposite (b), we shall have M =  Mo, N =  No. Inasmuch as the self-induction 
of the magnetizing spiral was relativelÿ very small, these tnay be regarded 
as the induction-coefficients for the secondary circuit as a whole. This 
arrangement was adopted in order that there might be no change in the 
resistance in passing from one case to the other. The primary current was 
excited by a Daniel1 ce11 in the two wires of A arranged collaterally, and was 
interrupted at  a mercury-cup. The needle was snbmitted to the break 
induction-currents only-although the make currents had no perceptible 
magnetizing-power, on account of the relatively large tirne-constant of 
the primary circuit, and the consequent slow rise of its current to the 
maximum. 

On actually submitting a new needle to the current a, 1 obtained after 
one discharge 12 vibrations (complete) per minute, a number raised after 
several discharges to 15. On the other hand, a new needle after one 
discharge 6 gave only 5 per minute, and was not much affected by repetition. 
The last needle being now subinitted to discharge a gave 84, and after 
several 12. Other trials having confirmed these results, there seemed to 
be no doubt that the current a was the most efficient magnetizer. There 
remained, however, some uncertainty as to whether the time-constant, 
especially in b, was sufficiently large relatively to the time for which the 
spark at  the mercury-cup lasted to allow of the initial current being forrned 
undiminished by resistance. In  order to make the fa11 of the primary 
current more sudden, 1 connected the breaking-points with the plates of 
a condenser belonging to a Rtihmkorff coil, and now found but little - - 
difference between the magnetizing-powers of a and b. Seeing that the 
theoretical condition had not been properly fulfilled, 1 prepared another 
triple coil of much thicker wire, and, for greater convenience, arranged a 
niercury-cup commiitator, by means of which i t  was possible to pass at  once 
from the one mode of connexion to the other. The magnetizing spiral \vas 
still of fine wire coiled, without any tube, closely over the needle, and its 
ends were soldered to the thicker wire of the triple coil. 

The experiment was now completely successful. Out of the large number 
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of results obtained, the following are selected as an example. A new needle 
was submitted to the break discharge of arrangement b, and gave, 

After 1 discharge, 19 per minute. 

,, 3 ,, 23 9 9  

,, ,, . 24 92 

Another needle was now taken and nmgnetized by discharge a. I t  gave, 

After 1 discharge, 11 per minute. 

,, 3 ,, 12 >> 

,, 10 ,, 1% 99 

On submitting this needle, which had received al1 the magnetism that a 
could give it, to current b, 1 obtained, 

After 1 discharge, 21 per minute. 

1,  3 ,, 24 9 ,  

In  fact i t  was the general result of the experiments that niore rnagnetisiii 
is always given to the rieedle by arrangement b than by a. I n  order, 
however, that the difference may be striking, i t  is advisable not to approach 
too nearly the point of magnetic saturation. The numbers quoted were 
obtained with the condenser, which was still necessary, in order to make the 
break suEciently sudden. 1 have no doubt, however, that i t  might have 
been dispensed with had the triple coil corisisted of a larger number of 
tixrns. 

The circumstances of this experiment are in some degree represented by 
supposing, in the hydrodynamical analogue, one of the balls to Vary in size. 
When a given motion is suddenly impressed on the other ball, the corre- 
sponding velocity generated in the first would Vary inversely with its magni- 
tude; for the larger the ball the greater hold, as i t  were, would i t  have on 
the fluid. 

It is interesting also to examine the influence of neighbouring soft iron 
on the character of the induced current. This influence is of two sorts; 
but 1 refer here to the modifications produced by the magnetic character 
of iron. The circulation of induced currents in its mass may generally be 
prevented from exercising any injurious influence on the result by using only 
wires, or fragments of small size. The proximity of soft iron always increases 
the coefficient of self-induction N, while M may be either increased or 
diminished. The latter statement is true also for the initial current y,, 
which is proportional to MIN. For the two wires of the coil A,  however, 
i t  is easy to see that M and N are approximately equal, whether there be 
soft iron in their neighbourhood or not. Thus, if A, be connected with a 
Daniel1 ce11 while the circuit of Al is completed by the inagnetizing spiral, 

IRIS - LILLIAD - Université Lille 1 



11 CONSIDERED I N  CONNEXION WITH THE DYNAMICAL THEORY. 11 

the magnetisiil acquired by the needle, after a break-induced cui~ent ,  is not 
much altered, even if a considerable number of iron wires are placed in 
the coil. The total current is increased fifteen times or more; but this 
is because the current lasts longer, the maximum or initial value being 
no greater than before. This experiment strikingly illustrates the com- 
parative independence of the magnetizing effect of a current on its duration. 
I t  seems probable à priori, and is partly confirmed by some of my experi- 
ments, that this is more especiallÿ true if we take the limiting uiagnetism 
which an induced current can produce, after repetition, as the measure of 
its magnetizing power. 

The same kind of reasoning may be applied to more complicated 
problems. As an example, we may recur to a former combination, in which 
the primary current is excited in the wire A,, while the secondary circuit 
includes A,, B,, and the inagnetizing spiral. The initial current yo, on 
which, as we have seen, the magnetizing power mainly depends, will be 
greatly increased if the ends of the wire B, are joined so as to make a 
tertiary circuit; for a current in B, is developed, which, being equal and 
contrary to that in B,, neutralizes its action on the magnetic field, and so 
allows the energy, immediately after the sudden rise of the current x in A, ,  
to be vanishingly small, exactly as when the secondary circuit consisted of 
A, alone. The effect of closing B, is t-herefore to increase the current y, 
from - +x to - x, and at  the same time to produce a new current denoted 
by + x in B, itself. The following were some of the experimental results :- 

A new needle, 
B2 open After 1 break-dischaige, gave 73  per minute. 1 ,, 8 ,, >, 9 > > 

On closing B, we had, with the same needle, 
After 1 discharge, 15 per minute. 

3, 8 ,, 17 >> 

A new needle gave, 

After 1 discharge, 17 per minute. 
,, 8 ,, 19 ), 

Another new needle in the tertiary circuit gave, 

After 1 discharge, 16 per minute. 
,, 4 ,, 19 9 ,  

,> 8 ,, 1% ,> 
The magnetizing spiral was here removed from the secondary to the 

tertiary circuit; and although its resistance was by no means relatively 
small, the results are none the less comparable; for in this experiment 
resistances (within limits) are of no account, and the self-induction of the 
spiral was quite insensible. 
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Had there been twenty coils A B C D... ... similar to A B, with the 
wires B, Cl, C, Dl, &c. connected, as in the experiment just described, the 
magnetizing power of the current in the last would not, 1 imagine, be much 
less than in the first; for the condition of minimum energy would still be 
fulfilled by currents in the series of coils al1 equal in numerical value, and 
alternately opposite in algebraic sign. On this subject much confusion seems 
to have prevailed, as shown by the numerous inquiries into the direction of 
the induced currents of high orders. The currents, as a whole, at  least after 
the ûrst, cannot properly be said to have any direction at  all, as they involve, 
when complete, no transfer of electricity in any direction. Nevertheless the 
positive and negative parts are not similar; and if they were, one xnust 
necessarily precede the other; so that in this way directional effects may 
be produced. The magnetizing power, for instance, depends essentially on 
the initial maximum magnitude of the induced current, and is probably 
but little affected by the character of the diluted but comparatively long- 
continued renlaining parts. This being nnderstood, the alternately opposite 
magnetizations observed by Henry in a series of induced currents of high 
order, is an iinmediate consequence of the dynamical theory. 

The circuits being denoted by the numbers 1, 2, 3, ... , let the coefficient 
of mutual induction between 2 and 3 be denoted by (2 3)) and of self-induction 
of 2 by (2 2), and so on. The result is only generally true when there is no 
mutual induction except between immediate neighboiirs in the series; and 
it will therefore be suppoeed that 

(1 3), (1 4), (1 5) ... (2 4) ... 
vanish, as indeed they practically would in the ordinary arrangement of the 
experiment. The energy of the field is given by 

E = ~ ( I  1)~:+3(2  2 ) ~ :  + + ( 3  3)~:+ +..  

+(1  2)x1x2+(2 3)x*xs+(3 4)x3x4+ ... 
Here x, is the given current in the first circuit, and x2, x8, ... are to be 
determined so as to make E a minimum. Now, E being homogeneous in 

And since, when E is a minimum, 

dE/dx,, dE/dx,, ... al1 vanish, 
we see that 

2E(min.)= i @ = ( 1  1) x: + (1  2) x1q. 
dx1 

But if x2, x3, ... had been al1 zero, 2 E  would have been equal to (1 1) x:. 
I t  is clear therefore that (1 2)x1z2 is negative ; or, as (1 2) is taken positive, 
the sign of z2 is the opposite of that of gl. 
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Again, supposing x,, x2 both given, we must have, when E is a minimum, 

dE/dx3, dE/dx4,  . . . = 0, 
and thus 

2E (min.) = x, [(l 1) xl + (1 2) x,] 

As before, 2E might have been 

and therefore the minimum value is necessarily less than this, and accordingly 
the signs of z2 and x3 are opposite. This process may be continued, and 
shows that, however long the series, the initial induced currents are alter- 
nately opposite in sign. I n  any definite example, the actual values of the 
initial currents are to be found from the solution of the linear equations 

but the sign of the result does not appear a t  once from the forin of the 
expression so obtained. In  order to exhibit it, i t  is necessary to introduce a 
number of relations which exist between the induction-coefficients, and which 
are the analytical expression of the fact that the energy is always positive, 
whatever may be the values of x2, x3,. .. 

It has been assumed throughout that the time of rise or fa11 of the 
current in the primary wire is very srna11 as compared with the time- 
constants of the other circuits. I n  the case of coils, such as are generally 
used in induction-experiments, and which are not clogged by great external 
resistances, this condition is abundantly fulfilled a t  the break of the voltaic 
current*. The time of rise depends more on the nature of the circuit, but 
may be made as small as we please by sufficiently increasing the resistance 
in proportion to the self-induction; of course, in order to get an equally 
strong current, a higher electromotive force must be employed. In this way 
the rise may be made sufficiently sudden to fulfil the condition. Indeed, 
with a battery intense enough the rise of the current at  nzake may become 
more sudden than the fa11 when contact is broken. In  some of Henry's 
experiments this seems actually to have occurred. Thus, with a single 
ce11 as electromotor, he found the shock a t  make barely perceptible; but 
when the battery was increased to thirty cells, the shock became more 
powerful a t  make than at  break. 

A rough measurement by Maxwell's method (Phil. Tram. 1865) gave for the time-constant 
of the circuit composed of the two wires of coü A .0023". The time-constant is the same whether 
the wires are collateral or consecutive, the greater self-induction of the latter arrangement being 
balanced by its greater resistance. For one wire only, the time-constant would be halJ the 
above. [1898-But see next paper.] 
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ON AN ELECTROMAGNETIC EXPERIMENT. 

[PId.  Mng. XXXIX. pp. 428-435, 1870.1 

THE experiment referred to is one described in the Philosophical Magazine 
for July, 1869, p. 9 [Art. 11, where i t  \vas shown that, within certain limits, 
the magnetizing effect of a break-induced current on steel needles is greater 
the smaller the number of turns of which the secondary circuit consists, the 
opposite, of course, being true of the effect on a galvanometer. The ground 
of the distinction is that the galwnometer takes account of the induced 
transient current as a whole; while the magnetizing-power depends mainly 
on the magnitude of the current a t  the first monient of its formation, without 
regard to the time which i t  takes to subside. 

But even with this explanation, few, 1 imagine, would be prepared for the 
result who had not been accustomed to Look at  electrical phenomena in the 
light of some dynaniical theory. I t  was for this reason that 1 considered the 
inatter worthy of experimental investigation, the fruits of which were given 
in the paper referred to. One point, however, still required a little clearirig 
up; and it is this which 1 now propose to deal with. 1 mean the mode of 
action of the condenser, which was employed, as in the inductorium, for the 
purpose of rendering the break more sudden, and which 1 had found necessary 
for the success of the experiment as then arranged. At this necessity 1 was 
iiot surprised ; for, according to the indications of theory, the effect was only 
to be expected when the fa11 of the primary current is sudden compared to 
that of the secondary. Now the duration of free transient currents in a 
circuit varies, cmteris paribus, as the self-induction ; so that when the number 
of turns in the secondary is too much reduced, there is danger of the con- 
dition not being fulfilled. If i t  be objected that as much would be gained 
by in~proved conductivity as lost by diminished self-induction. 1 answer this 
is not the fact, the resistance varying as the number of turns simply, while 
the self-induction varies as the square of the same number. Besides, 1 had 
reasons for keeping the resistance in al1 cases invariable. 
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Wishing, however, to obtain the effect without the aid of a condenser, 1 
prepared a quadruple coil by bending into the form of a compact ring a 
bundle consisting of four No. 16 copper wires, each '70 feet long. Into one 
of these the current from a Daniel1 ce11 was perinitted to flow, subject to 
interruption a t  a mercury-cup. The secondary circuit consisted of the other 
three wires arranged consecutively, and of the magnetizing spiral, which 
contained the needle destined to measure the effect of the rnoinentary 
current. The three wires coiild be joined so that the current circulated 
the same way round them al1 (a), or so that in one of them the direction 
was the opposite to that in the two others (b). I t  will be seen that the 
resistance was always the same, the only change being in the coefficient 
of mutual induction (M), and of self-induction of induced circuit ( N ) .  In 
the former paper i t  was shown that the initial induced current, being 
proportional to MIN, is three times as great in ( b )  as in (a) (a sufficient 
suddenness of break being assumed), while the total currents are in  the 
ïeciprocal proportion. I n  carrying out the experiments, 1 submitted the 
needle (a new one in each measurement) to the action of six break-induced 
currents, always removing i t  from the spiral when the battery contact was 
made. In this way a more constant result is obtained than from one 
discharge only, which is liable to Vary from slight differences in  the 
character of the break. The needle was then swung by a silk fibre and 
the number of complete vibrations in a minute observed. The numbers 
were :- 

Arrangement (a) 44, 6, 6 : mean 5. 

9 ,  (b) 21, 10, 19: ,, 20. 
The superior eficiency of (b) is very conspicuous. 

There is another way in which the subject may be investigated. If the 
secondary current containing a galvanoineter be broken so quickly after the 
primary that the induced current has not time during the interval sensibly 
to diminish, the deflection of the needle may be considered to rneasure the 
initial value of the induced current. To c a r y  out this experimerit properly 
would require rather elaborate apparatus, on account of the necessity of a 
constant interval of time between the breaks. The contrivance that 1 used 
was of home manufacture and very rough, and acted by the almost simul- 
taneous withdrawal of wires from two mercury-cups. The secondary circuit 
in case (a.) consisted of the two wires of a large coil, A, joined consecutively, 
and of a short wire galvanometer. Iron wires were inserted in A in order to 
increase the duration of the induced current. In ( b )  only one wire of A was 
used, the resistance being made up by the substitution of another wire, 
whose self-induction might relatively be neglected. The total currents in 
the two cases would be as 2 : 1, and the initial currents as 1 : 2. The 
deflections of the galvanometer-needle were rather irregular ; but the sum of 
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ten throws in case ( a )  was 31'7", while in (b) i t  rose to 480°, so that there could 
be no doubt as to the reality of the phenonienon. 

Returning to the experiments with steel needles, 1 thought i t  desirable 
to compare the permanent magnetisms developed in two cases where the 
initial currents were equal. With this object the primary current (originating 
in a Grove cell) was passed through two wires, Q , ,  Q,, of the quadruple coil 
coinbined for self-induction. The induced circuit included Q,, Q, and the 
magnetizing spiral. The arrangements in other respects being as before, 
1 obtained- 

13, 14, 15, 16 : mean 144 vibrations per minute*. 

Q, was now removed from the primary circuit (the resistance being made up 
to former value) and Q, from the induced circuit. The nulnbers now were- 

Q, being next replaced, but not Q,, there resulted,- 

In  the first two arrangements the initial currents would be equal, while in 
the third they would be doubled. 

On the whole, 1 think these experinients confirm the view that the 
acquired magnetism depends principally on the initial current. The exact 
laws regulating the connexion between the current and the magnetism 
produced by i t  are doubtless complicated, and not of much interest. The 
facts here detailed should, however, be borne in mind by any one who wishes 
to pursue this subject, and they do something towards explaining the 
discordant results of previous experimenters. 

And now as to the effect of a condenser. Considering that, in conseyuence 
of the length of wire in the quadruple coil, the duration of a current in it, 
even under arrangement (b), must be much greater than the time occupied by 
the break, or, which is the same thing, the duration of the spark, 1 did not 
anticipate that a condenser (whose plates were connected with the breaking- 
points) would have any influence. But to my surprise 1 found that although, 
of course, the superiority of (b) was not disturbed, the nlagnetic effects were 
al1 increased. The explanation is, 1 believe, to be found by an examination 
of what ta.kes place in the two circuits after the primary current is thrown 
on the condenser by the removal of the wire from the merciiry-cup. 

The charge (or discharge) of a condenser through a circuit endowed with 
sensible self-induction was first investigated by Sir W. Thomson (see Phil. 
Mag., vol. v. p. 393, or Wiedemann's Calvanisrnus, vol. ii. p. 1007'). There 

The experiments were not made exactly in the order here adopted for aonvenience, but 
were broken up. 
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21 ON AN ELECTROMAGNETIC EXPERIMENT. 17 

are two cases according to the comparative magnitudes of the three elements 
of the problem, which are (1) the capacity of the condenser, (2) the self- 
induction of the circuit, (3) the resistance of the same. If these, reckoned in 
absolute measure, be denoted by S, L, R respectively, the motion of electricity 
is of an oscillatory character if S< 4L/R2; otherwise the charge is completed 
and equilibrium established without a retrograde motion. The motion of a 
pendulum in a viscous liquid is exactly analogous and may serve as an 
illustration. I f  the viscosity of the liquid exceed a certain limit, the 
pendulum withdrawn from the vertical and then let go will subside gnidually 
back apain into its position of equilibrium without ever passing i t ;  but if 
the viscosity be small, rest is only attained after a number (theoretically 
indefinite) of oscillations of continually decreasing amplitude. To our case 
of currents mutually influencing one another, Thomson's calculations are i ~ o t  
iinmediately applicable; indeed the exact solution would be rather com- 
plicated*. However, we are concerned principally with the first part of 
tlie electrical motion, the manner in which the currents Wear down under 
the action of resistance being of subordinate importance. Now it appears 
that, if the motion be decidedly of the oscillatory type, the first few 
oscillations will take place almost uninfluenced by resistance ; and on this 
supposition the calculation becomes remarkably simple. 

L, M, N being the induction-coefficients, as before, let the total flow of 
electricity in the two circuits from the moment of the break be x, y, so that 
the currents a t  any moment are dxld t ,  dyldt .  Then the equations to the 
currents are 

dax d2y - ........................... M d t ' + N  dt" - O (2)s 

where S is the capacity of the condenser. 

Eliminating y,  we get 

The oscillation in the primary wire is accordingly the same as if the 
secondary were open and the self-induction changed from L to L - MZ/N. 
(2) gives immediately the connexion between x and y ,  

d y -  M - + N - - const., 
dt  dt 

which shows that the ciirrents in the two circuits oscillate synchronously, the 
maximum of one coinciding in time with the minimiim of the other. Since 

It would depend upon a cubio eqnation. 

R. 1. 
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18 ON AN ELECTROMAGNETIC EXPERIMENT. L2 
dyldt  = O a t  the moment of break, the constant of integration must be equal 
to Mdxld t , ;  dxldt, denoting the value of the primary current a t  or before 
the break. Accordiugly 

d y  -= M - (--a), d x  dx\ . 
d t  N dt,  

so that when after half an oscillat,ion dx/dt  = - dx/dto, 

d y -  M d x  - 
d t - 2 ~ & .  

This is its maxin~um value, and is double of that which woiild be generated 
by a simple stoppage of the primary current, however sudden. In this way 
1 am inclined to explain the increase of effect produced by the condenser. 
I t  is true that, having reached its niaximom value, the secoridary current 
rapidly declines and then changes sign; but from what is known of the 
behaviour of permanent magnets when submitted afresli to the action of 
magnetizing force, i t  does not seem likely that much disturbance would arise 
from this cause*. 

A more plausible objection may be founded on the exceeding rapidity of 
the oscillatioris, for sorne time miist be necessary fur the inagnetization of 
steel. Indeed in Our cme the period of oscillation is unusually short, on 
account of the smallness of L - Ma/N. When the two circuits are composed 
mairily of wires coiled side by side, L, M, X are approximately equal, and 
therefore L - M2/N very small compared with either of thein. The curreiit 
is then transferred, with almost indefinite rapidity, from one wire to the other 
and back again. 

1 made sorne experiments to examine this point, which will also serve as 
examples of the general increase of magnetic effect produced by a condenser. 
The primary current from a Grove's ce11 was passed through the two wires of 
coil A joined consecutively, and then through one wire of a similar coil B. 
According as the wires of A are joined, L = 5 or 1. The induced circuit 
included the other wire of B and the magnetizing spiral, so that N =  1 and 
M = 1 approxiinately. In the first case, therefore, L - M2/N = 4, while in 
the second i t  is very much smaller. The experiments, conducted in other 
respects as before, gave the following results :- 

L = 5, without condenser 16, 13, 13, 14; mean 14. 

L = 5, with condenser 24+, 28, 31, 28 ; ,, 28. 

L = 1, without condenser 14, 15, 1Y+, 14 ; ,, 14. 

* [1898-This aeems to  need qualification.] 
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It will be seen that, while without the condenser i t  made little difference 
whether L =  1 or L = 5, the increase prodiiced by the condenser is much 
greater in the latter case. This is so far in agreement with the explanation 
just given ; but 1 confess 1 should have been better satisfied had the influence 
of the condenser been less marked when L = 1. I n  order that the reader 
may better judge of the correctness of the view here taken, 1 subjoin an 
estimate of the period of oscillation in the actual arrangement of the 
experiment. 

The time of a complete oscillation of a current in simple connexion with 
a condenser = 27r J(LS)*, where L and S are measured in absolute measure. 
If T be the time-constant of the circuit, L = Br, R being the resistance in 
absolute measure. Now the capacity called a [micro-]Farad is [IO-l5 C. G. S.], 

and the B.A. unit is [IO9] on the same system. 

If therefore we take as practical units the B.A. unit of resistance, and the 
[micro-]Farad as unit of capacity, 

t and T are here measlired in seconds. The condenser employed (made by 
Elliott Brothers) had a capncity of half a [micro-]Farad, so that S = a. For 
one wire of coil A or B, 

R = f ,  r = ,004-f. 

For one of these wires in simple connexion with the condenser the time 
of oscillation would be 

rr d'A . A. 2- = about ,,O,, 
DOO 4 2 1000 

Comparing this with the value of 7, we see that the first ten or so oscillations 
would be cornparatively unaffected by resistance. By what has been proved, 
the time, when L = 5 (in different unit of course), must be just double of 
this, or .0002S3. 

The action of the condenser in the inductorium is very imperfectly 
explair~ed in  the text-books, and is no doubt in many cases rather com- 
plicated. From the reasoning of this paper, i t  appears that i t  is by no 
means a complete account of the matter to Say that the advantage derived 
from the use of the condenser depends only on the increased suddenness 
with which the primary current is stopped. I n  a complete investigation 
(which 1 do not mean to enter on here) a distinction would probably have to 
be made, according as the secondary circuit when open allows the passage 

* The effect of resistance being nenlected. 
t The value of T previonsly given for coil d i s  erroneous. 

2-2 
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20 ON AN ELECTROMAGNETIC EXPERIMENT. [2 

of a spark or not, or, as a third case, is completely closed. 1 would, however, 
remark that a good deal of misapprehension arises in this and similar cases 
from forgetting that a condenser* is powerless to make away with electrical 
energy. Such energy may be disposed of in the form of a spark, or it may 
be converted into heat by the operation of electrical resistance; but the 
absorption in this way cannot take place instantaneously, reqiiiring as it does 
a time comparable with the time-constants of the circuits concerned. So far, 
indeed, is a condenser from itself absorbing electrical energy, that in many 
cases it actually prolongs the duration of motion ; for an oscillatory current, 
in consequence of its smaller mean square, sustains itself twice as long againSb 
the damping action of resistance as a comparatively steady current of the 
sarne maximum value. 

[1898-This must be understood to refer to an ideal condenser.] 
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ON THE VALUES OF THE INTEGRAL \ l ~ n ~ n l  dp, Qn, Qn BEING 
. O 

LAPLACE'S COEFFICIENTS OF THE ORDERS n, n', WITH 
AN APPLICATION TO THE THEORY OF RADIATION. 

[Phil. Tram. CLX. pp. 579-590; read June 18'70.1 

IN the course of an investigation concerriing the potential function 
which is subject to conditions a t  the surface of a sphere which Vary dis- 
continuoiisly in passing from one hemisphere to the other, i t  becarne 
necessary to know the values of the integra.1 

Q,, Q,, being Laplace's coeficients of the orders n, n' respectively. The 
expression for Qn in terrns of p is 

but the inultiplication of two such series together and subsequent inte- 
gration with respect to p would be very laborious even for moderate values 
of n and n'. 

By the following method the values of the integrals in question may 
be obtained without much trouble. According to the definition of the 
functions Q, 

1 
=1 + Q,e+ Q,ea+ ... +Qnen+ ... 

dl +ea - 2ep 
so that 
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which shows that j ' QnQn, dp is the coefficient of endn' in the expansion 
O 

of the integral on the left in powers of e and e'. 

11898-By effecting the integration and expansion of the result certain 
properties were established, of which the rnost interesting is perhaps the 
equation 

1 1: Q Qn-i d~ = 1 Q n  Qm+i dl< 
O 

The method however is cumbrous and is superseded by that of Todhunter 
(Proc. R o y .  f loc.  vol. XXIII. p. 300, 1873), who remarked that general results 
are readily obtained from the differential equation satisfied by Legendre's 
functions on integration by parts. Froin the well-known results applicable 
to the complete sphere i t  is easily seen that the integral vanishes when 
n, n' are both odd or both even, exception being made of the case where 
n' and n are equal. For the remaining case when one suffix is odd and 
the other even, Todhunter obtains 

Substituting nz, m + 1 in succession for n, we find 

As an application of some of the results of this investigation 1 will take 
the following physical problem. A spherical bal1 of uniform material is 
exposed to the radiation from infinitely distant surrounding objects. I t  
is required to find the s t a t i o n a r y  condition. For the sake of simplicity, the 
surface of the sphere will be supposed to be perfectly black, that is, to 
absorb al1 the radiant heat that hlls upon it, and Newton's law of cooling 
will be einployed, at  least provisionally. 

If V denote the temperature, i t  is to be determined by the equations 

where F ( E )  is a fiinction of the position of the point E on the surface, and 
denotes the heat received per unit area at  that point, Ic is the conductivity, 
and h the coefficient of radiation. Equation (A) is to be satisfied throughout 
the interior and (B) over the surface of the sphere. 
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If  V be expanded in Laplace's series, 

and if 
F = & + F l + F 2 +  ... 

be the expansion of P in a similar series of surface harrnonics, we obtain, on 
substituting in (B) and equating to zero the terms of any order, 

The mean temperature Xo is seen to be independent of the conductivity 
and of the size of the sphere. 

The case where the heat which falls on the sphere proceeds froni a single 
radiant-point is not only important in itself, but may be made the foundation 
of the general solution in virtue of the principle of siiperposition. Taking 
the axis in the direction of the radiant-point, we have 

F ( E )  = P 

over the positive hemisphere, that is, frorn B = O to û = +T, while over the 
negative hemisphere F ( E )  = O. I t  is required to expand P in a series 
of spherical harrnonics. 

Let F=+ +f, theu f is a function of p, which is equal to +p over 
the positive hemisphere and to -4u over the negative. The problem 
therefore reduces itself to the expression of +p over the positive hemisphere 
in a series of furictions Q of even order. The same series will then give - Jp 
over the negative hemisphere. 

Assume 
&P=A~+A~Q,+A,Q,+. .  

Multiplying by Q,, and integrating with respect to p from p = O to p = 1, 

al1 the other terrns on the right vanishing. 

QiQn dp = coeficient of em in the expansion of ('+ e2Y - ' 
e2 
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Accordingly 
4n .+1  1 . 1 . 3 . 5  ...( 2n- 

F ( E )  =a+&Ql+&Qe-&Q4+ ... -(- 1)%- " Q ~ + . .  2 2 . 4 . 6  ...( 2 n + 2 )  

1 When n is great the coefficient of Q, approximates to - 
2 dT.. 

This cornpletes the solution for a sphere exposed to the radiation from 
an infinitely distant source of heat situated over the point p= 1. 

If its coordinates are pf, +', it is only necessary to replace p in Qm by 

cos 0 cos 8' + sin 0 sin 8' cos (+ - 4'). 

Hence if H denote the intensity of the radiation which cornes in direction 
pf, +', the general value of 8, is 

x ~ / H Q ~  (cos 8 cos 0' + sin 8 sin 8 cos (+ - 4')) dpfd+', 

the integration going all round the sphere. 

Now (4n + 1) HQ, dp'd+' is the same as &TH,, where H,, is the J i  
harmonic element of H of order 2 n ;  so that 

I t  is remarkable that the odd terms in H (except Hl) are altogether 
without influence. The reason is simply that they do not affect the total 
heat falling on any point of the surface. 

For this is expressed by 

the point considered being taken as pole of 
generality. 

p, which involves no loss of 

Now (Thomson and Tait, Ch. I., Appendix B) 
8=n 

Hn = 2 (A, COS S+ + B, sin s+) en8, 
8=0 

where OnJ is a function of p not containing +. 
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When the integration with respect to + is effected, al1 the terms will 
vanish except that whose coefficient is A,. For this puipose, therefore, 
we may take 

Hn = ~ î , @ ~ " O r  A ,'Q,, 

and we know that I : l r~ , ,dp  vanishes if n be odd and different from unity*. 

The same thing is true for an ellipsoid or body of any figure which lies 
altogether on one side of every tan'gent plane, namely, that the terms of odd 
order in H (except one) are wholly without influence on it, and for the 
same reason. 

We saw that in the case of a sphere the mean temperature was inde- 
pendent of the conductivity, and also of the size of the sphere; but this 
depends on Newton's law of cooling. A cornparison, however, may be niade 
which shall hold good whatever be the law of variation of radiation with 
temperature; for if the conducting-power of any uniform body (which need 
not be oval) be increased in the same proportion as its linear dimensions, 
a corresponding distribution of temperature will satisfy al1 the conditions. 
Conclusions of interest from a physical point of view inay be deduced from 
the foregoing considerations, but 1 refrain from pursuing the subject a t  
present, as the physical problein was only brought forward in illustration 
of the mathematical results developed in tliis paper. 

The proof given is sufficient for the object in view; but it may be weii to notice that 
the essential thing is that the two surface harmonics which are multiplied togetlier are either 
both odd or both even. A harmonie of even order hna identical values a t  oppo-ite points of the 
sphere, and one of odd order has contrary values. The pioduct of two harmonica which are 
either both even or both odd has therefore the Fame value when integrated over any poition of 
the sphere, or over what may be called the opposite portion, or as a particular case over two 
opposite hemispheres. The last two integrals are the halves of the integral over the whole 
sphere, which vanishes by a well-known property of these functions. 
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REMARKS ON A PAPER BY DR SONDHAUSS. 

[Phil. Mag. XL. pp. 211-217, 1870.] 

IN Nos. 5 and 6 of Poggendorff's Annalen for this year there is a paper 
by Dr Soridhauss " On the Tones of Heated Tubes and Aërial Vibrations 
in Pipes of various forms," in which are given forrnulae of considerable 
generality embodying the results of original and other experiments. Many 
years ago* Dr Sondhauss had investigated the influence of the size and 
form of flask- or bottle-shaped vessels on the pitch of the sounds produced 
when a stream of air is blown across their mouth, and had obtained as 
an empirical formula for flasks with rather long cylindrical necks, 

,- 

where n is the number of vibrations per second, cr the area of the se'ction of 
the neck whose length is L, aud S the volume of the body of tbe flask. 
C is a constant determined by the experiments. On the other hand, when L 
is very small compared with the diameter of the neck, which then becomes a 
mere hole, 

ut 
12= C g . .  .............................. (II.) 

In the paper now under discmsion it is soiight to fil1 up the gap, as 
i t  were, and the following formula is arrived at  as applicable for al1 pro- 
portions of L and ai, 

1 

^= a,/ ,T ................ (VII.) 
4 (Sc + Lu) (L + da) 

or, as 1 prefer to write it, 

* Pogg. Ann. vol. lxxxi. 
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in which a =velocity of sound. c is a constant, of which Dr Sondhauss 
says that it relates to the change in the velocity of sound in closed spaces 
from which the sound-waves have only a restricted exit ; and its value, 
as foiind from the experiments, is approximately 2.3247. 

In  (VII.), if u  be small, 

n =  

If, on the contrary, L be very 

n =  

6 J& .....................a... (VIII.) 

If in (VIL) we fuither put S= 0, 

a result which Dr Sondhaiiss applies to cylindrical tubes closed a t  one 
end. This being adrnitted, it readily follows that for a pipe open at  
both ends. 

An extension is next made to the case of more than one neck, but it 
will not be necessary for my purpose to repeat the formulae. A few days 
before 1 saw Dr Sondhauss's work 1 had myself completed a prtper on 
a similar subject, which has since been sent to the Royal Society*. Tlie 
formulæ there given were in the first instance obtained theoretically, thougti 
some of them were afterwards verified by a rather laborious series of experi- 
ments. Biit on the present occasion 1 shall leave the theory on one side, 
and wish orily to discuss some differences between the results of Dr Sondhauss 
and my own, regarded from an experimental point of view. The rational 
formula corresponding to (VII.) is 

where, however, S has not quite the same meaning as with Dr Sondhauss, 
but includes the volume of about half the neck, and is therefore nearly 
identical with the (S+ Lwlc) of (VII.). On this understanding (VII.) 
may be written 

a n=  - ui ........................ (VII.) 
6.0988 Si G u *  ' 

[* Phil. Trans. for 1871; Art. 5 of this collection.] 
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while (A) expressed in numbers is 

I f  a+ be very small against L, 

a cT+ 
n = -- 6.2832 m. ... ".. ...... ..-. """" (B) ...... 

But if .L be very small, 

The rational formula (C) was first given by Helmholtz in  his admirable 
paper in Crelle, on Vibrations in Open Pipes ; it is only strictly applicable to 
openings of circular form. The difference between (A) and (VII.) is never 
very great, being on one side when L is small, and on the other when L is 
large, and accordingly vanishing for some intermediate value. The greatest 
difference is shown in (VIII.) and (B) when L is very large. 1 therefore 
consider Dr Sondhaiiss's opinion and anticipation to be in the main justified 
by my investigation, when he says, "1 remark that 1 regard the formula 
(VII.) ... not merely as an empirical formula useful for interpolation, but 
am convinced that i t  forms the theoretical expression of a natural law. 
Froin the zeal with which the field of mathematical physics is now cultivated, 
we may expect that the laws which 1 have discovered experiinentally will 
soon be proved by analysis." But 1 must observe that (A) is only true 
subject to a series of limitations, which Dr Sondhauss seems scarcely, if 
a t  all, to have contemplated. Al1 the dimensions of t,he vessel (wi.th a 
partial exception of the length of the rieck) must be small compared with 
the quarter wave-length, and the diameter of the neck miist be small against 
the linear dimension of the body of the vessel. The latter condition excludes 
the case of 8 srna11 or nothing, to which Dr Sondhauss pushes the application 
of his formula. But there is a rational formula proper fir closed cylindrical 
tubes, as has been proved by Helmholtz in his paper on open pipes, to which 
Dr Sondhauss refers, but apparently without availing himself of the results. 
It runs, 

but is only strictly true when u+ is smdl against L. Although 1 am of 
opinion that (A) and (D) and the transition between them cannot be 
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comprehended in the same theoretical investigation, yet it is easy to adjust 
(A) so as algebraically to include (D). Thus 

becomes, when X (which now refers to the volume of the body only) is 
put equal to zero, 

a 
n = -  1 - - a ....... approx., (D) 

4 ~ /L(L+*, /T .o+)  4 ( L + * J r . a 4 )  

supposing the condition fulfilled as to the relative magnitudes of L and o+. 

Now this form of (A) is perfectly legitimate, the value of 4Jw2 being .405. 
I n  the formula (VII.) -405 is replaced by l / c  or -430. 

But Dr Sondhauss will nati~rally point to the comparison of (X.) with 
the experirnents of Wertheim, which he jiistly regards as very satisfactory. 
1 have exarnined the series of twenty-two experiments with cylindrical tubes 
of circular forrn closed a t  one eiid, and have calculated for comparison 
the results of (D). I t  will be seen from the annexed Table that, good 
as is the agreement of the observations with (X.), i t  is still better (on the 
whole) with (D). Indeed 1 must confess that the differences in some cases, 
where of is by no rneans small compared with L, are much less than 1 
should have expected. 

n, calculated 
by Sondiiauss 

from (X.). 

L 
[in mm.]. 

n, calculated 
by me from 

(Di. 

Diameter 
[in mm.]. 

The foregoing Table shows that although (X.) represents Wertheim's 
observations with considerable accuracy, yet Helmholtz's rational formula 
(D) is on al1 grounds to be preferred. 
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Dr Sondhauss expresses himself strongly as to the difficulty which exists 
in determining accurately the pitch of the very uncertain sound produced 
by tubes whose diameter is not small compared with their length, an 
opinion which 1 entirely share. It ie indeed difficult to understand how 
Wertheim obtained results of such precision. But 1 cannot agree with 
Dr Sondhauss when he goes on to say that resonance is not a sure guide in 
determining accurately the pitch of a pipe; for i t  was by this method 
exclusively that the determinations recorded in my paper were made. 1 
have there given a t  length my reasons for adopting it, and for doubting 
the results of the method of blowing, although such experiments as those 
of Wertheim go to show à posteriori that in his hands at  least it was not 
unworthy of dependence. 

Other experiments of Wertheim are calculated from formula (IX.) and 
show a tolerable agreement. The difference between (TX.) and Helmholtz's 
theoretical fortnula (C) relates only to a constant multiplier, and corresponds 
to a difference of pitch of about a quarter of a semitone. The discordatices 
are attributed (no doubt correctly) to the unsuitable form of some of the 
vessels, and consequent imperfect fulfilment of the theoretical condition 
to which (C) is subject. 

We come next to vessels iri the form of flasks with a cylindrical neck of 
sensible length. Dr Sondhauss gives a Table containing the results of a 
comparison of (VII.) with some experiments of his own. The average 
discordance amounts to about a seinitone. Althoiigh i t  was evident before- 
hand that in most cases the liinitations on formula (A) were grossly violtzted, 
1 thought it worth while to calculate in accordance with (A) the theoretical 
pitch, and have given the resnlts in the form of a Table :- 

Shape of 
vessel. centims. 

Sphere. 
Cylinder. 

...... 

Octagon. 
Sphere. 
Cylinder. 

17.1 
60.9 
10.7 
97.7 
66.2 

117.8 
654.5 
76.3 

117.8 
132.4 ...... 

Sphere. 923 
Cylinder. 8920 
Sphere. 178 

149 ...... 
.80 ...... 

L, in Diam., in / n, 
nillims. millims. observed. 

n, oalcu- 
lated from 

(l'II.). 

246.9 
454.5 
959 
311.2 
155.2 
170.4 
106-7 
285.6 
5895 
429.2 
83.2* 
76% 

155.8 
842.6 

1926.2 

n, calou- 
ated from 

( 4 .  

251.3 
453% 
970 
309.2 
158.8 
178.5 
1076 
306.1 
600-2 
441.4 
83.7 
76.6 

159.1 
825.4 

1902 

The result of the formula (VIL) ought evidently here to be greater thaii that of (A). On a 
recalcnlation 1 find 85.8 instead of 83-2. 
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Al1 the columns except the last are copied from Dr Sondhauss's paper. 
I t  will be found that the observations are better represented by (VII.) than 
by (A); but i t  must be remembered that (VII.) contains an arbitrary 
constant, c, which acts nearly as a constant multiplier, although, if 1 under- 
stand Dr Sondhauss arïght, its value was not determined from this series of 
experiments. However this may be, it is certain that nearly al1 the values 
of n calculated from (A) are too great. The fact is that (A) is scarcely 
applicable to the experiments at  all. I n  only five cases is the ratio of 
the diameter of the neck to the dimension of the vesse1 even tolerably 
small. These are 1, 4, 11, 12, 14;  but in 1, on account of the extremely 
small diameter of the neck and its considerable length, the influence of 
friction is probably sensible; and its effect would be to lower the pitch. 
The body in 4 is cylindrical, and perhaps too long in proportion to the 
quarter wave-length. In  11, 12, and 14 the agreement is sufiiciently good. 
1 consider accordingly that there is no evidence in the Table unfavourable to 
formula (A), supposed to be stated with the proper restrictions. In my 
owri experiments, made by the method of resonance, 1 found a very good 
agreement between the directly observed and the calculated pitch, the 
average error being under a quarter of a semitone. Even with formula 
(VII.) as the basis of calculation there would be a fair agreement, certainly 
better than is the case with Dr Sondhauss's own experiments. The difference 
between (VII.) and (A) is, as 1 have already reniarked, comparatively small, 
and could only be certainly distinguished under favourable circumstances. 
Not finding the necessary data in Dr Sondhauss's paper, 1 venture to quote 
some experiments from the paper on Resonance. There are seven obser- 
vations in which the necks were sufficiently long to bring out t.he difference 
between the formulæ, being more than four times the diameter. I t  will be 
seen that the alteratioil is in every case for the worse if the forinda (VII.) 
is substituted for (A). 

a, observed. n, calculated 
€rom (A). 

a, calculated 
approx. from 

(VII.). 

131 
110 
184 
239 
207 
190 
400 

These experiments seem to decide the question; but i t  woiild be in- 
teresting to see if Dr Sondhauss obtained a similar result by the method of 
blowing. The difference, amounting in (VIII.) and (B) to half a semitone, 
is far greater than any error to be feared in the measurernent of pitch or of 
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the dimensions of the vessel, and ought therefore t o  give a sufficient handle 
to decide between the formulæ, if proper attention is given to the choice 
of a suitable resonator. In the foregoing remarks 1 have naturally dwelt 
most on my differences with L)r Sondhauss; but 1 sliould be sorry to have i t  
supposed that 1 write in a hostile spirit, or do not recognize the daims 
of one to whom the science of acoustics is so largely indebted. 

Postscript. 

1 have since calculated the results of the experiments of Wertheim on 
pipes open a t  both ends, and find that in this case also the rational formula 

" ) ag-rees best with the observations :- (n= a ( g  +gTn) 

n, observed 
hy Wertheim. 

n, calculated 
by Sondhauss. 

n, oalculated by 
mgself. 
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ON THE THEORY O F  RESONANCE. 

[Phil. Tmns. CLXI. pp. 77-118; Read Nov. 1870.*] 

Introduction. 

ALTHOUGH the theory of aërial vibrations has been treated by more 
than one generation of mathematicians and experimenters, comparatively 
little has been done towards obtaining a clear view of what goes on in 
any but the more simple cases. The extreme difficiilty of anything like a 
general deductive investigation of the question is no doubt one reason. 
On the other hand, experimenters on this, as on other subjects, have too 
often observed and measured blindly without taking sufficient care to simplify 
the conditions of their experiments, so as to attack as few difficulties as 
possible at a time. The result has been vast accumulations of isolated 
facts and measurements which lie as a sort of dead weight on the scientific 
stornach, and which must remain undigested until theory supplies a more 
powerful solvent than any now at  our command. The motion of the air 
in cylindrical organ-pipes was successfully investigated by Bernoulli and 
Euler, a t  least in its main features; but their treat,ment of the question 
of the open pipe was incomplete, or even erroneous, on account of the 
assumption that a t  the open end the air remains of invariable density 
during the vibration. Although attacked by many others, this difficulty 
was not finally overcome until Helmholtz+, in a paper which 1 shall have 
repeated occasion to refer to, gave a solution of the problem under certain 
restrictions, free from any arbitrary assumptions as to what takes place 
at the open end. Poisson and Stokes S have solved the problem of the 

Additions made since the paper was first sent to the Royal Society are inclosed in square 
brackcts [ 1. 

I. Theorie der Luftschwingungen in Rohren mit offenen Enden. C ~ e l l e ,  1860. 
$ Phil. Tram. 1868, or Phil. M a g .  Dm. 1868. 

R. 1. 3 
IRIS - LILLIAD - Université Lille 1 



3 4 ON THE THEORY OF RESONANCE. [S 

vibrations communicated to an infinite mass of air from the surface of 
a sphere or circular cylinder. The solution for the sphere is very instructive, 
because the vibrations outside any imaginary sphere enclosing vibrating 
bodies of any kind may be supposed to take their rise in the surface of 
the sphere itself. 

More important in its relation to the subject of the present paper 
is an investigation by Helmholtz of the air-vibrations in cavernous spaces 
(Hohlraüme), whose three dimensions are very small compared to the wave- 
length, and which communicate with the external atmosphere by small 
holes in their surfaces. If the opening be circular of area u, and if S denote 
the volume, n the number of vibrations per second in the fundamental note, 
and a the velocity of sound, 

Helmholtz's theory is also applicable when there are more openings than 
one in the side of the vessel. 

I n  the present paper 1 have attempted to give the theory of vibrations 
of this sort in a more general form. The extension to the case where the 
communication with the external air is no longer by a mere hole in the 
side, but by a neck of greater or less length, is important, not only because 
resonators with necks are frequently used in practice, but  also by reason of 
the fact that the theory itself is applicable within wider limits. The 
mathematical reasoning is very different from that of Helmholtz, a t  least in 
form, and will 1 hope be found easier. I n  order to assist those who may 
wish only for clear general ideas on the subject, 1 have broken up the 
investigation as much as possible into distinct probletns, the results of which 
may in many cases be taken for granted without the rest becoming un- 
intelligible. I n  Part 1. my object has been to put what rnay be called 
the dynamical part of the subject in a clear light, deferring as much as 
possible special mathematical calculations. In  the first place, 1 have con- 
sidered the general theory of resonance for air-spaces confined nearly . al1 
round by rigid walls, and communicating with the external air by any 
number of passages which may be of the nature of necks or merely holes, 
under the limitation that both the length of the necks and the dimensions 
of the vessel are very small compared to the wave-length. To prevent 
misapprehension, 1 ought to say that the theory applies only to the funda- 
mental note of the resonators, for the vibrations corresponding to the 
overtones are of an altogether different character. There are, however, cases 
of multiple resonance to which our theory is applicable. These occur wheri 
two or more vessels communicate with each other and with the external 
air by necks or otherwise; and are easily treated by Lagrange's general 
dynamical method, subject to a restriction as to the relative magnitudes 
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of the wave-lengths and the dimensions of the system corresponding to that 
stated above for a single vessel. 1 am not aware whether this kind of 
resonance hm been investigated before, either mathematically or experi- 
mentally. Lastly, 1 have sketched a solution of the problem of the open 
organ-pipe on the same general plan, which may be acceptable to those 
who are not acquainted with Helmholtz's most valuable paper. The method 
here adopted, though i t  leads to results essentially the same as  his, is 1 
think more calculated to give an insight into the real nature of the question, 
and at the eame time presents fewer inathematical difficulties. For a 
discussion of the solution, however, 1 rnust refer to Helmholtz. 

In  Part II. the calculation of a certain quantity depending on the forin 
of the necks of common resonators, and involved in the results of Part I., is 
entered upon. This quantity, denoted by c, is of the nature of a length, 
and is identical with what would be called in the theory of electricity 
the electric conductivity of the passage, supposed to be occupied by uniformly 
conducting matter. The question is accordingly similar to that of deter- 
mining the electrical resistance of variously shaped conductors-an analogy 
of which 1 have not hesitated to avail myself freely both in investigation 
and statement. Much circumlocution is in this way avoided on account 
of the greater completeness of electrical phraseology. Passing over the case 
of mere holes, which has been already considered by Helmholtz, and need 
not be dwelt upon here, we come to the value of the resistance for necks 
in the form of circixlar cylinders. For the sake of simplicity each end is 
supposed to be in an infinite plane. In  this form the mathematical problem 
is definite, but has not been solved rigorously. Two lirnits, however (a 
higher and a lower), are investigated, between which i t  is proved that the 
true resistance must lie. The lower corresponds to a correction to the 
length of the tube equal to +T x (radius) for each end. It is a remarkable 
coincidence that Helmholtz also finds the same quantity as an approximate 
correction ho the length of an organ-pipe, although the two methods are 
entirely differeut and neither of them rigorous. His consists of an exact 
solution of the problem for an approximate cylinder, and mine of an approxi- 
mate solution for a true cylinder; while both indicate on which side the 
truth must lie. The final result for a cylinder infinitely long is that the 
correction lies between -785 R and '828 B. When the cylinder is finite, 
the upper limit is rather smaller. In a somewhat similar manner 1 have 
investigated limits for the resistance of a tube of revolution, which is shown 
to lie between 

/$ and 

where y denotes the radius of 
These formulæ apply whatever 

the tube a t  any point x along the axis. 
may be in other respects the form of the 

3-2 
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tube, but are especially valuable when i t  is so nearly cylindrical that dyldx 
is everywhere small. The two limits are then very near each other, and 
either of them gives very approximately the true value. The resistance 
of tubes, which are either not of revolution or are not nearly straight, is 
afterwards approximately determined. The only experimental results bearing 
on the snbject of this paper, and available for comparison with theory, that 
1 have met with are some arrived nt by Sondhauss* and Wertheimt. 
Besides those quoted by Helmholtz, 1 have only to mention a series of 
observations by Sondhauss: on the pitch of flasks with long necks which 
led him to the empirical formula 

cr, L being the area and length of the neck, and S the volume of the flask. 
The corresponding equation derived from the theory of the present paper is 

which is only applicable, however, when the necks are so long that the 
corrections at the ends may be neglected-a condition not likely to be 
fulfilled. This consideration sufficiently explains the discordance. Being 
anxious to give the formulae of Parts 1. and II. a fair trial, 1 investigated 
experimentally the resonance of a considerable number of vessels which 
were of such a form that the theoretical pitch could be calculated with 
tolerable accuracy. The result of the comparison is detailed in Part III., 
and appears on the whole very satisfactory ; but i t  is not necessary that 1 
should describe i t  more minutely here. 1 will only mention, as perhaps a 
novelty, that the experimental determination of the pitch was not made 
by causing the resonators to speak by a stream of air blown over their 
mouths. The grounds of my dissatisfaction with this method are explained 
in the proper place. 

[Since this paper was written there has appeared another memoir by 
Dr Sondhauss§ on the subject of resonance. An empirical formula is 
obtained bearing resemblance to the results of Parts 1. and II., and agreeing 
fairly well with observation. No attempt is made to connect i t  with the 
fiindamental principles of mechanics. In  the Philosophical Magazine for 
September 1870 [Art. IV. above], 1 have discussed the differences between 
Dr Sondhauss's formula and my own from the experimental side, and shall 
not therefore go any further into the matter on the present occasion.] 

* Pogg. Ann. vol. ~xxxr. 
T Anmles de Chimie. vol. x x x ~ .  
S Pogg. Ann. vol. LXXIX. 
3 Pogg. Ann. 1870. 
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The class of resonators to which attention will chiefly be given in this 
paper are those where a mass of air confined almost al1 round by rigid walls 
communicates with the external atmosphere by one or more narrow passages. 
For the present i t  may be supposed that the boundary of the principal mass 
of air is part of an oval surface, nowhere contracted into anything like 
a narrow neck, although some cases not coming under this description will 
be considered later. I n  its general character the fundamental vibration of 
such an air-space is sufficiently simple, consisting of a periodical rush of 
air through the narrow channel (if there is only one) into and out of the 
confined space, which acts the part of a reservoir. The channel spoken 
of may be either a mere hole of any shape in the side of the vessel, or 
may consist of a more or less elongated tube-like passage. 

If the linear dimension of the reservoir be small as compared to the 
wave-length of the vibration considered, or, as perhaps i t  ought rather to 
be said, the quarter wave-length, the motion is remarkably amenable to 
deductive treatment. Vibration in general may be considered as a periodic 
transformation of energy from the potential to the kinetic, and from the 
kinetic to the potential forms. In  Our case the kinetic energy is that of 
the air in the neighbourhood of the opening as i t  rushes backwards or 
forwards. I t  may be easily seen that relatively to this the energy of the 
motion inside the reservoir is, under the restriction specified, very small. 
A forma1 proof would require the assistance of the general equations to the 
motion of an elastic fluid, whose use 1 wish to avoid in this paper. More- 
over the motion in the passage and its neighbourhood will not differ sensibly 
from that of an incompressible fluid, and its energy will depend only on the 
rate of total flow through the opening. A quarter of a period later this 
energy of motion will be completely converted into the potential energy 
of the compressed or rarefied air inside the reservoir. So soon as the 
mathematical expressions for the potential and kinetic energies are known, 
the determination of the period of vibration or resonant note of the air-space 
presents no difficulty. 

The motion of an incompressible frictionless fluid which has been once a t  
rest is subject to the same forma1 laws as those which regulate the flow 
of heat or electricity through uniform conductors, and depends on the 
properties of the potential function, to which so much attention has of late 
years been given. I n  consequence of this analogy many of the results 
obtained in this paper are of as much interest in the theory of electricity 
as in acoustics, while, on the other hand, known modes of expression in the 
former subject will Save circumlocution in stating some of the results of the 
present problem. 
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Let ho be the density, and $I the velocity-potential of the fluid motion 
through an opening. The kinetic energy or vis &va 

the integration extending over the volume of the fluid considered 

= &ho// + 2 dS, by Green's theorem. 

Over the rigid boundary of the opening or passage, d+/dn = O, so that if 
the portion of fluid considered be bounded by two equipotential surfaces, 
4, and $I,, one on each side of the opening, 

if x denote the rate of total flow through the opening. 
At a sufficient distance on either side $I becomes constant, and the rate 

of total flow is proportional to the difference of its values on the two sides. 
We may therefore put 

1 x 0.- ]]3ds=- c '  

where c is a linear quantity depending on the size and shape of the opening, 
and representing in the electrical interpretation the reciprocal of the resistance 
to the passage of electricity through the space in question, the specific 
resistance of the conducting matter being taken for unity. The same thing 
may be otherwise expressed by saying that c is the aide of a cube, whose 
resistance between opposite faces is the same as that of the opening. 

The expression for the vis viva in terms of the rate of total flow is 
accordingly 

If S be the capacity of the reservoir, the condensation a t  any time 
inside it is given by X/S ,  of which the mechanical value is 

a denoting, as throughout the paper, the velocity of Sound. 

The whole energy at any time, both actual and potential, is therefore 

and is constant. Differentiating with respect to time, we arrive a t  
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as the equation to the motion, which indicates simple oscillations performed 
in a time 

Hence if n denote the number of vibrations per second in the resonant 
note, 

The wave-length A, which is the quantity most imniediately connected 
with the dimensions of the resonant space, is given by 

A law of Savart, not nearly so well known as i t  ought to be, is in agree- 
ment with equations (5) and (6). It is an immediate consequence of the 
principle of dynamical similarity, of extreme generality, to the effect that 
similar vibrating bodies, whether they be gaseous, such as the air in organ- 
pipes or in the resonators here considered, or solid, such as tuning-forks, 
vibrate in a time which is directly as their linear dimensions. Of course 
the inaterial must be the same in two cases that are to be compared, and the 
geometrical si mi la rit,^ must be complete, extending to the shape of the 
opening as well as to the other parts of the resonant vessel. Although the 
wave-length h, is a function of the size and shape of the resonator only, 
n or the position of the note in the musical scale depends on the nature 
of the gas mith which the resonator is filled. And i t  is important to notice 
that i t  is on the nature of the gas in and near the opening that the note 
depends, and not on the gas in the interior of the reservoir, whose inertia 
does not come into play during vibrations corresponding to the fundamental 
note. I n  fact we may Say that the mass to be moved is the air in the 
neighbourhood of the opening, and that the air in the interior acts merely as 
a spring in virtue of its resistance to compression. Of course this is only 
true under the.limitation specified, that the diameter of the reservoir is 
small compared to the quarter wave-length. Whether this condition is 
fulfilled in the case of any particular resonator is easily seen, d poster ior i ,  by 
calculating the value of A from (6), or by determining i t  experimentally. 

When there are two or more passages connecting the inteiior of the - - 
resonator with the external air, we may proceed in much the same way, 
except that the equation of energy by itself is no longer sufficient. For 
simplicity of expression the case of two passages will be convenient, but the 
same method is applicable to any number. Let X I ,  X ,  be the total flow 
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through the two necks, cl, c, constants depending on the form of the necks 
corresponding to the constant c in formula (6) ; then T, the vis viva, is 
given by 

the necks being supposed to be suEciently far removed from one another not 
to interfere (in a sense that will be obvious). Further, 

Ir = Potential Energy = (X'+X2y 
S 

Applying Lagrange's general dynarnical equation, 

we obtain 
8, az Xa a2 +s ( X , + X 2 ) = 0 ,  - f iS(X1+X,)=0 ............ 
Cl Ca 

(7) 

as the equations to the motion. 

By subtraction, 
x l / c i  - X2/& = O,  

or, on integration, - = X I  .................................. 
Cl c2 (8) 

Equation (8) shows that the motions of the air in the two necks have the 
same period and are a t  any moment in the same phase of vibration. Indeed 
there is no essential distinction between the case of one neck and that of 
several, as the passage from one to the other may be made continuously 
without the failure of the investigation. When, however, the sepa.rate 
passages are sufficiently far apart, the constant c for the system, considered 
as a single comtnunication between the interior of the resonator and the 
external air, is the simple sum of the values belonging to them when taken 
separately, which would not otberwise be the case. This is a point to which 
we ahall return later, but in the mean time, by addition of equations (7), 
we find 

a2 X , + X , f s  (c'+c~)(x, +xJ=o,  

so that 

If there be any number of necks for which the values of c are cl, c,, c, ..., 
and no two of which are near enough to interfere, the same method is 
applicable, and gives 
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Wben there are two similar necks c, =cl ,  and 

The note is accordingly higher than if there were only one neck in the 
ratio of 42 : 1, a fact observed by Sondhauss and proved theoretically by 
Helmholtz for the case of openings which are mere holes in the sides of 
the reservoir. 

Double Resoname. 

Suppose that there are two reservoirs, S, S', communicating with each 
other and with the external air by narrow Fig. 1. 
passages or necks. If we were to consider 
SS' as a single reservoir and to apply equa- 
tion (9), we should be led to an erroneous 
result ; for the reasoning on which (9) is 
foiinded proceeds on the assumption that, 
within the reservoir, the inertia of the 
air nîay be left out of account, whereas i t  is evident that the vis viva of the 
motion through the connecting passage may be as great as through the two 
others. However, an investigation on the same general plan as before meets 
the case perfectly. Denoting by XI, X,, X ,  the total flows through the 
three necks, we have for the vis viva the expression 

and for the potential energy 

An application of Lagrange's method gives as the differential equations to 
the motion, 

;ÿ, x - x  
- + a h z  = 
Cl 8 

O ,  

By addition and integration Xl/cl + X,/C, + X3/c3 = O. Hence, on elimi- - 
nation of X,, 
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Assuming XI = Agt, X3= BQt, we obtain, on substitution and elimination 
of A : B, 

as the equation t o  determine the resonant notes. If n be the number of 
vibrations per second, na = -p2/4rT, the values of pz given by (Il) being of 
course both real and negative. The formula simplifies considerably if 
c,=c,, S'=S; but i t  will be more instructive to work this case from 
the beginning. Let 6 = c, = rnG = ntc. 

The differential equations take the form 

a2c x1 + ((1 + m ) ~ , +  X,J =O,  
XI + x3 while X, = - - 

u3c rn x3+g K l + r n ) x , + X J = ~ ,  

Hence 
a2c 

(XI + X,).. + 3 (" + 2) ( X ,  + X,) = O,  

The whole motion may be regarded as made up of two parts, for the first 

Fig. 2. of which X, + X, = O ; which requires 
X, = O. This motion is therefore the same 
as might take place were the communi- 
cation between rS and 8' cut off, and has 
its period given by 

a2c, - a2mc 
n2= - 

4 r 2 s  - 4.rrax ' 
For the other component part, XI- X3=0, so that 

d2 rn + 4 
Thus - = --- , which shows that the second note is the higher. It 

n2 m 
Fig. 3. consists of vibrations in the two reservoirs m opposed in phase and modified by the con- 

necting passage, which acts in part as a 

-w second opening to both, and so raises the 
pitch. If the passage is small, so also is 
the digerence of pitch between the two 

notes. A particular case worth notice is obtained by putting in the general 
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equation c, = O ,  which amounts to suppressing one of the communications 
with the external air. We thus obtain 

or if S = S', ci = rnc, = mc, 
c a4c2 p4 + a2p2 - (nz + 2) + - W L  = 0, s S" 

If we further suppose m = 1 or c, = c l ,  

If N be the number of vibrations for a simple resonator (8, c), 

so that 

It appears therefore that the interval from n, to N is the same as from 
N to n2, namely, d(2.618)= 1,618, or rather more than a fifth. I t  will be 
found that whatever the value of rn may be, the interval between the 
resonant notes camot be less than 2.414, which is about an octave and a 
minor third. The corresponding value of m is 2. 

A similar method is applicable to any combination of reservoirs and con- 
necting passages, no inatter how complicated, under the single restriction as 
to the comparative magnitudes of the reservoirs and wave-lengths; but the 
example just given is sufficient to illustrate the theory of multiple resonance. 
I n  Part III. a resonator of this sort will be described, which was constructed 
for the sake of a comparison between the theory and experiment. In  
applying the foïmulæ (6) or (12) to an actual measurement, the question 
will arise whether the volume of the necks, especially when theg are rather 
large, is to be included or not in S. At the moment of rest the air in the 
neck is compressed or rarefied as well as that inside the reservoir, though not 
to the same degree; in fact the condensation must Vary continuously 
between the interior of the resonator and the external air. This con- 
sideration shows that, a t  least in the case of necks which are tolerably 
symmetrical, about half the volume of the neck should be included in S. 

[In consequence of a suggestion made by Mr Clerk Maxwell, who reported 
on this paper, 1 have been led to examine what kind of effect would be 
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produced by a deficient rigidity in the envelope which contains the alternately 
compressed and rarefied air. Taking for simplicity the case of a sphere, let 
us suppose that the radius, instead of remaining constant at  its normal 
value R, assumes the variable magnitude R +p.  We have 

hX" m 
kinetic energy = + fio, 

2c 

ho aZ I )  . 
potential energy = - {X + 4rr~;~]a  + +pp2, 

28 

where m and p are constants expressing the inertia and rigidity of the 
spherical shell. Hence, by Lagrange's method, 

equations deterniining the periods of the two vibrations of which the systeni 
is capable. I t  might be imagined a t  first sight that a yielding of the sides 
of the vessel would necessarily lower the pitch of the resonant note; but 
this depends on a tacit assumption that the capacity of the vessel is largest 
when the air inside is most compressed. But i t  may just as well happen 
thnt the opposite is true. Everything depends on the relative magnitudes 
of the periods of the two vibrations supposed for the moment independent of 
one another. If the note of the shell be very high compared to that of the 
air, the inertia of the shell may be neglected, and this part of the question 
treated statically. Putting in the equations m = O, we see that the phases 
of X and p are opposed, and then X goes through its changes more slowly 
than before. On the other hand, if i t  be the note of the air-vibration, which 
is inuch the higher, we must put ,8 = O, which leads to 

47rRVih,X - crnp = O, 

showing that the phases of X and p agree. Here the period of X is 
diminished by the yielding of the sides of the vessel, which indeed acts 
just in the same way as a second aperture would do. A determination 
of the actual note in any case of a spherical shell of given dimensions and 
material would probably be best obtained deductively. 

But in order to see what probability there rnight be that the results of 
Part III. on glass flasks were sensibly modified by a want of rigidity, 1 
thought i t  best to make a direct experiment. To the neck of a flask was 
fitted a glass tube of rather small bore, and the whole filled with water 
so as make a kind of water-thermometer. On removing by means of an 
air-pump the pressure of the atmosphere on the outside of the bulb, the 
liquid fell in the tube, but mly to an extent which indicated an increase in 
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the capacity of the flask of about a ten-thousandth part. This corresponds 
in the ordinary arrangement to a doubled density of the contained air. I t  
is clear that so small a yielding could produce no sensible effect on the pitch 
of the air-vibration.] 

Open Organ-pipes. 

Although the problem of open organ-pipes, whose diameter is veiy small 
compared to their length and to the wave-length, has been fully considered 
by Helmholtz, i t  may not be superfluous to show how the question may 
be attacked from the point of view of the present paper, more especially 
as some important results may be obtained by a comparatively simple 
analysis. The principal difficulty consists in finding the connexion between 
the spherical waves which diverge from the open end of the tube into 
free space, and the waves in the tube itself, which a t  a distance from the 
mouth, amounting to several diameters, are approximately plane. The trans- 
ition occupies a space which is large compared to the diameter, and in 
order that the present treatment may be applicable must be small compared 
to the wave-length. This condition being fulfilled, the compressibility of 
the air in the space mentioned may be left out of account and the difficulty 
is turned. Imagine a piston (of infinitely small thickness) in the tube 
at  the place where the waves cease to be plane. The motion of the air 
on the free side is entirely determined by the motion of the piston, and 
the vis viva within the spacé considered m G  be expressed by +h,xa/c,  where 
x denotes the rate of total flow at  the place of the piston, and c is, as before, 
a linear quantity depending on the form of the mouth. If Q is the section 
of the tube and + the velocity potential, x = Qdjrldx. The most general 
expression for the velocity-potential of plane waves is 

+ = (+ sin kx + B cos kx cos 2 ~ n t  + @cos kx sin 2 m t ,  . . .(l3) ) 
3 = ( A  cos kx - Bk sin kz) cos 5rnt - Bk sin kx sin 2 m t ,  
dx 

where k = ~ T / X  = 2mla. When x = 0, 

$ = B cos 2rnt + 6 sin 2  * = A cos 2rnit. 
dx 

The variable part of the pressure on the tube side of the piston = - ho d+/dt. 
The equation to the motion of the air in the mouth is therefore 

or, on integration, 

This is the condition to be satisfied when x = 0. 
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Substituting the values of .+ and d+/dx, we obtain 

+ /3 sin 27mt = 0, 

which requires 
Q A - + B = O ,  p=O. 
C 

If there is a node at  x = - 1, A cos Icl + Bk sin Icl = O ; so that 

This equation gives the fundanlental note of the tube closed a t  8 = - 1 ; but 
it rnust be observed that E is not the length of the tube, because the origin 
x = O  is not in the mouth. There is, however, nothing indeterminate in 
the equation, although the origin is to a certain extent arbitrary; for the 
values of c and 1 will change together so as to make the result for k 
approximately constant. This will appear more clearly when we come, 
in Part II., to calculate the actual value of c for different kinds of mouths. 
In  the formation of (14) the pressure of the air on the positive side at 
a distance from the origin sniall against h hm been taken absolutely con- 
stant. Across such a loop surface no energy could be transmitted. In 
reality, of course, the pressure is variable on account of the spherical waves, 
and energy continually escapes from the tube and its vicinity. Although 
the pitch of the resonant note is not affected, i t  nlay be worth while to 
see what correction this involves. 

We must, as before, consider the space in which the transition from 
plane to spherical waves is effected as small compared with h. The potential 
in free space may be taken 

A f 

expressing spherical waves diverging from the mouth of the pipe, which 
is the origin of Y. The origin of x is still supposed to lie in the region 
of plane waves. 

d+ - + 4 d z -  rate of total flow across the surface of the sphere whose 

radius is r - - 47rA' [cos 27rnt {cos (kr + y) + k~ sin (h + g)} 
+ sin 27rnt {sin (Icr + y) - kr cos ( A r  + g)H. 

* Throughout Helmholtz's paper the mouth of the pipe is supposed to lie in an iufinite plane, 
so that the diverging waves are hemispheïical. The calculation of the value of c is thereby 
sirnplified. Except for this reason it seems better to cousider the diverging waves completely 
spherical as a nearer approximation to the actual circumstances of organ-pipes, although the 
sphere could never be quite complete. 
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If the compression in the neighbourhood of the mouth is neglected, this 
must be the same as 

d+ Q - = &A cos 2mt.  
& = O  

Accordingly 
AQ = - 47rA' (cos (kr + y )  + 1Er sin (Icr + y ) } ,  

O =  sin(kr+y)-k>r(~osIcr+~). 

These equations express the connexion between the plane and spherical 
waves. From the second, tan ( k ~  +g) = h, which shows that y  is a small 
quantity of the order (ICr)2. From the first 

so that 

the t e m s  of higher order being omitted. 

Now within the space under consideration the air moves according to 
the same laws as electricity, and so 

= A cos 2 ~ n t ,  

= B COS 2 m t  + sin 29nt. 

Therefore on substitution and equation of the coefficients of sin 2 ~ n t ,  
cos 27mt, we obtain 

When the mouth is not much contracted c is of the order of the radius 
of the inouth, and when there is contraction i t  is smaller still. I n  al1 cases 
therefore the term 1 / 4 m  is very small compared to l /c  ; and we may put 

which agree nearly with the results of Helmholtz. In  his notation a 
quantity a is used defined by the equation - AIBk = cotka, so that 
cot ka = tan kl by (15), or k ( E  + a) = 4 (2m + 1) rr ; a may accordingly be 
considered as the correction to the length of the tube (rneasured, however, 
in our method only on the negative side of the origin), and will be given by 
cot ka = - c/lcQ. 
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The value of c will be investigated in Part II. 

The original theory of open pipes makes the pressure absolutely constant 
at  the mouth, which amounts to neglecting the inertia of the air outside. 
Thus, if the tube itself were full of air, and the external space of hydrogen, 
the correction to the length of the pipe might be neglected. The first 
investigation, in which no escape of energy is admitted, would apply if the 
pipe and a space round its mouth, large compared to the diameter, but 
small compared to the wave-length, were occupied by air in an atmosphere 
otherwise composed of incomparably lighter gas. These remarks are made 
by way of explanation, but for a complete discussion of the motion as deter- 
mined by (13) and 17, 1 must refer to the paper of Helmholtz. 

Long Tube in connexion with a Reservoir. 

I t  may sometimes happen that the length of a neck is too large compared 
to the quarter wave-length to allow the neglect of the compressibility of the 
air inside. A cylindrical neck may then be treated in the same way as the 
organ-pipe. The potential of plane maves inside the neck may, by what has 
been proved, be put into the form 

iI/. = A' sin k: (x - a) cos 27rnt, 

if we neglect the escape of energy, which will not affect the pitch of the 
resonant note. 

d+/dt = - 27rnAf sin Ic (x - a) sin 27rnt, 

dybldx = IcA' cos Ic (x - a) cos 2mt ,  

where a is the correction for the outside end. 

The rate of flow out of S =  Qd+/dx. 

sin 2 m t  
dt = -A'& cos kL - 

2an ' 

the reduced length of the tube, including the corrections for both ends, 
being denoted by L. Thus rarefaction in S 

A 'Q cos IcL sin 27rnt 1 d+ 2 m A f  sin kL sin 
=k: -=- - 

S 2 m  a z d t -  a2 

This is the condition to be satisfied at the inner end. I t  gives 

a' kQ Q tank:L=- -=- 
47ran2 S hi" 

. . . . . . . . . .. . .. . . . . . . . . .(la) 

When kL is small, 
Q tanIcL=hL+3(hL>2=m; 
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so that 

ON THE THEORY OF RESONANCE. 

In  comparing this with (.5), i t  is necessary to introduce the value of c, 

which is QIL. (5) will accordingly give the same result as (19) if one-third 
of the contents of the neck be included in S. The first overtone, which 
is often produced by blowing in preference to the fundamental note, corre- 
sponds approximately to the length L of a tube open a t  both ends, modified 
to an extent which may be inferred from (18) by the finiteness of S. 

The number of vibrations is given by 

[The application of (20) is rather limited, because, in order that the 
condensation within S may be uniform as has heen supposed, the linear 
dimension of S must be considerably less than the quarter wave-length; 
while, on the other hand, the method of approximation by which (20) is 
obtained frorn (18) requires that S should be large in comparison with QL. 

A slight modification of (18) is useful in finding the pitch of pipes which 
are cylindrical through most of their length, but a t  the closed end expand 
into a bulb S of no great capacity. The only change required is to under- 
stand by L the length of the pipe down to the place where the enlargement 
begins, with a correction for the outer end. Or if L denote the length 
of the tube simply, we have 

Q tan Ic ( L  + a )  = - IcX, .... .. ...... .. ...... ... (20 a) 

and a = ~ I T R  approximately. 

If S be very small we may derive from (20 a) 

I n  this form the interpretation is very simple, namely, that at the closed 
end the shape is of no conseqixence, and only the volume need be attended 
to. The air in this part of the pipe acts merely as a spring, its inertia not 
coming into play. A few measurements of this kind will be given in 
Part III.  

The overtones of resonators which have not long necks are usually very 
high. Within the body of the reservoir a nodal surface must be formed, and 
the air on the further side vibrates as if i t  was contained in a completely 

R. 1. 4 
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closed vessel. We may form an idea of the character of these vibrations from 
the case of a sphere, which may be easily worked out from the equations 
given by Professor Stokes in his paper "On the Communication of Motion 
from a vibrating Sphere to a Gas"". The most important vibration within a 
sphere is that which is expressed by the term of the first order in Laplace's 
series, and consists of a swaying of the air from side to side like that which 
takes place in a doubly closed pipe. 1 find that for this vibration 

radius : wave-length = -3313, 

so that the note is higher than that belonging to a doubly closed (or open) 
pipe of the length of the diameter of the sphere by about a musical fourth. 
We might realize this vibration experimentally by attaching to the sphere a 
neck of such length that i t  would by itself, when closed at  one end, have the 
same resonant note as the sphere. 

In most wind instruments the gradations of pitch are attained by means 
of lateral openings, which may be closed at pleasure by the fingers or 
otherwise. The common crude theory supposes that a hole in the side of, 
say, a flute establishes so complete a communication between the interior 
and the surrounding atmosphere that a loop or point of no condensation is 
produced immediately under it. It has long been koown that this theory is 
inadeyuate, for it stands on the same level as the first approximation to the 

- - 

motion in an open pipe in which the inertia of the air outside the mouth is 
virtually neglected. Without goiug at length into this question, 1 will 
merely i~idicate how an improvement in the treatment of it may be made. 

Let '\lPi, yb2 denote the velocity-potentials of the systems of plane waves 
on the two sides of the aperture, which we may suppose to be situated 
at  the point x = O. Then with our previous notation the conditions evidently 
are that when x = 0, 

the escape of energy frorn the tube being neglected. These equations deter- 
mine the connexion between the two systems of waves in any case that 
may arise, and the working out is simple. The results are of no particular 
interest, unless it be for a cornparison with experimental measurements, 
which, so far as 1 am aware, have not hitherto been made.] 

* Professor Stokes informs me that he had himself done this at the request of the Astronomer 
Royal. [1899. See T h e o ~ y  o j  Sound, 58 330, 331.1 
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PART II. 

In order to complete the theory of resonators, it is necessary to determine 
the value of c, which occurs in al1 the results of Part I., for different forms of 
mouths. This we now proceed to do. Frequent use will be made of a 
principle which might be called that of minimum vis viva, and which it may 
be well to state clearly at  the outset. 

Imagine a portion of incompressible fluid at rest within a closed surface 
to be suddenly set in motion by an arbitrary normal velocity impressed 
on the surface, then the actual motion assumed by the fluid will have less 
vis viva than any other motion consistent with continuity and with the 
boundary conditions*. 

' If u, v, w be the component velocities, and p the density at  any point, 

vis viva = 4 (u2 + v2 + wa> dz dy d i ,  

the integration extending over the volume considered. The minimum vis 
viva corresponding to prescribed boundary conditions depends of course on p ; 
but if in any specified case we conceive the value of p in some places 
diminished and uowhere increased, we may assert that the niinimum vis viva 
is less than before ; for there will be a decrease if u, v, w remain unaltered, 
and therefore, d f o r t i o r i ,  when they have their actual values as determined 
by the minimum property. Conversely, an increase in p will necessarily 
raise the value of the minimum vis viva. The introduction of a rigid 
obstacle into a stream will always cause an increase of vis viva ; for the new 
motion is one that might have existed before consistently with continuity, 
the fluid displaced by the obstacle remaining at  rest. Any kind of ob- 
struction in the air-passages of a musical instrument will therefore be 
accompanied by a fa11 of the note in the musical scale. 

Long Tubes. 

The simplest case that can be considered consists of an opening in the 
form of a cylindrical tube, so long in proportion to its diameter that the 
corrections for the ends may be neglected. If the length be L and area of 
section o, the electrical resistance is Lla, and 

For a circular cylinder of radius R 

* Thomson and Tait's Natural Philosqphy, 5 317. 
4-2 
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Simple Apertures. 

The next in order of simplicity is probably the case treated by Helmholtz, 
where the opening consists of a siinple hole in the side of the reservoir, 
considered as indefinitely thin and approximntely plane in the neighbour- 
bood of the opening. The motion of the fluid in the plane of the opening is 
by the symmetry normal, and therefore the velocity-potential is constant 
over the opening itself. Over the remainder of the plane in which the 
opening lies the normal velocity is of course zero, so that 4 may be regarded 
as the potential of matter distributed over the opening only. If the there 
constant value of the potential be called +,, the electrical resistance for 
one side only is 

the integration going over the area of the opening. 

Now 

da = 211 Y the whole quantity of matter ; 

so that if we cal1 M the quantity necessary to produce the unit potential, 
tlie resistance for one side = 1/2n-M. 

Accordingly 
c=n-M. ................................ ( 2 3 )  

In electrical language M is the capacity of a conducting lamina of the 
shape of the hole when situated in an open space. 

For a circular hole M= 2R/r,  and therefore 

When the hole is an ellipse of eccentricity e and semimajor axis R, 

where F is the symbol of the complete elliptic function of the first order. 
Results equivalent to (23), (24), and (2.5) are given by Helmholtz. 

When the eccentricity is but small, tlie value of c depends sensibly 
on the area (a) of the orifice only. As far as the square of e, 
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that 

the fourth power of e being neglected-a formula which rnay be applied 
without sensible error to any orifice of an approximately circular form. 
I n  fact for a given area the circle is the figure which gives a minimum 
value to c, and in the neighbourhood of the minimum the variation is slow. 

Next, consider the case of two circular orifices. I f  sufficiently far apart 
they act independently of each other, and the value of c for the pair is 
the simple sum of the separate values, as rnay be seen either from the law of 
multiple arcs by considering c as the electric condztctivity between the 
outside and inside of the reservoir, or from the interpretation of d l  in (23). 
The first method applies to any kind of openings with or without necks. 
As the two circles (which for precision of staternent we rnay suppose eqiial) 
approach one another, the value of c diminishes steadily until they touch. 
The change in  the character of the motion rnay be best followed by con- 
sidering the plane of symmetry which bisects a t  right angles the line joining 
the two centres, and which rnay be regarded as a rigid plane precluding 
normal motion. Fixing Our attention on half the motion only, we recognize 
the plane as an obstacle continually advancing, and a t  each step more 
and more obstructing the passage of fluid through the circular opening. 
After the circles come into contact this process cannot be carried further; 
but we rnay infer that, as they arnalgamate and shape themselves into a 
single circle (the tot,al area remaining al1 the while constant), the value of c 
still continues to diminish till i t  approaches its minimum value, wbich is less 

than a t  the commencement in  the ratio of 42 : 2 or 1 : 1/2. There are 
very few forms of opening indeed for which the exact calculation of M or c 
can be effected. We must for the present be content with the formula (26) 
as applying to nearly circular openings, and with the knowledge that the 
more elongated or broken up the opening, the greater is c compared to a. 
In  the case of similar orifices or systems of orifices c varies as the linear 
dimension. 

Most resonators used in practice have necks of greater or less length, and 
even where there is nothing that would be called a neck, the thickness 
of the side of the reservoir could not always be neglected. For simplicity 
we shall take the case of circular cylinders whose inner ends lie on an 
approximately plane part of the side of the vessel, and whose outer ends 
are also supposed to lie in an infinite plane, or a t  least a plane whose 
dimensions are considerable compared to the diameter of the cylinder. Even 
under this form the problem does not seem capable of exact solution; but 
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we shall be able to fix two slightly difTering qilantities between which the 

Pig. 4. true value of c rnust lie, and which 
determine it with an accuracy more than 
sufficient for acoustical purposes. The 
object is to find the vis viva in terms of 
the rate of flow. Now, according to the - 

principle stated at  the beginning of Part 
II., we shall obtain too small a vis viva 
if at the ends A and B of the tube we 
imagine infinitely thin laminae of fluid 
of infinitely small density. We may be 
led still more distinctly perhaps to the 

same result by siipposing, in the electrical analogue, thin disks of perfectly 
conducting matter a t  the ends of the tube, whereby the effective resistance 
must plainly be lessened. The action of the disks is to produce uniform 
potential nver the ends, and the solution of the modified problem is obvious. 
Outside the tube the question is the saine as for a simple circular hole in 
an infinite plane, and inside the tube the same as if the tube were indetinitely 
long. 

The correction to the length is therefore ~ T R ,  that is, +rR for each end, 

and 

Helmholtz, in considering the case of an organ-pipe, arrives a t  a similar 
conclusion,-that the correction to the length (a) is approximately @R. 
His method is very different from the above, and much less simple. He 
begins by investigating certain forms of mouths for which the exact solution 
is possible, and then, by assigning suitable values to arbitrary constants, 
identifies one of thern with a true cylinder, the agreement being shown to be 
everywhere very close. Since the curve substituted for the generating 
line of the cylinder lies entirely outside it, Helmholtz infers that the 
correction to the length thus obtained is too srnall. 

If, a t  the ends of the tube, instead of layers of matter of no density, we 
imagine rigid pistons of no sensible thickness, we shall obtain a motion 
whose vis viva is necessarily greater than that of the real motion; for the 
motion with the pistons might take place without them consistently with 
continuity. Inside the tube the character of the motion is the same as 
before, biit for the outside we require the solution of a fresh problem :- 
To determine the motion of an infinite fluid bounded by an infinite plane, 
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the normal velocity over a circular area of the plane being a given constant, 
and over the rest of the plane zero. The potential may still be regarded as 
due to matter confined to the circle, but is no longer constant over its area ; 
but the density of matter at  any point, being proportional to d+/dn or to the 
normal velocity, is constant. 

d+ The vis &a of the motion = 11 6 - d r  = 1 * / / + d g ,  the integration 
d n  d n  

going over the area of the circle. 

d 6  The rate of total flow through the plane = d u =  rR2 -. so that 
d n  ' 

2 vis viva - !!+do 
(rate of flowy - ,pR4 +/dm * ".-"-." . . - ' + . m ' a  (29) 

We proceed to investigate the value of + d u ,  which is the potential on 

itself of a circular disk of unit density. 
II 

Potential on itself of a uniform circdar di&. 

r denoting the distance between any two points on the disk, the quantity 
to be evaluated is expressed by Fig. 5.  

II d r  IjF. 
The first step is to find the potential a t  any point 

P, or d;b . Taking this point as an origin of 

polar coordinates, we have Q 

Now from the figure 
2 (QQ')" = R2 - cc" sina 8, 

where c is the distance of the point P from the c.entre of the circle whose 
radius is R. Thus potential a t  P 

Hence potential of disk on itself 

= /:da; 41 - r sin2 8 de ,  

if for the sake of brevity we put c2/R2= x. 
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I n  performing first the integration with respect to 6 we come upon 
elliptic functions, but they may be avoided by changing the order of 
integration. 

so that potential on itself 

This, therefore, is the value of r when the density is supposed equal II4 
to unity. The corresponding value of d+/dn = 27r, and so from (29) 

2 vis viva - 8 -- 
(rate of flow)a 

3T2R. .. "........".... """ (32) 

This is for the space outside one end. For the whole tube and both ends 

Whatever, then, may be the ratio of L : R: the electrical resistance 
to the passage in question, or l lc ,  is limited by 

In practical application i t  is sometimes convenient to use t.he quantity a 
or correction to the length. In terms of a (34) becomes 

or in decimals 

The corrections for both ends is the thing here denoted by a. Of course 
for one end i t  is only necessary to take the halfo. 

Though not immediately connected with our present subject, it may be worth notice that if 
at tlie centre of the tube, or anywhere else, tlie velocity be oonstrained (by a piston) to be constant 
scross the section, as i t  would approximately be if the tube were very long withont a piston, 
the limiting inequalities (34) stiii hold good. For large values of L the two oases do not sensibly 
difier, but for small values of L compared to R the true solution of the original problem tends 
to wincide with the lower limit, and of the modified (central piston) problem with the higher. 
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1 do not suppose that any experimeuts hitherto made with organ-pipes 
could discriminate with certainty between the two values of a in (34'). If we 
adopt the mean provisionally, we may be sure that we are not wrong by 
so much as .032R for each end. 

Our upper limit to the value of a expressed in (34') was found by con- 
sidering the hypothetical case of a uniform velocity over the section of the 
mouth, and we fully determined the non-rotational motion both for the 
inside and for the outside of the tube. OP course the velocity is not really 
uniform at  the mouth ; i t  is, indeed, infinite a t  the edge. If we could solve 
the problem for the inside and outside when the velocity (normal) a t  the 
mouth is of the form a + br2, we should with a suitable value of b : n get a 
mnch better approximation to the true vis viwa. The problem for the 
outside may be solved, but for the inside it seems far from easy. It is 
possible, however, that we may be able to find some motion for the inside 
satisfying the boundary conditions and the equation of continuity, which, 
though of a rotational character, shall yet make the wliole vis  v iva  for the 
inside and outside together less than that previously obtained. At the same 
time this vis wiva is by Thomson's law necessarily greater than the one 
we seek. 

Mot& in a Jinite cylindrical tube, the azial velocity at  the plane ends 
(x = O and x = 1 )  being 

u . = u , + ~ ( r ) ,  .............................. 
where 

(33) 

/Ir (r) c h  = O, ........................... (36) 

1. being the transverse coordinate, and the radius of the cylindw bein.9 
put equal to 1. 

If u, v be the component velocities, the continuity equation is 

whence 
ru=d+/dr, ru=-d+/dx, .................. (37') 

where + is arbitrary so far as (37) is concerned. 

I t  is clear from (88) that if 

4 (O) = + ( l ) =  1, ........................... (39) 

uzco = u, + x (Y) = u 2?-l ,  v r = ~ =  0 for al1 values of x. 
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Thus (38) satisfies the boundary conditions including (35), and + is 

still arbitrary, except in so far as it is liinited by (39). 

In order to obtain an expression for the vis viva, we must integrate 
u2+ v2 over the volume of the cylinder. 

1 
Twice vis viuo = U ~ T Z  + 2u./'r#1 (x) dx/  x (1) 2 m  d r  

O O 

+Iz{+ O (x)}' dx./ol{x (r)p 2~rdr+[{+'(x)]%./'2,rr" O d r  {/orrX (r) dry. 

The second term vanishes in virtue of (36), and we may write 

1 
......... Twice vis viva = U ~ T Z  + + ~ y " )  dx, (40') 

where A and B are known quantities depending on X, and y = + (8) is 
so far an arbitrary function, which we shall determine so as to make the 
vis viva a minimum. 

By the method of variations 

and in order to satisfy (39), 

.......... 1 = C + v, 1 = Ce-lJ(AIB) + C'e+'J(AI@ ; (42) 

(41) and (42) completely determine y as a function of x, and when this value 
of y is used in (40) the vis viva is less than with any other form of y. On 
substitution in (40r), 

1 - e-21 J (AIB) ............. Twice vis viva = uzlylrl+ 2 J(AB) + +t"d, B) (43) 

The vis viva expressed in (43) is less than any other which can be derived 
from the equation (38); but i t  is not the least possible, as may be seen 
by substituting the value of 1Jr in the stream-line equation 

which will be found to be not satisfied. 

The next step is to introduce special forms of X. Thus let us=, = 1 + pr2. 

Then uo = 1 + Bp, x = p (- 4 + r2). 

Accordingly 
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and (43) becomes 
rp2 1 - e-a 

2 vis viva = T I  (1 + &p)2 f - --- 24 1+e-8z'  
. . . . . . . . . . . . (44) 

We have in (44) the vis viva of a motion within a circular cylinder which 
satisfies the continuity equation, and which makes over the plane ends 
u = 1 + p?. If  p = O we fa11 back on the simple case considered before ; 
and this is the value of p for which the Fig 6. 
wis viva in (44) is a minimum compared to 
the rate of flow (1 + hp). But for the part 
outside the cylinder the vis viva is, as we 
may anticipate, least when p has some finite 
value; so that when we consider the motion 
as a whole i t  will be a tinite value of p that 
gives the least wis viva. 

The vis wiwa of the motion outside the 
ends is to be found by the same method as before, the first step being 
to determine the potential at  any point of a circular disk whose density 
=prZ; 

where 

so that 
OP'" cc9 + p2 + 2cp cos 0 ; 

potential at Y = p d e  {czp + Qp3 + cp2 cos O] ; I 
or if previously to integration with respect to 0 we add together the elements 
from Q to Q', 

= p/oudO (PQ + PQf) {CS + PB + PQ" - P & .  PQ' + cos O (pQ - pQ.)} 3 

Now 

P Q +  P Q ' = ~  d ~ a - c ~ s i n ~ 8 ,  

Thus potential at  P = $pRS 

PQ-PQ'=-2ccos0, PQ.PQ'=R2-ca. 

I0@d(l - ca sin2 O) . (1 + 202 sin2 6) dB, c being 

written for c/R. To this must be added the potential for a uniforrn disk 
foundpreviously, and the result must be rnultiplied by the compound density 
and integrated again over the area, the order of integration being changed as 
before so as to take first the integration with respect to c. I n  th& way 
elliptic functions are avoided ; but the process is too long to be given here, 

IRIS - LILLIAD - Université Lille 1 



60 ON THE THEORY OF HESONANCE. [5 

particularly as i t  presents no difficulty. The result is that the potential on 
itself of a disk whose density = 1 +p@/Ba is expressed by 

Thus if for brevity we put R = 1, we rnay express the vis viva of the whole 
motioii (both extremities included) by 

which corresponds to the rate of flow ru ,  =n-(1 + +p). 

Thus 
A 16 

2 vis vivn 1 1 8 P + ; ( l  + + t p + & P ,  =-+-  , . . .(46) 
(rate of f l o ~ ) ~  r 3 r  (1 + hpCL)a 

where 

The second fraction on the right of (46) is next to be made a niinimum 
by variation of p. Putting it equal to z and multiplying up, we get the 
following quadratic in r*. :- 

" [Mr Clerk Maxwell has pointed out a process by which this result may be obtained much 
more simply. Begin by finding the potential a t  the edge of the disk whose density is l + p $ .  
Taking polar coordinates (p, O), the pole being a t  the edge, we have 

and 
1'2=p2+aa- 2ap cos O 

V= / / { 1 + ~ ( ~ + ~ ~ - 2 ~ ~ c o s E ) }  dadp, 

the limits of p being O and 2a cos O, and those of E being - &r and +Br. We get at  once 

V=4a+%Qpa3. 

Now let us eut off a strip of bïeadth da from the edge of the disk, whose mass is accordingly 

27ra (1 + pu2) da. 

The work done in carrying this strip off to infinity is 

27rada (1 + pa2) (4a + %Qpa3). 

If we gradually pare the disk d o m  to nothing and carry al1 the parings to infinity, we find for 
the total work by integrating with respect to a from O to R, 

8sR3 
- (l+ WP+T%fi2)2), 3 

p being mitten for Ga. This is, as it should be, the half of the expression in the text.] 
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The smallest value of z consistent with a real value of p is therefore given by 

2 vis viva 1 1 3.6556 -'3444e-8z =-+-  
(rateof f l o ~ ) ~  7r 37r ~'1356-.0498e-~' """"' (47) 

This gives an upper limit to 1/c. I n  terms of a (including both ends) 

From (47') we see that the limit for a is smallest when 1 = 0, and gradually 
increases with 1. 

When 1 = oo , it becomes 

Thus the correction for one end of an infinite tube is limited by 

When 1 is not infinitely great the upper limit may be calculated from (47'), 
the lower limit remaining as before ; but i t  is only for quite small values 
of 1 that t,he exponential terms in (47') are sensible. I t  is to be reniarked 
that the real value of u is least when Z = 0, and gradually increases to 
its limit when 1 = CO. For consider the actual motion for any finite value 
of 1. The vis viva of the motion going on in any middle piece of the tutje is 
greater than corresponds merely to the length. If the piece therefore 
be removed and the ends brought together, the same motion may be supposed 
to continue without violation of continuity, and the vis viva will be more 
diminished than corresponds to the length of the piece cut out. A fortiori 
will this be true of the real motion whicli would exist in the shortened tube. 
Thus a steadily decreases as the tube is shortened until when 1 = 0 it 
coincides with the lower limit ~ T R .  

In practice the outer end of a rather long tube-like neck cannot be said 
generally t o  end in an infinite plane, as is supposed in the above calculation. 
On the contrary, there could ordinarily be a certain flow back round the 
edge of the tube, the effect of which must be sensibly to diminish a I t  would 
be interesting to know the exact value of a for an infinite tube projecting 
into unlimited space free from obstructing bodies, the thickness of the 
cylindrical tube being regarded as vanishingly small. Helmholtz has solved 
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what may be called the corresponding problem in two dimensions; but the 
difficulty i n  the two cases seems to be of quite a different kind. Fortunately 
Our ignorance on this point is not of much consequence for acoustical 
purposes, because when the necks are short the hypothesis of the infinite 
plane agrees nearly with the fact, and when the necks are long the correction 
to the length is itself of subordinate importance. 

Nearly Cylindrical Tubes of Revolution. 

The non-rotational flow of a liquid in a tube of revolution or of electricity 
in a similar solid conductor can only in a few cases be exactly determined. 
It may therefore be of service to obtain formulæ fixing certain li~nits between 
which the vis viva or resistance must lie. First, considering the case of 
electricity (for greater simplicity of. expression), let us conceive an indefinite 
number of infinitely thin but at the same time perfectly conducting planes 
to be introduced perpentlicular to the axis. Along these the potential is 
necessarily constant, and it is clear that their presence must lower the 
resistance of the conductor in question. Now at  the point x (axial coordinate) 
let the radius of the conductor be y, so that its section is ry2. The resistance 
between two of the above-mentioned planes which are close to one another 
and to the point x will be iri the limit dx+rrya, if dx be the distance 
between the planes, the resistance of the unit' cube being unity. Thus 

resistance =/S. ......................... (49F 

Upper Linzit. 

Secondly, we know that in the case of a liquid the true vis viva is less 
than that of any other motion which satisfies the boundary conditions and 
the equation of continuity. Now u, v being the axial and transverse 
velocities, it d l  always be possible so to determine v as to satisfy the 
conditions if we assume u =  constant over the section, and therefore 

[It is easy to show formally that no error can arise from neglecting the effect of the curved 
rim. Imagine the planes at x and s + dx extended, and the curves in which they cut the surface 
of the conductor projected by linev parallel to the axis. In this way a cylinder is formed which 
contains the whole surface between s and x+dx, and another cylinder whioh is entireiy oontdned 
by the surface. The small cylinder may be obtained by supposing part of the matter not to 
conduct, and therefore gives too great a resistance. On the other hand, the real solid may be 
obtained €rom the large cylinder by the same process. The resistance of the slice lies acmrdingly 
between those of the two cylinders which are themselves equal in the limit. Hence, on the 
whole, the parts negleoted vanish compared to those retained.] 
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This may be seen by imagining rigid pistons introduced perpendicular to 
the axis. To determine u i t  is convenient to use the function +, which 
is related to .u and v according to the equations (37), 

These forms for u and v secure the fulfilment of the continuity equation. 
Since 

U 

and therefore 

But since u cannot be infinite on the axis, but must, on the contrary, be 
zero, +',,(x) = 0, and we have 

From the manner in which these were obtained, they must satisfy the 
condition of giving no normal motion at  the siirface of the tube. That this 
is actually the case may be easily verified à posteriori, but i t  is scarcely 
necessary for Our purpose to do so. To find the vis viva, 

The total flow across any section is r y2u  = uo. 

Therefore 

This is the quantity which gives an upper limit to the resistance. The 
first term, which corresponds to the component u of the velocity, is the 
same as that previously obtained for the lower limit, as might have been 
foreseen. The diflerence between the two, which gives the utmost error 
involved in taking either of them as the true value, is 

L 2 r  / y2 (2)' dx, 
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I n  a nearly cylindrical tube dyldx is a small quantity, and so the result 
found bj- this method is closely approximate. I t  is not necessary that the 
section of the tube should be nearly constant, but only that it should Vary 
slowly. The success of the approximation in this and similar cases depends 
in great measure on the fact that the quantity to be estimated is a minimum. 
Any reasonable approximation to the real motion will give a vis viva very 
near the minimum, according to the principles of the differential calculus. 

Application to straight tube of revolution whose end lies on two injïnite 

planes. 

For the lower liinit to the resistance we have 

RI, R, being the radii a t  the ends; and for the higher limit 

The first expression is obtained by supposing infinitely thin but perfectly 
conducting planes perpendiculap to the axis to be introduced from the ends 
of the tube inwards, while in the second the conducting planes in the 
electrical interpretation are replaced by pistons in the hydrodynamical 
analogue. For example, let the tube be part of a cone of semivertical 
angle 0. 

The lower limit is 

and the higher 

Tubes nearly straight and cyliridricaL but not necessarily of revolution. 

Taking the axis of x in the direction of the length, we readily obtain by 
the same process as before a lower limit to tlie resistance 

where u denotes the section of the tube by a plane perpendicular to the 
axis at  the point x, an expression which has long been known aud is sorne- 
times given as rigorous. The conductor (for 1 am now referring to the 
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electrical interpretation) is conceived to be divided into elementary slices by 
planes perpendicular to the axis, and the resistance of any slice is calculated 
aa if its faces were a t  constant potentials, which is of course not the case. 
In fact it is meaningless to talk of the resistance of a limited solid at all, 
unless with the understanding that certain parts of its surface are a t  constant 
potentials, while other parts are bounded by non-conductors. Thus, when 
the resistance of a cube is spoken of, it is tacitly assumed that two of the 
opposite faces are a t  constant potentials, and th:tt the other four faces permit 
no escape of electricity across them. I n  some cases of unlimited conductors, 
for instance one we have already contemplated-an infinite solid almost 
divided into two separate parts by an infiuite insulating plane with a hole 
in it-it is allowable to speak of the resistance without specifying what 
particular surfaces are regarded as equipotential ; for at  a sufficient distance 
from the opening on either side the potential is constant, and any surface 
no part of which approaches the opening is approximately equipotential. 
After this explanation of the exact significance of (53), we may advantageoiisly 
modify it into a form convenient for practical use. 

The section of the tube at  n different points of its length 1 is obtained by 
observing the length h of a mercury thread which is caused to traverse the 
tube. Replacing the integration by a summation denoted by the symbol Z, 
we arrive at the formula 

l2 
resistance = - Zh . %-l, .. .. . .. . . . . . ... . . . 

n2 V (54) 

which was used by Dr Matthiessen in his investigation of the mercury unit of 
electrical resistance, and was the subject of some controversy*. I t  is 
perfectly correct in the sense that when the number of observations is 
increased without litnit i t  coincides with (S3), itself, however, ody an 

* See Sabine's Eleetric Telegraph, p. 329. To prove (54), me have 

1 
reeistance = - Zr-', 

and UA = constant = K (say), so that Zr-'= ü lZA.  

1 1  1 1  
But V-. volume = - Zu = - KZX-1, so thtit = - ZX-1, 

11 91 K nV 

The correction for the ends of the tube employed by Siemens is erroneous, being calculated on 
the supposition that the divergence of the current takes place from the curved surface of a 
hemisphere of radius equal to that of the tube. This is tantamount to assuming a constant 
potential over the solid hemisphere conceived as of infinite condnctivity, and gives of course 
a resnlt too smail-R for both ends together. The proper correction, which probably is not 
of much importance, would depend somewhat upon the mode of connexion of the tube with 
the terminal cups, but cannot difïer much from 4rR (for both ends), as we have seen. (1 have 
since found that Siemens was aware of the small error in this correction.) 

R. 1. 5 
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approximation to the magnitude sought. The extension of Our second method 
(for the higher lirnit) to tube not of revolution would require the general 
solution of the potential problein in two dimensions. It nîay be inferred 
that the difference between the two limits is of the order of the square of the 
inclination of the tangent plane to the axis, and is therefore very small when 
the section of the tube alters but slomly. 

Tubes not n e a d y  straight. 

In applying (53) to siich cases, we are at  liberty to take any straight line 
we please as axis ; but if the tube is much bent, even though its cross section 
remain nearly constant, the approximation will cease to be good. This is 
evident, because the planes of constant potential must soon become very 
oblique, and the section cr used in the formula rnuch greater than the really 
effective section of the tube. To meet this difficulty a modification in the 
formula is necessary. Instead of taking the artificial planes of equal potential 
al1 pcrpendicular to a straight line, we will now take them normal to a curve 
which may have double curvature, and which should run, as i t  were, along the 
middle of the tube. Consecutive planes intersect in a straight line passing 
through the centre of curvature of the " axis" and perpendicular to its 
plane. 

The resistance between two neighbouring equipotential planes is in the 
limit 

where 68 is the angle between the planes, and r is the distance of any 
element dcr of the section froin the line of intersection of the planes. Now 
819 = ds  t p, if ds be the intercept on the axis between the normal planes, 
and p the radius of curvature a t  the point in question. The lower limit to 
the resistance is thus expressed by 

In  the particular case of a tube of revolution (such as an anchor-ring) 

I/r-lp da is a constant, and the limit which now coincides with the tnie 

resistance varies aa the length of the axis, and is evidently independent 
of its position. In  general the value of the integral will depend on the 
axis used, but i t  is in every case less than the true value of the resistance. 
I n  choosing the axis, the object is to make the artificial planes of constant 
potential agree as nearly as possible with the true equipotential snrfaces. 
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A still further generalization is possible by taking for the artificial 
equipotential surfaces those represented by the equation F= const. 

For al1 systems of surfaces, with one exception, the resistance found on 
this assumption will be too small. The exception is of course when the 
surfaces F  = const. coincide with the undisturbed equipotential surfaces. 
The element of resistarice between the surfaces P and P+ dF is 

where dn is the distance between the surfaces at  the element da, and the 
integration goes over the surface F as far as the edge of the tube. Now 

dF d.=d~+, , / ($y+ (gr+ (&) ; 
and limit to resistance 

an expression whose form rernains unchanged when f ( F )  is written for J'. 
If P= r ,  so that the surfaces are spheres, 

2 ( d F / d ~ ) ~  = ( d F / d ~ ) ~  = 1 ; 
and 

This form would be suitable for approximately conical tubes, the vertex of 
the cone being taken as origin of r. 

The last formulæ, ( 5 5 )  and ( 5 6 ) ,  are perhaps more elaborate than is 
required in the present state of acoustical science, and i t  is rather in the 
theory of electricity that their interest would lie; but they present them- 
selves so readily as generalizations of previous results that 1 hope that they 
are not altogether out of place in the present paper. In al1 these cases we 
have the advantage that the quantity sought is determined by a minimum 
property, and is therefore subject to a much smaller error than exists in the 
conditions which determine it. 

PART III. 

Experimentul. 

The object of this Part is to detail some experiments on resonators 
instituted with a view of comparing some of the formula of Parts 1. and II. 
with observation. Helmholtz in his paper on organ-pipes has compared 

5-2 
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his own theory with the experiments of Sondhauss and Wertheim for the 
case of resonators whose communication with the exterrial atmosphere is by 
simple holes in their sides. The theoretical result is embodied in (5) 
and (23)) or for circular holes (24), and runs, 

or when the area of the opening is approximately circular and of magnitude u, 

On calculation Heln~holtz finds* n, = 561'74 af S-< the unit of length 
being metrical. 

The empirical formula found by Sondhauss is n = 52400 ois-*, which 
agrees completely with theory as regards its form, but not so well in the 
value i t  assigns to the constant multiplier. The difference corresponds 
to more than a semitone, and is in the direction that the observed notes are 
al1 too low. 1 can only think of two explanations for the discordance, 
neither of which seems completely satisfactory. In  the first place, Sondhauss 
determinecl his resonant notes by the pitch of the sound prodiiced when he 
blew obliquely across the opening through a piece of pipe with a flattened 
end. I t  is possible that the proximity of the pipe to the opening was such 
as to cause an obstruction in the air-passage which might sensibly lower the 
pitch. Secondly, no account is taken of the thickness of the side of the 
vessel, the effect of which must be to make the calculated value of n too 
great. On the other hand, two sources of error must be mentioned which 
would act in the opposite direction. The air in the vicinity of the opening 
must have been sensibly warmer than the external atmosphere, and we saw 
in Part 1. how sensitive resonators of this sort must be to small changes 
in the physical properties of the gas which occupy the air-passages. Indeed 
Savart long ago rerriarked on the instability of the pitch of short pipes, 
comparing them with ordinary organ-pipes. The second source of disturbance 
is of a more recondite character, but not, 1 think, less real. I t  is proved in 
works on hydrodynamics that in the steady motion of fluids, whether com- 
pressible or not, an increased velocity is always accompanied by a diminished 
pressure. In the case of a gas the diminished pressure entails a diminished 
density. There seems therefore every reason to expect a diminution of 
density in the stream of air which plays over the orifice of the resonator, 
which must cause a rise in the resonant note. But independently of these 
difficulties, the theory of pipes or other resonators made to speak by a 

* The velocity of sound is taken at the freezing-point; otherwise the discordance would be 
greater. 
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stream of air directed against a sharp edge is not sufficiently understood 
to make this method of investigation satisfactory. For this reason 1 have 
entirely abandoned the method of causing the resonators to speak in my 
experiments, and have relied on other indications to fix the pitch. The only 
other experiments that 1 have met with on the subject of the present paper 
are also by Sondhauss, who has been very successful in unravelling the 
complications of these phenomena without niuch help from theory*. For 
flasks with long necks he found the formula 

as applicable when the necks are cylindrical and not too short, corresponding 
to the theoretical 

obtained by combining (5) and (21), or, in numbers with metrical units, 

The discrepancy is no doubt to be attributed (at leaat in great measure) 
to the omission of the correction to the length of the neck. 

In the experiments about to be described the pitch of the resonator was 
determined in various ways. Some of the larger ones had short tubes 
fitted to them which could be inserted in the ear. By trial on the piano or 
organ the note of maximum resonance could be fixed without difficulty, 
probably to a quarter of a semitone. I n  most of the experiments a grand 
piano waa used, whose middle c was in almost exact unison with a fork 
of 286 vibrations per second. Whenever practicable the harmonic iinder- 
tones were also used as a check on any slight difference which might be 
possible in the quality of consecutive notes. Indeed the determination was 
generally easier by means of the first undertone (the octave), or even the 
second (the twelfth), than when the actual note of the resonator was used. 
The explanation is, 1 believe, not so much that the overtones belonging to 
any note on the piano surpass in strength the fundamental tone, although 
that is quite possible+, as that the ear (or rather the attention) is more 
sensitive to an increase in the strength of an overtone than of the funda- 
mental. However this may be, there is no doubt that a little practice 
greatly exalts the power of observation, many persons on the first trial being 
apparently incapable of noticing the loudest resonance. Another plan very 
convenient, though not to be used in measurements without caution, is 

* Pogg. Ann. t. lxxxi. 
+ In this respect pianos, even by the same maker, differ greatly. 

IRIS - LILLIAD - Université Lille 1 



70 ON THE THEORY OF RESONANCE. [5 

to connect one end of a piece of india-rubber tubing* with the ear, while 
the other end is passed into the interior of the vessel. I n  this way the 
resonance of any wide-niouthed bottle, jar, lamp-globe, &c. may be approxi- 
mately determined in a fem seconds; but it must not be forgotten that the 
tube in passing through the air-passage acts as an obstruction, and so lowers 
the pitch. In  many cases, however, the effect is insignificant, and can be 
roughly allowed for without difficulty. For large resonators this inethod 
is satisfactory, but in other cases is no longer available. 1 have, however, 
found i t  possible to determine with considerable precision the pitch of small 
flasks with long necks by simply holding them rat,her close to the wires 
of the piano while the chromatic scale is sounded. The resonant note 
announces itself by a quivering of the body of the flask, easily perceptible by 
the fingers. Since i t  is not so easy by this method to divide the interval 
between consecutive notes, 1 rejected those flasks whose pitch neither exactly 
agreed with any note on the piano nor exactly halved the interval. In some 
cases i t  is advantageous to sing into the mouth, taking care not to obstruct 
the passage; the resonant note is recognized partly by the tremor of the 
flask, and partly by a peculiar sensation in the throat or ear, hard to 
localize or describe. 

The precision obtainable in any of these ways may seem inferior to that 
reached by several experimenters who have used the method of causing the 
resonators or pipes to speak by a stream of air. That the apparent pre- 
cision in the last case is greater 1 of course fully admit; for any one by 
means of a monochord coiild estimate the pitch of a continuous sound within 
a smaller limit of error than a quarter of a semitone. But the question arises, 
what is i t  that is estimated ? 1s it the natural note of the resonator ? 1 have 
already given my reasons for doubting the affirmative answer; and if the 
doubt is well grounded, the greater precision is only apparent and of no use 
theoretically. 1 may add, too, that many of the flasks that 1 used could not 
easily have been made to speak by blowing. If they sounded a t  al1 it was 
more likely to be the first overtone, which is the note rather of the neck than 
the flask : see equation (20). In carrying out the nieasiirements of the 
quantities involved in the formula, the volume of the flask or reservoir was 
estimated by filling i t  with water halfway up the neck, which was then 
measured, or in some cases weighed. The measurements of the neck were 
made in two ways according to the length. Unless very short their capacity 
was measured by water, and the expression for the resistance (54) in a simpli- 
fied form was used. The formula for n then runs, 

vol. of neck . . . . . . . . . . . . . 
vol. of Hask x (1 + $TBIL) (60) 

* The black French tubing, about inch in extemal diameter, is the pleasantest to use. 
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When, on the other hand, the necks were short, or simply holes of sensible 
thickness, the following formula was used, 

n = i n  ( r l  + rJ {TLS [l + rr (r, + r,)/4L]}-4, . ... . . . .. . .. (61) 

fi, r, being the radii, or halves of the diameters, as measured a t  each end. 
It is scarcely necessary to say that the estimation of pitch was made in 
ignorance of the theoretical result ; otherwise i t  is almost impossible to 
avoid a certain bias in dividing the interval between the consecutive notes. 

No. of 
~liservation. 

1 
2 
3 
4 
5 
6 
7 
8 

10 
12 

v, 
in cub. 
ientims 

L, 
n inches. 

R, 
in inches. 

n, 
by oal- 

culation. 

In Table 1. the first column gives the number of the experiment, the 

n, 
by obser- 
vation. 

second the volume of the reservoirs, including half the necks, the third the 
volume of'the necks themselves, the fourth their lengths, and the fifth their 
radii measured, when necessaiy, at both ends. In  the sixth column is given 
the number of vibrations per second calculated fronl (go),  the velocity of 
sound being taken a t  1123 feet per second, corresponding to 60" F., about the 
temperature of the room in which the pitch was determined. Column 7 
contains the values of n estimated by means of the pianoforte, while in 8 is 
given for convenience the discrepancy between the observed and calculated 
values expressed in parts of a mean semitone. 

1, 2, 4, 5, 6, 7, 8, 12 were glass flasks with well-defined nearly cylindrical 
necks, the body of the flask being approximately spherical. Of these 1 and 2 
had small tubes cemented into them, which were inserted in the ear; the 
pitch of the rest was estimated mainly by their quivering to the resonant 
note. 3 and 10 were globes intended for burning phosphorus in oxygen gas, 
and their pitch was fixed principally by the help of t,he india-rubber tube 
passed through the neck. A good ear would find no difficulty in identifying 
the note produced when the body of the globe is struck with the soft part of 
the hand. The agreement is 1 think very satisfactory, and is certainly better 

Difference, 
in mean 

semitones. 

* 12 mas originally estimated an octave too low, so that the number in the Table is  the 
double of what was put down as the result of observation. 
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than 1 expected, having regard to the difficulties in the measurements of 
pitch and of the dimensions of the flasks. The average error in Table 1. is 
about a quarter of a semitone, and the maximum error less than half a semi- 
tone. I t  should be remembered that there is no arbitrary constant to be 
fixed as best suits the observations, but that the calculated value of n is 
entirely determined by the dimensions of the resonator and the velocity 
of sound. If a lower value of the latter t,han 1123 were admissible, the 
agreement would be considerably improved. 

TABLE II. 

No. of 
expeïiment. 

S, in cub. 
centims. 

L, 
in inches. 

4 
h inches. 

Difference, in 
mean semitones. 

Table II. contains the resulta of the comparison between theory and 
observation for a number of resonators whose necks were too short for the 
convenient measurement of the volume. The length and diameter were 
ineasured with care and used in formula (61). In 9, 13, 14 the reservoir 
consisted of the body of a flask whose neck had been cut off close, and which 
was fitted with a small tube for insertion in the ear. I n  9 and 13 there was 
a short glass or tin tube fitted into the opening*, while in 14 the mouth was 
covered (air-tight) with a piece of sheet gutta-percha pierced by a cork 
borer ; 11 was a small globe treated in the same way. 15  to 22 were 
al1 experiments with a globe of a moderator-lamp, which also had a tube 
for the ear, one opening being closed by a piece of plate glass cemented over 
it. Sometimes a little water was poured in for greater convenience in 
determining the pitch, whence the slightly differing values of S. In  15 the 
opening was clear, and in 16 fitted with a brass tube; in 17 i t  was covered 
with a gutta-percha face, in 18, 19, 21 with a wooden face bored by a centre- 
bit, and in 20 with a piece of tin plate carrying a circular hole; 22 contains 
the result when the other opening of the globe was used clear. 

On inspection of Table II. it appears that the discrepancy between theory 
and observation is decidedly greater than in Table I., in fact about double, 

* Gutta-percha softened in hot water is very useful for temporary fittings of this sort. 
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whether we consider the maximum or the mean error. The cause of some 
of the large errors may, 1 think, be traced. 1.3 and 16 had necks of just the 
length for which the correction an-R may not be quite applicable. A decided 
flow back round the edge of the outer end must take place with the effect of 
diminishing the value of a. In  order to test this explanation, a piece of 
millboard was placed over the outer end of t'he tube in 1 6  to represent the 
infinite plane. A new estimation of n, as honest as possible, gave IL = 13'1, 
which would considerably diminish the error. 1 fancied that 1 could detect 
a decided difference in the resonance according as the millboard was in 
position or not; but when the theoretical result is known, the difficulty 
is great of making an independent observation. In 15 and 22, where the 
apertures of the globe were used clear, the error is, 1 believe, due to an 
insufficient fulfilment of the condition laid down at  the commencement of 
this paper. Thus in 15 the wave-length = 1123 + 22'1 = 4.9 feet ; or $X = 1.2 
feet, which is riot large enough compared to the diameter of the globe 
(6 inches). The addition of a neck lowers the note, and then the theory 
becomes more certainly applicable. 

I t  may perhaps be thought that the observations on resonance in Tables 1. 
and II. do not extend over a sufficient range of pitch to give a satisfactory 
verification of a general formula. I t  is true that they are for the most part 
confined within the limits of an octave, but i t  must be remembered that if 
the theory is true for any resonant air-space, i t  may be extended to include 
al1 similar air-spaces in virtue of Savart's law alone-a law which has its 
foundations so deep that i t  hardly requires experimental confirmation. If 
this be admitted, the range of comparison will be seen to be really very 
wide, including al1 proportions of L and R. When the pitch is much higher 
or much lower than in the Tables, the experimental dificulties are increased. 
For much lower tones the ear is not suficiently sensitive, while in the case 
of the higher tones sorne of the indications reliéd on to fix the pitch are no 
longer available. 

Some experiments were next made with the moderator globe and two 
openings. The theoretical formule are 

TABLE III. 

1 j o . o f  1 c.9 CI c l . + % .  
experiment. :tnic;. in inches. in inches. in inches. 

n, 
by calcu- 

lotion. 
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I n  23 both holes of the globe were clear, and in 24, 25 they were covered 
with wooden faces carrying holes of various diameters. The error in 23, 24 
is to be ascribed to the same cause as in 1.5 and 22 above. 

The last experiment that 1 shall describe was made in order to test the 
theory of double resonance, but is not quite satisfactory, for the same reason 
as 15, 22, 23, 24. Two moderator globes were cemented together so as 
to form two chambers communicating with each other and with the exterrial 
air. The natural openings were used clear, and the resonance (which was not 
very good) was estimated by means of a tube connecting the ear with one of 
thein. The observations gave for the values of n, 

High note = 384, Low note = 213. 

The result of calculation from the dimensions of the globes and openings 
by means of the formulæ of Parts 1. and II. was 

High note = 360, Low note = 212. 

The error in the high note is about a semitone. 

[The two moderator globes were fitted up again as a double resonator, 
only with bored wooden disks over the holes, so as to lower the note and 
render the theory more strictly applicable. The pitch was much better 
defined than before, and gave 

Low note = 152.5, High note = 240. 

cl = c, = 1,008 ; c, = .i'152. a = 1133 (70" F.). 
Thus 

The agreement is now very good. 

One of the outer holes was stopped with a plate of glass. The resonance 
of the high note was feeble though well defined; that of the low was rather 
loud but badly defined. 

The high note was put at  225, low note at 90. 

S= 3150, S' = 3250, 

c, = 9'152, cl = 1'008, cl + c, = l.'i232. 

Calculating from these data, we get 

The agreement is here much better than was expected, and must be in 
part fortuitous. 
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1 will now detail two experiments made to verify the formula marked 
( 2 0 ~ ) .  A moderator [lamp] chimney was plugged at the lower end with 
gutta-percha, through which passed a small tube for application to the ear. 
The bulb vas here represented by the enlargement where the chimney fits 
on to the lamp. On measurement, 

S/a = 4.16 inches, L = 5.367 inches, a = ~ T R  = .471. 

Thus 

1 .  tan k x 9.611 = - 
k x 4.161 ' 

from this the value of Ic was calculated by the trigonometrical tables. 
Finally, 

n = 251.4. 

As the result of observation n had been estimated a t  252. 

In  another case, 

L = 5.767, a = .53'1, or #/a = 3.787, 7% by observation = 351. 

The result of calculation is n = 350.3. These are the only two instances 
in which 1 have tried the formula (20a). It is somewhat troublesome in 
use, but appears to represent the facts very closely ; though 1 do not pretend 
that the above would be average samples of a large series. There is no 
necessity for the irregularity a t  the lower end taking the forin of an enlarge- 
ment. For example, the formula might be applied to a truly cylindrical 
pipe with a bal1 of solid material resting at  the bottom.] 

1 had intended to have made these experiments more complete, particularly 
on multiple resonance, but have not hitherto had time. However, the 
results obtained seem quite sufficient to establish a substantial agreement 
between theory and fact. It should be understood that those here pre- 
sented are not favourable specimens selected out of a large number, but 
include, with one exception, al1 the measurements attempted. There are 
many kinds of bottles and jars, and among them some of the best resonators, 
which do not satisfy the fundamental condition on which our theory rests. 
The deductive treitrnent of the problem in such cases pesents  great 
difficulties of a different kind from any encountered in this paper. Until 
they are surmounted the class of resonators referred to are of no use for an 
exact comparison between theory and observation, though they may be of 
great service as aids to investigation in other directions. 
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NOTE ON THE EXPLANATION OF CORONAS, AS GIVEN IN 
VERDET'S LEPOATS D'OPTIQUE PHYSIQUE, AND OTHER 

WORKS. 

[Proceedings of the London Mathenzatical Society, Vol. III. pp. 267-269, 
1871.] 

CORONAS are formed whenever, between the eye and the source of light, 
a large number of small opaque bodies, regiilar in size but irregular in 
distribution, are to be found. By a principle known as Babinet's, it is 
permitted to substitute for the layer of obstructing globules an opaque 
screen having apertures, which admit the light precisely where before it 
was stopped. From each aperture diverges a secondary wave, whose phase 
is aibitrarily related to those of the other waves on account of the irregu- 
larity in the distribution of the centres from which they emanate. In 
the theory of coronas, the intensities of the partial waves are supposed to 
be equal. 

Any vibration may be represented by a straight line drawn from a given 
point, whose length is proportional to the amplitude, and angular position 
depends on the phase. When several vibrations aHect the same point, the 
resultant may be found from the representative lines, according to the 
ordinary rules for compounding directed magnitudes. We have, therefore, 
to  consider the resultant of a great number of lines radiating from an origin 
whose lengths are al1 equal and directions thoroughly irregular. From this 
statement, it appears at  once that the question is perfectly indeterminate, 
and that no conclusion whatever can be drawn as to the probable value 
of the phase of the resultant, while al1 that could be inferred as to the 
amplitiide relates merely t o  the order of its magnitude. Nevertheless, 
Verdet (vol. i., p. 297) comes to the conclusion that, the number of partial 
vibrations being n, the resultant is definitely 2/n times greater than each 
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component, provided, of course, that n is a large number. As to its phase, he 
is silent ; and, if asked the question, would, 1 think, have found i t  difficult to 
explain how a resultant vibration could have a definite amplitude in con- 
junction with an indeterminate phase. 1 propose to point out what 1 
conceive to be the error which vitiates his reasoning, and afterwards to 
show that, after all, his theory is substantially correct. 

The component vibrations may be expressed by 

t 6  .......... . . sin 2, (:) sin 27r (: + :) sin 2 7 ~  (; + f) 
The intensity of the light corresponding to the sum of these is 

8, - 8% 6. - 63 + 6, - 8 3  + ...... ...... + 2 ~ 0 ~ 2 ~ -  X 
+ 2 cos 27T - 

X 
+ 2 cos 27T --- 

X """ 

According to Verdet, this reduces bo n when tz is great enough, in 
consequence of the tendency of the series of cosines to zero. The inference 
is, 1 believe, unwarranted. All that we are entitled to Say is, that when 
n is great, the sunl of the cosines of the arbitrary angles tends to vanish, 
in comparison with the number qf terms of the series, which is of the order aZ. 
There is no reason for supposing that the series becomes small in comparison 
with n, as the argument requires. The analysis, as it here stands, is taken 
from Billet (Traité d'optique physique, tom. i., p. 233). In  Verdet's book 
there is, in addition to the above fallacy, a mistake in the work, which 1 
need not further refer to. 

1 conclude, therefore, that the effect of the diffraction of a plane wave 
coming through a great number of small holes in an opaque screen is not 
correctly given. Yet the error disappears in the application to the theory of 
coronas as  they occuï in Nature. For Verdet's result cornes only to this, 
that the sources of light are to be treated as independent, and the illumina- 
tions due to them, and not the vibrations, are to  be compounded. As i t  
is commonly though not very correctly expressed, there is to be no inter- 
ference. For this the sensible apparent magnitude of the Sun, or other 
source of light, is an amply siifficient cause. 

At page 106 of his excellent lectures, Verdet shows that the disturbance 
from the Sun cannot be considered as a system of plane waves over a space 
greater than a circle of & of a ndlimetre dianieter. Between the vibrations 
at two points whose mutual distance is much pea ter  than this, there is no 
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permanent relation of phase. This shows that the vibrations corresponding 
to two holes in the imaginary screen cannot interfere regularly, but behave as 
if they were due to thoroughly independent sources of light. 

[1899. One or two further remarks rnay be made. The assumption 
that the phases of the components due to the various apertures are dis- 
tributed a t  random can be justified only when t,wo restrictions are admitted. 
The first is that the direction in which the effect is sought inust be much 
more oblique than corresponds to any important part of the diffraction 
pattern due to the entire aperture. If we consider a direction corresponding 
to an extreme relative retardation of only a nrave length or two, we see 
that a central diffraction pattern is formed upon the same scale as if the 
aperture were complete. This shows that the screening entails no loss of 
resolving-power, as regards the direct image of the source of light. If 
the number of apertures of small area a  each be n, and if the whole 
aperture be denoted by unity, the amplitude at  any point of the central 
diffraction pattern is diminished by the screening in the ratio n a :  1, or the 
brightness in the ratio n2a2 : 1. 

The second restriction is that na must be small. Otherwise apertures 
situated at  random will sensibly overlap. The calculation according to 
which the mean intensity in a sufficiently oblique direction is n times 
that of a single aperture then fails, since each aperture is supposed to 
produce its full effect, whereas in practice the common part can act only 
once. If we suppose that overlapping is precluded, the calculation still 
fails, since the phases are no longer distributed a t  random. I t  is easy 
to see that the calculated result then becomes an overestimate. 

The subject of randorn vibrations is further considered in a subsequent 
paper (Phi-!. Mag. Vol. x., p. 73, 1880).] 
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SOME EXPERIMENTS ON COLOUR. 

[Nature, III. pp. 234-23'1, 264, 265; 1871.1 

THE theory of colour perception, although in England it has not yet made 
its way into the text,-books, still less into the popidar works on science, is 
fully established with regard to many important points. I t  is known that 
oiir perception of colour is threefold, that is, that any colour may be regarded 
as made up of definite quantities of three primary colours, the exact nature 
of which is, however, still uncertain. More strictly stated, the fundamental 
fact in the doctrine of colour is that, between any four colours whatever 
given as well in quantity as iu quality, there exists what mathematicians cal1 
a linear relation, that is, that either a mixture of two of them (in proper 
proportions) can be found identical, so far as the eye is able to judge, with a 
mixture of the other two, or else that one of them can be matched by a 
mixture of the other three. There are various optical contrivances ùy which 
the mixture spoken of rnay be effected. In the year 1837, Mr Maxwell 
published an account of some experiments with the colour top undertaken to 
test the theory. From six coloured papers, black, white, red, green, yellow, 
aud blue, discs of two sizes were prepared, which were then slit along a 
radius so as to admit of being slipped one over the other. Any five out of 
the six being taken, a match or colour equation between them is possible. 
For instance, if yellow be excluded, the other five must be arranged so that a 
mixture of red, green, and blue is matched with a mixture of black and 
white. The large discs of the three colours are taken and slipped on to each 
other, and similarly the small discs of black and white. When the small 
discs are placed over the others and the whole made to rotate rapidly on any 
kind of spinning machine, the colours are blended, those of the large discs 
and those of the small, each into a uniform tint. 

By adjustment of the discs an arrangement may be found after repeated 
trials, such that the colour of the inner circle is exactly the same both in tint 
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and luminosity with that of the outer rim. The quantities of each colour 
exposed may then be read off on a graduated circle, and the result recorded. 
For instance (the circle being divided into 102 parts), eighty-two parts red 
mixed with fifty-six green and fifty-four blue, match thirty-seven parts white 
mixed with 155 black. I n  this way Maxwell observed the colour equatioris 
between each set of five, in al1 six eets, forined by leaving out in turn each of 
the six colours. Moreover, for greater accuracy each set was observed six 
times, and the mean taken. But according to the theory these six final 
equations are not al1 independent of each other, but if any two of them are 
supposed known, the others can be found by a simple calculation. Accord- 
ingly, the comparison of the calculated and observed equations furnishes a 
test of the theory; but in practice, in order to ensure greater accuracy, 
instead of founding the calculations on two of the actually observed equations 
chosen arbitrarily, it is preferable to combine al1 the observations into two 
equations, which may then be made the basis of calculation. In  this way, a 
system of equations is f o n d  necessarily consistent with itself, and agreeing 
as nearly as possible with the actually observed equations. A comparison of 
the two sets gives evidence as to the truth of the theory according to which 
the calculations are made, or if this be considered beyond doubt, tests the 
accuracy of the observations. I n  Maxwell's experiments the average differ- 
ence between the calculated and observed systems amounted to .77 divisions 
of which the circle carried 100. So good an agreement is regarded by him 
as a confirmatioii of the whole theory; but i t  seems to me, 1 confess, that 
ouly a very limited part of i t  is concerned. The axioms, in virtue of which it 
is permitted to combine the colour equations in the manrier required for the 
calculations, are only such as the fol1owing:-If colours which match are 
mixed with colours which match, the results will match. It is difficult to 
imagine any theory of colour which will not include them. What proves the 
threefold character of colour-the most important part of the doctrine-is 
simply the fact that with any five coloured papers whatever a match can be 
made, while with less than five it cannot (except in certain particular cases). 
In  regard to this point the value of the quantitative experiments is rather 
thitt they show of what sort of accuracy the eye is capable in this kind of 
observation. Those to whom the subject is new may think a t  first that if 
colour be threefold a match ought to be possible between any four colours. 
And so i t  is possible if there is no other limitation ; but in experiments with 
revolving discs we are subject to a limitation, being obliged to fil1 up the 
whole circumference somehow. The difficulty will clear itself up, when it is 
remembered that one of the five colours may be black, so that with any four 
colours and blach a match can be made with revolving discs. 

I t  was rather for my own satisfaction than with the hope of adding 
anything new to a subject already so fully and ably treated by Maxwell, that 
1 commenced a repetition of his experiments. The colours used were, roughly 

IRIS - LILLIAD - Université Lille 1 



71 SOME EXPERIMENTS ON COLOUR. 81 

speaking, the same as his, as was also the general plan of the observations. 
The agreement of the calculated and directly observed equations was very 
good, the average error being only -24 divisions, of which the complete circle 
contained ninety-six, or one-third of the corresponding average error in 
Mr Maxwell's Table. A second set of observations and calculations made 
after a year's interval with a different set of colours gave about the saine 
result. 1 am inclined to attribute the considerably greater accuracy of my 
observations rather to an excellent perception of minute differences of colour 
(to wliich 1 have always found my eyes very sensitive) than to greater care 
in conducting the experiments. One precaution, however, 1 have found so 
important as to be worth mentioning. Unless the s m d  discs are very 
accurately cut and centred, a coloured rini appears on rotation between the 
two uniform tints to be compared and adjusted to identity, which is 
exceedingly distracting to the eye, and interferes much with the accuracy 
of the comparison. One set of observations made with the same care, and 
apparently as satisfactory as any of the others, puzzled me for some time on 
account of the great discrepancies with the others which i t  exhibited. 1 
have no doubt that the cause lay in the different character of the light on 
the day in question, which came from the unusually blue sky which some- 
times accompanies a high wind. On the other days the light came principally 
from clouds. 1 have had no opportunity of confirming this opinion by a 
repetition of the experiment with a sky of the same degree of blueness, but 
that the disagreement was not the result of unusually large errors of observa- 
tion, is, 1 think, to be inferred from the f'act that the observations under the 
blue sky were as consistent among themselves as any of the other sets. As 
the point is of some interest, 1 give the figures in full. 

July 23, blue sky. 

Black. White. Red. Green. Yellow. Blue. 

O + 3 0  i l 2 2  + 4 0  - 7 7  - 1 1 5  obs. 
O + 32.2 + 120.8 + 39.1 - 78.8 - 113.2 calcd. 

+ 94 O - 132 - 60 + 55 + 43 obs. 
+ 91.6 O - 133.5 - 58.5 + 54.4 + 45.9 calcd. 

- 1 3 8  - 5 4  O + 2 4  + 5 0  + 1 1 8  obs. 
- 138.3 - 53.7 O + 23.1 + 49.5 + 119.5 calcd. 

+ 92 + 5 0  + 50 O - 66 - 126 obs. 
+ 94.1 + 49.5 + 48-5 O - 65.2 - 126.7 calcd. 

- 154 - 38 + 86 + 52  O + 54 obs. 
- 154.6 - 37.5 + 84-6 + 53.1 O + 54.3 calcd. 

+ 139 + 18 - 128 - 64 + 35 O obs. 
+ 138.5 + 19.7 - 127.5 - 64.5 + 33.9 O calcd. 

R. I. 6 
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The numbers read off for the big discs are written with the sign + prefixed, 
and those corresponding to the little discs with -. Thus the first line may 
be read:-30 parts white together with 122 red and 40 green, match 7'1 
yellow and 115  blue. The upper line of each pair represents the actual 
observation, and the second is the theoretical equation calculated from two 
in the manner described. The average difference between the two sets of 
numbers which may be taken as a measure of the inaccuracy of the 
observations amounts to 1.1. A similar table, formed from the observations 
of July 20 (cloudy), and which agreed very well with the results of other 
days, is as follows * :- 

Black White. Red. Green. Yellow. Blue. 
O + 30 + 117 + 45 - 79 - 113 
O 31.1 116.2 44.8 79.9 112.2 

+ 90 O - 128 - 64 + 56 + 46 
85.9 O 128.4 63.5 57.0 49.0 

The average error is here -95, showing only a trifling better agreement than 
the former set, so that the blue sky observations are nearly as self-consistent 
as those made with cloud-light. Moreover, the agreement is itself very good, 
being decidedly better than Maxwell's, though his calculations refer to a 
mean of six sets of observations. 

While therefore there is no reason to distrust the results of July 23 any 
more than of July 20, the differences between them are much greateï than 
can be ascribed to errors of observation. I t  will be found that they relate 
principally to the quantities of red, the niimbers under that head being 
considerably greater for the case of the blue light from the sky. 1 am not 
aware whether the difference of sky and cloud light has ever been made the 
subject of direct investigation, but i t  would seem a fair inference that i t  must 
consist mainly in a relative deficiency of the red rays. If this be so, as 1 
have other grounds for suspecting, the light of the sky would be siinilar in 
composition to that of dilute solutions of copper, which acquire their light 

* These calculations were made by means of Prof. Everett's Proportion table, which seems 
admirably adapted to work of this sort. 
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blue tint by a partial suppression of the extreme red*. There is no doubt 
that the colour equations are dependent on the character of the light, as may 
easily be proved by taking an observation looking al1 the time through a 
layer of coloured liquid. It is not, however, the most brilliantly coloured 
solutions that cause the most disturbance, for anything like a complete 
stoppage of al1 the rays which are capable of exciting one of the primary 
colour sensations would affect both the mixtures to be compared in nearly 
the same manner, putting the observer in fact very much into the position of 
a colour-blind person. Those liquids will be most efficient which have a 
different action on parts of the spectrum allied in colour. For instance, an 
aqueous infusion of litmus has a strongly marked action on the yellow ray, 
stopping it with great energy, even in rather dilute solutions. I t  is easy to 
trace the effect of looking through this on most of the colour equations. 
Consider, for example, the fifth equation of July 20 (that from which the 
blue is absent) wherein red and green are matched against black, white, and 
yellow. The r d  and green will for the most part escape absorption, but the 
white and yellow will be shorn of a part of their yellow rays. The match 
supposed to have been adjusted without the litmus must evidently be 
spoiled ; the red and green mixture becoming strongly yellow in comparison 
with the other. I n  order to restore equivalence the yellow must be con- 
siderably increased. On trial 1 found that 124 black + 19 white + 49 yellow 
matched 121 red + 'Il green. 

It is only the impurity of the colours on the discs that prevents the effect 
being still more strongly marked, for with the pure colours of the spectrum 
the most violent alterations are possible. When a match is made between 
the simple yellow and that compouuded of pure red and green, almost any 
coloured liquid acts unequally on the two parts and destroys the balance. 
The simple yellow, of course, retains its colour under any absorbing influence, 
and can only be changed in luminosity. Chloiide of copper extinguishes the 
red component of the compound yellow, which accordingly becomes green. 
Litmus aould leave the compound colour nearly unchanged, while it extin- 
guishes the simple yellow. It is needless to multiply instances. 

Before leaving the compound yellow, of whose very existence many are 
incredulous, 1 will mention an easy way of obtaining it, which is the more 
desirable as the use of the pure spectral colours is not very convenient. I n  

* Direct observations, made since the above was written, show that there is no peculia~ 
defieiency at the red end of the spectrum, but a generai fallingoff as the refrangibility diminishes 
from one end to the other. If lights from sky and cloud are of equai intensity at the line C in 
the red, the first will be somewhere about twice as bright as the other at b in the green. This is 
for a weli-developed blue light taken from the zenith ; but, even with a large allowance, enough 
difierence remains to acwunt for the discrepancies in the two sets of colour disc observations. 
1 have lately found from theory that the power of very smail particles to scatter the rays 
belonging to different parts of the spectrum varies as the inverse fourth power of the wave- 
length. 

6-2 
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order to isolate the red and green rays of the spectrum by means of absorp- 
tion, the first thing is to find a liquid capable of removing the intermediate 
yellow and orange. With this object we may fa11 back on the alkaline 
solution of litmus, whose opacity to the yellow, and particularly to the orange, 
rays is so marked. The next step is to remove the blue and bluish green, 
for which nothing is more convenient than the chromate of potash. A - 
mixture of these two liquids in proper proportions, easily found by trial, 
isolates the green and extreme red rays with considerable perfection, and 
exhibits in a high degree the phenomenon of Dichromatism. According to 
the thickness traversed by the light the red or the green predominates, and 
there is no difficulty with a given thickness in arranging the strength of the 
solution so as to give a full compound yellow. It is worth notice in confir- 
mation of the opinion expressed as to the character of the sky-blue, that 
when a cloud seen through the liquid appears a full yellow, or even orange, 
the former, if a t  al1 intense, acquires a decided green colour. A window 
backed by well-lighted clouds, when looked a t  across a room through the 
liquid and a prism, has a very splendid appearance, the red being isolated on 
one side, and the green on the other; while the intermediate space, where 
the two overlap, shows the compound yellow in great perfection. Another 
liquid, in some respects preferable, which answers the same purpose, may be 
made by mixing chloride of chromium and bichromate of potash. Through 
either of them the sodium flame is invisible, though they may easily be made 
to correspond with it in colour very closely. 1 tried to obtain a liquid 
capable of isolating the pure yellow ray, but only with partial success. The 
best was a mixture of bichromate and permanganate of potash with a salt of 
copper (sulphate or chloride). The first removes the blue and violet, the 
second the green, and the third the red, and thus the yellow is isolated in 
considerable purity. This liquid is very unstable. The comparison of the 
simple and compound yellow (which nearly matched) was interesting. One 
was transparent to the sodium flame, the other completely opaque to it. 
When the two are brought together so that the ligtit has to traverse both, 
almost complete darkness results, even when the brightest clouds are used. 
1 should mention that i t  is only when the light is strong that any of these 
liquids give yellow in full perfection; otherwise the colour is more nearly 
described as brown, which is, in fact, identical with a dark yellow or orange. 
The best natural yellows, such as chrome, are partly simple and partly 
compound, returning al1 the light which falls upon them except the blue aud 
violet. It is clear that neither a purely simple nor a purely compound yellow 
can rival them in brilliancy. 

Impartial observers, unprejudiced by the results of mixing pigments, or, 
on the other hand, by experiments on the spectrum, see, so far as 1 can make 
out, no connection between the four principal colours-red, yellow, green, and 
blue. It seenis to them quite as absurd that yellow should be compounded 
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of red and green, as i t  most unquestionably is, as that green should be a 
compound of blue and yellow, though many have accepted the latter alterna- 
tive on the authority of painters, and soine have even worked ttiemselves into 
the belief that i t  is only necessary to look at  the colours in order to recognise 
the compound nature of green. My own prejudice would be on the other 
side, the result of experiments on the compound yellow, which is seen so 
easily to pass into green on the one side or red on the other. The most 
impartial opinion that 1 can form is that there is no real resemblance between 
any of the four, and if this be so i t  is certainly a most remarkable, if not 
unaccountable, fact. The dificulty is not so much that we are unable to 
analyse the compound sensation, as to explain why our inability is lirnited to 
yellow (and white). For everyone, 1 imagine, sees in purple a resemblance to 
its components red and blue, and can trace the primary colours in a mixture 
of green and blue. Sir John Herschel even thinks that our inability to 
resolve yellow leaves i t  doubtful whether our vision is trichromic or tetra- 
chromic, but this seems to me to be going much too far. Surely the fact 
that the most saturated yellow can be compounded of red and green, deprives 
it of any right to stand in the same rank with them as primary colours, 
however little resemblance i t  may bear to them and blue. Besides, if yellow 
is to be considered primary, why not also white, which is quite as distinct a 
sensation as any of the others ? Undoubtedly there is much that is still 
obscure in the mutual relations of the colours-why, for instance, as men- 
tioned by Sir John Herschel, a dark yellow or orange suggests its character 
so little as to be called by a new name (brown), while a dark blue is blue 
still. But difficulties such as these should make us al1 the more determined 
to build our theories of colour on the solid ground that normal vision is 
threefold, and that the three primary elements of colour correspond nearly 
with red, green, and blue. 

Yellow. 

I t  was not from any experiments of my own, but on the authority of 
Helmholtz, that 1 asserted [supra, p. 841 the identity of brown with a dark 
yellow or orange. H e  found that the pure red and yellow of the spectrum 
gave the various shades of brown when seen by the side of more brilliantly 
lighted white surfaces. (Physiologische Optilc, p. 281.) There is therefore 
nothing in the nature of the colour to exclude complete saturation, although 
it may well happen that most of the browns we ordinarily see fa11 somewhat 
short of it. 

In Nature of Jan. 26, Mr Munro calls attention to the great brilliancy 
and saturation of many natural yellows as accounting for the difficulty of 
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resolving them into their components. I t  is, no doubt, quite true that a full 
yellow could not be compounded of such reds and greens as we come across in 
daily life, but i t  is equally certain that a drab or dilute yellow could be; and 
yet no one recognises the fact by his unaided senses, or thinks it anything 
but strange and urilikely when told of it. And after al1 can it properly be 
said that natural yellows are more saturated than other colours ? That they 
approach more nearly the corresponding tints in the spectrum is admitted; 
but is that test a fair one? I t  seems to me that the homogeneous yellow 
itself must be considered as dilute when brought into cornparison with the 
nearly primary red and green. 

1 have another difficulty in accepting Mr Munro's explanation. A suitable 
mixture of any red, green or blue will give a neutral grey. Al1 four come 
within our every day experience; but such a result seemed to Goethe, soon 
after Newton prored it, a paradox of paradoxes ; and 1 believe to unsophisti- 
cated minds i t  seems so still. 

Mr Munro has ingeniously shown frorn the colour equations that there is 
no more primary blue in my blue disc than about 24 as much as in the red 
plus 1+ as much as in the green-a conclusioii which seems somewhat 
startling. In choosing the coloured papers and cards for the discs, 1 had 
great difficulty in finding a green that was even tolerably good, and the one 
that 1 finally used reflected large quantities of blue light. 1 had some 
thought of trying a green silk disc, which was of a much better colour, but 
feared errors depending un the different character of the surface. 

I t  is not hard to see a reason for the comparative scarcity of good greens. 
To obtain a good red orange or yellow by means of absorption, al1 that is 
necessary is to cut away the spectrum above a certain point; for a good blue, 
the rays standing below a given one in refrangibility must be got rid of; but 
in order to isolate a green in anything like piiiity, the absorbing agent must 
hit off t~wo points of the spectrum, removing al1 below one point and al1 above 
the other. The result is, that while nearly saturated yellows and reds 
abound-the scarlet of the geranium is almost perfect-hardly a good green 
is to be met with. The best 1 know is a mixture, prepared by adding 
bichromate of potash to a strong solution of sulphate of copper. The addition 
of a little chloride of chromium to remove the yellow more effectually is 
perhaps an improvement. 

[1809. Further experiments upon the subject of this paper are de- 
scribed in Nature, vol. xxv. pp. 64-66, 1882.1 
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ON THE LIGHT FROM THE SKY, ITS POLARIZATION 

COLOUR. 

ANI) 

[Phil. Mag. X L I .  pp. 107-120, 274-2'19 ; 1871.1 

IT is now, 1 believe, generally admitted that the light which we receive 
from the clear sky is due in one way or another to small suspended particles 
which divert the light from its regular course. On this point the experi- 
ments of Tyndall with precipitated clouds seem quite decisive. Whenever 
the particles of the foreign matter are sufficiently fine, the light emitted 
laterally is blue in colour, and, in a direction perpendicular to that of the 
incident beam, is completely polarized. 

About the colour there is no prima facie difficulty; for as soon as the 
question is raised, i t  is seen that the standard of linear dimension, with 
reference to which the particles are called siriall, is the wave-length of light, 
and that a given set of particles would (on any conceivable view as to their 
mode of action) produce a continually increasing disturbance as we pass 
dong the spectrum towards the more refrangible end; and there seems no 
reason why the colour of the cornpound light thus scattered laterally should 
not agree with that of the sky. 

On the other hand, the direction of polarization (perpendicular to the 
path of the primary light) seems to have been felt aa a difficulty. Tyndall 
says, "......the polarization of the beam by the incipient cloud has thus 
far proved itself to be absolutely independent of the polarizing-angle, The 
law of Brewster does not apply to matter in this condition; and i t  rests 
with the undulatory theory to explain why. Whenever the precipitated 
particles are sufficiently fine, no matter what the substance forming the 
particles may be, the direction of maximum polarization is a t  right angles 
to the illuminating beam, the polarizing angle for matter in this condition 
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being invariably 45". This 1 consider to be a point of capital importance 
with reference to the present question" *. As to the importance there will 
not be two opinions ; but 1 venture to think that the difficulty is imaginary, 
and is caused mairily by misuse of the word reflection. Of course there is 
nothing in the etymology of reflection or refraction to forbid their application 
in this sense; but the words have acquired technical meanings, and become 
associated with certain well-known laws called after them. Now a moment's 
consideration of the principles according to which reflection and refraction 
are explained in the wave theory is sufficient to show that they have no 
application unless the surface of the disturbing body is larger than many 
square wave-lengths; whei-eas the particles to which the sky is supposed 
to owe its illumination must be smaller than the wave-length, or else the 
explanation of the colour breaks down. The idea of polarization by reflection 
is therefore out of place; and that " the law of Brewster does not apply 
to matter in this condition" (of extreme fineness) is only what mig-ht have 
been inferred frorn the principles of the wave theory. 

Nor is there any difficulty in foreseeing what, according to the wave 
theory, the direction of polarization ought to be. Conceive a beam of 
plane-polarized light to move among a number of particles, al1 small com- 
pared with any of the wave-lengths. The foreign matter, if optically denser 
than air, may be supposed to load the aether so as to increase its inertia 
without altering its resistance to distortion, provided that we agree to 
neglect effects analogous to chromatic dispersion. If the particles were 
away, the wave would pass on unbroken and no light would be emitted 
laterally. Even with the particles retarding the motion of the æther, the 
same will be true if, to counterbalance the increased inertia, suitable forces 
are caused to act on the aether a t  al1 points where the inertia is altered. 
These forces have the same period and direction as the undisturbed luminous 
vibrations then~selves. The light actually emitted laterally is thus the same 
as would be caused by forces exactly the opposite of these acting on the 
medium otherwise free from disturbance; and it only remains t o  see what 
the effect of such forces would be. 

On account of the smallness of the particles, the forces acting throughout 
the volume of any one are al1 of the same intensity and direction, and may 
be considered as a whole. The determination of the motion in the æther, 
due to the action of a periodic force at  a given point, requires, of course, the 
aid of mathematical analysis ; but very simple considerations will lead us to 
a conclusion on the particular point now under discussion. In the first 
place there is a complete symmetry round the direction of the force. The 
disturbance, consisting of transverse vibrations, is propagated outwards in 
al1 directions from the centre; and in consequence of the symmetry, the 

* Phil. Mag. S. 4, vol. XXXVII. p. 388. 
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direction of vibration in any ray lies in the plane containing the ray and the 
axis; that is to say, the direction of vibration in the scattered or diffracted 
ray makes with the direction of vibration in the incident or primary ray the 
least possible angle. The symmetry also requires that the intensity of the 
scattered light should vanish for the ray which would be propagated along 
the axis; for there is nothing to distinguish one direction transverse to 
the ray from another. We have now got what we want. Suppose, for 
distinctness of statement, that the primary ray is vertical, and that the 
plane of vibration is that of the meridian. The intensity of the light 
scattered by a sma.11 particle is constant, and a maximum for rays which lie 
in the vertical plane running east and west, while there is no scuttered ruy 
along the north and south line. If the primary ray is unpolarized, the light 
scattered north and south is entirely due to thnt component which vibrates 
east and west, and is therefore perfectly polarized, the direction of its 
vibration being also east and west. Similarly any other ray scattered 
horizontally is perfectly polarized, and the vibration is performed in the 
horizontal plane. In  other directions the polarization becomes less and less 
complete as we approach the vertical, and in the vertical direction itself 
altogether disappears. 

So far, then, as disturbance by very small particles is concerned, theory 
appears to be in complete accordance mith the experiments of Tyndall and 
others. At the same time, if the above reasoning be valid, the question as to 
the direction of the vibrations in polarized light is decided in accordance 
with the view of Fresnel. Indeed the observation on the plane of polari- 
zation of the scattered light is virtually only another form of Professor 
Stokes's original test with the diffraction-grating. In  its present shape, 
however, i t  is free from certain difficulties both of theory and experiment, 
which have led différent physicists who have used the other method to 
contradictory conclusions. 1 confess 1 cannot see any room for doubt as to 
the result i t  leads to? 

The argument used is apparently open to a serioiis objection, which 
I ought to notice. It seems to prove too much. For if one disturbing 
particle is unable to send out a scattered ray in the direction of original 
vibration, it would appear that no combination of them (such as a small 
hody may be supposed to be) could do so, a t  least a t  such a distance that the 

* 1 only mean that light, as is generally supposed, consists of transversal vibrations similar 
to those which take place in an elastic solid, the vibration must be normal to the plane of 
polarization. There is unquestionably a formal analogy between the two sets of phenomena 
extending over a very wide range ; but it is another thing to assert that the vibrations of light 
are really and truly to-and-fro motions of a medium having mechanical properties (with reference 
to smali vibrations) like those of ordinary solids. The fact that the theory of elastic solids 
led Green to Fresnel's formulm for the reflection and reiraction of polarized light seems amply 
sufficient to warrant its employment here. while the question whether the analogy is more than 
forma1 is stili left open. 
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body subtends only a small solid angle. Now we know that when light 
vibrating in the plane of incidence falls on a reflecting surface a t  an angle 
of 45", light is sent out according to the law of ordinary reflection, whose 
direction of vibration is perpendicixlar to that in the incident ray. And not 
only is this so in experiment, but it has been proved by Green* to be a 
consequence of the very same view as to the nature of the difference between 
media of various refrangibilities as has been adopted in this paper. The 
apparent contradiction, however, is easily explained. It is true that the 
disturbance due to a foreign body of any size is the same as would be caused 
by forces acting through the space i t  fills in a direction parallel to that in 
which the primary light vibrates; but these forces must be supposed to act 
on the medium m i t  actually is-that is, with the variable density. Only on 
the supposition of complete uniformity would i t  follow that no ray could 
be emitted parallel to the line in which the forces act. When, however, the 
sphere of disturbance is small compared with the wave-length, the want 
of uniformity is of little account, and cannot alter the law regulating the 
intensity of the vibration propagated in different directions. 

Having disposed of the polarization, let us now consider how the intensity 
of the scattered light varies from one part of the spectrum to another, still 
supposing that al1 the particles are many times smaller than the wave- 
length even of violet light. The whole question admits of analytical 
treatment; but before entering upon that, i t  may be worth while to show 
how the principal result may be anticipated from a consideration of the 
dimensions of the quantities concerned. 

The object is to compare the intensities of the incident and scattered rays; 
for these will clearly be proportional. The number (i) expressing the ratio 
of the two amplitudes is a function of the following quantities:-T, the 
volume of the disturbing particle; r ,  the distance of the point under 
consideration from i t  ; X, the wave-length ; b, the velocity of propagation 
of light ; D and D', the original and altered densities: of which the first 
three depend only on space, the fourth on space and time, while the fifth 
and sixth introduce the consideration of mass. Other elements of the 
problem there are none, except mere numbers and angles, which do not 
depend on the fundamental measurements of space, time, and mass. Since 
the ratio 2, whose expression we seek, is of no dimensions in mass, i t  follows 
a t  once that D and D' only occur under the form D : D', which is a simple 
number and may therefore be omitted. I t  remains to find how é varies with 
T, r, L, b. 

Now, of these quantities, b is the only one depending on time; and 
therefore, as i is of no dimensions in time, b cannot occur in its expression. 
We are left, then, with T, r, and X ; and from what we know of the dynamics 

* Camb. Phil. Tram. vol. VII. 1837. IRIS - LILLIAD - Université Lille 1 
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of the question, we may be sure that i varies directly as T and inversely as  r,  
and must therefore be proportional to T i  X2r, T being of three dimensions 
in space. I n  passing from one part of the spectrum to another is the 
only quantity which varies, and we have the important law :- 

Whm light i s  scattered by particles which are very srnall compared with 
any of the wave-lengths, the ratio of the amplitudes of the vibrations o f  the 
scattered and incident light varies inversely as the square of the wave-length, 
and the intensity of the lights themselves as the in~~erse fourth power. 

1 will now investigate the mathematical expression for the disturbance 
propagated in any direction from a suial1 particle which a beam of light 
strikes. 

Let the vibration corresponding to the incident light be expressed by 
A cos (2rb t lX) .  The acceleration is 

so that the force which would have to be applied to the parts where the 
density is Dr, in order that the wave might pws on undisturbed, is, per 
unit of volume, 

27rb "2rr - (0 - D) A cos bt. 

To obtain the total force which must be supposed to act over the space 
occupied by the particle, the factor T must be introduced. The opposite 
of this conceived to act a t  O (the position of the particle) gives the same 
disturbance in the medium as is actually caused by the presence of the 
particle. Suppose, now, that the ray is incident along OY, and that the 
direction of vibration makes an angle a with the axis of x, which is the line 
of the scattered ray under consideration-a supposition which involves no 
loss of generality, becaiise of the symmetry which we have shown to existe 
round the line of action of the force. The question is now entirely reduced 
to the discovery of the disturbance produced in the æther by a given penodic 
force acting at  a fixed point in it. In his valuable paper " On the Dynamical 
Theory of Diffraction " *, Professor Stokes has given a complete investigation 
of this problem ; and 1 might assume the result a t  once. The method there 
used is, however, for this particular purpose very indirect, and accordingly 
1 have thought it advisable to give a comparntively short cut to the result, 
which will be found at  the end of the present paper. I t  is proved that 
if the total force acting at  O in the manner supposed be F cos (2~bt/h) ,  
the resulting disturbance in the ray propagated along OX is 

Fs in  a 2~ g=---- cos - (bt - Y). 
4rrb2Dr A 
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Substituting for F its value, we have 

D'- D T T  %r 
f= A --- D rX2 

sin a cos - (bt - r)* ,  
X 

an equation which includes al1 Our previous results and more. 

One reservation, however, must not be omitted. Since we have supposed 
the medium uniform throughout, whereas i t  really has a different density at 
the place where the force acts, Our investigation does not absolutely corre- 
spond to the actual circumstances of the case. As before remarked, no error 
is on that account to be feared in the law deterrnining the intensity of 
the vibration in different directions; but it is probable that the coefficient, 
so far as it depends on D : D', may be changedt, and there may be a 
change in the phase comparable with (271-lx) x the linear dimension of 
the particle, which is of importance when the scattered and prirnary waves 
have to be compounded. 

So much for a single particle. I o  actual experiments, as, for instance, 
with Professor Tyndall's " clouds," we have to deal with an immense number 
of such particles; and the question now is to deduce what their effect 
must be from the results already obtained. Were the particles absolutely 
motionless, the partial waves sent out in any direction from them would have 
permanent relations as to phase, and the total disturbance would have to 
be found by compounding the vibrations due to al1 the particles. Such a 
supposition, however, would be very wide of the mark ; for, in consequence 
of the extreme smallness of k, the slightest motion of any particle will cause 
an alteration of phase passing through many periods in a less time than the 
eye could appreciate. Our particles are, then, to be treated as so many 
wnconnected sources of light; and instead of adding the vibrations, we must 
take the intensities represented by their squares. Only in one direction is a 
different treatment necessary, namely along the course of the primary light. 
1 mention this because it would not otherwise appear how the reduction 
in the intensity of the transmitted light is effected; but we do not require 
to follow the details of the process, because, when once we know the intensity 
of the light emitted laterally, the principle of energy will tell us what the 
primary wave has lost. 

The intensity of the light scattered from a cloud is thus equal to 

* [1898. The factor ?r was omitted in the original paper.] 
t 1 find that no alteration of auy k i d  is  needed.4an.  20. [1899. 8ee Phil. Yug. XLI. 

p. 452, 1871 ; This Colleation Art. 9 belom.] 
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where LT2 is the sum of al1 the squares of T. If Tz be understood to denote 
the rnean square of T (not the square of the mean value of T), and m be 
the number of particles, 

xP=m.T " .  

If the primary light be unpolarized, the intensity in a direction making an 
angle /3 with its course becomes 

(D' - D)" m+T2 
*"2 

(1 + cos2 ,L3) - 
X4 r2 

Backwards from the clocid the 1i;ht is thus twice as bright as normally. 
To the light scattered nearly in the direction of the prirnary ray oiir 
expression does not apply. 

Fig. 1. 

\ 

Fig. 1 shows the curve representing the intensity of the scattered light 
for each part of the spectrum, referred to the intensity in the primary 
light as a standard. The abscissa being proportional to A, the base line 
represents the diffraction-spectrum with the principal fixed lines. Over 
the brighter portion of the spectrum from B to G the curve differs but 
little from a straight line, while the small curvature is turned downwards, 
indicating a deficiency in the green and yellow. 

Before making out the theory, 1 had endeavoured to ascertain by obser- 
vation the actual prismatic composition of the blue of the sky, and had 
obtained preliminary results. The experimental method (the description 
of which 1 must reserve for another opportunity) was fully adequate to 
the cornparison of two given lights ; but the difficulty was to find something 
to compare the blue light with. I n  the only complete set of observations 
that 1 have hitherto been able to make, the blue of the sky (apparently 
a very good one) taken from the neighbourhood of the zenith was compared 
with sunlight diffused through white paper. About thirty consistent com- 
parisons were made, ranging over the spectrum from C to beyond F, and a 
curve drawn on the plan of fig. 1. 1 do not give the complete curve, 
because 1 hope before long to complete and confirm the observations; but 
the following numbers will give an idea of the resu1ts:- 

C. D. hm P. 
25 40 63 80 from fig. 1. 
25 41 71 90 observed. 
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The upper line gives the theoretical intensities for the fixed lines 

C, D, b,, F, while the lower gives the observed ratios between the lights 
(sky and diffused sunlight), the two sets of numbers being niade to agree 
a t  C. Considering the difficulties and uncertainties of the case, the two 
curves agree very well ; and it should be noticed that the sky compared with 
diffused light was even bliier than theory makes it, on the supposition that 
the diffused light through the paper may be taken as similar to that whose 
scattering illuminates the sky. It is possible that the paper was slightly 
yellow ; or the cause may lie in the yellowness of sunlight as i t  reaches us 
compared with the colaur i t  possesses in the upper regions of the atmosphere. 
I t  would be a mistake to lay any great stress on the observations in their 
present incomplete form; but at  any rate they show that a colour more 
or less like that of the sky would result from taking the elements of white 
light in quantities proportional to h4. 1 do not know how i t  may strike 
others; but individually 1 was not prepared for so great a difference as 
the observations show, the ratio for F being more than three times as great 
as for C. 

There is one point in which our calculations do not exactly meet the 
case of the sky. In the experiments with precipitated clouds the total 
quantity of light scattered is quite insignificant compared with the incident 
beam ; but i t  is by no ineans so clear that the same is the case with the sky. 
Each particle is thus struck, not only by the direct light of the sun, but also 
by that scattered from others. It does not seem that the chromatic effects 
would be much affected by this consideration; but i t  is worth notice that the 
conclusion as to complete polarization perpendicular to the incident ray 
would have to be modified. To see this, imagine, as  before, the light 
(unpolarized) incident along O Y upon a particle O ;  we have seen that 
the ray diffracted along OX contains no vibration parallel to OY. By the 
aid, however, of another particle P in the xy plane such a vibration may 
be communicated to i t ;  for in the ray diffracted from P to O there is a 
component vibration in the xy plane perpendicular to PO, which, when 
again diffracted along OX, will give a component parallel to  OY. This 
is perhaps the explanation of the incomplete polarization of sky-light at 
right angles to the solar beams; but i t  must be remernbered that an 
insuficient fineness in some of the particles of foreign matter would have 
a like result. 

By many physicists, from Newton downwards, the light of the sky has 
been supposed to be reflected from thin plates, and the colour to be the 
blue of the first order in Newton's scale. Such a view is fundamentally 
different from that adopted in this paper, though it might not at  first seern 
so. In  support of this assertion, i t  may be sufficient to notice that the 
two theories are a t  variance as to the law connecting the intensity with 
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wave-length. By an argument from dimensions similar to that already 
used, it is easy to find how the intensity of the light reflected from a thin 
plate (thin, that is, compared with any of the wave-lengths) varies with X. 
Instead of our former quantities, T, r, X, we now have merely A, and 6 the 
thickness of the plate. Since the reflected vibration necessarily varies as 8, 
it must also be proportional to A-', and so the intensity of the reflected 
light C C X - ~  instead of k4. The ordinary analytical expression for the 
reflected light leads readily to the same conclusion (Airy's Tmets, p. 297). 
There can, 1 think, be no question that the composition of the light of the 
sky agrees more nearly with the latter than with the former law. 

The principle of energy makes i t  clear that the light emitted laterally is 
not a new creation, but only diverted from the main stream. If I represent 
the intensity of the primary light after traversing a thickness x of the turbid 
medium, we have 

d I  = - JclXp4 dx, 

where Fc is a constant independent of X. On integration, 

if Io correspond to z= =,-a law altogether similar to that of absorption, 
and showing how the light tends to become yellow and finally red as the 
thickness of the medium increases. Fig. 2 shows a series of curves repre- 
senting the composition of the originally white light after passing through 
thidmesses in the ratio of 1, 2, 4, 8, 16, 32. The reader will observe how 
little of the violet light remains the red is still in nearly its original 
force. 1 anno t  but think that this rapid diversion of the ïâ.j's of short 

Fig. 2. 

%4 

wave-length has a good deal to do with the absence of light of the highest 
refrangibility from the direct rays of the sun. For the line A a t  the extreme 
red and R near the upper limit of the photographic spectrum the wave- 
lengths are 7617 and 3108. The ratio of the fourth powers is about 36 : 1 ; 
so that, whatever the fraction representing the transmission of A may be, 
its 36th power will give the transmission of R. To take an instance, 
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if -9 of the ray A gets through, only .O18 of R would be able to penetrate. 
For the rays of ~ t i l l  higher refrangibility, which Professor Stokes found 
abundant in the electric light but missing in the solar rays, the fraction 
would be smaller still; but 1 am not aware of any measurements of smaller 
wave-length on which to found a calculation. 

We have hitherto supposed that the light scattered by the finely divided 
matter reaches the eye without modification, and we have taken no account 
of any change in the composition of the primary light before diffraction. 
If x be the total length of the path of the ray through the turbid medium, 
we may express the quality of the light in terms of x;  for it makes no 
difference whether the lateral leakage takes place before diffraction or after. 
In  fact 

1 cc x-@K4z 

an expression which shows that 1 vanishes for very small as well as for 
very large values of h, while for some definite value (say A) it rises to 
a maximum (T,). Expressing 1 in terms of Io and A, we have 

from which we may faIl back on our original law by supposing A indefinitely 
small, and replacing A4I0 by a b i t e  constant. An approximate idea of the 
character of these lights may be obtained by subtracting the successive 
curves of Fig. 2. Thus the difference of the curves marked 2 and 4 
represents a light having its maximum brightness (of course relatively to 
the primary light) in the blue-green portion of the spectrum. 1 find by 
calculation that, if the maximum intensity be a t  b and be taken as: unity, 
the intensities a t  G and C are given by the numbers -713, ,710 respectively. 
The colour would be greenish; but whether the green of the sky is to be 
accounted for in this way 1 am not able to say. Some, 1 believe, consider it 
to be entirely a contrast effect,. 

Within a space T, small in al1 its dimensions against X, and situated 
a t  the origin of coordinates, let a force parallel to OZ, and, so far as it 
depends upon the time, expressed by a simple circular function, act on the 
medium. If t, q, denote the displacements parallel to the axes at the 
point x, y, z, and 
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d" ............... = b2verl +(a*- ha) 
dt" (A)" 

where V a  stands for dZ/d$ + d2/dy2 + d2/dz2 ; a? and b2 are constants de- 
pending on the nature of the medium supposed to be isotropic. For 
the luminiferous æther, Green has shown that a is to be regarded as 
indefinitely great f. 

To represent the periodic force, write for Z, Z@. Similar transforma- 
tions will then apply to & q, 5: and 6 ;  so that on substitution in (A) and 
dividing out the common factor eht, there results 

Writing 

we obtain from (B) by differentiation and subtraction, 

m,, ma, m3 are the rotations of the elements of the medium round axes 
parallel to those of coordinates. 

The disturbance which we are investigating is that caused and main- 
tained by the force Z acting within the space T. Accordingly: 

dZ &ikr 
dxdy dz,  

r being the distance between the element dxdydz  and the point where w, 

is estimated, and 
........................... k = 2.rrlh = n/b. (D) 

* Thomson and Tait's Natural Philosophy, $ 698. 
t Camb. Phil. Traw. vol. 711. 
$ Helmholtz, Crelle's Journal, 1860. 
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Since will be finally multiplied by @, and the disturbance which we 
are dealing with is propagated oukwards from T, i t  is evident that the lower 
sign is to be employed. Now 

of which the term within brackets vanishes, because the value of Z is only 
finite within the space T. Thus 

The factor (€2) within the space T is sensibly constant, so that, if Z 
dy 

stand for the mean value of Z over the volume T, 

And if R = dxz + y: 

where a denotee the angle between r and z. 

The resultant rotation at  any point is thus about an axis perpendicular 
to the plane pa.ssing through the point and the axis of 2; and its magnitude 
is given by W. In  differentiating (r-le-*) with respect to r, we may 
neglect the term divided by r2 as altogether insensible, lcr being an ex- 
ceedingly great quantity at  any ordinary distance from the origin of dis- 
turbance. Thus 

- ilc . TZ sin a €-Or 
m =  , ..................... 

47rb2 r (E) 

whicli completely determines the rotation at  any point. For a given dis- 
turbance i t  is seen to be everywhere about an axis perpendicular to r and 
the direction of the force; and in magnitude dependent only on the angle 
between these two directions (a) and on the distance (r). 

The intensity of the light, however, ia more usually expressed in terrns 
of the actual displacement in the plane of the wave. I n  order to find the 
connexion between the two quantities, i t  will be more convenient to suppose 
the scattered ray parallel to x, and that the force P (for Z is no longer 
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appropriate) acts in the plane of zx a t  an angle a with Ox. m becomes 
identical with m,; that is, with d r l dx ;  for 5 as well as q is zero; so that 

TF sin a c"' 
~ = / ~ d r = - -  47ib2 ' -. ? -  

Restoring the factor elnt, we have 

or throwing away the imaginary part, 

TF sin a 2~ r= .lrL.r . cos - (bt - r). . . . . . . . . . . . . . . . . . . 
X (FI 

This corresponds to a total accelerating force equal to FT cos ( 2 ~ b t l h ) ;  
a result which agrees with that of Professor Stokes's more complete in- 
vestigation, with the exception of a slight difference of notation. 

In the February Number of the Philosophical Magazi,ne 1 have pro- 
pounded a theory of the scattering of light by particles which are small 
in al1 their dimensions compared with the wave-length of light, and have 
applied the results to explain the phenoinena presented by the sky. Another 
theory has been given by Clausius, who attributes the light of the sky to 
reflection from water-bubbles, and has developed his views at  length in a 
series of papers in Poggendorff's Annalen and Crelle's Journal *. 

Starting from the ordinary laws of reflection and refraction, he has n o  
difficulty in showing that, were the atmosphere charged with globes of water 
in sufficient quantity to send us the light which we actually receive, a star 
instead of appearing as a point would be dilated into a disk of considerable 
magnitude. But the requirements of the case are satisfied if we suppose 
the spheres hollow, like bubbles; for then, on account of the parallelism of 
the surfaces, but little effect is produced by refraction on a wave of light. 
At the same time, if the film be sufficiently thin, the light reflected froni it 
will be the blue of the first order, and so the colour of the sky is apparently 
accounted for. 

Apart from the difficulty of seeing how such bubbles could be formed, 
there is a formidable objection to this theory, mentioned by Brücke (Pogg. 
A m .  vol. LXXXVIII. p. 363)-that the blue of the sky is a inuch better colour 
than the blue of the first order. That it is so appears clearly from the 

* Pogg. Ann. vols. LXXII. LXXVI. LXXXVIII. Crelle, vols. xxx~v. xxxvi. 
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measurements qiioted in the February Number, and from the theoretical 
composition of the blue of the first order*. Nor can we escape from this 
difficulty by supposing, with Brücke, that the greater part of the light from 
the sky has been reflected more than once. 

Brücke also brings forward an experiment of great importance when he 
shows that mastic precipitated from an alcoholic solution scatters light of a 
b h e  tint. He remarks that it is impossible to suppose that the particles 
of mastic are in the form of bubbles. 

I n  his last utterance on this subjectt, Clausius replies to the objections 
urged by Brücke and others against his theory, and shows that, if the 
illumination of the sky is due to thin plates at all, those thin plates must 
be in the form of biibbles. While admitting that if the particles are very 
small the ordinary laws of reflection and refraction no longer applyf, and 
that therefore this case is not excluded by his argument, he still holds 
to his original view as to the nature of the reflecting matter in the sky, 
considering that the polarization of the light indicates that it has undergone 
regzclar reflection. His concluding paragraph so well sums up the case that 
1 cannot do better than quote it. "Das Resultat der vorstehenden Be- 
trachtungen kann ich hiernach kurz so zusammenfassen. Soweit man die 
gewohnlichen Brechungs- und Reflexionsgesetze als gültig anerkennt, glaube 
ich auch meine früheren Schlüsse festhalten zu müssen, niimlich, dass in 
der Atmosphare Dampfblkchen vorhanden seyen, und dass sie die Haupt- 
ursache der in ihr stattfindenden Lichtreflexion und ihrer Farben bilden. 
Nimmt man aber an, die in der Atmosphiire wirksamen Korperchen seyen 
so klein, dass jene Gesetze auf sie keine Anwendung mehr finden, dann sind 
auch diese Schlüsse ungültig. Auf diesen Fa11 ist aber auch die Theorie 
der Farben dünner Bliittchen nicht mehr anwendbar, und er bedarf vielmehr 
einer neuen Entwickelung, bei welcher noch besonders berücksichtigt werden 
muss, in wiefern diese Annahme mit der Polarisation des vom Himmel 
kommenden Lichtes und mit der angeniihert bekannten Grosse der in den 
Wolken vorhandenen Wassertheilchen vereinbar kt." 

* 1 find that 1 omitted to explain why it is  that the light dispersed from small partides is of 
so much richer a hue than that reflected from very thin films. I n  the latter case the reflected 
wave may be regarded as  the sum of the disturbanoes originating in the elementary parts of the 
film, and these elementary parts may be assimilated to the small particles of the former 
supposition. The integration is best effected by dividing the surface into the zones of Huyghens; 
and it is proved in works on physical optics that the total effect is just hall of that due to the first 
zone. Now the zones of Huyghens Vary as the wave-length; and thus it appears that in the 
integration the long waves gain an advantage which diminishes the original preponderance of 
their quicker-timed rivals. 

.). Pogg. Ann. vol. ~xxxvrm. p. 543. 
$ In  many departments of science a tendency may be observed to extend the field of familiar 

laws heyond their proper b i t s .  Thus the properties of gross matter are cften assumed to hold 
equally good for molecules. An example more analogous to that which suggests this remark is to 
be found in the common explanation of the mode of action of the speeking-trumpet. 
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Clausius does not seem to have followed up the line of research here 
indicated. My investigation (written, i t  so happens, before seeing Clausius's 
papers) shows in the clearest manner the connexion between the smallness 
of the particles and the polarization of the light scattered from them. 
Indeed 1 must remark that in this respect there is an advantage over the 
theory of thin plates, according to which the direction of complete polarization 
would be about '16" from the Sun. I t  would be a singular coincidence if 
the action of secondary causes were to augment this angle to 90"-its 
observed magnitude. It seems, therefore, not too miich to say that, if the 
illumination of the sky were due to suspended water-bubbles, neither its 
colour nor its polarization would agree with what is actually observed. 

In bis celebrated paper on Fluorescence*, Professor Stokes makes the 
following significant remark :-" Now this result appears to me to have no 
remote bearing on the question of the direction of the vibrations in polarized 
light. So long as the suspended particles are large compared with the waves 
of light, reflection takes place as i t  would from a portion of the surface of a 
large solid immersed in the fluid, and no conclusion can be drawn either 
way. But if the diameter of the particles be small compared with the 
length of a wave of light, it seems plain that the vibrations in a reflected 
ray cannot be perpendicular to the vibrations in the incident ray." This is 
the only passage that 1 have met with in which the theory of the reflection 
of light from very small particles is touched upon. 

If it be assumed, as in the theories of Green and Cauchy of reflection 
at plane surfaces, that the effect of dense rnatter is merely to load the 
ether, it follows rigorously that the direction of vibration cannot be turned 
through a right angle when light is scattered from small particles. But 
al1 we know in the first instance is that the velocity of propagation of 
luminous waves is less in ordinary transparent matter than in vacuum ; and 
this may be accounted for as well by a diminished rigidity as by an increased 
density. In the first case a scattered ray might be composed of vibrations 
perpendicular to those of the incident beam ; so that the matter is not quite 
so clear as i t  would seem from the argument of Professor Stokes. 1 believe, 
however, that good reasons may be given for rejecting the view that the 
difference between media of varying refrangibility is one of rigidity. The 
point is an important one, and 1 propose to recur to i t  later. 

The experiments of Professor Tyndall? with precipitated clouds exhibit 
more clearly than had been done by Brücke the relation between the size of 
the particles and the nature of the dispersed light. The observation that the 
polarization is complete perpendicular to the track of the incident light is in 
itself sufficient to disprove the theory of bubbles. As the particles increase 

* Phil. Trans. 1852, p. 526. 
+ Phil. Mag. vol. xxxv~r. p. 385. Phil. Trans. 1870. 
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in magnitude, the azure and polarization are gradually lost. During the 
transition a different and more complicated set of phenomena present them- 
selves, which will furnish a test for the theory when it is extended so as to 
include the consideration of particles which are no longer very small in 
comparison with the waves of light. 

Al1 who have written on this subject seein to have taken for granted 
that the foreign matter in the atmosphere is water or ice. Even Tyndall, 
who expressly says that any particles, if small enough, will do, still believes 
in the presence of water-particles. But this view is encumbered with con- 
siderable difficulty ; for even if, in virtue of its transparency to radiant heat, 
the air in the higher regions of our atmosphere is a t  a very low temperature, 
i t  would still be capable of absorbing the very small quantity of water which 
is suficient to explain the blue of the sky. At any rate it is difficult to 
imagine particles of water smaller than the wave-length endowed with any 
stability. These difficulties niight perliaps be got over if there were any 
strong argument in favour of the water-particles; but of the existence of 
such 1 am not aware. Every one knows that a blue haze evidently akin to 
the azure of the sky obliterates the details and modifies the colour of a 
distant mountain; and this, when it occurs on a hot day, cannot possibly be 
attributed to aqueous particles. On the face of it, there is no reason for 
supposing that near the earth's surface the foreign matter is of one kind and 
at  a great altitude another. If it were a t  al1 probable that the particles 
are al1 of one kind, i t  seems to me that a strong case might be made 
out for common salt. Be this as i t  may, the optical phenomena can give 
us no clue. 

The apparatus by means of which the comparison was made between sky 
light and that of the sun diffused through white paper, was originally 
arranged for measurements of the absolute absorption of coloured fluids 
for the various rays of the spectrum, and had been applied rather extensively 
in experiments having that object. In  the shutter of a darkened room mere 
placed two slits in the same vertical line, each about three inches long, 
and a foot apart. At  the other end of the rooin was an arrangement of 
prisms and lenses for producing a pure spectrurn on a screen in the ordinary 
way. At first only one prism was used; but 1 soon introduced another, 
and the number might probably be further increased with advantage. I t  is 
even more important to have a great dispersion in these experiments than in 
the ordinary spectroscope. Two spectra would thus be thrown on the screen 
one over the other, but by means of a very obtuse-angled prism situated 
in front of the dispersion-prisms they are brought together so as exactly to 
overlap. The double spectrum thus formed passes through a horizontal slit 
in the screen placed so as to receive it. Close behind is an opaque card 
carrying a small vertical slit, which can be slid along so as to allow any 
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desired part of the spectrum to pass through. At the beginning and end 
of a set of experiments the card is removed, and the principal fixed lines are 
observed through an eyepiece and referred to a scale situated just over the 
horizontal aperture. 

When the experimenter looks through the eye-slit in the direction of 
the lem, he sees the two parts of the obtuse prism illuminated with light, 
in each case homogeneous, and, if the adjustments are properly made, 
belonging to the same part of the spectrum. By varying the breadths 
of the original slits, the two parts of the field rnay be made equally bright ; 
and when the niatch is attained, the breadths are inversely proportional to 
the richness of the lights behind theni in the homogeneous ray under con- 
sideration. But if the object be to make a complete comparison between 
two lights, i t  is often more convenient to leave the widths of the dits 
arbitrary, and then, by sliding the card, to seek that part of the spectrum 
which allows a match. It was in this way that the observations on the light 
of the sky were made. To give an idea of the degree of accuracy t o  which 
the comparisons may be made, 1 niay mention that in my experiments on 
absorption, the means of six observations were usually correct to about one 
in 50 or 60. In  the less-luniinous parts of the spectrum the error might 
be somewhat greater. 

The difficulty, however, of getting a satisfactory result with the blue 
of the sky does not lie in the inacauracy of the measurements, but in the 
arbitrary character of the light with which it is compared. In  order to 
test the theory in a strict manner, the second light ought to be similar in 
composition to that which lights up the sky. Now the sky is lit not only 
by the direct rays of the sun, but  also by itself and by the bright surface of 
the earth. It is evident, therefore, that the requirements of the case are 
very imperfectly met by taking as the second light that of the sun as 
received by us, even if the translucent material through which we diffuse 
it effects no change in the quality. A nearer approximation to what we 
want would probably be found in the diffused light of a thoroughly cloudy 
day. But here we meet with an experimental difficulty; for the method 
described is only available to compare two lights both given at  once. A 
suitable artificial light might no doubt be used as a middle term to ba 
afterwards eliminated ; but a candle or a lamp would hardly be avsilable, on 
account of the yellowness of their light. On the other hand, the bluer 
radiation from burning magnesium would probably be inconvenient, and 
difficult to keep constant in qualitp from day to day. 1 am, however, in 
hopes that, by a method founded on a different principle, 1 may be able 
to compare the blue of one day's clear sky with the white light from the 
clouds ou another. 
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ON THE SCATTERING OF LIGHT BY SMALL PARTICLES. 

[Phil. Mag. XLI. pp. 44'1-454, 1871.1 

THE investigation of the diffraction of light by small particles, contained 
in the February Number of this Magazine [Art. VIII.], proceeds throughout 
on the assumption that the difference between two media which differ in 
refractive power is a difference of density and not a difference of rigidity. 
My object in the present communication is to attack the problem more 
generally, and to show that the more special hypothesis is in no degree 
arbitrary, but forced upon us by the phenomena themselves. The words 
" density," " rigidity " need not be interpreted literally, but are used in a 
generalized sense analogous to that given to " velocity " and "force" in the 
higher mechanics. 

The first step is to find the equation of motion of an isotropic elastic 
medium whose density and rigidity may Vary from point to point. If D 
denote the density and n the rigidity, a process similar to that used in 
Thomson and Tait's ATatural Philosophy, § 698, leads us to the fol1owing:- 

d dZf  dtî dr] d n  d r  dndr]  dn d g  - (d)+ Vnf-0-  - - -- - -+--+- - = O ,  ...... (1) 
d x  dt2 dx dy d x d z  d y  d x  d z  ch 

and two similar equations, where f ,  r],  c are the displacements parallel to the 
coordinate axes, 

If n and D were constant, equations (1) would be satisfied by 
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In the application that we have to make, n and D may be supposed to be 
constant except within a small space a t  the origin of coordinates, Where 
they assume the values n + An, D +AD. I n  consequence of this variation 
the eqiiations of motion are no longer satisfied by (2); but we may take as 
the true values of the displacements, f ,  q, Co + C, 8, where 4; q, Y, 8 are small 
quantities of the order T, which are to be neglected when multiplied by 
A,, AD*. Substituting in equations (1) and dropping the factor reIating to 
the time, we get 

and 

or, since 

and 

Hence if a,= dady - dq/& &c. be the rotations of the medium, 

d I d  1 d dndh 
Vw,+k.w,+- d î { n d x (  - -  An- 2)+y - k t o  ) d z Z o  - 1 

Accordingly 

The effect of this is suhsequently aonsidered. 
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higher powers of ( l l r )  being neglected. By similar reasoning, 

T A D  x d  e-*' T A n d c a 9 - z a d 4  ciLr a - - - ,$y--  +--2-- - 
'-4a D -'rdr ( T )  4a n d x  rZ dr2(  Y ) ;  

i 1 w  e-ik (AD - - + -  Y "'y 1 .................. 
4 r r  D r  n P J  ( 5 )  

These are the component rotations. The resultant in the general case 
would be rather complicated, and is not wanted for Our purpose. I t  is easily 
seen to be about an anis perpendicular to the scattered ray, iriasinuch as 

xw, + yw, + Z P 3  = o. 

Let us consider the particiilar case of a ray scattered nornially to the 
incident light, so that x = O. Denoting for brevity the common factor by p, 
we have 

An yz 
p3= - p  - - An z2 A D y  m2=p--  

+ 7  m l = p - - ,  D r r2 , .... .. .,.... ( 6 )  

whence 

Here we have reached a result of some importance and one which can be 
' 

confronted with fact. For from the value of tir i t  appears that there is no 
direction in the plane perpendicular to an incident ray of polarized light in 
which the scattered light vanishes, if An and AD be both finite. Now 
experiment tells us plainly that there is such a direction, and therefore we 
niay infer with certainty that either An or AD vanishes. So far we have a 
choice between two suppositions ; either we may assume, as in my former 
paper, that there is no difference of rigidity between one medium and 
another, and that the vibrations of light are normal to the plane of polariza- 
tion, or, on the other hand, that there is no difference of density between 
media, and then the vibrations must he supposed to be in thé plane of 
polarization. The fornier view is the one adopted by Green and (virtually) 
by Cauchy in their theories of reflection; while the latter is that of 
MacCullagh and Neumann, which 1 now proceed to show is untenable. 
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Suppose then that AD = O. Reverting to the general values of m,, .a,, .a, 

in (s), we have 
An yz .a,=-p- - 

An ay A n z 2 - 9 .  
q = p - -  m 2 = p  - - l"'............ 

n P' n T1' 
A 

(7) 

which show that there are in al1 six directions from O along which there is 
no scattered ray-two perpendicular to the plane (zx) of original vibration, 
and four in that plane inclined at  angles of 4.5" to the original ray and its 
prolongation. No vanishing of the dispersed light in these oblique directions 
is known from experiment ; but before unreservedly discarding the theory 
which indicates it, we ought to inquire how far our approximation is sufficient 
to warrant such a step. In  neglecting the products of E, 7, 5 with An, we 
have in reality omitted terms from the result which involve the square and 
higher powers of An, and it rnay be that the light corresponding to them 
would not vanish in the specified directions. 1 have not been able to satisfy 
myself whether this would be so or iiot; but 1 think that, in spite of 
ignorance on this point, the inference rnay be safely drawn that the theory 
is untenable; for the terms in question, depending on the square of the 
difference of rigidity, are proportional to Ap2/p2 (where t<. is the refractive 
index), and become of less and less importance as the media approach one 
another in refrangibility. I n  the case of part,icles of mastic suspended in 
water, the indices are 1.5 and 1.33, and terms depending on the square of An 
must be comparatively small. Yet 1 could find no indication of a falling off 
of intensity in the predicted directions in some experiments that 1 made 
with precipitated mastic and soap, and accordingly conclude that the hypo- 
thesis of a constant density and variable rigidity must be rejected. The 
only alternative is to suppose, as in the February nuinber, that the æther 
preserves its statical properties unchanged when associated with matter, 
whose effect is therefore merely to increase the inertia of the vibrating parts 
in greater or less degree. 

I t  rnay be worth notice that, according to the theory here combated, 
there would be two polarizing-angles, of 224" and 673" respectively, when 
light vibrating in the plane of incidence is reflected from the  boundary of 
two media which differ but little in refrangibility, as rnay be seen frorn the 
reasoning of this paper by reniembering that the square of An rnay be 
neglected. 1 need scarcely say that in such a case the polarizing angle is 
really 4j0, and that the reflected light does not tend to vanish at  the two 
first-mentioned incidences, whichever way the light rnay be polarized*. 

In equations (5 ) ,  putting An = O, we have 

D ' - D y  B ' - D X  
m3 = O, wETI = p  .." ....".. ( O )  

There is a sense in which 4 5 O  is  the first approximation to the polarizing-angle for a11 
substances. The dzerence between the true value and 45' rnay be looked upon as a correction 
depending on the square and higher powers of the difference of optical density. 
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which correspond to the results already obtained. Since the optical density 
is proportional to the square of the refractive index, 

(DI- D)/D=(p'"p2)/$. 9) 

I n  a note to my previous paper 1 mentioned that no change is required 
in (8), even though the terms containing the square and higher powers of 
(D' - D)/D are retained. As 1 there showed, the density of a medium may 
always. be supposed to be changed, even in the most arbitrary manner, if 
suitable bodily forces proportional to the variation of density and to the 
actual acceleration are conceived to act upon it ,  while the motion remains 
absolutely the same as before. The waves thrown off from a small particle 
which lies in the path of a beam of light are those due to a set of forces 
proportional to D'- D and parallel to the actual vibrations acting through 
the space T occupied by the particle. I n  calculating the effect of the forces, 
the variation of density is to be taken into account, unless we are content to 
neglect the square of D r -  D. But by a second application of our principle 
we see that the density within the space T may be supposed to be D instead 
of D', provided we introduce a second set of forces proportional to D' - D and 
to the acceleration at  T. Now it may be proved (Thomson and Tait, $130) 
that the effect of a bodily force applied through a small space T to an elastic 
medium diminishes without limit with T even within the region of applicalion. 
Accordingly the acceleration a t  T caused by our first set of forces is of a 
higher order of magnitude than the forces themselves, and thus, whether 
D' - D be small or not, the effect of the second set is to be neglected. The 
error caused by taking in the calculation of the first set the undisturbed 
instead of the actual acceleration is evidently smaller still*. 

If i t  were desired to continue the approximation, some further supposition 
would be necessary as to the shnpe of the disturbing particles. The leading 
term, we have seen, depends only on the volume ; but the same would not be 
true for those that follow. However, little exception could be taken to the 
assumption of a spherical form, and in that case there is no difficulty in 
proceeding further; but 1 have not arrived a t  any results of interest. 
Without calculation, we may anticipate that, as the diameter of the particles 
approaches in magnitude the quarter wave-length, the amplitude of the 
diffracted vibration will begin to increase less rapidly than T, and that about 
the time the half wave-length is passed an absolute diminution will set in. 
Of course, when the incident light is compound, the more refrangible 

* [1899. The result that the secondary disturbance is proportional to the volume and 
involves D' and D in the form (Dr-  D)/D, whatever may be the shape of the obstacle provided 
only that it be small enough, is peouliar. In the electromagnetio theory (Phil.  Mag. XII. p. 81, 
1881) the disturbance is proportional to the simple volume and to (K' - K)/K only so long as 
(K'-K)  is small. Otherwise, however small the obstacle may be, its shape enters into the 
question. In the case of a sphere (K' - K ) / K  is replaced by 3 (Kt- K)/(K' + BK).] 
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elements will be the first to show a sensible deviation from the more simple 
law. 

In his interesting experiments with precipitated vapours, Professor 
Tyndall* found that when the particles of the cloud illuminated by un- 
polarized light from the electric lamp had attained such a size that the light 
discharged normally had lost most of its power of affecting the naked eye 
with the sensation of colour, even then by analyzing the light with a Nicol 
placed in its position of minimum transmission the azure could be revived 
in increased splendour. Professor Tyndall calls this the "residual blue." 
Experimentally i t  is doubtless more convenient to anâlyze the light after 
diffraction from the cloud; but in theoretical explanation and deduction i t  is 
simpler, and cornes to the same thing in the end, to consider the original 
beam as polarized before it falls on the cloud. The residual blue is then the 
light discharged from the cloud in  a direction parallel to that in which the 
incident light swings. The complete explanation of this and other allied 
phenomena is yet to be made out; but one thing we learn from Our theory, 
if indeed i t  is at  al1 to be depended on. However large the particles may be, 
the light scattered or reflectedt parallel to the primary vibrations depends 
on the square and higher powers of (D' - D)/D, or, in experimental language, 
of (pl1-p2)/$. I t  is easy to see, too, that the first term in the expression of 
the amplitude must contain a much higher inverse power of than A+, and 
that if Zt stood alone i t  would correspond to a cornpound light of a much 
richer colour than that due to very small particles acting in t,he ordinary 
way. Still 1 cannot honestly say that the residual blue is predicted by 
theory: before the light discharged in this unfavourable direction could 
become a t  al1 sensible, the particles must have grown to such a size that 
their diameter would bear no inconsiderable proportion to the waves of light ; 
and then we have no right to suppose that the first term in the expansion 
proceeding by powers of the diameter may be taken as representing with 
siifficient approximation the entire series. Indeed the residual blue appears 
to he rather capricious in its appearance, and to depend on conditions not yet 
fully known. 1 may mention that 1 have not been able to detect any 
iinusually intense coloration in that part of the light from the sky which 
vibrates in a plane paseing through the sun. This is the more remarkable, 
because i t  might be supposed that a part a t  least is light which has twice 
undergone diffraction, in which case the intensity would Vary as A* if other- 
wise uudisturbed. But we must not forget that, of the indirect light illumi- 
nating the higher strata of our atmosphere, a very considerable fraction miist 
corne from the eafth itself; and this certainly is coloured anything but blue. 
I t  would be interesting to observe whether the residual light froin parts of 

* Phil. Xag. vol. xxxvrrr. p. 156. PhiE. Tram. 1870. 
t This rnay be verified with Fresnel's expression for the intennity of the light regnlarly 

reflected when the plane of polarization and plane of incidence include a right angle. 
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the sky 90" distant from the sun is in any way dependent on the character of 
the earth's surface-whether, for example, i t  is the same as usual over water 
or when the ground is covered with snow. 1 presume that with the precipi- 
tated clouds there is no question of light diffracted more than once. 

Theory would lead us to anticipate that the optical density of the 
particles of foreign ma,tter may have a large influence on the development 
of the residual blue. If the particles and the medium in which they are 
suspended have nearly the same refrangibility, the light emitted parallel to 
the original vibrations rnay be expected to be very feeble, not only abso- 
lutely, but in comparison with that emitted in other directions. Professor 
Tyndall's method of precipitating organic vapours (soine of which may have 
a high optical density) in air is then more favourable than the suspension of 
mastic or other moderately dense solids in water, as used by Brücke and 
other physicists. 

1 take this opportunity of referring t o  the observations of Roscoe on the 
photographic power of skylight, with which 1 have only lately become 
acquainted. The comparison of photngraphic with luminous intensities is 
well adapt<ed to exhibit differences of quality related in a simple manner to 
the wave-length. The very small chemiaal action of the direct solar rays, as 
compared with what might have been expected from their intense action on 
the retina, is a striking verification of the theoretical results developed in the 
February Number of this Magazine [Art. VIII.]. 

[1899. The electromagnetic theory of the scattering of light by small 
particles is treated in Phil. Mug. vol. XII. p. 81, 1881 ; vol. XLIV. p. 28, 1597. 
In a recent inemoir (Phil. May. vol. xLvrr. p. 372, 1899) 1 have given 
reasons for the conclusion that a large part of the light of the sky may be 
Jispersed from the molecules of air themselves.] 
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[Phil. Mag. XLI. pp. 519-528, 1871.1 

IN a former paper* 1 have shown that, of the various hypotheses which 
might be made to explain the diminished velocity of light in transparent 
matter, only one can be reconciled with the observed laws regulating the 
intensity of polarized light scattered in different directions from an as- 
semblage of particles whose diameters do not exceed a small fraction of the 
wave-length. We are forced to suppose that the difference between media 
which is the cause of refraction is a dynamical and not a statical difference, 
that the rigidity or force with which the æther resists distortion is absolutely 
invariable. I n  this view there is nothing novel. Fresnel distinctly adopts i t  
in the investigation of his celebrated formulse for the intensities of reflected 
light; and, what is more important, Green's rigorous mechanical theory 
of reflectiont is based on the same assumption. Cauchy also, to whom 
much of the credit really due to Green has been transferred, starts from 
the principle of continuity of movement, which asserts that in the passage 
from one medium to another there is no break in the continuity of the 
values, either of the displacements or of their d f i ren t ia l  coqjicients. 1 
believe that Cauchy has nowhere explained the ground or sigriificance of 
his principle; but i t  is easy to see that to assume the continuity of strain is 
equivalent to asserting a complete continuity of statical properties, so that, 
as has been pointed out by Haughtonf, Cauchy's theory is essentially the 
same as Green's. 

On the other hand, MacCullagh and Neumann have founded their in- 
vestigations of reflection on the bypothesis that the difference between 
media is statical and not dynamical. There is, however, no difficulty in 

* Phil. Mag. for June 1871, p. 447. [Art. m.] 
t Camb. Phil. Trans. 1838, or Green's Math. Papers. 
l' Phil. Mag. S .  4. vol. VI. p. 81. 
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showing that their hypothesis is as inconsistent with the phenomena of 
regular reflection as i t  is with those of diffraction from small particles, as 
1 may perhaps explain in detail on another occasion. But there is one 
argument urged by them against the rival view which deserves the greatest 
attention. How, they ask, can double refraction be accounted for if the 
elastic forces broiight into action by a given deformation of the wther are 
the same in al1 cases? I t  is well known that al1 the theories of double 
refraction hitherto given by Fresnel and his followers assume expressly that 
within a doubly refracting medium tlie elasticity varies in different directions. 
How is i t  possible, in investigating the laws of reflection from the surface 
of isotropie media, to suppose that the statical condition of the æther is 
invariable, and then, when we come to double refiaction, to turn round and 
say that in them the æther has a rigidity dependent on the direction of 
displacement ? 1 am not surprised a t  the importance attached by MacCullagh 
and Neumann to this objection. Fresnel and Green's investigations of re- 
flection are indeed absolutely inconsistent with the received views as to 
the cause of double refiaction. We find ourselves then in this position: 
either we must give up Green's theory of reflection, which is the only one 
hitherto proposed, or easily conceivable, capable of meeting the facts of the 
case; or else we must abandon the ideas of Fresnel as to the mechanical 
cause of double refraction. 

MacCullagh and Neumann were consistent, though, as 1 believe, con- 
sistently wrong. They rejected the hypothesis of a constant rigidity and 
variable density as incompatible with the existence of double refraction. 
How, indeed, conceive a density different in different directions ? 

Fresnel and Green were inconsistent. The latter has given two rigorous 
theories of double refraction* which differ from one another in important 
points, but agree in this, that neither of them can be reconciled with his 
explanation of reflection; for both assume that the forces which resist 
displacement within a crystal Vary according to the direction of displace- 
ment. Precisely the same remark applies to the investigations of Cauchy. 

It will readily be anticipated that, having the strongest grounds for 
believing that the rigidity of the æther is constant whether i t  be free as in 
vacuum or entangled with the molecules of matter, 1 adopt the latter of the 
two alternatives already mentioned, and look in another direction for the 
explanation of double refraction. In  taking a step which may seem retro- 
grade, 1 would remark that we are not abandoning a theory in itself very 
complete or satisfactory. Fresnel's explanation of double refraction will 
always be considered worthy of his great genius ; but i t  is well known that 
as a rigorous mechanical theory i t  will not bear criticism. Nor do the 
attempts that have been made to improve upon i t  c a r y  the mark of tmth. 

* Camb. Phil. Tram. 1837. Green's Math. Papers. 
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On this point 1 refer to the excellent report on double refraction by 
Professor Stokes in the British Association's Report for 1862, and will only 
say that the analogy between the vibrations of the æther and those which 
may take place in solids, so striking as long as we confine ourselves to 
ordinary media, seems to break down when we pass on to consider the 
case of crystals. For Green has shown that the elasticity of a crystallized 
medium depends in general on t wenty-one constants*, while the phenomena 
of double refraction in biaxal crystals involve only six. It is true that, 
by assumptions more or less arbitrary, the redundant constants may be 
got rid of, and the resalt manipulated so as to agree very well with ob- 
servation ; but no one, 1 suppose, would consider a theory arrived a t  in snch 
a manner altogether satisfactory. At any rate this is not the opinion of 
Professor Stokes, who says that in his belief the true theory of double 
refraction is yet to be found. 

We have, then, to consider this question: Can double refraction be 
explained if the statical properties of the æther are independent of the 
associated matter? Can we suppose that the density within a crystal is a 
function of the direction of vibration? 1 answer, yes. The absurdity is 
apparent only, and disappears on more attentive examination. As 1 am 
conscious the position is one that will need al1 the light that can be thrown 
upon it, 1 think it well to give an illustration of a comparatively simple 
character which occurred to me a t  an early stage of this inquiry, and which 
was of great use in showing me in a general way the possibility of the kind 
of explanation 1 was in search oft .  

Let a solid body, such as an ellipsoid, be so supported in space that its 
centre of inertia is free to move in any direction, but is urged by springs or 
otherwise towards a certain fixed point wit,h a force symmetrical al1 round 
and proportional to the displacement. The arrangement may be supposed to 
be such that the body always retains its parallelism. Under these circum- 
stances, a vibration may be performed in any direction, and its period is the 
same in al1 cases. If the inertia of the body be increased, the only result 
can be that the motion will become more sluggish and the period Longer. 
Here we have the analogue of singly refracting media. But now suppose 
that instead of moving in free space the body is immersed in a fluid of 
sensible density. According to known theorems in hydrodynamicsf, the 
inertia of the fluid adds itself to the inertia of the body, and that in a 
manner dependent on the direction of vibration. An extreme case will make 
this evident. Suppose that the ellipsoid degenerates into a circular disk of 
inconsiderable thickness. I t  is clear that if the vibration be perfornied in 

* See also Thomson and Tait's Natural Philosophy, Appendix C to Ch. VII. 
1- [1899. The suggestion of an inertia different in different directions had been made m~ich 

earlier by Rankine (Phil. Nag. I. p. 441, 1851).] 
I'hon~on and Tait, 5 331. 
R I. 8 

IRIS - LILLIAD - Université Lille 1 



214 ON DOUBLE REFRAC'PION. [IO 

a line perpendicular to tlie disk, the fliiid, which cannot readily pass from 
the one side to the other, will greatly impede the motion-that is, increase 
its period; for there is no question here of a loss of energy from friction or 
viscosity. 

I t  is equally evident tha.t if the motion be in the plane of the disk, the 
fluid has no effect and might as well not be there. We see, then, that, to al1 
intents and purposes, the disk has a density, or rather inertia, of variable 
magnitude dependent on the line of vibration and symmetrical round an 
axis, and are reminded of a uniaxal crÿstal. Next suppose that we try 
to make the disk vibrate in a line oblique to itself. I t  would at  once appear 
that such a vibration cannot be performed without an additional constraint, 
which we may suppose applied. The system would then perform pendulous 
vibrations whose period is a function of the position of the line in which 
the centre of inertia is made to move. Lagrange's general method leads 
immediately to a solution of the whole problem :- 

T = kinetic energy = IP$ + Q (?j2 + ia)}, 
V = ~otent ia l  energy = hP (2 + yya + z2) ; 

whence the equations of vibratory motion, 

showing that vibrations along x cannot be performed synchronously with 
vibrations along y or z. This is on the supposition that the body is free; 
but if i t  be constrained to a line 4. making an angle 9 with x, we have 

T = +g"P cos2 9 + Q sin2 O), V =  &pl?, 
whence 

(P cos2 8 + Q sinz 8) + = O, 

so that the period r is JP cos2 9 + Q sin2 9 
P 

When 9 = 0, let T = r1 ; when 8 = 90°, let 7 = 72 ; then 

There is, of course, one case which does not bring out the peculiarity for 
whose sake the illustration is brought forward, 1 mean when the ellipsoid 
becomes a sphere. The only effect of the tluid is then to retard the motion, 
just as if the niass of the sphere itself had been increased. 

From the problem generally we may infer that there is nothing absurd 
in the idea of an inertia varying with the direction of motion, and that the 
want of symmetry causing double refraction may be attributed with as great 
probability to the dynamical as to the statical conditions of the question. 
We know iiothing about the resl nature of tlie æther, and, if possible, 
still less about it,s relations to ponderable matt,er; and i t  is therefore the 
inerest assumption to say that the energy of motion within a crystal is 
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necessarily a symmetrïcal function of the velocities of displacement. But 
this has virtually been done in al1 the theories hitherto given. 1 would 
even go further, and ask whether, when we consider the enormous velocity of 
light and the mapi tude  of the forces which resist distortion, i t  is not on the 
whole more probable that the relatively considerable effect of ponderable 
matter is due to its action rather on the small quantity (the inertia) than 
on the great quantity (the rigidity)? 

Instead, then, of assuming for the energy of the medium 

let us take the most general quadratic frinction of ,$, 4, 4, containing six 
constants. Even this form is somewhat restricted; for i t  may be that the 
energy cannot be eqressed at  al1 as the sum of parts corresponding to the 
various eleinents of the æther. Ordinary chromatic dispersion and rotatory 
polarization, which is a phenornenon of the same nature, show that the 
mutual influence of the parts is not restricted to a distance which may be 
regarded as vanishingly srnall in comparison with the wave-length; and 
although in Cauchy's theory of dispersion the mutual action is supposed 
to be of a statical character, yet the fact that there is no dispersion in 
vacuum, when regarded from the point of view of the present paper, leads 
rather to the conclusion that the mutual influence is dynamical, by which 
1 mean that i t  would show itself in the expression of the kinetic ratber 
than of the potential energy. But i t  will only be following precedents 
to drop the consideration of dispersion in explaining a theory of double 
refraction, which may be done consistently by supposing the wave very 
long. 

By a suitable choice of axes the terms involving the products of the 
velocities may be got rid of, so that  

2T = 11 (p& + p.? + p.4') dv, 

where pz, p,, pz are ~osi t ive quantities representing the densities corre- 
sponding to the three coordinate axes. The expression of the potential 
eiiergy 1 suppose to be exactly the same as in vacuum; and thus by 
Lagrange's general method* we find for the equations of motion, 

* Thonuon and Tait, Appendix C. Green, Camh. Tmw. 1838. 
8-2 
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On account of the incompressibility of the æther, 8 is very small; but it 
does not follow that the terms containing i t  are to be omitted, for aa is 
corïespondingly great. We may, however, write p for a28, and p rnay then 
be compared to a hydrostatic pressure. The problem of double refraction 
is solved so soon as the laws are known which regulate the possible directions 
of vibration and corresponding velocities of propagation for every position 
of the wave-front. 

Let us consider a plane wave whose front is a t  any time given by 

lx + my + nz - Vt, 

so that 1, m, n are the direction-cosines of the wave-normal, and V the 
velocity of propagation. Also let 8 denote the actual displacement in the 
plane of the wave, and A, p, v its direction. Thus 

and 

Now let ............ 8 = ~oei(lz+m~+nz-Pt~, = p,f~c~+my+nz-~t), (3) 
where 8, and p, are coniplex constants. On substitution in (2), 

and since Ix + rnp + nu = 0, 

lz ma a2 + TZp, - b2 pp, - + V ' p , - b 2  ' O ; 
or if, as in the ordinary notation, a, b, o are the principal velocities of 
propagation* 

l2 m2 na ............... + V2/a2-i+V2/b2-1 V2/02- =o. ( 5 )  

The equations determining the directions of vibration are 

* The meaning of Ii is here changed. 
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Equations (5) and (6) constitute the analytical solution of the problem. 
1 had originally expected to reproduce in their integrity the beautiful laws 
of Fresnel; but a slight examination will show that, in order to reconcile 
(5) and (6) with Fresnel's equations, we must write, for Va, a2, b2, c, 

respectively. The directions of vibration are parallel to  the axes of the 
section of the ellipsoid 

8/a2 + y2/b2 + za/c2 = 1 

by the plane of the wave; and the velocities of propagation are directly 
proportional to the lengths of the axes. Accordingly the wave-surface 
is the envelope of planes drawn parallel to the central sections of the 
ellipsoid x2/a2 + y2/bz + zZ/ca = 1 a t  distances directly proportional to the 
lengths of the axes. Fresnel's surface is the locus of points situated on 
the normals to the sections of the same ellipsoid and at  the same distances. 
We see, therefore, that the new surface is related to Fresnel's in the following 
way:-Through any point of the latter draw a plane perpendicular to the 
line joining it to the centre; the envelope of these planes is the former 
surface. I n  the principal planes of a biaxal crystal the new surface agrees 
with Fresnel's as regards the section which is a circle; but the other 
is not a true ellipse. Within a uniaxal crystal one ray always follows 
the ordinary law. 

In ordinary media the transversal vibrations can be propagated without 
any tendency to produce dilatation (positive or negative). But i t  is not 
so here. Suppose in our illustration that the centre of the ellipsoid is 
constrained to move in a certain plane. We should find two directions of 
possible vibration and two corresponding periods, just as for light in a 
crystal. The question presents itself, What in the latter case takes the 
place of the external constraint ? The resistance of the œther to cornpression- 
is the answer. Any part of the ~ t h e r  during the passage of a transverse 
wave over it tends (except in particular cases) to move normally; but the 
tendency is shared by al1 the other parts in the same sheet parallel to the 
wave-front. The motion, therefore, cannot be actually performed, because i t  
woiild involve a compression of the medium, which by hypothesis requires an 
infinite force. The pressure p, however, is not without effect ; for i t  modifies 
the reflection and refraction when light enters a crystal, and i t  is probably 
closely connected with the oblique propagation of a ray in the interior. 
The actual direction of a ray is to be found from the wave-surface, just as in 
Fresnel's theory. 

1 had got about as far as this in my original work when, on reference 
to Professor Stokes's report, 1 was greatly surprised to find allusions to a 
theory of double refraction mathematically, if not physically, identical with 
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that here advanced. After insisting on the importance of precise measure- 
ments, he sa~s:-~'To make my meaning clearer, 1 will refer to Fresnel's 
construction, in which the laws of polarization and wave-velocity are 
determined by the sections, by a diametral plane parallel to the wave-front, 
of the ellipsoid 

a2x2 + @y2 + c2z2 = 1, ........................ (11) 

where a, b, c denote the principal wave-velocities. The principal semiaxes 
of the section determine by their direction the normals to the two planes of 
pola~ization, and by their magnitude the reciprocals of the corresponding 
wave-velocities. Now a certain other physical theory which might be 
proposed leads to a construction differing from Fresnel's only in this, that 
the planes of polarization and wave-velocities are determined by the section, 
by a diametral plane parallel to the wave-front, of the ellipsoid 

the principal semiaxes of the section determining by their direction the 
norrnals to the two planes of polarization, and by their magnitudes the 
corresponding wave-velocities. The law that the planes of polarization of 
the tw? waves propagated in a given direction bisect respectively the two 
supplemental dihedral angles made by planes passing through the wave- 
normal and the two optic axes, remains the same as before ; but the positions 
of the optic axes themselves, as determined by the principal indices of 
refraction, are somewhat different ; the difference, however, is but stnall 
if the diflerences between aa, ba, c2 are a good deal smaller than the quantities 
themselves. Each principal section of the wave-surface, instead of being 
a circle and an ellipse, is a circle and an oval, to which an ellipse is a near 
approximation. The difference between the inclinations of the optic axes 
and between the amounts of extraordinary refraction in the principal planes, 
on the two theories, though small, are quite sensible in  observation, but 
only on condition that the observations are made with great precision. We 
see from this example of what great advantage for the advancement of theory 
observations of this character may be." 

And again :- 

"The curious and unexpected phenomenon of conical refraction has 
justly been regarded as one of the most striking proofs of the general 
correctness of the concli~sioiis resulting frorn the theory of Fresnel. But 
1 wish to point out that the phenomenon is not competent to decide between 
several theories leading to Fresnel's construction as a near approximation .... 
We see, therefore, that the limitation of the number of tangent planes to 
the wave-surface which can be drawn in a given direction on one side of 
the centre to two, or a t  the most three, is intimately bound up with the 
nun~ber of dimensions of space ; so that the existence of the phenomenon of 
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interna1 conical refraction ie no proof of the truth of the particular form 
of wave-surface assigned by Fresnel rather than that to which some other 
theory would conduct. Were the law of wave-velocity expressed, for example, 
by the construction already mentioned having reference to the ellipsoid (12), 
the wave-surface (in this case a surface of the 16th degree) would still have 
plane curves of contact with the tangent-plane, which in this case also, 
as in the wave-surface of Fresnel, are, as 1 find, circles, though that they 
should be circles could not have been foreseen. 

" The existence of external conical refraction depends upon the existence 
of a conical point in the wave-surface, by which the interior sheet passes to 
the exterior. The existence of a conical point is not, like that of a plane 
curve of contact, a necessary property of a wave-surface. Still it will readily 
be conceived that if Fresnel's wave-surface be, as it undoubtedly is, a t  least 
a near approximation to the true wave-surface, and if the latter have, 
moreover, plane curves of contact with the tangent plane, the mode by 
which the exterior sheet passes withiu one of these plane curves into the 
interior will be very approximately by a conical point; so that in the 
impossibility of operating experimentally on mere rays the phenomena will 
not be sensibly difierent from what they would have been had the transition 
been made rigorously by a conical point." 

Between the theory here advanced and that of Fresnel observation 
ought to decide; but i t  does not appear that any experiments hitherto 
made are competent to do so. As Professor Stokes points out, al1 the 
measurements which are to be combined in one calculation should refer 
to the same specimen of the crystal; otherwise an element of unceïtainty 
is introduced sufficient to render the application of the test ambiguous. 
Should the verdict go against the view of the present paper, i t  is hard to 
see how any consistent theory is possible, which shall embïace at  once the 
laws of scattering, regular reflection, and double refraction. 

[1899. Shortly after the appearance of this paper Sir G. Stokes pub- 
lished the results of his measurements which were sufficient " absolutely to 
disprove t,he law resulting from the theory which makes double refraction 
depend on a difference of inertia in different directions." (Proc. Roy. Soc., 
vol. 20, p. 443, 187'2).] 
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ON THE REFLECTION OF LIGHT FROM TRANSPARENT 
MATTER. 

[Phil. Mag. XLII. pp. 81-97, 1871.1 

1~ connexion with other investigations on light 1 had occasion to 
consider the problem of reflection, in order to see how far the facts might 
be accounted for by the different hypotheses which have been made as 
to the condition of the æther in transparent matter. Although, as 1 now 
find, some of the results then arrived at have been already given by Lorenz, 
of Copenhagen, the publication of the present paper may not be without use, 
as 1 cannot agree with him on many important points, and great misappre- 
hension seems to prevail on the subject generally. 

Starting with the assumption that the rigidity is the same in the two 
media, and that the vibrations of light are normal to the plane of polaxi- 
zation, Fresnel was led to the conclusion that if the incident vibration be 
represented by unity, the reflected vibration is given by the expressions 

sin (8, - 8) tan (8, - 8) 
sin (8, + 8) ' tan (8, + 8) ' 

according t o  whether the plane of primitive polarization coincides with or is 
perpendicular to the plane of incidence. The process by which the first 
(sine) formula is obtained is rigorous, or at least may be made so by 
additional explanations. With regard to the second, the reasoning cannot 
be considered demonstrative, although, as a matter of fact, the arbitrary 
principle assumed (that the vibrations in the two media* when resolved 
parallel to the surface of separation are equal) and the conclusion are 
approximately true. Fresnel did not contemplate the possibility of a change 
of phase which, as we now know froni Jamin's experirnentst, accompanies 
reflection in one, if not in both of the principal cases. 

* NO aooount being taken of surfme-waves. 
t Ang~. de Chinaie, t. x x ~ x .  p. 31. 
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Green's important work "On the Laws of Reflection and Refraction of 
Light at the Common Surface of Two Non-crystallized Media," was read 
before the Cambridge Philosophical Society on December 11, 183'1, and 
published in the Transactions for 1838*. In  this paper, which has never 
received on the Continent the attention which it deserves, Green investi- 
gates the equations of motion of an elastic medium, setting out, as we should 
now say, from the principle of energy. By Lagrange's method he deduces 
both the general equations applicable throughout the interior, and the 
conditions which must be satisfied at  the surface of separation of two media. 
The statical properties of an isotropic medium are defined by two constants 
A and B, the second expressing the rigidity, and the first depending, though 
not in the simplest manner, on the compressibility. For t'he luminiferous 
æther it is shown that A must be indefinitely great, or that the medium 
resists change of volume with an infinite force. During motion the inertia of 
the medium comes into play, and a constant expressing the density must be 
added to the two statical constants already mentioned. In al1 this there 
seems to be nothing to which exception can be taken, unless it be to the 
assumption.(expressly stated by Green) that the sphere of sensible action of 
the molecular forces, or, as 1 should prefer to Say, the range of the mutual 
influence of the parts of the medium, is insensible in comparison with the 
length of the wave, and that the transition from the one state of things 
to the other at the bounding surface is so rapid that i t  may be treated 
as abrupt. 

But in the application to the question of reflection further assumptions 
are made whose significance has been strangely rnisunderstood. When light 
passes from air into a denser medium, i t  propagates itself slower than before 
in the ratio of p : 1, but this consideration alone is not sufficient to lead to a 
definite solution. From the equation 

we can infer nothing as to the relation between B and Br, which must 
be known before further progress (other than tentative) can be made. From 
the fact that in al1 the known gases A is independent of the nature of the 
gas, Green argues that we may assume the same for B, "a t  least when 
we consider those phenomena only which depend merely on different states 
of the sarne medium, as is the case with light "-an inference which certainly 
appears very precarious. In  a note he says, " Though for al1 known gases A 
is independent of the nature of the gas, perhaps i t  is extending the analogy 
rather too far to assume that in the luminiferous z ther  the constants 
A and B must always be independent of the state of the æther as found 

* Repiinted in Green's Mathematical Papers, edited by Ferrers, Macmillan and Co. 1871. 
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in ditferent refiacti~ig substances. However, since the hyputhesis greatly 
simplifies the equations due to the surface of junction of the two media, and 
is itself the most simple that could be selected, i t  seemed natural first 
to deduce the consequences which follow froui i t  before trying a more 
complicated one, and, as far as 1 have yet found, these consequences are in 
accordance with observed facts." 

I n  a very wild criticism of this theory, a t  the end of an otherwise sound 
paper*, Kurz, having mistaken the meaning of A, B, attributes to Green the 
absurd assumption that the wave-velocities are the same in the two media, 
and metaphorically holds up his hands in amazement. 1 need hardly point 
out that Green's conditions A = A , ,  B = B, are something quite different, 
and imply simply an ideutity of statical properties in the case of the two 
media. I t  may be shown, however, that the first ( A  = A,) is urinecessary, a 
fact which Green does not seeni to have perceived. The cause of the 
refraction is a variation of the dyriamical property (density). The rest 
of Green's reasoning is rigorous, admitting of no cavil. When the vibrations 
are normal to the plane of incidence, the amplitude of the reflected vibration 
is expressed accurately by Fresnel's sine-formula ; but the tangent-formula is 
only applicable to vibrations in the plane of incidence as a first approxi- 
mation. It is evident that, in order that theory may a t  al1 agree with 
observation, t,he vibrations of light must be supposed to be performed 
norinally to the plane of polarization; indeed the two assumptions of constant 
rigidity and normal vibrations are closely bound up togetber in al1 parts 
of optics. The effect of the hypothetical relations A = A,,  B  = BI is greatly 
to simplify the bounding conditions which then express the equality of the 
component displacements and their derivativas on the two sides of the 
separating surface. In  this form they become identical with the so-called 
Principle of Continuity of Movement stated by Cauchy, who does not appear 
to have seen that a continuity of strain implies necessarily a continuity of 
statical properties across the surface of separation, as is evident in a moment 
from D'Alembert's principle. So far there is absolute agreement between 
Green and Cauchy, the only difference being that Green went deeper into 
the matter and gave the interpretation, if not the justification, of the 
principle assumed straight off by Cauchy. The divergence which exists 
between the results of the two theories takes its rise in their treatment 
of the longitudinal wave produced when the vibrations are in the plane 
of incidence, whose consideration cannot be dispensed with, although its 
direct effect is confined to within a few wave-lengths of the surface. Green 
merely supposes that the velocity of propagation of disturbances depending 
on change of volume is infinite in both media, and accordingly arrives at a 
result which contains only one constant-the refractive index ; while Cauchy, 

* Pogg. A m i .  vol. CTIII. p. 396. 
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on the other hand, imagines a soit of opacity to loi~gitudirial vibrations, 
in virtue of which the waves are damped, and introduces a new constant 
called the coefficient of extinction. Cauchy, 1 believe, never published the 
proof of his formulæ ; but the want has been supplied by German physicists*. 
Whatever may be thought of the processes by which they are obtained, 
there can be no doubt that Cau8hyJs formulæ agree very well with the 
observations of Jamin; while the same cannot be said of Green's as they 
stand in his original mernoir. A modified form of the latter, however, has 
been given by Haughtont, to which 1 am inclined to adhere. He thought 
that, by supposing the incoinpressibility, though great, to be still finite, the 
second constant might be introduced, without which an agreement with 
observation is impossible. Apart from the difficulty of explaining what 
becomes of the longitudinal wave when the incidence is nearly normal, 
in which case i t  must be propagated in the ordinary way, his reasoning 
is entirely vitiated by an oversight already remarked on by Eisenlohr. The 
difference between Cauchy's formulæ and Green's, as niodified by Haughton, 
is barely sensible in the experiments of Jamin, which are for the most part 
confined to the neighbourhood of the polarizing angle; but according to 
Kurzf, whose observations extended over a wider range, the latter has a 
decided advantage as an empirical representation of the facts. 

Quite different from the foregoing is the theory of MacCullagh and 
Neumann, which is given in an accessible form in Lloyd's ' Wave-Theory of 
Light.' The following principles are laid down as the basis of investi- 
gation :- 

1. The vibrations of polarized light are pa~al le l  to the plane of polari- 
zation. 

II. The density of the æther is the same in al1 bodies as in  vacuo. 

III. The vis viva. is preserved ; from which i t  follows that the masses of 
the æther put  in motion, multiplied by the squares of the amplitudes of 
vibration, are the same before and after reflection. 

IV. The resultant of the vibrations is the same in the two media ; and 
therefore in singly refracting media the refracted vibration is the resultant of 
the incident and reflected vibrations. 

When the vibrations are normal to the plane of incidence, and therefore 
parallel in al1 three waves, the application of these principles gives rigorously 
Fresnel's tangent expression. If the vibrations are in the plane of incidence, 
the fourth principle alone leads to Fresnel's sine-formula. This only shows 
that the fourth principle is inconsistent with the others; for, as we shall 

* Beer, Pogg. d m .  vols. XCI. and xcrr. Eisenlohr, Pogg. A m .  vol. CIV. p. 346. 
1. Phil. Mag. S. 4, vol. VI. p. 81. 
$ Pogg. A n l ~ .  vol. CVIII. 
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see, unexceptionable reasoning founded on 1. and II. leads to an altogether 
different result. The very particular case of IV. required when the vibrations 
are normal to the plane of incidence happens to be correct. I n  order to 
prevent misapprehension, 1 should Say there is a sense in which IV. is 
perfectly true. If the vibrations belonging to the longitudinal surface- 
waves be included, it expresses merely the continuity of displacement, a 
condition which must necessarily be fulfilled according to any view of the 
subject. But understood in this true sense, i t  does not carry the con- 
sequences deduced from it. It remains then to be seen what the magnitude 
of the reflected wave would be according to principles 1. and II., when the 
light is polarized in the plane of incidence. Let us take up the question 
after the method of Green, and inquire what are the consequences of the 
various suppositions which may be made: and first for light vibrating 
normally to the plane of incidence. 

The plane of separation of the media being x = O, let the axis of z 
be parallel to the fronts of the waves, so that z = O is the plane of incidence. 
The displacements in the two media are in general denoted by E, 7, c; 
&, r],, cl ; but in this case F, 7, t,, r],, al1 vanish. For the general equation of 
motion we have 

and for the bounding conditions, when x =O, 

n, n' are the rigidities; D, D' the densities. 

Assume 
5 = f(ax +by+c t )+P( -m- tby fc t ) ,  

C, =fi (a,$ + by + ct), 

the coefficients b and c being necessarily the same for al1 three waves, since 
their traces on the surface must move together. Hence from (2) 

f + T t =  f' , , n (af' - aF') = n'a,#, 
and 

F' ala, - n'ln 
7 = a/a, + n'ln ; 

or, since bla = tan 6, blu, = tan O , ,  

an equation giving the ratio of the reflected 

........................... (3) 

and incident vibrations. 
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Cme 1. (Green's) n = n' : 

Case II. (MacCullagh's) D = D 

Since generally n/D : n'D' p : 1, we have 

n' 1 sin2 8, -=- - -- 
n 1.2 sin B ' 

and then (3) gives 

F' tan (O, - 8) - - 
f '  - tan (8, + 8) ' 

If we assume the complete accuracy of Fresnel's expressions, either case 
agrees with observation ; only, if n = n', light vibrates normally to the plane 
of polarization; while if D =  D', the vibrations are parallel to that plane. 
But we know that Fresnel's tangent-formula is not accurate, and that there 
is in general no angle of complete polarization, so that already the pre- 
sumption is in favour of Case 1.; but 1 would not 1ay much stress upon this, 
as the phenomena investigated by Jamin are of a secondary character, and 
might be due to the action of disturbing causes. 

Case III. We may suppose that n and D both vary. Here we should 
obtain something between Fresnel's two expressions, which could hardly be 
reconciled with observation, unless one variation were very subordinate to 
the other. Other considerations seem to  exclude this case; for if n and D 
both vary, there is nothing to prevent their varying proportionally, so as to 
leave the wave-velocity unchanged, o r p  = 1. The transmitted wave would 
then not be turned, although there would be a finite retlection. Nothing of 
this kind is known in nature, whichever way the light may be polarized. 
But the most satisfactory argument against the joint variation is derived 
from the theory of the diffraction of light from very small particles, whose 
diameter does not exceed a small fraction of the wave-length. Hitherto 
there has been no theoretical di6culty. Case 1. is only a translation into 
analysis of the reasoning of Fresnel, and Case II. of the reasoning of 
MacCullagh. But when we pass on to the consideration of the problem 
when the vibrations are in the plane of incidence, our footing is no longer so 
sure. However close the analogy may be between the phenomena of light 
and the transverse vibrations of an elastic solid, one cannot but feel that it 
may not extend to those motions which are independent of rigidity, and of 
which in the case of the æther we have no direct knowledge. Still, in the 
absence of al1 others, we cannot do better than follow the guide which has 
already served us so well. 
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Since the displacement is entirely in the plane of incidence, r= 0, and 
t, q are independent of z. The equations to be satisfied in the interior of 
the first medium are*, 

where 
g~ (rn + n)/D, 9 = ILID. 

Putting, with Green, 
d4 d+ &+" I ,=--- & ' .."" ........... 

dx d y '  d~ ( 5 )  
we find 

d2+ !da* d2+ ......... d?!?=ga(g+$), dt2 (6) 

Two similar equations apply to the lower medium. 

The boundary conditions are 

f = 6 ,  q = q l ,  

dE d t  dq (nt + n) - + (m. - n )  = ( n i  + n') 2 + (ni - n') -' , d~ ' dx dy 

dE d?l dE, d77 .n, - + -  =n' -+L - 
(dy dx) (dy dx) ' 

of which the first pair express the continuity of displacement, and the second 
the continuity of stress. Assume 

îJF = +'Bi(ax+by+et) + .+"ei(-ax+by+ct) 

.+ = + e i ( a ' z + b y t c t )  
> 

upper medium ; 

i lower medium. 

The coefficient of t must be the sanie for al1 the waves on account of the 
periodicity, and b must be the same because the traces of al1 the waves 
on the plane of separation x -. 0 must rnove together. The constants 
.+', +", ... are complex. From (6) we get the following relations, 

Since g and g, are indefinitely great, 

....................... d 2 + b 2 = O ,  aI"+b"O; 
whence we obtain 

(7) 

a' = ib, a,' = - ib, 
See Green, or Thomson and Tait, 5 698. 
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if the upper medium correspond to the positive x. Equations (7)  express 
the incompressibility of the zther in the two media, for 

It  is therefore hardly correct to cal1 the surface-waves expressed by 9 
longitudinal. They are more allied to those motions with which we have 
so much to do in hydrodynamics, which involve neither rotation nor yet 
change of volume. 

Since bla = tan O, bla, = tan el, 

which expresses the ordinary law giving the direction of the refracted wave. 

We have now to satisfy the boundary conditions. From the continuity 
of displacement, 

a'+ + b (+' + +") = a,'+, + b+,, 
b+-a(+'-+f ' )=b+,-a,+l ;  

or, on introducing the values of a', a,', and putting +' + +" = X, +' - qff= Y, 

Were we to ignore the surface-wave altogether and put t$ = +, = O ,  equations 
(8) would give us 

a x=+,, y=;+/, 
whence 

Fresuel's first expression. This is exactly what has been done by Zech*, 
and is in fact merely a translation into analysis of MacCullagh's fourth 
principle. The worthlessness of the argument is sufficiently shown by the 
consideration that no assumption has yet been made as to the relations 
between n, rd, D, D', other than that implied in taking the ratio of the wave- 
velocities equal to p. It is as necessary to satisfy the second pair of boundary 
conditions, expressing the continuity of stress, as the first ; and this cannot be 
done without the introduction of finite surface-waves. Expressed in terms of 
+, +, they take the form 

d2+ d29 d2+ (m. + n) - + (m. - n) - + 2n - = similar expression, dx2 dy2 dxdy 

= similar expression ; 

* Pogg. Ama. vol. crx. p. 60. 
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or on substitution of the values of +, It; with regard to (8), 

Although afa + b2 is vanishingly small, we are not a t  liberty to leave it out, 
because nt (af2 + bl) is finite. In fact 

for w e  may neglect n in comparison with m. Using these we obtain 

0 9  - D'+ = ... . . . .  (9)' 

Equations (€9, (99, and (10) contain the solution of the problem. 

Case 1. Let n =  d; (9') and (10) give 

Now D' : D = pl ; so that, from (8), 

a. cot 9, Y =  1; ( ~ + i ~ ( ~ ~ - + l = { - + i t a n ~ ~ ( p - l ) } + l ,  a $ + l  j ... (13) 
cot 9 

if we put 

Frorn (13)  and (14), 
cot 9, 

2 q f = X +  Y =  { $ + - + i t a n û ~ ( p 2 - i ) ] * ,   CO^ 8 

cot 0, 2 q f t = x -  y =  Pa.a-- { cotg 
i tan B M - 111 + l a  

The quantities within the brackets are cornplex, and may be exhibited in 
the forms RE", R'P; e and e' then denote the difference of phase between 
the incident and refracted, the reflected and refracted waves respectively, 
and are given by 

1  
cote = - 

1 ......... {p2 cot 9 + cot el} = - cot (9  - 8,) ; M (pz- 1 )  M (15) 

by trigonometrical transformation, with use of relation sin 8 = p sin BI ; 
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We have seen that when the vibrations are normal to the plane of 
incidence there is no difference of phase between the incident and reflected 
waves, unless the change of sign, when the second medium is the denser, be 
considered such. Now what is observed in experiments is the acceleration or 
retardation of the one polarized component with regard to the other, and is 
therefore given simply by e - e'. The ambiguity must be removed by the 
consideration that when the incidence is normal there is no relative change 
of phase, though throughout Jamin's papers it is assumed that there is in 
that case a phase-difference of half a period. 1 am a t  a loss to understand 
how Jamin could have entertained such a view, which is inconsistent with 
continuity, inasmuch as when 8 = 0  the distinction between polarization 
in the plane of reflection and polarization in the perpendicular plane dis- 
appears. 

The ratio of the amplitudes of the reflected and incident vibrations is 
given by 

R J ~   CO^ O +  CO^ + ~2 - i l2 cov (e + el) + M~ -- - - - ...( 17) 
R2 (pz cot 8 + cot ~9 , )~  + M2 ($ - l )a cot2 (O - 8,) + ' 

The corresponding quantity when the light is polarized in the plane of 
incidence is 

sin2 (8 - O,) -- 
R2 - sinZ (O + 8,) ' 

and therefore 

Equations (14), (15), (16), (17), (18) wnstitute the solution of the problem 
on the hypothesis that n = n', and are equivalent to results given by Green. 

Case 2. Let D = D' ; nJ : n = 1 : pz. (9') and (10) assume the form 

the value of C$ - +, being substituted from (S) ; or, on expressing a, O, &c. in 
terms of the angles of incidence and refraction, 

ps - 1 
cot B Y - cot O,+, = - sinae{'+X-~~t OY- CO^ O,+' 

pz 

(+, - c0t2 ex) - x +  CO^",+, = - i (g - 1)  CO^ e Y -  CO^ O,+,). 

From these two equations the values of X and Y as functions of the angle of 
incidence might be tabulated with any given value of p. One particular 
case is very remarkable. At  the polarizing angle (tan-' p) the amplitude of 

K. 1. 9 
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the reflected wave is the same as it would be given by Fresnel's sine-formula- 
a coincidence for which 1 have not been able to see any reason. 

My object in bringing forward the present hypothesis is to disprove it, 
and is sufficiently attained by the disproof of a particular case. Let us 
therefore suppose that the difference of refrangibility between the two 
media is so small that the square and higher powers of (P - 1) may be 
neglected. I n  the small terms we are to put 

X =  Y=+ , ,  c o t e =  8,. 
The second equation gives 

X =  r" + cot2 0, 
1 +p2cot2(j $11 

while from the first 
co te  

Y=cot8!~l-  2K2- - 1 sin2 8 9,. 
w2 

Now 

From (19) we sec that the reflected wave vanishes when cos 48 = 0 ; 
that is, when 

O =  7i-18, or 8 = SP/8. 

It appears, then, that on the hypothesis D =  D', there would be two  
polarizing angles ( ~ 1 8 ,  3n/8 respectively) whenever the difference of refrangi- 
bility between the two media is small. Since nothing of the sort is observed, 
we conclude that D cannot be equal to Dl, and are driven to adopt Green's 
original view that the rigidity of the æther is the same in al1 media. 

Results substantially equivalent to (19) have been already given in a 
different form by Lorenz*, who, however, has not discnssed them, but simply 
states that they cannot be reconciled with Fresnel's formulae. Curiously 
enough he has taken the same particular ca,se for disproof which 1, without a 
knowledge of his work, had hit upon. Those who have done me the honour of 
reading my papers on the action of srnaIl particles on light will understand 

* Pogg. A m .  vol. CXIY. 
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how 1 anticipated the two polarizing angles by the very different process 
there employed. Lorenz draws the conclusion that the elastic force of the 
~ t h e r  is the same in al1 transparent uncrystalline substances as in vacuo, and 
that the vibrations of light are performed normally to the plane of polariza- 
Lion. He might, 1 think, have omitted the word uncrystalline*. 

There is also another paper-f- by Lorenz on this subject, in which he 
endeavours to account for the correction to  Fresnel's tangent-formula required 
by experiment, by supposing that the transition from the one medium to the 
other, instead o'f being sudden as we have hitherto considered it, occupies 
a distance not immeasurably less than the wave-length,-certainly a very 
reasonable supposition. But there are two objections to his view which 
are, to my mind, fatal. I n  the firbit place, Fresnel's tangent-formula does 
not express the result of a sudden transition ; and what is more, Green's 
formula (17), which does express it, deviates from the truth on the other 
side. The difficulty is not to explain why Fresnel's formula is aot accurately 
correct, but why the divergences from it are not greater than we actually 
find them. According to (IV), the light reflected a t  the polarizing angle 
from the diamond or any other substances of high refractive index would be 
a very considerable fraction of the whole, very much greater than mhat 
.is observed. Another objection to the view that the light reflected at  the 
polarizing angle is due t o  the want of abruptness in the transition, seems to 
be contained in  the consideration that, if this were really its origin, i t  ought 
to show a colour corresponding to the blue of the first order in Newton's 
scale, being to al1 intents and purposes reflected frotn a thin plate. Obser- 
vation, so far as 1 am aware, gives no support to such an idea. 

Cauchy's formulae, which differ from (15), (16), (17') merely by the sub- 
stitution of - E sin 8 for M, agree very well with experiment ; but 1 cannot 
regard them as having a sound dynamical foundation. The introduction of 
evanescent waves of the kind used by Cauchy involves, as Lorenz remarks, a 
theory of irnperfectly elastic media. But the case is even worse than this; 
for i t  may, 1 believe, be shown that no reasonable theory could lead to 
the peculiar form of evanescence assiimed by Cauchy. Let us examine 
this point. 

If, in the investigation of Cauchy's formulae as given by Beer, we intro- 
duce the functions + and + used by Green, we find that 4 is still expressed 
by an exponential function of the same form as before, viz. &a'z+@+ct). The 
only difference is that, whereas in Green's theory al2 + b2 = ce + g2, the relation 
between a', 6, c, according to Cauchy, is 

* Phil. Mag. S. 4, vol. XLI. p. 519. [Art. x.] 
t Pogg. Ann. vol. CXI. 
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where k is the so-called coefficient of extinction. The working out is nearly 
the same as before. Instead of (8) we have 

Again, since, according to Cauchy's principle, rn' = m, n' = rz, (9') be- 
cornes, in virtue of (20), 

A?+ = ,$%pl, .............................. (22) 

(10) is replaced by 

Prom (21), (22), 
Y a b2 (p2 - 1) k2 - k2 .................... %=a'- a a,'ke - a'k; ' 

(24) 

From (24) we may fa11 back on Green's correspo~~ding equation (13) 
by putting k = O, Ic, = O ,  kt : k = p : 1 ; but Cauchy supposes, on the con- 
trary, that h?, IC,2 are very large in comparison with b2, and writes 

a' = ik, a,' = - ilc, 
which convert (24) into 

a 
Cauchy further takes 

( k l  - h7,-1) 2 4 X  = - e ; 

so that, since 2 ~ / h .  sin 6' = O, the solution of the problem is 

It may, however, be remarked that Cauchy has no right to suppose 
that e is a constant for the rays of different wave-lengths. In fact if 
Ic and Ic, are constants, e varies inversely as X; so that the same objection 
arises here as in the theory of Lorenz. The only difference between (25) 
and (12), (13) lies in the substitution of - e sin 0 for M. It is therefore 
unnecessary to write down the results corresponding to (15), (16), (17), (18). 

But what 1 wish particularly to point out is the extraordinary differential 
eqnation satisfied by +. By differentiating the expression for + and sub- 
stitution in (20), we find 
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1 am at a loss to underst,and how any mechanical theory of imperfect 
elasticity could lead to such an equation". If we were to speculate as to the 
most probable form of the equation of motion, we should perhaps give the 
meference to 

but the form of $I so determined is different from Cauchy's, and leads to a 
more complicated solution. On the whole 1 cannot see that Cauchy's theory 
of reflection has any daim to be considered dynamical, although his formulæ 
are, beyond doubt, very good empirical representations of the facts. 

1 now corne to the modification of Green's theory proposed by Haughton. 
If M were an arbitrary constant instead of a definite function of p, there 
would be but little difference between the two sets of formulae ; for the factor 
sin û would not Vary greatly in the neighbourhood of the polarizing angle, 
where alone the correction to Fresnel's original expression is sensible. So far 
as the question has been treated experimentally, the balance of evidence 
seems to be rather against than for the factor sin 8. 1 have already remarked 
that Haughton's reasons for coneidering M as an independent constant 
cannot be sustained, but at  the same time 1 think that others of considerable 
force may be given. 

In a supplement to his memoir "On the Reflection of Light-f;" Green 
says :-" Should the radius of the sphere of sensible action of the rnolecular 
forces bear any finite ratio to h, the length of a wave of light, as some 
philosophers have supposed in order to explain the phenomena of dispersion, 
instead of an abrupt termination of our two media we should have a con- 
tinuous though rapid change of state of the ~ t h e r i a l  medium in the iinmediate 
vicinity of their surface of separation. And 1 have here endeavoured to  
show by probable reasoning that the effect of such a change would be 
to diminish greatly the quantity of light reflected at  the polarizing angle, 
even for highly refractive substances, supposing the light polarized perpen- 
dicular to the plane of incidence." The contrast between this view and that 
of Lorenz is remarkable. 

Referring to equation (9), we see that when n'=?a, it reduces to 

Reasoning from the analogy of elastic solids, we found 

Now although the transition between the two media is so sudden that the 
principal waves of transverse vibrations are affected nearly in the same way 

* [1898. See however Art. xvr. footnotes, pp. 142, 146.1 
i. Cambridge Tram. 1839, or Green's works. 
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as if it were instantaneous, yet we rnay readily imagine that the case is 
different for the surface-waves, whose existence is alrnost confined to the 
layer of variable density. It is probable that the ratio of 

m (a'2 + b2) : m' (a,'2 + b2), 
instead of being equal to 1 : pz, approaches much more nearly to a ratio of 
equality. We rnay therefore take 

c$ : 4, = poa : 1, 

where p02 is less than p2. The solution is the same as before, except that 
now M = (poa - l)/(po2 + 1). 

This explanation of the deviation of M from Green's value seems to me 
the inost probable; but the ground might be taken that the densities 
concerned in the propagation of the so-called longitudinal waves are unknown, 
and rnay possibly not be the saine as those on which transverse vibrations 
depend. For sulphuret of arsenic, Jamin's experiments give 

p = 2.454, po = 1.083, 

showing that b, is very considerably less than p. 

One of the most remarkable of Jamin's results shows that in many cases 
M is negative, or pO less than unity. There are a few substances of an 
intermediate character for which M = O ; and then Fresnel's original formulæ 
express the laws of the phenomena. The value of p is usually about 1.45. 
No adequate explanation has hitherto been given of the singular law; and 
in the remarks which follow 1 wish to be understood as merely throwing out 
a suggestion which rnay or rnay not contain the germ of an explanation. 

I t  is known that many solid bodies have the power of condensing gases 
on their surfaces, a property on which the action of Grove's gas-battery 
seems to depend. Now, if we were to suppose that a t  the surfaces of solid 
and liquid bodies there exists a sheet of condensed air, which need not 
extend to a distance greater than the wave-length, but is of an optical 
density corresponding to about p = 1.5, the occurrence of negative values of 
M would, 1 think, be explained. There is nothing à, priori very improbable 
in the existence of such a sheet, so far as 1 am able t o  see; but it is 
for experiment to decide whether the phenomena observed near the polarizing 
angle depend in any manner on the nature of the gas with which the 
reflecting body is in contact, and whether the sign of M rnay change froin 
negative to positive when vacuum is substituted for atmospheric air. The 
fact that the value of M for the surface of separation of (say) glass and water 
cannot be calculated from the values of M corresponding respectively to 
glass and air, water and air, seems to indicate that the phenomenon is, so to 
speak, of an accidental character. 

[1S99. On the general experimental question see PhiZ. May. vol. XXXIII. 

p. 1, 1892.1 
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ON A CORRECTION SOMETIMES REQUIRED I N  CURVES 
PROFESSING TO REPRESENT THE CONNEXION BETWEEN 

TWO PHYSICAL MAGNITUDES. 

[Phil. Mag. XLII. pp. 441-444, 18'11.1 

THE nature of the correction which is the subject of the present paper, 
and of not infrequent application in experimental inquiry, will be best 
understood from an example, as i t  is a little difficult to state with full 
generality. Suppose that our object is to determine the distribution of 
heat in the spectrum of the sun or any other source of light. A line 
thermopile would be placed in the path of the light, and the deflection 
of the galvanometer noted for a series of positions. But the observations 
obtained in this way are not shaq-that is, they do not correspond to 
deJinite values of the wave-length or refractive index. I n  the first place, 
the spectrum cannot be absolutely pure; at  each point there is a certain 
admixture of neighbouring rays. Further, even if the spectrum were pure, 
i t  would still be impossible to operate with a mathematical line of i t  ; so 
that the result, instead of belonging to a simple definite value of the inde- 
pendent variable, is really a kind of average corresponding to values grouped 
together in a small cluster. 

For the sake of simplicity, let us suppose that the spectrum is originally 
pure, and that the true curve giving the relations between the two quantities 
is PQR. Also let MN be the range over which the independent variable 
changes in each observation-in Our case the width of the thermopile. 
Then the obeerved curve is to be found from the true by taking m, the 
iniddle point of MN, and erecting an ordinate pm, such that 

pm . MN = area of curve PQNM. 
The locus of p will give the curve expressing the result of the observations. 
It remains to find a convenient method of passing from the one curve to 
the other. 
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I n  the figure PRQ represents the true curve, MN the range as before ; 
Mm = mN= h ; p is the point on the observed curve found in the manner 
described ; Om = xo, Rm = y,, pm = y'. Now 

area MPRQNM = 

Thus 
hd d2y 

y l = p m =  y,+--, ....................................... 
6 dx, (A) 

which shows how to deduce y' from y. 

To pass backwards, we observe that 

so that 

if h4 be neglected. Thus 

(A) and (B) give the analytical solution of the problem ; but for practical 
purposes the following interpretation is important : 

d2y h2 
=yo+- -; dg'? 2 

so that 
y' = y. - & RS. 

In passing from the observed to the true curve, the curvature is every- 
where to be increased instead of diminished, and 

I t  may be remarked that while i t  is always possible to pass accurately 
from the true curve to that derived from i t  with any prescribed range, the 
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inverse problem is not deterininate unless i t  be understood that the range 
is small, so that its fourth power may be neglected. The practical utility 
of the solution obtained is scarcely affected by this consideration ; indeed it 
is only when the curvature of the curve is considerable that the correction 
itself is of much importance. 

I t  often happens that the connexion between the two curves is not so 
simple, at  least at  first sight. Suppose, for example, that in the case taken 
as an illustration the spectrum is impure from the sensible width (2k) of 
the image of the dit. The observed curve is then connected with true by 
a double intemation. 

Now 
h a d " y  1 r+k: 

ydh=y+--  
Ic" d2y 

6 dzz' y d k = ~ + - ~ ,  6 dx- 

if the term in h2k2 rnay be neglected. Thus 

The rules remain just as before, except that instead of h  we now have 
2/(h2 + k2). Similarly, when the want of sharpness is due to more than two 
causes, we must replace h by {Zha}4 When, as often happens, the product 
of the quantities hk.. . is to be considered as given, the experiments are best 
arranged so as to make the independent quantities equal; for then the 
agreement between the two curves is the closest. 

The practical rule to which we are led by the considerations explained in 
this paper is therefore as follows :- 

Construct the cuwe representing the imrnediate results of the observations 
in  the ordinary way. Let Rm be any ordinate. Draw parallels P M ,  QN 

at distances equal to h, or {Çh2}t, and joi~o PQ cutting Rm in  S.  The point p 
on the true curve corresponding to the abscissa Om is  to be fouml by taking pR 
equal to one-third of RS, and so that p and S lie on opposite sides of R. 
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ON THE VIBRATIONS OF A GAS CONTAlNED WITHIN A 

RIGID SPHERICAL ENVELOPE. 

[London Math. Soc. Proc. IV. pp. 93-103, 1872.1 

SEE Theory of  Sound, $ 330, 331. 

[The principal results are contained in the following table, giving the 
wave-lengths of free plane waves whose periods are the same as those of the 
proper vibrations of a spherical mass of radius unity. The gravest vibration, 
in which the gas sways from side to side much as in a cylindrical pipe closed 
at  both ends, corresponds to the harmonic term of order unity.] 

Order of Harmonie. 

IRIS - LILLIAD - Université Lille 1 



INVESTIGATION OF THE DISTURBANCE PRODUCED BY A 
SPHERICAL OBSTACLE ON THE WAVES OF SOUND. 

[London, Math. Soc. Proc. IV. pp. 253-283, 1872.1 

SEE Theory of Sozcnd, 55 296, 334, 330. 

[One principal result of the investigation may be thus stated. If the 
velocity-potential (+) of primary waves incident upon a gaseous spherical 
obstacle at the origin be denoted by 

in which a represents the velocity of sound, then the velocity-potential 
(+) of the disturbance due to the obstacle, reckoned at  the point whose polar 
coordinates are r, p(= COS O), is given by 

......... 
a + 2 d p  

cos Ic (at - Y), (2) 

where T represents the volume of the obstacle ; m', m, d, B the compressi- 
bilities and the densities of the obstacle and of the rest of the medium 
respectively. Further k = %/A. 

By supposing in (2) that d, rn' are both infinite, we may obtain the 
corïesponding solution for a fixed rigid obstacle, viz. 

TT 
$ = - - (1 + $,) cos k (ut - r) .  ................. 

X29- 
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NOTES ON BESSEL'S FUNCTIONS. 

[Phil. Mag. XLIV. pp. 328-344, 1872.1 

[MOST of the results are embodied in Theory of Sound. See especially 
$ 331, 332,339 ; Appendix A. The following problem may be mentioned. 
A rigid cylinder contains incompressible fluid, which has been once at rest 
and is set in motion in such a manner that at  a certain section (perpendicular 
to the axis) the velocity parallel to the axis is expressed by 1 + p?, where r is 
the distance of any point from the centre of the section. I t  is required to 
determine the motion and the energy thereof. 

Taking the axis of the cylinder as that of z, and z= 0 for the plane 
section, while r = 1 is the equation of the cylinder, we have the following 
conditions to which the potential c$ is subject :- 

(1) that when r = 1, d+/dr=O, for al1 positive values of 2 ;  

(2) that when z = O, d+/& = 1 + pra from r = O to r = 1. 

The complete value of + is found to be 

where JO denotes the Bessel's function of zero order, and the summation 
extends to al1 the finite roots of J,' (23) = 0. 

If 1 be the (great) length of the tube, 

2 Kinetic Energy = d ( l +  4~)' + 
in which z p - 5  = *0012822.] 
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ON THE REPLECTION AND REFRACTION OF LIGHT RY 
INTENSELY OPAQUE MATTER. 

[Phil. May. XLIII. pp. 321-338, 1872.1 

IT is, 1 believe, the common opinion, that a satisfactory mechanical 
theory of the reflection of light from metallic surfaces has been given by 
Cauchy, and that his formulæ agree very well with observation. The result, 
however, of a recent examination of the subject has been to convince me 
that, a t  least in the case of vibrations performed in the plane of incidence, 
his theory is erroneous, and that the correspondence with fact claimed for 
it is illusory, and rests on the assumption of inadmissible values for the 
arbitrary constants. Cauchy, after his manner, never published any investi- 
gation of his formulæ, but  contented himself with a statement of the results 
and of the principles from which he started. The intermediate steps, 
however, have been given very concisely and with a command of analysis 
by Eisenlohr (Pogg. Ann. vol. CIV. p. 368), who has also endeavoured to 
determine thé constants by a comparison with rneasurenients made by 
Jamin. 1 propose in the present communication to examine the theory 
of reflection from thick metallic plates, and then to make some remarks on 
the action on light of a thin metallic layer, a subject which has been treated 
experimentally by Quincke. 

The peculiarity in the behaviour of metals towards light is supposed by 
Cauchy to lie in their opacity, which has the effect of stopping a train 
of waves before they can proceed for more than a few wave-lengths within 
the medium. There can be little doubt that in  this Cauchy was perfectly 
right; for i t  has been found that bodies which, like many of the dyes, 
exercise a very intense selective absorption on light, reflect from their 
surfaces in excessive proportion just those rays to which they are most 
opaque. Permanganate of potash is a beautiful example of this, given 
by Professor Stokes. He found (Phil. Mag. vol. VI. p. 203) that when the 
light reflected from a crystal at  the polarizing angle is examined through a 
Nicol held so as to extinguish the rays polarized in the plane of incidence, 
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the residual light is green, and that, when analyzed by the prism, it shows 
bright bands just where the absorption-spectrum shows dark ones. This 
very instructive experiment can be repeated with ease by using sunlight, 
and instead of a crystal a piece of ground glass sprinkled with a little of the 
powdered salt, which is then well rubbed in and burnished with a glass 
stopper or otherwise. It can without difficulty be so arranged that the two 
spectra are seen from the same slit one over the other;and compared with 
accuracy. 

With regard to the chromatic variations, i t  would have seemed most 
natural to suppose that the opacity may Vary in an arbitrary inanner with 
the wave-length, while the optical density (on which alone in ordinary cases 
the refraction depends) remains constant, or is subject only to the same sort 
of variations as occur in transparent media. But the aspect of the question 
has been materially changed by the observations of Christiansen and Kundt 
(Pogg. Ann. vols. CXLI., CXLIII., CXLIV.) on anomalous dispersion in Fuchsin 
and other colouring-matters, which show that on either side of an absorption- 
band there is an abnorinal change in the refrangibility (as determined 
by prismatic deviation) of such a kind that the refraction is increased below 
(that is, on the red side of) the band and dinzinished above it. An annlogy 
rnay be traced here with the repulsion between two periods which freqixently 
occurs in vibrating systems. The effect of a pendulum suspended from 
R body subiect to horizontal vibration is to increase or diminish the virtual 
inertia of the mass according as the natural periad of the pendulum is shorter 
or longer than that of its point of suspension". This may be expressed 

* [1898. If f be the displacement of the bob of the pendulum, mhose length is 1, x the 
displacement of the point of support, the equation for f is 

Thus if x and f Vary as cospt and g/l=n2, 

For the reaotion of the pendulum upon its point of support we have 

The effect of thependulnm upon its point of support is therefore the same as if the mass of 
the latter were changed from 42 to 

i.e. in the ratio 

I n  the optical application the vibrations are to be regarded as forced, so that p is given. If 
the medium, whose displacements are represented by x, be such that the square of the velocity of 
propagation is  inversely as  the density, the last mritten ratio gives the square of the refractive 
index of the medium (as altered by the pendulum~) referred to its original state.] 
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by saying that if the point of support tends to vibrate more rapidly than 
the pendulum, it is made to go faster still, and vice vers&. Below the 
absorption-band the material vibration is naturally the higher, and hence 
the effect of the associated matter is to increase (abnormally) the virtual 
inertia of the ~ t h e r ,  and therefore the refrangibility. On the other side the 
effect is the reverse*. It would be difficult to exaggerate the importance of 
these facts from the point of view of theoretical optics ; but it lies beside the 
object of the present paper to go further into the question here. 

That a sufficient opacity is as competent as a high optical density to 
produce an abundant reflection is evident without any analysis. So long as 
the medium into which the light seeks to penetrate remains nearly at rest, 
the greater part of the motion must be thrown back without any regard 
to the cause of the approxiinate quiescence. Whether the sluggishness 
be due to a great inertia or a correspondingly great friction is in this respect 
of no importance. I n  order, however, to account for the reflection from 
silver (90 or 95 per cent.) without opacity, a very high optical density would 
be required, much higher than we have any reason to think at  al1 likely. 
On the other hand, we know that the opacity of metals to light is very 
great. 

In this connexion i t  is interesting to note that some, and probably many, 
non-metallic substances possess a quasi-metallic reflecting-power for dark 
radiation. De la Provostaye and Desains long ago remarked on the large 
percentage of dark heat reflected from glass, which was much in excess 
of that calculated from Fresnel's f o r m u l ~  with the known refractive index. 
The observation seems to have remained uninterpreted; but we cannot well 
be wrong in attributing the extra reflection to an opacity to the rays of 
dark heat, which, always great, rises somewhere in the spectrum to such 
a magnitude as to damp the entering rays within a few wave-lengths of the 
surface. Nothing but direct experiment can iuform us what substances 
are sufficiently opaque to exercise an abnormal reflection; for the stoppage 
of radiant heat by a plate of ordinary thickness may well be complete to 
sense, and yet not sufficiently sudden to give any material assistance in 
reflection. 1 am glad therefore to be able to refer to the experirnents of the 
late Professor Magnus (Pogg.  Ann. vol. CXXXIX.), in which he investigates 
the proportion of heat reflected by plates of various substances, the incident 
radiation being derived from inoderately heated plates of the same or of 
a different material. 

First let us see what fraction of the incident radiation (unpolarized) 
would be reflected from the surface of a substance having a refractive index 
of 1-5-about that of glasu. If 8 be the angle of incidence, and 1 the 

* See Sellmeier, Pogg. A m .  vol. CXLIII. y. 272, 1871. 
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corresponding fraction, 1 find by calculation from Fresnel's formuls the 
following :- 

O=O 6'=33' O= 62' 

1=*040 1 ,=.O42 1 O 1 I=.lOO 

This is for one surface. If the plate be quite transparent, the reflection 
may be nearly the double of the above. Now for glass a t  an angle of 4j0, 
Magnus found no smaller value of I than ,084 ; and as this must be attributeii 
almost, if not entirely, to the first surface, i t  is clear that something not 
taken account of in Fresnel's theory must have come into operation. But 
by far the most remarkable result was with fluor-spar for the refiecting, 
and rock-salt for the radiating plate. The refiection at 33" was no less 
than $23, at 45" -242, and at 62" .335 ; and to this the second surface cannot 
contribute sensibly. Unquestionably therefore the reflecting-power of fluor- 
spar for a certain kind of dark radiation is greatly in excess of what can be 
accounted for without an extreme opacity-a result which is the more 
remarkable because for dark radiation in general fluor-spar is one of the 
most transparent things known*. The reflection from a plate of rock-salt 
was found to be much the same as from glass ; but here, 1 presume, me inay 
consider both surfaces to be operative, in which case the result is normalj-. 
It is curious that opacity first diminishes the reflection from a plate, and 
then when extreme increases i t  again, and that without limit. 

The effect of opacity is represented mathematically by the introduction 
into the differential equation of a term proportional to the velocity. If me 
suppose that x= O is the surface of separation, and that the vibrations 
are parallel to z and perpendicular to the plane of incidence xy, the differential 
equation in the opaque medium is 

where h is a positive constant depending on the opacity, and D denotes 
the optical density. I n  the upper medium h = 0, and the equation is 

Both h and D, are subject to extensive chromatic variations; and the 
equations are therefore not t o  be regarded as general equations of motion 
applicable to al1 possible cases. I t  is probable, however, that they represent 

* [1899. The remarkable results in this direction recently found by Rubens are well known.] 
t According to the experiments of Masson and Jamin, the transmission of a perfectly trans- 

parent plate is always about 92 per cent., whether the material be glass, rock-salt, or alum. This 
is in agreement with the calculation in the text, as about 8 per cent. would be reflected. 
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with sufficient, if not absolute, accuracy the laws of motion for a system 
of plane waves of given period, provided that suitable values of h and Dl are 
assumed. The boundary conditions according to Green and Cauchy (Phil. 
Mag. August 1871 [Art. XI.]), expressing that there is no discontinuity in 
the displacement or strain, are 

f = f , q / d x  = & I d x i  

when x = O. The system of waves is given by 

The coefficients b, c are necessarily the same al1 through; the multipliers 
(', <'> cl are complex. The boundary conditions being the same as for 

1;/1 a - a ,  
transparent media, we have (Phil. May. August 18'11) -? = - , only that < a + a ,  
now a, is not real. I n  fact if n/D = y, n./D,= y,, we obtain from the 
differential equations 

c2 = y2 (a2 + ba), c2 - i hc/D, = y: (a," f b2), 
whence 

We see that a, is determined as a function of a and b by an equation of 
precisely the same form as for transparent media, the only difference being 
that p2 is now no longer real. If we suppose 8, to be dejined by the equation 
sin 8, = p-l sin O, we may use the forms previously investigated. 

From the physical interpretation of pz, we see that its real part is positive, 
and irnaginary p a ~ t  negative. If we write pz = R2&a, 2u must lie between O 
and - 4 ~ .  This remark will be found to be of great importance. For 
instance, the assumption by Cauchy and others of a real negative value of p2 
in their treatment of the so-called longitudinal waves produced when light 
vibrating in the plane of incidence is reflected from the surface of trans- 
parent matter, really corresponds to a n  unstable medium in which the forces 
resulting from a displacement tend still further to increase it. 

The value of p is R&, and a t  perpendicular incidence (b = O), 

as the sign of p is in oiir power. Now, since the refracted wave is 
Ijr,~~(~*by+'~), wherein x is negative, we see that the real part of a, must 

R. 1. 10 
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be positive, while the imaginary part is negative. The same is true of R e i n ;  

or, as R is taken positive, a lies between O and - +Ï. Since, as we have 
seen, 2a is situated in the same quadrant, a must lie between O and - $=. 
The value of a is determined by tan 2u = - h/D,c. It vanishes with h, and, 
on the other hand, when h : CD, is very great, approximates to - $T. In  
this extreme case the real and imaginary parts of p are nunierically equal ; 
the imaginary part is never the greater*. 

1 have been thus particular to examine the limits between which a rnay - 

lie, because i t  appears to me that there is on this point a serious omission, 
not to Say error, in Eisenlohr's paper. In  that investigation the necessity of 
a limitation on the magnitudes of the real and imaginary parts of p does not 
appear, mainly because the author has assumed at  starting expressions for 
the incident,reflected, and refracted waves without reference to the differential 
equations tacitly implied. To suppose, as he does for silver, that a = 83", 
and therefore 2a= 166", is tantamount to the assumption of a medium 
essentially unstable?. 

We may now proceed to transform the expression for the reflected wave 

In  terms of 8,, alla = tan d/tan dl, where sin 0, = pP sin B. To simplify 
the expressions, i t  is convenient, following Cauchy and Eisenlohr, to intro- 
duce two aiixiliary variables, defined by the equation 

& = cos 0, = 2/(1 - sin20/p2), 

whence 
cos 2a sin2 B sin 2a sin2 0 

c2cos2u=1-  R2 , c2sin 2u = - - R" 

* 1 apprehend that this conclusion is not limited to the particular form of the differential 
equation which hae been assumed. Whatever that rnay be, will alwsys consist of a real 
and an imaginary part, of which the former cannot be supposed negative without compromising 
the stability of the medium. [1898. This conclusion appl i~s  in general only when the frequency 
of vibration is very low. We have aiready seen (p. 142) that there are cases of finite frequencies 
for which pais a real negative quantity. Compare Larmor, Phil. Trans. vol. cxc. p. 242, 1897.1 

-t In Eisenlohr's paper the incident wave travels in the direction of the positive z, while 
1 here suppose the opposite. The change amountu to a reversa1 ai the sign of c ; and thus, on 
Eisenlohr's supposition, the real part of pz ought to be positive and the imaginary part also 
positive; his result requires that the real part should be negative. 
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If this quantity be called P, and that obtained from it by changing the sign 
of i be called Q, 

where 

tan d = p - Q  
i ( P +  Q ) '  

The intensity of the reflected light is therefore 

2 Rclcos 0 
cot f = cos (u + a) = cos (u + a). sin 2 tan+ 1  + I C ~ C ~ / C O S ~  e 

d represents the change of phase; its tangent is given by 

tan d = sin (a + u) . tan 2 tan+ -- 
(":ce) a 

These are Cauchy's formulae for light polarized in the plane of incidence. 
At perpendicular incidence, 

e=o ,  o,=o, c=i, u = o ,  
whence 

1+R9 1 tarif=. =- 
2Rcosa 2 cos a 

which may be expressed in terms of y, and h by meaiis of:- 

I n  the case of metal the reflected light is a large percentage, and therefore 
tan f is considerable. This can only be when R is great; and then 1/12 
is relatively small. Approximately therefore 

R 'Y 
tan f = --- = -- 2/(1 + hZ/c2D,2) 

2 cos a y, 4 2  2/{1 + 1/(1 + h2/c2D;)} ; 

or, if h/cD, is considerable, 
4 

Y 
tan f=- 2 / l + L 2 2 / - h  cZD? y, 2 Z ,  nearly. 

4 2 .  Y, 
Also 

YIY, = 2/D,/dD ; 

and thus, when the opacity is so great that the reflected light is a large 
fraction of the whole, its intensity will be 
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I f  we suppose that h is constant for the different waves of light, we find that 
the reflection is better and better the longer the wave, since c varies inversely 
as the period of vibration. Most metals, i t  would appear, reflect the red 
rays in greater quantity than the more refrangible, and dark heat better 
than any. 

The wave entering the inetal is represented by ~,ei(a,x+ct), or, on sub- 
stitution of its value for a,, 

g sin aura (R cos aa%+ct). 

The velocity of wave-propagation is c / R  cos a a against c/a in air. Thus in a 
certain sense R cos a (that is, the real part of p) may be regarded as the 
refractive index of the metal for the kind of light under consideration ; but 1 
wish to remark that great confusion has arisen in the use of the expression 
" refractive index" as applied to metallic or quasi-metallic bodies, the same 
name being given to quantities which, thoiigh coincident for transparent 
matter, may here differ widely. 

Expressed in terms of y, and h, 

R cos a = 11 + J(1 + h2/c2D12)]* ; 
YI d2 

or if h/cD, be very large, 

R cos a = Y 2/(2c$) = 1/( ) Y/ 2Dc' 
which, we have seen, presumably increases with the period of vibration. In 
this approximation we have supposed that the influence of opacity is 
paramount, so that sin 2a = - 1 ,  and 

The wave-length within the medium may be taken to be 

on substitution of the value of c. Hence, if h be constant, the wave-length 
in the metal varies as the square root of the wave-length i n  air. The 
quantity here called the internal wave-length is that which physically best 
deserves the name; and i t  is connected with what we have called the 
refractive index by the usual relation, 

Interna1 wave-length = external wave-length + refractive index ; 

but i t  must be remembered that, from an analytical point of view, the 
internal wave-length and refractive index are imaginary, being denoted 
by X t p and p respectively. 
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The factor expressing the absorption is 

or, in terms of h', 
E-2u~/A ' .  tari a 

> 

where, i t  will be remembered, both x and tan a are negative, showing that, if 
a be constant, the penetration expressed in terms of X' is always the same. 
In cases where the influence of opacity is overwhelming, tan a = - 1. 

In order to form an idea of the sort of magnitudes with which we are 
dealing, let us take silver-an extrerne case. Exact measurements of the 
percentage of light reflected at  perpendicular incidence are wanting (so far as 
1 know); but De la Provostaye and Desaine found in some cases a reHection 
of dark heat amounting to 95 per cent. Using this in our formiilae, we find 

Now, since cosa cari uever be less than 1/1/2, it follows that 1/R can be 
neglected in couiparison with R ; and thus R = 80 cos a ; 

R COS a = 80 COS% a; R sin u = 40 sin 2a. 

If we further suppose that the great value of R is due to opacity, we rnay 
put cos a = 1/42, and 

Thus Xf=k/40 ; otherwise the ratio of h: : k is still smaller. 

For the metals it is probable that of the total reflection the greater part 
is due to opncity ; in other cases i t  often happens that the effect of opacity is 
only a slight increase of the reflection that would otherwise take place. 
Let us inquire what the strength of absorption must be. 

If  H denote the refractive index which the medium would possess in 
virtue of its density alone (yly,), we have 

while the reflection is given by 
. t anf -1  Reflection = -- 

taiif + 1 
and 

1 1 1 tarif=-(R+-)-- 2 cos a R - 2 cos a (--+ JCOS 2a J=9; PO 

from which it appears that, when a is small, itpl effect depends on a2. 

On the other hand the factor representing the absorption is 
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in which the coefficient of x: varies as a. For instance, let a2 = A. The 
effect on reflection would be insensible to ordinary observation, tho;gh the 
opacity is so great as to halve the light within a distance equal to the wave- 
length in air. Thus i t  is evident that, in order to aid in reflection, opacity 
must be very extreme. 

We have hitherto supposed that the reflection takes place a t  the bounding 
surface of the opaque medium and air; but i t  is easy to adapt our formule 
so as to express the result when the first medium, still supposed transparent, 
or a t  least not very opaque, has a refractive index different from unity. 
The only change required is to write R i p' for R. Thus a t  perpendicular 
incidence. 

2 
tanf = - (< + $) . cos a p 

If the reflection be still so good as to allow of the neglect of the second term, 
we have 

The reflection when light strikes from glass on silver would be considerably 
less perfect than when the first medium is air; in fact the percentage not 
reflected 

- 2 /LI COS a 
- 
i + tarif= R approx. 

So much for vibrations perpendicular to the plane of incidence. When 
we pass to the consideration of vibrations in that plane, we are embarrassed 
by difficulties of the kind met with in the theory of ordinary reflection, here 
presenting themselves in an aggravated form. If, following Green, we 
assumed the equations of motion applicable to elastic solids with the addition - - 
of terms proportional to the velocity to represent the fkictional loss, and 
further supposed that the rigidity is the same in the two media, while the 
compressibility is indefinitely small, we should arrive at  results differing only 
from his by the substitution of an imaginary for a real refractive index. 
But we know from experiment that Green's results are not verified for 
transparent media without a modification of doubtful significance, and of 
magnitude increasing rapidly with p. It is therefore useless to attempt 
to apply Green's results. The only other course appears to be to start from 
Fresnel's tangent-formula, and transform that, as we have done the one 
involving sines, by the introduction of a complex refractive index (and 
angle of refraction). This is what has been done by Cauchy and Eisenlohr. 
Following a process similar to that used for vibrations normal to the plane 
of incidence and with the same notation, we find that the intensity of the 
reflected light is represented by tan (g - @), where 

cotg = cos (a - u) . sin 2 tan-' - (R czs 8) ' 
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while the change of phase d' is given by 

C tan d' = sin (a - u) . tan 2 tan-' - 
(R cos 6) . 

However, what we should most require for comparison with experiment 
relates to the relative intensities and changes of phase of the two polarized 
components; and these are directly obtained by Eisenlohr by transforming 
Fresnel's correspondirig expression* after the introduction of the complex 
refractive index. I f  the ratio of the amplitudes be called tan& we have 

cos 2P = cos (a + u) . sin 2 tan-' - 
(cd::: 6) , 

tau (d' - d) = sin (a + u) . tan 2 tan-' - 
( C E 3  * 

c and u being determined as before. Eisenlohr has compared these formulæ 
with measurements made by Jamin relating to the so-called principal angle 
of incidence (making à ' -d  equal to @) and the corresponding ratio of 
amplitudes, and has deduced, as 1 have already remarked, values of the 
constants which make the real part of pa negative, and are therefore in- 
admissible. Another argument leading to the same conclusion is as follows. 

Consider a case in which f.2 is so considerable that c is sensibly equal to . - 

unity and a to zero, or, in other words, so refractive that the entering ray is 
always sensibly parallel to the normal of the surface ; and let the incident 
ray strike the surface a t  that particular angle which gives a relative phase- 
difference of a quarter of a period. The angle in question is that determined 
by sina d]cR cos 0 = 1 ; so that cos 2a =cos a. Since a must lie between 
O and - in-, cos 2P must be comprised between the limits 1 and 1/42. 
Now in order that the reflection may be perfect at  al1 angles of incidence, 
it is only necessary that the density or opacity or both should be sufficieritly 
large; and then cos 2P must be sensibly equal to zero. And yet if the 
formulae under consideration were true, there would always be a certain 
angle of incidence making the ratio of the two polarized components very 
different from unity-a state of things incompatible with a nearly complete 
reflection. 1 do not think that the failure of the forrnulæ for light vibrating 
in the plane of incidence need cause surprise, when i t  is considered that 
Fresnel's tangent-formula, which forms the starting-point of the investigation, 
is not verified even with transparent media, and differs more and more from 
the truth as the refracting-power increases. The failure of theory is the 
more unfortunate, because the relative change of phase and ratio of ampli- 
tudes for the two polarized components are precisely the quantities best 
adapted to experimental measurement. As i t  is, we must conclude, 1 fear, 

* cos (B, + O) 
cos (O,  - O )  ' 
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that the careful investigations of Jamin on the subject are a t  present un- 
available for the purpose of forming an estimate of the values of the density 
and opacity of the .various metals. Experiments on the absolute reflecting- 
power of the metals for the different parts of the spectrum at perpendicular 
incidence would be valuable and probably easy; but they do not appear 
to have been attempted. 

I t  has hitherto been supposed that there is no interruption in the con- 
tinuity of the metallic medium within such a distance from the surface that 
the intromitted wave is still sensible. This is a very different thing from 
assuming, as i t  has been asserted that the theory does*, that the reflection 
takes place entirely from the surface, if indeed such an assumption could 
have any meaning. When, as in the experiments of Quincke, the metallic 
layer is so thin as to transmit a sensible quantity of light, i t  is clear that the 
theory requires modification. If the media on the two sides of the metal 
are optically similar, a sufficient reduction of the thickness of the layer must 
a t  last result in a destruction of the reflection, just as with thin transparent 
plates. 

One of the most remarkable of Quincke's results relates to the influence of 
a thin metallic layer on the phase of the transmitted light. In  many cases 
the phase was accelerated so as to be in advance of what would correspond to 
a layer of air in place of the silver-an effect which, according to ordinary 
ideas, would imply a refractive index less than unity. However, i t  is not 
dificult to see that, in regard to the effect on the phase of the transmitted 
wave, the influence of opacity is altogether different from that of density. 
According to a method used by me in the investigation of the light scattered 
from very small particles (as in the sky)t, we may suppose that the incident 
wave passes on undisturbed, if suitable forces are imagined to act on the 
s ther  in the metal in order to compensate for the alteration of optical pro- 
perties. I n  the case when the thickness of the metallic plate is small 
compared to the interna1 wave-length, this point of view possesses con- 
siderable advantages, and gives a clear insight into the peculiarities of the 
question. The forces which we must suppose t o  act in the region of the 
metallic layer divide themselves into two groups-one dependent on variation 
of density, and the other on opacity. The first set correspond in phase with 
the acceleration of the sther, the second with the velocity. There is thus a 
difference of a quarter of a period. In  my former paper 1 showed that 
the effect of a force acting at  any point is to produce at  another, distant r 
from it, a disturbance whose retardation relative to the force is r simply. 
I n  our case each particle of the plate must be considered to be a centre from 
which a disturbance emanates ; and it will readily appear that the phase due 

* Wüllner, Leh~buch der experimentakn Physik, vol. II. p. 471. 
t Pliil. Nag. February 1871. [Art. VIII.] 
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to the whole system of forces is just a quarter of a period behind that 
corresponding to that element of disturbance which suffers least retardation. 
In fa& if we-divide the whole plate into Huyghens's zones, we know that the 
effect of the whole is the half of that of the first zone. Now the phase of 
the disturbance due to the first zone is the mean between that corresponding 
to its centre and circumference, of which the latter is half a period behind 
the former. Thus the wave produced by the set of forces due to the altera- 
tion of density is a quarter of a period behind the direct wave which has been 
supposed to pass through undisturbed. The effect of the disturbance is 
accordingly a maximum on the phase (calculated without allowance for the 
metallic plate), and a minimum (to the order of approximation here con- 
sidered, vanishing) on the intensity. It is just the opposite with the second 
group of forces due to the opacity, which are originally a quarter of a period 
behind the first. The disturbance due to them will be half a period behiud 
the direct wave with which i t  has to be compounded, and therefore produces 
a maximum effect on the intensity n~zd a vunislting one on the phase. A very 
thin film can produce no effect on the phase of the transmitted light in virtue 
of its opacity, however great, but acts just as if it were deprived of its 
absorbent power and reduced to the condition of an ordinary transparent 
plate. Of course this does not explain the acceleration of phase found by 
Quincke; but i t  shows a t  least that we must be prepared to distinguish 
between the effects of density and opacity, though these are in the same 
direction so far as regards the magnitude of the reflection &c. 

Let us then consider analytically the behaviour of a thin metallic plate 
when light is incident normally upon it. Above let the disturbance be 

In the interior we must introduce both kinds of exponentials, in order to 
represent the reflection from the second surface. Thus 

= Arei(a,z+ct> + Br&(-ag+ct) 
2 

where a, = pa as before. 

The conditions to be satisfied are the continuity of 5 and dydz a t  the 
two surfaces of separation, viz. when x = O and when x = - 6, which give four 
simple equations for the determination of B,, A', B', A,. On elimination of 
A', B', we obtain 

- 1) i sin 
B, = - 

2p cos p 8  + (f.2 + 1) i sin ' 
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These expressions contain the ordinary results for transparent plates. Con- 
sidering p real, the reflected wave is 

(P - 1) sin pa8 1-ax+ot+e) 

d4p2 cos2 ~ a 6  + (pz + 1)2 sin2 pu6 
, 

where 

t a n e = -  ' ' tan pas. 
2~ 

Similarly the transmitted wave is 

1 ,i iaz+ct+tG+e'l 

dcosa pu6 + t (pz + lI)a/pz . sin2 pu8 
where 

p + 1 tan e'= - - tan p 8 .  
2~ 

If pas be very small, the expression for the wave becomes approximately 

I n  this case there is no loss of intensity in the transmitted light, and the 
retardution is + (pa - 1)  6. 

But if p be complex (equd to Reia), 

- (R2eaia - 1) i sin (Rsiaa8) BI = 
2Reia cos (Reina8) + 2 (RZs2ia + 1) sin (RsiaaS) ' 

The intensity of the reflected light is to be found by multiplying BI by the 
quantity derived from it by changing the sign of 2. The numerator of the 
resulting fraction is 

(R4 - 2R2 COS 2a + 1) sin (RE"aa6) sin ( R ~ ~ ~ u 8 ) .  

The product of sines is the half of 

cos {2R sin a .  iaS} - cos {2R cos a .  a81 

We may infer that the intensity of the reflected light is nearly proportional to 

2 cos {2R cos a .  u8) 
- $Rsina.ao + s-z&jina. aâ 

For transparent media the sum of exponentials reduces to the constant 2, 
but for opaque media i t  increases rapidly with 8. After the first, correspond- 
ing to 8 = 0, the minima are no longer zero, and soon al1 fluctuation becomes 
insensible. 

Another effect of the exponential terms is to displace the position of the 
maxima and minima with respect to S. They tend to occur earlier than they 
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otherwise would do. I n  our ignorance of the values of the constants i t  
seems hardly worth while to follow the result more minutely. 

The transformation of A, when p. is complex leads to a long expression ; 
and 1 will therefore confine myself to the particular case of a very thin layer, 
whose thickness does not amount to more than a small fraction of the wave- 
length. 

Let the reduced expression for the transmitted wave be 

Then e' is given by the equation 
D'-D 

tan et = 
i (D'+ D)' 

if we denote the denominator of the expression for A, by D, that derived 
from it by changing the sign of i by D'. Now 

R ~ ~ z k ( ~ 6 ) a  1 + &2ia 

D = 1 -  
2 + 2 

iu6 + cubes in 6, 

:. D' - D = R3a2G% sin 2a - ia6 (1 +Ra cos 2a), 

- a6 ( 1  + Rkos  22) + RS sin 2a. a%= :. tane' = 
2 - R 2 c o s 2 a . a 2 8 - R 2 s i n 2 a . a 6  

- - - a8 (1 + R 2  cos 2a) il + R2 sin 2a.  a8 (g - 
2 2 

As a first approximation, 

and the transmitted wave is 

so that the retardation is Q (R%os 2a - 1) 6 ,  independent of the opacity, as 
we have already seen i t  ought to be. 

The second term in the approximate value of e' has a contrary effect 
to the first, because sin 2a is negative. Moreover sin 2a is numerically large. 
This may account for the acceleration of phase observed by Quincke-though 
if this explanation be correct, there must always be a retardation when the 
film is thin enough. I t  may happen that, in virtue of the great opacity of 
silver, its elimination by a reduction of the thickness may be impracticable 
without at  the same time bringing the retardation due to density below the 
point a t  which it could be detected. 
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Postscript.-Since the above was written there has appeared a paper by 
O. E. Meyer, entitled " An Attempt to account for Anomalous Dispersion of 
Light"", in which the author arrives at  an expression for the refractive 
index equivalent to that found above as the value of R cos a, namely 

Considering h constant, he sees in this an explanation of anornalous dis- 
persion, inasmuch as R cos a increases with X, (c = X-l). In  this view 1 
cannot at  al1 agree. Meyer seems to have overlooked the fact that h (in his 
notation K),  the constant of opacity, is subject to enormous chromatic 
variations, in cornparison with which those of h may be treated as quite 
insignificant. But this is not all. It has been laid down by Kundt as 
the result of his observations-and a very remarkable and suggestive result 
i t  is-that the anomalous effect is not confined to those rays which are 
intensely absorbed. Probably indeed the effect vanishes a t  that part of the 
spectrum which corresponds to the centre of the absorption-band, where, 
according to Meyer's formula (though not his interpretation of it), i t  should 
be a maximum. 1 have already indicated what appears to me to be the true 
mechanical character of the phenornenon by an illustration derived from 
ordinary dynamics. The mathematical analysis of the problem referred to, 
which turns up in almost al1 branches of physics dealing with vibrations, 
is well known and therefore need not be given heret.  

* Pogg. Ann. vol. o x ~ v .  p. 80, translated in Phil. Mag. vol. XLIII. p. 295. 
+ [1899. See footnote on p. 142. 1 have lately dimovered that Maxwell had (earlier than 

Sellmeier) considered the problem of anomalous dispersion. His results were given in the 
Mathematical Tripos Examination, Jan. 21, 1869 (see Camlwidge Calendar for that year), and 
they may have been in my mind when the text of this paper was written.] 
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PRELIMINARY NOTE ON THE REPRODUCTION OF DIF- 
FRACTION-GRATINGS BY MEANS OF PHOTOGRAPHY. 

[Proceedings qf the Royal Society, Vol. XX. pp. 414-417, 18'12.1 

DURING the last autumn and winter 1 was much engaged with experi- 
ments on the reproduction of gratings by means of photography, and met 
with a considerable degree of success. A severe illness has prevented my 
pursuing the subject for some months, and my results are in consequence 
still far from complete ; but as 1 may not be able immediately to resume my 
experiments, 1 think i t  desirable to lay this preliminary note before the 
Royal Society, reserving the details and some theoretical work eonnected 
with the subject for another opportunity. 

I t  is some yeam since the idea first occurred to me of taking advantage 
of the minute delineating power of photography to reproduce with facility 
the work of so much time and trouble. 1 thought of constructing a grating 
on a comparatively large scale, and afterwards reducing by the lens and 
camera to the required fineness. 1 am now rather inclined to think that 
nothing woiild be gained by this course, that the construction of a grating of 
a given number of lines and with a given accuracy would not be greatly 
facilitated by enlarging the scale, and that i t  is doubtfiil whether photo- 
graphie or other lenses are capable of the work that would be required of 
them. 

However this may be, the method that 1 adopted is better in every 
respect, except perhaps one. Having provided myself with a grating by 
Nobert with 3000 lines ruled over a square inch, 1 printed from it on 
sensitive dry plates in the same way as transparencies for the lantern are 
usually printed from negatives. 
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In  order to give myself the best chance of sciccess, 1 took as a source of 
light the image of the Sun formed by a lens placed in the shutter of a dark 
room. 1 hoped in this way that, even if there should be a small interval 
between the lines of the grating and the sensitive surface, still a shadow 
of the lines would be thrown across it. Results of great promise were at 
once obtained, and after a little practice 1 found it possible to produce 
copies comparing not unfavourably with the original. A source of un- 
certainty lay in the imperfect flatness of the glass on which the sensitive 
film Ras prepared, though care was taken to choose the flattest pieces of 
patent plate. The remedy is, of course, to use worked glass, which is 
required in any case if the magnifying-power of a telescope is to be made 
available. 

Almost any of the dry processes known to photographers may be used. 
1 have tried plain albumen, albumen on plain collodion, and Taupenot 
plates. The requirements of the case differ materially from those of ordinary 
photography, sensitiveness being no object, and hardness rather than softuess 
desirable in the results. After partial development, 1 have found a treatment 
with iodine, in order to clear the transparent parts, very useful. I n  pro- 
ceeding with the intensifying, the deposit falls wholly on the parts that are 
to be opaque. It is more essential that the transparent parts should be 
quite clear than that the dark parts should be very opaque. 

The performance of these gratings is very satisfactory. I n  examining 
the solar spectrum, 1 have not been able to detect any decided inferiority 
in the defining-power of the copies. With them, as with the original, the 
nickel line between the D's is easily seen in the third spectrum. 1 work in 
a dark room, setting up the grating at  a distance from the slit fastened in 
the shutter, and using no collimat6r. The telescope is made up of a single 
lens of about thirty inches focus for object-glass, and an ordinary eyepiece 
held independently. 1 believe this arrangement to be more efficient than a 
common spectroscope, with collimator and telescope al1 on one stand; at 
any rate, the magnifying-power is considerably greater, and i t  seems to be 
well borne. 

1 have also experimented on the reproduction of gratings by a very 
different kind of photography. It will be remembered that a mixture of 
gelatine with bichromate of potash is sensitive to the action of light, 
becoming insoluble, even in hot water, after exposure. In  ordinary carbon 
printing the colouring-matter is mixed with the gelatine and the print is 
developed with warm water, having been first transferred so as to expose 
to the action of the water what was during the operation of the light the 
hind surface. In  my experiments the colouring-matter was omitted, and the 
bichromated gelatine poured on the glass like collodion and then allowed 
to dry in the dark. A few minutes' exposure t o  the direct rays of the sun 
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then sufficed to produce such a modificat,ion iinder the lines of the gratings 
that, on treatment with warm water, a copy of the original was produced 
capable of giving brilliant spectra. I n  these gelatine-gratings al1 parts axe 
alike transparent, so that the cause of the peculiar effect must lie in an 
alternate elevation and depression of the surface. That this is the case may 
be proved by pressing soft sealing-wax on the grating, when an impression 
appears on the wax, giving i t  an effect like that of mother-of-pearl. It is 
known that the effect of water on a gelatine print is to make the protected 
parts project in consequence of their greater absorption, but i t  might have 
been expected that on drying the whole would have come flat again. I t  is 
difficult to Say exactly what does happen; and 1 am not even sure whether 
the part protected by the scratch on the original is raised or sunk. Gelatine 
can scarcely be actually dissolved away, because the uppermost layer must 
have become insoluble under the influence of light. 1 do not a t  present see 
my way to working by transfer, as in ordinary carbon printing. 

1 have not yet been able to reduce the production of these gelatine- 
gratings to a certainty, but can hardly doubt the possibility of doing so. 
One or two of considerable perfection have been made, capable of showing 
the nickel line between the D's, and giving spectra of greater brightness 
than the common photographs. Not only so, but the gelatine copy surpasses 
even the original in respect of brightness. The reason is that, on account of 
the broadening of the shadow of the scratch, a more favourable ratio is 
established between the breadths of the alternate parts. 

Theory shows that with gratings composed of alternate transparent and 
opaque parts the utmost fraction of the original light that can be concen- 
trated in one spectrum is only about A, and that this happens in the first 
spectrum when the dark and bright parts are equal. But if instead of an 
opaque bar stopping the light, a transparent bar capable of retarding the 
light by half an undulation can be substituted, there would be a fourfold 
increase in the light of the first spectrum. 1 accordingly anticipate that the 
gelatine-g-ratings are likely to prove ultimately the best, if the conditions 
of their production can be sufficiently mastered. 

With regard to the application of the photographs, 1 need not Say much 
a t  present ; it is evident that the use of gratings would become more generd 
if the cost were reduced in the proportion, Say, of 20 to 1, more particularly if 
there were no accompanying inferiority of performance. 

The specimens sent with this paper are both capable of showing the 
nickel line and give fairly bright spectra, but they must not be supposed 
to be the limit of what is possible. From their appearance under the 
microscope 1 see no reason to doubt that lines GO00 to the inch can be 
copied by the same method, a point which 1 hope shortly to put to the 
test of experiment. 
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ON THE APPLICATION OF PHOTOGRAPHY TO COPY 
DIFFRACTION-GRATINGS. 

[British Association Report, 1872, p. 39.1 

GREAT interest has always attached itself to the beautiful phenomena 
discovered by Fraunhofer, which present themselves when a beam of light 
falls on a surface ruled with a great number of parallel and equidistant lines. 
Their unexpected character, the brilliant show of colour, and the ready 
explanation of the main points on the principles of the Wave Theory 
recommend them to all, while the working physicist recognizes in them the 
key to the exact measurement of wave-lengths, which has been so splendidly 
used by Angstrtirn and others. 

The production, however, of gratings of sufficient fineness and regularity 
is a matter of no ordinary difficulty. Indeed the exactness required and 
obtained is almost incredible. The wave-lengths of the two sodium lines 
differ by about the thousandth part. If in two gratings, or two parts of the 
same grating, the average interval between the divisions differed by this 
fraction, the less refrangible sodium line of one would be superposed on the 
more refrangible corresponding to the other. I n  point of fact the gratings 
ruled by Nobert of Barth, to whom the scientific world has been greatly 
indebted, are capable of distinguishing a difference of wave-length probably 
of a tenth part of that above mentioned. But in order that the D-lines may 
be resolved a t  all, there must be no average error (running over a large part 
of the grating) of do part of the interval between consecutive lines. When 
it is remembered what the interval is (from to of an inch, or even 
less), the degree of success which has been reached seems very remarkable. 

A work requiring so much accuracy is necessarily costly-the reason, 
probably, why gratings fit to be used with the telescope for the purpose of 
showing the fixed lines are comparatively rare. The hope of being able to 
perfect a process for the reproduction of gratings a t  a comparatively cheap rate 
has induced the author to return a t  the first opportunity to the experiments 
described in a Preliminary Note read before the Royal Society in June last. 
Although the subject is as yet by no means exhausted, the autlior thought i t  
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worth while to bring before the Association an account of the progress that 
has been made, with specimens of the results. 

The method of procedure is very simple. A dry plate prepared by any 
photographic process on a flat surface of glass, or other transparent material 
not affected by the fluid tnedia employed, is brought into contact with the 
ruled surface of the grating in a printing-frame, and exposed to light. In 
the author's first experiments he used exclusively as a source of light the 
image of the sun in a lens of short focus placed in the shiitter of a darkened 
room ; but so small a source is not necessary. The light from the clouds or 
sky reflected by a mirror through a hole several inches in aperture will be 
sufficiently concentrated if the frame be a few feet distant. The author has 
not as yet specially investigated the point, but he believes that if the light 
were too much diffused, the experiment would fail. Much would, no doubt, 
depend on the perfection of the contact-an element very likely to Vary. 
The variable intensity of diffused daylight, which it is almost impossible 
to estimate with precision, has induced him to use exclusively in his 
later experiments with ordinary photographic plates the light of a mode- 
rator lamp. This, with globe removed, is placed at a distance of 1 or 2 
feet from the printing-frame, the distance being carefully measured. 
Working in this way there is little difficulty in giving consecutive plates 
any relative exposure that may be required. A collateral advantage is 
the possibility of operating at  any time of the day or night. 

With regard to the preparation of the plates, the author has latterly been 
using the tannin process introduced by Major Russell. A preliminary 
coating with dilute albumen is generally advisable, as any loosening of 
the film from the glass must be avoided on account of the distortion 
that i t  might introduce. In  some states of the collodion an edging of black 
varnish put on after the exposure is sufficient to hold the film down. The 
glasses, after being coated with collodion (Mawson's was used), are immersed 
as usual in the silver bath, and then allowed to soak in distilled water, best 
contained in a dipping-bath. They are then washed under a tap for about 
half a minute, and put into the tannin solution (about 15 grains to the 
ounce) held, in the author's practice, in a small dish. The author usually 
prepares his plates in the evening, standing them up to dry on blottiug 
paper. In the morning they are in a fit state for use. Artificial heat might 
no doubt be used if a more rapid drying were desired. 

At a distance of about 1 foot from the lamp the exposure required is four 
or five minutes. The development is the most critical part of the process. 
The pyrogallic solution should contain plenty of acid (acetic or citric), and its 
action must not be pushed too far-the mistake which a photographer 
accustomed to negative work is most likely to make. At this stage the 
spectra given by a candle-flame are not very brilliant, on account of the 
iodide of silver still covering the parts which are t o  be transparent. Any 

R. 1. 11 
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trace of fog is especially to be avoided. The author has experienced 
advantage in many cases from a solution of iodine in iodide of potassium 
applied to the film previously to fixing ; but its action must be carefully 
watched, or too much silver will be converted. The iodide of silver is then 
cleared away with hyposiilphite of soda or cyanide, followed by a careful 
washing under the tap. 

With regard to the gelatine copies, the author has not much to add to 
the account read before the Royal Society. The process is very simple and 
some of the results very perfect, but he has not hitherto succeeded in 
sufficiently mastering the details. Plates apparently treated in precisely the 
same manner turned out very differently. That difficulties should arise is 
not very extraordinary, considering the novelty of the method; but i t  is 
curious that some of the very first batch prepared are among the best yet 
produced. The value of the results is so great that the author has no inten- 
tion of abandoning his attempts, and perseverance must a t  last secure 
success. 

The author then said a few words about the performance and prospects of 
the new copies. Their defining power on the fixed lines in the solar spectrum 
is al1 that could be desired, being, so far as he can see, in no way inferior to 
the originals. In the third spectrum the 3000 to the inch gratings show the 
line between the D's, if the other optical arrangements are suitable. The 
fourth line of the groiip b is distinguished with the utmost ease. The 
author is not sufficiently familiar with spectroscopic work to make an exact 
cornparison, but presumes that two prisms of 60" at  least would be required 
to effect as much. The author is here speaking of photographs on worked 
glass. With ordinary patent plate, althoagh very good results may be 
obtained if tested by the naked eye only, i t  is a great chance whether the 
magnifying power of a telescope will not reveal the imperfect character 
of the surface. 

With direct sunlight the light is abundantly sufficient; but i t  is here 
in al1 probability that the weak point of gratings lies. It should be 
distinctly understood that where light ie deficient gratings will not compete 
with prisms. There are cases, however, where the scale inight be turned by 
the opacity of al1 highly dispersive substances to the rays under examination. 
Even if glass be retained as the substratum, i t  may be used in a very thin 
layer, while prisms are essentially thick. The immense advantage of a 
diffraction-spectrurn for the investigation of dark heat need not here be 
insisted on. Taking al1 things into consideration, i t  is probable that photo- 
graphed gratings will supersede prisms for soine purposes, though certainly 
not for all. 

The specimens exhibited by Mr Ladd are copies of two gratings by 
Nobert, each of a square inch in surface, the one containing 3000 and the 
other 6000 lines. The latter cost about £20. 
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ON THE DIFFRAC'I'ION O F  OBJECT-GLASSES. 

[Astron. Soc. Month. Not. XXXIII. pp. 59-63, 18'12.1 

IN observing the Sun with a telescope astronomers have to adopt some 
device in order to obviate the injurious effects which the intense light 
and heat would otherwise have on the eye. The most obvious way of doing 
this would be to coutract the aperture of the object-glass, until the amount 
of light was reduced to within the necessary limit. But, as is well known, 
such a course cannot be followed without an enormous sacrifice of definition. 
The image, in the focus of the object-glass, of a mathematical point is a patch 
of light surrounded by rings, the dimensions of the system for a given wave- 
length varying iriversely with the diameter of the lem. If this be reduced 
by a diaphragm, the patches dilate, those whose centres are within a small 
distance overlap, and the resolving power of the telescope suffers. 

I t  has occurred to me that the result would be quite otherwise if, instead 
of the marginal, the central parts of the glass were stopped off, so that the 
light, coming from the lens to the focus, formed a hollow cone of rays. In 
this case the peculiar advantage of a large aperture would not be lost, while 
any imperfections arising from outstanding spherical aberration would be 
much diminished. 

The general dependence of the diffraction phenornena which occur a t  
the focus of a telescope on the aperture and wave-length may be explained 
without mathematical analysis. Consider the centre of the image given by a 
well-corrected object-glass, as illuminated by secondary waves comirig from 
every part. Since the phases of al1 these elements agree a t  the point in 
question, the illumination is a maximum, and varies as the square of the 
area of the object-glass. Now take a neighbouring point in the focal plane. 
If the difference of its distances from the nearest and furthest point of the 
lens be but a small fraction of the wave-length [A] of the light, the illumination 

11-2 
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must be sensibly the same as before. The distance which it is necessary to 
go from the centre, in order that the illumination may be diminished in a 
given proportion, will evidently Vary directly with X, and inversely with the 
diameter of tche glass. If, then, we cover up the edge of the glass, the image 
of a point dilates, but no such effect ensues if we obstruct the central parts. 

Another point seems to deserve a passing remark. Red glass is, 1 
believe, often used to diminish the solar glare. Frorn an optical point of 
view, this is the worst that could be chosen, for the ring system, being 
proportional to X, is the largest for red light. The wave-lengths for the 
fixed lines C and F are in the ratio 655:486. The substitution of a 
green-blue light for red would therefore be equivalent to an enlargement 
of about one-third in  the diameter of the object-glass. 

My immediate object in the preeent communication is, if possible, to 
induce some astronomer in possession of a good telescope to make a few 
observations on the defining power of an object-glass provided with a 
central stop. The subject might be either the Sun himself, or as in 
Foucault's experiments (Verdet, Leçons d'optique Physique, tom. 1. p. 308), 
a scale illuminated by sunlight and placed a t  a sufficient distance. Any 
results that might be obtained could not fail to interest physicists 
generally. 

1 append a mathematical statement of the two most contrasted cases, 
namely, (1) when the object-glass is completely uncovered, (2) when a 
narrow marginal rim is alone left to act. 

Let d I  denote the amplitude of the vibration corresponding to a ring 
(2rRdR) of the object-glass a t  a point whose distance from the centre of the 
image subtends a t  the lens an angle B. Then, if x = 21rr sin B RIA, 

where JO($) = 1 [cos (8 cos 4)  d4 ,  
%- O 

is the Bessel's function of zero order. 

For the complete aperture from O to R, we have 

The intensity is represented in the two cases by the squares of dI and I. 

The expression for I may be written 
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Now, differentiation being denoted by accents, J,(x) satisfies the 
equation 

1 
J,"+-JO+ Jo=O, 

x 
whence 

so that 2 JO' (4 I=-7TR2.- 
x '  

or since J i  ( x )  = - JI (x) ,  
2 J l ( 4  I = 7 T R Z .  

x 

The intensities in the two cases are accordingly in the ratio 

Let us consider first the positions of the dark rings. Their radii are 
given by the roots of the equations Jl (x) = O and JO ( x )  = 0. 

I n  case ( 2 )  {JO ( x )  = O} the values of x corresponding to the dark rings are 

being ultimately of the form (m - 4) 7~ for the rnth dark ring. These are for 
the pattern givon by the marginal rim alone. For the whole lens we require 
the roots of Jl ( x )  = O, which are 

the mth being ultimately (m +a) T. So far the advantage lies entirely with 
case ( 2 ) .  If the size of the image be regarded as the space included within 
the first dark ring, the rim above gives a smaller image than the whole 
lens in the ratio of 2.41 : 3.83, or about 1 : 1 .6 .  From Foucault's experiments 
(see Verdet) it would appear that the effective image does not extend so far 
as even to the first dark circle. Something, however, may depend upon the 
distribution of brightness. The functions 2x-IJ,(x), J,(x) have their greatest 
values mhen x = 0, and are then both equal to unity. But the maxima after 
the first are less for 2x-1 JI (x) than for JO($). The positions of the maxima 
of [J,(x)]~ are given by the equation JI(%) = 0, and are the sarne as those 
just found for the vanishing of i2x-l JI (x)ja. 

Corresponding to the values of x, 

we have for JO(%) without regard to ~ i g n  
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The squares of these give the maxima illuminations. TO find when 
2x-'JI($) is a maximum, we have by differentiation, 

J< (x) - x-l J1 (8) = O. 

But by a property of these functions, 

Jz (LG) = x-1 JI (x) - Ji (x) ; 

and therefore Our conditions are simply J, (x) = O. 

This gives for x approximately 

5.1, 8.4, 11'6, &c., 

the series being ultimately the same as for JO($), so that the (m- 1)th 
root is (m - a) T. 

The corresponding values of 2fl-l Jl (g), without regard to sign, are 

*13, -064, -040, &c. 

For convenience of comparison 1 have drawn up a table of the maximum 
intensities, and of the places where the maxima and minima occur in 
the two cases. The calculations were made by means of the tables of Bessel's 
functions computed by Hansen (Lommel, Studien ueber die Bessel'schen 
Func tionen). 

1st max. 
1st min. 
2nd max. 
2nd min. 
3rd max. 
3rd min. 
4th max. 
4th min. 

Whole Lens Marginal Rim 

P.8. Since the above paper was written, Dar Dunkin hm called my 
attention to a paper by the Astronomer Royal on "The Diffraction of an 
Annular Aperture" (Phil. May., Jan. 1841), with which 1 was previously 
ixnacquainted. The purport of the two papers is, however, quite different. 
My object was not to solve a problem in physical optics, but to direct the 
attention of the possessors of telescopes to the theoretical consequences of 
using a central stop, and to suggest that its application may possibly be 
found advantageous in observations where light would otherwise be in excess. 
There is no pretence of originality in the mathematics ; indeed, the solution 
of the problem for an annulus is a [usual] step in the treatment of the 
question of a lens with full aperture, the details of which are well known. 
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AN EXPERIMENT TO ILLUSTRATE THE INDUCTION ON 
ITSELF OP AN ELECTRIC CURRENT. 

[Nature, YI. p. 64, 1872.1 

IT is well known that the sudden development of a current in a conductor 
is opposed by an influence analogous to the inertiu of ordinary matter. A 
powerful movement of electricity cannot be suddenly produced ; neither can 
it be suddenly stopped. One consequence is that a periodic interruption 
of a circuit in which a constant electromotive force acts is sufficient, when 
the self-induction is great, to stop al1 sensible current, even although the 
interruptions themselves may be of very short duration. Before any copious 
flow can be produced the circuit is broken, and the work has to be begun 
over again. Whether in any particular case the influence of self-induction is 
parainount, or not, will depend also on the resistance of the circuit, and on 
the rapidity of the intermittence. The magnitudes which really corne into 
direct comparison are the interval between the breaks, and the time which 
would elapse while a current, generated in the circuit and then left to itself, 
falls to a specific fraction (such as one half) of its original magnitude. I n  
ordinary cases the duration of transient currents is but a small part of a 
second of time, so that, in order to bring out the effects of self-induction, 
the breaks ~ n u s t  recur with considerable rapidity. 

There is, however, one remarkable exception to the general nile, which 
occurs when, alongside of the principal coil to which the sluggishness is due, 
there exists an independent course along which the electricity can circulate. 
For instance, suppose that a coil with two wires, such as is often used for 
electro-magnets, is so arranged that one wire is included in the principal 
circuit, while the ends of the other are joined. The effect of the second 
circuit is then to neutralise the self-induction of the first, and so to increase 
largely the current that passes through it. Let us trace the progress of 
the phenornenon; supposing that the first circuit has been closed for a 
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sutficient time to allow of the development of the full current which can 
be excited by the actual electromotive force. 

The moment the rupture is complete, the current in the first wire miist 
stop, but another of the saine magnitude and direction is at  once developed 
in the neighbouring circuit. I n  fact, in virtue of its inertia, the electrical 
motion tends to continue with as little change as possible, a result which 
is attained in great degree by the formation of the second current to fil1 
the place of the first. In a short time the induced current would diminish 
and become insensible under the operation of resistance (analogous to ordi- 
nary kiction); but we are supposing that before this takes place to any 
considerable extent the contact is renewed, and the electromotive force again 
begins, in the first circuit, to push the electricity on. I t  is now that the 
peculiarity of the arrangement manifests itself The current instantly 
transfers itself back again to the first circuit, which thus, without any delay, 
has the advantage of the full current which the electromotive force can 
sustain. If i t  had not been for the second circuit and its current, the develop- 
ment in the first would only have been gradual, and by supposition so slow 
that it would be checked by another interruption before any considerable 
progress could be made. In  short, the self-induction of the principal circuit 
is virtually destroyed*. 

In  my experinlent the principal circuit consisted of a Smee ce11 and one 
wire of a coil belonging to a large electro-magnet, and which 1 may cal1 A , .  
The interrupter was a tuniiig-fork, arranged after Helmholtz, and set into 
regular vibrations of about 128 per second by an independent current and 
battery. The fork itself was forged by the village blncksmith, and the whole 
affair was home-made. Across one prong was placed a sort of rider of copper 
wire, dipping on either side into a mercury cup, and so arranged that during 
the vibration its ends should enter and leave the mercury, thereby establishing 
and interrupting the continuity of the circuit. The current was measured by 
means of a short-wire galvanometer whose electrodes were connected with 
two neighbouring points of the circuit in such a manner that a small but 
constant proportion of the entire current passed through the instrument. 
The second wire of the coil A,, which is similar to the first and pu t  on with 
it, formed the second circuit, when its ends were joined by a short wire. In  
order to increase at  pleasure the effects of induction, iron wires or rods of 
about a quarter of an  inch in diameter were provided, whose insertion in 
the coil materially increased the decisiveness of the result. 

I n  the first place, the deflection produced on the galvanometer when 
the circuit was permanently completed was 58", which to fell 39" when the 

* Mathematicians familiar with the theory of electricity will follow this by putting the three 
induction coefficients (in Maxwell's notation, L, M, N) eqnal, and the resistance of the second 
circuit, S, equal to zero. 
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interrupter wns at  work, the circuit of A ,  being open, and without iron. On 
closing A,  the deflection rose to 46". A, was again opened, and one iron 
wire introduced, which gave 30". Two wiïes gave 25", while the introduction 
of thirty reduced the deflection to 12". Again closing A , ,  the reading was 
43", raised to 44" only by the removal of the iron. I t  was clear that the 
second circuit almost secured the first from the influence of induction, which 
otherwise greatly reduced the electrical circulation. 1 may add that the 
arrangement was very efficient, the galvanometer needle remaining perfectly 
steady, so that the readings could be taken with ease and accuracy. 

Another experiment made a t  the same time (about two years ago) may 
be noticed, if only for its contrast with the preceding. The coil A,, being 
removed from the main circuit, was included in the branch with the galvano- 
meter, as shown in the figure. Here neither the insertion of iron nor the 

closing of A, made any difference ; the circuit containing the coil remaining 
always closed, whatever might be the condition of the other. In  such circum- 
stances the average current indicated by the galvanometer is independent of 
the self-induction of the coil, varying only with the resistance in the branch, 
and with the average difference of potential at  the points of derivation. 
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SOME GENERAL THEOREMS RELATING TO VIBRATIONS. 

[Proceedings of the London Mathematical fiociety, Vol. IV. pp. 357-368, 
1873.1 

THIS paper contains a short account of sorne general theorems, with 
which 1 have lately become acquainted during the preparation of a work 
on Acoustics. As they seem to possess considerable interest, 1 take the 
present opportunity of bringing them before the Society. 

The natural periods of a conservative system, vibrnting freely about a 
conjiguration of stable equilibm'um, fulfil the stationa~y condition. 

Let the system be referred, in the usual manner, to independent co- 
ordinates +,, yb2, q,,. .. whose origin is taken to correspond with the con- 
figuration of equilibrium. Then, the square of the motion beirig neglected, 
the kinetic and potential energies are expressible in the form 

where [Il] ..., Ill} ... are constants, subject to the condition of making 
Y' and V always positive. For the present purpose, i t  is convenient, though 
not necessary, to transform the coordinates in the manner explained in 
Thomson and Tait's Natural Philosophy, 5 33'1, so as to reduce T and V 
to a sum of squares; 

T=+[i]+:+&[2]$2+ ..................... (31, 

where the coefficients are necessarily positive. The natural vibrations of 
the system are those represented by the separate variation of the coordinates 
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+,, +,, ... ; and the corresponding differential equations obtained by Lagrange's 
method are of the form 

........................... [SI é;, + {sj 4#Jg = O (5 ) ,  

showing that the period of the natural vibration +, is given by 

Let us now suppose that the system is no longer allowed to choose its 
type of vibration, but that an arbitrary type is imposed upon i t  by a suitable 
constraint, leaving only one degree of freedom. Thus, let 

where A,, A,, ... are given real coefficients. The expressions for T and V 
become 

T = { + [ l ] A : +  &[2] A I +  ...... )&  ............... (Sh 

whence, if 8 varies as cos pt, 

This gives the period of the vibration of constrained type; and it is evident 
that the period is stationary, when al1 but one of the coefficients A,, A,, ... 
vanish, that is to Say, when the type coincides with one of those natural to 
the system. 

By means of this theorem we may prove that an increase in the mass of 
any part of a vibrating system is attended by a prolongation of al1 the 
natural periods, or at  any rate that no period can be diminished. Siippose 
the increment of mass to be infinitesimal. After the alteration, the types 
of vibration will in general be changed; but, by a suitable constraint, the 
system may be made to retain any one of the former types. If this be done, 
it is certain that any vibration which involves a motion of the part whose 
mass is increased, has its period prolonged. Only as a particular case (as, 
for example, when a load is placed at  the node of a vibrating string) can the 
period remain unchanged. The theorem now allows us to assert that the 
removal of the constraint, and the consequent change of type, can only affect 
the period by a quantity of the second order; and that therefore, in the 
limit, the free period cannot be less thau before the change. By integration 
we infer that a finite increase of mass must prolong the period of every 
vibration which involves a motion of the part affected, and that in no 
case can any period be diminished; but in order to see the correspondence 
of the two sets of periods, it may be necessary to suppose the alteration 
made by steps. The converse of this and corresponding theorems relating 
to an alteration in the potential energy of a system will now be obvious. 
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A very useful application of the principle may be made to the ap- 

proximate calculation of the natural periods of a system whose constitution, 
though complicated, is but slightly different from one of a much simpler 
nature. The main difficulty of the general problem consists in the determin- 
ation of the free types, which may involve the solution of a difficult 
differential equation. We now see that an approxiinate knowledge of the 
type may be sufficient for practical purposes, and that, in the class of cases 
referred to, the adoption of the type natural to the approximate simpler 
system in the calculation of T and V will entai1 an error of the second order 
only in the final result. 

To illustrate this question, we may take a case not without interest of 
its own-namely, the transverse motion of a stretched string of nearly, but 
not quite, uniforin longitudinal density. If the uniformity were exact, the 
type of the sth component vibration would be 

where 1 is the length, x the distance of any particle from one end, and y the 
transverse displacement. In accordance with the plan proposed, we are 
to calculate the period for the variable string on the supposition that (Il) is 
also applicable to it. We find 

if p = po + Ap, Ap being small. 

For the potential energy we have (Tl being the tension) the usual 
expression 

Hence, if the solution be 

$8 = A 

the period T, is given by 

COS - - e ...............a........ ("Et ) (14L 

As might be expected, the effect of an alteration of density vanishes a t  the 
nodes, and is a maximum midway between them. 

* [An erratum is here correoted, 1898.1 
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A similar method applies to a great variety of problems, and gives the 
means of calculating the coi~ection due to the necessa7 deviation of any 
actual system, on which experiments can be made, from the ideal simplicity 
assumed in theory. 

Another point of importance with reference to this application has yet to 
be noticed. I t  appears from (10) that the period of the vibration corre- 
sponding to any hypothetical type is included between the greatest and least 
of the periods natural to the system. In the case of systems like strings and 
plates, which are treated as capable of continuous deformation, there is no 
least natural period ; but  we may still assert that the period calculated from 
any hypothetical type cannot exceed that belonging to the gravest normal 
type. When, therefore, the object is to estimate the longest natural period 
of a system by calculations founded on an assumed type, we have, 3 priori, 
the assurance that the result will corne out too small. For example, the 
value for r l ,  given in (15), is certainly less than the truth, while the error is 
of the second order in Ap. 

I n  the choice of a hypothetical type, judgment must be used, the object 
being to approach the truth as nearly as can be done without too great 
a sacrifice of simplicity. The type for a string heavily weighted at  any 
point might suit,ably be taken from t,he extreme case of an inFinite load, 
that is to say, the two parts of the string might be supposed to be straight. 
Even with a uniform unloaded string, the result of the above hypothesis is 
not so very far from the truth. Taking y = mx cospt from x = O to x = +Z ,  
we find, for the whole string, 

whence 

The correct result for a uniform string is 

so that the period calculated from the assumed type is too small in the 
ratio of rr : d s  or -907 : 1. 

A much closer approximation would be obtained by the assumption 
of a parabolic form 

y = m (1 - 4xa/l2) . . .. . . . . .. . . . . . . .. . ... . . (18). 

Proceeding in the same way as before, we should find a period too short 
in the ratio T: d f i ,  or -9936 : 1. In order that the natural type should be 
parabolic, the density of the string would have to Vary as (6 - 4x2)-l, being 
thiis a minimum in the middle, and becoining infinite at  either end. 
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The gravest tone of a square plate is obtained when the type of vibration 
is such that the nodal lines form a cross passing through the centre of 
the plate and parallel to  the edges. The next type in order of importance 
gives the diagonals for the nodal lines. Chladni found experimentally 
that the interval between the two tones was about a fifth. I t  so happens 
that the second kind of vibration can be completely treated theoretically, 
being referable to the siinpler case of the vibration of bars*; but the first 
has not hitherto been successfully attacked. 1 find that if we assume for the 
type of vibration 

z =xycospt  . S . . . . . . . . . . . . . . . . . . . . . . . . .  09) ,  

the nodal lines being taken for axes of x and y, the boundary conditions are 
satisfied, and the calculated period cornes out greater than that corresponding 
to the diagonal position of the nodal linev in the ratio of 1 3 7 :  1. Since 
this ratio is certainly too small, Chladni's result is about what might have 
been expected from theoretical considerations. 

Before leaving the subject of natural vibrations, 1 wish to direct the - 
attention of mathematicians to a point which does not appear to have 
been sufficiently considered: 1 refer to the expansion of arbitrary functions 
in  series of others of specified types. The best known example of such 
expansions is that generally called after Fourier, in which an arbitrary 
periodic function is analysed into a series of harrnonics, whose periods are 
sub-multiples of that of the given function. I t  is well known that the 
difficulty of the question is confined to the proof of the possibility of the 
expansion; if this be assumed, the determination of the coefficients is easy 
enough. What 1 wish now to draw attention to is, that in this, and an 
immense variety of similar cases, the possibility of the expansion may be 
infeïred from physical considerations. 

To fix our ideas, let us consider the small vibrations of a uniform string 
stretched between two fixed points. We know, from the general theory, that 
the whole motion, whatever i t  may be, can be analysed into a series of 
harnionic functions of the time, representing coinponent vibrations, each 
of which can exist by itself. If we can discover these normal types, we shall 
be in a position to represent the most general possible vibration by combining 
thetn, each with arbitrary amplitude and phase. The nature of the normal 
types is given by the solution of the differential equation 

whence it appears that they are expressed by 

. T X  . 2n-x . 3%-x y = sin - , y = sin - , y = sin - , &c. 
1 1 1 

* [1898. Only in the case where Poisson's ratio vani~hes; see Tkeory of Sound, § 226.1 
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We infer that the most general position which the string can assume is 
capable of representation by a series of the form 

TX 27rx A, sin - + A, sin -- + ......, 
1 1 

which is a particular case of Fourier's theorem. There would be no difficulty 
in proving it in its most general form. 

So far the string has been supposed uniform. But we have only to 
introduce a variable density, or even a single load at  one point of the string, 
in order completely to alter the expansion whose possibility may be inferred 
from dynamical theory. I t  is evident that corresponding to any system, 
whether string, bar, membrane, plate, or what not, there is an appropriate 
expansion for an arbitrary function of one or inore variables. Thus the 
expansion in La Place's series may be proved by considering the motion of 
a thin layer of gas between two concentric spherical surfaces, the expansion 
in Bessel's functions from the vibrations of a circular membrane, or of the 
air contained within a rigid cylinder, &c. When the difficulty of a direct 
analytical proof of even these simple cases is considered, the advantage of the 
physical point of view will be admitted. 

The method of definite integration (or summation, if the systein have 
only finite fieedom), by which the constants are determined to suit arbitrary 
initial circumstances, is well known, and has been applied to a great variety 
of problems, dealing not only with vibrations, but with other physical 
questions such as the conduction of heat ; but 1 have never seen the reason 
of its snccess distinctly stated. It may be said to depend on the character- 
istic property of the normal coordinates, namely, their power of expressing 
the energy of a system as a sum of squares only. I n  the case of a string, for 
example, we have 

T X  27rx 
y = & ~ i n - + $ ~ s i n -  + ......, 

1 1 

where +,, +,,...... are the normal coordinates. The expression for the 
energy is 

If by the solution of the differential equation, or otherwise, we have 
assured ourselves as to the nature of the normal types, we may assume, 
without further proof, that the products of the coordinates will disappear 
from the expression for the energy,-in the above instance, that 

will vanish, if r and s be different. 
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SECTION II. 

The Dis~pa,tion Function. 

The original eqiiation of motion of a system in rectangular coordinates, as 
obtained a t  once by an application of the Principle of Virtual Velocities, is 

2.m (x6x + y6y + 28.2) = 2 (X6x + YSy + ZSz) ......... (21). 

When transformed to independent coordinates, and restricted so as to give 
the equations of vibratory motion in their simplest form, this becomes 

where !Pl + $8+, + ... is the transformation of Z ( 1 6 s  + Y6y + Z~Z) ,  
denoting the work done on the system by the applied forces during the 
hypothetical displacement. 

If we separate Tom T the forces which depend only on the position of 
the system, we obtain 

- -  dt (:il + gl =.Y', &c. ..................... (23). 

The principal object of the present section is to show that another group 
of forces may be advantageously treated in a similar manner. 

The forces referred to are those which Vary in direct proportion to the 
component velocities of the parts of the system. I t  is well known that 
friction, and other sources of dissipation, may be usefully represented as 
following this law approximately; and even when the true law is different, 
the principal features of the case will be brought out. The effect of such 
forces will be to introduce into the original equation terms of the form 

where I C ~ ,  +,, % are the coefficients of friction, parallel to  the axes, for the 
particle x, y, z. The transformation to the independent coordinates is effected 
in a similar manner to that of Cm (i& + yGy + iGz), and gives 

.F, it will be observed, is, like T and V, a necessarily positive quadratic 
function of the coordinates, and represents the rate at  which energy is 
dissipated. 
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The above investigation refers to forces proportional to the absolute 
velocities; but i t  is equally important to include such as depend on the 
relative velocities of the parts of a system, and this fortunately can be done 
without any increase of complication. Bor example, if a force acts on the 
particle xl proportional to i, - &, there must be at  the same moment, by the 
law of action and reaction, an equal and opposite force acting on x2. The 
additional terms in the fundamental equation will be of the form 

K (LF, - i2) 8x1 + K (& - a,) 8x2, 
which may be written 

d 
K (& - i2) 8 (x, - x2) = 8 q l  y {& (& - k2>a} + ...... ; 

d+l 
and so on for any number of pairs of mutually influencing particles. The 
only effect is the addition of new terrns to F, which still appears in the 
form (25)*. 

The existence of the function P does not seern to have been recognised 
hitherto, and indeed is expressly denied in the excellent Acoustics of the late 
Prof. Donkin (p. 101). We shall see that its existence implies certain 
relations between the coefficients in the generalised equations of motion, 
which carry with them important consequences. 

Lagrange's equation, after the separation from V of the forces proportional 
to the displacements and velocities, whether absolute or relative, becomes 

where 
T = 4 p i ]  +: + ...... + [iq +,+, + ...... 

..... P=+(ll)+:+ ...... + (12)9,&+ ...... .(27). 

v = g {il} +l" + ...... + {12} q1lCf2 + ...... 
On substithion, we obtain a system of equations, which may be written: 

- 
lll,b1+lSq2$i3+3+ ......= Tl \ 

where a coeficient such rn E is an abbreviation for the quadratic operator 

I t  is to be carefully noticed that since [rs] = [ml, (rs) = (sr), {rs} = {sr}, it 
follows that Ei = E. 

The differences referred to in the test may of course pass into differential coeffioients 
in the case of a continuous body. 

R. 1. 

IRIS - LILLIAD - Université Lille 1 



178 SOME GENERAL THEOREMS RELATING TO VIBRATIONS. 

The small vibrations of a system free from dissipative influences can 
always be analysed into a series of normal coinponents, each of which is 
sirnilar in cliaracter to that of a systein possessing but one degree of freedom. 
I t  is, in general, otherwise with the vibrations of a dissipative system. 
These may, indeed, be analysed into components of the quasi-harmonic 
type (Thomson and Tait, 3 343); but these last are different in character 
from the vibration of a simple dissipative system. For instance, the system, 
siipposed to be animated by one component, does not pass simultaneously 
through the configuration of equilibrium. The reason of the difference will 
appear a t  once. When there is no friction, a suitable transformation of 
coordinates will always reduce T and V to a sum of squares, and the 
equations of motion become 

the same as for a simple system. The presence of friction will not interfere 
with the reduction of T and V ;  but the transformation proper for them will 
not in general suit also the requirements of E: The equation can then only 
be reduced to the form 

and not to the simple form expressing the vibration of a system of one 
degree of freedom, 

[1]41+(1)41+{1} +l=@l .................. (30). 

We may, however, choose which two of the three functions we shall reduce, 
and the selection would Vary according to circumstances. 

Cases, however, arise in which, owing to the special character of the 
system, the same transformation of coordiuates will reduce al1 ihree functions 
to sums of squares, and then the motion possesses an exceptional simplicity. 
Under this head the most important are probably when P is of the same 
form as T or l? In  the problem of the string, if we assume a direct 
retarding force proportional to the velocity, we have F proportional to T; 
if the dissipation is due to viscosity, we might have P proportional to V. 
The same exceptional reduction is possible when J' is a linear function of T 
and V, or when T is itself of the same form as V. In any of these cases 
the equations of motion for each component are of the same form as for a 
dissipative system with one degree of freedom, and the elementary types 
are characterised by the fact that the whole systein passes simultaneously 
through the configuration of equilibriurn. I t  appears that the law of 
friction usually assumed for a string is of an exceptional character, and leads 
to results of, in some respects, delusive simplicity. 
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SECTION III. 

The present section is devoted to the proof and illustration of a very 
important law of a reciprocal character, connecting the forces and motions of 
any two types. Particular cases of i t  have been noticed by previous writers ; 
but the general theorem is, 1 believe, new, and indeed could not be proved 
without the results of the preceding section. 

The following partial statement will convey an idea of its nature :- 

Let a periodic force Ts, equal to A, cospt, act on a system either con- 
servative, or subject to dissipation represented by the function F, giving the 
forced vibration +, = KA, cos (pt - e), where IC is the coefficient of amplitude, 
and e the retardation of phase. The theorem asserts that if the system be 
acted on by the force V, = A, cospt, the corresponding forced motion of 
type s will be 

q8 = KA, COS (pt - E). 

The solution of the general equations (28) may be expressed in the form 

where V denotes the determinant 

and the partial differentiations are made without recognition of the relations 
iF = Z, $c. By the nature of determinants i t  follows that, since E7 = Ei, 

Thus the component displacement +, due to a force Tg is given by 
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If, now, we inquire what the effect of a force ?Pr will be in producing the 
displacement of type s, we find 

dv vqg = - . , 'PT ......................... ..(35), 

so that in virtue of (33) the relation of ybs to TV, in the second case, is the 
same as the relation of iJr, to T8 in the first. 

Distinguishing the second case by a dash affixed to the corresponding 
quantities, let us take 

v8 = A ~ C ~ P ~ ,  Y; = A;Cc~t, 

where the coefficients A,, A,' may, without loss of generality, be supposed to 
be real. The solution may be expressed in the form 

where dldt  is replaced by ip in V and its differentials. Hence by (33) 
we see that 

A:qV = A&; ........................... (371, 

which is the symbolical expression of the reciprocal theorem with respect 
both to amplitude and phase. If ?Er/ = qS, then will .\G.; = y!rr ; but it must 
be remembered that the forces and displacements of different types are not 
necessarily comparable. The following statement will, however, hold good in 
al1 cases:-The force does as much work on the motion due to Ts, as q, 
does on the motion due to T,.'. 

There is an important class of cases to which Our principle, general as is 
the proof just given, would not a t  first sight appear to apply. Among these 
rnay be noticed systems in which the cause of the dissipation, or of part of it, 
is the conduction and radiation of heat. The dissipation cannot always be 
represented by a function F, which shall be the same in forrn under al1 
circumstances. 1 a m  not at  present in a position to discuss this question 
completely ; but there is one consideration which may here be referred to as 
sufficient to bring a large additional field within the sweep of the demonstra- 
tion. Since the investigation is concerned only with harmonic tnotions of 
period (p), i t  will be sufficient for the establishment of the theorem if the 
dissipation function exist for al1 vibrations of the given period. 

A few examples may promote the comprehension of a theorem which, on 
account of its extreme generality, may appear vague. 

Let A and B be two points of a uniform or variable stretched string. 
If a periodic transverse force act a t  A, the same vibration will be produced 
a t  B as would have ensued at A had the force acted a t  B. 
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In a space occiipied by air, let A and B be two sources of disturbance. 
The vibration excited a t  A will have at B the same relative amplitude and 
phase as if the places were exchanged. Helmholtz (Crelle, Band LVII.) hm 
proved ttiis result in the case of a uniform fluid without friction, in which 
may be immersed any number of rigid fixed solids; but we are now in 
a position to assert that the reciprocity will not be interfered with, whatever 
number of strings, membranes, forks, &c. may be present, even though they 
are subject to damping. 

The theorem includes the optical law, that if one point can be seen from 
a second, the second can also be seen from the first, whatever reflections 
or rehactions the light may have to undergo on its passage. 

A last example may be taken hom electricity. Let there be two linear 
conducting circuits A and B, in whose neighbourhood there may be any 
number of others (either closed or terminating in condensers), or solid 
conducting masses. The theorem asserts that an electrornotive force acting 
in A gives the same variable current in B as would be produced in A if the 
electromotive force were transferred to B. 

[1899. An application of t,he principles of this paper to the "Time- 
moduli of Dissipative Systems" will be found in British Assoc. Report, 
Aberdeen, p. 911, 1885.1 
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ON THE NODAL LINES OF A SQUARE PLATE. 

[Phil. Mag. XLVI. pp. 166-171, 246-24'1, 1873.1 

SEE Theory of Sound, § 226. 

[1899. I n  general the bending of a square plate with free edges takes 
place in both planes; but when the material is such that Poisson's ratio 
vanishes, i.e. when longitudinal extension entails no lateral contraction, the 
bending may be in one plane only, so that the surface remains cylindrical. 
In  this case the bending follows the law of a simple bar, and the nodal 
system consists of two straight lines parallel to one pair of edges. 

By superposing, after Wheatstone, two such modes of vibration, the 
phases beirig the same and the amplitudes equal or opposite, we obtain 
other nodal systems easily constructed from the known functions expressing 
the free vibrations of a bar. I n  the latter case symmetry suffices to shew 
that the nodal lines are the diagonals of the plate.] 
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NOTE ON A NATURAL LIMIT TO THE SHARPNESS OF 
SPECTRAL LINES. 

[Nature, Vol. VIII. pp. 474, 475, 1873.1 

IN the explanation usually given of the broadening of the fixed lines 
with increased pressure, i t  appears to be assutned that their finite width 
depends upon the disturbance produced by the mutual influence of the 
colliding molecules. 1 desire to point out that even if each individual 
molecule were allowed to execute its vibrations with perfect regularity, 
the resulting spectral line would still have a finite width, in consequence 
of the motion of the molecules in the line of sight. If there be any truth 
at al1 in the lcinetic theory of gases, the molecules of sodium, or whatever 
the substance may be, are moving in al1 directions indifferently and with 
velocities whose magnitudes cluster about a certain mean. The law of 
distribution of velocities is probably the same as that with which we are 
fainiliar in the theory of errors, according t o  which, the nuniber of molecules 
affected with a given velocity increases, the nearer that velocity is to the 
mean. 

By the principles of this theory of gases the mean square of the 
velocity of the molecules can be deduced from the known pressure and 
mass. If v denote the velocity whose square is equal to the inean, it is 
found that for air a t  the freezing point, v = 485 rnetres per second. 

At the temperature of flame the velocity may be about three tirnes 
greater. For the purposes of a rough estirnate i t  will be accurate enough 
to take the mean velocity of the moleciiles a t  1500 metres per second, 
and that of light a t  300,000,000 metres per second. The wave-length of the 
light emitted by a molecule moving with the mean velocity from the eye 
will therefore be greater by about five millionths than if the rnolecules were 
a t  rest. The double of this will be a moderate estirnate of the width of the 
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spectral line, as determined by the cause under consideration. We may 
conclude that however rare the gas, and however perfect our instrument 
may be, a fixed line cannot be reduced to within narrower limits than about 
a hundredth part of the interval between the sodium lines. 1 must leave 
i t  to spectroscopists more practised and skilful than myself, to say whether 
this result is in agreement with the appearance of the spectruni. 

[1899. The application of Doppler's principle to moving molecules had 
been given two or three years earlier by Lippich (Pogg. Ann. t. 139, p. 465, 
1870). 

The subject is further discussed in a memoir on the Limit to Interference 
when Light is radiated from Moving Molecules (Phil. Mag. vol. 27, p. 298, 
1889), a.nd a calculation is given of the actual structure of a spectrum line 
upon the basis of Maxwell's law for the distribution of velocities in a gas.] 
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ON THE VIBRATIONS OP APPROXIMATELY SIMPLE 
SYSTEMS. 

[Phil. Mag. XLVI. pp. 35'1-361, 18'73; XLVIII. pp. 258-262, 18'14.1 

SEE Theory of Sound, Fjf~ 90, 91, 102. 

[1899. The suggestion of Art. xxr, p. 172, is here developed. If the 
system is varied, we get in place of (3), (4), 

T+bT=+( [ l ]+S  [1])4:+ ...+ 8[12]&$,+ ..., 
v + s v = + ( { i ]  + s { i } )+ :+ . . .  +s@l+la+ .... 

In the original system a riormal vibration is represented by the sole 
variation of +, proportionally to cosp,t, where pr = Ir} s [Y]. In the altered 
system the new type is determined by 

and 

in which the summation extends to al1 values of s other than r. I t  is to be 
observed that the terms uader the sign of summation are of the second order 
in 8 [TS],  8 {TS}, regarded as small quantities.] 
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ON THE FUNDAMENTAL MODES O F  A VIBRATING SYSTEM. 

[Phil. Mag. XLVI. pp. 434-499, 1873.1 

SEE I'heory of Sound, 5 164. 

[1899. The general theory is illustrated by the case of a bar vibrating 
laterally. The normal functions are usually found from an ordinary differ- 
ential equation with application of certain terminal conditions, and the 
conjugate property, represented by &vdx = O, is usually established in the 
same way. It is shown that the natural foundation for the conjugate 
property is the original variational equation from which in the method of 
Green the ordinary differential equation is deduced.] 
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VIBRATIONS OF MEMBRANES. 

[London Mathem. Soc. Proceedinp, V. pp. 9-10, 1873.1 

Theo- of Sound, 210, 21 1. 

[1899. This is an application of a theorem of Art. xxr, to the effect 
that an increase in the potential energy of a vibrating system is attended by 
a rise in pitch, exteriding to al1 the fundamental modes. If the systern 
consist of a uniformly stretched membrane with a fixed edge, i t  follows 
that any contraction of the boundary must cause a.n elevation of pitch, 
because the new state of things may be conceived to differ from the old 
merely by the introduction of an additional constraint. Springs (without 
inertia) are supposed to urge the line of the proposed boundary towards its 
equilibrium position, and gradually to become stiffer. At  each step the 
vibrations become more rapid, until they approach a limit, correspouding 
to infinite stiffness of the springs and absolute fixity of their points of 
application. 

Use is also made of the theorem that if the area of a membrane be given, 
the pitch is gravest when the form is circular.] 
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HARMONIC ECHOES. 

[Nature, VIII. pp. 319, 320, 1873.1 

ACCORDING to Dr Brewer" "The harmonic echo repeats in a different 
tone or key the direct sound. The harmonic is generally either the third, 
fifth or tenth of the tonic .... On the river Nahe, near Bergen, and not far 
from Coblentz, is an echo thus described by Barth&:-It makes seventeen 
repetitions at unequal intervals. Soinetimes the echo seems to approach the 
listener, sometimes to be retreating from him ; sometimes i t  is very distinct, 
a t  others extremely feeble ; at one time i t  is heard at the right, and the next 
at  the left ; now in unison with the direct sound, and presently a third, fifth, 
or tenth of the fundamental. Occasionally i t  seenls to combine two or more 
voices in harmony, but more frequently i t  resembles the voice of a single 

. . 
mimic. 

"At Paisley, in Scotland, there is a somewhat similar echo in the burying- 
place of Lord Paisley, Marquis of Abercorn. Musical notes rise softly, swell 
till the several echoes have reverberated the sound either in unison or 
harmony, and then die away in general cadence. 

"At the Lake of Killarney, in Ireland, is a very celebrated harmonic 
echo, which renders an excellent second to any simple air played on a bugle. 

" There was formerly, according to the authority of Dr Birch, an harmonic 
echo no less remarkable, seventeen miles above Glasgow, near a mansion 
called Rosneath. If a trumpeter played eight or ten notes, the echo would 
repeat them correctly a third lower. After a short silence another repetition 
was heard, still lower than the former; and after a similar pause the same 
notes were repeated a third time, in a lower key and feebler tone, but never- 
theless, with the same undeviating fidelity. This echo no longer exists." 

* Brewer, On gound and its Phenornena (1864), p. 305. 
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I t  is difficult to believe that these descriptions are accurate, but that 
they have a basis of truth there can be little doiibt. My attention was first 
drawn to the subject by an echo at Bedgebury Park, the country residence of 
Mr Beresford Hope. The sound of a woman's voice was returned from a 
plantation of firs, situated across a valley, with the pitch raised an octave. 
The phenomenon was unmistakeable, although the original sound required 
to be loud and rather high. With a man's voice we did not succeed in 
obtaining the effect. 

At  the time 1 had no idea that such an alteration of pitch had ever been 
observed, or was possible; but i t  soon occurred to me that the explanation 
was similar to that which 1 had given of the blue of the sky a year or two 
previously (Phil. Mag. Feb. 1871). Strange to say, at  the very time of the 
observation, 1 had in my portfolio a mathematical investigation* of the 
problem of the disturbance of the waves of sound by obstacles which are 
small in al1 their dimensions relatively to the length of the sound-waves. I n  
such a case (precisely as in the parallel problem for light) i t  appears that the 
reflecting, or rather diverting, power of the obstacle varies inversely as the 
fourth power of the wave-length. When a composite note, such as that 
proceeding from the human throat, impinges on the obstacle, its components 
are diverted in very different proportions. A group of small obstacles will 
retiirn the first harmonic, or octave, sixteen times more powerfully than the 
fundamental. After this, i t  is not hard to understand how a wood, which 
may be considered to be made up of a great number of obstacles, many of 
which, in two or three of their dimensions, are small in cornparison with the 
wave-length, returns a sound which appears to be raised an octave. 

The increased reflection is, of course, at the expense of the direct sound. 
If we conceive a group of small obstacles to act on a train of plane waves of 
sourid, the effect will be a diffused echo, which may be heard on al1 sides, 
appearing to proceed from the group, and the direct waves which maintain 
their direction. If the original sound be composite, the diffused echo contains 
the higher elements in excessive proportion, and for the same reason the 
direct wave, being shorn of these higher elements, will appear duller than 
the original sound. I t  is well known that pure tones are liable to be esti- 
mated an octave too low, and thus i t  may be possible that a note in losing 
its harmonies may appear to fa11 an octave. 

What is here called the direct sound may itself be converted into an echo 
by regular reflection. For example, if a plane wall were covered with small 
projections, there would be a diffused echo, due to the projections in which 
the higher elements preponderated, and an ordinary echo, obeying the law of 
reflection, in which the lower elements would preponderate. 

* Sinw communicated in an amplified form to the Mathematical Society [Art. XIV]. 
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NOTE ON THE NUMERICAL CALCULATION OF THE ROOTS 

O F  FLUCTUATING FUNCTIONS. 

[Proceedings of the London Mathematical Society, V. pp. 119-124, 1874.1 

THERE is an important class of functions, often occurring in physical 
investigations, whose numerical calculation is easy when the argument is 
either srnall or great. I n  the first case the function is readily calculated 
fronl an ascending series, which is always convergent and might be employed 
whatever the value of the variable may be, were i t  not for the length to 
which the calculations would run. When the argument is great, a series 
praceeding by descending powers is employed, whose character is quite 
different. In  this case the series is of the kind called semi-convergent, 
though strictly speaking it is not convergent at all; for, when carried suffi- 
ciently far, the sum of the series may be made to exceed a n j  assignable 
quantity. But, though ultimately divergent, it begins by converging, and 
when a certain point is reached the terms become very small. It can be 
proved that, if we stop here, the sum of the terms already obtained represents 
the required value of the functions, subject to an error which in general 
cannot exceed the last term included. Calculations founded on this series 
are therefore only approximate ; and the degree of the approximation cannot 
be carried beyond a certain point. If more terms are included, the result is 
made worse instead of better. In  the class of functions referred to, the 
descending series is abundantly adequate when the argument is large, but 
there will usually be a region-often the most interesting part of the whole- 
where neither series is very convenient. The object of the present note is to 
point out how a part of the difficulty thence arising may sometimes be met. 

Though the method in question is not lirnited to, i t  arose out of and is 
well exemplified by, the case of Bessel's functions, which are required among 
other purposes to represent the vibrations of a circular membrane, or of air 
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contained within a cylindrical case. The roots of the equation obtained by 
equating the function to zero, give the possible periods of vibration, and the 
mechanics of the question show (as in al1 such cases) that no imaginary or 
complex root c m  occur. 

If the function of the 98th order be denoted as usual by Jn (z), the ascend- 
ing series is 

which is always ultimately convergent, whatever may be the values of z and n. 
When, however, z is considerable, the series becomes perfectly useless for 
arithmetical purposes. The descending series is 

This series terminates when n is of the form (integer + a), and then of course 
cnnstitutes the expression of the function in finite terms, but otherwise it 
runs on to infinity, and becomes ultirriately, in al1 cases, divergent. I n  
numerical calculations we are to include only the convergent part. 

When z is very great, it is evident that the roots of the equation 
Jn(z) = O, tend to the form 

rr .rr 2m-1 z = - + n - +  - 
4 2 2 ?r* 

where m is an integer. 

For purposes of explanation i t  will be sufficient to take the particular 
case of n = O, worked out by Prof. Stokes in his paper "On the numerical 
calculation of a class of definite integrals and infinite series*." 

To calculate the roots, we find 

which is adequate for al1 the roots, except the first corresponding to m = 1. 
If we denote the roots in order by pl, p,, &c., we get 

pz t rr = 1.75'1098, pa + 7r = 4.7527, 

p, s rr = 2,754568, ya t rr = 5,7522, 

p, t rr = 3.7534, 5 t = 6.7519. 

* Cambridge Transactions, vol. nr. 1850. 
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The higher the order of the root, the more accurately it can be calculated 
from this series, but an accurate value of the first root can only be derived 
from the ascending series. To attain this end in the oidinary way requires a 
considerable expenditure of cornputation. My object is to show how the 
difficulty may be evaded. 

Returning to the general function J,(z), and excluding the n zero roots, 
we see that 

must be an identical equation. Taking the logarithms of both sides, expand- 
ing, and equating like powers of z, we find that 

the last result requiring a good deal of reduction. 

Now Cp-10 must depend mainly on the first root, and being known numeri- 
cally may be used to derive an accurate value of that root with the assistance 
of approximate values of the other roots. We have, when n = 0, 

and 

so that pi-10 = .O001546224 - ~000000038513 = -0001545839. 
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Seven significant figures in pl-Io require only three in 2; rr10/p10, so that al1 
the roots after the third might be neglected, and the values of the second 
and third themselves are only required to be known roughly. The resulting 
value of pi is 

pi = 2.404826. 

The advantage of the present method would appear to depend upon the 
combined use of both the ascending and descending series. 

The value of p, might of course be calculated from Zp+, or the sum of 
any other inverse powers. The advantage of using a high power is t,hat the 
result becomes approximately independent of the other roots, and the tenth 
power was chosen as facilitating the numerical calculations. If a higher 
power than the tenth were required the algebraical reduction would become 
long, but this might easily be compensated by an advantage in the arith- 
metic. 

As far as the 20th power inclusive, the expansion inay be made without 
much difficulty by the aid of the table given on p. 775 of De Morgan's 
Diferential and Integral Calculus. I n  this way the value of pi (for n = 0) 
might be obtained to 6 or 7 significant figures without any allowance for 
p2, ps> 

The method is equally successful in its application to the case of n = 1. 
We find 

pl-l0 + '000000003553 = &@ = .000001469365, 

whence pi = 3.831'706 = 1.219670~.  

In  cases where there is a difficulty about the two first roots, i t  might be 
possible to obtain the desired results by using the values of two of the sums 
of powers, e.g. Xp-lo and zp-~ .  I n  calculating the value of 2,:~-~, a large 
number of roots would have to be included, but the calculation could 
generally be facilitated by the use of approximate forrnulæ. For example, 
in the case of J,(z), the roots after a certain point, say p,, might be adequately 
represented by z = nzr. Then 

2;p4= 

where the last term is &, by a 
our general expression 

known formula, which is in fact derivable from 

inasmuch as Ji (z) = (2/7rz)* sin z. 

A more important question arises as to whether this method can be 
applied to calculate the argument corresponding to a prevcribed value ($) of 
the function, other than zero. I t  might appear that this could always be 

R. I. 13 
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done, inasmilch as when JO (2) = 4, another function, viz. JO (2) - +, vanishes. 
But then the roots of this last function are not al1 real, and therefore cannot 
be calculated by the same method as before. Nevertheless, if c# were small, 
so that the first three or four roots were real, i t  would seem that the complex 
roots would be large enough to be dispensed with, as not sensibly influencing 
the value of Cp-1°, and then the first root could be deduced with sufficient 
precision from the values of the other real roots as calculated by aid of the 
descending series. 1 am not sufficiently azquainted with numerical calcula- 
tions to say whether this application could ever be practically useful. If too 
laborious for the systematic tabulation of a function, it might perhaps be 
occasionally available as a control. 

Prof. Cayley, to whom the preceding note was referred, has pointed out 
that a similar result may be attained by a method given in a paper by 
Encke, "Allgemeine Auflosimg der numerischen Gleichungen," Crelle, t. XXII. 

(1841), pp. 193-248. 

" Taking the equation 

if the equation whose roots are the squares of these is 

and we may in the same way derive a,, b,, c,, &c., from a,, b,, cl, &c., and 
so on. 

As regards the function 

we have as follows : 
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THE ROOTS OF FLUCTUATING FUNCTIONS. 

If n = 0, 2p-l8 = a - = pl-1: suppose ; 
3 - 2 2 7 . 3 3 .  5 . 7  

whence pl = 2.404825." 

I t  will be seen that the expression a, for S p a  gives a very accurate 
value ofp,, without any allowance for the other roots. 

If n = 1, we have Xp-l" a-l6 = a - 761376 . 
" 2 3 0 .  37. 10.2. 7 ' 

whence 
u = 3.831690, 

and this is the approxirnate value of p,. To get a corrected value, we may 
take 

pi = u (1 + al6 X,m p-le) ; 

or, if al1 but p, may be omitted, 

In the present case p, = 7.015, so that 

It may be observed that the value obtairied without correction for the 
higher roots is always an under-estimate. 

* 1 have altered the coefficient of na in the numerator from 53572 to 53752. 
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A HISTORY OF THE MATHEMATICAL THEORIES O F  ATTRAC- 

TION AND THE FIGURE OF THE EARTH FROM THE 

TIME OF NEWTON TO THAT OF LAPLACE. By 1. TOD- 
HUNTER, M.A., F.R.S. Two Volumes. (London, Macmillan & Co. 

1873.) 

[The Academy, V. pp. 176-177, 1874.1 

SCIENTIFIC men must often experience a feeling not far removed fronl 
alarnl, when we contemplate the flood of new knowledge which each year 
brings with it. New societies spring into existence, wit,h their Proceedings 
and Transactions, laden with the latest discoveries, and new journals con- 
tinually appear in response to the growing demand for popular science. 
Every year the additions to the cornmon stock of knowledge become more 
bulky, if not more valuable ; and one is impelled to ask, Where is this to 
end ? Most students of science who desire something more than a general 
knowledge, feel that their powers of acquisition and retention are already 
severely taxed. It would seem that any considerable addition to the brirden 
of existing information would make it almost intolerable. 

It may be answered that the tendency of real science is ever towards 
sirnplicity ; and that those departments which suffer seriously from masses of 
undigested material are also those which least deserve the name of science. 
Happily, there is much truth in this. A new method, or a new mode of 
conception, easily grasped when once presented to the mind, may supersede 
a t  a stroke the results of years of labour, making clear what was before 
obscure, and binding what was fragmentary into a coherent whole. True 
progress consists quite as rnuch in the rnore complete assimilation of the old, 
as in the accumulation of new facts and inferences which in many cases 
ought to be regarded rather as the raw materialç of science than as science 
itself. Nevertheless, it would be a mistake to suppose that the present 
generation can afford to ignore the labours of its predecessors, or to assume 
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that so much of them as is really valuable will be found einbodied in 1-ecent 
memoirs and treatises. Of the dangers of such a course, History gives ample 
warning. The case of Young will at once suggest itself as that of a man who 
from various causes did not succeed in gaining due attention from his con- 
temporaries. Positions which he had already occupied were in more than 
one instance reconquered by his successors a t  a great expense of intellectual 
energy. 

I t  is one of the objects of books like Mr Todhunter's to check this 
deplorable waste of labour, by bringing together al1 the writings of the older 
authors which bear on certain selected subjects. No one who has not tried 
it, can imagine how much time is lost in hunting backwards and forwards 
through endless Transactions and periodicals in various tongues, many of 
them difficult of access, for memoirs of which after al1 the value may prove 
very trifling. When the problem in hand is of no great difficulty, the 
student may even find an independent attack the shortest in the end. There 
cannot be two opinions as to the great importance of the work that Mr 
Todhunter has undertaken. It is one demanding much clear-sightedness 
and patience, and we are not surprised to learn that i t  occupied seven years. 
Sonie may think that the same talents and industry would be better devoted 
to original work; but i t  must be allowed that to elucidate and render 
accessible the labours of others may be a service as valiiable as the addition 
of new material to the common store. To deny this would be an error 
parallel to that of some econoinists, who glorify the labourer and manufac- 
turer at the expense of the merchant. 

The theory of Attraction and of the Figure of the Earth is a subject to 
which most of the greatest inathematicians have contributed. I n  itself of great 
interest, it was the occasion of the invention of the niathematical weapons 
which have since been so successfully used in almost al1 branches of Physics. 
The first steps or rather strides were made by Newton. His theorems with 
respect to the attraction of spheres-that a spherical shell exerts no force on 
an interna1 particle, and attracts an external one exactly as if its mass was 
concentrated a t  the centre-are the foundation of the whole subject, and i t  is 
difficult to imagine anything more simple and beautiful than his exposition 
of theni. To him we owe the first investigation of the earth's figure. A 
mass of uniform attracting fluid, if a t  rest, would evidently shape itself into 
a sphere. The question is, How will this form be altered when the whole 
revolves? What will be the effect of the centrifuga1 force? Newton's 
solution of this important problem was not complete ; but on the assumption 
that the form might be that of an oblate spheroid, or as Mr Todhunter calls 
it, an Oblatum, he investigated the degree of eccentricity and the law of 
variation of gravity at the surface. Though progress had been made by 
Stirling and Clairaut, the gap in Newton's work was not fully filled up until 
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the tirne of Maclaurin, who proved conclusively that the conditions of relative 
equilibrium were satisfied in the case of an oblatum. 

The period embraced in Mr Todhunter's history extends to the first 
quarter of the present century. Perhaps this was the best point at  which to 
stop, though a slight sketch of more recent discoveries would have been 
acceptable. The most important part of the work, considered as a book of 
reference, is probably the analysis of the memoirs of Legendre and Laplace ; 
but for the genuine student of scientific history the earlier efforts are of 
equal, if not superior, interest. The whole work bears evidence of its 
author's well-known care ; and the claims of the various mathematicians, 
whose labours are reviewed, appear to be discussed with perfect impartiality. 
D'Alembert and Ivory are perhaps those whose reputations suffer most in 
Mr Todhunter's hands, while Laplace takes a position even higher than had 
been assigned to him by previous writers. Without a complete survey of 
earlier memoirs i t  was difficult to know how much of the Mécanipe Céleste 
was original, and how rnuch borrowed ; for Laplace, like too many modern 
French writers, was not in the habit of acknowledging his obligations. 

In such a work as that before us accuracy and completeness are almost 
everything, and minor defects may well be passed over. Of course many 
points are discussed which admit of some difference of opinion. I n  estimating 
the value of various contributions to his subject, Mr Todhunter shows perhaps 
a tendency to prefer rigour of treatment to originality of conception. But 
the strictest proof is not always the most instructive or even the most 
convincing. To deserve the name of demonstration an argument should 
make its subject-matter plain, and not merely force an almost unwilling 
assent. 
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ON THE MANUFACTURE AND THEORY OF DIFFRACTION- 

GRATINGS. 

[Phil. Mag. XLVII. pp. 81-93, 193-205, 1874.1 

IN a " Preliminary Note on the Reproduction of Diffraction-gratings by 
means of Photography," published in the Proceedings of the Royal Society 
for 1872, and in the Philosophical Magazine for November of the same year 
[Art. XVII], 1 gave a short account of experiments with which I had been 
for some time occupied. A few further details were communicated to the 
British Association a t  Brighton (Brit. Assoc. Report, p. 39) [Art. XVIII]. I 
now propose to give the results of more recent experience in the practical 
manufacture of gratings, as well as some theoretical conclusions which have 
been in manuscript since the subject first engaged niy attention. 

There are two distinct methods of copying practised by the photographer 
-(1) by means of the camera, (2) by contact-printing. The first, if i t  
were practicable for our purpose, would have the advantage of leaving the 
scale arbitrary, so that copies of varying degrees of fineness might be taken 
from the same original. By this method 1 have obtained a photograph of a 
piece of striped stuff on such a scale that there was rooin for about 200 lines 
in front of the pupil of the eye, capable of showing lateral images of a candle ; 
but 1 soon found that the inherent imperfections of our optical appliances, if 
not the laws of light themselves, interposed an almost insuperable obstacle to 
obtaining adequate results. 

However perfect a lens may be, there is a limit to its powers of con- 
densing light into a point. Even if the source from which the light 
proceeds be infinitely small, the image still consists of a spot of finite size 
surrounded by dark and bright rings. That this must be so may be shown 
by general considerations without any calculations. If a lens is absolutely 
free from aberration, the secondary waves issuing froin the different parts of 
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its hinder surface agree perfectly in phase a t  the focal point. Let us con- 
sider the illumination at  a neighbouring point in the focal plane. If the 
distance between the two points is so small that the difference of the 
distances between the point under consideration and the nearest and furthest 
parts of the object-glass is but a small fraction of the wave-length (X), the 
groiip of secondary waves are still sensibly in agreement, and therefore give a 
resultant illumination the same as before. At a certain distance from the 
focal point the secondary waves divide themselves into two mutually destruc- 
tive groups, corresponding to the nearer and further parts of the object-glass. 
There is therefore here a dark ring. Further out there is again light, then 
another dark ring, and so on, the intensity of the bright rings, however, 
rapidly diminishing. 

The radius r of the first dark ring subtends a t  the cent,re of the lens an 
angle 0 given by 

X 
sin O=-61 - R *, 

where R is the radius of the lem. If f be the focal length, we have 

Let us now suppose that the problem is to cover a square inch with 3000 
lines. On account of the curvature of the field i t  would be impossible to 
obtain extreme definition over the surface of a square inch with a less focal 
distance than (say) four inches. If we take f = 4 and h = 2 we find 

4 0 ~ 0 0 0 '  

which gives R =  -2 for T =  3&n. That is to say, if the focal length were 
4 inches and aperture .4 inch, the first dark ring corresponding to one of the 
lines would fa11 on the focal point of the neighbouring one-a state of things 
apparently inconsistent with good definition. I t  is true that the aperture 
might well be greater than half an inch, so that it may seem possible to 
satisfy the requirenïents of the case. But the result of the above calculation, 
being founded on the supposition of entire freedom from aberration, both 
spherical and chromatic, is subject in practice to a large modification. In 
astronomical telescopes, where everything is sacrificed to the requirement of 
extreme definition at  the centre of the field, the theoretical limit is sometimes 
closely approached ; but the case is very different with a photographic lens. 
I n  fact the very first thing it occurs to a photographer to do, when he wishes 
to improve the definition, is to contract the aperture of his lens by means of 
a stop-a course which would be attended with the opposite result in the 
case of a perfect object-glass, or even a good astronomical telescope. While, 

* Verdet, Leçons d'optique Physique, vol. I. p. 305. 
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therefore, it might be too much to Say that the reproduction of 3000 lines in 
an inch by lens and camera is impossible, the attempt to do so without very 
special appliances appears in a high degree unpromising. It would certainly 
iequire a lens more than usually free from spherical aberration, and unlike 
either a telescopic or a photographic object-glass*, achromatic (if the expres- 
sion may be allowed) for the chemical rays, unless indeed the latter require- 
ment could be evaded by using approximately homogeneous light. I t  must 
be understood that nokhing is here said against the practicability of covering 
a small space with lines at the rate of 3000 to the inch, a feat probably well 
within the powers of a good microscopic object-glass. 

The method of contact-printing, on the other hand, is free from optical 
difficulties. The photographic tilm prepared on a flat piece of glass (or other 
support) may be brought by moderate pressure in a printing-fi-ame within a 
very short distance of the lines of the original g-rating ; and if the source of 
light be moderately small and the rays fa11 perpendicularly, the copy rarely 
fails in definition, unless through some photographic defect. When direct 
processes not depending on development are employed, the unclouded light 
of the Sun is necesmry. To avoid too much diffused light, 1 usually place 
the printing-frame on the floor of a room into which the sun shines, and 
adjust its position nntil the light reflected from the plate-glass front is sent 
back approximately in the direction of the Sun. Too much time should not 
be lost in this operation, which requires no particular precision. Usually 
1 cut off part of the extraneous light by partially closing the shutters; but 
1 cannot eay whether this makes any difference in the result. Those who 
are accustomed to this kind of experimenting will know that it is often less 
trouble to take a precaution than to find out whether i t  is really necessary. 
In an early stage of an investigation, when the causes of failure are numerous 
and unknown, i t  is best to exclude everything that can possibly be supposed 
to be prejudicial. When the principal dificiilties have been overcome, it 
will be time enough to deterinine what precautions are necessary, if the 
question has not been already settled by accidental experience. 

In the case of developed plates there is more choice of lights in conse- 
quence of the higher sensitiveness. 1 have used successfully cloud or skylight 
reflected horizontally from the zenith by a mirror through a hole of two or 
three inches diameter in the shutter of a darkened room, the frame being 
set up in a vertical plane at  a few feet distance. The principal objection to 
this plan is the difficulty of estimating the exposure with proper precision- 
a dificulty which is more felt than in ordinary photography, as it is con- 
venient to develop a good many copies a t  once. On a really fine day the 
image of the sun formed by a condensing lene of short focus placed in the 

* photographic lenses are corrected on the principle of making the "visual and chemical 
foci" coincident, whioh leads to a different construction from mhat wonld be adopted were the 
chernical raya alone attended to. 

IRIS - LILLIAD - Université Lille 1 



202 ON THE MANUFACTURE AND THEORY L3O 

shutter (as used in diffraction experiments) constitutes a very convenient 
source of light. As the exposure is only a few seconds, there is no diaculty 
in dodging isolated clouds, whose progress may be watched from within by 
examining their image with a coloured glass. When there is any haze this 
method is not more satisfactory than the other. 

With the more sensitive processes artificial light may be employed. 1 
have done a good many copies by the aid of a moderator-lamp (without the 
globe) at two feet distance from the frame. An Argand gas-flame would 
probably be still better. 

The printing-frame 1 employ has a thick plate-glass front, against which 
the original grating and the prepared plate are pressed by screws. These 
are more under control than the springs generally used in the common 
printing-frames. When everjthing is ready, the original is placed on the 
glass front of the frame with the engraved face upwards, care being taken to 
exclude al1 grit by means of a camel's-hair hrush. The prepared plate is 
then placed face downwards on the grating, then a pad to equalize the 
pressure (1 have used one of india-rubberj, and on the pad the rigid back of 
the frame, on which the screws are made to press with a moderate force. 
When the film is delicate, care should be taken to place i t  in the proper 
position at  once without sliding. 

The two surfaces of the plate-glass front of the printing-frame and the 
back of the original grating may be cleaned in the ordinary way with a soft 
cloth or wash-leather; but the engraved face of the gratiug requires more 
delicate treatment. If touched at al1 with a solid (wash-leather), the greatest 
care should be used. 1 prefer to wash it, when soiled, with a stream of 
water Gom a tap, afterwards flooding i t  with pure alcohol and setting i t  up 
to drain and dry spontaneously. Sometimes 1 have found nitric acid useful ; 
but 1 always try to avoid the rubbing contact of a solid. These precautions 
have been so siiccessful that, after several hundred copies have been taken, 
the originals have scarcely, if a t  all, deteriorated. 

For the support of the photographic film i t  is no doubt most satisfactory 
to use optically worked " parallel" glass. Ordinary glass would fail, for t wo 
reasons. I n  the first place i t  would generally be impossible to secure a 
sufficiently close contact in the printing. But even if this difficulty could be 
siirmounted, the spectrum given by the copy would not bear the magnifying- 
power which i t  is generally desirable to apply. I t  is indeed evident that the 
glass support of the grating requires the same precision of workmanehip 
as  the object-glass of the telescope used in conjunction with it. 

Although ordinary glass taken a t  random is inadmissible, 1 have done a 
great number of excellent gratings on selected pieces of patent plate. In  
order to choose the best, 1 lay the plates on a table in such a position that 
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the bars of a window or skylight are seen reflected in them. Each bar 
appears in general double, one image corresponding to each surface. By 
sliding the plate about, while the head is kept still, irregularities are easily 
detected by the shifting or curvature of the images. From a package of two 
dozen 5 x 4 plates as issued by photographic dealers, three or four; often 
lying together, may usually be selected as flat enough for the purpose, or a t  
any rate decidedly superior to the remainder. It is worth notice that the 
object aimed at  is Jatness of the two faces, exact parallelism being of much 
less consequence; for it is evident that the interposition of a truly worked 
prism of very acute angle would produce no evil result. A glass is therefore 
not to be rejected merely because the two images of the bar seen reflected in 
it are decidedly separated. The question is rather whether this separation 
remains constant as the plate is moved about withoiit rotation. 1 have never 
seen a piece of patent plate that could not be at once distinguished from 
worked glass in the way described; so that the test is abundantly siifficient 
for the purpose. The more delicate methods by which worked glass is 
examined would be less practically useful. 

Whatever kind of glass be used, if the photographic process be at  al1 
complicated, there is considerable economy of labour in preparing compara- 
tively large pieces, to be afterwards cut with the diamond to the required 
size. A 5 x 4, or even a 4$ x 34-, plate will do very well for four gratings. 
In the case of worked glass economy is an object ; but when patent plate is 
used 1 should recommend 5 x 4 glasses, as a margin is convenient. Even 
when, as in the collodio-chloride process to be presently described, the plate 
for each grating is prepared separately, it is convenient to perforin the 
preliminary opemtions of cleaning and albumenizing on larger pieces. The 
cutting of prepared plates requires a little care. 1 place them face down- 
wards on a sheet of clean paper, inake the diamond cuts on the back, and 
then, before breaking, remove as much as possible of the glass yowder. As 
it is important to prevent any grit from getting between the film and the 
engraved face of the original, 1 usually brush the surface with a large camel's- 
hair brush kept scrupuloi~sly clean. 

In the preparation of the plates 1 have used a considerable variety of 
methods. The process with gelatine and bichromate of potash described in 
my previous papers has decided advantages; but al1 my efforts to obtain a 
mastery of it have been unavailing. Plates prepared to al1 appearance in 
precisely the same manner, and even at the same time, turned out differently, 
wrhile modifications purposely introduced seemed to be for the most part 
without effect. It required a strong scientific prejudice to hold the uniformity 
of nature in the face of so much adverse evidence. The uncertainty of this 
method is provoking, as some of the results are exceedingly good ; but 1 gave 
up my attempts sooner than 1 might otherwise have done in consequence of 
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the discovery of another method by which most, of the advantages of the 
gelatine process, namely siniplicity of manipulation and brilliancy of results, 
might be attained with much less risk of failure. 

I t  is very possible that a photographer skilled in the einploynient of 
gelatine might succeed where 1 failed. In case any such should wish to 
make the attempt, 1 will mention a few points that seemed important. The 
solution of gelatine shoiild be carefully filtered. For thick liquids containing 
gelatine, albumen, &c., the best filtering material that 1 know of is tow. 
Tlie tow should be cleaned from grease by boiling with soda and subseqaent 
washing, and a sniall plugget of i t  pushed with moderate force into the neck 
of the funnel. Some arrangement must be adopted for keeping the gelatine 
hot, or the operation will hardly succeed. I t  is important that the coat of 
gelatine should be even, for which object the glass must be free from grease, 
and the plate on which the prepared glasses are put away to set perfectly 
level. Even then a good deal depends on the manipulation; but this is 
soon learned. The uniformity of the coat may be tested by the colour when 
the plate is placed on a sheet of white paper and examined in a wenk white 
light. By candle-light the colour of weak bichromate of potash is scarcely 
visible. The exposure may be from two to six minutes to the direct rays of 
the Sun. 1 have not been able to detect any deterioration when the plates 
were kept a few days in the dark before being used. 

A photographer accustomed to either the plain albumen or the Taupenot 
process will find i t  very suitnble for gratings. The hardness of the surface, 
which allows varnish to be dispensed with, is a great advantage. In my 
experiments with plain albumen, the principal difliculty was the purely 
photographic one of avoiding stains. I t  must be observed, however, that in  
actual use the gratings are not seen in focus, and that excellent spectra may 
be obtained from copies which a photographer would be inclined to throw 
away a t  once as hopelessly faint and dirty. The objection to the Taupenot 
process is the trouble of preparing the plates; but this is much mitigated 
mhen the plan is adopted of preparing large pieces to be afterwards cut up. 

Among those requiring development, the tannin process is the one with 
which 1 have been most successful. In  order to counteract the well-known 
tendency of the film to loosen, a preliminary coating of dilute albumen or 
gelatine is generally necessary. In the production of gratings the photo- 
grapher must not be satisfied with merely keeping the film on the glass; 
the slightest tendency to looseness must be considered highly objectionable. 
The plates are coated with Mawson's collodion, excited in an ordinary silver- 
bath, washed first in distilled water and afterwards under the tap, and then 
immersed for a minute in a well-filtered 15-grain solution of tannin. On 
removal from the tannin, they are set up cornerwise on blotting-paper to 
drain and dry. 
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For the development of these plates 1 prefer a solution of gallic acid 
employed in a dish, though 1 have obtained very good results by the ordinary 
method with pyrogallic acid. Prepare the two following :- 

(1) Gallic acid . . IO0 graina 
Alcohol . 23 oz. 
Distilled water . . 2s- oz. 

(2) Nitrate of silver . . 100 grains. 
Glacial acetic acid . 2 oz. 
Distilled water . 16 oz. 

The dish used for developing should be of glass, and is best cleaned with 
a little strong nitric acid, which may be used over and over again. The 
developing solution is prepared by mixing (1) and (2) in equal parts and 
diluting with water to half the strength. The alcohol helps to keep the film 
tight; and the development is well under control. In  warm weather the 
operation may take an hour; but much depends upon the exposure, and 
still more upon the temperature. The proper point to which to carry the 
development can only be learned by experience; but the beginner is most 
likely to err on the side of excess, particularly if he uses pyrogallic acid. If, 
as is desirable, the film be creamy and thick, the spectra of a candle do not 
appear to advantage a t  this stage, in consequence of the unaltered iodide of 
silver. For fixing, " hypo " is the safest, though cyanide may be used if the 
film will bear it. 

Tannin plates when finished are hardly secure without varnish; but 
there is considerable risk of spoiling gratings in the operation if an ordinary 
negative varnish be used. The crystal (benzole) varnish, which is applied 
cold, is much easier to use and gives adequate protection. 

But the process which 1 am now most inclined to recommend is that 
introduced by Mr Wharton Simpson, and known as the collodio-chloride 
process. The collodion, which may be procured ready for use from Messrs 
Mawson and Swan, of Newcastle, consists of an emulsion of finely divided 
chloride of silver held in suspension by the dissolved gun-cotton, together 
with a carefully adjusted excess of free nitrate. After a time the chloride of 
silver is precipitated and the preparation becoines useless; but if properly 
mixed in the first instance, i t  will remain fit for use for weeks or even 
months. I n  the production of gratings the consumption is very small; 
so that, if required for this purpose alone, it is well to order it in small 
quantities. 

I n  order to secure a proper adhesion, 1 have found a preliminary coating 
of albumen absolutely necessary. The white of an egg beaten up with a 
pint of distilled water gives a solution of sufficient strength. The plates, 
previously cleaned, are coated in any way that may be found convenieiit, and 
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then set up on blotting-paper to drain and dry. The principal precautions 
necessary are to filter the albumen very carefully and to work in a room free 
from dust. It will generally be convenient to prepare a considerable number 
of plates a t  a time. Though of alinost infinitesimal thickness, the film of 
albumen produces a very marked effect. Without the albumen the skin of 
collodion will usually corne right away from the glass when washed under 
the tap ; with i t  the adhesion is remarkably good, and the film so tough as 
even to bear rubbing with the finger while wet. 

The plate is coated with collodion in the ordinary way, and, after resting 
a few seconds, is dried by heat over a spirit-lamp or otherwise. After the 
plate has been made quite warm, i t  is put aside in the dnrk to cool and to 
absorb a certain amount of moisture from the atmosphere. This may take 
five or ten minutes. If the plate is used too soon the result is unsatisfactory; 
but, on the other hand, it will not do to leave i t  long enough to become 
sensibly moist. Something will probably depend on the particular sample of 
collodio-chloride. 

The exposure required is about five or seven minutes to the autumn sun. 
On a hazy day something more may be required; but if there are many 
clouds about, the experimenter will do well to postpone operations. 

On removal from the frame, the plates rnay be placed in a dish of water 
iintil it is convenient to finish them. They are fixed, without any toning, in 
a dilute solution of hyposulphite of soda, such as is used for paper prints, 
and then carefully washed. The most effective washing is a combination of 
rinsing and soaking. My practice is to rime the plates under tbe tap for 
half a minute in order to remove the greater part of the hyposulphite of 
soda, and then to allow them to soak for an hour or two in water changed 
two or three times. After a final rinsing the plates may be set up to dry. 

Gratings finished in this way give excellent definition, but the spectra are 
rather deficient in brilliancy. This defect is of less importance than might 
be supposed ; for in order to see the finer fixed lines, sunlight is in any case 
indispensable, and with sunlight there is usually illumination to spare. 
Nevertheless, as gratings are likely to be largely used for the purpose of 
popular illustration under circumstances where artificial light must be 
employed, 1 am glad to be in a position to recominend a simple inode of 
treatment by means of which the brilliancy of the spectra may be materially 
enhanced. For this purpose i t  is only necessary to treat the fixed and 
washed impression with a solution of corrosive sublimate. When the whiten- 
ing effect is complete, the plate must be again washed and then set up to 
dry. Considered as a photographic transparency, the grating is reduced 
rather than heightened in intensity by this process. The cause of the 
improvement of the spectra will be touched upon- presently. Tliese mer- 
cury-treated gratings cannot be varnished without sacrificing most of the 
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advantage of the method. 1 have occasionally applied the same treatment 
successfully to tannin plates. 

When not -in use, the finished gratings should be kept in a dry place and 
protected from dust and otlier atmospheric deposit. For this purpose they 
rnay be put away wrapped in paper. For a short time there is no objection 
to leaving them standing, face inwards, against a wall; but a better plan is 
to place them, face downwards, on a flat and thoroughly clean piece of plate- 
glass. 

The originals from which 1 have hitherto taken copies are three in 
number. Two are by Nobert, and contain respectively 3000 and 6000 lines, 
in each case covering a square inch (Paris). On a casual inspection the 
second, apart from the greater number of its lines, would be preferred as 
presenting a more even appearance. The 3000-line grating is divided into 
three parts, giving spectra of differing degrees of brightness, corresponding 
no doubt to a variation in the cut of the diamond or other stone employed, a 
peculiarity which is faithfully preserved in the copies. But on actual trial i t  
is found that the spectra of the 3000-line grating are much the best in 
respect of definition; and the same difference is observed in the copies. 
The superior brilliancy of the closer-roled grating is thus of little or no 
advantage for the investigation of the solar spectrum. ' In  order to make 
good use of it, a higher degree of magnifying-pomer mould be necessary than 
the definition of the spectra will bear. 

The other original grating was engraved by Mr Rutherfurd, of New York, 
and was kindly lent me by Mr Browning; i t  contains 6000 lines to the inch. 
Owing to a change of residence, 1 have not hitherto had an opportunity of 
testing either the original or the copies on the solar spectrum; but 1 may 
observe that in respect of brightness they fa11 far short of Nobert's. This, as 
1 have already remarked, is not always an objection; and the accuracy of 
division, on which definition depends, is said to be very superior*. 

I n  testing gratings 1 prefer to work in a dark room. The slit is fastened 
in the window-shutter, outside which is placed the heliostat or porte-lumière. 
As slits are frequently required in optical experiments, and as usually made 
are rather expensive, 1 may be allowed to mention a very simple method by 
which serviceable slits may often be obtained. A piece of glass is covered 
with tinfoil, which must be made to adhere well; 1 have found a weak 
shellac-varnish a suitable cernent. The alcohol is allowed to evaporate, and 
the thin layer of shellac softened by heat. I n  order to make a slit, i t  is only 
necessary to lay a straight-edge on the tinfoil and to draw a line with a sharp 
knife, afterwards wiping the line of the cut with a rag moistened with alcohol. 
The width and regularity of the slit may be judged of by holding i t  close to 

* Drsper, L L  On Diffraction-Spectrum Photography," Phil. Mag. Dec. 1873, p. 419. 
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the eye, and observing the appearance presented by a distant candle. The 
uarrower the aperture the more dilated (in the direction of the width of the 
slit) the image will appear. Broader slits may be ma,de by renloving the foi1 
between two parallel cuts. 

At a distance of 12 feet or more from the shutter are placed the grating 
and the object-glass of the observing-telesco~e. In  making the preliminary 
adjustments, it is convenient to use a slit so wide that the spectra and the 
light reflected from the grating can be seen on a screen. By the second the 
aspect of the plane of the grating can be judged of; and when the line of 
spectra is horizoutal, i t  will be known that the lines of the grating are 
vertical and parallel to the slit. As object-glass, 1 am in the habit of using 
a single lem of about 24 inches solar focus. The eyepiece is a high-power 
achromatic, supplied by Mr Browning, and forms, with the object-glass, a 
telescope of inuch higher magnifying-power than is ordinarily used in spectro- 
scopes. Without a high power i t  is impossible to bring out the full value of 
the grating. I n  order to obtain the best definition, i t  is necessary to adjust 
carefully the aspect of the object-glass; and 1 find that the best aspect is not 
always the same. I t  is possible that the performance of other optical instru- 
ments might occasionally be improved if means were provided for a slight 
alteration in the direction of the optic axis of one of the lenses employed. 
The grating itself 1 usually place approximately in the position of minimum 
deviation. 

The copies on worked glass by the ordinary photographic processes and 
by the niodification of the collodio-chloride last described rarely fail in defini- 
tion. With the original (3000) grnting, or with the copies, 1 can make out 

O 

nearly, but not quite, al1 that is shown in Angstrom's map. With this 
grating the third spectrnm is generally the most serviceable. When the 
picked patent plate is employed, there will generally be a proportion whose 
performance is less satisfactory, though few which would not give very fair 
results when tested by a low power only. Soiue cannot be considered inferior 
to the worked glass, a t  least when the object-glass is specially adjusted for 
tliem. I n  many cases the definition may be considerably improved by the 
use of a diaphrag~n in the form of a horizontal slit, so placed that only the 
central parts of the lines of the grating are operative. I n  respect of brilliancy, 
gratings may be more quickly judged of; it is sufficient merely to examine 
the spectra of a candle placed in a dark room. 

The lines themselves are of course too close to be seen without a micro- 
scope ; but their presence may be detected, and even the interval between 
them measured, without optical aid, by a method not depending on the 
production of spectra or requiring a knowledge of the wave-length of light. 
If two photographic copies containing the same number of lines to the inch 
be placed in contact; film to film, in such a manner that the lines are nearly 
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parallel in the two gratings, a system of parallel bars develops itself, whose 
direction bisects the external angle between the directions of the original 
lines, and whose distance increases as the angle of inclination diminishes. 
The cause of the phenomenon will be readily understood by drawing on paper 
two sets of equally distant and not too thin bars inclined at  a srna11 angle. 
Where the opaque and transparent parts severally overlap, the obstruction of 
light is, on the average, less than the double of that due to each set sepa- 
rately*, and consequently these places appear by comparison bright. The 
interval between the bars is evidently half the long diagonal of the rhombus 
formed by two pairs of consecutive lines, and is expressed by a cos 4 8 t sin 8, 
or approximately a + 8, where a is the interval between the primary lines, 
and 8 the mutual inclination of the two sets. 

When parallelism is very closely approached, the bars become irregular, 
in consequence of the imperfection of the ruling. This phenomenon might 
perhaps be made useful as a test. 

If the planes of the films be not quite parallel, bars parallel to the 
original lines may appear when the line of intersection of the planes is in the 
same direction. This arises from a fore-shortening of one of the sets, making 
it equivalent to a grating of a somewhat higher degree of fineness. 

When examined under the microscope, the opaque bar on the copy, which 
corresponds to the shadow of the groove of the original, is seen to be compo- 
site, being not unfrequently traversed along its length by several fine lines of 
transparency. In one case, where the copy was on common glass, this effect 
went so far that at  certain parts of the grating the periodicity was altered by 
each line splitting into two, the first spectrum altogether disappearing. I n  
order to make this observation, the eye should be placed at the point where 
the pure spectra are formed and be focussed on the grating. The places in 
question will then appear as irregular dark bands. 

The disappearance of the first spectrum is very unusual ; but i t  is coinmon 
for bands to appear when the eye is adjusted to the place of the fourth and 
higher spectra. When the order is high, the bands will not be black, but 
coloured with light belonging to one of the other spectra. There is no diffi- 
culty in understanding how this occurs. In  the process of copying, the groove 
of the original is widened into a bar, whose width depends on the closeness 
of contact, an element which necessarily varies at  different parts of the plate. 
The dark bands are the locus of points a t  which the relation of the alternate 
parts is such as to destroy the spectrum in question. 

1 have not had an opportunity of trying the method of copying on lines 
closer than 6000 to the inch; but 1 have no doubt that the limit of fineness 
was  not attained. 1 should expect to find no difficulty with lines 10,000 or 

* The mathematical reader will easilp prove this from the lew of absorption. 
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12,000 to the inch; but beyond that point it is possible that the method 
would fail, or require special precautions, such as the use of extra-flat glass 
and greater pressure to ensure close contact in  the printing. For preliminary 
experiments 1 should be inclined to try mica as a support, whose flexibility 
would facilitate a close contact. 1 may mention that 1 have done copies of 
the 3000-line grating on sheets of mica, such as may be obtained very thin 
and smooth from the photographie dealers. For more convenient manipula- 
tion in the preliminary stages of preparation, the mica should be mounted on 
a sheet of glass of the same size as itself. A small drop of water interposed 
wili ensure a sufficiently close adhesion. 

1 have tried to take copies of copies, but with indifferent success, even 
when the performance of the f i s t  was not perceptibly inferior to that of the 
original. 

Gratings may be copied without the aid of photography by simply taking 
a cast. Following Brewster, 1 have obtained a fair result by allowing filtered 
gelatine to dry after being poiired on the 3000 Nobert. This method, how- 
ever, is attended with much more risk to the original, and is besides open to 
other objections, sufficient, 1 think, to prevent its competing with photo- 

PP~Y. 

The remainder of this paper is principally occupied with theoretical 
considerations relating to the performance of gratings considered as light- 
analyzing apparatus. The more popular works on the theory of light give 
only the main outlines of the subject, and pass over almost in silence the 
important questions of illumination and definition. On the other hand, the 
mathematical treatises, such as Airy's " Tracts " and Verdet7s Leçons, though 
they give analytical results involving most of the required information, are 
occnpied rather with explaining the production of spectra as a diffraction- 
phenomenon than with investigating on what conditions their perfection 
depends. On examining the question for myself, 1 came to the conclusion 
that the theory of gratings, as usually presented, is encumbered with a good 
deal that may properly be regarded as extraneous. 

One of the first things to be noticed is the extraordinary precision 
required in the ruling. The difference of wave-length of the two sodium- 
lines is about a thousandth part. If, therefore, we suppose that one grating 
has 1000 lines in the space where another has 1001, i t  is evident that the 
first grating would produce the same deviation for the less-refrangible D 
line that the second would produce for the more-refrangible D line. We 
have only to suppose the two combined into one in order to see that, in a 
grating required to resolve the D line, there must be no systematic irregu- 
larity to the extent of a thousandth part of the small interval. Single lines 
may, of course, be out of position to a much larger amoiint. It is easy to 
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see, too, that the same accuracy is required, whatever be the order of the 
spectrum examined. 

The precision of ruling actually attained in gratings is very g-reat. In 
the 3000 Nobert it is certain that the average interval between the lines 
does not Vary by a six-thousandth part in passing from one half of the 
grating to the other; for the D lines, when well defined, do not appear sso - 
broad as a sixth part of the space separating them. 

In  considering the influence of the number of lines (n) and the order of 
the spectrum (m), we will suppose that A 
the ruling is accurate, and that plane 
waves are incident perpendicularly upon 
the face of the grating whose width is 
represented in the figure by AB. But 
inasmuch as a large part of the phe- 
nomenon covered by the usual mathe- 
rnatical investigation depends upon the 
limitation of the grating at  A and B, we 
shall find i t  convenient to take first the simple case of an aperture represented 
by AB, and afterwards to consider the influence of the ruling. 

In the perpendicular direction BC al1 the secondary waves emanating 
from AB are in complet,e agreement of phase, and their resultant accordingly 
attains its highest possible value. I n  a direction BP, making with BG a 
very small angle, the agreement of phase will be disturbed. If B P  be so 
drawn that the projection of AB upon it is equal to A, the phases of the 
secondary maves will be distributed uniformly over a complete period, and 
the resultant will therefure be nil. The same result must ensue whenever 
BD is an exact multiple of X. 

For the intermediate directions we require a little more calculation. 

The phase of the resultant will always correspond with that of the 
secondary wave which issues from the middle of the aperture. If a denotes 
the retardation of any element with respect to this one, the amplitude of the 
resultant is given by 

[ ~ R c o s  a da e R, 

where R is the relative retardation of the extreme parts A and B, or, on 
integration, 

sin Q R 

This expression gives the magnitude of the resultant amplitude compared 
with that in the principal direction BQ, where al1 the components agree in 
phase. 

14-2 
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The composition of elementary vibrations whose phases Vary uniformly 
within certain limits may be illustrated by a mechanical analogy. Each 

elementary vibration is represented by a force 
proportional to the element of circular arc P Q  and 
acting a t  O along a direction OP, making with a 
fixed line of reference OX an angle corresponding 
to the phase of the vibration. The force may be 
supposed to be due to the attraction of the arc on 
a particle placed a t  O. The group of vibratioas is 
thus represented by the group of forces whose 
directions are distributed uniformly through the 
angle AOB; and the resultant of the forces, found 

by resolving in the ordinary way, represents on the same system the resultant 
of the vibrations. In the present case A.OB corresponds to R, and the inte- 
grated expression sin &R t +R denotes the ratio of the resultant force to the 
aggregate of its components calculated without allowance for the difference 
of direction-that is, as if the whole attracting mass were concentïated at X. 

According to what has been already explained, (sin QR + +R)a vanishes 
when $R is an even multiple of +r. The positions of the maxima (deter- 
mined by tan &R = 2R) do not exactly bisect the angles between the vanish- 
ing directions; but it will be sufficient for our present purpose to note that 
the principal maximum (R = O) is unit>y, and that the others do not differ 
greatly from (2/31r)a, ( 2 / 5 ~ ) ~ ,  (2 /7~)a ,  &c. I t  is evident that on either side of 
the principal direction the illumination falls off with great rapidity. If AB 
is 1 (inch) and X = *, the angle CBP corresponding to the first minimum 
is only about 5". 

The image of an infinitely narrow line of light (whose length is perpen- 
dicular to the plane of the diagram) as formed by an abject-glass with 
aperture AB, is thus a series of pa.ralle1 stripes, composed of a central narrow 
band whose illumination varies from a maximum in the middle to zero at  
the edges, enclosed by parallel bands of rapidly decreasing illumination. We 
have now to examine the effect of the ruling. 

For the sake.of simplicity, we will take first the case of a grating com- 
posed of transparent bars of width a, alternating with opaque bars of width d, 
and consider the central image or spectrum of zero order. I n  the principal 
direction, Be, the secondary waves are, as before, in complete agreement, but 
the amplitude is diminished by the ruling in the ratio a : a + d. In  another 
direction, making a small angle with BC such that the relative retardation 
of A and B amounts to a few wave-lengths, i t  is easy to see that the mode of 
interference is the same as if there were no ruling. For example, when the 
direction is such that the projection of AB upon it amounts to one wave- 
length, the elementary components neutralize one another, because their 
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phases are on the whole distributed symmetrically, though discontinuously, 
round the entire circumference. The only effect of the ruling is to diminish 
the amplitude in the ratio a : a + d ; and except for the difference in illumi- 
nation, the appearance of a line of light is exactly the same as if the aperture 
were perfectly free. 

The lateral images occur in such directions that the projection of the 
element a + d of the grating upon them is an  exact multiple of A.. The 
effect of each element of the grating is then the same; and unless this 
vanishes on account of a particular adjustment of the ratio a : d, the resultant 
amplitude becomes comparatively very great. These directions, in which the 
retardation between A and B is exactly mnk, rnay be called the principal 
directions. On either side of any one of them the illumination is distributed 
according to the same law as for the central image (m = O), vanishing, for 
example, when the retardation amounts to (mn f 1) X. In considering the 
relative brightness of the different spectra, i t  is therefore sufficient to attend 
merely to the principal directions, provided that the whole deviation be not 
so great that its cosine differs considerably from unity*. 

Under the restriction just stated, the intensity of the secondary waves 
rnay be supposed not to be diminished by the obliquity; and thus we obtain 
for the ratio of brightnesses :- 

a'mr 

B- : il0 = [TT cos x dx c =la = (--) a + d amr . 
-- a + d  F d  ' 
a+d 

where B, denotes the brightness of the mth spectrum, and Bo of the central 
image. 

If B denotes the brightness of the central image when the whole of the 
space occupied by the grating is transparent, we have 

Bo : B = aB : (a  + d)2, 
and thus 

The sine of an angle can never be greater than unity; and consequently 
under the most favourable circumstances only l/mz+ of the original light 
can be obtained in the mth spectrum. We conclude that, with a grating 
composed of transparent and opaque parts, the utmost light obtainable in 
any one spectrum is in the first (the central image not being included), and 
there amounts to l/+, or about &, and that for this purpose a and d must 
be equal. 

* This point is perhaps made clearer by supposing the original light to be always incident at 
such an angle that the diffracted spectrum under consideration occurs in the normal direction. 
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When d = a, the general formula becomes 

showing that, when m is even, B, vanishes, and that, when m is odd, 

1 B , : B = -  
m2nd ' 

The third spectrum has thus only one-ninth of the brilliancy of the first. 

I t  is here supposed that the light is homogeneous ; but if i t  be composed 
of elements of continuously varying wave-length, another factor, l lm, must 
be introduced, due to the varying elongation of the spectra. The deficiency 
of light accompanying an increased dispersion, however, is nothing peculiar 
to gratings, and may be met by a proportional widening of the slit, without 
lowering the original standard of purity. 

Another particular case of interest is obtained by considering a small 
relatively to a + d. Unless the spectrum be of high order, we have simply 

B,: B =  - 
(a ! d) l ,  

so that the brightness of al1 the (lateral) spectra is the same. According to 
this, the spectra of a sodium-flame observed through a gritting should be of 
equal brilliancy when a is small relatively to a + d. I n  the grating with 
3000 lines this condition is fulfilled ; but the theoretical result is contradicted 
by observation, the second and third lateral spectra being much brighter 
than the first. 1 am not in a position to explain the discrepancy, which 1 
only noticed while drawing up this paper for the press. Unless due to some 
mathematical blunder, the cause would appear to be deep-seated. The effect 
of an  insufficient narrowness of grooves would be in the opposite direction. 

Our expressions have been obtained without taking into account the 
reflection frorn the face of the grating ; and therefore the light stopped by 
the opaque parts, together with that distributed in the central image and 
lateral spectra, ought to make up the original brightness. Thus, if a = d, we 
ought to have 

which is true by a known theorem. I n  the general case, 

a result which may be verified by Fourier's theorem. 

By Babinet's principle it is a matter of indifference, so far as the bright- 
ness of the lateral spectra are concerned, whether a represent the width of 
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the  transparent or of the opaque part, inasmuch as the secondary waves from 
the transparent and opaque parts together would give a zero resultant. The 
same conclusion may be derived from the expression for the ratio B, : B. 

From the value of B, : Bo we see that no lateral spectrum can surpass 
the central image in brightness; but this result depends upon the hypothesis 
that the lines of the grating act by opacity, which is generally very far from 
being true. I n  an engraved glass grating or in a gelatine copy there is no 
opaque niaterial present by which light could be absorbed, and the effect 
depends on a difference of retardation due to the alternate parts. I t  is 
remarkable that this point is never alluded to in the ordinary treatises on 
optics, and, so far as 1 know, was first noticed by Quincke (Pogy. Ann. 
vol. CXXXII. p. 321, 186'1), who made a theoretical and experimental exami- 
nation of the phenornena presented when light is diffracted at  the edge of 
a transparent obstacle. N y  attention was first drawn to it, before 1 was 
acquainted with Quincke's work, by observing that, contrary to my anticipa- 
tions, it was possible for the lateral spectra of a soda-flame to exceed the 
central image in brilliancy. When once the question is raised, the explana- 
tion is easy enough; for if the grating were composed of equal alternate 
parts, both alike transparent but giving a relative retardation of half a wave- 
length, i t  is evident that the central image would be entirely extingixished, 
while the first spectrum would be four times as bright as if the alternate 
parts were opaque. If i t  were possible to introduce a t  every part of the 
aperture of the grating an arbitrary retardation, all the light might be con- 
centrated in any desired spectrum. By supposing the retardation to Vary 
uniformly and continuously, we fa11 on the case of the ordinary prism ; but 
there would then be no analysis of light, except such as depends on the 
variation of retardation with wave-length. To obtain a diffraction-spectrum 
in the ordinary sense containing al1 the light, it would be necessary that the 
retardation should gradually alter by a wave-length in passing over each 
element of the grating and then fa11 back to its previous value, thus spring- 
ing suddenly over a wave-length. It is not likely that such a result will 
ever be obtained in practice ; but the case was worth stating, in order to 
show that there is no theoretical limit to the concentration of light of 
assigned wave-length in one spectrum, A B 

and as illustrating the frequently ob- 
served unsymmetrical character of the 
spectra on either side of the central image. 

We have now to consider the depen- 
dence of the resoluing-power of a grating 
on the number of its lines (n) and the 
order of the spectrum observed (m). 

Let BP be the direction of the principal maximum for the wave- 
length X in the mth spectrum; then the projection of AB on BP is n~nX 
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[representing the relative retardation of the extreme rays which pass through 
A and BI. If BQ be the direction corresponding to the first minimum, the 
projection of AB on BQ is (mn + 1) X. Suppose now that A + 6 X  is the wave- 
length for which BQ gives the principal maximum, then 

whence 

which shows that the resolving-power varies directly as m and nY. 

I t  is not possible to say precisely under what circumstances a double line 
would appear to be resolved-something no doubt would depend on the 
intensity of the light-but i t  seerns probable that there would be no distinct 
resolution wheri the two images are separated by orily half the width of the 
central band of either. If this be so, we may take h/mah as the least number 
of grooves capable of resolving in the rnth spectrum a double line whose 
wave-lengths are and X + Sh. I n  the case of the soda-lines 6h/h is about 
To$O ; and therefore to resolve them in the first spectrum would require 1000 
grooves, in the second spectrum 500, and so on. I t  is evident that if the 
ruling be perfectly accurate and the illumination sufficient, the work may be 
accomplished with comparatively few lines by using a spectrunl of elevated 
order. 

The result of an attempt to determine experimentally the number of lines 
necessary to resolve D in the solar spectrum may here be recorded. The 
3000-to-the-inch Nobert was used, its horizontal aperture being limited by 
the jaws of an adjustable slit. From the widtli of the slit found to be 
necessary the number of lines in operation was calculated. 

In  the first spectrum 1200 lines were required, in the second 630, and in 
the third 375. These nuinbers should be in the ratio 6 : 3 : 2 ; but the last, 
which presents the greatest deviation, was difficult of exact measurement. 

The number of lines necessary in the first spectrum is very much what 
might have been expected. The effect of a limitation of the aperture of the 
grating by a slit whose length is horizontal, is, of course, quite different. As 
the slit is narrowed, the image of apoint would be dilated in a vertical direc- 
tion; but this is of no moment when the subject of observation is itself a 
uniform vertical line. As was mentioned in the first part, the definition is 
often materially improved. 

* [1899. If we define as the di~persion in a particular part of the spectrum the ratio of the 
angular intewal dB to the corresponding increment of wave-length dX, we may express it bg a 
very simple formula. For the alteration of wave-length entails, at the two limits of a diffracted 
wave-front, a relative retsrdation equal to mndX. Hence, if a be the width of the diffracted 
beam, and dB the angle through which the wave-front ie turned, adB=mndX, or 

dispersion =dO/dX = mnnla.] 
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Since a grating resolves in proportion to the total number of its grooves, 
i t  might be supposed that the defining-power depends on different principles 
in the case of gratings and prisms; but the distinction is not fundamental. 
The limit to definition arises in both cases from the impossibility of repre- 
senting a line of light otherwise than by a band of finite though narrow 
width, the width in both cases depending only on the horizontal aperture 
(for a given X). If a grating and a prism have the same horizontal aperture 
and dispersion, they will have equal resolving-powers on the spectrum ; the 
greater dispersion is the only cause of the superiority of the diffraction- 
spectra of high order. 

I n  estimating the value of light-analyzing apparatus, there are three 
things to be considered-the brightness, the purity, and the apparent rriagni- 
tude of the resulting spectrum. I n  the case of a prism, where the loss of 
light by reflection and absorption may in a r ~ u g h  approximation be neglected, 
the first two characteristics are inseparably connected, whether a telescope 
be ixsed or not, so long as the pupil of the eye is filled with light. In what- 
ever degree the purity be enhanced, whether by increasing the dispersion or 
narrowing the slit, in the same degree must the brightness suffer. The 
angular magnitude of the spectrum is merely a question of magnifying-power. 
No matter how small the dispersion may be, the spectrum may yet be made 
to appear as long as we please by sufficiently increasing the focal length of 
the object-glass and the power of the eyepiece. But if the brilliancy is not 
to suffer, the size of the prism and the aperture of the telescope must be 
proportionally increased; for otherwise the condition will be violated of 
keeping the pupil filled with light. There are thus two ways of obtaining a 
powerful spectroscope. The first is to  procure a great dispersion by multi- 
plication of prisms ; the second is to be satisfied with a small dispersion, and 
attain the necessary length of spectrum by a high-power telescope, which 
may involve a larger aperture. I t  niay be questioned whether the second 
method has received as much attention as it deserves. When there is light 
to spare, a higher power than usual may often be ernployed advantageously 
without an augmentation of aperture. 

In the case of gratings the question is complicated by the choice of 
spectra; but some remarks may perhaps be useful. Much misapprehension 
appears to exist as to the nature of the advantage derived from close ruling. 
I t  is generally supposed that the closer the ruling the greater the resolving- 
poker of the instrument; but this is for the most part a mistake. When 
there is no limitation on the order of the spectrum to be observed, resolving- 
power depends not on the closeness but on the acczcracy of the ruling. Let 
us take the case of a grating with 3000 lines in an inch, and consider the 
effect of interpolating an additional 3000 lines. The effect of the addition 
will be to destroy by interference the first, third, and the odd spectra 
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generally ; while the advantage gained in the spectra of even order is not in 
dispersion, nor in resolving-power, but simply in brilliancy, which is increased 
to four times. If we now suppose half the grating to be cut away, so as to 
leave 3000 lines in half an inch, the dispersion will evidently not be altered, 
while the bïightness and resolving-power are halved. If, therefore, resolving- 
power be our object, we should aim a t  covering a considerable breadth with 
very accurately placed lines, rather than at  extreme closeness of the lines 
themselves. On the other hand, for experiment on dark heat, or whenever a 
narrow slit is not available, resolving-power is of less importance, and the 
best grating will be one that covers the largest space with the finest lines. 

1 have already mentioned that my 6000-to-the-inch Nobel-t defines not 
only not better, but decidedly worse, than the one with 3000 lines in the 
inch. This inferior definition is probably an accident; for there seems to be 
no theoretical reason for it. In  brightness the closer-mled grating has 
greatly the advantage. 

The preceding investigations are founded on the principles ordinarily 
adopted in explaining diffraction-phenomena, and not on a strict dynamical 
theory. I n  the present state of our knowledge with respect to the nature of 
light and its relations to ponderable matter, vagueness in the fundamental 
hypotheses is rather an advantage than otherwise ; a precise theory is almost 
sure to be wrong. Nevertheless i t  is often instructive to examine optical 
questions from a more special point of view ; and therefore 1 hope that an 
investigation of an  ideal grating on dynamical principles will not be out of 
place, though not very closely connected with the preceding portion of the 
paper. 

In  actual gratings the lines or grooves occur a t  the bonndary of two 
media of different refrangibilities; but, for the sake of simplicity, we shall 
here suppose the medium on both sides to be the same. The grating will 
thus consist simply of bars (infinitely long) whose optical properties differ 
from t,hose of the rest of the medium ; and we further suppose 

(1) that the variation of optical properties depends upon a difference of 
inertia, and is small in amount ; 

(2) that the diameter of the bars is very small in relation to the wave- 
length of light. 

The supposition that refraction depends upon a difference of inertia is 
that of Fresnel and Green, and has been shown by the latter to lead to 
Fresnel's laws. I n  several papers in this magazine: 1 have shown that, if 
the analogy with an elastic solid holds good a t  all, no other supposition is 
reconcilable with the facts of the reflection of light from surfaces and its 

* PhiE. Mag. 1871. [Arts. VIII, IX, XI.] 
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diffraction by small particles. Whether true or not, it is at any rate 
mechanically possible. 

Since the bars are very small, the effect of each is quite independent of 
the rest ; and so the dynamical theory need only concern itself with one. In  
my paper " On the Light from the Sky*," 1 proved that the effect of a body 
in disturbing the waves of light incident upon it may be calculated by 
ordinary integration from those of its parts, provided that the square of the 
alteration of mechanical properties may be neglected. This proposition, 
though true as stated, requires some caution in use, and is practically 
inapplicable when the body is elongated in the direction of original propa- 
gation, because the dimension of the body in this direction divided by X 
may occur as a factor in the terms omitted. I n  the present case, however, 
where the light is incident normally to the plane of the grating, this diffi- 
culty does not arise. 

Let the bar under consideration be taken for axis of z, and let the axis 
of x be parallel t o  the direction of z 
propagation of the original light. The 
original vibration is thus, according to 
the polarization, parallel to either z 
or y. We will take first the former 
case, where the disturbance due to the 

O bar must be symmetrical in al1 direc- A x 
tions round OZ, and parallel to it. 1 
The element of the disturbance at  A due to PQ (dz) will be proportional to 
dz in amplitude, and will be retarded in phase by an amount corresponding 
to the distance r. I n  calculating the effect of the whole bar, we have to 
consider the integral 

27T 
dr cos - (bt - r )  

27T Iorn $ cos - (bt - r )  =l h 
h R ,.IF- 

Now the denominator = CRJT + R, a product of which the second 
factor may be treated as constant in the integration in view of the fact that 
the parts for which r differs much from R destroy each other's effects. After 
this simplification the integral may be evaluated by means of the formula 

The result is 

* Phil. illag., 1871. [Art. v11r.1 
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showing that the total effect is retarded @ behind that due to the element 
at  O. This result is analogous to, though different from, that of the ordinary 
integration by Huyghens's zones. I n  that case the effect of each zone is 
very nearly the same, and therefore the whole is the half of that of the first 
zone. If the first zone be divided into rings by circles drawn so that r 
increases in arithmetical progression, the rings will be of equal area, and 
therefore the phase of the resultant vibration mil1 be halfway between that 
corresponding to the centre and circumference-that is, will be retarded 
relatively to the centre by one fourth of A. I n  the present case, if the bar 
be divided on the same principle so that each piece gives a result retarded 
&A behind its predecessor, the lengths will rapidly dimiuish from the centre 
outwards, and therefore the same argument does not apply. The retardation 
of the resultant relatively to the central element is less than before, on 
account of the preponderance of the central parts. 

By the result investigated in my paper previously referred to, if T be the 
volume of the element PQ, D and D' the original and altered densities, the 
disturbance a t  A due to the element is 

D ' - D T . T  -- 27T 
D rha 

sin a cos - (bt - Y)*, 
X 

the original vibration a t  PQ being denoted by cos (27~btJh). a is the angle 
between the ray P A  and the direction of original vibration OZ; but in the 
present application we may put sin a = 1, since only the central parts are 
really operative. If we replace T by Adz, A being the sectional area of the 
bar, and use the integral just investigated, we find for the effect of the 
whole bar 

corresponding to cos (27rbtlh) for the incident light. 

When the original vibration is parallel to y, the disturbance due to the 
bar will no longer be symmetrical round OZ. If a be the angle between Ox 
and the direction of the scattered ray, i t  is only necessary to introduce the 
factor cos a in order to make the preceding expression applicable. 

If the direction of the original vibration be inclined nt an angle 6' to OZ, 
and that of the scattered ray a t  an angle +, we have on resolution 

tan c# = cos a tan 8, 

which expresses the important law enunciated by Stokes?. 

The factor a was inadverteutly omitted in the original memoir. 
t "Dynamical Theory of Diffraction," Canlb. Trans. vol. m. 

IRIS - LILLIAD - Université Lille 1 



3ol OF DIFFRACTION-GRATINGS. 221 

The preceding investigation depends upon the smallness of D' - D as 
well as of A ; but where the original vibrations are parallel to the bar, the 
result is correct to al1 powers of D' - D. 1 find that, if the bar be circular 
and composed of material for which the density is D' and the rigidity n' (the 
corresponding quantities for the rest of the medium being D and n), the 
expression for the scattered vibration is 

corresponding to 

for the incident light a t  the centre of the bar *. I f  we suppose that n'= n, 
this agrees with the result already found; and i t  is correct if the bar be 
small enough, whatever may be the magnitude of (D' - D)/D. 

[For further work upon this subject see Phil. Mng. vol. XI. p. 196, 1881.1 

[An analogous investigation i s  @en in Theomj of Sound, 3 343.1 
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INSECTS AND THE COLOURS O F  FLOWERS. 

[Nature, XI. p. 6,  1874.1 

THERE is one point connected with Mr Darwin's explanation of the bright 
colours of flowers which 1 have never seen referred to. The assumed attrac- 
tiveness of bright colours to insects would appear to involve the supposition 
that the colour-vision of insects is approximately the same as our own. 
Surely this is a good deal to take for granted, when it is known that even 
among ourselves colour-vision varies greatly, and that no inconsiderable 
number of persons exist to whorn, for example, the red of the scarlet gera- 
nium is no bright colour a t  all, but almost a match with the leaves. 
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A STATICAL THEOREM. 

[Phil. May. XLVIII. 'pp. 452-456, 1874; XLIX. pp. 183-185, 1875.1 

IN a paper "On some General Theorems relating to Vibrations," pub- 
lished in the Mathematical Society's Proceedings for 1873 [Art. XXT]. 1 
proved a very general reciprocal property of systems capable of vibrating, 
with or without dissipation, about a position of stable equilibrium. The 
principle may be shortly, though rather imperfectly, stated thus:-If a 
periodic force of harmonic type and of given amplitude and period act 
upon the system at the point P, the resulting displacement at a second 
point Q will be the same both in amplitude and phase as i t  would be a t  
the point P were the force to act a t  Q. 

If we suppose the period of the force to be very great, the effects both of 
dissipation and inertia will ultimately disappear, and the system will be in a 
condition of what is called moveable equilibrium; that is to say, i t  will be 
found a t  any moment in that configuration in which i t  would be maintained 
at  rest by the then acting forces, supposed to remain unaltered. The statical 
theorem to which the general principle then reduces is so extrenlely simple 
that i t  can hardly be supposed to be altogether new ; nevertheless it is not 
to be found in any of the works on mechanics to which 1 have access, and 
was not known to the physicists to whom 1 have mentioned it. I n  any case, 
1 think, two or three pages may not improperly be devoted to the considera- 
tion of it. 

Let the system be referred to the independent coordinates q1, q , ,  &c., 
reckoned in each case from the configuration of equilibrium. Since only 
small displacements are contemplated, +, &c. are small quantities whose 
squares are to be neglected. Then, if Tl, T2, &c. are the impressed forces 
of the corresponding types, the 'equations of equilibrium are of the form 
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being the same in number as the degrees of freedom. I t  may be observed 
thst forces of a constant character need not be included in Tl, &c. ; for the 
effect of such is only to alter the configuration of equilibrium, and they may 
be supposed to be already accounted for in the estimation of that configuration. 

If the system be conservative, as is here supposed, the coefficients in the 
equations (A) are not al1 independent ; for in order that an energy-function 
may exist, any coefficient such as a, must be equal to the corresponding a,. 

The solution of equations (A) is 

v+1= All*l+ Al,*, + ... , 
V+, = A2,T1 + A,Tz + ... , ........................ (B) 
V+Q = A31*1 + Aa2v2 + ... , l 

where V denotes the determinant 

ql a12 a13 ... 
a,, a, a, ... 

and 

in which, therefore, by a property of determinants, 

A, = A,. 

In the application that we are about t o  make it will be supposed that al1 
the forces but two vanish, for example that T,,  9,, &c. vanish. Under 
these circumstances we obtain from (B) 

equations which determine the displacements +,, +z when the forces are 
given. The consequences which follow from the fact that Al, = A ,  may be 
exhibited in three ways. 

First Proposition.-Suppose T2 = O. From the second equation, we see 
that V1FF, = A,,T1. Similarly if we had supposed Vr, = O, we should get 
Vq1 = A,,W,, showing that the relation of Ijr, to T2 in the second case is the 
same as  the relation of q2 to Tl in the jîrst. 

I n  order to fix Our ideas we will take the case of a rod, not necessarily 
uniform, supported in any manner in a horizontal position-for example, 
with one end clamped and the other free. Then, if P and Q be any two 
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points of its length, we assert that a pound weight hung on a t  P will give 
the same linear deflection at  Q as is observed at  P when the weight is hung 
at Q ;  and the only thing on which our conclusion depends is the propor- 
tionality of strains and stresses. If we take angular instead of linear displace- 
ments, the theorem will run:-A given couple a t  P will produce the same 
rotation at  Q as the couple at  Q would give at P. Or if one displacement be 
linear and the other angular, the result may be stated thus :-A couple at  P 
would do as much work in acting over the rotation at  P due to a simple 
force at  Q, as the force at  Q would do in acting over the linear displacenîent 
at Q due to the couple at P. In  the last case the stateinent is more compli- 
cated, since the forces, being of different kinds, cannot be made equal. 

Second Proposition.-Suppose that q1 = O. Then, from (C), 

Froni this we conclude that if t+bz is given, i t  requires the same force \Ir, to keep 
q1 = O, as would be required in 9, to keep = O, if q1 had the $ven value. 

Thus, if the rod be supported at  P so that that point cannot fall, while Q 
is depressed one inch by a force there acting, the reaction on the support at  
P is the same as it would have been on a support at  Q if P had been 
depressed one inch*. 

Third Proposition.-Suppose, first, that 9, = O. Then, from (C), 

ljr1 : ljrz = Al, : Azz. 

Secondly, suppose +, = O. Then 

Thus, when T2 alone acts, the ratio of displacements +, : +, is the negative of 
the ratio of the forces 9% : Y, necessary to Iceep +, = 0. 

If  the rod is supported a t  P and bent by a force acting downwards at  Q, 
the reaction bears the same ratio to the force as the displacement at & would 
bear to the displacement at  P when the unsupported rod is bent by a force 
applied at  P. 

In  this proposition the interchange of P and Q gives a different, though 
of course an equally true statement. The first two propositions are them- 
selves reciprocal in form. 

The second and third propositions, as well as the first, admit of the 
extension to the vibrations of systems subject to inertia and dissipation ; but 
1 do not here pursue this part of the subject. 

* The verification of these results with rods variously supported, or more complicated 
structures, gives a very good experimental exercise. 

R. I. 15 
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Our fundamental equations (C) may be arrived a t  with less analysis and 
perhaps equal rigour by a somewhat modified process. The conditions that 
the forces qs, 'Pd, &c. vanish, impose linear relations on the coordinates, and 
virtually reduce the degrees of freedom enjoyed by the system to two. But 
for only two independent coordinates we have a t  once 

Yl=b,,+l+b,,+,, V,=b,,+,+b,+ .................... (D) 

where the coefficients b,,, b, are equal. The equality of the coefficients 
b,,, b,, is a consequence of the existence of an energy-function, or may be 
proved de novo by taking the system round the cycle of configurations repre- 
sented by the square whose angular points are 

From (D) we may deduce the three propositions directly, or mediately 
with the aid of (C), which is merely the algebraic solution of (D). 

Finally, 1 would remark that essentially the same method, though with a 
somewhat different interpretation, is applicable to systems other than those 
contemplated in the preceding dernonstrations. In thermodynarnics the 
condition of a body is regarded as depending on two independent coordinates 
such as the temperature and volume ; and by the principles of that siibject 
i t  is known that a function of that condition exists, representing the work 
that can be got out of the system in reducirig i t  to a standard condition of 
volunle and temperature, any comm~nica~tion or abstraction of heat being 
made a t  the standard temperature. The simplest course that can be taken 
is along an adiabatic up to the standard tcmperature, and then along the 
isothermal until the standard volume is attained. If the actual condition of 
the body be defined by v + dv, t + dt, while the standard condition corre- 
sponds to v, t, we have for the available energy, or entropy (de) ,  

2de = d p  du + d+ dt ,  

where d p  is the variation of pressure, and d+ the variation of the thermo- 
dynaniic function. 

In  this equation dv, d t  correspond to +,, +,; dp ,  d+ to Ti, P z ;  and de 
corresponds to the potential energy of the purely mechanical system. Our 
first proposition shows that, if d+ = 0, d t ldp  has the same value as that of 
dv/d+ when there is no variation of pressure, the interpretation of which is 
that the heat (measured as work) necessary to increase the volume by uuity 
at constant pressure, is numerically equal to the product of the absoliite 
teinperature into the increase of pressure required to raise the tenîperature 
one degree when no heat is allowed to escape. (See Maxwell's Heat, p. 167.) 
In  like manner the other propositions may be interpreted. 
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Since the publication of the paper i n  the December Number of the 
Pl~ilosophical Magazine, entitled " A  Statical Theorem," 1 have made sotne 
tolerably careful experimental measurements in illustration of one of the 
results there given, w h i ~ h  are perhaps worth recording. The "system" 
consisted of a strip of plate-glass 2 feet long, 1 inch broad, and about inch 
in thickness, supported horizontally at  its ends on two very narrow ledges. 
In the first experiment two points, A and B, were marked upon it, A near 
the centre, and B about 5 inches therefrom, for which the truth of the 
theorem was to be tested. When a weight W is suspended at  A, the deflec- 
tion in a vertical direction at  B should be the same as is observed a t  A when 
W is attached a t  B. 

The weight was suspended from a hook whose pointed extremity rested 
on the upper surface of the bar at  the marked points. I n  this way there was 
no uncertainty as to the exact point a t  which the weight was applied. The 
me~surements of deflection were made with a micrometer-screw reading to 
the ten-thousandth of an inch, the contact of the rounded extremity of the 
screw with its image in the upper surface of the glass being observed with a 
magnifier. The reading in each position was repeated four times, with the 
following results. 

Case 1. W hung at  A. Deflection observed a t  B :- 
W on. 

79 
82 
79 
76 
- 
'79 Mean. . . 

w off. 

1473 

1473 

The deflection at  B due to W a t  A was therefore 1393. 

Case 2. W hung at  B. Deflection observed at  A :- 

W on. 

50 
47 

4 5 

45 
- 
47 

W off. 

1447 
1449 
1445 
1446 
- 
1447 

Accordingly the deflection at A due to W a t  B was 1400. 

The difference of the two deflections, amoiiuting to only about Y per cent., 
is quite as small as could be expected, and is almost within the limits of 
experimental error. 
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In the second experiment the test was more severe, B being replaced by 
another point B' 72- inches distant from A, instead of only 5 inclies. The 
deflections in the two cases here came out identical and equal to 993 
divisions, W being the same as before. With W a t  A, the deflection at A 
was about 1700 ; and with W at B', the deflection at  B' was 760. 

The theorem here verified niight sometimes be useful in determining the 
curve of deflection of a bar when loaded at  any point A. Instead of observ- 
ing the deflection a t  a number of points P, i t  might be simpler to measure 
the deflections a t  the fixed point A, while the load is shifted to the various 
points P. 

For the benefit of those whose minds rebel against the vagueness of 
generalized coordinates, a more special proof of the theoretical result may 
here be given. The equation of equilibrium of a bar (whose section is not 

in which for the present application Y denotes the impressed force, not 
including the weight of the bar itself, and y is the vertical displacement 
due to Y. 

Let y, y' denote two sets of displacements corresponding to the forces 
Y, Y'. Then 

where the integration extends over the whole length of the bar. Now, 
integrating by parts, 

in which the integrated terms always vanish in virtue of the terniinal con- 
ditions. In the present case, for example, y, y', day/d&, d2y'/d8 vanish a t  
each extremity. Thus the left-hand member of (B) vanishes, and we derive 

Let us now suppose that Y vanishes a t  al1 points of the bar except in the 
neighbourhood of A, and also that Y' vanishes except in the neighbourhood 
of B. Then from (Cl 

\ Y ,  

y,ilJYd~ = yBjY 'dx;  
or if JYdx = JY'dx, 

................................... y,' = yB, .(D) 
as was t o  Ee proved. 

* Thomson and Tait's Natwal Philosophy, 5 617. 
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A similar method is applicable to al1 such cases. 

1 may here add that, corresponding to each of the statical propositions in 
my former paper, there are others relating to initial motions in which 
inzpulses and velocities take the place of forces and displacements. Thus, to 
take an example froin electricity, if A and B represent two circuits, the 
sudden generation of a given current in one of them gives rise to an electro- 
motive impulse in the other, which is the same, whether i t  be A or B in 
which the current is generated. Or, to express what is really the same 
thing in another way, the ratio of the currents in A and B due to an electro- 
motive impulse in B is the negative of the ratio of the impuhes in B and A 
necessary in order to prevent the development of a current in B. These 
statements are not affected by the presence of other circuits, C, D, &cm, in 
which induced currents aré a t  the same time excited. 

[1890. The following presentation of the matter is due to Prof. Everett. 

A weight W, corresponding to SYdx above, applied a t  the point A 
produces a drop a at A and a drop b at B; while a weight W' applied 
at  B produces a drop a' at  A and b' a t  B. If both weights be in operation, 
the potential energy of deformation is definite, and its value may be arrived 
at  in two ways by applying the weights in different orders. If we first apply 
W, the potential energy so far is + Wa;  and if we then apply W' the 
additional potential energy is 4 Wb'+ Wu', making altogether 

4 Wa + fr W'b' + Wu'. 
In  like manner if the order of application be reversed, we find 

&Wa+&W'b'+ W'b. 
Accordingly 

Wu' = W'b, 
as was to be proved.] 
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MR HAMILTON'S STRING ORGAN. 

[Nature, XI. pp. 308, 309, 1875.1 

IN the Pl~ilosophical Magazine for February there is a paper by Mr R. 
Bosanquet on the mathematical theory of this instrument, in which, however, 
as i t  appears to me, the principal points of interest are not touched upon. 
As the remarks that 1 have to offer will not require any analysis for their 
elucidation, 1 venture to send them to Nature as more likely than in the 
Philosophical Magazine to meet the eyes of those interested. 

The origin of the instrument has led, as 1 cannot but think, to consider- 
able misconception as to its real acoustical character. The object of Mr 
Hamilton and his predecessors was to combine the musical qualities of a 
string with the sustained sound of the organ and harmonium. This they 
sought to effect by the attachment of a reed, which could be kept in con- 
tinuous vibration by a stream of air. Musically, owing to Mr Hamilton's 
immense enthusiasm and perseverance, the result appears to be a success, 
but is, 1 think, acoustically considered, something very different from what 
was originally intended. 1 believe that the instrument ought to be regarded 
rather as a modified reed instrument than as a modified string instrument. 

Let us consider the matter more closely. The string and reed together 
form a system capable of vibrating in a number, theoretically infinite, of 
independent fundamental* modes, whose periods are calculated by Mr 
Bosanquet. The corresponding series of tones could only by accident belong 
to a harmonic scale, and certainly cannot coexist in the normal working of 
Mr Hamilton's instrument, one of whose characteristics is great sweetness 
and smoothness of sound. 1 conceive that the vibration of the system is 
rigorously or approximately simple harmonic, and that accordingly the sound 

In the mechanieal, not the musical sense. 
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emitted directly from the reed, or string, or from the resonance-board in 
connection with the string, is simple harmonic. On the other hand, it is 
certain that the note actually heàrd is compound, and capable of being 
resolved into several components with the aid of resonators. 

The explanation of this apparent contradiction is very simple. Exactly 
as in the case of the ordinary free reed, whose motion, as has been f o n d  by 
several observers, is rigorously simple harmonic, the intermittent stream of 
air, which does not take its motion fro~n the reed, gives rise to a highly 
compound musical note, whose gravest elenlent is the same as that of the 
pure tone given by the string and resonance-board. One effect of the string, 
therefore, and that probably an important one, is to intensify the gravest 
tone of the compound note given by the intermittent stream of air. 

The fact that the pitch of the system is rnainly dependent upon the 
string, seems to have distracted attention from the important part played bÿ 
the stream of air, and yet i t  is obvious that wind cannot be forced through 
such a passage as t,he reed affords withoiit the production of sound. A f'ew 
very simple experiments would soon decide whether the view 1 am advo- 
cating is correct, but 1 have not hitherto had an opportunity of making them 
properly. 1 may mention, however, that 1 have noticed on one or two 
occasions an irnmediate fallirig off in the sound when the wind was cut off, 
although the string and reed remained in vibration for a second or two 
longer. A resonator tuned to one of the principal overtones was without 
effect when held t o  the string, but produced a very marked alteration in the 
character of the sound when held to the reed. 

I t  will be seen that according to my explanation the principal acoustical 
characteristic of the string-tliat its tones form a harmonic scale-does not 
come into play, the office of the string being mainly to convey the vibration 
of the reed itself (as distinguished from the wind) to the resonance-board and 
thence through the air to the ear of the observer. A second advantage due 
to the string appears to be a limitation of the excursion of the reed, whereby 
the peculiar roughness of an ordinary reed is in great measure avoided. 
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GENERAL THEOREMS RELATING TO EQUILIBRIUM AND 

INITIAL AND STEADY MOTIONS. 

[Phil. Mag. XLIX. pp. 218-224, 18'15.1 

IF a material system start from rest under the action of given impulses, 
the energy of the actual motion exceeds that of any other which the Gstem 
might have been guided to take by the operation of mere constraints; and 
the difference is equal to the energy of the motion which must be com- 
pounded with either to produce the other (Bertrand). A proof of this 
interesting theorem is given in Thomson and Tait's Natwral Philosophy, 
§ 311-by a slight modification of which a more general result Inay be 
arrived at, giving rise to important corollaries. 

Let P, Q, R denote the components of impulse on the particle nz, and 
x, y, i the componerit velocitieü aüüumed. Then, if 2, G',', 8' denote any other 
velocities consistent with the connexions of the system, the Principle of 
Virtual Velocities gives 

by means of which the initial velocities k, &c. are completely detennined. 

In  equation (1) the hypothetical velocities i', &c. are any whatever 
consistent with the constitution of the system; but if they are lirnited to be 
such as the system could acquire under the operation of the given impulses 
with the assistance of mere constraints, we have 

............ 2T1 = Bm (2 + y'z + ir2) = L (Ph' + +y1 + Rz'). (2) 

This includes the case of the actual motion. 

Returning now t o  the general case, suppose that El denotes the function 

........... Er = C (P?' + Qy' + Ri1) - 4 Lm (d" yt2 + il2), (3) 
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becoming for the actual motion 

or, for any motion of the kind considered in (2), 

For the difference between E' and E in (3) and (4), we get 

in which by (l), 

2 (Px' + Qy' + Ri') = Xm (Zk' + yy' + ,iZ) ; 
so that 

E -  E"=hZm{(g  - ~ ' ) ~ + ( y - j f > a  + ( i - i ' y } ,  ......... ( 6 )  

which shows that E is a maximum for the actual motion (in which case i t  is 
equal to T), and exceeds any other value Er by the energy of the difference 
of the real and hypothetical motions. From this we obtain Bertrand's 
theorem, if we  introduce the further limitation that the hypotlietical motion 
is such as the system can be guided to take by mere constraints; for 
then by (5) 

E- E'= T- T'. 

By means of the general theorem (6) we may prove that the energy due 
to given impulses is increased by any diminution (however local) in the 
inertia of the system. For whatever the motion acquired by the altered 
system may be, the value of E corresponding thereto (viz. T) is greater than 
if the velocities had remained unchanged; and this, again, is evidently 
greater than the actual E (viz. T )  of the original motion. The total increase 
of energy is equal to the decrease which the alteration of mass entails in the 
energy of the former motion, together with the energy (under the new condi- 
tions of the system) of the difference of the old and new motions. If the 
change be small, the latter part is of the second order. 

On the other hand, of course, any addition to the mass lessens the effect 
of the given impulses. 

A similar deduction may be made from Thomson's theorem, which stands 
in remarkable contrast with that above demonstrated. The theorem is, that 
if a system be set in motion with prescribed velocities by means of applied 
forces of corresponding types, the whole energy of the motion is less than 
that of any other motion fulfilling the prescribed velocity-conditions. "And 
the excess of the energy of any other such motion, above that of the actual 
motion, is equal to the energy of the motion which would be generated by 
the action alone of the impulse which, if compounded with the impulse 
producing the actual motion, would produce this other supposed motion." 
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From this i t  follows readily that, with given velocity-conditions, the energy 
of the initial motion of a system rises and falls according as the inertia of the 
system is increased or diminished". 

We now pass to the investigation of some statical theorems which stand 
in near relation to the results we have just been considering. The analogy 
is so close that the one set of theorems may be deri ved from the other almost 
mechnnically by the substitution of "force" for "impulse," and "potential 
energy of deformation" for "kinetic energy of motion." A similar mode of 
demonstration might be used, but i t  will be rather more convenient to - 

employ generalized coordinates. 

Consider then a system slightly displaced by given forces from a position 
of stable equilibrium, from which configuration the coordinates are reckoned. 
The potential energy of the displacement V is a quadratic function of the 
coordinates +,, +,, &c. 

7 = -h al1+? + 4 am+: + ... + alz+,+, t a,+,+, + ......... .(7) 
If, then, 

E'=Y,+,'+P,+,'+ ... - V', .................. (8) 

where 'Pl, P,, &c. are the forces, E' will be an absolute maximum for the 
position actually assumed by the system. In  equation (8), V i s  to be under- 
stood merely as an abbreviation for the right-hand member of (7), and the 
displacements +,, &c. are any whatever. 

In  the position of equilibrium, since then 'Pl = dT/d+,, &c., 

E =  V=~(T~+,+T~+-~+...); .................. (9) 
and thus 

3-E1=+(T1+,+ ...) + V'-('Pl+l'+ ...) 

... =B*l(+l-+;)+ + v'-g(Tl+;+ ...). 
Now, b j  a reciprocal property readily provedt, 

'3!1+; + 'Pz+; + ... = Pl'+l + + ... , ............ (10) 
and also 

VI=~T;+-;+~ l w + a  + . . ,  .................. (11) 
where Ti, &c. is the set of forces necessary to maintain the configuration 

+;, &c. Thus by (10) and (Il), 

a positive quantity representing the potential energy of the deformation 
( -+lr), c .  Thus E' attains its greatest value E in the case of the actual 

* See a paper by the author on Resonance, Phil. Tram. 1871, p. 94 [Art. v. p. 511. 
+ By substituting q, = d V/d$l, &c., +,'= d V'ldq,', &c. 
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configuration, and the excess of this value E over any other is the potential 
energy of the displacement which must be conlpounded with either to produce 
the other. So far the displacement represented by Ijr,', &c. is any whatever ; 
but if we confine ourselves to displacements due to the given forces and 
differing from the actual displacements only by reason of the introduction of 
constraints limiting the freedom of the system, then E'= V f ;  and the theorein 
as to the maximuni value of E' may be stated with the substitution of V' for 
E'. Thus the introduction of a constraint has the effect of diminishing the 
potential energy of deformation of a system acted on by given forces; and 
the amount of the diminution is the potential energy of the difference of the 
deformations*. 

For an example take the case of a horizontal rod clamped at one end and 
free at  the other, from which a weight inay be suspended at  the point Q. If 
a constraint is applied holding a point P of the rod in its place (e.g. by a 
support situated under it), the potential energy of the bending due to the 
weight a t  Q is less than it would be without the constraint by the potential 
energy of the difference of the deformations. And since the potential energy 
in either case is proportional t o  the descent of the point Q, we see that the 
effect of the constraint is to diininish this descent. 

The theorem under consideration may be placed in a clearer light by the 
following interpretation of the function E. 

I n  forming the conditions of equilibrium, we are only concerned with the 
forces which act upon the system when in that position ; but we may, if we 
choose, attribute any consistent values to the forces for ot'her positions. 
Suppose, then, that the forces are constant, as if produced by weights. 
Then, in any position, E denotes the work, positive or negative, which must 
be done upon the system in order to bring i t  into the configuration defined 
by V=O. Thus, to return to the rod with the weight suspended from Q, E 
represents the work which must be done in order to bring the rod from the 
configuration to which E refers into the horizontal position. And this work 
is the difference between the work necessary to raise the weight and that  
gained during the unbending of the rod. Further, if the configuration in 
question is one of equilibrium with or without the assistance of a constraint 
(such as the support a t  P), the work gained during the unbending is exactly 
the half of that required to raise the weight ; so that E is the sanle as the 
potential energy of the bending, or half the work required to raise the 
weight. 

When the rod, unsupported a t  P, is bent by the weight a t  Q, the point P 
drops. The energy of the bending is the same as the total work required to 
restore the rod to a horizontal position. Now this restoration may be effected 
in two steps. We may first, by a force applied at  P, raise that point into its 

* Compare Maxwell's Theoiy of Heat, p. 131. 
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proper position, a process requiring the expenditure of work. The system 
will now be in the same condition as that in which it would have been found 
if the point P had been originally supported; and therefore i t  requires less 
work to restore the configuration V =  O when the system is under constraint 
than when it is free. Accordingly the potential energy of deformation is 
also less in the former case. 

We may now prove that any relaxation in the stiffness of a system 
equilibrated by given forces is attended by an iwrease in the potential 
energy of deformation. For if the original configuration be maintained, E 
will be greater than before, in consequence of the diminution in the energy 
of a given deformation. À fortiori, therefore, will E be greater when the 
system adjusts itself to equilibrium, when the value of E is as great as 
possible. Conversely, any increase in V as a function of the coordinates 
entails a diminution in the actual value of V corresponding to equilibrium. 
Since a loss of freedom may be regarded as an increase of stiffness, we see 
again how i t  is that the introduction of a constraint diminishes l? 

The statical analogue of Thomson's theorem for initial motions refers to 
systenis in which given deformations are produced by the necessary forces of 
corresponding types-for example, the rod of our former illustration, of which 
the point P is displaced through a given distance, as might be done by 
raising the support situated under it. The theorem is to the effect that the 
potential energy V of a system so displaced and in equilibrium is as sniall as 
i t  can be iinder the circumstances, and that the energy of any other configu- 
ration exceeds this by the energy of that configuration which is the difference 
of the two. 

To prove this, suppose that the conditions are that Ijr,, Ijr,, +, ,... Ijrr are 
given, while the forces of the remaining types TV+,, !Pr+,, &c. vanish. The 
symbols Ijr,, &c., T l ,  &c. refer to the actual equilibrium-configuration, and 
qi + Aql ,  +2 + Aq2, &c., Pl + ATl, T, + AT,, &c. to any other configura- 
tion subject to the same displacement-conditions. For each suffix, therefore, 
either A+ o r  T vanishes. Now for the potential energy of the hypothetical 
deformation we have 

2 ( V + A v ) = ( T i + A q l ) ( . \ F f i + A + i ) + . . .  
... = 2V+TlAllr,+'P2A+,t-- 

+AT,. l j r ,+AT,.+2+. . .  
................... + AT1. AIjrl + AT,. A+, + (13) 

But by the reciprocal relation, 

Ti. A+i+*a.A+z+ ... = A T i .  + ,+AT2 .  +2+ .... 
of which the former by hypothesis is zero. Thixs 

2AV=A*Ir,- A+\Frl+A.\Va. A++ ................... (14) 
as was to be proved. 
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The effect of a relaxation in stiffness must clearly be to diniinish V ;  for 
such a diminution would ensue if the configuration remained unaltered, and 
therefore still more when the system returns to equilibrium under the altered 
conditions. It will be understood that in particular cases the diminution 
spoken of may vanish. 

The connexion between the two statical theorems, dealing respectively 
with systems subject to given displacements and systems displaced by given 
forces, will be perhaps brought out more clearly by another demonstration of 
the latter. We have to show that the removal of a constraint is attended by 
an increase in the potential energy of deformation. By a suitable choice of 
coordinates the conditions of constraint may be expressed by the vanishing of 
the first r coordinates q1 , .. q r .  The relation of the two cases to be com- 
pared is expressed by supposing the forces of the remaining types Pr+,, ... 
to be the same, so that AU',,,, &c. vanish. Thus for every suffix either + 
vanishes or else AT. Accordingly Z+AT is zero, and therefore also, by the 
law of reciprocity, C'PAljr. Hence, as above, 

showing that the removal of the constraint increases the potential energy by 
the potential energy of the difference of the deformations. 

Corresponding to the above theorems for T and V, there are two more 
relating to the function P introduced by nie in a paper printed in the Pro- 
ceedings of the Mathematical Society for 1873 [Art. XXI.], expressing the effects 
of viscosity. We have here to consider systems destitute both of kinetic and 
potential energy, of which probably the best example is a combination of 
electrical conductors, conveying currents, whooe inductive effects, dependent 
on inertia,, may be neglected. The equations giving the magnitudes of the 
steady currents are of the form 

.............................. dF/dijr = T, (16) 
where F is a quadratic function (in this case with constant coefficients) of the 
velocities ybi, &c., representing half the dissipation of energy in the unit of 
time, and 'Pl, &c. are the electromotive forces. It is scarcely necessary to 
go through the proofs, as they are precisely similar to those alrendy given 
with the substitution of P for T, and steady forces for impulses. The 
analogue of Bertrand's theorem tells us that, if given electromotive forces act, 
the development of heat in unit time is diminished by the introd~ct~ion of any 
constraint, as, for example, breaking one of the contacts. And by cornparison 
with Thomson's theorem for initial motions we learn that, if given currents be 
maintained in the system by forces of corresponding types, the whole develop 
ment of heat is the least possible under the circumstances (Maxwell's Elec- 
tricity and Magnetism, § 284). And precisely as before, we might deduce 
corollaries relating to the effect of altering the resistance of any part of the 
combination. 
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ON T H E  DISSIPATION O F  ENERGY. 

[Roy. Instit. Proc. VII. pp. 3 8 6 4 8 9 ,  18'75 ; nature, XI. pp. 454-455, 1875.1 

THE second law of thermodynamics, and the theory of dissipation founded 
upon it, has been for some years a favourite subject with mathematical 
physicists, but has not hitherto received full recognition from engineers and 
cherriists, nor from the scientific public. And yet the question under what 
circiiinstances it is possible to obtain work from heat is of the first import- 
ance. Merely to know that when work is done by means of heat, a so-called 
eqiiivalent of heat disappears is a very small part of what i t  concerns us to 
recognize. 

A heat-engine is an apparatus capable of doing work by means of heat 
supplied to it a t  a high temperature and abstracted a t  a lower, and thermo- 
dynamics shows that the fraction of the hcat supplied capable of conversion 
into work depends on the limits of temperature hetween which the machine 
operates. A non-condensing steam-engine is not, properly speaking, a heat- 
engine a t  all, inasmuch as it requires to be supplied with water as well as 
heat, but i t  may be treated correctly as a heat-engine giving up heat at 
212" Fahr. This is the lower point of temperature. The higher is that at 
which the water boils in the boiler, perhaps 360" Fahr. The range of tem- 
perature available in a non-condensing steam-engine is therefore small at 
best, and the importance of working a t  a high pressure is very apparent. In 
a condensing engine the heat may be delivered up at  80" Fahr. 

T t  is a radical defect in the steam-engine that the range of temperature 
between the furnace and the boiler is not utilized, and it is impossible to 
raise the temperature in the boiler to any great extent, in consequence of the 
tremendous pressure that woi~ld then be developed. There seems no escape 
from this difficulty but in the use of some other fluid, such as a hydrocarbon 
oil, of much higher boiling point. The engine would then consist of two 
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parts-an oil-engine taking in heat a t  a high temperature, and doing work 
by means of the fa11 of heat down to the point a t  which a steam-engine 
becomes available, and secondly a steam-engine receiving the heat given out 
by the oil-engine and working down to the ordinary atmospheric tem- 
perature. 

Heat-engines may be worked backwards, so as by means of work to raise 
heat from a colder to a hotter body. This is the principle of the air or ether 
freezing machines now coming into exteusive use. In  this application a 
small quantity of work goes a long way, as the range of temperature through 
which the heat has to be raised is but small. 

If the work required for the freezing machine is obtained from a steam- 
engine, the final result of the operation is that a fa11 of heat in  the prime 
mover is made to produce a rise of heat in the freezing machine, and the 
question arises whether this operation may be effected without the inter- 
vention of mechanical work. The problem here proposed is solved in Carré's 
freezing apparatus, described in most of the text-books on heat. There are 
two communicating vessels, A and B, which are used alternately as boiler 
and condenser. I n  the first part of the operation aqueous ammonia is heated 
in A, until the gas is driven 08 and condensed under considerable pressure 
in B, which is kept cool with water. Here we have a fa11 of heat, the 
absorption taking place at  the high teniperature and the emission a t  the 
lower. In the second part of the operation A is kept cool, and the water in 
i t  soon recovers its power of absorbing the ammonia gas, which rüpidly distils 
over. The object to be cooled is placed in contact with B, and heat passes 
from the colder to the hotter body. Finally the apparatus is restored to its 
origirial condition, and therefore satisfies the detinition of a heat-engine. 
M. Carré has inverited a continuously working machine on this principle, 
which is said to be very efficient. 

Other freezing arrangements depending on solution or chemical action 
may be brought under the same principle, if the cycle of operations be made 
complete. 

When heat passes from a hotter to a colder body without producing 
work, or some equivalent effect such as raising other heat fron~ a colder to a 
hotter body, energy is said to be dissipated, and an opportunity of doing 
work has been lost never to return. If on the other hand the fall of heat is 
fully utilized, there is no dissipation, as the original condition of things 
might be restored a t  pleasure; but in practice the full amount of work can 
never be obtained, in consequence of friction and the other iniperfections of 
our machines. 

The prevention of unnecessary dissipation is the guide to economy of fuel 
in industrial operations. Of this a good example is afforded by the regene- 
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rating furnaces of Siemens, in which the burnt gases are passed through 
a passage stacked with fire-bricks, and are not allowed to escape until their 
temperature is reduced to a very moderate point. After a time the products 
of combustion are passed into another passage, and the unburnt gaseous fuel 
and air are int,roduced through that which has previously been heated. The 
efficiency of the arrangement depends in great degree on the fact that the 
cold fuel is brought first into contact with the colder parts of the flue, and 
does not take heat from the hotter parts until it has itself become hot. In 
this way the fa11 of heat is never great, and there is comparatively little 
dissipation. 

The principal difficulty in economy of fuel arises from the fact that the 
whole faIl of heat from the temperature of the furnace is seldom available for 
one purpose. Thus in the iron smelting furnaces heat below the temperature 
of melting iron is absolutely useless. But when the spent gases are used for 
raising steam, the same heat is used over again a t  another part of its fall*. 
There is no reason why this process should not be carried further. Al1 the 
heat discharged from non-condensing steam-engines, which is more than 
nine-tenths of the whole, might be used for warming, or drying, or other 
operations in which only low temperature heat is necessary. 

The chemical bearings of the theory of dissipation are very important, 
but have not hitherto received much attention. A chemical transformation 
is impossible, if its occurrence would involve the opposite of dissipation (for 
which there is no convenient word); but it is not true, on the other hand, 
that a transformation which would involve dissipation must necessarily take 
place. Otherwise the existence of explosives like gunpowder would be 
impossible. I t  is often stated that the development of heat is the criterion 
of the possibility of a proposed transformation, though exceptions to this rule 
are extremely well-known. I t  is sufficient to mention the solution of a salt 
in water. This operation involves dissipation, or i t  would not occur, and it is 
not dificult to see how work might have been obtained in the process. The 
water may be placed under a piston in a cylinder maintained at  a rigorously 
constant temperature, and the piston slowly raised until al1 the water is 
evaporated, and its tension reduced to the point a t  which the salt would 
begin to absorb it a t  the temperatiire in question. After the salt and vapour 
are in contact the piston is made to descend until the solution is effected. 
In this process work is gained, since the pressure under the piston during 
the expansion is greater than at  the corresponding stage of the contraction. 
If the salt is dissolved in  the ordinary way energy is dissipated, an oppor- 
tunity of doing work s t  the expense of low temperature heat has been missed 
and will not return. 

11899. This illustration is  inappropriate, inasmuch as  the blast furnace gases are still 
combustible, and raise steam in virtue of chemical action.] 
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The difficulty in applying thermodynamical principles to chemistry arises 
from the fact that chernical transformations cannot generally be supposed to 
take place in a reversible manner, even although unlimited time be allowed. - 
Some progress has, however, recently been made, and the experiments of 
Debray on the influence of pressure on the evolution of carbonic anhydride 
from chalk throw considerable light on the matter. By properly accommo- 
dating the pressure and temperature, the constituents of chalk may be 
separated or recompounded without dissipation, or rather dissipation may 
theoretically be reduced without limit by makuig the operation slowly 
enough. 

The possibility of chernical action must often depend on the density of 
the reacting substances. A mixture of oxygen and hydrogen in the proper 
proportions may be exploded by an electric spark at  the atmospheric 
pressure, and energy will be dissipated. I n  this operation the spark itself 
need not be considered, as a given spark is capable of exploding any quantity 
of gas. Suppose, now, that previously to explosion the gas is expanded at  
constant temperature, and then after explosion brought back to the former 
volume. Since in the combination there is a condensation to two-thirds, the 
pressure required to compress the aqueous vapour is less than that exercked 
at  the same volume by the uncombined gases, and accordingly work is gained 
on the whole. Hence the explosion in the expanded state involves less 
dissipation than in the condensed state, and the amount of the difference 
could be increased without limit by carrying the expansion far enough. I t  
follows that beyond a certain point of rarity the explosion cannot be made, as 
[according to what has been said its occurrence] could not then involve any 
dissipation. But although the tendency to combine diminishes as the gas 
becomes rarer, the heat developed during the combination remains approxi- 
mately constant. 

I t  must be rernembered that the heat of combination is generally 
developed a t  a high temperature, and that therefore work may be done 
during the cooling of the products of combustion. If, therefore, i t  is a 
necessity of the case that the act of combustion should take place at  a high 
temperature, the possibility of explosion will cease at  an earlier point of 
rarefaction than would otherwise have been the case. 

I t  may probably be found that rnany mixtures which show no tendency 
to explode under ordinary conditions will become explosive when sufficiently 
condensed. 
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ON THE WORK THAT MAY BE GAINED DURING THE 
MIXING OF GASES. 

[Phil. Mug. XIJX. pp. 311-319, 1873.1 

THE well-known fact that hydrogen tends to escape throiigh fine apertures 
more rapidly than air enters to supply its place, even although the advantage 
of the greater pressure may be on the side of the air, proves that the opera- 
tion of mixing the two gases has a certain mechanical value. I n  a common 
form of the experiment a tube containing hydrogen and closed a t  the upper 
end with a porous plug of plaster of Paris stands oser water. I n  a short time 
the escape of hydrogen creates a partial vacuum in the tube, and the water 
rises accordingly. Whenever then two gases are allowed to mix without the 
performance of work, there is dissipation of energy, and an opportimity of 
doing work a t  the expense of low temperature heat has been for ever lost. 
The present paper is an attempt to calculate this amount of work. 

The result a t  which 1 have arrived is extremely simple. It appears that 
the work that may be done during the mixing of the volumes v, and v, of 
two different gases is the same as that which would be gained during the 
expansion of the first gas from volume v, to volume v, + v,, together with the 
work gained during the expansion of the second gas from v, to v, + v,, the 
expansions being supposed to be made into vacuum. Now these expansions 
niay be considered actually to take place ; and thus the rule is brought under 
Dalton's principle that each gas behaves to the other as a vacuum. I t  is 
understood that the gases follow the common law of independent pressures, 
so that the total pressure is always the siim of those which would be exerted 
by each gas in the absence of the other. 

We will take first the case when one gas is condensable, and estiniate 
how much work must be done in order to separate the components of a 
mixture. Suppose, then, that a long cylinder, closed a t  the bottom, contains 
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a uniform mixture of (for example) hydrogen and steam confined under a 
piston, and that the walls of the cylinder are maintained at a constant 
temperature. Wtien the piston descends, heat will be generated; but the 
operation is supposed to proceed so slowly, that not only is the temperature 
rigorously constant throughout, but also the mixture is a t  any time in that 
condition which i t  would finally attain were the descent of the piston 
arrested. The pressure on the piston resisting the descent is by hypothesis 
the sum of those which it would experience from the hydrogen and steam 
separately*. When the space under the piston is reduced to that which the 
given quantity of steam is capable of saturating at  the given temperature, 
condensation commences and continues as the steam-space is gradually 
diminished. 

By carrying this process sufficiently far, the condensation of the steani 
may be effected with any desired degree of completeness, and thus the water 
and hydrogen separated. A second moveable piston may now be inserted 
immediately over the condensed water, and a very gradua1 expansion allowed 
until the original total volume is recovered. If the second piston be allowed 
free motion, the constituents of the original mixture are now separated, 
under equal pressures, and occupying the same total volume as before; and 
the question is, how much work has been expended in arriving at  this state 
of things ? 

I n  view of the fact that during the first part of the operation the 
hydrogen and steam press independently, i t  is clear that the total work done 
is the same as that which would be required to compress the hydrogen from 
the original volume v, + v, to  the volume v, if no steam were present, together . 
with the work necessary to compress the steam from v, + v, to v, if no hydro- 
gen were present. And since every step of this process is reversible, the 
same ainount of work might be gained in making the mixture, and is dissi- 
pated if the mixture is allowed to take place by free diffusion. 

The same argument will apply when the condensation of one of the gases 
is effected by chemical means. Suppose, for example, that we have a mixture 
of carbonic anhydride and hydrogen a t  a red heat, and that it is proposed to 
absorb the carbonic gas with quicklime. It has been proved by Debray thst 
at  every temperatnre above a certain point carbonic gas in contact with 
quicklime and carbonate has a definite tension ; any excess will be absorbed 
by the lime, and any deficiency supplied by a decomposition of the carbonate. 

If the tension of the carbonic gas in the given mixture be higher than 
that proper to the temperature, absorption will take place in an irreversible 
manner. In order to prevent dissipation, the mixture of gases must be first 

* For the sake of simplicity we rnay suppose a vacuum on tlie otlier side of tlie piston, 
tliougli, of course, any constant pressure woulcl give finally no result. 
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expanded until the tension of the carbonic gas is no higher than that corre- 
sponding to the temperature a t  which it is proposed to work. When the 
contact is made, the mixture may be very slowly condensed, so that after the 
point is passed at  which chemical action cominences, the tension of the 
carbonic anhydride remains constant. This process may be continued until 
nearly al1 the carbonic anhydride is absorbed. The hydrogen may then be 
separated. The space over the carbonate of lime must next be slowly 
increased until the original quantity of carbonic gas has been again evolved, 
when the connexion with the quicklime must be cut OB. I t  now only remains 
to reduce the separated gases to the same pressure and to a total volume 
equal to that of the original mixture. 

From the preceding considerations we may, 1 think, infer that the law 
above stated is general whenever the gases really press independently ; for it 
is difficult to see how its truth could depend on what would seem to be the 
accident of the existence or non-existence of a chemical capable of absorbing 
one or other of the gases. 

It is worthy of notice that exactly the same rule applies for the mechanical 
value of the separation of two gases, even when the pressures are different; 
for we get the sarne result whether we first before mixing allow the pressures 
to become equal and add the work gained in this process to that due to the 
subsequent rnixing, or whether we ca1culat.e a t  once the work due to the 
separate expansion of the two gases from their original volumes to the total 
volume of the mixture. 

I n  like manner the work that can be gained during the nlixing of any 
number of pure and different gases, which press independently, is the sum of 
those due to the expansions of the several gases from their original to their 
final volumes, where the volume of a gas is understood to mean the space in 
which the gas is confined. 

The next problem which presents itself is that of finding the work that 
may be done during the mixture of two quantities of mixed gases-for 
example, oxygen and hydrogen. Suppose the two mixtures to be contained 
in a cylinder, and separated from one another by a piston which moves freely. 
The ride is that the work required to be estimated is that which would be 
gained during the equalization of the oxygen-pressures if the hydrogen were 
annihilated, together with that which would be gained during the equaliza- 
tion of the hydrogen-pressures if the oxygen were annihilated. 

If the proportions of the gases are the same in the two mixtures, and also 
the total pressures, there is, of course, no possibility of doing work. If, on 
the other hand, the gas on the one side of the piston be pure oxygen, and on 
the other side pure hydrogen, the more general rule reduces to that already 
given for pure gases. 
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1 now pass to another proof of the fundamental rule, depending on the 
possibility of separating two gases of different densities by means of gravity. 
I n  a vertical column maintained a t  a uniform temperature, two gases which 
press independently will arrange themselves each as if the other were absent. 
Consequently, if there be any difference in density, the percentage compo- 
sition will Vary at  different heights, and a partial separation of the gases is 
thus effected. 

Imagine now a large reservoir containing gas at  sensibly constant 
pressure, on which is mounted a ta11 narrow vertical tube ; and first, in order 
to understand the operation more easily, let there be only one kind of gas 
present. If p be the pressure and p the density, p = kp, since the tem- 
perature is constant; and if z be the height rneasured from the reservoir in 
which the pressure is P, 

whence, by integration, 
p = P e - p z  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1) 

expresses the law of variation of pressure with height. Suppose now that a 
small quantity of gas of volume v is (1) removed from the top of the tube, 
(2) compressed to volume v, until i t  is of the same pressure as the gas in the 
reservoir, (3) allowed to fa11 through the height z to the level of the reservoir, 
and (4) forced into the reservoir. The effect of this series of operations is 
nil, and there can be neither gain nor loss of work The work gained in the 
first operation is consumed in the fourth, since pv = Pv,, so that attention 
may be confined to the second and third operations. Now the work con- 
sumed in the compression from v to va is 

and the work gained in the descent 

And these are equal, since log (Plp) = pz;  so that on the whole no work is 
lost or gained. 

The case is different when there are two kinds of gases present. 
Although, as before, the work gained in the first operation is consumed in 
the fourth, there is no longer compensation in the second and third opera- 
tions. If P, and P, are the partial pressures in the reservoir, the work 
required for the compression from v to v, is 

(Pl + P,) v, log . 
vo 
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On thi: otlier haiid, the work gained in the descent is 

if Q1, Q, are the partial pressures of the abstracted gas after condensation to 
volume v,. Thus, on the whole, if W be the work done on the gases, since 
QI + Qz = Pl 4- Pz, 

W 
- = QI (log - - i (2. log - - p z  . 
vo vo " ) ( 4  ) 

NOW pl = Pl~-plz, and vp, = v,Ql ; so that vP,e-plz = v,Ql. 
Accordingly 

v log - - p l r  = lo QI 

va 

v Q2  . 
log - - pzz = log - 

vo P, ' 
and thus 

Since the process is reversible, (3) gives the work which may be done 
during the mixing of a volume v, of two gases under the partial pressures 
Q, and Q,, with a large quantity of the same gases under an equal total 
pressure, but with partial pressures P, and P,. 

The quantity denoted by W can never be negative. To verify this from 
(3), write i t  in t'he form 

W -- x 
= zr log + y' log -, = log 

v, (Pl + Pd x' 
[(g(g'/ ,...... (4) 

Y 
w here 

so that x + y = x' + y' = 1. 

Now (Todhunter's Algebra, p. 392) if a, b, c, ... be any positive quan- 
tities, 

u + b + c + d +  ... 1 > (abcd . . .)n . 
n 

Suppose thnt a, b,  c, . .. consist of p equal quantities a and q equal quantities 
p ; then 

P 7 + Q > p ~ i l l  p;iiq/n. 
' I I  I I  
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If now we take 
pln = d, q/n = y', a = xlx', = yly', 

we see that 

and therefore, since x+ y = 1, that W is always positive, unless a = p, in 
which case the composition of the two mixtures is the same, and W vanishes. 

We have now to show how the formula for the mixture of two pure gases 
may be derived froin (3). Let v, be the volume of the first gns and v, of the 
second, at  the constant pressure Pl+ P,. The value of the interdiffusion of 
v, and v, must be the same as that of their diffusion into a large quantity of 
a mixture whose composition is identical with that of the mixture of v, and v,. 
For, on this supposition, the separation of the two mixtures spoken of would 
have no mechanical value. Now by (3) the value of W for the diffusion of a 
quantity v, of pure gas into a large quantity of a mixture whose partial 
pressures are Pl and Pa is (since Q, and Q, log Q, vanish) 

and hence the value of TV for the interdiffision of the quantities v, and v, is 

Pl + p, W = v, (P, + Pz) log - -- + u, (Pl + P2) log Pl + Pa 
Pl Pa I' 

or, since by hypothesis P2 : Pl = v, : v,, 

v1 + va + v, log v, + v, W = (Pl + P,) v, log - 1 Vl v 2  1 
(vl + v#+"Q 

= (Pl + P,) log ----- ............................ 
v,"' v$ ( 6 )  

This equation agrees with the rule enuncinted a t  the beginning of this papcr, 
VI + v, inasmuch as (P, + Pa) v, log - represents the work gained in the expan- 

VI 

sion of the first gas from volume v, to volume v, + v,, and 

V I  + v, (Pl + Pa) va log -- 
212 

represents the corresponding quantity for the second gas. 

The signifieance of equation (5) may perhaps be more fiilly broiight o u t  
by the following investigation of it. Whatever the relative proportions of 
the two gases in the reservoir may be, it will always be possible by going 
high enough to obtain a small q11ant~it.y of the liglitcr gas in any iequired 
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degree of purity. The removal of this at  the top of the tube, its condensa- 
tion to the pressure in the reservoir, the fa11 to the level of the reservoir, and 
the introduction into the reservoir would, on the whole, require no work to 
be done if this kind of gas had alone been present. The only effect of the 
heavier gas is to render necessary a greater condensation in the third 
operation; and thus W is the work that is required to condense the gas from 
the partial pressure P, to the total pressure in the reservoir P, + P,, whence 
equation (5) follows at  once. If it is desired to isolate a small quantity of 
the heavier gas, the tube must be taken downwards. 

I t  is to be observed that the work required to force a given quantity of 
gas into a large reservoir containing gas at the sanie pressure is independent 
of this pressure, since, according to Boyle's law, v is diminished in the same 
proportion that p is increased. 

The principle of dissipation may be employed to prove that the pressure 
in a vertical coluinn of mixed gases is greater when there is free diffusion 
than when the gases are uniformly mixed; for if the gases be allowed to rise 
from the reservoir tolerably quickly (or if a series of moveable pistons be 
interpolated), the composition in the tube will be the same as in the reservoir. 
If free diffusion be now allowed, there must be dissipation. The original 
state of things will be restored if the mixture be slowly forced back into the 
reservoir; and accordingly the work consumed in condensation must be 
greater than that gained in the expansion. In fact i t  may be proved alge- 
braically by a process somewhat similar to that applied to equation (3), that 
the pressure of the gases under free diffusion p, where 

is greater than the pressure of a uniform mixture p', where 

sip, +*,PI ...................... p' = (Pl + P,) @-p,+pl  (8) 

It is, however, possible to imagine other distributions which shall give a 
pressure greater than (7). The mechanical equilibrium gives one equation 
involving the two quantities p, and pz, viz. 

and the subsidiary conditions are that p, = Pl ,  p, = P,, when z = O. Hence 
we may take as the most general solution, 
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where X is an arbitrary function of x. Thus the total pressure 

For free diffusion X = 0 ; but it could always be taken so as to make the 
integral either positive or negative, as might be desired. 

The work required to decompose a mixture of gases is in general small, 
and could scarcely be of much importance from an industrial point of view. 
When, however, the proportion of one ingredient is very insignificant, more 
work i u  required. Tlius the separation of the carbonic anhydride from the 
atmosphere would require, relatively to the quantity obtained, a much larger 
expenditure of work than the separation of the oxygen. Thus consideration 
shows that extreme purity in any gas will always be attained and maintained 
with difficulty. Even when the necessary work is small, as in the separation 
of oxygen from the atmosphere, i t  is well to bear in mind that some work is 
absolutely essential. The reversible absorption of the oxygen of air may be 
effected by a substance like baryta; but we must not expect to recover the 
pure oxygen at  the same temperature and under a pressure equal to the 
total pressure a t  which it was absorbed. Either the temperature must be 
raised, or the gas must be exhausted at  a pressure less than that under 
which i t  existed in the mixture during the absorption*. It is just possible 
that this point might be found to be of practical importance in the solution 
of the problem of extracting oxygen from the air. 

* [1899. This is the method employed in the Brin process, subsequently introduced.] 
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TIBRATIONS O F  A LIQUID I N  A CYLINDRICAL VESSEL. 

[Nature, XII. p. 251, 18'75.1 

SEE Phil. Mag. I. pp. 25'7-279, 187'6; Art. XXXVIII. below. 

The fact that the period of a given mode of vibration of liquid in a 
cylindrical ressel of infinite depth and of section always similar to itself (e.g. 
always circular) is proportional to the square root of the linear dimension of 
the section, follows from the theory of dimensions without any calculation. 
For the only quantities on which the period (T) could depend are (i) p the 
density of the liquid, (ii) g the acceleration of gravity, and (iii) the linear 
dimension d. Now, as in the case of the common pendulum, i t  is evident 
that 7 cannot depend upon p. If the density of the liquid be doubled, the 
force which acts upon it is also doubled, and therefore the motion is the 
same as before the change. Thus T, a time, is a f~mction of d, a length, and 
of g. Since g is of - 2 dimensions in time, 7 œ g+, and therefore in order 
to be independent of the unit of length, i t  must Vary as di, inasmuch as g 
is of one dimension in length. Hence T œ dkg-k. This reasoning, it will be 
observed, only applies when the depth may be treated as infinite, [or when i t  
bears some constant finite ratio to the linear dimension of the section]. 
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ON WAVES. 

[Phil. Mag. I. pp. 257-279, 1876.1 

THE theory of waves in a uniform canal of rectangular section, in the 
case when the length of the wave is great in comparison with the depth of 
the canal and when the maximum height of the wave is small in comparison 
with the sarne quantity, was given long ago by Lagrange, and is now well 
known. A wave of any form, subject to the above conditions, is propagated 
unchanged, and with the velocity which would be acquired by a heavy body 
in falliug throngh half the depth of the canal. The velocity of propagation 
here referred to is of course relative to the undisturbed water. If we attri- 
bute to the water in the canal a velocity equal and opposite to that of the 
wave, the wave-form, having the same relative velocity as before, is now fixed 
in space, and the problem becomes one of stendy motion. I t  is under this 
aspect that 1 propose a t  present to consider the question ; and we will there- 
fore suppose that water is flowing along a tube, whose sect.ion undergoes a 
temporary and gradua1 alteration in consequence of a change in the vertical 
dimension of the tube. The principal question will be how far the pressure 
at the upper surface can be made constant by a suitable adjustmeut of the 
velocity of flow to the force of gravity. 

That the two causes which tend to produce variation of pressure at the 
upper surface act in opposition to each other is at  once evident. If there 
were no gravity, the pressure woiild Vary on account of the alteration in the 
velocity of the fluid. Since there must be the same total flow across al1 
sections of the pipe, the fluid which approaches an enlargement must lose 
velocity, and the change of momentum involves an augmented pressure. On 
this account, therefore, there is an increased pressure at a place of enlarge- 
ment and a diminished pressure a t  a contraction. On the other hand the 
effect of gravity is in the opposite direction, tending to produce a loss of 
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pressure a t  the upper surface where that surface is high, atid a gain of 
pressure where the surface is low. This effect of gravity is indepeudent of 
the velocity ; but the changes of pressure due to acceleration and retardation 
depend on the velocity of flow, and we can therefore readily understand that, 
with a certain definite velocity of' flow, compensation may take place, at least 
approximately. When this happens, the condition of a free surface is satis- 
fied, the constraint may be removed, and we are left with a stationary 
wave-forrn. 

In the theory of long waves it is assumed that the length is so great in 
proportion to the depth of the water, that the velocity in n vertical direction 
can be neglected, and that the horizontal velocity is uniform across each 
section of the canal. This, i t  should be observed, is perfectly distinct from 
any supposition as to the height of the wave. If 1 be the undisturbed depth, 
and h  the elevation of the water at  any point of the wave, u,, u the velocities 
corresponding to 1, 1 + h  respectively, we have, by the condition of continuity, 

1% u= - 21h + ha 
l + h '  

so that u,2 - w2 = -- 

(1 + h)l ' 

By the principles of hydrodynamics, the increase of pressure due to retarda- 
tion will be 

On the other hand, the loss of pressure due to height will be gph ; and there- 
fore the total gain of pressure over the undisturbed parts is 

If now the ratio h  : 2 be very small, the coefficient of h beconles 

and we conclude that the condition of a free surface is satisfied provided 
u z = g l .  This determines the rate of flow in order that a stationary wave 
may be possible, and gives of course at  the same time the velocity of a wave 
in still water. 

If we suppose the condition u,2 = g l  satisfied, the change of pressure is, to 
a second approximation, 

1 + hl21 3 %h2 - 1  =---- 
' ~ = ~ ~ ~ { ( l + h / E ) ~  2 1 ' 

which shows that the pressure is defective a t  al1 parts of the wave where h 
differs from zero. Unless, therefore, ha can be neglected, it is impossible to 
satisfy the condition of a free surface for a stationary long wave-which is 
the same as saying that it is impossible for a long wave of finite height to be 
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propagated in still water without change of type. If, however, h be every- 
where positive, a better result can be obtained with an increased value of u,; 
and if h be everywhere negative, with a diniinished value. We infer that a 
positive wave moves with a somewhat higher, and a negative wave with a 
somewhat lower velocity than that due to half the undistiirbed depth. 

[1899. The approximation may be continued as follows. In a small 
positive progressive wave the relation between the particle-velocity u at 
any point (now reckoned relatively to the parts outside the wave) and the 
elevation h is 

u = 2/(g/1) . h. .............................. (1, 

If this relation be violated anywhere, a wave will emerge, travelling in the 
negative direction. Let us now picture to ourselves the case of a positive 
progressive wave in which the changes of velocity and elevation are very 
gradua1 but become important by accumulation, and let 11s iuquire what 
conditions must be satisfied in order to prevent the formation of a negative 
wave. (Theory of Somd, § 251.) I t  is clear that the answer to the question 
whether or not a negative wave will be generated a t  any point will depend 
iipon the state of things in the immediate neighbourhood of the point, and 
not upon the state of things a t  a distance from it, and will therefore be 
determined by the criterion applicable to small disturbances. I n  applying 
this criterion we are to consider the velocities and elevations, not absolutely, 
but relatively to those prevailing in the neighbouring parte of the medium, 
so that the form of ( 1 )  proper for the present purpose is 

whence 
du = J { g / ( l +  h)] . dh ; ........................ (2) 

u = 2 2 / g { ~ ( z  + h) - %/z)  ...................... (3) 

This is the relation between u and h necessai-y for a long positive progressive 
wave. 

Consider now the velocity of the crest of a wave of elevation h .  I t  is 
propagated relatively to the sarrounding water with the velocity due to the 
depth (2 + h ) ;  but in addition to this there is the particle-velocity defined 
above. The velocity of the crest relatively to still water is accnrdingly 

WY { d l  + h) - dl] + J ( g  (1 + h)}, 
or approximately 

.\l{g ( 1  + 3h)) , .............................. (4) 
as given by Airy.] 

Although a constant gravity is not adequate to compensate the changes 
of pressure due to acceleration and retardation in a long wave of finite height, 
i t  is evident that complete compensation is attainable if gravity be a function 
of height ; and i t  is worth while to inquire what the law of force muvt be in 
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order that long waves of unlimited height may travel with type unchanged. 
If f be the force at  height h, the condition of constant pressure is 

whence 

which shews that the force must Vary inversely as the cube of the distance 
from the bottom of the canal. Under this law the waves may be of any 
height, and they will be propagated unchanged with the velocity J ( f , l ) ,  
where f, is the force at the undisturbed level. 

The same line of thought may be applied to the case of a long wave in a 
canal whose section is iiniform but otherwise arbitrary. Let A be the area 
of the section below the undisturbed level, 
Then, as before, 

( A  + bh) u = Au, 
if h be small: whence 

b the breadth a t  that level. 

Now by dynan~ics u,l- u2 = 29h, 

if the upper surface be free; and thus 

which gives the velocity of propagation. In  the case of a rectangular section 
we have the same result as before, since A = bl. 

The energy of a long wave is half potential and half kinetic. If we 
suppose that iriitially the surface is displaced, but that the particles have no 
velocity, we shall evideritly obtain (as in the case of sound) two equal waves 
travelling in opposite directions, whose total energies are equal, and together 
inake up the potential energy of the original displacement. Now the eleva- 
tion of the derived waves must be half of that of the original displacement, 
and accordingly the potential energies less in the ratio of 4 : 1. Since 
therefore the potential energy of each derived wave is one quaiter, and the 
total energy one half of that of the original displacement, i t  follows that in 
the derived wave the potential and kinetic energies are equal. 

We may now investigate the effect on a long wave of a gradua1 alteration 
in the breadth of the canal aud the area of the section. The potential energy 
of the wave varies directly as the length, breadth, and square of the height ; 
and, by what has been proved above, the same is true of the total energy. 
Now the lengtli of the wave in varioiis parts of t.he canal is obvioidy 
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proportional to the velocity of propagation, viz. 1/(A/b); and we rnay there- 
fore write 

E oc 2/(A/b) . (heighty . b. 

But when the alteration in the canal is very gradual, there is no sensible 
reflection and the energy of the wave continues constant ; so that 

height cc A-ab*. 

In the case of a rectangular section, 

height cc l-tb+. 

These results are due to Green, Kelland, and Airy*. The same method 
may be even more easily applied to the sound-wave moving in a pipe of 
gradually varying section. 

The theory of long waves may be applied in many cases to ascertain the 
effect on a stream of a contraction or enlargement of its channel. If the 
section of the channel up to the natural level of the stream be altered from 
A, to A, the equation of continuity gives 

( A  + bh) u = A,un, 

where b, the breadth a t  the surface of the water, is supposed not to Vary with 
height. The condition of a free surface is 

which shows that h can never exceed the height due to the velocity .u,, as is 
indeed otherwise obvious. 

If the variations in A and O are small as well as gradual, and if we put 
A = A .  + 6A. we find 

When the velocity un is less than that of a free wave, gAo > Ou:, and h has 
the same sign as 6A ; viz. a contraction of the cliannel prodiices a depression 
of the surface, and an eulargement produces an elevatiori. But if the 
ve1ocit.y of the streain exceed that of a free wave, these effects are reversed, 
and an enlargement and contraction of the section entail respectively a 
depression and an elevation of the surface. 

If the velocity of the Stream is nearly the same as that of a free wave, a 
state of things is approached in which a wave can sustain itself in a stationary 

* Stokes, Brit. Asëoc. Report on Hydrodynaniica, 1646. 
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position without requiring a variation in the channel; and then the effects 
of such a variation are naturally much intensified. 

We must not forget that these calculations proceed on the supposition 
that a steady' motion is possible. It would appear that the motion thus 
obtained is unstable in the case where the velocity of the stream exceeds 
that of a free wave. If we suppose the upper surface to consist of a moveable 
envelope, i t  would indeed be in equilibrium when disposecl according to the 
law above investigated ; but if a displacement be made and steady motion be 
conceived to be re-established, the pressure of the fluid will be less than 
before if the displacement be downwards, but will be increased if the displace- 
ment be upwards ; so that the forces brought to bear on the envelope are in 
both cases in the direction of displacement. The expression for the variation 
of pressure a t  the envelope is 

The Solitary Wave. 

This is the name given by Mr Scott Russell to a peculiar wave described 
by him in the British Associa,tion Report for 1844. Since its length is about 
six or eight times the depth of the canal, this wave is, to a rough approxima- 
tion, included under the theory of long waves ; but there are several circum- 
stances observed by Mr Russell which indicate that i t  has a character 
distinct from that of other long waves. Among these may be mentioned the 
very different behaviour of solitary waves according as they are positive or 
negative, viz. according as they consist of an elevation or a depression from 
the undisturbed level. In the former case the wave has a remarkable 
permanence, being propagated to great distances without much loss; but a 
negative wave is soon broken up and dissipated. 

Airy, in his treatise on Tides and Waves, still probably the best authority 
on the subject, appears not to recognize anything distinctive in the solitary 
wave. He says :-" We are not disposed to recognize this wave as deserving 
the epithets ' great ' or ' primary,'. . . . . .and we conceive that ever since it was 
known that the theory of shallow waves of great lerigth mas contained in the 
equation d2X/dt2 = g~ d2X/dx2,. . . . . .the theory of the solitary wave has been 
perfectly well known." And again, "Some experiments were made by 
Mr Russell on what he calls a negutive wave-that is, a wave which is in 
reality a progressive hollow or depression. But (we know not why) he 
appears not to have been satisfied with these experiments, and has omitted 
them in his abstract. Al1 the theories of our IVth Section, without excep- 
tion, apply to these as well as to positive waves, the sign of the coefficient 
only being changed." 
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On the other hand, Professor Stokes says* :-"It is the opinion of Mr 
Russell that the solitary wave is a phenomenon sui generis, in no wise 
deriving its character from the circumstances of the generation of the wave. 
His experiments seem to render this conclusion probable. Should i t  be 
correct, the analytical character of the solitary wave remains to be dis- 
covered." 

The theory of the solitary wave has been considered by Earnshaw (Camb. 
Trans. vol. VIII.), who, distrusting what he calls analytical approximations, 
bases his calculation on a supposed result of experiment, namely that the 
horizontal velocity is uniform over each section. This, as we have seen, is 
the fundamental assumption in the theory of long waves; but when the 
length of the wave is moderate, such a state of things is impossible in a 
frictionless fluid which has been once at  rest; for it involves molecular 
rotation. I n  fact if there be a velocity-potential, the horizontal velocity u 
satisfies Laplace's eqnation d2u/dx2 + d2u/dy2 = O,  and therefore canuot be a 
function of m without being also a function of y. The motion investigated 
by Earnshaw has therefore molecular rotation; and the rotation remains 
constant for each particle ; otherwise the equations of fluid motion would not 
be satisfied. This is the explanation of the dificulty with which Earnshaw 
meets,-that while the necessary conditiorie are satisfied in the wave itself, 
there is discontinuity in passing from the wave to the undisturbed water. 
The discontinuity arises from the fact that, as there is no rotation outside 
the wave, it is necessary to suppose finite rotations imparted to the particles 
as the wave reaches and leaves them. I t  is evident that, except in the case 
of very long waves, u must be treated as a function of y as well as of x. 

I n  considering the theory of long waves (reduced to rest by imparting 
an opposite motion to the water), we saw that i t  was impossible to satisfy 
the condition of a free surface if the height of the wave were finite. It 
occurred to me to inquire whether there might not be compensation in 
certain cases between the variation of pressure at the upper surface due to a 
firiiteness of height, and the variation due to a departure from the law of 
uniform horizontal velocity proper to very long waves. I t  was conceivable 
that the surface-condition in the case of a wave of given finite height might 
be better satisfied by a moderate than by a very great wave-length. In this 
way 1 have obtained what seems to be a perfectly satisfactory approximate 
theory of the solitary wave. 

If rc and v be the horizontal and vertical velocities in a stream moving in 
two dimensions without molecular rotation, and +, 1Jr the potential and 
stream functions, we have 

* British A;isociation Report, 1846. 
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Hence, if the bottom of the canal be taken for axis of x, we may take for 2~ 

and v, since they satisfy Laplace's equation, 

where f(x) is the slowly variable value of u a t  the bottom when y = O, and 
accents indicate differentiation with respect to x. The corresponding expres- 
sion for jb is 

y" 
+=?lf-rn3 f ' ' + 1 . 2 . 3 . 4 . 5  f i ' - .  ......... (c> Y = 

This equation applies to the upper boundary, if we understand by the 
there constant value of the stream-function, and i t  gives us a relation be- 
tween the ordinate of the boundary and the function f. 

If p be the pressure at the upper surface, we have 

where C is some constant. We will write for brevity, 

u 2 + u a = m - 2 g y ;  .............................. (Dl 

and the object of the investigation is to examine how far it is possible to 
inake ur constnnt by varying the form of y as a function of LE. Since 

oiir equation becomes 
PY" 2gy3 

or, on substituting for u its value, 

Between this equation and (C), f may be eliminated by successive approxima- 
tion ; and we obtairi as the rela.tion between y and P, 

I n  this investigation y is regarded as a function of x, which varies slowly, or 
(as we may put it) a function of ox, where o is a small quantity. If we 
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agree to neglect the fourth power of o, the third and following terms on the 
left-hand side of (E) may be onîitted, and we obtain 

hy which the value of w  is determined approximately in terms of the form of 
the ripper surface. If we suppose rn constant and integrate (F) on that 
hypothesis, we shall obtain a form of upper surface for which the pressure 
varies very slightly, provided of course that the solution so obtained satisfies 
the suppositions on which the differential equation (F) is founded. 

To integrate (F) we may write i t  in the form 

dy" which becomes a complete differential when multiplied by 2 d x .  Thus dx 
we find 

&y'2= cy+ T Y 2  - 9111 + 1, 
.I." 

C being the constant of integration. Suppose now that in the undistuibed 
parts of the canal the depth is 1 and the velocity u,. Then 

1 
m = u: + 2~2, and . ~ r  = / uody = i i , ~ .  

. n - ., 
Substituting these, we get 

In  this equation y and 1 are given, while uo and C are at  Our disposa1 ; and 
thus the cubic expression on the right may be made to vanish for y =  1 and 
y = l', where 1' is the distance between the summit of the wave and the 
bottom of the canal. If we substitute these values of y and eliminate C, 
we find 

.................................... tr,2 = 91' (H) 

as the relation between u, and 1'. The constants C and ZL, being now deter- 
mined so as to make y vanish when y = O and when y = l', i t  will be found 
that the third root of the cubic is also 1, so that our equation may be put 
into the form 
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From this result i t  appears that there is only one maximum or minimum 
value of y (besides 1) ; and since y - 1' is necessarily negative, i t  follows that 
the surface-condition cannot be satisfied to this order of approximation by a 
solitary wave of depression. Differentiating (1), me get 

which shows that the points of zero curvature occur when y = 1 and when 
y = 3 (21' + 1) = 1 + % (1' - 1). Thus the curvature changes sign a t  two-thirds 
of the height of the wave above the undisturbed level, and at  these points 
only. The nature of the wave is sufficiently defined by (1); but we may 
readily integrate again, so as to obtain the relation between x and y. Thus, 
. , if 1 - l = &  y- l=r] ,  

the constant being taken so that x = O when 7 =P. This equation gives the 
height r ]  at  any point x in terms of one constant, viz. the maximum height of 
the wave. There is therefore (in a given canal) only one form of solitary 
wave of given maximum height. On either side the height diminishes 
without interruption, but does not (according to (J)) absolutely vanish at 
sny finite distance. Accordingly there is no definite wave-length; but if 
we inquire what value of x corresponds to a, given ratio of 7 : fi, we get 

being greatest for the smallest waves. 

Suppose, for example, that we regard the wave as ending where the 
height is one-tenth of the maximum. Then 

x : 1 = 2.1 2/(1 + l/@. 
The shortest wave-length is when f i  = 1 ;  and then 2z/L = 5-96. If P = $1,  
2x11 = 8.4. If P = 41, 2x11 = 12.6. These results are in agreement with 
Russell's observations. 

The form of the wave as determined by (J) is shown in the figure, half 
the wave only being drawn :- 
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The velocity of propagation is given by (H), which is Scott Russell's 
formula exactly. In  words, the velocity of the wave is that due to half the 
greatest depth of the water. 

Another of Russell's observations is now readily accoiinted for :-" I t  was 
always found that the wave broke when its elevation above the general level 
became equal, or nearlÿ so, to the greatest depth. The application of mathe- 
matics to this circurnstance is so difficult, that we confine ourselves to the 
mention of the observed fact*." Whcn the wave is treated as stationary, i t  
is evident from dynamics that its height can never exceed that due to the 
velocity of the stream in the undisturbed parts; that is, 1'- 1 is less than 
u,"2g. But u: =gr ,  and therefore 1' - Z is less than +l', or 1' - 1 is less than 1. 
When the wave is on the point of breaking, the water at the crest is moving 
with the velocity of the wave. 

Periodic Wuves in Deep Water. 

The best known theory of these waves is that of Gerstner, Rankine, and 
Froude, in which the profile is trochoidal. The motion of each particle of 
the fluid is in a circle, wliich is described with uniforni velocity. If h, k be 
the coordinates of the centre of one of these cixles, measured horizontally 
and downwards respectively, the position of the particle a t  time t is given by 

I t  is not difficult to show that the motion represented by these equations 
satisfies the condition of continuity, and is consistent with the principles of 
fluid mechanics ; but i t  involves a molecular rotation, whose amount is 

This molecular rotation, being coristant for each particle, is not inconsistent 
with the properties of frictionless fluid when the motion is once set up ; but 
it is known t,hat a motion of this kind could not be generated from rest in 
such fluid by any natural force. We proceed to consider the theory of 
periodic waves in deep water when there is rio molecular rotation. 

AS in the case of long waves, the problem may be reduced to one of 
steady motion by attributing to the water a velocity equal and opposite to 
that of the waves. If x be measured horizontally and y downwards from the 
surface, the conditions of continuity and of freedom fron~ rotation are satis- 
fied by 

4 =c~~:+ae-kysinkx) + = c y  -ae-k~cos&; ............ (A) 

* Airy, Tides and Waves, Art. 401. 
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where + and + are the equipotential and Stream functious, c the velocity at 
a great depth, a a constant depending on the amplitude of the waves, and 
k =  %/A, h being the wave-length or distance frorn crest to crest. The 
motion represented by (A) passes into a uniform horizontal flow at  a great 
depth ; and we have only to inquire how far the surface-condition of constant 
pressure can be satisfied. 

If U be the resultant velocity at  any point, 

Ua = (dr$]dx)" + ( d + / d ~ ) ~  = c2 + Z~kae-~V cos kg + k2a2e-2kv 

and therefore 
p/p = const. + (9- kc2) y  + ch+ - 4 k2a2eëzkv. .............. (8) 

Hence, when + is constant and a is so srnall that aa can be neglected, p will 
also be constant, provided that 

If c has this value, the surface-condition is satisfied approximately, and (A) 
may be understood to represent a train of free periodic stationary waves, or, 
if the motion relatively to deep water be considered, a train of periodic waves 
advancing without change of type and with a uniform velocity c. 

The profile of the wave is determined by the second of equations (A), in 
which + is made constant. By successive approximation we may deduce the 
value of y in terms of z. If + be taken so that the mean value of y is zero, 
we get 

a ka2 3 k2a3 y =  (1 +:y) cos~cx--oos2kx+--ms 3tt4 
2c2 8 c3 

which is correct as far as a3. Let 

C#J = cx + ca (1 - 8 Pa2) e-@ sin hx, 
.................. += cy- ca(1 -i;k%2)e-@coskx; 

(Dl 

and for the equation of the surface, 

y = a cos kx - &ka2 cos 2kx + # kza3 cos 3k.x. ............... (E) 

From (B) we may obtain a closer approximation to the value of C. 

Expanding the exponential, we have (approximately) 

... plp = const. + (g - kc2 + Pa2) y + ; 
so that 

cZ = g/k + lc2aa = g/k + Paac2, 
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......................................... or c2 = g l k .  (1 + Ic2u2), 0-9 
where rE = 2.rr/h. 

Formulæ (E) and (F) are given by Professor Stokes i n  a memoir pub- 
lished in the Cambridge Philosophical Tra,mactions, Vol. VIII. 

So long as the depth is everywhere sufficiently great in corriparison with 
the length of the waves, uniformity of depth is immaterial. For waves in 
water of constant finite depth 1, the expression for + is 

and the velocity c is determined by 

g $1 - e-kl . c2 = wl = 9/12 . tanh kl, ....................... ( G )  

which passes into (C) when 1 is considerable in coniparison with h. When 1 
is emall, we get from (G) c2 = 91, which is the formula proper for long waves. 
When obtained thus, i t  is applicable in the first instance only to waves of a 
particular type; but the fact that it is independent of k or would lead us 
to the conclusion that the same formula would apply to a long wave of any 

type. 

In one respect the theory of irrotational waves may be considered inferior 
to that of Rankine, which last is exact, in  the sense that i t  is independent of 
any supposition as to the smallness of the waves. So far as 1 am aware, 
writers on this subject appear to think that i t  is only a question of mathe- 
matics to determine the form of irrotational waves of finite amplitude to any 
degree of approximation. But i t  seems to me by no means certain that any 
such type exists, capable of propagating itself unchanged with uniforin 
velocity. 1 see no reason why the possibility of such waves in deep water 
should be taken for granted, when we know that in shallow water waves of 
finite height cannot be propagated without undergoing a gradua1 alteration 
of type*. 

One of the most interesting results of Professor Stokes's theory is the 
existence of a slow translation of the water near the surface in the direction 
of the wave. 1 propose to show that this superficial motion is an immediate 
consequence of the absence of molecular rotation, and that i t  is independent 
of the condition of constant pressure at  the bounding surface. 

Let A B  be the surface from crest to hollow, and CD a neighbouring 
stream-line. Draw A'B', C'D', two stream-lines at  siich a depth that the 

* [1899. This supposed impossibility is connected with the assumption that the waves in 
shallow water axe very long. The more recent researches of Sir G. Stokes (Co22ected Papers, 
vol. I. p. 314) and of Prof. Korteweg and Dr De Vries (Phil.  Mag. vol. xxx~x.  p. 422, 1895) seem 
to establish the existence of absolutely permanent waves of finite height.] 
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steady motion of the fluid is uniform, and so as to include a total stream 
equal to that which flows between AB and CD. Then we have to show that 
a particle at  A will take longer to reach B, than a particle a t  A' takes to 
arrive at  B'. Now if a denotes the small breadth of the tube AD at  any 

point, and v the velocity, the total stream is UV and is constant. Denoting it 
by K, w e  have 

w = K + u .  

The time t occupied by a particle in inoving from A to B is therefore 

t =/$=/*= K ûrea AD+ K. 

And if t' represents the time between A' and B', 

t' = area A'D' + K, 

K being the same in both cases, since the total streams are by supposition 
equal. Thus 

t : t' = area AD : area A'D' ; 

and i t  remains to prove that AD is greater tha,n A'D'. 

If we draw equipotential lines in such a manner that the small spaces cut 
off between them and AB, CD are squares, then we know that the saine 
series of equipotential lines will divide the space between A'B', C'B', into 
small squares also. Now if a line be divided into a giveil nutnber of parts, 
the sum of the squares of the parts will be a minimum when the parts are al1 
equal. Hence the space AD is greater than if the squares described on the 
parts of AB were al1 equal, and therefore d fortiori greater than the space 
A'D', which consists of the sum of the squares of the same number of equal 
parts of a shorter line. 

I t  follows that when a particle starting from A' has arrived at  B', another 
particle starting at  the same moment from A will fall short of B. Thus in a 
progressive wave the water near the surface has on the whole a motion of 
translation in the direction in which the waves advance. 
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0scilla.tiow in Cylindrical Vessels. 

If liquid contained in a cylindrical vesse1 of any section, whose generating 
lines are vertical and whose depth is uniform, be disturbed from the position 
of equilibrium, oscillations will ensue in consequence of the tendency of the 
fiuid to recover its horizontal boundary. 

Let us consider in the first place the small vibrations in two dimensions 
of a compressible fiuid such as air when contained within a cylindrical rigid 
boiindary. If x and y be the rectangular coordinates of any point, and + the 
velocity potential, i t  is known that $I will satisfy over the whole area 

a being the velocity of sound; while round the contour 

where d+/dn denotes the rate of variation of + in a normal direction. 

Whatever the motion of the air may be, i t  can be analyzed into com- 
ponents of the harmonic type. Suppose that foi- one of these $I varies as 
cos kat ; then, from (A), 

d24 , ................................. 
dx"yz 

+ h2+ = O ('3 

is an equation which + must satisfy for the component vibration in question. 
The equations (C) and (B) can only be satisfied with certain definite values 
of 7c; and the functions + corresponding to these values are proportional to 
what may be called the normal functions of the air-system. We may denote 
these functions by uk. Any function arbitrary over the ares can be expanded 
in a series of the functions u*. 

Returning to the liquid-problem, we see that the elevation h of the 
surface at  any point above the undisturbed position may be expressed by the 
series 

h = Xakuk(x, y), ................................. (D) 
the quantities a being constants with respect to space, but dependent upon 
time. The potential energy of the displacement, calculated on the hypothesis 
of a constant pressure on the surface, will clearly be 

by the conjugate property of the functions u. This is the potential energy. 

* See on this subject several papers by the author, especially "General Theorems relating to 
Vibrations," Hath. Society Proceedinp, vol. IV. No. 63, and Phil. AIag. 1873 [Arts. xxi., xxv.]. 
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The motion of the fluid throughout the interior depends, according to a 
known theorem, only upon the motion of the surface ; and the surface normal 
velocity 

- d+/dz = h = d &uk. 

If 1 be the depth, the complete value of + is given by 

For, in the first place, this value of + satisfies Laplace's equation, inas- 
niuch as each term Z C ~  satisfies the equation (C) ; 

Secondly, (F) satisfies the condition imposed by the rigid cylindrical 
boundary, since duk/dn = 0 ; 

Thirdly, (F) makes d+/dz = O, when z = 1 ; 

And fourthly, when z = 0, - d+/dz = h. 

The kinetic energy T may now be readily calcixlated: 

by Green's theorem, d S  denoting an element of the surface bounding the 
mass, and d+/dn the rate of variation of + in a normal direction outwards. 
The surface S consists of three parts-the bottom of the vessel, the cylin- 
drical side of the vessel, and the upper surface of the fluid. Over the first 
two of these, d+/dn = 0, and thus 

T = - 2) dxdy. 
2-0 

Now when z = 0, 

$Y = xakk-l coth kE . î ~ k ,  d+/dz = - dukuk, 
so that 

T = ap Cb2h+ coth kl  .JJuc dxdy, . . . . . , , , , . . . . , , . , (a) 
the product of any two functions uk, z c k ~  vanishing when integrated over the 
area. 

We have now to calculate the work done by impressed forces corre- 
sponding to the displacement represented by Sak. I t  rnust be remembered 
that these forces are limited to be such as have a potential. Let 6p denote the 
variable part of the pressure a t  the surface, supposed to remain in its position 
of rest, whether applied directly or due to impressed body-forces, then 

work done on system = -$J8pShdxdy. 

If 8p be expanded in the series, 6p = ZPBuk(x ,  y), 
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We can now form the equations of motion in terms of the generalized 
coordinates ak. By Lagrange's method, 

is the equation determining the variation of the coordinate ak, where 

,0k = JJ 8p u k  dz  dy + JJ ukz dz dy. 

When the oscillations are free, Bk = O. If the period be rk, and the corre- 
sponding period for the air-vibration r i ,  

r k  = 27r + d(gk tanh Icl), r i  = 2~ + ka. ............... (1) 

If h' be the wave-length of plane aerial vibrations having the period r i ,  

Ic = 27T + X'. 

If kl be very small, the ratio of periodic times is 

~k : ri = a : 2/(gl), ............................. (J) 

and is independent of k. Hence the two problems of the vibrations of air 
and liquid are mathematically analogous whatever the initial circiimstances 
rnay be ; so that if the condensation in the first follows the same law initially 
as the elevation in the second, the correspondence will be preserved throughout 
the subsequent motion, if a2 = gl. The initial circumstances, however, must 
be such as not to give prominence to the higher components, for which A1 
would no longer be small. 

When Icl is not negligible, we learn from formula (1) that the period 
increases with 1 until kl is moderately great, when it becomes sensibly 

7) = 27r + 2/(gk). ................................ (K) 
In any case the period is independent of the density of the liquid. 

Some careful observations on liquid vibrations have been recently made 
by Professor Guthrie", with which i t  may be interesting to compare the 
results of theory. Professor Guthrie used troughs whose horizontal section 
was rectangular and circular. We will take the rectangular section first. 

Confining ourselves to those modes of vibration which depend on only 
one horizontal coordinate, we may take for the normal functions 

L being the length of the trough, n integral, and x being measured from one 
end. The corresponding value of Ic is nr/L. Hence, from (1), the length of 
the simple equivalent pendulum is 

* Phil. Nag. October and November 1875. 
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When n d / L  is considerable, (L) becomes 

L/nr , .................................... (Ml 
or, for a closer approximation, 

Formula (M) was found by Professor Guthrie to agree with observation 
when n = 1 or 2. The periods in the two cases are in the ratio 1 : 42, if the 
depth be suficient. 

If the depth bear a constant ratio to the length, (L) or (1) shows that the 
period is directly proportional to the square root of the linear dimension; 
and the same law will obtain when the depth is great, whatever the absolute 
value may be. 

If n = 1, the points of constant elevation occur when x = &L (that is, in 
the middle of the length) ; and if n = 2, when x = AL or $L. The ma.ximum 
elevations (or depressions) are equal. 

These results take into account inertia and gravity only. From some 
expressions in his paper Professor Guthrie would appear to attribute the 
effect of shallowness in increasing the period to friction. No doubt friction 
must act in this direction ; but its immediate effect is on the amplitude, and 
not on the period. I n  al1 ordinary cases the action of insufficient depth may 
be sufficiently accounted for by the increase of the effective inertia due to 
the contraction of the channels along which the liquid flows, in the same - 

way as the pitch of an organ-pipe is lowered hy an obstruction at  the mouth. 
In such vessels as those used by Professor Guthrie it may be doubted 
whether friction and capillarity have any sensible influence on the periodic 
time. 

The theory for the circular trough depends on the class of functions named 
after Bessel, which are an extrerne case of Laplace's spherical fi~nctions. For 
the symmetrical vibrations we have 

zc = JO (lcr), .................................. (0) 

r being the radius vector ; and if R be the radius of the vessel, Ic is a root of 

If x=lcR, the values of x satisfying (P) are 3.832, 7.015, 10.1'74, &c., of 
which only the first belongs to the cases experimented on by Professor 
Guthrie. The approximate formula for the length of the simple equivalent 
penduluni corresponding to (N) is 
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or, when 1 is considerable, 

.............................. R + 3.832 simply. (R) 

Professor Guthrie conipares his observations with a pendulum of length 
8 t 4, and finds a fair agreement, which, however, woiild be improved by the 
substitution of the theoretical formula (R). 

According to (0) the place of zero elevation and depression occurs when 

According to observation, 
r = 3R = %667 R. 

From the Tables of Bessel's functions it appears that the amplitude at the 
edge of the vesse1 is .403 of that a t  the centre. Professor Guthrie makes 
this .5. 

For the next set of vibrations in a circular dish u is of the forrn 

26 = sin 8 Ji (kv), 

where the admissible values of IcR are 1.841, 5332, 8.536, &c. Hence foi  
the gravest of this group t,he length of the eqiiivalent pendulum is 

In this group of modes the elevation vanishes a t  al1 points along a certain 
diameter (8 = O). 

I n  the third group we have 

u = sin 28 J, (h), 

and the admissible values of ]GR are 3.054, 6.705, 9.96.5, &c. For the gravest 
of these the length of the equivalent pendulum is 

if the depth be si16cient. The elevation vanishes alorig two perpendicular 
diameters ( B  = 0, 0 = +a). 

I n  the fourth group there would be three diameters for whicli u = 0 ; and 
the length of the pendulum isochronous with the gravest mode will be 

The frequencies of vibration in the three pavest modes, being inversely as 
the square roots of the corresponding pendulum-lengths, are in the ratio 

1 : 1-29 : 1.44. 
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Professor Guthrie's observations give for the value of these ratios 

Possibly too low a frequency is attributed to the gravest vibration owing to 
the effect of insufficient depth. 

When the complete theory of the free vibrations of any system is 
thoroughly known, i t  is in general easy to investigate the effect of periodic 
forces. If u,, u,, &c. are the normal functions, and 2r/n1, 2a/n2, &c. the 
periods of the corresponding free vibrations, the effect of forces whose period 
is 2 ~ / p  can be expressed in terms of the effect produced by similar forces of 
infinite period, which la.& can be calculated statically. Thus, if the solution 
of the problem according to the equilibrium theory is 

.... A,ul cos p t  + A2u, cos pt + 
the triie solution as modified by the inertia of the system will be 

A ln? A in," 
u, cos pt + - u,cospt + m . .  

n12 - pz n9 - p2 

Let us calculate in this way the motion in a ciïcular cylindrical basin due 
to a small horizontal force, acting uniformly throughout the mass of liquid, 
but variable with the time according to the harmonic law. The equilibrium 
value of h (the elevation) is evidently 

and the only difficulty consists in expressing r by a series of Bessel's func- 
tions J,. I t  may be proved ttiat 

r = 2 JI ( W  + 2 J (IC r)  +... , .S............. 

? - 1) JI 1 (@ - 1) Ji (k2) (VI 

where Ic , ,  Ic,, &c. are the roots of J,'(k) = 0, and the radius R is taken as 
unity. Thiis the true value of h (after the motion has been going on long 
enough to be independent of initial circumstances) is 

272: cos pt cos 0 JI (kir) 
h= + ... , .................. 

(711% - pa) (k,2 - 1) JI (h) (W) 

the summation being extended to al1 the admissible values of Ic. The value 
of n2 is given by 

n2 = glc tanh ICl. 

If the system be at  rest a t  t = O ,  and displaced according to the law 
h = r cos 19 (that is, with an inclined plane surface), the subsequent motion is 
given in rapidly converging series by 

2 JI (kir) cos I9 
h =  COS n,t + cos n2t + . . . . . . . . .  .(X) 2 J, (kir) cos 6 

@? - 1) JI (h) (k: - 1) J I  (W 
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P.S.-Some recent observations on the periods of the oscillations of water 
in a large circular tank may be worth recording. The radius of the tank is 
60.3 inches [153.2 cm.], and the depth about 43 inches [IO9 cm.]. The 
oscillations were excited by dipping one or more buckets synchronously with 
the beats of a metronome set approximately beforehand. Soon after the 
withdrawal of the buckets the vibrations were counted (in most cases for 
five minutes), and the results reduced for a space of one minute. 

Gravest symmetrical mode.-Frequency by observation 47.3 [complete 
oscillations per minute]. The theoretical result for an infinite depth is 
47.32, and for actual depth 47.13. 

Next highest symmetrical mode.-By observation, freqiiency = 64.1, by 
theory 64.02. In  this case the correction for finite depth is insensible, and 
the length of the equivalent pendulum = R + 7.015. 

Gravest mode ewith one nodal diameter.-By observation, frequency = 30.0. 
By theory, for infinite depth 32.81, for actual deptli 30.48. 

One nodal diameter and one nodal circ1e.-By observation, frequency 
= 56.0; by theory 55.8. The length of equivalent pendulum = R + 5.332. 

Two nodal diameters.-By observation, frequency = 41.0. By theory, for 
infinite depth 42.09, for actual depth 41.59. 

The agreement between theory and observation is as close as could be 
expected. 

1 have lately seen a memoir by M. Boussinesq (1811, Comptes Rendus, 
Vol. LXXII.), in which is contained a theory of the solitary wave very similar 
to that of this paper. So far as our results are common, the credit of priority 
belongs of course to M. Boussinesq. 
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ON THE APPROXIMATE SOLUTION O F  CERTAIN PROBLEMS 
RELATING TO THE POTENTIAL. 

[Proceedings of the London Mathematical Society, VIL pli. 70-75, 1876.1 

THE first problern that 1 propose for consideration is that of the flow of 
electricity in two dimensions dong a strip of uniform metal sheet, such as 
tinfoil, the strip being bounded by curves symmetrical with respect to a 
central line, taken as axis of x, and nowhere more than moderately inclined 
to that axis. The equations of the bouiidary may be written y = f y,, where 
y, is a slowly varying function of x. On account of the symmetry the poten- 
tial is an even function of y, and the axis of x is a strearn-line, so that the 
problem is the same as if the axis were itself a boundary. The conditions to 
be satisfied by the potential + are therefore the usual equation of Laplace, 

which must be true over the whole area of the strip, together with the 
boundary c~ndit~ions, that there must be no normal flow acruss the cimes 
y =y, and y =  O. If we introdiice the streani function +, which is related to 
$I by the equations 

d+/dx = d+]dy, d+/dy = - d+/dx, . . . . . . . . .. . . . . . . .. (1) 

and itself satisfies V2+ =O, the boundary conditions may be expressed by 
supposing + to be zero when y = 0, and when y = y, to assume a second 
constant value +,. 

If the boundary of the strip were straight and parallel to the axis, the 
current d+/& would be constant at  al1 points, and we should have 

+ = f . x ,  + = f . y ,  

where f represents the constant current. 
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The object of the present investigation is to determine the values of 
+ and +, when the above simple values may be taken as a basis of approxi- 
mation, and to calculate corrections for the effect of the deviation of y, from 
constaucy. 

Denoting by f the slowly varying magnitude of the cirrent when y = 0, 
we may take 

where f, = Jf dx. 

These values satisfy the general conditions of the potential and stream 
functions, and when y = O make 

The second of equations (2) may be regarded as deternlining the lines of 
I flow (any one of which may be supposed to be the boundary of the sheet) in 

terrns of j What remains to be effected is the determination off from the 
condition that + = +,, when y = y,, viz., 

an equation which may be treated by the method of successive approxi- 
mation. We have 

whence we obtain 

where accents denote differentiation with respect to x. 

In  order to calculate the electrical resistance of the strip, we must compare 
the total current with the difference of potentials a t  the two extremities. 
If the lamina be of unit specific conductivity, the total current 

IRIS - LILLIAD - Université Lille 1 



274 ON THE APPROXIMATE SOLUTION OF CERTAIN PROBLEMS [39 

For the potential on the axis we have r$ =Jf ch, and therefore the resistance 
of the strip is represented by 

If& ++1, 

where f has the value given by (4). 

If the equipotential lines, between which the resistance is required, be 
situated in parts of the strip, where the edge is straight and parallel to the 
axis (for a sufficient distance in comparison with the width), our expression 
may be simplified by integration by parts, since al1 the differential coefficients 
of y, with respect to 8 may be supposed to vanish a t  the limits under the 
circumstances contemplated. 

We have 

and the final result for the rcsistance may be written 

This expression admits of various forms. For example, instead of the second 
term we might take 

which differs by the addition of a term which is a complete differential, and 
therefore disappears on integration. 

The success of the approximation depends of course upon the degree of 
slowness with which y, varies. but i t  is not necessary to suppose that the 
whole variation of y, is small within the limits of x under consideration. If 
we suppose that y, is a function of ox, where o is a small quantity, our 
expression for the resistance will include al1 terins containing as factors lower 
powers of o than m6. 

The same expression (5) gives us the conductivity of the st,rip between the 
curves y = y, and y = O, supposed equipotential. For it is a general proposi- 
tion in the theory of conduction in two dimensions that if two opposite sides 
of any curvilinear quadrilateral be at  uniform (through different) potentials 
and the other pair of sides be non-conducting, the resistance is the reciprocal 
of that corresponding to an altered state of things in which the first pair of 
opposite sides are non-conducting and the second pair are equipotential. 
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Its truth is easily seen if we fi11 up the quadrilateral with the intermediate 
stream and equipotential curves, which will ultimately divide the area into 
elementary squares. The resistance of any square between opposite edges is 
independent of the size of the square, any augmentation of resistance due to 
an increased distance to be travelled being compensated by the effect of 
increased width. Thus, if the nurnber of interpolated stream and equipoten- 
tial curves be respectively m - 1 and ,n - 1, the whole resistance is to that of 
a square in the ratio n : m ;  while for the same reason, if t.he equipotential 
and stream-lines be interchanged, the resistance is m : n of that of a square. 

The same result is applicable to other problems mathematically analogous ; 
for example, the calculation of the capacity of an electrical accumulator. 

A similar method applies to the investigation of conduction in three 
dimensions in a conductor, which is syminetrical round the axis of x: and 
whose boundary does not differ violently froin a cylindrical surface. If r be 
the distance of any point from the axis, + and + the potential and streanl 
fiinctions, we have 

b+ 1dllr  -=- -  dg- ---- I d +  dr dx:' "" .." "" .."" ""' 
dx r dr  ' ( 6) 

whence by eliminatiori 

which show that 4 and + are not now, as in the case of two dimensions, 
interchangeable. The series corresponding to (2) are 

where F i s  a function of x so far arbitrary. If the form of the boundary be 
defined by r =y, we have 

y a F  YF"' ySPv +, = 3- - r*+ 2 2 .  & .  6 - .......... 
from which F' is to be determined in terms of y. By successive approxima- 
tion we obtain 

The total stream is given by the integral 
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and therefore the resistance between any two equipotential surfaces is repre- 
sented by 

On the supposition that a t  each limit the boundary is cylindrical for a suffi- 
cient distance in comparison with the diameter, we may treat this expression 
by integration by parts in the same manner as for the corresponding problem 
in two dimensions, and we then obtain 

resistance = ,............ 
48 (11) 

where, as before, accents denote differentiation with respect to x. 

I n  a memoir on the Theory of Resonance published in the Phil. Trans. 
for 1871*, 1 had occasion to consider this problem,.and 1 then proved that 
the first term of (11) represents an inferior Eimit to the resistance, and that 
the first and second terms together give a superior limit, these limits being 
applicable without any restriction on the form of the symmetrical boundary. 
I t  now appears that the superior limit coincides with the accurate value as 
far as a second npproxirnation, and that the correction is approximately given 
by the tliird term in ( I l ) ,  which is essentially negative. 

Other problems in Electricity and Heat depending upon the potential 
may be treated by the above method. For example, the conductivity between 
the plane z = 0, and a neighbouring equipotential surface z = z,, where z, is a 
friuction of x and y differing from a constant over n finite region only, is 
approximately 

..................... (12) 

where the area of integration includes the whole of the region through which 
z, variest. 

Finally i t  may be noticed that the preceding methods are applicable in 
two dimensions, when we replace x and y by any conjugate functions a, P, of 
s, y. By this transformation the scope of the analysis may be considerably 
increased, but to enlarge upon this would take us too far from the principal 
subject of the paper. 

[Art. v. p. 
oonnection with 
"correction for 

35.1 See also Maxwell's Electhcity and Magnetism, vol. I . ,  Art. 307. In 
this subject 1 may be allowed here to record that 1 have proved that the 
the end" of a cylindrical conductor is  leas than %242 of the radius, by s. 

calculation based on an assumed motion containing two arbitrary constants; this result is 
probably very near the truth. The corresponding superior limit obtained from one arbitrary 
constant is -8281 (Phil. Mag., Nov. 1872). If the motion at  the end be assumed to be uniform, 
we get '849 (Maxwell, Art. 309). An inferior limit is -785. 

t Math. Tripos, 1876, Jan. 21, 14 to 4, Question x. [Art. XLI. p. 286.1 
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OUR PERCEPTION O F  THE DIRECTION OF A SOURCE 

O F  SOUND. 

[Nature, XIV. pp. 32-33, 18'16.1 

THE practical facility with which we recognize the situation of a sounding 
body has always been rather a theoretical difficulty. I n  the case of sight a 
special optical apparatus is provided whose function i t  is to modify the 
uniform excitation of the retina, which a luminous point, wherever situated, 
would otherwise produce. The mode of action of the crystalline lens of the 
eye is well understood, and the use of a lens is precisely the device that 
would at  once occur to the mind of an optician ignorant of physiology. The 
bundle of rays, which would otherwise distribute themselves over the entire 
retina, and so give no indication of their origin, are made to converge upon a 
single point, whose excitation is to us the sign of an external object in a 
certain definite direction. If the luminous object is moved, the fact is at  
once recognized by the change in the point of excitation. 

There is nothing in the ear corresponding to the crystalline lens of the 
eye, and this not accidentally, so to speak, but by the very nature of the 
case. The efficient action of a lens depends upon its dialueter being a t  least 
many times greater than the wave-length of light, and for the purposes of 
sight there is no difficulty in satisfying this requirement. The wave-length 
of the rays by which we see is not much more than a ten-thousnndth part of 
the diameter of the pupil of the eye. But when we pass to the case of 
sound and of the ear, the relative magnitudes of the corresponding quantities 
are altogether different. The waves of sound issiiing from a man's mouth 
are about eight feet long, whereas the diameter of the passage of the ear is 
quite small, and could not well have been made a large multiple of eight 
feet. It is evident therefore that i t  is useless to look for anything corre- 
sponding to the crystalline lens of the eye, and that our power of telling the 
origin of a sound must be explained in some different way. 
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It has long been conjectured that the explanation tiirns upon the com- 
bined use of both ears; though but little seems to have been dorie hitherto 
in the way of bringing this view to the test. The observations and calcula- 
tiona now brought forward are very incomplete, but may perhaps help to 
clear the ground, and will have served their purpose if they induce others to 
pursue the subject. 

The first experiments were made with the view of finding out with what 
degree of accuracy the direction of sound could be determined, and for this it 
was necessary of course that the observer should have no other material for 
his judgment than that contemplated. 

The observer, stationed with his eyes closed in the middle of a lawn on a 
still evening, was asked to point with the hand in the direction of voices 
addressed to him by five or six assistants, who continually shifted their 
position. I t  was necessary to have several assistants, since i t  was found 
that otherwise their steps could be easily followed. The uniform result was 
that the direction of a human voice used in anything like a natural manner 
could be told with certainty from a single word, or even vowel, to within a 
few degrees. 

But with other sounds the result was different. If the source was on the 
right or the left of the observer, its position could be told approximately, but 
i t  was uncertain whether, for example, a low whistle was in front or behind. 
This result led us to try a simple sound, such as that given by a fork mounted 
on a resonance-box. It was soon found that whatever might be the case - 
with a truly simple sound, the observer never failed to detect the situation 
of the fork by the noises accompanying its excitation, whether this mas done 
by striking or by a violin bow. I t  was therefore necessary to arrange the 
experiment differently. Two assistants at  equal distances and in opposite 
directions were provided with similar forks and resonators. A t  a signal given 
by a fourth, both forks were struck, but only one was held over its resonator, 
and the observer was asked to Say, without moving his head, which he heard. 
When the observer was so turned that one fork was iminediately in front and 
the other inlmediately behind, i t  was impossible for him to tell which fork 
was sounding, and if asked to Say one or the other, felt that he was only 
guessing. But on turning a quarter round, so as to have one fork ou his 
right and the other on his left, he could tell without fail, and with full 
confidence in being correct. 

The possibility of distinguishing a voice in front from a voice behind 
would thus appear to depend on the compound character of the sound in a 
way that i t  is not easy to understand, and for which the second ear would be 
of no advantage. But even in the case of a lateral sound the matter is not 
free from difficulty, for the difference of intensity with which a lateral sound 
is perceived by the two ears is not great. The experiment may easily be 
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tried roughly by stopping one ear with the hand, and turning round back- 
wards and forwards while listening to a sound held steadily. Calculation 
shows, moreover, that the buman head, considered as an obstacle to the 
waves of sound, is scarcely big enough in relation to the wave-length to give 
a sensible shadow. To throw light on this subject 1 have calculated the - 
intensity of sound due to a distant source a t  the various points on the surface 
of a fixed spherical obstacle. The result depends on the ratio (a) between 
the circumference of the sphere and the length of the wave. If we cal1 the 
point on the spherical surface nearest to the source the anterior pole, and the 
opposite point (where the shadow might be expected to be most intense) the 
posterior pole, the results on three suppositions as to the relative magnitudes 
of the sphere and wave-length are given in the following table :- 

When, for example, the circumference of the sphere is but half the wave- 
length, the intensity a t  the posterivr pole is only about a tenth part less than 
a t  the anterior pole, while the intensity is least of al1 in a lateral direction. 
When a is less than 3, the difference of the intensities a t  the two poles is 
still less important, amounting to about one per cent., when a = 2. 

The value of a depends on the wave-length, which may Vary within 
pretty wide limits, and i t  might be expected that the facility of distinguishing 
a lateral sound would diminish when the sound is grave. Experiments were 
accordingly tried with forks of a frequency of 128, but no greater difficulty 
was experienced than with forks of a frequency of 256, except such as might 
be attributed to the inferior loudness of the former. According to calculation 
the difference of intensity would here be too small to account for the power 
of discrimination. 

-260 
.232 

a285 
.237 

Posterior Pole 
Equator 
VI -318 

.356 
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QUESTIONS FROX MATHEMATICAL TRIPOS EXAMINATION 

FOR 1876. 

[Cambridge University Calendar, 1876.1 

January 6. 9-12. 

vi. INVESTIGATE the equations of equilibriurn of a flexible string acted 
upon by any tangential and normal forces. 

An uniform steel wire in the form of a circular ring is made to revolve in 
i t ~  own plane about its centre of figure. Show that the greatest possible 
linear velocity is independent both of the section of the wire and of the 
radius of the ring, and find roughly this velocity, the breaking strength of the 
wire being taken as 90,000 lbs. per square inch, and the weight of a cubic 
foot as 490 1bs. 

vii. Calculate froni the principle of energy the rate a t  which water will 
be discharged from a vesse1 in whose bottom there is a small hole, explaining 
clearly why the area of the venu contracta, and not that of the hole, is to be 
used. 

A cistern discharges water into the atmosphere through a vertical pipe of 
uniform section. Show that air would be siicked in through a mal1 hole in 
the upper part of the pipe, and explain how this result is consistent with an 
atmospheric pressure in the cistern. 

. . . 
vin. Investigate the disturbance in an unlimited atmosphere due to a 

source of sound which is concentrated a t  a single point, and whose effect is to 
produce an alternate production and destruction of air, given in amount and 
periodic according to the harrnonic law. 

Show that, if a given source of sound as defined above be situate at  the 
vertex of an infinite conical tube, the energy emitted in a given time is 
inversely as the solid angle of the cone. 
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ix. Define a reversible heat-engine, and point out in what respects a 
condensing steam-engine as ordinarily worked falls short of the definition. 

Can the theory of heat-engines be applied to a non-condensing steam- 
engine ? 

x. The ends of a coil of insulated wire can be connected with the poles 
of a constant battery; investigate the gradua1 establishment of the current 
after contact is made. 

Show that, when contacts are rapidly made and broken, the average 
current as indicated by a galvanometer of long period may fa11 much below 
that due to the duration of the contacts, and explain the increased effect 
which attends the closing of the circuit of a second coil in the neighbourhood 
of the h s t .  

January 6. 19-4. 

v. A straight pipe whose material is thin in comparison with the bore 
is closed a t  both ends and subjected to interna1 fluid pressure. Show that 
the longitudinal tension of the material is the half of the circumferential 
tension. 

Prove that the greatest quantity of air of given pressure which can be 
held in a long pipe of given weight is independent of the bore of the pipe. 

vi. Investigate the small vibmtions of a simple pendulum under the 
action of gravity. 

How could the law connecting the length of the pendulum and the 
periodic tirne be arrived a t  without calculation ? 

Explain how a boy in a swing is able to increase the amplitude of 
vibration. 

vii. State the law of absorption of homogeneous light in a uniform 
medium, and show that the colour of light originally white transmitted 
through a layer of the medium may be entirely altered when the thickness of 
the layer is increased. 

Homogeneous light falls upon a plate of absorbing material, whose 
surfaces partially reflect the light incident upon thern. Calculate the total 
intensity of the light (1) reflected back on the first side, (2) transmitted, 
(3) absorbed. 

... 
viii. Investigate the distribution of electricity on a conductor in the 

form of an ellipsoid situate in free space. 
Deduce the capacity of an infinitely thin elliptic lamina, and show that if 

the eccentricity e be small, the capacity may be expressed approximately in 
terins of the area a bv 
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ix. Explain the Wheatstone's Bridge method of measuring resistances. 

How is i t  applied to find the position of a fault in an otherwise well 
insulated cable immersed in a tank of water, both the ends being accessible ? 

On account of uniforin leaknge of electricity the apparent position of a 
fault is apt to be too near the middle of the cable. Show that, if R the 
normal insulation resistance be diminished to R' in consequence of the fault, 
and R' be small in comparison with R, the position of the fault may be found 
from the formula 

where 1, I' are the distances of the fault from the ends of the cable, and 
nb : n is the ratio of resistances necessary to obtain a balance. 

January 17. 9-12. 

1 .  Enunciate Hooke's law for the extension of an elastic string. 

An endless elastic string without weight is placed round a smooth fixed 
pulley in a vertical plane, whose diameter is half the natural length of the 
string. The lowest point of the string is made fast to the pulley, and to the 
higheat point is attached a heavy particle. Show that the equilibrium will 
be neutral, if the weight of the particle be the force necessary, according to 
Hooke's law, to stretch the string to twice its natural length. 

2. Show that any system of forces acting on a rigid body tnay be 
replaced by a force acting at a given point, and a couple. 

If any system of forces be reduced to two, of which one is of given 
magnitude and passes through a given point, prove that the line of action of 
the other will envelope a conic. 

4. Show that the solution of the differential equation for vibrations 
resisted by a frictional force proportional to the velocity, but otherwise 
free, viz. 

Ü + K G  +n2u = O ,  
may be put into the form 

sin n't IC 
COS n't + -, sin n't 

n' 2n 

where n'a= n2 - itc2, and Ù,, u, are the values of the velocity and displace- 
ment when t = 0. 

Deduce the complete solution of 
ü+iczi+n2u= U 

in the form 

e - i n ( t - f )  sin n' (t - t') U'dt', 

where U' is the sitme function of t' as U is of t. 
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6.  Describe the arrangements necessary for obtaining a finite field of 
view uniformly lit with approximately homogeneous light. On what condi- 
tions does the brightness of the field depend? 1s there any limit to the 
possible brightness when a maximum range of refrangibility is prescribed ? 

'7. Explain the method of obtaining the solar parallax from observations 
of Mars on the meridian, giving the necessary formule. 

January 19. 19-4. 

vi. Expla.in the process by which a function is determined so as to make 
one integral a maximum or minimum, while another integral involving the 
same variables is constant, and apply i t  to determine what functions of x, 
satisfying the conditions y = O, when x = 0, and when x = 1, make 

1; ( 3 ) ' d x  stationary in value when y' d~ is given. 1,' 
vii. Prove that a uniform frictionless incompressible ïiuid once at rest 

can never acquire molecular rotation under the action of natural forces, even 
though the motion of every particle be resisted by a force proportional to its 
absolute velocity; and that without molecular rotation there can be no 
motion within a fixed envelope filled with fluid and enclosing a simply- 
connected space. 

Prove t.hat if in fluid moving with a velocity-potential a portion which a t  
any moment occupies a finite spherical space be instantaneously solidified, 
the solid so fornied will have no motion of rotation. 

viii. Plane waves of light are incident directly on an i n h i t e  opaque 
screen, in which there is an aperture of any form. Show how the principles 
of the wave theory lead to the conclusion that there will be in genei-al 
constant illumination behind the screen a t  points well within the projection 
of the aperture, and zero illumination at  points well without the projection 
of the aperture. 

By the aid of Huyghens' zones, or otherwise, explain the central bright 
spot in Poisson's experiment of the shadow of an opaque circular disc. 

ix. Show that the condition of continuity in the interior of a tluid is 
satisfied by the wave-motion m which the CO-ordinates of the individual 
particles a t  time t are 

h, k being constants for each particle and n and R constants for all; and 
investigate the amount of molecular rotation involved. 
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' From the general properties of equipotential and strearn-curves, prove 
that in a regular series of waves moving in deep water without molecular 
rotation there is necessarily in the neighbourhood of the surface a trans- 
ference of fluid in the direction of the wave's propagation, whether that 
surface satisfy the condition of a free surface or not. 

xi. State the mathematical conditions which determine the magnetiza- 
tion of a mnss of soft iron exposed to the action of given electric currents. 

Show that the presence of the iron must increase the induction of each 
of the circuits upon itself, but may diminish the coefficients of mutual 
induction. 

January 20. l+-4. 

iv. Form the differential equation of the moon's motion, viz. 
P T du 

where u is the reciprocal of the projection on the ecliptic of the rnoon's radius 
vector, and integrate i t  with the omission of the disturbing force, but without 
any approxin~ation depending upon the smallness of the eccentricity or of the 
obliquity of the orbit. 

v. Explain carefully what is meant by the instantaneous orbit of a 
planet, and show how to express the momentary change of the major axis in 
terms of the energy communicated. 

A planet bursts into any number of equal fragments, which then describe 
undisturbed elliptic orbits. Prove that the harmonic mean of the major 
axes of the orbits is increased by the explosion. 

vi. Prove that if a material system start from rest under the action of 
given impulses, the energy of the actual motion exceeds that of any other 
motion which the system (under the action of the same impulses) might have 
been guided to take by the addition of mere constraints; and that the 
difference is eqiial to the energy of the motion which must be coinpounded 
with either to produce the other. 

Verify this theorern in the case of a lamina acted on by a given impulsive 
couple in its own plane, supposing the constraint to be produced by holding 
one point of the lamina fixed. 

vii. Define the potential of matter attracting according to the law of 
nature, and prove that in free space it satisfies the equation 

d V  d 2 V  d 2 V  -+--+-=o. 
dxa dy2 dz2 
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The distribution of the attracting matter being symmetrical with respect 
to the axis of z, and also with respect to the plane of xy, examine the nature 
of the equilibrium of a particle at  the origiri ; and compare the forces called 
into play by displacements of given magnitude along and perpendicular to 
the axis respectively. 

... 
viii. Supposing the pressure of a fluid to be a given function of the tem- 

perature and volume, investigate an expression for the difference between the 
specific heat a.t constant pressure and the specific heat at  constant volume. 

Apply the result to the case of a perfect gas, and explain how the specific 
heat may be calculated without direct observation from the values of Joule's 
equivalent and of the velocity of sound. 

January 21. 9-12, 

iv. Prove that the potential energy of a string stretched with tension T 
on a smooth spherical surface of radius a, and slightly displaced from the 
position of equilibrium, is 

v = $!{(%y - e} a+, 

where 6 is the angular displacement in the lateral direction of the point 
whose longitude (measured round the string) is +. 

Thence investigate fully the small motion of a uniform string of given 
length, stretched on a smooth sphere between two fixed points, and show 
that the effect of the curvature is to diminish the square of the frequency 
of vibration by a quantity which is the same for al1 the possible modes of 
vibration. 

vii. Investigate an approximate expression for the potential of a body 
of any form at  a distant point P in terms of the distance of P from the 
centre of gravity G, and the moment of inertia of the body about the line 
GP. 

Three equal particles rest on a smooth spherical surface of large radius 
described about Ci as centre, and are rigidly connected by a framework 
without mass in such a rnanner that the three sides of the spherical triangle 
formed by joining the particles are al1 quadrants. Prove that to the above 
order of approximation there is equilibrium in any position. 

... 
vm. Explain generally and briefly on what circumstances i t  depends 

whether a tide in frictionless fluid is in the same phase as the forces which 
generate it, or in the opposite phase. 

Calculate the tida,l motion of heavy liquid contained in a square vesse1 of 
uniform depth, due to a small horizontal disturbing force acting uniformly 
throughout the mass, whose magnitude is constant, and whose direction 
revolves uniformly in the horizontal plane. 

How could the forces here imagined be realized experimentally ? 
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. . . 
111. Investigate the figure of equilibrium of a revolving fluid covering a 

syminetrical centrobaric core, supposing the density of the fluid to be so 
sinall that the mutual attractions of its parts may be neglected; and find 
what ratio of equatoïial and polar diameters corresponds to a vanishing 
apparent gravity at  the equator. 

v. Investigate the relation which must subsist between the pressure and 
volume of a fiuid in order that plane waves of sound of any amplitude may 
be propagated with type unchanged. 

Supposing the pressure to Vary inversely as the volume, find what impressed 
forces, parallel to the direction of propagation, would be necessary in order to 
counteract the tendency to alteration of type. 

vii. Investigate the transverse vibration of a uniform circular membrane, 
whose boundary is fixed, due to the action of a pressure, uniform over the 
area of the membrane, but varying with the time according to the simple 
harmonie law. 

... 
viii. Show that, according to Fresnel's theory of double refraction, the 

velocity of propagation of a plane wave whose direction-cosines estimated 
with reference to the principal axes of a biaxal crystal are 1, nq n, is given by 

Supposing that for wave-normals lying in each principal plane one of the 
values of v is constant, prove that a wave-surface of the fourth degree can be 
no other than Fresnel's surface. 

x. Show that if in a uniform mass conducting electricity the potential 
be zero over the plane xy, its value a t  neighbouring points out of that plane 
will be 

where x is a function of x and y, and V2 - d2/dx2 + d2/dy2. 

If a neighbouring equipotential surface, z = z,, coincide with a plane 
parallel to xy, except over a certain finite region where there is a slight 
deviation, the conductivity between the equipotential surfaces z = z,, and 
z = O ,  is expressed approximately by 

the area of integration including the whole of the above-nientioned region. 
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ON THE RESISTANCE OF FLUIDS. 

[Phit. Mag. II. pp. 430-441, 1876.1 

THERE is no part of hydrodynamics more perplexing to the student than 
that which treats of the resistance of fluids. According to one school of 
writers, a body exposed to a stream of perfect fluid mould experience no 
resultant force at  all, any augmentation of pressure on its face due to the 
stream being cotnpensated by equal and opposite pressures on its rear. And 
indeed it is a rigorous conseyuence of the usual hypotheses of perfect fluidity 
and of the continuity of the motion, that the resultant of the fluid pressures 
reduces to a couple tending to turn the broader face of the body towards the 
stream. On tlie other hatid, i t  is well known that in practice an obstacle 
does experience a force tending to carry i t  down stream, and of magnitude 
too great to be the direct effect of fi-iction; while in many of the treatises 
calculations of resistances are given leading to results depending on the 
inertia of the fluid without any reference to friction. 

It was Helmholtz who first pointed out that there is nothing in the 
nature of a perfect fluid to forbid a finite slipping between contiguous layers, 
and that the possibility of srich an occurrerice is not taken into account in 
the common matheinatical theory, which niakes the fluid flow according to - 
the same laws as determine the motion of electricity in uniform conductors. 
Moreover the electrical law of flow (as i t  may be called for brevity) would 
make the velocity infinite at every sharp edge encountered by the fluid ; and 
this would require a negative pressure of infinite magnitude. I t  is no 
answer to this objection that a mathematically sharp edge is an impossibility, 
inasmuch as the electrical law of flow would require negative pressure in 
cases where the edge is not perfectly sharp, as rnay be readily proved from 
the theory of the simple circular vortex, in which the velocity varies inversely 
as the distance from the axis*. 

L1899. However, there is nothing in the constitiition of a liquid to forbid negative 
pressures, even of considerable amount.] 
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The application of these ideas to the problem of the resistance of a stream 
to a plane lamina immersed transversely amounts to a justification of the 
older theory as at  least approximately correct. Behind the lamina the fluid 
is at  rest under a pressure equal to that which prevails a t  a distance, the 
region of rest being bounded by a surface of separation or discontinuity 
which joins the lamina tangentially, and is deterrnined mathematically by 
the condition of constant pressure. On the anterior surface of the lamina 
there is an augmentation of pressure corresponding to the loss of velocity. 

The relation between the velocity and pressure in a steady stream of 
incompressible fluid may be obtained immediately by considering the trans- 
ference of energy along an imaginary tube bounded by stream-lines. In  
consequence of the steadiness of the motion, there must be the same amount 
of energy transferred in a given time across any one section of the tube as 
across any other. Now if p and w be the pressure and velocity respectively 
at  any point, and p be the density of the fluid, the energy corresponding to 
the passage of the unit of volume is p + +pua, of which the first term repre- 
sents potential, and the second kinetic energy; and thus p + $pua inust 
retain the same value at  al1 points of the same stream-line. I t  is further 
true, though not required for our present purpose or to be proved so simplg, 
that p + i p v 2  retains a constant value not nierely on the same stream-line, 
but also when we pass from one stream-line to another, provided that the 
fliiid flows throughout the region considered in accordance with the electrical 
law. 

If u be the velocity of the stream, the increment of pressure due to the 
loss of velocity is +u2 - &wZ, and can never exceed which value corre- 
sponds to a place of rest where the whole of the energy, originally kinetic, 
has become potential. The old theory of resistances went on the assurnption 
that the velocity of the stream was destroyed over the whole of the anterior 
face of the lamina, and therefore led to the conclusion t,hat the resistance 
amounted to apw? for each unit of area exposed. I t  is evident a t  once that -. 
this is an overestimate, since i t  is only near the middle of the anterjor face 
that the fluid is approximately at rest; towards the edge of the lamina the 
fluid moves oiitwards with no inconsiderable velocity, and at  the edge itself 
retains the full velocity of the original stream. Nevertheless the amount of - 

error involved in the theory referred to is not great, as appears from the 
result of Kirchhoff's calculation of the case of two dimensions, from which i t  

m- follows that the resistance per unit of area is - pua instead of +pua. 
4+7r 

I t  is wurthy of notice that by a slight modification of the conditions of the 
problem the estimate +pu2 may be made accurate. For this purpose the 
lamina is replaced by the bottom of a box-shaped vessel, whose sides project 
in the direction from which the stream is flowing, and are sufficiently extended 
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to cause approximate quiescence over the whole of the bottom (fig. 1). I n  the 
absence of friction, the sides themselves do not con- 
tribute anything to the resistance. I t  appears from this 
argument t hat the increase of resistance due to concavity 
can never exceed a very moderate value. 

Although not very closely connected with the prin- 1 
cipal subject of this comn~unication, i t  may be well to 
state the corresponding result in the case of a compressible 
tiuid such as air. If p, be the normal pressure in the 
stream, a the velocity of sound corresponding to the general 

Fig. 1. 

1 
temperature, y the ratio of the two specific heats, 4pua is replaced by 

which gives the resistance per unit of area. The compression is supposed (as 
in the theory of sound) to take place without loss of heat; and the numerical 
value of y is 1.408. 

When ,u is small in comparison with a, the resistance follows the same 
law as if the fluid were incompressible ; but in the case of greater velocities 
the resistance increases more rapidly. The resistance to a meteor moving a t  
speeds comparable with 20 miles per second must be enormous, as also the 
rise of temperature due to compression of the air. I n  fact i t  seems quite 
unnecessary to appeal to friction in order to explain the phenomena of light 
and heat attending the entrance of a meteor into the earth's atmosphere. 

But although the old theory of resistance was not very wide of the mark 
in its application to the case of a lamina against which a stream impinges 
directly, the same cannot be said of the way in which the influence of 
obliquity was estimated. It was argued that inasmuch as a lamina moved 
edgeways through still fluid would create no disturbance (in the absence of 
friction), such an edgeways motion would produce no alteration in the resist- 
ance due to a stream perpendicular to the plane of the lamina ; and from this 
it would follow that when a lamina is exposed to an oblique stream, the 
resistance experienced would be that calculated from the same formula as 
before, on the understanding that u now represents the perpendicztlur corn- 
poneat of the actual velocity of the stream. Or if the actual velocity of the 
stream be K and a denote the angle between the direction of the stream and 
the lamina, the resistance would be per unit of area 

This force acts of course perpendicularly to the plane of the lamina; the 
component down the current is 
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The argument by which this result is obtained, however, is quite worth- 
less; and the law of the squares of the sines expressed in (1) is known to 
practical men to be very wide of the mark, especially for small values of a. 
The resistance a t  high obliquities is much greater than (1) would make it, 
being more nearly in proportion to the first power of sin u than t o  the square. 

As a proof that an edgeways motion of an elongated body through water 
is not without influence on the force necessary to move it with a given speed 
broadways, Mr Froude says*, " Thus when a vesse1 was working to windward, 
immediately after she had tacked and before she had gathered headway, it 
was plainly visible, and i t  was known to every sailor, that her leeway was 
much more rapid than after she had begun to gather headway. The more 
rapid her headway became, the slower becanle the lee-drift, not merely 
relatively slower, but absolutely slower." 

" Again, anyone might obtain conclusive proof of the existence of this 
increase of pressure occasioned by the introduction of the edgeways com- 
ponent of motion, who would try the following simple experinient. Let him 
stand in a boat moving through the water, and, taking an oar in his hand, let 
him dip the blade vertically into the water alongside the boat, presenting its 
face normally to the line of the boat's motion, holding the plane steady in 
that position, and let him estimate the pressure of the water on the blade by 
the muscular effort required to overcome it. When he has consciously appre- 
ciated this, let him begin to sway the blade edgeways like a pendulum, and 
he will a t  once experience a very sensible increase of pressure. And if the 
edgeways sweep thus assigned to the blade is considerable and is perforn~ed 
rapidly, the greatness of the increase in the pressure will be astonishing 
until its true rneaning has been realized. Utilizing this proposition, rnany 
boatnien, when rowing a hcavy boat with narrow-bladcd oars, were in the 
habit of alternately raising and lowering the hand with a reciprocating 
motion, so as to give an oscillatory dip to the blade during each stroke, and 
thus obtained an equally vigorous reaction from the water with a greatly 
reduced slip or sternward motion of the blade." 

It is not di6cult to see that in the case of obliquity we have to do with 
the whole velocity of the current, and not merely with the resolved part. 
Behind the lamina there must be a region of dead water bounded by a 
surface of discolitinoity, within which the pressure is the same as if there 
were no obstacle. On the front face of the lamina there must be an augmen- 
tation of pressure, vanishing a t .  the edges and increasing inwards to n 

maximum a t  the point where the stream divides. At this point the pressure 
is gpT2, corresponding to the loss of the whole velocity of the stream. I t  is 
true that the maximum pressure prevails over only an infinitely small fraction 

* P1.oeeeding.8 of the Society of Civil Engineers, vol. xxxrr., in a discussion on a paper by 
Sir F. Knowles on the Screw Propeller. 
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of the area ; but the same may be said even when the incidence of the stream 
is perpendicular. 

The exact solution of the problem in the case of two dimensions, which 
covers almost al1 the points of practical interest, can be obtained by the 
analytical method of Helmholtz and Kirchhoff *. If an elongzted blade be 
held vertically in a horizontal stream, so that the angle between the plane of 
the blade and the stream is a, the mean pressure is 

T sin a v2, .............................. 
4 + .rr sin a (3) 

varying, when a is small, as sin a, and not as sin2 a. The proof will be found 
at  the end of the present paper. 

The fact that the resistance to the broadways motion of a lamina through 
still fluid can be increased enormously by the superposition of an edgeways 
motion is of great interest. For example, it will be found to be of vital 
importance in the problem of artificial flight. 

According to the old theory the component of resistance transverse to the 
stream varied as sin2 a cos a, and attairied its maximum for a = 85" nearly. 
The substitution of expression (3) for sinz a will n~aterially modify the angle 
at  which the transverse force is greatest. The quantity to be made a maxi- 
mum is 

sin a cos a . 
4+.r rs ina '  

and the value of a for which the rnaximiim is attained is a = 39" nearly, 
being considerably less than according to the old theory, on account of the 
increased value of the normal pressure at  high obliquities. 

The pressure, whose mean amount is given in (3), is far from synîinetri- 
cally distributed over the breadth of the blade, as might be anticipated h m  
the fact that the region of maximum pressure, where the streanz divides, is 
evidently nearer to the anterior or up-stream edge. If the breadth of the 
blade be called 1, the distance (8) of the centre of pressure, reckoned from the 
middle, is 

3 Ecosa x = -  ............................... 
4 ' 4 + ~ s i n a  (4) 

If the blade be pivoted so as to be free to turn about an axis parallel to 
its edges, (4) gives the position of the axis corresponding to any angle of 

Formule (3) and (4) were given at the Glasgow Meeting of the British Association. I was 
then only acquainted with Kirchhoff's Vwlesungen über mathematische Pbysik, and was not 
aware that the case of an oblique stream had boen considered by him ( C ~ e l l e ,  Bd. LXX. 1869). 
However, Kirchhoff has not celoulated the foraes ; so that the formulse are new. [1899. They 
appear to have been given a little earlier bg Thiesen. See Phil. Nag. v. p. 320,1878.1 
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inclination a. If a = 90°, x = O, as is evident from symmetry. As u dimin- 
ishes, the corresponding value of x increases and reaches a maximum, viz. 
&Z, when a = O. The axis then divides the breadth of the blade in the 
ratio 11 : 5. 

These results may be stated in another form as follows. If the axis of 
suspension divide the width in a more extreme ratio than 11 : 5, there is but 
one position of stable equilibrium, that namely in which the blade is parallel 
to the streain with the narrower portion directed upwards. If the axis be 
situated exactly at the point which divides the width in the ratio 11 : 5, this 
position becomes neutral, in the sense that for small displacements the force 
of restitution is of the second order, but the equilibrium is really stable. 
When the axis is still nearer the centre of figure, the position parallel to the 
st,ream becomes unstable, and is replaced by two inclined positions given by 
(4), making with the stream equal angles, which increase from zero to a 
right angle as the axis moves in towards the centre. With the centre line 
itself for axis, the lamina can only remain a t  rest when transverse to the 
stream, though of course nrith either face turned upwards. 

The fact, rather paradoxical to the uninitiated, that a blade free to turn 
about its centre line sets itself transversely, may be easily proved by experi- 
ment. For this pixrpose it is sufficient to take a piece of thin brass plate 
shaped as in the figure (fig. 2), and mount it with its points bearing in two 

Fig. 2. small indentations in a U-shaped strip of thicker 
plate, easily made by striking the strip with a coni- < >  cally pointed piece of steel driven by the harnmer. 
When this little apparatus is moved through the 

water, the moveable piece at  once sets itself across the direction of motion. 
The sanle result may be observed when the apparatus is exposed to the 
wind ; but in this case an unexpected phenomenon often masks the stability 
of the transverse position. I t  is found that when the plate is set rotating, 
the force of the wind will maintain or accelerate the motion. This effect 
might be supposed to be due to a want of symmetry, were it not that the 
rotation occurs in either direction. It is evidently connected with the dis- 
turbance of the fluid due to the motion of rotation, and is not covered by 
the calculation leading to formula (4), which refers to the forces experienced 
when the blade is at rest in any position. 

1 am not aware of any experimental measurements with which (4) could 
be compared; but the result that the equilibrium parallel to the stream is 
indifferent when the axis is situated in the position defined by the ratio 
11 : 5, is in agreement with the construction of balanced rudders, of which 
the front part is usually made of about one-half the width of the hinder part. 

The accompanying Table contains some numerical examples of the general 
formule. The first column gives the angle between the lamina and stream, 
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the second the value of sin2a, to which, on the old theory, the resistance 
shoiild be proportional ; the third column is derived from some experiments 
by Vince on water, published in the Philosophical Transactions for 1798. 
The quantity directly ineasured by Vince was the resolved part of the resist- 
ance in the direction of the stream, from which the tabulated number is 

sin a (4 + s) 
4 + ~ s i n a  

derived by division by sin a. The fourth column represents the law of resist- 
ance according to the formula now proposed, a factor being introduced so as 
to make the maximum value unity. The fifth column gives the distance 
between the centre of pressure and the middle line of the blade, expressed as 
a fraction of the total width. The sixth column is the value of 

which is the distance from the anterior edge of the point where the stream 
divides, and where accordingly the pressure attains its greatest value. It 
will be seen that, as might be expected, this distance becomes small a t  
moderate obliquities. 

The result of Vince's experirnents agrees with theory renlarkably well; 
and the contrast with sin2a is especially worthy of note. The experiments 
were made with a whirling machiue, and appear to have been carefully 
conducted ; but they were on too small a scale to be quite satisfactory. The 
subject might now be resumed with advantage*. 

From theory it would appear that any part of the region of dead water 
behind the lamina might be filled up with solid matter without in  any way 
disturbing the motion or altering the resistance; but in practice with actual 
fluids this statement must not be taken without qualification. If the 
boundary of the solid approach too nearly the natural position of the surface 
of separation, the intervening fluid appears to be sucked out until the lines 
of flow follow the surface of the obstacle. This is the state of things aimed 
at, and approximately attained, in well-designed ships, round which the 

* [1899. The reader will hardly need to be reminded of Langley's experiments (Smithsonian 
Cmtributiom to Knowledge, 1891). A notice of them in ïVature (vol. XLV. p. 108, 1891) may also 
be referred to.] 
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water flows nearly according to the electrical law. The resistance ix then of 
an eiitirely altered character, and depends only upon the friction against the 
skin. 

I t  was observed by Sir William Thomson at  Glasgow, that niotions 
involving a surface of separation are unstable. This is no doubt the case, 
and is true even of a parallel jet moving with uniform velocity. If fi-orn any 
cause a slight swelling occurs a t  any point of the surface, an increase of 
pressure ensues tending not to correct but to augment the irregularity. 1 
had occasion myself to refer to a case of this kind in a paper on Waves, 
published in the Philosophical MagaB%ne for April, 1876 [Art. XXXVIII.]. 

But it rnay be donbted whether the calculations of resistance are materially 
affected by this circumstance, as the pressures experienced must be nearly 
independent of what happens at  some distance in the rear of the obstacle, 
where the instability would first begin to manifest itself. 

The formulae proposed in the present paper are also liable to a certain 
amount of modification from friction which i t  would be difficult to estimate 
beforehand, but which cannot be very considerable, if the experiments of 
Vince are to be at  al1 relied on. 

I n  the following analysis + and Ijr are the potential and stream functions, 
z = s + iy, w = + + ilJr ; and it is known that the general conditions of fluid 
motion in two dimensions are satisfied by taking z as an arbitrary function 
of w. If 

dz 
- = r = p ( c o s 8 + i s i n 8 ) ,  ........................ 
dw (A) 

Kirchhoff shows that I: represents the velocity of the stream at  any point, 
with the exception that its modulus p is proportional to the reciprocal of the 
velocity instead of to the velocity itself. If the general velocity of the stream 
be unity, the condition to be satisfied dong a surface of separation bounding 
a region of dead water is p = 1. The value of Ijr must of course also preserve 
a constant value along the same surface. 

The form of 5 applicable to the present problem is 

When w = m , c= cosa-is ina.  

The surface of separation corresponds to Ijr = 0, for which value of + w 
becomes real; and the point a t  which the stream divides corresponds to 
w = 0, for which { = m. For + = O and real values of cos a + l / d w  less than 
nnity, p = 1. This portion therefore corresponds to the surface of separation, 
for which the pressure is constant. When cosa + 1/2/w is real and greater 
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than unity, 5 is real, indicating that the direction of motion is parallel to the 
axis of x. This part corresponds to the ante~ior face of the lamina. 

The augmentation of pressure a t  any point is represented by 3; (1 - P-~ ) ,  
if the density of the fluid be taken as unity ; and thus the whole resistance 
is measiired by the integral + J(1 - p-" dl,  

if dl represents an eleinent of the width of the lamina. Kirchhoff shows 
how to change the variable of integration from 1 to o. The velocity of the 
fluid is d+/dl, or, since + is here zero, doldl .  Thus, since c- is real, 
+ 5 = p  = dl/& ; aud tlierefore the integral may be replaced by 

in which al1 the eleinents are to be taken positive. 

Frorn the forin of 5 in (B), i t  appears that 

The width of the lamina 1 is $,do, where the limits of integration are such 
as n~ake  

cosa + 1/2/01 = + 1. 

The integration may be effected by the introduction of a new variable 6, 
where 

p = s i n 2 a  JO-cosa, 

and the limits for p are 5 1. Thus 

,@ COS a " + const. ; / ( c o ~ a + j o ) d w = , , + , ~ ~ ~  

and therefore between the limits + 1 we have 

The second part of' may be written d(1- p) t sin a JOI, giving the integral 

Thus the complete value of z between the liiriits, or 1, is 

By ( C )  and (D) the whole pressure on the lamina is represcnted by the 
second part of 1 in (E), or ~t sin3a; so that the mean pressure is 

rr . 4 + 7 r s i n a -  r s i n a  - 
sin" ' sin4 a 4 + .rr sin a ' 

as was to be proved. 
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Again, the elementary moment of pressure about z = O is 

Now if the arbitrary constant be taken suitably, the cornplete value of z is 

Ba cos a + 2 8  + Bd(1 - k)  + sin+ ,6 
Z = 

sin4 a sin3 a 

The odd terms in z will contribute nothing to the integral ; and therefore we 
niay take for the moment of pressure about z = 0, 

+122/(1 - P )  P c o s a  -- 7 COS a 
dp = . - 

-1 sin3 a ' sin4 a sin3a 4 sin4 a 

I n  this result the first factor represents the total pressure, and therefore 
4 cos a/sin4 a expresses the distance of the centre of pressure from the point 
z = O. With the same origin the value of z for the middle of the lamina is 
cos a]sin4a; and thus the displacement of the centre of pressure from the 
middle of the lamina is - Y cos a/sin4 a. This distance must now be expressed 
in terms of 1 or 

(4 + rr sin a) i sin3 a, 

which gives as the final result, 
3 cosa .1  
- 
4 4 - t r r s i n a '  

The negative sign indicates that the centre of pressure is on the up-stream 
side of the iniddle point. 

As to the form of the surface of separation, its intrinsic equation is given 
a t  once by the value of r in terms of w.  The real part of 1: is cos 6' (since 
p = 1)) where 6' is the angle between the tangent a t  any point and the plane 
of the lamina. Along the surface of separation w is identical with +, and 
d+/ds = 1. Thus if s be the length of the arc of either branch measured 
from the point where i t  joins the lamina, the intrinsic equation is 

1 
cos 8 = cos a + - 

$4 + c) 
and the constant is to be determined by the condition that s = O  when 
cos B = f 1. Since cos 0 = dxlds, the relation between x and s is readily 
obtained on integration; but the relation between y and s is more com- 
plicated. 

In the case of perpendicular incidence cos a = O, c = 1, so that 

1 
cos e = + ---- 

giving on integration 
J(s + 1) '  

x = 2 1/(s + 1) + const. 

I t  appears that the value of x does not approach 
indefinitely. 

a finite limit as s increases 
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NOTES ON HYDRODYNAMICS. 

[PM. Mag. II. pp. 441-447, 1876.1 

The Gontracted Vein. 

THE contraction of a jet of fluid in escaping from a higher to a lower 
pressure through a hole in a thin plate has been the subject of much contro- 
versy. Of late years it has been placed in a much clearer light by a direct 
application of the principle of nlomentum to the circumstances of the problem 
by Messrs Hanlon and Maxwell* among others. 

For the sake of siinplicity the liquid will be supposed to be unacted upon 
by gravity, and to be expelled from the vessel by the force of compressed air 
through a hole of area <r in a thin plane plate forining part of the sides of 
the vessel. After passing the hole the jet contracts, and a t  a little distance 
assumes the form of a cylindrical bar of reduced area ut. The ratio a' : u is 
called the coefficient of contraction. 

The velocity acquired by the fluid in escaping from the pressure p is 
determined, in the absence of friction, by the principle of energy alone. If 
the density of the fluid be iinity, and the acquired velocity v, 

The product of v, as given by (l), and CS is sometimes, though very improperly, 
called the theoretical discharge; and i t  differs from the true discharge for 
two reasons. In  the first place, the velocity of the fluid is not equal to v 
over the whole of the area of the orifice. At the edge, where the jet is free, 
the velocity is indeed v ;  but in the interior of the jet the pressure is above 
atmosphere, and therefore the velocity is less than v. And, secondly, it is 
evident that the quantity of fluid passing the orifice depends, not upon the 

* Proceedings of the Natken~atical Society, November 11,1869. 

IRIS - LILLIAD - Université Lille 1 



298 NOTES ON HYDRODYNAMICS. [43 

whole velocity with which the fluid may be moving at  any poiut, but upon 
the resolved part of this velocity in a direction perpendicular to the plane of 
the orifice. Thus i t  is only in the middle of the jet that the whole velocity 
is efficient; near the edge the motion is tangential; and consequently this 
part contributes but little to the discharge. It is certain that the discharge 
will be considerably less than va, or, which is the same thing, that the jet 
must undergo considerable contraction before the liquid composing it caii 
move in parallel lines with uniforin velocity v. 

Since the actual discharge is dv, the quantity of momentum passing 
away with the jet in unit time is u'vZ, and the force generating this 
xnomenturn is that necessary to hold the vessel at  rest. If the whole of the 
interior surface of the vessel were subject to the pressure p, t,his force would 
have no existence. On account of the orifice the equilibrium of interna1 
pressures is disturbed and a force pcr is uncompensated. But this is not all. 
Not only is the pressure that would have acted over the area of the orifice 
wanting, but there is also a relief of pressure on the surface surrounding the 
orifice corresponding to the velocity with which the fluid there moves. The 
uncompensated force tending to produce recoil may therefore be represented 
by (a + &)p, where 6u is a small positive quantity ; and if the vessel is to 
remain at rest, a force of this magnitude nmst be applied to it acting in the 
direction in which the jet escapes. Thus 

(u + 6u)p = u'vZ ; ................................. (2) 
and therefore, by (l), 

C T ' = ~ ( U + ~ U ) ,  .................................. 0) 
expressing that the coeffieient of cont~action is greater than 8. 

In  the absence of a mathematical solution of the problem it is impossible 
to estimate the magnitude of 6u with any precision; but it is something to 
know from general principles that there miist be a considerable contraction, 
and yet that the coefficient of contraction nlust exceed one-hal£ However, 
by a slight modification of the problem i t  is possible to get rid of the uncer- 
tainty arising from the unknown magnitude of 6r. Suppose the hole in a 
thin plate to be replaced by a thin parallel tube projecting into the interior 
of the vessel. If the tube be long enough, the sides of the vessel are suffi- 
ciently removed from the region of rapid flow to allow of the pressure acting 
upon them being treated as constant, while the relief of pressure on the sides 
of the tube does not add anything to the forces tending to produce momentum 
in the jet. Under these circumstances, if o be the area of the section of the 
tube and o' the area of the section of the jet after contraction, o' = &a, or 
the coefficient of contraction is one-half exactly. The rigorous mathematical 
solution of this problern, so far as relates to the case of motion in two dimen- 
sions, has been given by Helmholtz (Phil. Mag., November, 1868) ; and the 
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conclusion that the width of the emergent stream is ultimately one-half that 
of the channel follows from his analysis*. 

This problem throws some light on the formation of a surface of discon- 
tinuity. If the electrical law of flow held good so that the tube were filled, 
twice as much momentum as before would have to be generated, and the 
extra momentum would have its origin in the infinite negative pressure 
which, according to that law, must prevail over the extreme edge of the tube. 
In the absence of forces capable of generating the extra momentum the tube 
could not flow full. 

A generalization of the problem just considered may be effected by 
replacing the vessel, whose dimensions were supposed Fig. 1. 

to be indefinitely great, by a cylinder of finite sec- 
tion ou (fig. l), in which the fluid moves with finite 
velocity v". If v' and u1 be the ultimate velocity 
and section of the escaping jet, the equation of 
continuity gives 

."f d = ,"'f ......................... (4) 
By the principle of energy, 

p = 4 (vf2 - v'") ; ..................... ( 5 )  I I 

and by the principle of inomentiim, if u be the area of the tube, 

From these equations we obtain 

(clf - = uff (clf - u ) .  .............................. (7) 
The problem of the contracted vein for a hole in a thin plate has been 

solved nlathematically by Kirchhoff: for the case of motion in  two dimensions. 
As this solution is very little known, and many points of interest arc passed 
over by Kirchhoff himself, a short account of it accompanied by a fcw remarks 
and calculations may not be out of place. 

With the notation explained in the previous paper, the form of ( proper 
to this problem is 

c= ëW + i(e-=" - 1). ............................. (8) 

* The application of the principle of momentum to the case of the introverted tube was 
original with myself, but, as 1 learned at  Glasgow, had been made previously by Mr Fronde. 
[1899. Subsequently 1 learned that it had been given in the last oentury by Borda.] In small- 
scale experimente the result ie liable to be vitiated by adhesion to the side of the tube. 

t [1899. In the original paper the term - 3 ~ ' ~  (u" - u), representing the increase of pressure 
on the hottom of the vessel due to the loss of velocity ut', was omitted. The error was pointed 
out and corrected in an important paper by Michel1 (Phil. Train. vol. CLXXXI. p. 408, 1890). 
The final result (7) has been altered accordingly.] 

$ Crelle, vol. LXX. 1868, and Vorlesungen iiber nmtherratisclte Physik. 
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The values of + corresponding to the boundaries of the jet are O and ~r ; and 
the stream-line which passes symrnetrically through the middle of the orifice 
is -+ = $T, for which value of I/P f; is purely imaginary. For the stream-line 
I/P = O, 

............................. c= e+ + 2/(e-2+ - 1). (9) 

When $ is negative in (9) { is wholly real and positive, so that this part of 
the stream-line is parallel to the axis of 8, and answers to the bottom of the 
vesse1 up to the edge of the orifice. When 4 is positive, ( is complex, but its 
modulus is unity. This part therefore corresponds to the free boundary. 

The width of the jet after contraction is T, since the velocity is unity; 
and the total flow between the stream-lines + = O  and + = rr is measured by 
the difference of the values of +. 

In  equation (9) the real part of (4  positive) is  COS^, where 6 is the 
angle between the direction of motion at  any point and the axis of x ;  so 
that the intrinsic equation to the boundary is 

no constant being added if s be measured from the edge of the orifice where 
cos8=1. 

From (IO), by integration, 

if the origin of x be taken nt the edge of the orifice, where s =O. This 
equation determines the width of the aperture. When s = m , x = 1, which 
corresponds t o  the abscissa of the boundary of the jet after contraction; and, 
as we have already seen, the width of the jet itself is T. Accordingly the 
whole width of the aperture is 2 +  r, and the coefficient of contraction 
7T:2+7T. 

The numerical value of T : 2 + is ,611, agreeing very nearly with the 
coefficient of contraction found by observation. 

From (IO), 

whence 
1 + 2/(1 - e-%) 

y = J(1- e-") - 4 log .............. .(12)* 
1 - d(1-  e")' 

if the origin of y be taken at s = 0. 

If we eliminate s between (11) and (12), we get as the equation of the 
curve in Cartesian coordinates, 

1 + J(2x - d) ............... Y = I ( ~ X - ~ ) - ~ ~ O ~  - J(2z-î.)P (13) 

* Equations (11) and (12) are given by Kirchhoff. 
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By means of these points the curve (fig. 2), is constructed. From (IO), 

from which the following points are calculated :- 

S = - log cos 8 ; 

x = 1 - y  = -0313 
x = '2 - y  = '0932 
x = . 3  - y  =a1816 

1 ~ = . 4  - y  ='2985 
x = '5 - y  = '4509 

so that the radius of curvature is tan 8. The curvature is therefore infinite 
at the origin, and diminishes continually as s increases. 

2 = '6 - y = -6494 
x = .7 - y  = -9203 

x =  '8  - y =  1.3127 
X =  '9 - y =  1.9915 
x =  1'0 - y  = ai 

I 
G 

L i n e  of ,Syryametq 9 

In discussions on the cause of the contraction of the jet doubts have 
been expressed as to the reality of the deficiency of velocity in the middle of 
the orifice ; and it may therefore be worth while to examine this point more 
closely. For this purpose i t  will be convenient to express z or x + iy  in 
terms of r. 

Frorn (8) we get 
1 + 5 "  e-" = - 2C ' ................................ (14) 

whence 
d o  - 1 1 - p  -- - .......... a .."" " ............ (15) 

Thus 
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In  order to determine the value of the constant of integration, we nlay 
observe that t: when real varies between - rn and - 1, and between + 1 and 
+ m. The values + 1 correspond to the edges of the orifice when z = O and 
z = T + 2. Hence tan-'r varies between $T and QT, and C =  1 -*a. 
Accordingly 

~ = 2 t a n - ~ < - < + l - + ~ .  .............. ......... (16) 

If v be the velocity of the stream a t  any-point y of the line of symmetry 
x = +T + 1, = - i/v ; and therefore by (16) the relation between y and v is 

or, if tan-' (ilv) be replaced by its logarithniic equivalent, 

A few pairs of corresponding values of y and v will give an idea of the 
relation expressed in (17). 

By interpolation we find that, corresponding to y = O, v = -6840, va = -420. 
Hence the pressure in the middle of the orifice is -58 of that prevailing in 
the vessel, the external pressure being treated as zero. In these stateinents 
the ultiinate velocity is understood to be iinity, and the scale of linear magni- 
tude is such that 2 + rr represents the width of the orifice. 

[1899. In equation (1B) we have the relation between velocity and 
position along the central line. I n  a similar inanner we may forni the 
expression for the velocity in contact with the plate P O  (fig. 2). Here 

z = x, c= l/v, 
and (16) gives 

I l  
x = 2 t a n - l - - - + 1 - & 1 ~ .  

v v 

From O to the left v varies from 1 to 0, tan-'(11~) froni f w to +w. When v 
is very small, 

v-l=-x+ 1 + B r =  AP.] 

Meeting Stream. 

The principle of momentum gives interesting information on the question 
of the mutual action of streams which come into collision. Suppose, for 
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example, that the motion is in two dimensions, and that two equal streams 
moving with the same velocity meet a t  an angle 2a (fig. 3). After the 
collision the fluid resolves itself into two other strearns of iinequal width 
parallel to the line bisecting the angle 2a;  and a question arises as to 
the relative magnitude of these streams. The ultimate velocity is of 
course in both parts the same as before the collision. 

Fig. 3. 

\ 

The widths of the original streams being unity, let ils suppose that the 
width of that derived stream which is least diverted is x. The width of the 
other derived stïeam is then 2 - x ;  and the principle of conservation of 
momentuni gives at once the relation 

2 cos a = x - (2 - a), 

whence x = 1 + cosa. The ratio of the two derived streams is 

2 - x : x = t a n 2 & a .  .......................-... (18) 

For example, if a = BO0, the ratio of the derived streams is 1 : 3. The effect 
of friction woiild be to make the ratio still more extreme. 

Fig. 4. 

If we suppose the motion reversed, we obtain the solution of the problem 
of the direct impact of two streams of unequal widths which meet with equal 
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velocities. The ratio of streams being known, (18) determines the angle of 
divergence. 

In  the case where a is a right angle the four strearns are al1 eqiial, and 
the bounding surfaces are symmetrical with respect to the straight lines bisect- 
ing the streams (fig. 4). The exact solution of this case has been indicated 
by Kirchhoff. If 0 be the angle between the tangent to the free surface at  
any point and the axis of LG, and if s be the length of the arc measured from 
the middle point (where 0 = + ;Ir), the intrinsic equation to the free surface is 

the scale of linear magnitude being such that the initial and final width of 
the streams is m-. 

Postsmpt, Nov. 14.-Although the accurate determination by experiment 
of the pressure in the interior of a strearn is a matter of considerable diffi- 
culty, the theoretical value of the pressure in the middle of a jet issuing 
through a slit in  a thin plate has been recently verified approximately by 
Mr A. Mallock in my laboratory. The fraction of the original head still 
remaining in the plane of the plate was found to be about -59, which agrees 
very closely with the value obtained froin theory, viz. -58. For a circular 
hole the corresponding fraction is higher, about *67 ; but for this there is at 
present no theory. The observations were made by introducing along the 
axis of the jet a fine glass tube in the side of which was a small hole, the 
interior of the tube being in connexion with a manometer. 
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ON THE APPLICATION OF THE PRINCIPLE OF RECIPROCITY 
TO ACOUSTICS. 

[Proceedi~lgs of the Royal Society, XXV. pp. 118-122, 1876.1 

IN a memoir published some years ago by Helmholtz (Crelle, Bd. LVII.) 

i t  was proved that if a uniform frictionless gaseous medium be thrown into 
vibration by a simple source of soiind of given period and intensity, the 
variation of pressure is the same a t  any point B when the source of sound is 
a t  A as it would have been at  A had the source of sound been situated at  B, 
and that this law is not interfered with by the presence of any number 
of fixed solid obstacles on which the sound inay impinge. 

A simple source of sound is a point a t  which the condition of continuity 
of the fluid is broken by an alternate introduction and abstraction of fluid, 
given in amount and periodic according to the harmonic law. 

The reciprocal property is capable of generalization so as to apply to 
al1 acoustical systems whatever capable of vibrating about a configuration 
of equilibrium, as 1 proved in the Proceedings of the hfuthematical Society 
for June 1873 [[Art. xxr.], and is not lost even when the systenls are subject 
to damping, provided that the frictional forces Vary as the first power of 
the velocity, as must always be the case when the motion is sniall enough. 
Thus Helmholtz's theorem inay be extended to the case wheu the medium 
is not uniforin, and when the obstacles are of such a character that they 
share the vibration. 

But although the principle of reciprocity appears to be firmly grounded 
on the theoretical side, instances are not uncornmon in which a solind 
generated in the open air a t  a point A is heard at  a distant point B, 
when an equal or even more powerful sound at  B fails to make itself heard 
at  A ;  and some phenonlena of this kind are strongly insisted iipon by 
Prof. Henry in opposition to Prof. Tyndall's viems as to the importance 

R, 1. 20 
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of " acoustic clouds" in relation to the audibility of fog-signals. These 
observations were not, indeed, made with the simple sonorous sources of 
theory; but there is no reason to suppose that the result would have been 
different if simple sources could have been used. 

In  experiinents having for their object the comparison of sounds heard 
under different circumstances there is one necessary precaution to which 
it rnay not be superfluous to allude, depending on the fact that the audibility 
of a particular sound depends not only upon the strength of that sound, 
but also upon the ùtrength of other soiinds which rnay be heard along 
with it. For example, a lady seated in a closed carriage and carrying on a 
conversation through an open window in a crowded thoroughfare will hear 
what is said to her far more easily than she can make herself heard in 
return ; but this is no failure in the law of reciprocity. 

The explanation of his observations given by Henry depends upon the 
pecnliar action of wind, first explained by Prof. Stokes. According to 
this view a sound is ordinarily heard better with the wind than against 
it, in consequence of a curvature of the rays. With the wind a ray will 
generally be bent downwards, since the velocity of the air is generally 
greater overhead than a t  the surface, and therefore the upper part of 
the wave-front tends to gain on the lower. The ray which ultimately 
reaches the observer is one which started in some degree upwards from 
the source, and has the advantage of being out of the way of obstacles 
for the greater part of i t ~  course. Against the wind, on the other hand, the 
curvature of the rays is upwards, so that a would-be observer at a con- 
siderable distance is in danger of being left in a sound-shadow. 

It is very important to remark that this effect depends, not upon the 
mere existence of a wind, but upon the velocity of the wind being greater 
overhead than below. A uniform translation of the entire atmosphere 
would be almost without effect. In  particular cases i t  rnay happen that 
the velocity of the wind diminishes with height, and then sound is best 
tratismitted ngai.nst the wind. Prof. Henry shows that several anomalous 
phenotnena relating to the audibility of signals rnay be explained by various 
suppositions as to the velocity of the wind at  different heights. When the 
distances concerned are great, comparatively small curvatnres of the ray rnay 
produce considerable results. 

There is a further possible consequence of the action of wind (or variable 
temperature), which, so far as 1 know, has not hitherto been remarked. 
By making the velocity a suitable function of height i t  woiild be possible to 
secure an actual convergence of rays in a vertical plane upon a particular 
station. The atmosphere would then act like the lens of a lighthouse, 
and the intensity of sound miglit be altogether abnormal. This rnay perhaps 
be the explanation of the extraordinary distances at  which gnns have soqe- 
times been heard. 
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The difference in the propagation of sound against and with the wind 
is no exception to the general law referred to at the begintiing of this 
communication, for that law applies only to the vibrations' of a system 
about a configuration of equilibrium. A motion of the medium is thus 
excluded. But the bending of t,he sound-ray due to a variable temperature, 
to which attention has been drawn by Prof. Reynolds, does not interfere with 
the application of the law. 

An experiment has, however, been brought forward by Prof. Tyndall, 
in which there is an apparent failure of reciprocity not referable to any 
motion of the medium*. The source of sound is a very high-pitched 
reed mounted in a short tube and blown from a small bellows with which 
i t  is connected by rubber tubing. The variation of pressure a t  the second 
point is made apparent by means of the sensitive flame, which has been 
used by Prof. Tyndall with so much success on other occasions. Althoiigh 
the flame itself, when unexcited, is 18 to 24 inches high, i t  was proved 
by a subsidiary experiment that the root of the fiame, where it issues 
from the burner, is the seat of sensitiveness. With this arrangement 
the effect of a cardboard or glass screen interposed between the reed 
and the flame was found to be different, according as the screen was 
close to the flame or close to the reed. I n  the former case the flame 
indicated the action of sound, but in the latter remained uuinfliienced. 
Sirice the motion of the screen is plainly equivalent to an interchange of 
the reed and flame, there is to al1 appearance a failure in the law of 
reciprocity. 

At  first sight this experiment is dificult to reconcile with theoreticul 
conclusions. It is triie that the conditions under which reciprocity is to 
be expected are not very perfectly realized, since the flanle oiight not to 
be moved from one position to the other. Although the seat of sensi- 
tiveness may be limited to the root of the flame, the tall column of 
highly heated gas might not be ivithout effect; and in fact i t  appeared to 
me possible that the response of the flame, when close to the screen, 
might be due to the conduction of sound downwards along it. Not feeling 
satisfied, however, with this explanation, 1 determined to repeat the ex- 
periment, and wrote to Prof Tyndall, asking to be allowed to see the 
apparatus. In reply he very kindly proposed to arrange a repetition of 
the experiment at  the Royal Institution for my benefit, an offer which 1 
gladly accepted. 

The effect itself was perfectly distinct, and, as i t  soon appeared, waa 
not to be explained in the manner just suggested, since the response of 
the flame when close to the screen continued, even when the upper part 

* Proceedings of the Royal Institution, January 1875; also Prof. Tyndall's work on Sound, 
3rd edition. 

00-2 
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of the heated column was protected from the direct action of the source 
by additional screens interposed. 1 was more than ever puzzled until 
Mr Cottrell showed me another experiment in which, 1 believe, the key 
of the difficulty is to be found. 

When the axis of the tube containing the reed is directed towards the 
flanle, situated a t  a moderate distance, there is a distinct and inîmediate 
response; but when the axis is turned away from the flame through a 
comparatively small angle, the effect ceases, although the distance is the 
same as before, and there are no obstacles interposed. If now a cardboard 
screen is held in the prolongation of the axis of the reed, and a t  such an 
angle as to reflect the vibrations in the direction of the flame, the effect is 
again produced with the same apparent force as at first. 

These results prove conclusively that the reed does not behave as the 
simple source of theory, even approximately. When the screen is close 
(about 2 inches distant) the more powerful vibrations issuing along the 
axis of the instrument impinge directly upon the screen, are reflected back, 
and take no further part in the experiment. The only vibrations which 
have a chance of reaching the flame, after diffraction round the screen, 
are the comparatively feeble ones which issue nearly a t  right angles with 
the axis. On the other hand, when the screen is close to the flame, the 
efficient vibrations are those which issue a t  a sniall angle with the axis, 
and are therefore much more powerful. Under these circumstances it 
is not surprising that the flame is affected in the latter case and not in 
the former. 

The concentration of sound in the direction of the axis is greater than 
would have been anticipated, and is to be explained by the very short 
wave-length corresponding to the pitch of the reed. If, as is not improbable, 
the overtones of the note given by the reed are the most efficient part of 
the sound, the wave-length will be still shorter and the concentration more 
easy to understand*. 

The reciprocal theorem in its generalized form is not restricted to simple 
sources, from which (in the absence of obstacles) sound would issue alike in 
al1 directions; and the statement for double sources will throw light on the 
subject of this note. A double source may be thus defined:-Conceive two 
equal and opposite simple sources, situated a t  a short distance apart, to be 
acting siinnltaneously. By calling the two sources opposite, i t  is meant that 
they are to be at  any moment in opposite phases. At a moderate distance 
the effects of the two sources are antagonistic and may be made to neutralize 
one another to any extent by diininishing the distance between the sources. 
If, however, a t  the same time that we diminish the interval, we augment the 

* July 13. 1 have lately observed that the flame in question i s  extremely sensitive to one of 
Mr F. Galton's mhistles, which givect notes near the limits of ordinary hearing, 
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intensity of the single sources, the effect rnay be kept constant. Pushing 
this idea to its limit, when the intensity becomes infinite and the interval 
vanishes, we arrive a t  the conception of a double source having an axis of 
symmetry coincident with the line joining the single sources of which it 
is composed. In an open space the effect of a double source is the sarne as 
that communicated to the air by the vibration of a solid sphere whose centre - 

is situated at  the double point and whose line of vibration coincides with the 
axis, and the intensity of sound in directions inclined to the axis varies as 
the square of the cosine of the obliquity. 

The statement of the reciprocal theorem with respect to double sources 
is then as fo1lows:-If there be eqiial double sources a t  two points A 
and B, having axes AP ,  BQ respectively, then the velocity of the medium 
a t  B resolved in the direction BQ due to the source at  A is the same as 
the velocity a t  A resolved in the direction A P  due to the source a t  B. 
If the waves observed at A and B are sensibly plane, and if the axes 
AP,  BQ are equally inclined to the waves received, we may, in the above 
statement, replace " velocities " by " pressures," but not otherwise. 

Suppose, now, that equal double sources face each other, so that the 
common axis is AB, and let us examine the effect of interposing a screen 
near to A. By the reciprocal theorem, whether there be a screen or not, 
the velocity a t  A in direction AB due to B is equal to the velocity at  B 
in direction AB due to A. The waves received a t  B are approximately 
plane and perpendicular to AB, so that the relation between the velocity 
and pressure at  B is that proper to a plane wave; but it is othermise in 
the case of the sound received a t  A. Accordingly the reciprocal theorem 
does not lead us to expect an equality between the pressures a t  A and B, 
on which quantitics the behaviour of the sensitive flaines depends*. On 
the contrary, i t  would appear that the pressure a t  A corresponding to 
the given velocity along AB should be much greater than in the case of 
a plane wave, and then the relative advantage of the position A would 
be explained. 

It will be seen that if the preceding arguments are correct, Prof. Tyndall's 
experiment does not bear out the conclusions that he hm bascd upon it with 
respect to the observations of the French Commission a t  Villejuif and 
Montlhéry. No acoustic clouds could explain the failure of reciprocity then 
observed; and the more probable hypothesis that the effect wau due to wind 
is not inconsistent with the observation that the air (at the surface) was 
moving in the direction against which the sound was best heard. 

Further experiments on this subject are very desirable. 

[1899. See however Phil. A a g .  vol. VII. p. 153,1879, where it appears that the excitation of 
a flame is  due, not to a variable pressure, but to transverse ~icotion across the nozzle.] 
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ON A PERMANENT DEFLECTION O F  THE GALVANOMETER- 
NEEDLE UNDER THE INFLUENCE OF A RAPID SERIES 

OF EQUAL AND OPPOSITE INDUCED CURRENTS. 

[Pl~ilosopl~ical JIagazine, III. pp. 43-46, 1S'i"I.I 

To the Xditors of the Philosopl~ical Magazine and Journal. 

GENTLEMEN, 

The publication, in your December Number, of a memoir by 
Mr Chrystal on Bi- and Unilateral Galvanometer Deflection recalled to my 
mind some observations of a like character made some years ago by myself. 
1 have lately succeeded in finding the manuscript of a communication with 
the above title read (literally) before the British Association at Norwich 
in 1868, which contains a short account of these observations. As the 
siibject has acquired an additional interest in consequence of the investi- 
gations of Dr Schuster and Mr Chrystal, 1 shall be glad if you can find room 
for my paper, which has not been printed in full hitherto. 

1 am, Gentlemen, 

Your obedient Servant, 

The following paper contains a short account of some experiments which 
led to rather unexpected results, of which 1 can find no notice in the 
methodical treatises on Electricity, although they might seem to be in 
the way of any experimenter on induced currents. The arrangement of the 
first experiment was nearly'the same as that described by Faraday in his 
original memoir on induction. Two thick copper wires were coiled together- 
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the circuit of one being completed by the bettery and make-and-break 
apparatus, and that of the other by an ordinary astatic galvanometer of 
moderate sensitiveness. The make-and-break arrangement is a very rude 
one of rny own constiùction, acting either by the dipping of needles into 
mercury, or by the intermittent contact of a spring with a toothed wheel. 
When the handle of the instrument is turned, there are generated in the - 
second circuit, as is well known, a series of instantaneous currents which are 
alternately opposite in sign but whose magnitudes are equal, although thnt 
corresponding to the break of the battery-circuit is the most condensed. 
When, then, the inetrument is worked with such rapidity that the interval - - 
between the currents is very small in comparison with the time of free 
oscillation of the needle, the latter might be expected to be sensibly 
unaflected. But so far was this from being the case, that although the 
swing of the needle produced by a single impulse was only a few degrees, 
yet under the influence of the series of equal and opposite currents i t  
reinained steady a t  60 or '70 [degrees], and thnt on either side of the zero- 
point, which had in fact become a position of unstable equilibriurn. Since i t  
took place indifferently in either direction, the deflection cannot be ascribed 
to an inequality in the alternate currents, giving on the whole a balance in 
one direction such as, according to the experiments of Henry and Abria, 
might arise from imperfect contacts in the second circuit. 

The first explanation which suggested itself to me was that, while no 
doubt the currents of the two series were strictly equal (numerically), the 
resulting impulses, or rather impulsive couples, acting on the needle might 
be slightly different owing to the change of the latter's position in rcfercnce 
to the coi1 in the small vibration which the series of currents inust produce, 
however quickly they may follow one another, which would give one set an 
advantage over the other. Those currents would prevail which tend to 
increase the deviation of the needle; for they would have, as it were, the 
greatest purchase on it. To make this perfectly clear, suppose either the 
galvanometer to be turned round, or the direction of the magnetic force 
altered by permanent magnets, so that the position of equilibrium of the 
needle is now no longer zero, but say 20", and then let the series of induced 
currents pass. There might appear a t  first sight to be two cases, according 
as the first current tends to diminish or increase the already existing 
deviation; but the result is the same in both, and 1 will take for the sake 
of illustration that in which the needle is first sent towards zero. When the 
second instaiitaneous current passes, i t  finds the needle nearer zero, and 
therefore acts upon i t  with greater force than did the first; and this process 
continues, so that if for the nîoinent we imagine the needle to vibrate 
about 20°, there is an outstanding force tending to increase the deviation. 
As this is unbalanced, the equilibrium at  20" cannot be maintained, and the 
needle must move further from zero: instead of equilibrium, perhaps, 1 
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should Say resultant equilibrium; for the rapid vibration of the needle just 
now referred to of course goes on in any case. 1 worked out the mathe- 
matical theory of this action fully for a tangent-galvanometer; and for the 
case, to which experiment is not limited, of an equal interval between 
consecutive instantaneous currents of opposite sorts. The most conspicuous 
result (which might, however, have been anticipated) was that the effect is 
independent of the rapidity with which the make-and-break apparatus 
works. As this was not a t  al1 what 1 had inferred from the experiment, 
1 began to doubt whether 1 had hit upon the true cause of the phenomenon ; 
and on more close examination of the mathematical result, i t  appeared that 
the needle could not remain pei-manently defiected from its position of 
equilibrium a t  zero, unless each instantaneous current were powerful enough 
to swing i t  right round when acting on i t  alone, although an already existing 
deviation would be always increased. 1 have already mentioned that the 
phenomenon was observed when the swing for a single current was only 
a few degrees, so that there is no doubt of the inadequacy of the foregoing 
explanation. 

The real cause is, 1 believe, to be found in a deficiency in the hardness 
of the steel needles, rendering them to some extent capable of temporary 
magnetism when placed in a field of force. If this temporary magnetism 
alone be considered, the two sets of instantaneous currents conspire in their 
effects instead of opposing each other; for if a soft-iron needle be freely 
suspended in a uniform field of magnetic force, i t  has, as is known, four 
positions of equilibrium, of which those two are stable which would be 
positions of equilibrium (one stable and one unstable) for a magnetized steel 
bar. If while the needle is in equilibrium the direction of the magnetic 
force is rcversed, no disturbance takes placc, bccause thc magnetism of the 
needle is a t  the sanie time reversed also. If siich a needle be suspended in 
the coil of a galvanometer, the force with which a current acts upon it 
is independent of the direction and varies as the square of the current; or 
when there is a rapid series of varying but periodic currents, the deflecting 
force varies as the integral of the square of the current, and as the sine 
of twice the deviation from zero. The deflecting force would, according to 
this, be for a given position of the needle with reference to the coil (or 
deviation) proportional to the hesting-power of the discontinuous current; 
but i t  must be remembered that the case is an ideal one, as no iron is 
perfectly soft or capable of at  once assuming the magnetism due to the field 
of force in which i t  is placed. A remarkable illustration of this will be 
mentioned a little later. 

I n  order to test the correctness of these views, 1 removed the steel 
needles from the galvanometer and replaced them by a single soft-iron 
needle, with which i t  was found that al1 the phenornena observed before 
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were reproduced. Being anxious to submit the arrangement to a more 
severe test*, 1 placed the galvanometer in a third circuit, so that i t  should be 
acted on bg the currents induced by the induced currents of the second 
circuit, as in Henry's experiments.  lie effect was very nmarked, though for 
this i t  was necessary that the galvanometer should be turned round so that 
the position of eqiiilibriun~ should be about 20" or 25"; in a tangent- 
galvanometer the most favourable position would be at  45". Throughout 
these expeiiments the effect always increased with the velocity of the 
cuntact-breaker up to a certain point, about 100 per second, and then 
declined. The general increase is in accordance with the explanation here 
advanced, while the falling off might be owing to an imperfect action of the 
make-and-break machine when a certain velocity is reached. 1 am more 
inclined, however, to nttribute it to a want of theoretical softness in the iron, 
wliich prevents i t  from taking the full magnetism when the alternation of 
currents is too rapid*. I n  support of this opinion 1 adduce one more 
experiment. Returning to the first arrangement, in which the galvanometer 
was placed in the second circuit, 1 arranged a third circuit in the neighbour- 
hood of the second or galvanoineter circuit, whose ends could be joined 
or kept apart t .  In the second case, of course, no effect is produced by the 
third circuit; but what will be the result of completing i t  ? It is known 
that while the magnitude of each instantaneous current in t,he galvanometer 
circuit is unaffected, the duration of them is increased by the induction. 
This dilution, so to speak, of the induced currents diminishes their heating- 
power, which depends on the integral of the square of the current while 
i t  lasts, and would, if the iron were perfectly soft, diminish the dcflecting 
force on the galvanometer-needle; but i t  was found, on the contrary, 
considerably to increase it. I n  fact, the induced currents are too condensed 
to produce their full action, passing away before the needle is properly 
magnetized. 

I t  is too soon to Say whether any use car1 be made of these results ; but 
i t  is possible that such a soft-iron galvanometer might be available for 
measuring the currents produced by the new magneto-electric machines 
when the consecutive waves are opposite. 

[1899. For an application of the soft-iron galvanometer here suggested 
to measure feeble alternating currents, see Bellati (Venezia, istit. Atti, I. 
p. 563, 1883; Wied. BeiOl. VII. p. 617). A similar instrument has been 
constructed by Giltay. More recently the author has applied the nîcthod to 
determine the angle of lag in the case of powerful alternating currents (Pi~il. 
Mag. XLIII. p. 343, 1897).] 

* [1899. The influence of eddy currents in the iron would need to be considered here.] 
t There were two similar coils, each containing two wires A , ,  A , ,  B,, B,. The battery- 

circuit included Al and the interrupter. The second circuit consisted of the wires A,, BI, and the 
galvanometer. B, gave the third circuit, mhich waa olosed or open, according as the ends of B, 
were in connexion or net.-Note added Deo. 1876. 
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[Pl~ilosophical Xagazine, III. pp. 456-464, 1877.1 

Perception of the Direction of a Source of Sozcnd. 

IN a paper with the above title, communicated last year to the DiIusical 
Association and afterwards published in abstract in Nature [Art. XL.], 1 
brought forward the fact that we are unable to distinguish whether a pure 
tone (obtained from a tuning-fork and air-resonator) is irnmediately in front 
of or immediately behind us-although with other sounds, and notably with 
the huinan voice, there is in general no difficulty. In order to make the - 
experiment satisfactorily, i t  is necessary to provide two similar forks and 
resonators and to place the observer between them. At a given signal Ooth 
forks are struck, but one of them only is held over its resonator. If this 
prccaution be neglected, the noise attending the excitation of the fork 
vitiates the experiment. Subsequently to the reading of my paper, it 
occurred to me that if the ordinary view as to the functionü of the two ears 
be correct, there must be other ambiguous cases besides those already 
experimented upon. To the right of the observer, and probably nearly in 
the line of the ears, there must be one direction in which the ratio of the 
intensity of sound as heard by the right ear to the intensity as heard by the 
left ear has a maximum value greater than unity. For sounds coming from 
directions in front of this the ratio of intensities has a less and less value, 
approaching unity as its limit when the sound is immediately in front. In  
like manner, for directions intermediate between the direction of maximum 
ratio and that immediately behind the observer, the ratio of intensities 
varies continuously betiveen the same maximum value and unity. Ac- 
cordingly, for every direction in front there must be a corresponding direction 
behind for which the ratio of intensities has the same value ; and these two 
directions could not be distinguished in the case of a pure tone. The only 
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directions as to which there would be no ambiguity are the direction of 
maximum ratio itself, and a corresponding direction of minimum ratio on the 
other side of the head. 

The attitude of my mind with respect to this result was, 1 confess, one of 
considerable scepticism. A great number of miscellaneous experiments had 
been made with forks as well as with other sources of sound ; and 1 thought 
that, if these ambiguities had existed, indications of them must have been 
perceived already. I t  was therefore with some curiosity that 1 took the first 
opportunity, last September, of submitting the matter to the test of experi- 
ment, the same forks (making 256 vibrations per second) being used as on 
previous occasions. The decision was soon given. An observer facing north, 
for example, made mistakes between forks bearing approximately north-east 
and south-east, though he could distinguish without a moment's hesitation 
forks bearing east and west. In  al1 such experiments i t  is necessary that the 
observer keep his head perfectly still, a very slight motion being sufficient in 
many cases to give the information that was previously wanting. 

A suggestion was made, in the discussion that followed the reading of my 
paper before the Musical Association, which 1 thought it proper to examine, 
though 1 had not much doubt as to the result. I n  order to meet the 
difficulty in the ordinary view as to the functions of the two ears arising out 
of the fact that a 256-fork seems to be heard nearly as well with the ear 
turned away as with the ear turned towards it, i t  was suggested that 
possibly the discrimination between forks right and left depended on some- 
thing connected with the commencement of the sound. I t  might be 
supposed, for example, that we are able to recognize which ear is first 
affected. On trial, however, i t  appeared that the power of discrimination 
was not weakened, although the observer stopped his ears during the 
establishment of the sound. 

When one ear is stopped, mistakes are made between forks right and 
left; but the direction of other sounds, such as those produced by clapping 
hands or by the voice, is often told much better than might have been 
expected. [1899. See Phil. dlag .  vol. XIII. p. 343, 1882.1 

The Head as an Obstacle to Sound. 

The perfection of the shadow thrown by the head depends on the pitch of 
the sound. 1 have already mentioned that i t  appears to make but little 
difference in the audibility of a pure tone with a frequency of 256, whether 
the ear used be turned towards or from the source. But the case is very 
different with sounds of higher pitch, such as that of an ordinary whistle. 
The one that 1 employed was blown froni a loaded gas-bag, and gave a very 
steady note of pitch f ". A hiss is also heard very badly with the averted 
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ear. This observation may be made by first listening with both ears to a 
steady hiss on the iight or left, and then closing one ear. It rnakes but 
little difference when the further ear is closed, but a great difference when 
the nearer ear is closed. A sindar  observation may be made on the sound 
of running water. 

For the same reason a hiss or whisper, coming from a person whose 
face is averted, is badly heard. Under these circumstances even ordinary 
speech is difficult to understand, though the mere intensity of sound does not 
seem deficient. 

In many cases sound-shadows appear much less perfect than theory 
would lead us to expect. The anomally is due in great measure, 1 believe, 
to an error of judgment, depending on the enormous range of intensity with 
which the ear is capable of dealing. The whistle of a loconiotive is very loud 
at  a distance of ten yards. A t  a mile off the intensity must be 30,000 times 
less ; but the sound still appears rather loud, and would probably be audible 
under favourable circumstances even when enfeebled in the ratio of a million 
to one. For this reason i t  is not easy to obtain complete shadows; but 
another dificulty arises from the fact that there are generally obstacles 
capable of reflecting a more or less feeble sound into what might otherwise 
be a nearly complete shadow. An attempt to examine this point led 
rne to a few simple experiments on the reflection of sound, which may be 
worth recording. 

The principal obstacle throwing the shadow was the corner of a large 
house ; and among the sources of sound tried were the human voice, tuning- 
forks, whistles steadily blown, and a small electric bell, of which the last 
(which was employed in Professor Reynolds' acoustical experiments) proved 
to be as convenient as any. The source was placed close to the south side of 
the house, a t  a distance of eight or ten yards from the south-west corner, - 
while the observer took np a corresponding position on the west side. With 
these arrangements the sound-shadow was pretty good, though far from 
perfect. When, however, a fiat reflector, such as a drawing-board of moderate 
dimensions, was held at  the proper angle by an assistant placed a t  some 
distance outwards from the corner, the augmentation of sound was immense, 
and the hearer realized for the first time how very good the shadow 
really was. 

A screen made by stretching a Times over a hoop about 24 feet in 
diameter gave apparently as good a reflection as the drawing-board; but 
when calico was substituted for the paper the reflecting-power was very 
feeble. By wetting the calico, however, it could be made to reflect very 
well. These results are in agreement with the striking experiments described 
by Professor Tyndall. 
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Audibility of Consonants. 

1 suppose it must have been noticed before now that the s sound is badly 
returned by an echo. Standing at  a distance of about 150 yards from a 
large wall, 1 found that there was scarcely any response to even the most 
powerful hiss. Sh was heard a little better ; nz, k, p, g pretty well; r very 
well; h badly; t badly; b seemed half converted into p by the echo. Tlie 
failure of the hiss seems to be the fault of the air rather than of the wall, for 
a powerful hiss heard directly a t  a distance of 200 yards had very little s left 
in it. 

Interference of Sounds from two zmisonant Tu&g-forlcs. 

In  ordinary experiments on interference the sounds are only approxi- 
mately in unison, and consequently the silences resulting from antagonism 
of the vibrations are of only momentary duration. 1 thought i t  of interest, 
therefore, to arrange an experiment in which the sounds should be pure 
tones, absolutely in iinison, and should proceed from sources at  a considerable 
distance apart. With the aid of electromagnetisin the solution of the - 
problem was comparatively easy. An intermittent electric current, obtaincd 
from a fork interrupter making 128 vibrations per second, excited by means 
of electromagnets two other forks, whose frequency was 256. - These latter 
forks were placed a t  a distance of about ten yards apart, and were provided 
with suitably tuned resonators by which their sounds were reinforced. The 
pitch of both forks is necessarily identical, since the vibrations are forced by 
electromagnetic forces of absolutely the same period. The arrangement was 
s~iccessful; and with a battery-power of two Grove cells sounds of fair 
intensity were obtained. With one ear closed i t  was possible to define the 
places of silence with considerable accuracy, a motion of about an inch being 
suficient to produce a marked revival of sound. At a point of silence, from 
which the line joining the forks subtended an angle of about 60°, the 
apparent striking up of one fork, when the other was stopped, had a very 
peculiar effect. 

Symmetrical Bell. 

1 do not know whether i t  has ever been noticed that there oiight to be - 
no sound emitted along the axis of a symmetrical bell. I t  is easy to see 
that a t  any point of the axis any effect, whether condensation or rarefaction, 
which may be produced by one part of the surface of the bell must be 
neutralized by other parts, and that therefore on the whole there can be no 
variation of pressure during the vibration. The experiment may be made 
with a large glass bell (such as are used with air-pumps), set into vibration 
by friction with the wetted finger carried round the circumference. If the 
axis of the vibrating bell be tiirned exactlÿ towards the observer, the sound 
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is feeble as coinpared with that heard when the position of the bel1 is 
altered. The residual sound may be due to want of symmetry, or more 
probably to reflexion from the groiind, which last cause of error i t  is almost 
inîpossible to get rid of. 

Octave from Tuning- forks. 

When a vibrating fork is held over an air-resonntor in tune with itself, 
the soiind emitted is very approximately a pure tone ; but when the fork is 
placed in contact with a soiinding-board, the octave may generally be 
perceived by a practised ear, and is often of remarkable loudness. By means 
of a resonator tiined to the octave the fact may be made apparent to any one. 
This result need not surprise us. By the construction of a fork the moving 
parts are carefully balanced, and the motion is approximately isolated. In 
the ideal tuning-fork, composed of equal masses moving to and fro in a 
straight line, the isolation woidd be complete, and there would be no 
tendency whatever to coinmunicate motion to surrounding bodies. In an 
actual fork, however, even if the direction of motion of the masses were as 
nearly as possible perpendicular to the stalk, the necessary curvature of the 
paths would give rise to an unbalanced centrifuga1 force tending to set the 
sounding-board in vibration. The force thus arising is indeed of the second 
order, and might probably be neglected, were it not that the apparatus 
is especially suited to bring i t  into prominence. 

I n  order to test the soundness of this view as to the origin of the octave, 
the following experiment was contrived. A 256 tuning-fork was screwed on 
to a resonance-box intended for a 512 tuning-fork, and therefore approxi- 
mately in tune with the octave of the first fork. When a powerful vibration 
was excited by means of a bow, the octave sou~~d  wccs predonzimmzt, and but 
littlc could be heard of the proper tone of the fork. In  order to place the 
two sounds on a more equal footing, a resonator, consisting of a bottle tuned 
by pouring water into i t  to a frequency of 2.56, was brought near the ends of 
the vibrating prongs. By adjusting the distance i t  was easy to arrange 
matters so that a t  the beginning of the vibration neither sound had a 
conspicuous advantage. But, as the amplitude of vibration diminished, the 
graver tone continually gained on its rival, and was left a t  last in complete 
possession of the field. The purity of the remaining sound could be tested 
at  any time by the perfection of the silence obtained on removing the air- 
resonator. This arrangement may be recommended to any one mho wishes 
to practise his ears in hearing octaves. 

From the above experiment (in which, if desired, the ear may be replaced 
by Ktinig's manometric flames), it appears that the octave sound is to be 
attributed to a motion of the second order, which is rendered important by 
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the peculiar isolation of the motion of the first order. The harmonie sounds 
heard when suitably tuned resonators are presented to the free ends of the 
prongs, though also dependent on orders of the motion higher than the first, 
have a somewhat different origin. 

J~$uence of a FZange on the Correction for the Open E7xd of n P+e. 

In theoretical investigations* as to the amoiint of the correction to the 
length of an open pipe due to the inertia of the external air, i t  has been 
usual, for the sake of facilitating the calculations, to suppose that the open 
end is provided with an infinite flange. Even with this sin~plification no 
exact solution of the . problem has been obtained. It has been proved, 
however, that, provided the wave-length be sufficient in relation to the 
diameter of the pipe, the addition which must be supposed to be made 
to the length is very nearly equal to, though somewhat less than, -8242 R, 
and is certainly greater than .y85 Ri-, R being the radius of the pipe. 

I t  is obvious that the reinoval of the flange would make a considerable 
difference, probably reducing the correction below the lower limit above 
mentioned. In the absence of any theoretical estimate, 1 thought i t  
desirable to make an experimental determination of the effect of a flange, 
and ordered some years ago a pair of sirnilar organ-pipes of circular section 
for the purpose. My idea was to tune the pipes to unison, and then to count 
the beats when the pitch of one of them was slightly lowered by the addition 
of a flange; but the experiment lay in abeyance until last winter. Instead 
of tuning the pipes to unison, 1 preferred simply to count the beats before 
and after the addition of the flange, which consisted of a large sheet of stiff 
millboard perforated with a hole sufficiently large to allow the passage of the 
pipe. In  this way it appeared that the effect of the flange was to reduce the 
frequency by nearly l a  out of about 242. If we take the velocity of soiind 
at 1123 feet per second, corresponding to 60" F., the calculated effective 
length of the pipe is about 25 inches, and the radius is 1 inch. Thus 
the correction to the length due to the flange is the same fraction of 
25 inches that 1& is of 242, or is equal to about .2R. Combining this resiilt 
with the theoretical estimate above referred to, we may conclude that the 
whole correction for an open end, when there is no flange, must be about .GR. 

Mr Bosanqiiet, to whom 1 comnlunicated the result a t  which 1 had 
arrived, informs me that he has since determined the correction for a flange 
as -25R. 

Helmholtz, C ~ e l l e ,  1860. Also a memoir by myself Resonance," Phil. Trann. 1871. 
[Art. v.] 

$ 8ee note to a paper "Ou the Appraximate Solution of certain Problems relating to the 
Potentid," Math. Soc. Proe. vol. ni. No. 93. [Art. xxxrx.1 
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The Pitch of Organ-pipes. 

The whole correction to the length of an organ-pipe, necessary to make 
i t  agree with Bernoulli's theory, is considerably greater than any of those 
spoken of under the preceding heading. According to the rule of Cavaillé- 
Coll, the addition for an open pipe of circular section amounts to as much as 
3$R, whereas for a simple tube open a t  both ends i t  should bo only about 
1.2R. This discrepancy is, 1 believe, often attributed to a peculiar action 
of the stream of air by which the pipe is excited. Of course i t  is not to 
be denied that some disturbance arises from this source, as is proved by the 
dependence of the pitch on the strength of the wind ; but the near agreement 
between theory and measurements by Wertheim and others, on the pitch of 
resonators caused to speak by a stream of air, has always seemed to me 
to prove that a comparatively small part only of the whole discrepancy 
is to be explained in this way. On the other hand, i t  is obvious that the 
"open" end a t  the base of the pipe is very much contracted, and that 
the correction thence arising may be several times as great as that applicable 
to the upper end, where the pipe retains its full section. 1 was therefore 
anxious to ascertain what was the proper note of an organ-pipe, regarded as 
a freely vibrating column of air, and thus to estimate in what proportion the 
two causes of disturbance contribute to the final result. 

There are two inethods by which the pitch of a resonator may be 
determined without the use of a stream of air. The simplest, and in many 
cases the most accurate, method consists merely in tapping the resonator 
with the finger or other hammer of suitable hardness, and estimating with 
the aid of a monochord the pitch of the sound so prodiiced. In attempting, 
however, thus to determine the pitch of the organ-pipe, 1 found a difficulty 
arising from the uncertain character of the sound, and the results were by no 
means so accordant as 1 desired. Possibly an observer gifted with a more 
accurate ear than mine would have been more successful. The other method 
is one of which 1 have had a good deal of experience, and which 1 can 
generally rely upon to give results of moderate accuracy. I t  consists in 
putting the ear into communication with the interior of the resonator, 
and determining to what note of the scale the resonance is loudest. 1 have 
generally found i t  possible thus to fix the pitch of a resonator to within 
a quarter of a semitone. I n  the present case a small hole was made in the 
side of the pipe near the centre; and over the hole a short piece of tube was 
cemented, which could be put into communication with the ear by means of 
a rubber tube. In this way the effective length of the pipe was determined 
to be 28.7 inches, 4.7 inches more than the actual length. As rt check upon 
this estimate, 1 closed the upper end of the pipe with a plate of wood and 
again determined the note of maximum resonance. The effective length of 
the pipe was DOW 29.1 inches, so that the correction due to want of openness 
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a t  the lower end amounted to 5'1 inches. If we add .6 as a correction for 
the upper end, we obtain as the corrected length of the pipe in its ordinary 
condition 29.7 inches. The difference between this and 28.7, obtained 
directly, is greater, 1 think, than can be ascribed to errors of experiinenting, 
and is possibly connected with the excessive magnitude of the correction 
in relation to the wtlve-length of the sound. The actual note of the pipe, 
when blown in the ordinary way by a wind of pressure measured by 
24 inches of water, corresponded to an effective length of 28 inches, so that 
the blown note was actually higher in pitch than the note of maximuni 
resonance. So far, therefore, from the depression of pitch in an organ-pipe 
below that calculated from the actual length, according to Bernoulli's theory, 
being principally due to the action of the wind, i t  would appear that in the 
absence of a peculiar action of the wind the depression would be even 
greater than i t  is. Too much stress, however, must not be laid on a single 
observation; and al1 1 would maintain is, that by far the larger part of the 
depression of pitch is due to the insufficient openness of the lower end 
of the pipe. 

[1899. For further observations upon this subject, see Phil. Mug. 
vol. XIII. p. 340, 1882.1 
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ON PROGRESSIVE WAVES. 

[P?-oceedings of the London Matl~ematical Society, IX. pp. 21-26, 18"r.] 

IT has often been remarked that, when a p o u p  of waves advances into 
still water, the velocity of the group is less than that of the individual waves 
of which it is composed ; the waves appear to  advance through the group, 
dying away as they approach its anterior liinit. This phenomenon was, 1 
believe, first explained by Stokes, who regarded the group as forn~ed by the 
superposition of two infinite trains of waves, of equal amplitudes and of 
nearly equal wave-lengths, advancing in '  the same direction. My attention 
was called to the subject about two years since by Mr Froude, and the samc 
cxplanation then occiirred to me independently*. In my book on the 
Z'lieory of Sound, 18'1'1 (5 191), 1 have considered the question more gene- 
rally, and have shown that, if V be the velocity of propagation of any kind 
of waves whose wave-length is X, and Ic= 27rV1, then U, the velocity of a - 
group composed of a great number of waves, and moving into an iindisturbed 
part of the medium, is expressed by 

* Another phenomenon, also mentioned to me by Mr Froude, admits of a similar explanation. 
A steam launch moving quickly through the water is accompaniecl by a peculiar system of 
diverging waves, of which the most striking feature is  the obliquity of the line containing the 
greatest elevations of succgssive waves to the wave-fronts. This wave pattern may be explained 
by the siipeiposition of two (or more) infinite trains of wavee, of slightly differing wave-lengths, 
whose directions and velocities of propagation are so related in each case that there is no change 
of position relatively to the boat. The mode of composition will be best nnderstood by drawing 
on paper two sets of parallel and equidistant lines, subject to the above condition, to represent 
the crests of the component trains. In the case of two trains of slightly different wave-lengths, 
it may be proved that the tangent of the angle between the line of maxima and the wave-fronts is 
half the tangent of the angle between the wave-fronts and the boat's course. 
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or, as we may also write it, 
d log v U :  v=1+- log . a . . . .  ." " " " .........a... (2) 

In fact, if the two infinite trains be represented by cos lc (Vt - x) and 
cos k' ( V't - x), their resultant is represented by 

cosIc(Vt -x)+cosk ' (v~t  -x), 
which is equal to 

If Ic' - Ic, V' - 7 be small, we have a train of waves whose amplitude 
varies slowly from one point to another between the limits O and 2, forming 
a series of groups separated from one another by regions comparativeiy frce 
from disturbance. The position a t  time t of the middle of that groiip, which 
was initially at  the origin, is given by 

which shows that the velocity of the group is (Ic'V' - LV) +- (P- k). In the 
liniit, when the number of waves in each group is indefinitely great, this 
result coincides with (1). 

The following particular cases arc worth notice, and are here tabiilated 
for convenience of cornparison :- 

V a  X, U=O, Reynolds' disconnccted pcnduliiins*. 

V .T h*, U=+V,  Deep-water gravity wnves. 

V a XO, U =  V, Aërial waves, &c. 

V K X-à, U-gV, Capillary water wavcs. 

V  K A.+, U = 2 V ,  Flexural waves. 

The capillary water waves are those whose wave-length is BO small thnt 
the force of sestitution due to capillarity largely exceeds that due to gravity. 
Their theory has been given by Thomson (Phil. May., Nov. 1871). The 
fiexural waves, for which U =  2V, are those corresponding to the bending of 
an elnstic rod or plate (Theory of Sound, § 191). 

I n  a paper read a t  the Plymouth meeting of the British Associatiun 
(afterwards printed in Nature, Ang. 23, 1877), Prof. Osborne Reynolds gave 
a dynamical explanation of the fact that a group of deep-water waves 
advances with only half the rapidity of the individual waves. I t  appcars 
that the energy propagated across any point, ahen a train of waves is 

* [1899. For a fiirther discussion of the case U=O, see Phil. dIag. vol. XLVI. p. 567, 1899.1 
3 1-2 
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passing, is only one-half of the energy necessary to supply the waves which 
pass in the same tirne, so that, if the train of waves be limited, i t  is 
impossible that its front can be propagated with the full velocity of the 
waves, because this would iinply the acquisition of more energy than can in 
fact be supplied. Prof Reynolds did not contemplate the cases where more 
energy is propagated than corresponds to the waves passing in the same 
time; but his argument, applied conversely to the results already given, 
shows that such cases must exist. The ratio of the energy propagated to 
that of the passing waves is U : V ;  thus the energy propagated in the unit 
time is U : Y of that existing in a length V, or U times that existing in the 
m i t  length. Accordingly 

Energy propagated in unit time : Energy contained (on an average) in 
unit length = d (kV) /dk ,  by (1). 

As an example, 1 will take the case of small irrotational waves iii water 
of finite depth 1". If z be measured downwards from the siirface, and the 
elevation (h)  of the wave be denoted by 

h = H  cos (nt - hx), ......................... .. .. (4) 

in whicli vt = kV, the corresponding velocity-potential (+) is 

ek (2-2) + e-k @-O 
............... + = - V H  - e-,z- sin (nt - kx). ( 5 )  

This value of + satisfies the general differential eqilation for irrotational 
motion (V2+ = O ) ,  rnakes the vertical velocity d+/dz zero when z = 1, and 
- dhldt when z = O. The velocity of propagation is given by 

We may now calculate the energy contained in a length x, which is 
supposed to incliide so great a number of waves that fractional parts may be 
left out of accoiint. 

For the potential energy we have 

For the kinetic energy, 

by (1) and (6). If, in accordauce with the argument advanced at  the end of 
this paper, the equality of V, and T be assurned, the value of the velocity of 

Prof. Reynolds considers the trochoidal mave of Rankine and Froude, which involvea mole- 
cular rotation. 
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propagation follows frorri the present expressions. The mhole energy in the 
waves occupying a length x  is therefore (for each unit of breadth) 

H denoting the maximum elevation. 

We have next to calculate the energy propagated in tiine t across a plane 
for which x  is constant, or, in otlier words, the work ( W) that must be done 
in order to sustain the motion of the plane (considered as a flexible lamina) 
in the face of the fluid pressures acting upon the front of it. The variable 
part of the pressure (6p) at  depth z is given by 

while for the horizontal velocity 

$c 12-11 + e-k (1-1) 
d $ = k ~ ~  e"-e-kl dx 

- cos ( / h t  - ka) ; 

so that 

on integration. From the value of V i n  (6) i t  may be proved 

......... (10) 

that 

and i t  is thus verified that the value of W for a unit time 

- - dE) x energy i n  unit lenyth. 
dk 

As an example of the direct calculation of U, we may take tlic case of 
waves moving under the joint influence of gravity and cohesion. I t  is proved 
by Thomson that 

V"g/k + T'k, .............................. (11) 

wliere T' is the cohesive tension. Hence 

When Ic is small, the surface tension is negligible, and then U =  +V; but 
when, on the contrary, 13 is large, U = $V, as has already been stated. When 
T'k2 =g,  U =  V. This corresponds to the minimiim velocity of propagation 
investigated by Thomson. 

Although the argument from interference groups seems satisfactory, an 
independent investigation is desirable of the relation between energy existing 
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and euergy propagated. For some tiine 1 was at  a loss for a method applic- 
able to al1 kinds of waves, not seeing in particular why the comparison of 
energies should introduce the consideration of a variation of wave-length. 
The following investigation, in which the increment of wave-length is 
iînaginccy, may perhaps be considered to meet the want. 

Let US suppose that the motion of every part of the medium is resisted 
by a force of very small magnitude proportional to the mass and to the 
velocity of the part, the effect of which will be that waves generated at the 
origin gradually die away as x increases. The motion, which in the absence 
of friction would be represented by cos (nt - kx), under the influence of 
friction is represented by e-*zcos ( ~ z t  - kx), where p is a small positive 
coefficient. In strictness the value of k is also altered by the friction ; but 
the alteration is of the second order as regards the frictional forces, and may 
be ornitteci under the circumstances heïe siipposed. The energy of the 
waves per unit length a t  any stage of degradation is proportional to the 
square of the amplitude, and thus the whole energy on the positive side of 
the origin is to the energy of so much of the waves at  their greatest valuc, 
ie., a t  the origin, as would be contained in the unit of length, as 

or as ( 2  : 1 The energy transmitted through the origin in the unit time 
is the same as the energy dissipated ; and, if the frictional force acting on the 
eleinent of mass m be hmv, where v is the velocity of the eleruent and h is 
constant, the energy dissipated in unit time is hZmv2 or 2hT, T being the 
kinetic energy. Thus, on the assumption that the kinetic energy is half the 
whole energy, we find that the energy transmitted in the unit time is to the 
greatest energy existing in the unit length as h : 2p. I t  remains to find the 
connection between h and p. 

For this purpose it will be convenient to regard cos (nt - kx) as the real 
part of eint e-ikz, and to inquire how k is affected, when n is given, by the 
introduction of friction. Now the effect of friction is represented in the 
differential equations of motion by the substitution of d2/dt2 + hd/dt iu place 
of d'/dt2, or, since the whole motion is proportional to eint, by substituting 
- n2 + ihn for - )P. Hence the introduction of friction corresponds to an 
alteration of ?z from n to n- +ih (the square of h being neglected) ; and 
accordingly L is altered from k to Fe - +ihdh/dn. The solution thus becomes 
e-tiLXrlkidn ei ('Lt-kx), or, when the imaginaïy part is 1-e,jected, e+hxfibd'"os (nt-lcx) ; 
so that p = &hdlc/d)z, and h : 2p = dnldk. The ratio of the energy transmitted 
in the unit time to the energy existing in the unit length is therefore 
expressed by dnldli: or d ( k V ) / d k ,  as was to be proved. 

I t  has ofteii been noticed, in particular cases of progressive waves, thttt 
the potential and kinetic energies are equal; but 1 do not cal1 to mind any 
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gerieral treatment of the question. The theorcm is tiot usually true for the 
individual parts of the medium*, but must be understood to refer either to 
an integral number of wave-lengths, or to a space so considerable that the 
outstanding fra~t~ional parts of waves may be left out of account. AR an 
example well adapted to give insight into the question, 1 will take the case 
of a uuiform stretched circular membrane (Theory of Sou~ad, 5 200) vibrating 
with a given number of nodal circles and diameters. The fundamental 
modes are not quite determinate in consequence of the symmetry, for any 
diameter may be made nodal. I n  order to get rid of this indeterminateness, 
we may suppose the membrane to carry a small losd attached to i t  anywhere 
except on a nodal circle. There are then two definite fundamental modes, in 
one of which the load lies on a nodal diaineter, thus producing no effect, and 
in the other midway between nodal diameters, where it prodrices a maximum 
effect (l'heory of Sound, 5 205). If vibrations of both inodes are going on 
simultaneously, the potential and kinetic energies of the whole motion may 
be calculated by simple additiolz of those of the components. Let us now, 
supposing the load to diminish without limit, imagine that the vibi. a t '  lons 
are of equal amplitude and differ in phase by a quarter of a period. The 
result is a progressive wave, whose potential and kinetic energies are the 
sums of those of the stationary waves of which i t  is composed. For the first 
component we have Vl = E cosa nt, Tl = E sin2 nt ; and for the second compo- 
nerit, V2 = E sin2nt, T, = E cos2 nt ; so that VI + V2 = Tl + T2 = E: or the 
potential and kinetic energies of the progressive wave are equal, being the 
same as the whole energy of either of the components. The inethod of proof 
here employed appears to be sufficiently generd, though i t  is rather difficult 
to express i t  in language which is appropriate to al1 kinds of waves. 

" Aërial waves are an important exception. 
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ON THE AMPLITUDE OF SOUND-WAVES. 

[l'roceedings ?f the Royal Society, XXVI. pp. 248-249, 1877.1 

SCARCELY any attempts have been made, so far as 1 am aware, to 
measure the actual amplitude of sound-bearing waves, and indeed the 
problem is one of considerable difliculty*. Even if the measurement coiild 
be effected, the result woiild have reference only to the waves actually 
experimented upon, and woilld be of no great value in t,he absence of 
some means of defining the intensity of the corresponding sound. I t  is 
bad policy, however, to despise quantitative estimates because they are 
rough ; and in the present case i t  is for niany reasons desirable to have a 
general idea of the magnitudes of the quantities with which we have to deal. 
Now it is evident that a siiperior limit to the amplitude of waves giving an 
audible sound niay be arrived at  from a knowledge of the energy which inust 
be expended in a given time in order to generate them, and of the extent of 
surface over which the waves so generated are spread at  the tirne of hearing. 
An estimate founded on these data d l  necessarily be too high, both because 
sound-waves nlust suffer some dissipation in their progress, and also because 
a part, and in some cases a large part, of the energy expended never takes 
the form of sound-waves a t  all. 

The source of sound in my experiment was a whistle, mounted on a 
Wolf's bottle, in connexion with which was a syphon manometer for the 
purpose of measuring the pressure of wind. This apparatus was inflated 
from the lungs through an india-rubber tube, and with a little practice 
there was no difficulty in maintaining a sufficiently constant blast of the 
requisite duration. The most suitable pressure was determined by pre- 
liminary trials, and was measured by a column of water 94 centimetres 
high. 

* [l899. Reference should have been made to the work of Boltzmann and Toppler (Pogg. 
Ann. vol. C ~ I .  p. 321, 1870).] 
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The first point to be determined was the distance from the soiirce to 
which the sound reniained clearly audible. The experiment was tried in 
the middle of a fine still winter's day, and it was ascertained that the whistle 
was heard without effort a t  a distance of 820 metres. In  order to guard 
against any effect of wind, the precaution was taken of repeating the 
observation with the direction of propagation reversed, but without any 
difference being observable. 

The only remaining datum necessary for the calculation is the qiiantity 
of air which passes through the whistle in a given time. This was deterinined 
by a laboratory experiment. The india-rubber tube was put into connexion 
with the interior of a rather large bell-glass open a t  the bottom, and this was 
pressed gradually down into a large vesse1 of water in such a maniier that 
the manometer indicated a steady pressure of 94 centimetres. The capacity 
of the bell-glas was 5200 cubic centimetres, and i t  was found that the 
supply of air was siifficient to last 26+ seconds of time. The consumption of 
air was therefore 196 cubic centimetres per second. 

I n  working out the result it will be niost convenient to lise consistently 
the C.G.S. system. On this system of measurement the piessuie einployed 
was 94 x 981 dynes per square centimetre, and therefore the work expendcd 
per second in generating the waves was 196 x 94 x 981 ergs [or 1.8 x 10R 
ergs. I t  may be noted that a volt-ampère corresponds ho IO7 ergs per 
second]. Now the mechanical value of a series of progressive waves is the 
sarne as the kinetic energy of the whole mass of air concerned, supposcd 
to be moving with the maximum velocity of vibration (v);  so that, if 
S denote the area of the wave-front considered, a be the velocity of sound, 
and p be the density of air, the mechanical value of the waves passing in a 
unit of time is expressed by $8. a . p .  va, in which the numerical value of a is 
about 34100, and that of p about .0013. In  the present application S is the 
area of the surface of a hemisphere whose radius is 82000 centiinetres; 
and thus, if the whole energy of the escaping air were converted into sound, 
and there were no dissipation on the way, the value of v at the distance 
of 82000 centimetres would be given by the equation 

whence v = .O014 centimetre per second. 

[Also s = v/a = 4.1 x 10-8.] 

This result does not require a knowledge of the pitch of the sound. If the 
period be T ,  the relation between the maximum excursion LZ and the 
maximum velocity v is 

v 7  x = - -  
2lr ' 
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In the present case the note of the whistle was f'", with a frequency of about 
2'130. Hence 

or the amplitude of the aërial particles was less than a ten-rnillionth of a 
centinletre. 

1 am inclined to think that on a still night a sound of this pitch, 
whose amplitude is only a hundred-millionth of a centiinetre, would still be 
aiidible. 

[1899. Further investigations upon this subject will be found in Phil. 
Afq. vol. XXXVIII. pp. 365-3'10, 1894.1 
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ABSOLUTE PITCH. 

[Nature, XVII. pp. 12-14, 18'17.1 

AT the present time the question of absolute pitch is nttriacting attention 
in consequence of the discrepancy between Konig's scale and the niinibers 
deterinilied by Appunn's tonometer. This instrument is founded upon the 
same idea as Scheibler's fork tonometer, and consists of a series of sixty-five 
harmonium reeds, bridging over an entire octave, and so tuned that each 
reed gives with its immediate neighbours four beats per second. The 
application to determine absolute pitch, howeveï, does not reqiiire precision 
of tuning, al1 that is necessary being to count with sufficierit accuracy the 
number of beats per second between each pair of consecutive reeds. The 
sum of al1 these numbers gives the difference of frequencies of vibration 
between the first reed and its octave, whicli is, of course, the eame as the 
frequency of the first reed itself. 

The whole question of musical pitch has recently been discussed with 
great care by Mr Ellis, in a paper read before the Society of Arts (May 23, 
18'17). He finds by original observation with Appunn's instrument 258.4 as 
the actual frequency of a Konig's 256 fork, and Prof. Preyer, of Jena, has 
airived at  a siniilar result (258.2). On the other hand, Prof. Mayer in 
Ainerica, and Prof. Macleod in this country, using other methods, have 
obtained numbers not differing materially from K6nig7s. The discrepancy is 
so considerable that i t  cannot well be attributed to casual errors of expcri- 
ment; i t  seems rather to point to some defect in principle in the method 
employed. Now i t  appears to me that there is siich a theoretical dcfect 
in the reed tonometer, arising from a sensible mutual action of the reeds. 
The use of the instrument to determine absolute frequencies assumes that 
the pitch of each reed is the same, whether i t  be sounding a i th  the reed 
above, or with the reed below ; and the results arrived a t  would be vitiated 

IRIS - LILLIAD - Université Lille 1 



332 ABSOLUTE PITCH. [49 

by any mutual influence. I n  consequence of the ill-understood operation of 
the wind, i t  is difficult to predict the character of the mutual influence with 
certainty ; but (Theory of Sozlnd, 112-115) there is reason to think that 
the sounds would repel one another, so that the frequency of the beats 
heard when both reeds are sounding, exceeds the difference of the frequencies 
of the reeds when sounding singly. However this may be, in view of the 
proxiniity of consecutive reeds and of the near approach to unison*, the 
assumption of complete independence could only be justified by actual 
observation, and this would be a niatter of some delicacy. If the mutual 
influence be uniform over the octave it would require a difference of one 
beat per minute only to ïeconcile Konig's and Appunn's numbers. 

As to the ainount of the influence 1 am not in a position to speak with 
confidence, but 1 may mention an observation which seems to prove that 
i t  cannot be left out of account. If two sounds of nearly the same pitch are 
going on together, slow beats are heard as the result of the superposition of 
vibrations. Suppose now that a third sound supervenes whose pitch is such 
that it gives rapid beats with the other two. I t  is evident that these rapid 
beats will be subject to a cycle of changes whose frequency is the same as 
that of the slow beat of the first two soixnds. For example, in the case 
of equal intensities of two soixnds there is a moment of silence due to the 
superposition of equal and opposite vibrations, and a t  this moment a third 
sound would be heard alone and could not give rise to beats. The expeii- 
nient rnay be made with tuning-forks, and the period of the cycle will 
be found to be sensibly the same whether it be determined from the slow 
beat of the two forks nearly iri iinison, or from the rattle caused by the 
sinlultaneous sounding of a third fork giviug from four to ten beats per 
second with the other two. In the case of forks there is no fear of sensible 
mutual action, but if it were possible for the third soiind to affect the pitch 
of one of the others the equality of the penods would be disturbed. The 
observation on Appunn's instrument was as follows :-The reeds numbered O 
and 64 being ad,justed to an exact octave, it was fonnd that the beats arising 
from the ~imul~aneous sounding of reeds 0, 63, and 64 were by no means 
steady, but passed through a cycle of changes in a period no greater than 
about five seconds. I n  order to work with greater certainty a resonator of 
pitch corresponding to reed 64 was connected with the ear by a flexible tube 
and adjusted to such a position that the beats between reeds O and 64 (when 
put slightly out of tune) were as distinct as possible, indicating that the 
gravest tone of reed 64 and the octave over-tone of reed O were of equal 
intensity. By fluttening reed 64 (which can be done very readily by partially 
cutting off the wind) the beats of the three sounds could be made nearly 
steady, and then when reed 63 was put out of operation, beats having 

* I t  must not be forgotten that the vibration of the tongue involves a transference of the 
centre of iuertia, so that there is a direct tendency to set the sounding-board into motion. 
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a 5 seconds' period were heard, indicating that reeds O and 64 were in 
tune no longer. I t  would appear, therefore, that when reed 63 sounds 
the pitch of reed 64 is raised, but in interpreting the experiment a difficulty 
arises from the amount of the disturbance being much in excess of what 
would be expected from the performance of the instrument when tested 
in other ways *. 

1 come now to an independent determination of absolute pitch, which i t  
is the principal object of the present communication to describe. The 
method employed may be regarded as new, and i t  appears to be capable 
of giving excellent results. 

The standard foik, whose frequency was to be measured, is one of Konig's, 
and is supposed to execute 128 complete vibrations in a second. When 
placed on its stand (which does not include a resonance box) and excited by 
a violin bow, i t  vibrates for a minute with intensity sufficient for the 
counting of beats. The problem is to compare the frequency of this fork 
with that of the pendulum of a clock keeping good time. I n  my experi- 
ments two clocks were employed, of which one had a pendulum making 
about 18 complete vibrations per second, and the other a so-called seconds' 
pendulum, making half a vibration per second. Contrary to expectation, the 
slower pendulum was found the more convenient in use, and the numerical 
results about to be given refer to it alone. The rate of the clock at  the 
time of the experiments was determined by comparison with a watch that 
was keeping good time, but the difference was found to be too sinal1 to 
be worth considering. In  what follows i t  will be supposed for the sake 
of simplicity of explanation that the vibrations of the pendulunl really 
occupied two seconds of time exactly. 

The remainder of the apparatus consists of an electrically maintained 
fork interrupter, with adjustable weights, making about 12b vibrations 
per second, and a dependent fork whose frequency is about 120. The 
current from a Grore ce11 is rendered intermittent by the interrupter, and, 
as in Helmholtz's vowel experiments, excites the vibrations of the second 
fork, whose period is as  nearly as possible an exact submultiple of its own. 
When the apparatus is in steady operation, the sound emitted from a 
resonator associated with the higher fork has a frequency which is 

* The value of my instrument has been greatly enhanced by the valuable assistance of 
Mr Ellis, who was good enough to couut the entire series of beats, and to compare the pitch 
with that of the tuning-forks employed by him in previous investigations. hIr Ellis, however, i~ 
not responsible for the facts and opinions here expressed. It niay be worth mentioning that the 
steadiness or unsteadiness of the b a t s  heard wben tluee coneecutive reeds are souniling 
simultaneously is  a convenient test of the equdity of the consecutive intervals. The frequency 
of the cycle of the four a second beats is equal to the difference of the frequencies of either of the 
actual extreme notes and that which, in conjunction with the other two, would make the intervals 
exactly equal. 
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determined by that of the interrupter, and not by that of the higher fork 
itself; nevertheless, an accurate tuning is necessary in ordeï to obtain - 
vibrations of su6cient intensity*. By counting the beats during a minute 
of time i t  is easy to compare the higher fork and the standard with the - 

necessary accuracy, and al1 that remains is to compare the frequencies 
of the interrupter and of the pendulum. For this purpose the prongs of 
the interrupter are provided with small plates of tin so arranged as to afford 
an intermittent view of a small silvered bead carried by the pendulum and 
suitably illuminated. Under the actual circumstances of the experiment the 
bright point of light is visible in general in twenty-five positions, which 
would remain fixed, if the frequency of the interrupter were exactly twenty- 
five times that of the pendulum. In  accordance, however, with a well-known 
principle, these twenty-five positions are not easily observed when the 
pendulum is simply looked a t  ; for the motion then appears to be continuous. 
The difficulty thence arising is readily evaded by the interposition of a 
somewhat narrow vertical slit, through which only one of the twenty-five 
positions is visible. I n  practice i t  is not necessary to adjust the slit to any 
particular position, since a slight departure from exactness in the ratio 
of frequencies brings al1 the visible positions into the field of view in turn. 

I n  making an experiment the interrupter is tuned, a t  first by sliding the 
weights and aftenvards by soft wax, until the interval between successive 
appearances of the bright spot is suficiently long to be conveniently ob- 
served. With a slow pendulum there is no dificulty in distinguishing in 
which direction the pendulum is vibrating ab the moment when the spot 
appears on the dit,  and i t  is best to attend only to those appearances which 
correspond to one direction of the pendulum's motion. This will be best 
understood by considering the case of a conical pendulum whose motion, 
really circular, appears to be rectilinear to an eye sitnated in the plane 
of motion. The restriction just spoken of then amounts to supposing the 
hinder half of the circular path to be invisible. On this understanding 
the iaterval between successive appearances is the time required by the fork 
to gain or to lose one cornplete vibration as compared with the penduluni. 
Whether the difference is a loss or a gain is easily determined in any 
particular case by observing whether the apparent motion of the spot across 
the slit (which should have a visible breadth) is in the same or in the 
opposite direction to that of the pendulum's motion. 

I n  my experiment the interrupter gnined one vibration on the clock 
in about eighty seconds, so that the frequency of the fork was a thousandth 
part greater than 12.8, viz. 12.51. The depeudent fork gave the ninth 

* This tuning is effected by prolonging as much as possible the period of the beat heard when 
the dependent fork starts from rest. This beat may be regarded as due to an interference of 
the forced and natural notes. 
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harmonie, with a frequency of 125.1. The beats between this fork and the 
standard (whose pitch was the higher) were 180 in sixty seconds, so that; the 
frequency of the standard was as nearly as possible 128.1, agreeing very 
closely with Ktinig's scale. The error of the determination may amount 
to .1, but could not, I think, exceed -2. 

1 ought to add that the approxirnate determination of the frequency of 
the interrupter must be made independently, as the observation on the 
penduluin does not decide which multiple of + nearly coincides with the 
frequency of the fork. Also the relation between the two auxiliary forks 
was assumed, and not deterinined; but as to this there can be no doubt, 
unless it be supposed that Konig's scale may be in error to the extent of a 
whole tone. 
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ON MIR VENN'S EXPLANATION OF A GAMBLING 
PARADOX. 

[Mind, II. pp. 409-410, 1877.1 

TWO players, A and B, toss for pennies. A has the option of continuing 
or stopping the game at  any moment as i t  suits him. Has he, in consequence 
of this option, any advantage over B ? 

From one point of view i t  would seem that A has an advantage; for, as 
the game proceedü, the balance of gains rnust pass backwards and forwards' 
from one side to the other, and if A makes up his mind to continue until he 
has won (for example) 10, the time must come when he will have an 
opportunity of carrying off his gains. On the other hand, it seems obvious 
& priori that no combination of fair bets can be unfair, and that A's option 
is of no value to him, inasmuch as at  any point i t  is a matter of perfect 
indifference to him whether he risks another penny or not. 

In order to examine the matter more closely, let us suppose that A has 
originally 1000 pennies, and that he proposes to continue the game until he 
has won 10, and then to leave off. Under these circumstances, it is clear 
that in no case car1 R lose more than 10, whereas A, if unlucky, may lose 
his whole stock before he has an opportunity of carrying off Bs.  The case is 
in fact exactly the same as if B had originally only 10  pennies, and the 
agreement were to continue the game until either A or B was ruined. The 
problem thus presented was solved long ago (see Todhunter's History of 
Pi-obabilities, p. 62) ; and the result, as might have been expected, is that the 
odds are exactly 100 : 1 that B will be ruined. But i t  does not follow from 
this that the arrangement is in any degree advantageous for A ; for, if A 
loses, he loses a sum one hundred times as great as that which he gains from 
B in the other (and more probable) contingency. A like argument applies, 
however great the disproportion of capitals may be. If the sums risked, as 
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well as the chances to which they are subjected, be taken into account, the 
compensation is complete. 

Mr Venn, however, is of opinion that these considerations do not meet 
the difficulty. With respect to the argument that A will always win if he 
goes on long enough, he says-" It may be replied that we have no right to 
assume that the fortune of the player ( A )  will hold out in t,his way, for he 
may be ruined before his turn of luck comes. This . . . is quite true, 
but does not explain the difficulty. We have only to suppose the men to 
be playing on credit to remove the objection. There is no reason whatever 
why any money should pass between them until the affair is finally settled. 
Al1 such transactions, really, must be carried on to some extent on credit, 
unless there is to be the trouble of perpetual payments backwards and 
forwards ; and i t  is therefore perfectly legitimate to suppose a state of things 
in which no enquiry is made as to the solvency of either of the parties until 
the crisis agreed upon has been reached."-(logic of Chance, 2nd edition, 
ch. XIV. p. 371.) And again a little further on, " A  man might safely, for 
instance, continue to lay an even bet that he would get the single prize in  a 
lottery of a thousand tickets, provided he thus doubled, or more than 
doilbled, his stake each time, and unlimited credit was given."-Ibid. 
p. 373. 

To me, on the contrary, i t  seems that the question is entirely altered by 
the introduction of indefinite credit. There is no object, of course, in 
insisting on perpetual payments, and a credit may properly be allowed to 
the extent of the actual resources of the parties; but the case is very 
different when insolvency is permitted. I n  order to make a comparison, let 
us suppose, in our previous example, that A has no fortune of his own but is 
allowed a credit of 1000. If he wins 10 from B without first losing 1000 
himself, he retires a victor, and his actual poverty is not exposed. But how 
does the matter stand if the luck is agairist him, and he comes to the end of 
his credit before securing his prize ? When called upon to pay at  the termi- 
nation of the transaction, he has no means of doing so, and thus B is 
defrauded of his 1000, which in the long run would othenvise compensate 
hirn for the more frequent losses of 10. The advantage which A possesses 
depends entirely, as i t  seems to me, on the credit which is allowed him, but 
to which he is not justly entitled, and is of exactly the same nature as that 
enjoyed by any man of straw, who is nevertheless allowed to trade. What 
would be thought of a beggar who proposed to toss Baron Rothschild for 
1000 pound notes? and if the proposa1 were agreed to, would it be said that 
the beggar's advantage depended upon his power of arbitrarily calling for a 
stoppage when it suits him and refusing to permit i t  sooner, and not rather 
that the one-sided character of the agreement depended on the simple fact 
that one party codd pay if he lost, while the other party could not ? 
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ON THE RELATION BETWEEN THE PUNCTIONS OF 
LAPLACE AND BESSEL. 

[Proceedings of the London Muthenzatical Society, IX. pp. 61-64, 1878.1 

IN § 783 of Thomson and Tait's Natural Philosophy (lSô'I), a suggestion 
is made to examine the transition from formulz dealing with Laplace's 
spherical fiinçtions to the corresponding f o r m u l ~  proper to a plane. I t  is 
evident a t  once from this point of view that Bessel's functions are rnerely 
particular cases of Laplace's more general functions; but the fact seems to 
be very little known. Of two valuable works recently published on this 
subject*, one makes no mention of Bessel's functions, and the other states 
expressly that they are not connected with the main subject of the book; 
other mathematicians also, to whom 1 have mentioned the matter, have been 
unaware of the relation. Under these circumstances i t  may not be super- 
fluous to point out briefly the correspondence of some of the formulae. 

The Bessel's function of zero order JO is the limiting form of Legendre's 
function P, (p), when n is indefinitely great, and p (= cos 8) such that n sin 8 
is finite, equal Say to z. The simplest proof of this assertion is perhaps that 
obtained from Murphy's series for P,. Thiis (Todhunter, 5 23), 

..... P,, (COS 8) = cosm - :{ 1 - (f tan - 4)' + (";y1 tan2 3' - .}. ......( 1) 

The limit of cosrn(& 8) is easily proved to be iinity, and thus ultimately 

* An Elementary Treatise on Laplace's Functions, Lamé's Fzcnctiona, afad Besael's Functions. 
By 1. Todhnnter. 1875. 

An Elementary Treatise on Spherical Harmonies and subjects connected with tkem. By the 
pev. N. M. Ferrere, 1877. 
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where i = 2 / ( -  1). In the limit p is to be replaced by unity, and d ( 1 -  pz) 
by Z n - ' ;  the limit of {p + i 2/(l - pz) cos +ln is eizcosdi aiid thus we get 
ultimately 

T P. (p) = ~eizCos"+ = lffcos (z cos +) d+ = TJ, (2). - O . O 

In like manner Bessel's functions of higher ortler are the limits of those 
Laplace's fiinctions called by Todhunter Associated Functions, which, when 
multiplied by sines or cosines of multiples of the longitude (o), satisfy 
Laplace's spherical surface equatioo, 

They may be expressed ($ !)9, 106) by 

........................... (1 - p2)*m (m, n,  cos O ) ,  (51 
where 

Now (1 - pz)hm is proportional to za; and the function becomes 

which is proportional to the Bessel's function of order m (§ 370). 

The same conclusion may be arrived at  froin the expression for the 
associnted functions as definite integrals. Thus ( 5  150) c",s an associntcd 
function?, where 

.................. ~ ~ = / ~ ~ ~ + i ~ ( i  -,d)cos+lncos m+d+ (7, 

By the investigation in 5 150, we have 

(- l ) im.  1 - 2 . 3  ... n .  (1 - $)tm 
c: = 

1 . 3 . 5  ...( 2 m - 1 ) . 1 . 2 . 3  ...( n - m )  

x /i(p + i ~ ( 1  - cos <PIM sinm+ d<P, ............... (8) 

This series is not quite correctly given in 1 106. 
t In Heine's and Todhnnter's morks this integral i s  called J,, a notation which mil1 be seen 

to be inappropriate. 
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from which we find, as for the function of the first order, when n = m ,  
n d(1 - pz) = 2, 

........................... c: = (- l)im T Jm (2). (9) 

I t  is known (§ 380) that the following relation subsists between three 
consecutive Bessel's functions : 

and it is natural to suppose that a corresponding theorem holds for the 
general functions. By (7), 

6 (CE-, - ++,) = r { r  + i J(1- pz) cos + I n  sin m+ sin +d+, 
O 

whence, integrating by part,s, we find (nz being integral) 

and this, as me see from (9), identifies itself with (IO), when 7t = m .  

Again, by (7), 

and thus 
cztl = pc; + ii J1 - p2 + CW+~). .................. (13) 

From (Il)  and (13) we may eliminate c:+l; we thus obtain 

27n CL = i tan B {(n + 1 - m) CE-, - (12 + 1 + m) c~+,}, ......... (14) 

a relation given in a somewhat different form by Heine*. 

Returning to (12), we find in the liniit, by (9), 

The complete solution of the equation 

obtained from (4) by assuining that +, is proportional to cosmo or sin ma, 
involves also another function called the associated function of the second 
kind. If we take 

q m = ( l  -p')h+m, ........................... (17) 

* HcindbucR der Kugelfunciionen, p. 146. 
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the equation for 4, is 

From this i t  may be readily proved that +,, is of the same form as 

so that 

in which, however, no connexion between the arbitrary constants is implied. 
I n  terms of $,n, (19)  becomes 

d m  qVn = (1  - pz)@. (&) $o. ....................... (20)  

We have now to trace the transformatiorl of (20), as n and the radius of 
the sphere become infinite, while nu = n J ( 1 -  pz) = z. Since pa + vvf = 1, 

being regarded as a function of v. 

In  the limit, p (even though subject to differentiation) may be identified 
with unity, and thus we may take 

as the ultimate forni of (20). The f~~nction +,, is now the general solution of 

dXrn + -  1 d$,n - + ( l - $ ) $ , = O ,  .................. 
dz' z dz (22) 

involving Bessel's functions of order m of both k-inds, each function being 
affected with an arbitrary coefficient. A theorem of precisely the same form 
holds good when qrn is limited to the functions of the fi& kind, for which 
the differential equations (16), (22) are satisfied a t  the pole (p= 1 )  as well as 
at al1 other points. The equation corresponding to (21)  may then be written 

(§ 390) 

J,,& (2) = (- 2 ~ ) ~  ...........S........ (23 )  

the constant multiplier left arbitrary by (21) being determined by a com- 
parison of the leading terms. 

Other cornparisons relating to the functions of the second kind might 
also be made, some of which would appear to involve theorems iiot Litherto 
formulated. 
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NOTE ON ACOUSTIC REPULSION. 

[P1~ilosophicwl Magazine, VI. pp. 2'10-27 1, 1878.1 

PERHAPS the following explanation of the curious phenornenon of the 
repulsion of resonators observed by Dvoiiik and Mayer* may be of interest 
to the readers of the Philosophical Ma.gazine. 

The hydrodynamical equation of pressure for irrotational motion is 
(in the usual notation) 

........................ = = / * = R - ~ ' - ~ U S  P d t  (1) 

If we suppose that there are no impressed forces, R = O. Distinguishing 
the values of tlie quantities at  two points of space by suffixes, we may 
write 

d q-~O=dt(+o-+l)+~u:-~u~. ...............S... (2) 

This equation holds good a t  every instant. Integrating i t  over a long range 
of time, we obtain as applicable to every case of fluid-motion in which the 
flow betweeii tlie two points does not continually increase 

................... Jm,dt - Jmodt = &JUo2 dt  - &SU: dt. (3) 

Let us now apply this equation to the case of a resonator excited by a 
source of sound nearly in unison with itself, taking the first point a t  a 
distance from the resonator, where neither the variation of pressure nor the 
velocity is sensible, and for the second a puir~t in the interior of the cavity, 
where the velocity is negligible, but, on the other hand, the variation of 
pressure considerable. It follows that 

* Pliil. Nag. September 1878, p. 223;. 
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or that the mean value of w in the interior is the same as a t  a distance 
outside. 

The remainder of the investigation depends upon the relation between 
p and p. If the expansions and contractions are isothermal, p = a2p, and 
m = a2 log p. Thus 

Jlog plat = lugp,. t ;  ........................... ( 5 ,  

or the mean logarithmic pressure in the interior is the same as the constant 
logarithmic pressure at a distance. Equation (5) may also be written 

whence, if the changes of pressure be relatively small, we see that the mean 
value of p, -p ,  is positive, or, in other words, that the mean pressure inside 
the resonator is in excess of the atmospberic pressure. 

If, as in practice, the expansions and contractions are adiabatic, p CK pu, 

where y = 1.4, and (5) is replaced by 

Jpl (7-l) '7 dt = po (7-l) 7 . t.. ........................... (8 )  
Thus, instead of (7), 

v - 1  

whence, by the binomial theorem, 

approximately, showing that here again the mean pressure in the interior of 
the cavity exceeds the atmospheric pressure*. 

Hence, on either supposition, the resonator tends to move as if impelled 
by a force ac thg  normally over the area of its aperture and directed 
inwards. 

* [1899. If in (10) we put y = l ,  we fa11 baok upon (7).] 
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ON THE IRREGULAR FLIGHT O F  A TENNIS-BALL. 

[Messenger of Mathematics, VU. pp. 14-16, 1877.1 

IT is well known to tennis players that a rapidly rotating ball in moving 
through the air will often deviate considerably from the vertical plane. 
There is no difficulty in so projecting a ball against a vertical wall that 
after rebounding obliquely i t  shall corne back in the air and strike the same 
wall again. I t  is sometimes supposed that this phenornena is to be explained 
as a sort of frictional rolling of the rotating ball on the air condensed in front 
of it, but the actual deviation is in the opposite direction to that which this 
explanation supposes. A ball projected -horizontally and rotating about a 
vertical axis, deviates from the vertical plane, as if i t  were rolling on the air - 
behind it. The true explanation was given in general terms many years ago 
by Prof. Magnus, in a paper " On the Deviation of Projectiles," published 
in the Memoirs of the Berlin Academy, 18.52, and translated in Taylor's 
Scieutijiic Memoim, 1833, p. 210. Instead of supposing the ball to move 
through air which at  a sufficient distance remains undisturbed, i t  is rather 
more convenient to transfer the motion to the air, so that a uniform stream 
impinges on a ball whose centre maintains its position in space-a change 
not affecting the relative motion on which alone the inutual forces can 
depend. Under these circumstances, if there be no rotation, the action 
of the stream, whether there be friction or not, can only give rise to a force 
in the direction of the stream, having no lateral component. But if the ball 
rotate, the friction between the solid surface and the adjacent air will 
generate a sort of whirlpool of rotating air, whose effect may be to modify 
the force due to the stream. If the rotation take place about an axis 
perpendicular to the streani, the superposition of the two motions gives 
rise on the one side to an augmented, and on the other to a diminished - 
velocity, and consequently to a lateral force urging the ball towards that 
side on which the motions conspire. 
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The only weak place in this argument is in the last step, in which i t  is 
assumed that the pressure is greatest on the side where the velocity is least. 
The law that a diminished pressure accompanies an increased velocity is only 
generally true on the assumption that the fluid is frictionless and unacted 
on by exteinal forces; whereas, in the present case, friction is the immediate 
cause of the whirlpool motion. The actual mode of generation of the lateral 
force will be perhaps better understood, if we suppose small vertical blades to 
project from the surface of the ball. On that side of the ball where the 
motion of the blades is up stream, their anterior faces are in part exposed 
to the pressure due to the augmented relative velocity, which pressure 
necessarily operates also on the contiguous spherical surface of the ball. 
On the other side the relative motion, and therefore also the lateral pressure, 
is less ; and thus an uncompensated lateral force remains over. 

The principal object of the present note is to propose and solve a problem 
which has suficient relation to practice to be of interest, while its mathe- 
matical conditions are simple enough to allow of an  exact solution being 
obtained. For this purpose 1 take the case of a cylinder round which a 
perfect fluid circulates without molecular rotation. At a great distance 
froni the cylinder the fluid is supposed to move with unif'orm velocity, 
and the whole motion is in two dimensions. On these suppositions the streani 
function, on which the whole motion depends, is of the forni 

where r, 0 are the polar coordinates of any point of the fluid, measured froni 
the centre of the cylinder and the direction of the stream, as pole and initial 
line respectively, a is the radius of the cylinder, and a, ,û are constant 
coeficients proportional respectively to the velocity of the general current 
and the velocity of circulation round the cylinder. When r = a, + is 
constant, showing that the surface of the cylindcr is a stream-line. The 
radial velocity at any point is given by 

so that, when r = a, and 0 = 0, the radial velocity is a, which is therefore 
the general velocity of the stream. 

At the surface of the cylinder there is no radial velocity, and the 
magnitude of the tangential velocity is given by 

d+/dr = 2a sin 0 + Bla. 

Hence, if po be the pressure a t  a distance, and p the pressure a t  any 
point on the surface, 

e ( p - p o ) = a Z  -(2asin B+fi/aY, 
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the density of the fluid being taken as unity. Thus the lateral force 

it is therefore proportional both to the velocity of the motion of circulation, 
and also to the velocity with which the cylinder moves relatively to the 
fluid a t  a distance. 

If the velocity of circulation depending on P be small, the character 
of the stream-lines differs but little from that given by 

1Jr = a (1 - a2/r2) r sin 8, 

corresponding to a simple stream ; but when attains a certain point 
of magnitude, the stream-lines in the neighbourhood of the cylinder become 
re-entrant. 

Sir W. Thomson has proved that, if in an infinite mass of otherwise 
quiescent fluid there exist irrotational circulation round a moveable cylinder, 
the amount of the circulation cannot be changed by any forces applied to the 
cylinder*. Hence, if the cylinder receive an impulse, i t  will afterwards move 
in a circle, and the direction of revolution will be [the same as] that of the 
circulation of the fluid. 

I t  must not be forgotten that the motion of an actiial fluid would differ 
materially from that supposed in the preceding calculation in consequence of 
the unwillingness of stream-lines to close in at  the stern of an obstacle, but 
this circumstance would have more bearing on the force in the direction 
of motion than on the lateral component. 

[189D. The corrections introduced in square brackets were indicated by 
Greenhill in a paper (Mess. of Math. vol. IX. p. 113, lSSO), where the subject 
is further developed.] 

* Vortex Motion, Edinburgh Trnmaclions, 1868. 
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A SIMPLE PROOF O F  A THEOREM RELATING TO THE 
POTENTIAL. 

[Messenger of Mathe~nntics, VIL p. 69, 1878.1 

THE value of a function which satisfies Laplace's equation within a closed 
surface is determined by the values a t  the surface. If two surface distri- 
butions be superposed, the value at  any interna1 point is the sum of those 
due to the two surface distributions considered separately. By means of 
this principle a very simple proof may be given of the known theorem 
that the value of the potential a t  the centre of a sphere is the mean of 
those distributed over the surface. 

On account of the symmetry i t  is clear that the central value would not 
be affected by any rotation of the sphere, to which the surface values 
are supposed to be rigidly attached. 

Thus, if we conceive the sphere to be turned into n different positions 
taken a t  random and the resulting surface distributions to be superposed, 
we obtain a new surface distribution, whose mean value is n times greater 
than before, determining a central value which is also n times greater 
than that due to the original distribution. When n is made infinite, the 
surface distribution becomes constant, in which case the central value is 
the same as the surface value. From this i t  follows that in the original 
state of things the central value was the mean of the surface values. 
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THE EXPLANATION OF CERTAIN ACOUSTICAL PHENOMENA. 

[Roy. Inst. Proc. VIII. pp. 536-542, 1878; Nature, XVIII. pp. 319-321, 
1878.1 

MUSICAL sounds have their origin in the vibrations of material systems. 
In many cases, e.g. the pianoforte, the vibrations are free, and are then 
necessarily of short diiration. I n  other cases, e.g. organ pipes and instru- 
ments of the violin class, the vibrations are maintained, which can only 
happen when the vibrating body is in connexion with a source of energy, 
capable of compensating the loss caused by friction and generation of aerial 
waves. The theory of free vibrations is tolerably complete, but the ex- 
planations hitherto given of maintained vibrations are generally inadequate 
and in most cases altogether illusory. 

In  consequence of its connexion with a source of energy, a vibrating 
body is subject to certain forces, whose nature and effect~ are to be 
estimated. These forces are divisible into two groups. The first group 
operate upon the periodic time of the vibration, ie. upon the pitch of the 
resulting note, and their effect may be in either direction. The second 
group of forces do not alter the pitch, but either encourage or discourage the 
vibration. In  the first case only can the vibration be maintained; so that 
for the explanation of any maintained vibration, it is necessary to examine 
the character of the second groiip of forces sufficiently to discover whether 
their effect is favourable or unfavourable. In  illustration of these remarks, 
the simple case of a common pendulum was considered. The effect of a 
small periodic horizontal impulse is in general both to alter the periodic 
time and the amplitude of vibration. If the impulse (supposed to be always 
in the same direction) acts mhen the pendulurn passes through its lowest 
position, the force beloiigs to the second group. I t  leaves the periodic time 
unaltered, and encourages or discourages the vibration according as the 
direction of the pendulum's motion is the same or the opposite of that of the 
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impulse. If, on the other hand, the impulse acts when the pendulum is at  
one or other of the limits of its swing, the effect is solely on the periodic 
time, and the vibration is neither encoiiraged nor discouraged. In  order to 
encourage, i .e.  practically in order to maintain, a vibration, i t  is necessary 
that the forces should not depend solely upon the position of the vibrating 
body. Thus, in the case of the pendulum, if a small iinpulse in a given 
direction acts upon i t  every time that i t  passes through its lowest position, 
the vibration is not maintained, the advantage gained as the pendulum 
makes a passage in the same direction as that in which the impulse 
acts being exactly neutralized on the return passage when the motion is 
in the opposite direction. 

As an example of the application of these principles the maintenance of 
an electric timing-fork was discussed. If the magnetic forces depended only 
upon the position of the fork, the vibration could not be maintained. I t  
appears therefore that the explanat,ions usually given do iiot touch the real 
point a t  all. The fact that the vibrations are maintained is a proof that the 
forces do not depend solely upon the position of the fork. The causes of 
deviation are two-the self-induction of the electric currents, and the 
adhesion of the mercury to the wire whose motion makes and breaks 
the contact. On both accounts the magnetic forces are more powerful 
in the latter than in the earlier part of the contact, although the position 
of the fork is the saine; and it is on this diflwence that the possibility 
of maintenance depends. Of course the arrangement must be such that 
the retardation of force encourages the vibration, and the arrangement 
which in fact encourages the vibration woiild have had the opposite effect, 
if the nature of electric ciirrents had been such that they were more powerful 
during the earlier than during the later stages of a contact. 

In order to bring the siibject within the limits of a lecture, one class of 
maintained vibrations was selected for discussion, that, namely, of which 
lieut is the motive power. The best understood example of this kind of 
maintenance is that afforded by Trevelyan's bars, or rockers. A heated 
b ra s  or copper bar, so shaped as to rock readily from one point of support 
to another, is laid upon a cold block of lead. The communication of heat 
through the point of support expands the lead lying immediately below 
i n  such a manner that the rocker receives a small impulse. During the 
interruption of the contact the communicated heat has time to disperse 
itself in some degree into the inass of lead, and it is not difficult to  see that 
the impulse is of a kind to encourage the motion. But the most interesting 
vibrations of this class are those in which the vibrating body consists of a 
mass of air more or less cornpletelÿ confined. 

If heat be periodically comrnunicated to, and abstracted from, a m a s  
of air vibrating (for example) in a cylinder bounded by a piston, the effect 
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produced will depend upon the phase of the vibration at  which the transfer 
of heat takes place. If heat be given to the air at the moment of greatest 
condensation, or taken from i t  a t  the moment of greatest rarefaction, the 
vibration is encouraged. On the other hand, if heat be given at  the moment 
of greatest rarefaction, or abstracted a t  the moment of greatest condensation, 
the vibration is discoiiraged. The latter effect takes place of itself, when the 
rapidity of alternation is neither very great nor very srnall, in consequence of 
radiation; for when air is condensed it becomes hotter, and communicates 
heat to surrounding bodies. The two extreme cases are exceptional, though 
for different reasons. In the first, which corresponds to the suppositions of 
Laplace's theory of the propagation of sound, there is not sufficient time for 
:i sensible transfer to be effected. I n  the second, the temperature remairis 
nearly constant, and the loss of heat occurs during the process of con- 
densation, and not when the condensation is effected. This case corresponds 
to Newton's theory of the velocity of sound. When the transfer of heat 
takes place a t  the moments of greatest condensation or of greatest rare- 
faction, the pitch is not affected. 

If the air be at  its normal density at  the moment when the transfer 
of heat takes place, the vibration is neither encoiiraged nor discouraged, 
but the pitch is altered. Thus the pitch is raised, if heat be communi- 
cated to the air a quarter period before the phase of greatest condensation, 
and the pitch is lowered if the heat be communicated a quarter period after 
the phase of greatest condensation. 

In  general both kinds of effects are produced by a periodic traiisfer 
of heat. The pitch is altered, and the vibrations are either encouraged or 
discouraged. But there is no effect of the second kind if the air concerned 
be a t  a loop, i.e. a place where the density does not Vary, nor if the com- 
milnication of heat be the same a t  any stage of rarefaction as in the 
corresponding stage of condensation. 

The first example of aerial vibrations maintained by heat was found in a 
phenomenon which has often been observed by glass-blowers, and was made 
the subject of a systematic investigation by Dr  Sondhauss. When a bulb 
about three-quarters of an inch in diameter is blown a t  the end of a 
somewhat narrow tube, 5 or 6 inches in length, a sound is sometimes heard 
proceeding from the heated glass. It was proved by Sondhauss that a 
vibration of the glass itself is no essential part of the phenomenon, and 
the same observer was very successful in discovering the connexion between 
the pitch of the note and the dimensions of the apparatus. But no 
explanation (worthy of the name) of the production of sound has been 
given. 

For the sake of simplicity, a simple tube, hot at  the closed end and 
getting gradually coder towards the open end, was first considered. At a 
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quarter of a period before the phase of greatest condensation (which occurs 
almost simultaneously a t  al1 parts of the column) the air is moving inwards, 
i.e. tomards the closed end, and therefore is passing from colder to hotter 
parts of the tube ; but .the heat received nt this moment (of normal density) 
has no effect eitlier in encouraging or discouraging the vibration. The same 
would be true of the entire operation of the heat, if the adjustment of 
temperature were instantaneous, so that there was never any sensible 
difference between the temperatures of the air and of the neighbouring 
parts of the tube. But in fact the adjustment of teniperature takes tinze, 
and thus the temperature of the air deviates from that of the neighbouring 
parts of the tube, inclining towards the temperature of that part of the tube 
from which the air has just come. From this i t  follows that at  the phase 
of greatest condensation heat is received by the air, and a t  the phase of 
greatest rarefaction is given up from it, and thus there is a tendency to 
maintain the vibrations. I t  must not be forgotten, however, that apart 
from transfer of heat altogether, the condensed air is hotter than the 
rarefied air, and that in order that the whole effect of heat may be on 
the side of encouragement, i t  is necessary that previous to condensation the 
air should pass not merely towards a hotter part of the tube, but towards a 
part of the tube which is hotter than the air will be when i t  arrives there. 
On this account a great range of temperature is necessary for the mainten- 
ance of vibration, and even with a great range the influence of the transfer 
of heat is necessarily unfavourable a t  the closed end where the motion is 
very small. This is probably the reason of the advantage of a bulb. It is 
obvious that if the open end of the tube were heated, the effect of the 
transfer of heat would be even more unfavourable than in ,the case of a 
temperature uniform throughout. 

The sounds emitted by a jet of hydrogen, burning in an open tube, were 
noticed soon after the discovery of the gas, and have been the subject of 
several elaborate inquiries. The fact that the notes are substantially the 
saine as those which may be elicited from the tube in other ways, e.g. by 
blowing, was announced by Chladni. Faraday proved that other gases were 
competent to take the place of hydrogen, though not without disadvantage. 
But i t  is to Sondhauss that we owe the most detailed examination of the 
circumstances under which the sound is produced. His experiments prove 
the importance of the part taken by the column of gas in the tube which 
supplies the jet. For example, sound cannot be obtained with a supply tube 
which is plugged with cotton in the neighbourhood of the jet, although no 
difference can be detected by the eye between the flame thus obtained and 
others which are competent to excite sound. When the siipply tube is 
unobstructed, the sounds obtainable are limited as to pitch, often dividing 
themselves into detached groups. In  the intervals between the groups 
no coaxing will induce a maintained sound, and i t  may be added that, 

IRIS - LILLIAD - Université Lille 1 



352 THE EXPLANATION OF CERTAIN ACOUSTICAL PHENOMENA. [sn 

for a part of the interval at any rate, the influence of the flanie is inimical, so 
that a vibration started by a blow is damped more rapidly than if the jet 
were not ignited. 

Partly in consequence of the peculiar behaviour of flanies and partly 
for other reasons, the thorough explanation of these phenornena is a rnatter 
of some dificulty ; but there can be no doubt that they fa11 under the head 
of vibrations maintained by heat, the heat being communicated periodically 
to the rnass of air confined in the sounding tube a t  a place where, in the 
course of a vibration, the pressure varies. Although some authors haire 
shown an inclination to lay stress upon the effects of the current of air 
passing through the tube, the sounds can readily be produced, not only when 
there is no through draught, but even when the flame is so situated that 
there is no sensible periodic motion of the air in its neighbourhood. I n  the 
course of the lecture a globe intended for burning phosphorus in oxygen gas 
was used as a resonator, and, when excited by a hyclrogen flanie well removed 
from the neck, gave a pure tone of about 95 vibrations per second. 

In  conseqiience of the variable pressure within the resonator, the issue of 
gas, and therefore the development of heat, varies during the vibration. 
The question is under what circumstances the variation is of the kind 
necessary for the maintenance of the vibration. If we were to suppose, 
as we might a t  first be inclined to do, that the issue of gas is greatest when 
the pressure in the resonator is least, and that the phase of greatest 
development of heat coincides with that of the greatest issue of gas, we 
should have the condition of things the most unfavourable of al1 to the 
persistence of the vibration. I t  is not difficiilt, however, to see that both 
suppositions are incorrect. I n  the supply tube (supposed to be uriplugged, 
and of not too srnall bore) stationary, or approxirnately stationary, vibrations 
are excited, whose phase is either the same or the opposite of that of the 
vibration in the resonator. If the length of the supply tube from the 
burner to the open end in the gas-generating flask be less than a quarter of 
the wave-length in hydrogen of the actual vibration, the greatest issue 
of gas precedes by a quarter period the phase of greatest condensation ; 
so that, if the development of heat is retarded somewhat in comparison with 
the issue of gas, a state of things exists Javourahle to the maintenance of the 
sound. Some such retardation is inevitable, because a jet of inflammable 
gas can burn only at  the outside; but in many cases a still more potent 
cause may be found, in the fact that duririg the retreat of the gas in the 
supply tube small quantities of air may enter from the interior of the 
resonator, whose expulsion must be effected before the inflammable gas 
can again begin to escape. 

If the length of the supply tube amounts to exactly one quarcr  of the 
wave-length, the stationary vibration within i t  will be of such a character 
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that a node is formed at the burner, the variable part of the pressure just 
inside the burner being the same as in the intesior of the resonator. Under 
these circumstances there is nothing to make the flow of gas, or the 
development of heat, variable, and therefore the vibration carinot be 
maintained. This particular case is free from sonie of the difficulties which 
attach themselves to the general problem, and the conclusion is in accord- 
ance with Sondhauss' observations. 

When the supply tube is somewhat longer than a quarter of the wave, 
the motion of the gas is materially different from that first described. 
Instead of preceding, the greatest outward flow of gas follows at  a quarter 
period interval the phase of greatest condensation, and therefore if the 
development of heat be somewhat retarded, the whole effect is unfavourable. 
This state of things continues to prevail, as the supply tube is lengthened, 
until the length of half a wave is reached, after which the motion again 
changes sign, so as to restore the possibility of maintenance. Although the 
size of the flame and its position in the tube (or neck of resonator) are not 
without influence, this sketch of the theory is sufficient to explain the fact, 
formulated by Dr Sondhauss, that the principal element in the question 
is the length of the supply tube. 

The next example of the production of sound by heat, shown in the 
lecture, was a very interesting phenomenon discovered by Rijke. When a 
piece of fine metallic gauze, stretching across the lower part of a tube open 
at  both ends and held vertically, is heated by a gas flame placed under it, a 
sound of considerable power, and lasting for several seconds, is observed 
almost immediately after the removal of the flame. Differing in this respect 
from the case of sonorous flames, the generation of sound was found by Rijke 
to be closely connected with the formation of a through draught, which 
impinges upon the heated gauze. In  this form of the experiment the heat 
is soon abstracted, and then the sound ceases; but by keeping the gauze hot 
by the current from a powerful galvanic battery, Rijke was able to obtain 
the prolongation of the sound for an indefinite period. In any case 
from the point of view of the lecture the sound is to be regarded as a 
maintained sound. 

In  accordance with the general views already explained, we have to 
examine the character of the variable communication of heat from the 
gauze to the air. So far as the communication is affected directly by 
variations of pressure or density, the influence is unfavourable, inasiniich 
as the air will receive less heat from the gauze when its own temperature 
is raised by condensation. The maintenance depends upon the variable 
transfer of heat due to the varying motions of the air through the gauze, 
this motion being compounded of a uniform motion upwards with a motion, 
alternately upwards and downwards, due to the vibration. I n  the lower 
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half of the tube these motions conspire a quarter period before the phase 
of greatest condensation, and oppose one another a quarter period after that 
phase. The rate of transfer of heat will depend mainly upon the temperature 
of the air in contact with the gauze, being greatest when that temperature 
is lowest. Perhaps the easiest way to trace the mode of action is to begin 
with the case of a simple vibration without a stesdy current. Under these 
circunistances the whole of the air which comes in contact with the metal, 
in the course of a complete period, becomes heated; and after this state 
of tbings is established, there is comparatively little further transfer of heat. 
The effect of superposing a small steady upwards current is now easily 
recognized. At the limit of the inwards motion, i.e. a t  the phase of greatest. 
condensation, a small quantity of air comes into contact with the metal, 
which has not done so before, and is accordingly cool; and the heat com- 
municated to this quantity of air acts in the most favourable manner for 
the maintenance of the vibration. 

A quite different result ensiles if the gauie be placed in the wpper half of 
the tube. In  this case the fresh air will come into the field at the moment 
of greatest rarefaction, when the communication of heat has an unfavourable 
instead of a favourable effect. The principal note of the tube therefore 
cannot be sounded. 

A complementary phenomenon discovered by Bosscha and Riess may be 
explained upon the same principles. If a current of hot air iinpinge upon 
cold gauze, sound is produced; but in order to obtain the principal note 
of the tube the gauze must be in the upper, and not as before in the lower, 
half of the tube. An experiment due to Riess was shown in which the 
sound is maintained indefinitely. The upper part of a brass tube is kept 
cool by water contained in a tin vessel, through the bottom of which the 
tube passes. I n  this way the gauze remains comparatively cool, although 
exposed to the heat of a gas flame situated an inch or two below it. The 
experiment sonietimes succeeds better when the draught is checked by a 
plate of wood placed somewhat closely over the top of the tube. 

Both in Rijke's and Riess' experiments the variable transfer of heat 
depends upon the motion of vibration, while the effect of the transfer 
depends upon the variation of pressure. The gauze must therefore be 
placed where both effects are sensible, i.e. neither near a node nor near 
a loop. About a quarter of the length of the tube, from the lower or 
upper end, as the case may be, appears to be the most favourable position. 
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UNIFORMITY OF ROTATION *. 

[Nature, XVIII. p. 111, 18'18.1 

LORD RAYLEIGH exhibited and explained an arrangement which he has 
employed with advantage in certain acoustical experiments, in order to secure 
absolute uniformity in the rate of rotation of an axle. After referring to the 
mathematical principles involved in such a problerri, he explained that the 
only hope of its solution lay in the employment of a vibratory movement, 
which by some suitable device must be converted into a motion of rotation. 
The axle whose motion it is required to maintain uniform is usually driven at  
an approximately uniform rate by means of a small horizontal water-wheel, 
or, in some cases, the electro-magnetic regulating apparatus presently 
described is sufficient by itself to supply the necessary power. At equal 
distances round the axle are arranged four soft iron armatures which succes- 
sively come in front of the poles of a horse-shoe electro-magnet placed in the 
circuit of a four-ce11 Grove battery. The current is rendered intermittent by 
the following arrangement. Passing into the body of a tuning fork vibmting 
about 40 times per second, it leaves by a sn~all plstinum stud which is 
touched a t  each vibration of the fork; the current then traverses a second 
small electro-magnet between the prongs, and by this means the vibrations 
are maintained; passing to the inagnet above referred to the current then 
returns to the battery. The velocity of the axle is such that i t  performs 
about one complete revolution for every four vibrations of the fork, and the 

[1899. It may be proper to mention that the report here reprodnced was not written or 
corrected Liy me. 1 fuliy explained at the time the distinction between this apparatus, as 
controiiing the position of the revolving piece, and an ordinary governor which regulates the 
velocity. An application to the determination of absolute pitch is given as an appendix to one 
of my papers upon the ohm (Phil. Tram. 1883, p. 295). It ha8 sometimes appeared to me that 
the principle might be applied to the regulation of equitorial telesoopes.] 
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exact adjustment is effected as follows. If the driving power be just suffi- 
cient to produce the desired speed, the armatures will be so attracted by the 
magnet as to be exactly opposite to i t  at the middle of its period of magneti- 
sation, and so long as this position is maintained the magnet will not, on the 
whole, affect it. But if a disturbance occur in the driving power the 
armature will be displaced from its former position and will be attracted by 
the magnet until the error is conipensated. Besides the armatures this axle 
also carries, concentric with it, a hollow tnetallic ring filled with water, and 
as this posseEses a certain momentum in virtue of its rotation, i t  will act as a 
drag tending to check the velocity in case it increases, and in a converse 
nlanner when a diminution occiirs. A blackened disc perforated with rings 
of holes of various numbers also rotates with the axle, and by placing the eye 
behind the ring of four holes and observing a prong of the fork i t  is easy to 
ascertain whether the uniformity is rnaintained, since in that case the prong 
will appear to remain stationary. 

[lS99. A silnilar apparatus was described somewhat earlier by La Cour 
under the name of the Phonic Wheel.] 
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ON THE DETERMINATION OF ABSOLUTE PITCH BY THE 
COMMON HARMONIUM*. 

[Nature, XIX. pp. 27.5-276, 1879.1 

THE methods described depend upon the principle that the absolute 
frequencies of vibration of two musical notes can be deduced from the 
interual between them, i.e. the ratio of their frequencies, and the number of 
beats which they occasion in a given time when sounded together. For 
example, if x and y denote the frequencies of two notes whose interval is an 
equal temperament major third, we know that y = 1.25992 x. At the same 
time the number of beats heard in a second, depending upon the deviation of 
the third from true intonation, is 4y - 5x. I n  the case of the harnionium 
these beats are readily counted with the aid of a resonator tuned to the 
cornmon over-tone, and thus are obtained two equations from which the 
absolute values of x and y may be found by the simplest arithtnetic. 

Of course, in practice, the truth of an equal temperament third could not 
be taken for granted, but the difficulty thence arising would be easily met by 
including in the counting al1 the three major thirds which together make up 
an octave. Suppose, for example, that the frequencies of c, e, g#, c' are 
respectively x, y, z, 22, and that the beats per second between x and y are a, 
between y and z are b, and between z and ex are c. Then 

4y - 5x=a,  42 - = b, 8s- 5 z = c ,  
from which 

In the above statements the octave c-c' is for simplicity supposed to be 
true. The actual error could be readily allowed for, if required; but in 
practice it is not necessary to use cf a t  all, inasmuch as the third set of beats 
can be counted equally well between g# and c. 

* Abstract of a paper read before the Musical Ausociation, December 2, 1878. 
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Although a t  first sight the method just sketched looks satisfactory, i t  is 
not practical in the case of the harmonium, in consequence of the pitch of 
the various notes not being sufficiently constant for the purpose, even when 
the blowing is carefully conducted with the aid of a pressure-gauge. A small 
variation in the absolute pitch of a chord when sounded under slightly 
varying pressures, would not be of much importance, but the slightest 
change of interval is fatal to the success of the method, and such a change 
actually occurs. 

In  order, therefore, to apply the fundamental principle with success, i t  is 
necessary to be able to check the accuracy of the interval which is supposed 
to be known, a t  the same time that the beats are being counted. If the 
interval be a major tone (9 : 8), its exactness is proved by the absence of 
beats between the ninth component of the lower, and the eighth component 
of the higher note, and a counting of the beats between the tenth component 
of the lower and the ninth of the higher note completes the necessary data 
for determining the absolute pitch. 

The equal temperament whole tone (1.12246) is interrnediate between 
the minor tone (1.11111) and the major tone (1.12500), but lies much nearer 
to the latter. Regarded as a disturbed major tone, it gives slow beats, and 
regarded as a disturbed minor tone i t  gives comparatively quick ones. Both 
sets of beats can be heard at  the same time, and when counted give the 
means of calculating the absolute pitch of both notes. If z and y be the 
frequencies of the two notes, a and b the frequencies of the slow and quick 
beats respectively, 

9 x - 8 y = a ,  9y - 10s  = b, 
whence 

x = 9a + 8O, y =  10a+ 9b. 

The application of this method in no way assumes the truth of the equal 
temperament whole tone, and in fact it is advantageous to flatten the 
interval somewhat by loading the upper reed with a minute fragment of 
soft wax, so as to make i t  lie more nearly rnidway between the major and 
the minor tone. I n  this way the rapidity of the quicker beats is diminished, 
which facilitates the counting. 

It is impossible, of course, for the same observer to count both sets of 
beats, and the counting of even one set without the aid of resonatorv would 
present difficulties to most unpractised persons. Great assistance may be 
obtained by the choice of a suitable position. A room in which a pure tone 
is sounded is traversed by surfaces at  which the intensity of sound is very 
much reduced in consequence of the superposition of vibrations reflected 
from the walls and ceiling. By choosing as the place of observation a 
position where the intensity of the beats which are not to be counted is a 
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minin~um, and with the aid of a resonator tuned to the pitch of the beats 
which are to be counted, the listener is able to work with ease and certainty. 

The course of an experiment is then as fo1lows:-The notes C and D are 
sounded, and a t  a given signal the listeners begin counting the beats whose 
pitch is about d" and e" respectively. At the expiration of a measured 
interval of time a second signal is given, and the number of both sets of 
beats is recorded. 

I n  my experirnents the interval of time was ten minutes (in one case 
eleven minutes), and the rapidity of the beats was  about four a second. The 
listeners counted up to ten only, after each set of ten making a stroke with a 
pencil on a piece of paper. The number of strokes was afterwards counted, 
multiplied by ten, and added to the number which the listener was saying a t  
the instant of the second signal. The following are the details of the actual 
observations :- 

September 16, 1878.-Period of observation ten minutes. Nuinbers of 
beats 2392 and 2341. 

. . 9 x 2392 + 8 x 2341 = 61.0B, 
(G = Z&!?-, b = y#, giving x = 

600 

for the frequency of the lower note G. 

September 17.-Period of observation ten minutes. 

a = 2Gw, b = %go#, giving x = 67.04. 

September 18.-Period of observation ten minutes. 

a = %y, b = f2#& giving z = 67-29, 

September 19.-Period of observation eleven minutes. 

a = 3-G32 b = +?#, giving x = 67.10, 
6 0 0  7 

The discrepancies are hardly greater than may be attributed to errors in 
giving the signals, by which the intervals may have been unduly lengthened 
or shortened by about a second. On each day after the counting of the 
beats between C and D, the harmonium was compared with a K6nig fork 
whose nominal frequency was 64. In  order to obviate any objection arising 
from a rnutual influence of the notes of the harmonium, both C and D were 
soiinded a t  the sarne time as the fork. The beats between C and the fork 
were countecl for about ninety seconds, diiring which tirne the fork was not 
bowed. In this way the pitch of the fork came out on the four days 
respectively as 64.06, 64.07, 64.17, 63-98, that is somewhat sharper than its 
nominal pitch, a result in agreement with that obtained by other methods. 

The object of the experiments referred to 'was rather to prove the 
practicability of a method so iinusually independent of special apparatus, 
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than to obtain a result competing in point of accuracy with those of Prof. 
McLeod and other experimenters on this subject. Nevertheless it is believed 
that very accurate results might be obtained by the introduction of certain 
modifications. Ten minutes is near the limit of time over which beats can 
be conveniently counted by a single listener, but experiment proved that it 
is perfectly possible for one listener to relieve another without any break in 
the regularity of the counting. Even without an extension of time a more 
accurate result would be obtained if the listeners were able to fix the time 
for themselves, as they might do for example if they could conveniently 
observe the swinging of a clock pendulum. In this way the error in the 
time interval might be reduced to 4 second, which would ainount to but one 
part in 2400 in the case of a ten minutes' observation. In  consequence, 
however, of the imperfect constancy of the pitch of the harmonium notes, 
even when the blower is assisted by a pressure-gauge, further attempts at 
accuracy would be useless unless the comparison with the fork were simul- 
taneous with the other observations. I n  that case the result would be 
entirely independent of variations in the harmonium notes, and no difficulty 
would be experienced in carrying out the method excepting the necessity for 
more observers. 
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ON THE INSTABILITY OF JETS. 

[Proceedinp of the London Mathematical Society, X. pp. 4-13, 1879.1 

MANY, i t  may even be said most, of the still unexplained phenomena 
of Acoustics are connected with the instability of jets of fluid. For this 
instability there are two causes; the first is operative in the case of jets 
of heavy liquids, e.g., water, projected into air (whose relative density is 
negligible), and has been investigated by Plateau in his admirable researches 
on the figures of a liquid mass withdrawn from the action of gravity. I t  
consists in the operation of the capillary force, whose effect is to render the 
infinite cylinder an unstable form of equilibrium, and to favour its dis- 
integration into detached masses whose aggregate surface is less than that 
of the cylinder. The ot,her cause of instability, which is operative even when 
the jet and its environment are of the same material, is of a more dynamical 
character. 

With respect to instability due to capillary force, the principal problem 
is the deterniination, as far as possible, of the mode of disintegration of au 
infinite cylinder, and in particular of the number of masses into which a 
given length of cylinder may be expected to distribute itself. I t  must, 
however, be observed that this problem is not so definite as Plateau seems 
to think i t  ; the mode of falling away from unstable equilibrium necessarily 
depends upon the peculiarities of the small displacements to which a system 
is subjected, and without which the position of equilibrium, however un- 
stable, could not be departed from. Nevertheless, in practice, the latitude 
is not very great, because some kinds of disturbance prodiice their effect 
much more rapidly than others. In  fact, if the various disturbances be 
represented initially by al, q, a,, . . . , and after a time t by a,eqlt, %dg, a&, . . . , 
the (positive) quantities q,, q,, q,, &c., being in descending order of magni- 
tude, i t  is easy to see that, when a,, a,, ... are small enough, the first kind 
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necessarily acquires the preponderance. For exainple, a t  time t the ratio of 
the second kind to the first is (u,/u,) e-@1-gzit, which, independently of the 
value of a,: a,, can be made as small as we please by taking t p a t  enough. 
But, in order to allow the application of the analytical expressions for so 
extended a time, it is generally necessary to suppose the whole amount of 
disturbance to be originally extremely small*. 

Let us, then, taking the axis of z along the axis of the cylinder, suppose 
that at time t the surface of the cylinder is of the foïin 

where u is a small quantity variable with the time, and k = 27r/h, h being 
the wave-Emgth of the original disturbance. The information that we require 
will be readily obtained by Lagrange's method, when we have calculated 
expressions for the potential and kirietic energies of the motion repre- 
sented by (1). 

The potential energy due to the capillary forces is a question merely of 
the surface of the liquid. If we denote the surface corresponding (on the 
average) to the unit length along the axis by a, we readily find 

In this, however, we have to substitute for a (which is not strictly 
constant) its value obtairied froin the condition that S, the volume enclosed 
per unit of length, is given. We have 

whence 

Using this in (2), we get with sufficient approximation 

or, if u,, be the value of ts for the undisturbed condition, 

From this we infer that, if Ica > 1, the surfa& is greater after displace- 
ment than before; so that, if x < 2ra, the displacernent is of such a character 
that with respect to i t  the system is stable. We are here concerned only 

Some of the theorems given in the Proceedings for June 1873 (Theo9.y o j  Sound, 88, 89), 
[Art. xxr.], for the period of vibrations about a configuration of stable equilibrium, are applicable, 
mutatis ntzctandis, to the timea of falling away from unstable equilibrium when varions types 
of diaplacement are considered. For example, the application of s constraint could never diminish 
the shortest time previoualy possible. 
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with values of ka  less than unity. If T, denote the cohesive tension, the 
potential energy V reckoned per unit of length from the position of equi- 
librium is 

%-a2 ............................. v= - I; - ( 1  - k W ) .  2a (7) 

We have now to calculate the kinetic energy of motion. I t  is easy to 
prove that the velocity potential is of the form 

.............................. + = AJo (&r) cos kz,  (8) 

,JO being the symbol of Bessel's functions of zero order, so that 

The coefficient A is to be determiried fronl the consideration that the 
outwards normal velocity a t  the surface of the cylinder is equal to a cos kz.  
Hence 

.iFc A J l ( i k a )  = a. .............................. (10) 

Denoting the density by p, we have for the kinetic energy the expression 

or, if we reckon it in the same way as V per unit of length, 

JO (ilca) a2 T = +prra2 . .................... 
aka J,' ( ika)  ' 

Thus, by Lagrange's method, if a oc ent, 

Tl ( 1  - k2a2) . ika  . J,' ( ika)  .................... q2=2 J~ ((ilCa) 
> (12 )  

which determines the law of fdling away from equilibrium for a disturbance 
of wave-length A. The solutions for the various values of A and the corre- 
sponding euergies are independent of one another; and thus, by Fourier's 
theorem, it is possible tu express the condition of the system a t  time t, after 
the communication of any infinitely small disturbances symmetrical about 
the axis. But what we are most concerned with at  present is the value of q2 
as a function of ka, and especially the determination of that value of ka  for 
which q2 is a maximum. That such a maximum must exist is evident 
ci priori. Writing x for ka, we have to examine the values of 

( 1  - x2) . i~ . J: ( i x )  
- .......................... .(13) 

JO (&) 
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Expanding in powers of x, we may write for (13), 

Hence, to find the maximum, we obtain by differentiation 

If thc last two terms be neglected, the quadratic gives x2 = ,4914. If 
this value be sixbstituted in the small terms, the equation becomes 

whence 

The corresponding value of X is given by 

which gives accordingly the ratio of wave-length to diameter for the kind of 
disturbance which leads inost rapidly to the disintegration of the cylindrical 
mass. The corresponding number obtained by Plateau from some experi- 
ments by Savart is 4.38; but this estimate involves a knowledge of the 
coefficient of contraction of a jet escaping through a small hole in a thin 
plate, and is probably liable to a greater errer than its deviation from 4.51. 

The following table exhibits the relationship between x+' or Paz and the 
square root of 

I n  the cases just consideïed the cause of instability is statical, and the 
phenomena are independent of the getieral translatory motion of the jet ;  but 
the other kind of instability has its origin in this very translatory motion. 
In  his work on the discontinuous movements of fluids, Helmholtz* remarks 

- 

exprefision (13) to which q is proportional :- 

* Phil. BZag. vol. xxxv~. 1868. 

-3382 
'3432 
-3344 
-2701 
-2015 

x2 

.O0 

.O5 
'10 
-20 
-30 

*O000 
-1536 
.2108 
.2794 
-3182 

x2 

-40 
50 
.60 
.80 
-90 
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upon the instability of surfaces separating portions of fluid which move 
discontinuously, and Sir W. Thomson*, in trenting of the influence of wind 
on waves in water, supposed frictionless, has shown under what conditions a 
level surface of water is rendered unstable. In  the following investigations 
the method of Thomson's paper is applied to determine the Iaw of falling 
away frorn unstable equilibriutn in sorne of the simpler ctlses of a plane or 
cÿlindrical surface of separation. 

Let us suppose that the equilibrium position of the surface of separation 
is represented by z = 0, and that on the positive and negative sides of it the 
velocities of the fluid are parallel to the axis of x, and of magnitudes V and V' 
respectively. In  the absence of friction, the motion consequent upon any 
deformation of the surface of separation is determinate, in virtue of a well 
known hydrodynamical law. By Fourier's theorem, any displacement in two 
dimensions can be resolved into component displacements of the undulatory 
type, and the effect of any two undulatory displacernents may be considered 
separately. We might, therefore, take as the initial equation of the surface 
of separation h = H cos h, in which h denotes the elevation a t  any point, 
X the wave-length of the disturbance, and k = 2n-/A. But, as in almost al1 
such cases, i t  is more convenient to use complex expressions, from which the 
imaginary parts are finally rejected. We will therefore assume 

and the principal question which we  have to consider is the dependence of 
n upon k or h. 

For the velocity potential of the fluid on the positive side, we may take 

4 = Aeint eih e-kz + Vx, ........................... (20) 
in which A is to be determined by equating the value of the normal velocity 
at  the surface of separation with that obtained from (21). Thus (the positive 
direction of z being downwards) 

whence 
A = ik-i (n + k V )  H ; ........................... (2'4 

so that 
.................. 4 = ik-l (n + kP) Heint eihe-k+ Vx. (23) 

Similarly, for the fluid on the negative side, 

" Phil. Mug. Nov. 1871. 
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U'e have now to satisfy the condition of the eqiiality of pressures. If a 
denote the density, the hydrodynamical equation of pressure for the first 
fluid is 

p = C -  .......................... (25) 

and approximately, when z = 0, 

Tn like inanner, 
a+' ......................... p' = C' - rr' - - +a'U'2, .(27) dt 

where 
S UJ2 = &Vr2 + P (n -t 1 ~ 7 ' )  HeiqLt eax. .................. (28) 

Hence 
..................... ~ ( n + k F ~ + a ' ( n + k V ' ) ~ = O ,  (29) 

which is the equation by which n and k are connected. 

The simplest case of (29) occurs when o' = u, and V' = - V, so that the 
equilibriutn motions of the portions of fluid are equal and opposite. We 
have then 

n 2 + k s V a = 0 ;  ................................ (30) 
and for the elevations 

..................... h = Herwt {cos Icx, or sin kx}. (31) 

If initially dhldt = O ,  we get 

h = H cosh kVt {cos kx, or sin b} ; .................. (32) 

indicating that the waves on the surface of separation are statiomry, and 
increase in amplitude with the time according to the law of the hyperbolic 
cosine. By (31), Fourier's theorem allows us to express the consequences of 
arbitrary initial values of h and dhldt, within the limits of time imposed by 
Our methods of approximation. 

Next, let 11s suppose that o' = a ,  V' = O. We get from (29) 

............................ n = & k V ( - 1  fi), (33) 
whence 

h = Her$kvt ei 1-tkVttkW 

of which the real part is 

h = Herskvt cos k (BVt - x). ....................... (34) 

I n  (34) an arbitrary constant m g  of course be added to x. I t  appears that 
the waves travel i n  the same direction as the stream, and with one-half its 
velocity. In the case of the positive exponent, the rapidity with which the 
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amplitude increases is very great. Since Ic = 27r/h, the amplitude is multi- 
plied by er, or about 2:3, i n  the time occupied by the Stream in passing over 
a distance h. If h = VT, e4kVt = eut> independent of V. 

As a generalised form of (34), we may take 

h = A cosh (4kVt) cos k (&Vt - x) + B sinh (4kVt) sin k (&Vt - x), >, ..(35) 

which gives, when t = O, h = A cos kx. 

If dhldt = O initially, B = A, by which the solution corresponding to a 
surface of separation initially displaced without velocity is determined. 

If initially h = 0, and dhldt is finite, we have, as the appropriate form, 

h =  Bsinh (4lEVt) cosk(4Vt-x). ........................ (36) 

Again, suppose that a'= a ,  V'= V. I n  this case the roots of (29) are 
equal, but the general solution may be obtained by the usual method. From 
(20) we have 

n = +le [+ i (7' - V) - (V' + V)] ; .................. (39) 

or, if we put V' = V (1 + a), 

The corresponding solution for h is 

where A and B are arbitrary constants. 

Passing now to the limit when a = 0, and taking new arbitrary constants, 
we get 

......................... h = eikx e-ikvt [ A  + Bt] ; (42) 
or, in real quantities, 

h = [ A  + Bt] [cos Ic (Vt - x), or sin Ic (Vt - x)]. .............. (42) 

If initially h = cos kx, dkldt = 0, 

The peculiarity of this case is that previous to the displacemerit there is 
no real surface of separation at  all. I t s  bearing upon the flapping of sails 
and flags will be evident. 

The proportianality to X/V of the time of falling away from equilibrium 
follows from the principle of dynamical similarity, as there is no linear 
element but X. 

When V'= V, the solutinn is the same, whether c'=a or not. For 
example, (31), (32), (33) are applicable when of = 0. 
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In  general, the ~olution of (29) is 

UV+ U f v '  + i 2 / ( u u f ) .  ( V -  V') ................ 
u + u' ( 4 4 )  

If UV + u'V' = 0, n is a pure imaginary, and the waves are stationary. 

We will now suppose that the two portions of fluid are limited by rigid 
walls whose equ;ltions are respectively z = 1, z = - I'. Then, corresponding 
to h = Heint eik", we get for the velocity potentials, in place of (23) ,  (24), 

cosh lc (z  - 1 )  . . + = ik1(n+ K V ) H  elnt elkx + V x ,  ......... sinh kt (43) 

........ ,#,! = - ih-1 (a + k V') H ('+ " )  eint eh + V'x; .(46) sinh kl' 
and, in place of (29), 

If I f  = 1, the result is the same as if 1 and I' were both infinite. 

If I f  be infinite, coth kt'= 1 ; (47)  may then be applied to a jet of width 
21, symmetrical and symmetrically displaced with respect to the line z = 1, 
and moving with velocity V in an  infinite mass whose velocity is V'. If 
V f  = O, &' = U,  so that the jet is of the same density as its stationary environ- 
ment, (47) becornes 

(n + kV)Z coth kl + nB = O, ........................ (48 )  

of which the solution is 

a generalisation of (33) .  

Thus 

where 

v t  
h = He*pkVt cos k [i+tan,,-x]; .............. (50)  

I/(tanh K I )  ............................... p = + tanh kt (51 )  

When LE is very small, we may take in place of (50) 

IL = He+ d'kWvt cos k (Vt - x). ....................... (52) 

We see, from (52), that when 1 is small the time of falling away from 
equilibrium is increased. 

If the condition to be satisfied at  z= 1 be + = O, in place of d+/dz= 0, 
the value of d is 

sinh L ( B  - 1 )  e,t eik2: ....... t+ = - ik-' (n  + L V )  H cash + Vx ; . (53) 
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so that, if, as before, d+'/dz = O when z = - Z', 

........................ ( n + l ~ V ) ~  tanhkl + n 2 =  0. ( 5 5 )  

This is applicable to a jet of width 21, moving in still fluid with velocity 
V, and displaced in such a manner that the siniiosities of its two surfaces are 
parallel. 

When kl is small, we have, approximately, 

By a combination of the solutions represented by (52), ( 5 6 )  we may 
detennine the consequences of any displacements (in two dimensions) of 
the two surfaces of a thin jet moving with velocity V in still fluid of its 
own density. 

These solutions may be extended to cases where the surface of separation 
is not plane, provided that the velocities of the fluids be constant (V, Y) 
dong it. Let us suppose that 4, + are the velocity-potential and stream 
functions for the steady motion of the first fluid, and that the surface of 
separation corresponds to + = +,. At + = +, let there be a rigid barrier, 
which of course has no influence upon the steady motion. Then, if the 
elevation at  any point s, measured dong the surface of separation, be 
given by 

h = He& eiptt, 

the velocity-potential of the disturbed motion is 

If 1 be the width of a uniform stream of velocity V, whose whole 
amount is equal to that of the stream between += +,, and += +,, and if 
dashed letters denote the corresponding quantities for the second fluid, we 
get finally for the equation in n 

CT coth kl (n + + a' coth LI' ( n  + kV')2 = 0, 

which is the same form as (47). 

We will riow pass to the convideration of cylindrical surfaces of separa- 
tion, limiting ourselves for simplicity to the case of disturbances syminetrical 
about the axis (x). If h denote the increment of distance of any point on 
the surface from the axis, we may take, as before, 
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and the corresponding value of the velocity-potential for the fluid inside the 
cylinder is 

+ = AJ, (ilcr) eint eikx + Vx, ........................ (58) 

in which A is to be det,ermined by the condition relating to the normal 
velocity a t  the surface ( r  = a). Thus 

J (ilcr) . 4 = k1 (n  + k V) H J:(ika) emt eikZ + Vx. .............. .(59) 

For the motion of the flnid outside the cylinder, we have, in the first 
place, the general form 

in which, however, by 
for brevity 

the condition at  infinity, we are to put C= O. Writing 

we have accordingly 
........................ $I' = Bx ( r )  eint eikZ + Vix ; (61) 

or, on determining the value of B, 

In the same manner as for plane surfaces, the condition of equality of' 
pressures now gives 

as the quadratic by which .n is determined. 

When Ica is small, we may employ approximate values of the functions 
JO and X. 

JO (&a) 2 - =-- 
......m..... ............... Ji  (ilca) 

ilca ." (64) 

For x we have (" Stokes on Pendulums," Camb. Trans., Vol. lx.) 
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where 
S 'la - - 1-1 + 2-' + 3-' + ... + n-l. ..................... (66)  

When Ica is small, 

(u )  = log (&ka) - T-* r‘ ( 2  1 1, X' ( a )  = a-', 
so that 

-- 'Pl - a  ( log(4ka)-?rrr"( t )J .  .................... 
x ( a )  

(67)  

If w e  suppose that D = a, V'= 0, (63)  becomes, for sinall values of ka, 

............... (G8) 

Writing p2 for 

we get 

whence approximately 

h = He=Wvt COS k (Vt - x). ........................ (70)  

[1899. The subject o f  this paper is further considered in Arts. Lx., 
LXVI. See also Proc. Lond. Math. Soc. XIX. p. 67, 1857; XXVII. p. 5, 1895; 
Phil. Mag. xxx~v. pp. 14.5, 177, 1892.1 
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THE INFLUENCE OF ELECTRICITY ON COLLIDING WATER 
DROPS. 

[Proceedings of the Royal Society, XXVIII. pp. 406-409, 1879.1 

TT has been known for rnany years that electricity has an extraordinary 
influence upon the behaviour of fine jets of mater ascending in a nearly 
vertical direction. I n  its normal state a jet resolves itself into drops, which 
even before passing the summit, and still more after passing it, are scattered 
through a considerable width. When a feebly electrified body is brought 
into its neighbourhood, the jet undergoes a rernarkable transformation and 
appears to become coherent ; but under more powerful electrical action the 
scattering becomes even greater than a t  first. The second effect is readily 
attributed to the mutual repulsion of the electrified drops, but the action 
of feeble electricity in  producing apparent coherence has been a mystery 
hitheito. 

I t  has beeu shown by Beetz that the coherence is apparent only, and that 
the place where the jet breaks into drops is not perceptibly shifted by the 
electricity. By screening various parts with metallic plates, Beetz further 
proved that, contrary to the opinion of earlier observers, the seat of sensitive- 
ness is not a t  the root of the jet where it leaves the orifice, but a t  the place 
of resolution into drops. As in Sir W. Thomson's water-dropping apparatus 
for atmospheric electricity, the drops carry away with them an electric 
charge, which may be collected by receiving the water in an insulated 
vessel. 

1 have lately succeeded in proving that the normal scattering of a nearly 
vertical jet is due to the rebound of the drops when they corne into collision 
with one another. Such collisions are inevitable in consequence of the 
different velocities acquiied by the drops under the action of the capillary 
force, as they break away irregularly from the continuous portion of the jet. 
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Even when the resolution is regularised by the action of external vibrations 
of suitable frequency, as in the beautiful experiments of Savart and Plateau, 
the drops inust still come into contact before they reach the summit of their 
parabolic path. I n  the case of a continixous jet the " equation of continuity " 
shows that as tlie jet loses velocity in ascending, it must increase in section. 
When the stream consists of drops following the satne path in single file, no 
such increase of section is possible; and then the constancy of the total 
etream requires a gradua1 approximation of the drops, which in the case of 
a nearly vertical direction of motion cannot stop short of actual contact. 
Regular vibration has, however, the effect of postponing tlie collisions and 
consequent scattering of the drops, and in the case of a direction of motion 
less nearly vertical may prevent them altogether. 

Under moderate electrical intluence there is no material change in the - 
resolution into drops, nor in the subsequent motion of the drops up to the 
moment of collision. The difference begins here. Instead of rebounding 
after collision, as the unelectrified drops of clean water generally or always 
do, the electrified drops coalesce, aiid thus the jet is no longer scattered 
about. When the electrical intluence is more powerful, the repulsion 
between the drops is snfficient to prevent actual contact, and then of 
course there is no opportunity for amalgam a t' ion. 

These experiments may be repeated with extreme ease and with hardly 
any apparatus. The diameter of the jet may be about & inch [say 1 mm.], 
and may be obtained either from a hole in a thin plate or from a drawn-out 
glms tube. 1 have generally employed a piece of glass tube fitted at  the 
end with a perforated tin plate, and connected with a tap by india-rubber 
tubing. The pressure may be such as to cause the jet to rise 18 or 24 inches 
[45 or 60 cm.], or even more. A single passage of a rod of gutta-percha, or 
of sealing-wax, along the sleeve of the coat is sufficient to produce the effect. 
The seat of sensitiveness may be investigated by exciting the extreme tip 
only of a glass rod, which is then held in succession to the root of the jet and 
to the place of resolution into drops. An effect is observed in the latter but 
not in the former position. Care must be taken to use an electrification so 
feeble as to require close proximity for its operation ; otherwise the dis- 
crimination of the positions will not be distinct. 

The behaviour of the colliding drops becomes apparent under instan- 
taneous illumination. 1 have employed sparks from an inductorium, whose 
secondaïy terminals were connected with the coatings of a Leyden jar. 
The jet should be situated between the sparks and the eye, and the 
observation is facilitnted by a piece of ground glass held a little beyond 
the jet, so as to diffuse the light ; or the shadow of the jet may be received 
on the ground glass, which is then held as close as possible on the side 
towards the observer. 
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If the jet be supplied from an insulated vessel, the coalescence of 
colliding drops continues for a time after the removal of the influencing 
body. This is a consequence of the electrification of the vessel. If the 
electrified body be held for a time pretty close to the jet, and be then 
gradually withdrawn, a point may be found where the rebound of colliding 
drops is re-established. A small motion to or fronz the jet, or a dificharge of 
the vessel by contact of the finger, again induces coalescence. 

Although in these experiments the charges on the colliding drops arc 
undoubtedly of the same name, i t  appeared to me very improbable that 
the result of contact of two equal drops, situated in the open, could be 
affected by any strictly equal electrifications. At the same time an opposite 
opinion makes the phenornena turn upon the very small diferences of 
electrification due either to irregularities in the drops or to differences of 
situation, and is at  first difficult of acceptance in view of the efficiency of 
such very feeble electric forces. Fortunately 1 am able to bring forward 
additional evidence bearing upon this point. 

When two horizontal jets issue from neighbouring holes in a thin plate, 
they come into collision for a reason that 1 need not now stop to explain, 
and after contact. they frequently rebound from one another without 
amalgamation. This observation, which 1 suppose must have been made 
before, allowed me to investigate the effect of a passage of electricity across 
two contiguous water surfaces. The jets that 1 employed were of about 
-5 inch [la mm.] in diameter, and issued under a rnoderate pressure (5 or 
6 inches [15 cm.]) from a large stoneware vessel. Below the place of 
rebound, but above that of resolution into drops, was placed a piece of 
insulated tin plate in connexion with a length of gutta-percha-covered wire. 
The source of electricity was a very feebly excited electrophorus, whose 
cover waa brought into contact with the free end of the insulated wire. 
When both jets played upon the tin plate, the contact of the electrified 
cover had no effect in determining the union, but when only one jet washed 
the plate, union imtantly followed the communication of electricity, and this 
notwithstanding that the jets were already in cornmunication through the 
vessel. The quantity of electricity required is so small that the cover would 
act three or even four times without being re-charged, although no pre- 
cautions were taken to insulate the reservoir. 

In  subsequent experiments the colliding jets, about inch [2 mm.] in 
diameter, issned horizontally from similar glass nozzles, formed by drawing 
out a piece of glass tubirig and dividing i t  with a file a t  the narrowest part. 
One jet was supplied from the tap, and the other from the stoneware bottle 
placed upon an insulating stool. The sensitiveness to electricity was extra- 
ordinary. A piece of rubbed gutta-percha brought near the insulated bottle 
at  once determined the coalescence of the jets. The influencing body being 
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held still, it was possible to cause the jets again to rebound from one another, 
and then a small motion of the influencing body to or from the bottle again 
induced coalescence, but a lateral motion without effect. If an insulated 
wire be in connexion with the contents of the bottle, similar effects are 
produced when the electrified body is moved in the neighbourhood of the 
free end of the wire. With care it is possible to bring the electrified body 
into the neighbourhood of the free end of the wire so slowly that no effect is 
produced; a sudden movement of withdrawal will then usually determine 
the conlescence. 

Hitherto statical electricity has been spoken of; but the electromotive 
force of even a single Grove ce11 is sufficient to produce these phenomena, 
though not with the same certainty. For this piirpose one pole is connected 
through a contact key with the interior of the stoneware bottle, the other 
pole being to earth. If the fingers be slightly moistened, the body may 
be thrown into the circuit, apparently without diminution of effect. This 
perhaps ought not to surprise us, as in any case the electricity has to 
traverse several inches of a fine column of water. On the other hand, it 
appeared that most of the electromotive force of the Grove ce11 was 
necessary. 

Further experiment showed that even the discharge of a condenser 
charged by a single Grove ce11 was sufficient to determine coalescence. Two 
condensers were used successively ; one belonging to an inductoriuni by 
Ladd, the other made by Elliott Brothers, and marked " Capacity 4 Farad."* 
Sometimes even the " residual charge " sufficed. 

I t  must be understood that coalescence of the jets would sometiines 
occnr in a capricious manner, without the action of electricity or other 
apparent cause. 1 have reason to believe that some, at  any rate, of these 
irregularities depended upon a want of cleanness in the water. The addition 
to the water of a very srnall yuantity of eoap makes the rebound of the jets 
impossible. 

The last observation led me to examine the behavioiir of a fine vertical 
jet of slightly soapy water; and 1 found, as 1 had expected, that no scuttering 
took placet. Under these circumstances the approach of a moderately electri- 
fied body is without effect, but a more powerful influence scatters the drops 
as usual. The apparent coherence of a jet of water when the orifice is 
oiled was observed by Fuchs, and appears to have been always attributed 
to a diminution of adhesion between the jet and the walls of the orifice. 

Some further details on this subject, and other investigations respecting 
the phenornena of jets, are reserved for another cornmunication, which 1 hope 

* [1899. The capacity is doubtless micro-farad.] 
t. [1899. See however Pioc. Roy. Soc. xxxiv. p. 130, 1882.1 
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soon to be able to present to the Royal Society [Art. LX.] ; but 1 cannot close 
without indicating the probable application to meteorology of the facts 
already mentioned. It is obvious that the formation of rain must depend 
very inateriall~ upon the consequences of encounters between cloud particles. 
I f  encounters do not lead to contacts, or if contacts result in rebounds, the 
particles remain of the same size as beforc ; but, if the issue be coalescence, 
the bigger drops must rapidly increase in size and be precipitat,ed as rain. 
Now, from what has appeared above we have every reason to suppose 
that the results of an encounter will be diverent according to the electricRl 
condition of the particles, a d  we may thus anticipate an explanation of 
the remarkable but hitherto mysteriouv connexion between rain and electrica] 
manifestations. 
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ON THE CAPILLARY PHENOMENA O F  JETS. 

[Proceedinys of the Royal Society, XXIX. pp. 71-97, 1579.1 

WHEN water issues under high pressure from a circular orifice in a thin 
plate, a jet is formed whose section, though diminished in area, retains 
the circular form. Biit if the orifice be not circular, the section of the jet 
undergoes remarkable transformations, which were elaborately investigated 
by Bidone *, many years ago. The peculiarities of the orifice are exaggerated 
in the jet, but in an inverted manner. The following examples are taken 
from Bidone's mernoir. 

Fig. 1, orifice in the form of an ellipse ( A ) ,  of which the major axis 
is horizontal, and 24 lines long; the minor axis is vertical, and Fis, 
17 lines long. The head of water is 6 feet. 

Near the orifice the sections of the vein are elliptical with "a 
major axis horizontal. The ellipticity gradually diminishes until 
a t  a distance of 30 lines from the orifice the section ia eircular. '0 
Beyond this point the vertical axis of the section increases, and 
the horizontal axis decreases, so that the vein reduces itself to a 
flat vertical sheet, very broad and thin. This sheet pieserves its 

I continuity to a distance of 6 feet from the orifice, where the vein 

CO 
is penetrated by air. 

B represents the section at a distance of 30 lines from the 
orifice. It is a circle of 16 or 17 lines diameter. 

C is the section a t  a distance of 6 inches from the orifice. I t  is an 
elliptical figure, whose major axis is 22 lines long and minor axis 14 lines 
long. 

* h'xpé~iences sur lu Fo~llle e t  sttr la Dircc t io i~  dcs Veines et  des Courarcs d'Eau ia~rcés pur 
diverses Ouvertures. Par George Bidone. 
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D is the section a t  24 inches from the orifice. It also is an elliptical 
figure, whose vertical axis is 45 lines long and horizontal axis about 1 2  lines 
long. 

In fig. 2, the orifice ( A )  is an equilateral triangle, with sides 2 inches 
long. The head of water is 6 feet. The vein resolves itself into three flat 

sheets disposed symmetrically round the axis, 
Fig. 2. the planes of the sheets being perpendicnlar 

A to the sides of the orifice. These sheets are 
very thin, and retain their transparence and 
continuity to a distance of 42 inches, reckoried 

BO from the orifice. The sections represented by 
B, Cl Dl E are taken at  distances from the 
orifice equal respectively to 1 inch, 6 inches, 
12 inches, and 24 inches. 

In  many cases, more especially when the orifices are stnall and the heads 
of water low, the extension of the sheets in directions perpendicular to 
the jet reaches a limit. Sections taken a t  greater distances from the orifice 
show a gradua1 shortening of the sheets, until a compact forrn is attained, 
similar to that of the first contraction. Beyond this point, if the jet 
retains its coherence, sheets are gradually thrown out again, but in directions 
bisecting the angles between the directions of the former sheets. These 
sheets may, in their turn, reach a limit of development, again contract, 
and so on. The forms assumed in the case of orifices of various shapes, 
including the rectangle, the equilateral triangle, and the square, have been 

Similarly, a vein issuing from an orifice in 
the form of a regular polygon, of any number 
of sides, resolves itself into an equal number 
of thin sheets, whose planes are perpendicular 
to the sides of the polygon. 

Bidone explains the formation of these 
sheets, in the main (as i t  appears to me), 

E 
satisfactoilly, by reference to simpler cases of 
meeting streams. Thus equal jets, moving in 
the same straight line with equal and opposite 
velocities, flatten themselves into a disk, 
situated in the perpendicular plane. If the 

t. axes of the jets intersect obliquely, a sheet is 
formed symmetrically in the plane perpen- 

diciilar to that of the impinging jets. Those portions of a jet which proceed 
from the outlying parts of an unsymmetrical orifice are considered to behave, 
in some degree, like independent meeting streams. 
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carefully investigated and figured by Magnus*. Phenomena of this kind 
are of every-day occurrence, and may generally be observed whenever liqiiid 
falls from the lip of a moderately elevated vessel. 

Admitting the substantial accuracy of Bidone's explanation of the 
formation and primary expansion of the sheets or excrescences, we have 
to inquire into the cause of the subsequent contraction. Bidone attributes 
i t  to the viscosity of the fluid, which may certainly be put out of the 
question. I n  Magnus's view the cause is " cohesion" ; but he does not 
explain what is to be understood under this designation, and it is doubtful 
whether he had a clear idea upon the subject. The true explanation 
appears to have been first given by Bufft, who refers the phenomenon 
distinctly to the capillary force. Under the operation of this force the 
fluid hehaves as if enclosed in an envelope of constant tension, and the 
recurrent form of the jet is due to vibrations of the fluid column about 
the circular figure of equilibrium, superposed upon the general progressive 
motion. Since the phase of vibration depends upon the time elapsed, 
i t  is always the same at  the same point in space, and thus the motion 
is s teady in the hydrodynamical sense, and the boundary of the jet is a 
fixed surface. 

I u  so far as the vibrations may be considered to be isochronous, the 
distance betmeen consecutive corresponding points of the recur~cnt figura, or., 
as i t  may be called, the wave-length of the figure, is directly proportional 
to the velocity of the jet, Le., to the square m o t  of the head of water. This 
elongation of wave-length with increasing pressure was observed by Bidone 
and by Magnus, but no definite law was arrived at. As a jet falls under the 
action of gravity, its velocity increases, and thus an augmentation of wave- 
length might be expected; but, as will appear later, most of this aug- 
mentation is compensated by a change in the frequency of vibration due 
to the attenuation which is the necessary concomitant of the increased 
velocity. Consequently but little variation in the magnitudes of successive 
wave-lengths is to be noticed, even in the case of jets falling vertically 
with small initial velocity. I n  the following experirnents the jets issued 
horizontally from orifices in thin plates, usually adapted to a large stoneware 
bottle which served as reservoir or cistern. The plates were of tin, soldered 
to the ends of short brass tubes rather more than an inch in diameter, 
by the aid of which they could be conveniently fitted to a tubulure in 
the lower part of the bottle. The pressure at  any moment of the outflow 
could be measiired by a water manometer read witli a scale of rpillimetres. 
Some little uncertainty necessarily attended ' the determination of the zero 
point; i t  was usually takeu to be the reading of the scale a t  which the 

* Hydraulische Untersuchungen." Pogg. A m .  vol. xcv. 1855. 
.t Pogg. Aim. vol. c. 1857. 

IRIS - LILLIAD - Université Lille 1 



380 ON THE CAPILLARY PHENOMENA OF JETS. [GO 

jet ceased to clear itself froni the plate on the running out of the water. At 
the beginning of an experinient, the orifice was plugged with a small roll of 
clean paper, and the bottle was filled from an india-rubber tube in connexion 
with a tap. After a suficient time had elapsed for the water in the bottle 
to coine sensibly to rest, the plug was withdrawn, and the observations were 
commenced. The jet is exceedingly sensitive to disturbances in the reservoir, 
and no arrangenient hitherto tried for maintaining the level of the water hm 
been successful. The nieasurements of wave-length (A) were made with 
the aid of a pair of dividers adjusted so as to include one or more wave- 
lengths; and as nearly as possible a t  the sanie nioment the manoineter 
was read. The distance between the points of the dividers was afterwards 
takeri from a scale of millimetres. The facility, and in some cases the 
success, of the operation of observing the wave-length depends very tnuch 
upon the suitability of the illumination. 

The first set of observations here given refers to a somewhat elongated 
orifice of rectangular form. The pressures and wave-lengths are measured 
in millimctres. The third coluinn contains numbers proportional to the 
square roots of the pressures. 

Pressure 
253 
216 

178 
144 

113* 

Pressure 
83 
58 
39 
21 

J (Pressure) 
52 

43 

36 
26 

The agreement of the second and third colunîns is pretty good on the 
whole. Small discrepancies a t  the bottom of the table may be due to 
the iinceitainty attaching to the zero point of pressure, and also to another 
cause which will be referred to later. At the higher pressures the observed 
wave-lengths have a marked tendency to increase more rapidlÿ than the 
velocity of the jet. This result, which was confirmed by other observations, 
points to a departure from the law of isochronous vibration. strict igo- 
chronism is only to be expected when vibrations are infinitely small, that is, 
in the present application when the section of the jet never deviates 
more than infinitesimally from the circular form. During the vibrations 
with which Table 1. is concerned, however, the departures froni circularity 
are very considerable, and there is no reason for supposing that such 
vibrations will be executed in exactly the same time as vibrations of 
infinitely small amplitude. Nevertheless, this consideration would not lead 
to an explanation of the discrepancies in Table I., unless i t  were the fact 
that the amplitude of vibration increased with the pressure under which the 
jet issues. 
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As a niatter of observation the increase of amplitude is very apparent, 
and was noticed by Magnus. It is also a direct consequence of theory, 
inasmuch as the lateral velocities to which the vibrations are due Vary in 
direct proportion to the longitudinal velocity of the jet. Consequently the 
amplitude varies approximately as the square root of the pressure, or 
as the wave-length. The amplitude here spoken of is measured, of course, 
by the departzwe from circularity, and not by the value of the maximum 
radius itself. 

The law of the square root of the pressure thus applies only to small 
amplitudes, and unfortunately it is precisely these small amplitudes which 
i t  is difficult. to experiment upon. Still it is possible to approach theoretical 
reqixirements more nearly than in the experinients of Table 1. 

The next set of measurements (Table II.) refer to an aperture in the 
form of an ellipse of moderate eccentricity. Two wave-lengths were 
included in the tneasurements ; in other respects the arrangements were 
as before. 

Pressure 
262 
208 
182 

158 
129 
107* 
86 

J (Pressure) 

334 
31 
28 
254" 

l 23 

J (Pressure) 
204 
1st 
16 

144 
13 

114 

Pressure 
69 
56 
42 
34 

27 
21 

I n  this case the law is fully verified, the discrepancies being decidedly 
within tlie limits of experimental error. 

Wave-length 
20 
18 

15 

134 
12s 
10 

On the other hand, the discrepancies may be exaggerated by the use of 
higher pressures. Table III. relates to the same orificet a s  Table 1. Instead 
of the stoneware bottle, a ta11 wooden box was used as reservoir. 

I 

J (Pressure) 
155 
145 
136 
125 
118 

107 
959 
86 

Pressure 
189 
154 
123 
107 
89' 
74 
61 

t Its condition may have changea a little in the interval. 
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The wave-lengths a t  the high pressures very greatly exceed those 
calculated from the lower pressures according to the law applicable to 
srnall vibrations. 

It is possible, however, to observe in cases where the amplitude is so 
small, that the discrepancies are moderate even at  higher pressures than 
those recorded in Table III. The measurements in Table IV. are of 
a jet from an elliptical aperture of sniall eccentricity. The ratio of 
axes is about 5 : 6. The wooden box mas used. Two wave-lengths were 
measured. 

Pressure 
1287 
1195 
1117 
1023 
947 
852 
770 
695 
620 
532 

J (Pressure) 
83% 
60 

774 
746 

716 
68 

w 
61 
58 

539 

Pressure 
451 
371 
290" 
248 
192 
158 
133 
111 
94 
85 

J (Pressure) 

492 
446 
394" 

364 
32 

29 t 
262 
249 

223 
21* 

The following experiments relate to an orifice in the form of an equi- 
lateral triangle, with slightly rounded corners. The side measures about 
3 millims. In  this case the peculiarities of the contour are repeated three 
tiines in pailsing round the circumference. Two wave-lengths were measured. 

Pressure 
215 
166 
127 
92' 

J (Pressure) 
35 
31 
27 
23" 

Pressure 
66 
43 
27 

J (Pressure) 
196 

15% 
12% 

Here again we observe the tendency of the wave-length to increase more 
rapidly than the square root of the pressure. 

At higher pressures the difference is naturally still more marked. 
With the same aperture, and the wooden box as reservoir, the results 
were :- 

t This is, doubtless, an error. At these high pressures the observation is diffiault. 
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Pressure 
1072 
992 
888 
827 
762 
702 
619 
539 
468 
415 
337 
292 

ON THE CAPILLARY PHENOMENA OF JETS. 

J (Pressure) 
80'4 
77.5 
73 9 

70.7 
67'8 
65.0 
61.1 
57.0 
53.1 
50.0 
44% 
42.0 

383 

J (Pressure) 
38-9 
35'8 

33.7 
31.3 
29.1 
25 -9 
23 -3 
20.6 
18.5 
16.5 

The wave-lengths down to 34+ are immediate measurernents; those 
below are deduced from measurements of two wave-lengths. 

Similar experiments were made with jets from a square hole (side = 

2 ndlims.), the peculiarities of which are repeated four times in passing round 
the circum ference. Two wave-lengths were measured. 

Pressure 
447 
377 
312 
269 
247 
218 
192 

Correoted 
29 9 
27.4 
24.9 
23.1 
22.1 
20.7 
19'3 

Wave-length 
32 

294 
27 

J (Pressure) 
30 '2 
27.7 
25.2 

Corrected 
18.0 
16.1 
14.2 
12-7 
10.8 
8 -9 

23.4 
23 22-5 

Pressure Wave-leugth J (Pressure) 
167* la&* 18'5* 
136 1 ::j 16% 

The third column contains numbers proportional to the square roots 
of the pressures. In  the fourth column a correction is introduced, the 
significance of which will be explained later. 

The value of A, other things being the same, depends upon the nature of 
the fluid. Thus methylated alcohol gave a wave-length about twice as great 
as tap water. This is a consequence of the smaller capillarity. 

If a water jet be touched by a fragment of wood moistened with oil, the 
waves in front of the place of contact are considerably drawn out; but no 
sensible effect appears to be propagated up the stream. 

14.8 
13.3 
11.5 
9 .8 

107 
87 
65 
47 

If a jet of mercury discharging into dilute sulphuric acid be polarized 
by an electric current, the change in the capillary constant discovered by 
Lipmann shows itself by alterations in the length of the wave. 

13 

102 

$4 
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When the wave-length is considerable in comparison mith the diameter 
of the jet, the vibrations about the circulttr form take place practically in two 
dimensions, and are easily calculated mathematically. The more general 
case, in which there is no limitation iipon the magnitude of the diameter, 
involves the use of Bessel's functions. The investigation will be found in 
Appendix 1. For the present we will confine ourselves to a statement of 
the resiilts for vibrations in two dimensions. 

Let us suppose that the polar equation of the section is 

so that the curve is an undulating one, repeating itself n times over the 
circumference. The mean radius is a, ; and, since the deviation from the 
circular form is srnall, a, is a small quantity in comparison with a,. The 
vibration is expressed by the variation of a, as a harmonic function of the 
time. Thiis if a, cc cos (pt - e),  i t  may be proved that 

I n  this equation T is the superficial tension, p the density, A the area of the 
section (equal t o  ~ n : ) ,  and the frequency of vibration is p/27r. 

For a jet of given fluid and of given area, the frequency of vibration 
varies as 4(n3 - n), or d[(n - 1)  n (n + l)}. The case of n = 1 corresponds to 
u displacement of the jet as a whole, without alteration in the form of the 
boundary. Accordingly there is no potential energy, and the frequency of 
vibration is zero. For n. = 2 the boundary is elliptical, for n = 3 triangular with 
rounded corners, and so on. With nlost forms of orifice the jet is subject 
to more than one kind of vibration a t  the same time. Thus with a square 
orifice vibrations would occur corresponding to TL= 4, n=  8, n=12,  &c. - 

However, the higher modes of vibrations are quite subordinate, and may 
usually be neglected. The values of 2/(n3 - n) for various values of n are 
shown below. 

I t  appears that the frequency for n = 3 is just double that for n = 2, so that 
the wave-length for a triangular jet should be the half of that of an elliptical 
iet of equal area, the other circumstances being the same. 

For a given fluid and mode of vibration (n), the frequency varies as A-2, 
the thicker jet having the longer time of vibration. If v be the velocity 
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of the jet, X = 2 m / p  If the jet convey a given volume of fluid, v a  A-', 
and thus X oc A-:. Accordingly in the case of a jet falling vertically, the 
increase of X due to velocity is in great measure compensated by the decrease 
due to diminishing area of section. 

The law of variation of p for a given mode of vibration with the nature 
of the fluid and with the area of the section may be found by considerations 
of dimensions. T is a force divided by a line, so that its dimensions are 1 in 
mass, O in length, and - 2 in time. The volume density p is of 1 dimension 
in mass, - 3 in length, and O in time. A is of course of 2 dimensions in 
length, and O in mass and time. Thus the oiily combination of T, p, A, 
capable of representing a frequency, is Tip-tA-?. 

The above reasoning yroceeds upon the assumption of the applicability 
of the law of isochronism. I n  the case of large vibrations, for which the 
law would not be true, WC may still obtain a good deal of information 
by the method of dimensions. The shape of the orifice being given, let us 
inquire into the nature of the dependence of upon T, p, A, and P, the 
pressure under which the jet escapes. The dimensions of P, a force divided 
by an area, are 1 in mass, - 1 in length, and - 2 in time. Assume 

then by the method of dimensions we have the following relations among 
the exponents- 

whence 
'U = - x, y = O, z = & ( l - 8 ) .  

Thus 

The exponent x is undetermined; and since any nurnber of terms with 
different values of x may occur together, al1 that we can infer is that X is 
of the form 

where f is an arbitrary function, or if we prefer it 

where P is equally arbitrary. Thus for a given liqiiid and shnpe of orifice, 
there is complete dynamicd similarity if the pressure be taken inversely 
proportional to the linear dimension, and this whether the deviation from the 
circular form be great or small. 

R. I. 25 
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I n  the case of water Quincke found T = 81 on the C.G.S. system of units. 
On the same system p = 1 ; aud thus we get for the frequency of the gravest 
vibration (n = 2), - = 3.51a-* = 8.288 -3. ........................... 

2 7 ~  (3) 

For a sectional area of one square centimetre, there are thus 8.28 
vibrations per second. To obtain the pitch of middle C (c'= 256) we 
should require a diameter 

or rather more than a millimetre. 

For the general value of n,, we have 

If h be the head of wnter to which the velocity of the jet is due, 

I n  applying this formula i t  must be renlembered that A is the area 
of the section of the jet, and not the area of the aperture. We might 
indeed deduce the value of A from the area of the aperture by introduction 
of a coefficient of contraction (about %2); but the area of the aperture itself 
is not very easily ineasured. I t  is niuch better to calculate A from an 
observation of the quantity of fiuid (V) ,  discharged under a measured 
hcad (IL'), comparable in magnitude with that prevailing when X is measured. 
Thus A = V(2gh')-4. In the following calculations the C.G.S. system of 
units is eniployed. 

I n  the case of the ellipticd aperture of Table II., the value of A was 
found in this way to be -0695. Hence at  a head of 10.7 the wave-length 
should be 

4 2 g  x 10.7) x (-0695): A = -  
3.38 x 4 6  

= 2.37, 

the value of g being taken at 981. The corresponding observed value of X 
is 2.55. 

Again, in the case of the experiments recorded in Table IV., i t  was 
found that A = -0660. Hence for h = 29.0 the value of the wave-length 
shoiild be ~ i v e n  bv 

The corresponding observed value is 3.95. 
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We will next take the triangular orifice of Table V. The value of A 
was found to be .154. Hence for a head of 9.2 the value of X, calculated 
à w&ori. is 

as compared with 2.3 found by direct observation. 

For the square orifice of Table VII.. we have A = .153. Hence, if 
h = 16.7, 

h =  
4 2 g  x 16.7) x (.151),- l . lO, - 

5-36: x 2/60 

as compared with 1.85 by observation. 

I t  will be remarked that in every case the observed value of A somewhat 
exceeds the calculated value. The discrepancies are to be attribiited, not so 
miich, 1 imagine, to errors of observation as to excessive amplitude of 
vibration, involving a departure froin the frequency proper to infinitely 
small amplitudes. The closest agreement is in the case of Table IV., 
where the amplitude of vibration was sinallest. I t  is also possible that 
the capillary tension actually operative in these experirrients was somewhat 
less than that determined by Quincke for distilled waters. 

When the pressures are small, the wave-lengths are no longer considerable 
in cornparison with the dialneter of the jet, and the vibrations cannot be 
siipposed to take place sensibly in two dimensions. The iiequency of 
vibration then becomes itself a function of the wave-length. This question 
is investignted mathematically in Appendix 1. For the case of 9% = 4, i t  is 
proved that approxiinately 

- GOT (I + l l n2n)  
P - -  

faS 30h" ' 

Hence for the aperture of Table VII., 

h being expressed in centirnetres. The niimbers in the fourth coliimii of the 
table are calculated according to this forniilla. 

On the other hand at high pressures the frequency becomes a function of 
the pressure. Since frequency is always an even function of amplitude, and 
in the present application, the square of the amplitude varies as h, the wave- 
leugth is given approximately by an expression of the form Jh ( M  + A%), 
where M and N are constants. I t  appears from experiment, and might, 

* [1809. As haa been pointed out by Worthington (PM. JZag. vol. xx. p. 66, 18851, the 
agreement with obaervation mould be much improved by taking T at the now genemlly received 
value of about 72, in place of Quincke's 81.1 

25-2 
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1 think, have been expected, that frequency dbànishes as amplitude in- 
creases, so that N is positive. 

When the aperture has the form of an exact circle, and when the flow of 
flnid in its neighboiirhood is unimpeded by obstacles, there is a perfect 
balance of lateral motions ancl pressures, and consequently nottiing to render 
the jet i n  its future course iinsymmetrical. Even in this case, however, 
the phenomena are profoundly modified by the operation of the capillsry 
force. Far from retaining the cylindrical form unimpaired, the jet rapidly 
resolves itself in a more or less regular manner into detached niasses. I t  
has, in fact, been shown by Plateau*, both from theory and experinient, that 
iu conseqoence of surface-tension the cylinder is an unstable form of 
equilibrium, when its length exceeds its circumference. 

The circumstances attending the resolution of a cylindrical jet into drops 
have been admirably examined and described by Savartt, and for the most 
part explained with great sagacity by Plateau. There are, howcver, a few 
points which appear not to have been adequately treated hitherto; and in 
order to explain myself more effectually 1 propose to pass in review the 
leading features of Plateau's theory, iinparting, where 1 am able, additional 
precision. 

Let us conceive, then, an infinitely long circular cylinder of liquid, 
a t  rest:, and inquire under what circumstances i t  is stable, or unstable, 
for small displacements, symmetrical about the axis of figure. 

Whatever the deformation of the originally straight boundai-y of the 
axial section may be, i t  can be resolved by Fourier's theorem into de- 
formations of the harmonic type. These component deformations are in 
general infinite in number, of every wave-length, and of arbitrary phase; 
but in the first stages of the motion, with which alone we are a t  present 
concerned, each produces its effect. independently of every other, and may 
be considered by itself. Suppose, therefore, that the equatiou of the 
boundary is 

r=a+acosk .z ,  .............................. (6) 

where a is a smsll qiiantity, the axis of z being that of synimetry. The 
wave-length of the disturbance may be c d e d  X, and is connected with Ic 
by the eqiiation lc= 21rlk. The capillary tension endeavours to contract 
the surface of the fluid ; so that the stability, or instability, of the cylindrical 
form of equilibrium depends upon whether the surface (enclosing a given 

* Statiqzte Expéritnentale et Théorique des Liquides soumis aux seules Forces Moléculaires, 
Parie, 1873. 

f " Mémoire sur la Constitution den Veines Liquides lancées par des Orifices Circulaires en 
mince paroi." Ann. d .  Chim. t .  LIII. 1833. 

$ A motion common to every part of the fluid is necessarily without influence upon the 
stability, and may therefore he left out of accouut for convenience of conception and expression. 
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volume) be greater or less respectively after the displacement than before. 
I t  has been proved by Plateau (see also Appendix 1.) that the surface 
is greater than before displacement if ka > 1, that is, if < 27ra; but less, 
if ka < 1, or h > 2ra. Accordingly, the equilibrium is stable, if h be less 
than the circumference ; but unstable, if h be greater than the circumference 
of the cylinder. Disturbances of the former kind, like those considered 
in the earlier part of this paper, lead to vibrations of harmonic type, whose 
amplitudes always remain small; but disturbances, whose wave-length 
exceeds the circumference, result in a greater and greater departure from 
the cylindrical figure. The analytical expression for the motion in the latter 
case involves exponential terms, one of which (except in case of a particular 
relation between the initial displacements and velocities) increases rapidly, 
being equally multiplied in cqiial times. The coefficient ( q )  of the time 
in the exponential terni (@) may be considered to rneasiire the dcgee  of 
dynamical instability ; its reciprocal l / q  is the time in which the disturbance 
is niultiplied in the ratio 1 : e. 

The degree of instability, as measured by q, is not to be determined 
from statical considerations only ; otherwise there would be no limit to the 
increasing efficiency of the longer wave-lengths. The joint operation of 
superficial tension and inertia in fixing the wave-length of maximum 
instability was, 1 believe, first considered in a communication to the 
Mathematical Society*, on the "Instability of Jets." It appears that the 
value of q may be expressed in the form 

where, as before, T is the superficial tension, p the density, and F is given 
by the following table :- 

F (La) 

'3382 

.3432 

.3311 

.2701 

.2015 

F (ka) ' 
.O000 

,1536 

.2108 

,2794 
,3182 1 

The greatest value of F thus corresponds, not to a zero value of 
but approximately to Pa" 4855, or to X = 4.508 x 2u. Hence the inaxi- 
mum instability occurs when the wave-length of disturbance is about half 
as great again as that a t  which instability fi& commences. 

l;"$ 

.41J 

'50 
.60 
.80 

W 

* Xath. Soc. Proc., November, 1878. [Art. LVIII.] See also Appendix 1. 
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Taking for water, in C.G.S. units, T =  81, p = 1, we get for the case of 
maximum instability, 

if d be the diameter of the cylinder. Thus, if d = 1, q-' = .115 ; or for a 
diatneter of one centiinetre the disturbance is multiplied 2.7 times in about 
one-ninth of a second. If the disturbance be multiplied 1000 fold in 
time t, y t  = 3 log, 10 = 6.9, so that t = .70d? For example, if the diameter 
be one inillimetre, t,he disturbance is multiplied 1000 fold in about one- 
fbrtieth of a second. In view of these estimates the rapid disintegration 
of a fine jet of watcr will not cause surprise. 

The rehtive importance of two harrnonic disturbances depends upon their 
initial magnitudes, and upon the rates a t  which they grow. When the 
initial values are very small, the latter consideration is much the more 
important; for, if the disturbances be represented by a,eqlt, a,eqlt, in which 
q, exceeds q,, their ratio is (u,/uJe-a-'l.'t; and this ratio decreases witliout 
limit with the time, whatever be the initial (finite) ratio a, : a,. If the 
initial disturbances are small enough, that one is ultimately preponderant, 
for which the measure of instability is greatest. The smaller the causes by 
which the original equilibrium is upset, the more will the cylindrical mase 
tend to divide itself regularly into portions whose length is equal to 
4 5  times the diameter. But a distui.bance of less fkvourable wave-length 
rnay gain the preponderance in case its magnitude be sufficient to produce 
disintegration in a less tiiiie than that required by the other disturbances 
presen t. 

The application of these results to actual jets presents no great difficulty. 
The disturbances, by which equilibriurn is upset, are impressed upon the 
fluid as  i t  leaves the aperture, and the contiiiuous portion of the jet 
roprcsents the distance travellcd during the time necessary to produce 
disintegration. Thus the length of the continuous portion necessarily 
depends upon the character of the disturbances in respect of amplitude 
and wave-length. I t  may be increascd considerably, as Savart showed, 
by a suitable isolation of the reservoir from tremors, whether due to external 
sources or to the impact of the jet itsclf in the vesse1 placed to receive it. 
Nevertheless i t  does not appear to be possible to carry the prolongation very 
far. Whether the residuary disturbances are of external origin, or are due 
to friction, or to some peculiarity of the fluid motion within the reservoir, 
h,w not becn satisfactorily dctermined. On this point Plateau's explanations 
are not very clear, and he soinetimes expresses hirnself as if the time of 
disintcgration depended only upon the capillary tension, without reference 
to initial disturbances at  al]. 
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Two laws were formulated by Savart with respect to the length of the 
continuous portion of the jet, and have been to a certain extent ex~lained 
by Plateau. For a given fiuid and a given orifice the length is approximatcly 
proportional to the square root of the head. This follbws at  once from 
theory, if it can be assumed that the disturbances remain always of the same 
character, so that the time of disintegration is constant*. When the head is 
given, Savart found the length to be proportional to the diameter of the 
orifice. From (8) i t  appears that the time in which a disturbunce is 
multiplied in a given ratio varies, not as d, but as d l .  Again, whcu the 
fluid is changea, the time varies as p*T-*. But it may bc doubted, 1 think, 
whether the length of the continuous portion obeys any very simple laws, 
even when external disturbances are avoided as fdr as possible. 

When the circumstances of the experiment are such that the reservoir is 
i~ifluenced by the shocks due to the impact of the jet, the disintegration 
usually establishes itself with complete regularity, and is attended by a 
musical note (Savart). The impact of the regular series of drops which is a t  
any moment striking the sink (or vesse1 receiving the water), deterinines the 
rupture into sirnilar drops of the portion of the jet a t  the saine moinent 
pissirig the orifice. The yitch of the note, though not absolutely definite, 
cannot differ inuch from t.hat which corresponds to the division of the jet 
into wàve-letigths of' maximum instability ; and, in fact, Savart foutid that 
the frequency was directly as the square root of the head, inveiscly as the 
diaineter of the orifice, aud independent of the nature of the fiuid-laws 
whicli follow imniediately from Plateau's theory. 

Frorn the pitch of the note dile to a jet of given diaineter, aiid issuing 
under a given head, the wave-length of the nascent divisions c m  be at  once 
deduced. Beasoning from some observations of Savart, Plateau finds in this 
way 4-38 as the ratio of the length of a division ho the dianieter of the jet. 
The diameter of the orifice was 3 millims., &oin which that of the j c l  is 
deduced by the introduction of the coefficient .8. Now that the length of a 
division has been estirnated c i  priori, i t  is perhaps preferable to reverse 
Plateau's calculation, and to exhibit the frequency of vibration in terms 
of the other data of the probleni. Thus 

42crh) frequency = - 4 .508 . . . . . . . . . . . . . . . . . . . . . . . . . . . (0) 

But the most certain nlethod of obtaining complete regularity of reso- 
lution is to bring the reservoir under the influence of an external vibrator, 
whose pitch is approximately the same as that proper to the jet. M a g ~ ~ u s t  

For the sake of simplicity, 1 neglect the action of gravity upon the jet mhen formed. The 
question has been further disaussed by Plateau. 

1- Pogg. Ann. Bd. cvr. 1859. 
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employed a Neef's hammer, attached to the wooden frame which supported 
the reservoir. Perhaps an electrically maintained tuning-fork is still better. 
Magnus showed that the most important part of the effect is due to the 
forced vibration of that side of the vesse1 which contains the orifice, and that 
but little of i t  is propagated through the air. With respect to the limits of 
pitch, Savart found that the note might be a fifth above, and more than an 
octave below, that proper to the jet. According to theory, there would 
be no well-dcfined lower limit; on the other side, the external vibration 
cannot be efficient if i t  tends to produce divisions whose lengtli is less than 
the circumference of the jet. This would give for the interval defining the 
upper limit rr : 4'508, which is very nearly a fifth. I n  the case of Plateau's 
numbers (m- : 4.38) the discrepancy is a little greater. 

The detached masses into which a jet is resolved do not at  once assume 
and retain a spherical form, but execute a series of vibrations, being 
alternately compressed and elongated in the direction of the axis of syrn- 
metry. When the resolution is effected in a perfectly periodic manner, 
each drop is in the same phase of its vibration as it passes through a given 
point of space; and thence arises the remarkable appearance of alternate 
swellings and contractions described by Savart. The interval from one 
swelling to the next is the space described by the drop during one complete 
vibration, and is therefore (as Plateau shows) proportional cmteris paribus to 
the square root of the head. 

The time of vibration is of course itself a function of the nature of t,he 
fluid and of the size of the drop. By the method of dimensions alone i t  may 
be seen that the tirne of infinitely small vibrations varies directly as the 
square root of the mass of the sphere and inversely as the square root 
of the capillary tension; and in Appendix II. i t  is proved that its ex- 
pression is 

V being the volume of the vibrating mass. 

In  an experiment arranged to determine the time of vibration, a stream 
of 19.7 cub. centims. per second was broken up under the action of a fork 
making 128 vibrations per second. Neglecting the mass of the small 
splierules (of which more will be said presently), we get for the mass 
of each sphere 19.7 + 128, or -154 grm. ; and thence by (IO), taking as 
before T = 81, 

T = .O473 second. 

The distance between the first and second swellings was by nieasurement 
16.5 centims. The level of the contraction midway between the two 
swellings was 36% centims. below the surface of the liquid in the reservoir, 
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corresponding to a velocity of [269] centims. per second. These data give 
for the time of vibration, 

T = 16.5 t [269] = '0612 second. 

The discrepancy between the two values of T, which is greater than 1 had 
expected, is doubtless due in part to excessive amplitude, rendering the 
vibration slower than that calculated for infinitely small amplitudes*. 

A rough estimate of the degree of flattening to be expected a t  the first 
swelling ruay be arrived a t  by calculating the eccentricity of the oblatum, 
which has the satne volurne and surfitce as those appertaining to the portion 
of fluid in question when forming part of the iindisturbed cylinder. In  
the case of the most natural mode of resolution, the volume of a drop 
is 97ra3, and its surface is lS.rra2. The eccentricity of the oblctticm which has 
this volume and this surface is .944, corresponding to a ratio of principal 
axes equal to about 1 : 3. 

In consequence of the rapidity of the motion sonie optical device is 
necessary to render apparent the phenomena atteriding the disiritegratioti 
of a jet. Magnus employed a rotating mirror, and also a rotatiug disk from 
which a fine slit was cut out. The readiest method of obtaining instan- - 
taneous illumination is the elcctric spark, but with this Magnus was not 
successful. "The rounded masses of which the swellings consist reflect 
the light ernanating from s point in such a manner t h a t t h e  eye sees orily 
the single point of each, which is principally illuminated. Hence, when the 
stream is illuminated by the electric spark, the swellings appear like a 
string of pearls ; but their fortn mnnot be recognised, because the intensity 
of the light reflected from the remaining portions of the niasses is too small 
to allow this, on account of the ve1ocit.y witltli which the impression is lostt." 
The electric spark had, however, been used successfully for this purpose 
some years before by Bufff, who observed the shadow of the jet on a white 
screen. Preferable to an opaque screen in my experience is a piece of ground 
glass, which allows the shadow to be examined from the further side. 1 have 
found also that the jet may be very well observed directly, if the illumination 
is properly managed. For this purpose i t  is necessary to place the jet 
between the source of light and the eye. The best effect is obtained when 
the light of the spark is somewhat diffused by being passed (for example) 
through a piece of ground glass. 

The spark may be obtained from the secondary of an induction coil, 
whose terminals are in connexion with the coatings of a Leyden jar. By 

+ [1899. Experiments upon the vibrations of drops which faIl singly from nozzles have been 
made by Lenard (Wied. Ann. vol. xxx. p. 209, 1887).] 

f Phil. Nug. vol. X ~ I I I .  1859, p. 172. 
Liebig's Ann. vol. LXXVIII. 1851. 
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adjustment of the contact breaker the series of sparks may be made to fit 
more or less perfectly with the formation of the drops. A still greater 
improvement may be effected by using an electrically maintained fork, 
which performs the double office of .controlling the resolution of the jet 
and of interrupting the primary current of the induction coil. I n  this form 
the experiment is one of remarknble beauty. The jet, illuminated only 
in one pliase of transformation, appears almost perfectly steady, and inay 
be examined a t  leisure. The fork that 1 used had a frequency of 128, and 
cornmunicated its vibration to the reservoir through the table on which both 
were placed without any special provision for the purpose. The only wealc 
point in the arrangement was the rather feeble character of the sparks, 
depending probably upon the use of an inducticm coil too large for the rate 
of intermittence. A change in the phase under observation could be effected 
by pressing slightly upon the reservoir, whereby the vibration communicated 
wns rendered more or less intense. 

The jet issued horizontally from an orifice of about half a centimetre 
in diameter, and almost imrnediately assumed a rippled outline. The 
gradually increasing amplitude of the disturbance, the formation of the 
elongated ligament, :and the siibsequent transformation of the ligament 
into a spherule, could be exainined with ease. I n  consequence of the 
transforination being in a more advanced stage at  the forward than a t  the 
hirider end, the ligameut remains for a moment connected with the mass 
beliind, when i t  has frced itself from the mass in front, and thus the 
resulting spherule acquires a backwards relative velocity, which of necessity 
leads to a collision. Under ordinary circurnstances the spherule rebounds, 
and may be thiis reflected backwards and forwards several tiines between the 
adjacent masses. But if the jet be subject to moderate electrical influence, 
the spherule amalgamates with a larger mass a t  the first opportunity*. 
Magnus showed that the xtream of spherules may be diverted into another 
path by the attraction of a powerfully electrified rod, held a little below the 
place of resolution. 

Very interesting modifications of these phenomena are observed when a 
jet froili an orifice in a thin p la te t  is directed obliquely upwards. I n  this 
case drops which break away with different velocities are carried under the 
action of gravity into different paths; and thiis under ordinary circumstances 
a jet is apparently resolved into a " sheaf," or bundle of jets al1 lying in one 
vertical plane. Under the action of a vibrator of suitable periodic tirne the 
resolution is regularised ; and then each drop, breaking away under like 
conditions, is projected with the saine velocity, and therefore follows the 

* Proc. Roy. Soc. March 13, 1870. On the Influence of Electricity on Colliding Water Drops. 
[Art. LIX.] 

t Tyndali has shown that a pinhole gas burner may also be used with advantage. 
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same path. The apparent gathering together of the sheaf into a fine and 
well-defined stream is an effect of singular beauty. 

I n  certain cases where the tremor to which the jet is subjected is 
compound, the single path is replaced by two, three, or even more paths, 
which the drops follow in a regular cycle. The explanation has been given 
with remarkable insight by Plateau. If for example besides the principal 
disturbance, which determines the size of the drops, there be another of 
twice the period, it is clear that the dternate drops break away under 
different conditions and therefore with different velocities. Complete 
periodicity is only attaincd after the passage of a pair of drops; and thus 
the odd series of drops pursues one path, and the even series another. 
Al1 1 propose at  present is to bring forward a few facts connected with 
the influence of electricity, which are not irientioned in my former com- 
municatiou. To it, however, 1 miist refer the reader for further explana- 
tions. The literature of the subject is given very fully in Plateau's second 
volume. 

When the jet is projected upwards a t  a moderate obliquity, the sheaf is 
(as Savart describes it) confined to a vertical plane. Under thcse circum- 
stances, there are few or no collisions, as the drops have room tu clear one 
another, and moderate electrical influence is without effect. At R higher 
obliquity the drops begin to be scattered out of the vertical plane, which 
is a sign that collisions are taking place. Moderate elcctrical influence will 
now reduce the scattering again to the vertical plane, by causing the 
coalescence of drops which corne into contact. When the projection is 
nearly vertical, the whole scattering is due to  collisions, and is clestroyed 
by electricity. If the resolution into drops is regularised by vibrations of 
suitable frequency, the principal drops follow the saine path, and iinless the 
prqjection is nearly vertical, there are no collisions, as explained in my 
former paper. I t  sornetimes happens that the spherules are prvjected 
laterally in a distinct strenm, rnaking a considerable angle with the main 
stream. This is the result of collisions between the spherules and the 
principal drops. 1 believe that the former are of'ten rcflected backwards 
and forwards several times, until a t  la& they escape laterally. Occasionally 
the principal drops themselves collide in a regular mnnner, and ultiniately 
encape in a double stream. In al1 cases the behaviour under electrical 
influence is a criterion of the occurrence of collisions. The principal 
phenornena are easily observed directly, with the aid of instantarieous 
illun~ination. 

[1899.. Furt,her e~periments upon jets are described in PTOC. Roy. Soc. 
vol. X X X ~ ~ .  pp. 130--145, 1882.1 
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The subject of this appendix is the matheinatical investigation of the 
motion of frictionless fluid under the action of capillary force, the con- 
figuration of the fluid differing infinitely little from that of equilibrium 
iu the form of an infinite circular cylinder. 

Taking the axis of the cylinder as axis of z, and polar CO-ordinates r, O in 
the perpendicular plane, we may express the form of the surface a t  any 
time t by the equation 

r=a,,+f(O,z) ............................... (11 ) 

in which f (O, z) is always a small quantity. By Fourier's theorem, the 
arbitrary function f may be expanded in a series of terms of the type 
a,, cos ne cos Icz ; and, as we shall see in the course of the investigation, each 
of these terms may be considered independently of the others. The mm- 
mation extends to al1 positive values of k, and to al1 positive integral values 
of n, zero included. 

During the motion the quantity ci, does not remain absolutely constant, 
and must be determined by the condition that the inclosed volume is 
invariable. Now for the surface 

........................ r=a ,+a , ,cosne  coskz, 
we find 

(12) 

so that, if a denote the radius of the section of the undisturbed cylinder, 

raz = n-a02 + 47i-an2, 
whence approximately 

.......................... a, = a (1 - &h2/aa). ( 13) 

For the case n =  0, (13) ia  replaced by 

We bave now to calculate the area of the surface of (22), on which the  
potential energy of displacement depends. We have [approximately] 

Surface = j${1+ a (dr/dz>a + &r2 (dr/d8)1} rdedz 

= jJ{l+ &h?u,;J cos2 n8 sin2 kz + +n2a,,%-+ sin2 n0 cosa kz] rd0dz  

so that, if n denote the surface corresponding on the average to the unit 
of length, 

a = 2 7 i - c c + + ~ a - ~ ( k ~ a ~ + n ~ -  l)a,,", .................. (1.5) 

the value of a, being substituted from (13). 
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The potential energy P, estimated per unit length, is therefore ex- 
pressed by 

P = $ ~ a - ~ T ( k ~ a ~ + n ~ - l ) ~ ~ ~ ,  ..................... (le)* 

T beiiig the superficial tension. 

For the case n = 0, (16) is replaced by 

Frorn (16) i t  appears that, when TI is unity or any greater integer, the 
value of P is positive, showing that, for a11 displacements of these kinds, the 
original equilibrium is stable. For the case of displacements synlmetrical 
about the axis, we see from (17) that the equilibrium is stable or unstable 
according as ka is greater or less than unity, i.e., according as the wave- 
length (2rrjk) is less or greater than the circumference of the cylinder. 

If the expression for r in (12) involve a number of terms with various 
values of n and k, the corresponding expression for P is found by simple 
addition of the expressions relating to tlie component terms, and contains 
only the squares (and not the prodiicts) of the quantities a. 

The velocity-potential (+) of the motion of the duid satisfies tlie 
equation 

or, if in order to correspond with (1.2) we assume that the variable part 
is proportional to cos n9 cos kz, 

The solution of (18) under the condition that there is no introdiiction or 
abstraction of fluid along the axis of symmetry is- 

..................... + = 6, J, (ilcr) cos ntJ cos h, (19) 

in which i = d(- l), and Jn is the symbol of the Bessel's function of the 
nth order, so that 

The constant Pn is to be found from the condition that the radial 
velocity when r = a coincides with that implied in (12). Thus 

ik ,& Jd (ika) = da,jdt. ......................... (21) 

[1899. If k=O,  the riglit-hand member of (16), corresponding to r=a,+a,, cos ne, needs to 
be doubled.] 
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The liinetic energy of the motion is, by Green's theorem, 

tP II[+ $:] ad0di  = f n-pz. ika . J, (ika) J,' (ika) . pn2 ; 
r-a 

so that, by (21), if K denote the kinetic energy per unit length, 

J, (ika) (da,)2 K = )rpa2 Jn, (il;u) dt  ..................... (22) 

When 12 = O ,  we must take, instead of (22), 

The most general value of K is to be found by simple summation, with 
respect to n and k,  from the particular values expressed in (22) and (23). 
Since the expressions for P and K involve only the squares, and riot the 
products, of the quantities a, daldt, it follows that the mot,ions represented 
by (12) take place in pcrfect independence of one another. 

For the free motion we get by Lagrange's method from (16), (22), 

d a ,  T ika . J,' ( ika) (i + a ............ 
dta + +Pa" J, (iko) 

? - l ) a , = O  , (24) 

which applies without change to the case 
if a, a cos ( p t  - e), 

T ika J,' ( ika)  
Pa = p> J, (i~ca) (n2 

giving the frequency of vibration in the cases of stability. I f  n. = 0, and 
ka < 1, the solution changes its form. If we siippose that a,  oc e*qt, 

ika J: (ika) ( 1  - k2a2), q 2  = - ..................... 
pn3 JO ( ika)  (26) 

From this the table in the text was calculated. 

When n is greater than unity, the values of pz in (25)  are usually in 
practical cases nearly the same as if Ica were zero, or the motion took place 
in two dimensions. We may therefore advantageously introduce into (25) 
the supposition that ka  is small. In this way we get 

or, if ka be neglected altogether, 
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which agree with the formulæ used in the text. When n = 1, there is no 
force of restitution foi the case of a displacenient in two dimensions. 

Combining in the usual way two stationary vibrations, whose phases 
differ by a quarter of a period, we find as the expression of a progressive 
wave, 

r = a, + .yn cos ne cos kz cos pt + .yn cos ne sin kz sin pt 

= a, + ./, cos ne cos (p t  - kz). ................................... .(W) 

For the application to a jet the progressive wave must be reduced to 
steady motion by the superposition of a common velocity (v) equal and 
opposite to that of the wave's propagation. The solution then becomes 

r = a,, + yfi cos ne cos kz, ......................... (30) 

in which yn is an absolute constant. The corresponding velocity-potential is 

9 : -  vz + pyn  ---- Jn sin ~cz cos 9x8. ................ 
ik J,' (ika) (31) 

I t  is instructive to verify tliese results by the formulæ applicable t o  
steady motion. The resultant velocity p at any point is approximately 
equal to d + / d z ;  and 

*=- pkr,l Jn (ih.) 
+ ik J,'(ika) cos Irz cos n B. dz 

At the surface we have approximately r = a, and 

Thus by the hydrodynamical equation of pressure, with use of (2.5), since 
U = p p ,  

Pressure = const. + yna-2T(n2- 1 + P a 2 )  cos hz cos ne. ......( 32)  

The pressure due to superficial tension is T(Rl- l  + R,-'), if R I ,  R,,  are 
the radii of curvature in planes parallel and perpendiculi~r to the axis; 
and from (30) 

- R,-l= d2r/dz2 = - kayn cos ne cos kz, 

Rl-1 = + &-l/d& = a-' + (n2 - 1) cos ne cos kz ; 
so that 

Pressure = const. + yna-2 (n2 - 1 + Pa2)  cos ne  cos 762. 

Thus the pressure due to velocity is exactly balanced by the cnpillnry force, 
and the surface condition of equilibrium is satisfied. 
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APPENDIX II. 

We will now investigate in the same manner the vibrations of a liquid 
mass about a spherical figure, confining ourselves for brevity to modes of 
vibration symmetrical about an axis, which is sufficient for the application 
in the text. These modes require for their expression only Legendre's 
f~inctions Pn ; the more general problem, involving Laplace's functions, may 
be treated in the same way, and leads to the same results. 

The radius r may be expanded at  any time t in the series 

r = a , + a , P , ( p ) +  ......... + an Pm (p )  + ,.............. .(33) 

where a,, a, are srnall quantities relatively to a,, and p (according to the 
usual notation) represents the cosine of the colatitude (0). 

For the volume included within the surface (33) we have 

approximately. If a be the radius of the sphere of equilibrium, 

We have now to calculate the area of the surface S. 

S = 21 1 r sin 0 l /k  + (g)'} d0 = 2~ ~ { Y Z  + + sin 0d8. 

For the first part 

/i:T2dp = 2a: + 2 z (2n + 1 )-l an2. 

For the second part 

The valne of the qiiantity on the right-hand side may be found with the aid 
of the fornîula* 

* Todhunter's Laplace's Functions, § 62. 
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Accordingly 
S = 4 ~ ~ x 2  + 2 ~ 2  (Sn + 1)-' (aZ+ n + 2) anZ; 

or, since by (34) 
a; = a2 - 2 2 (2n + 1)-la,Z, 

If T be the cohesive tension, the potential energy is 

We have now to calculate the kinetic energy of the motion. The 
velocity-potential + may be expanded in the series 

and thus for K we get 

Biit by con~parison of the value of d+/dr from (37) with (33), we find 
nan-lp, = da,/dt ; and thus 

Since the products of the quautities a, and dan/dt do not occur in the 
expressions for P and K, the motions represented by the various terms 
occur independently of one another. The equation for a, is by Lagrange's 
method 

so that, if an E cos (pt  + €1, 

The periodic time r given in the text (equation (10)) follows from (40) 
by putting T = 2~p- ' ,  n = 2, V = 47ra3. 

To find the radius of the sphere of water which vibrates seconds, 
put p = 27r, T = 81, p = 1, n = 2. Thus a = 2.34 centims., or one inch 
almost exactly. [1Y99. But a better value for T would be '14.1 
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[Phil. May. V I I .  pp. 149-1 62,  18'19.1 

Pure Tones from Sounding Flames. 

THE best approximation to a pure tone is doubtless that given by a fork 
held over a suitably tuned air resonator ; but unless the vibrations are main- 
tained, the sound is of but short duration, and varies in intensity throughout. 
On the other hand the introduction of an electro-magnetic maintenance (as 
in Helmholtz's vowel experiments) somewhat complicates the apparatus. 
For many purposes extreme purity and constancy of pitch are not important; 
and thus an arrangement which shall be simple and easy to manage, even 
though less perfect in its operation than a tuning-fork, is still a desideratum. 

During the last year 1 have often used mith good effect air resonators 
whose vibrations were maintained in a well-known manner by hydrogen 
flames. I n  the common form of the experiment an open cylindrical tube is 
employed as resonator, and gives a sound, usually of a highly compound 
character. In  order to obtain a pure tone, it is only necessary to replace the 
tube by a resonator of different form, such as a rather wide-mouthed bottle 
or jar ; but a difficulty then arises from the progressive deterioration of the 
limited quantity of air included. A better result is obtained from a tube 
with a central expansion, such as a bulbous paraffin-lamp chimney, which 
allows of a through draught, and yet departs sufficiently from the cylindrical 
form to give a pure tone. For ready speech, i t  is sometiines necessary to 
restrict the lower aperture, e.9. by a bored disk of wood attached with wax. 
Another plan which answers very well is to block the middle of a cylindrical 
tube by a loosely fitting plug. The tubes that 1 used are of cast iron, and 
were plugged by rectangular pieces of wood provided with springs of brass 
wire to keep them in position. The length of the plug may be about two 
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diameters of the tube ; the length of the tube itself should be about twelve 
diameters. I n  al1 cases the best result requires that the tubes through 
which the hydrogen is supplied be of suitable length, and be provided with 
suitable burners. These may be made of glass, and are easily adjusted by 
trial. 

For ordinary purposes a common hydrogen-bottle is sufficient ; but the 
note is rather more steady when the hydrogen is supplied from a gas-holder. 
In  this way 1 have obtained pure tones, giving with tuning-forks pretty 
steady beats of more than two seconds' period. When the intensities are 
nearly equal, the phase of approximate silence is very well marked. 

Points o f  silence near a wall f rom which a pure tone is  rejected. 

On this subject there are two papers by N. Savart*, who advances views 
very difficult of acceptance. A criticism of some of Savart's positions was 
piiblished soon after by Seebeck ; but the question does not appear to have 
been thoroughly cleared up. 

One source of confusion is imperfect recognition of the fact that the 
positions of the sileuces depend upon the nature of the apparatus used for 
the investigation. I n  the case of the ear a silence requires that there be no - 
variation of pressure at  the open end of the ear-passage, whether it be in its 
natural state, or prolonged by a tube fitted into the external ear. The 
addition of a small cone or resonator will not affect the truth of this state- 
ment. Thus, if the influence of the head and body of the observer acting as 
simple obstacles be put out of account (as may fairly be done when a tube is 
used), the silences occur at  distances from the wall which are odd multiples 
of the quarter wave-lengthf. On the d h e r  hand, if a membrane simply 
stretched over a hoop and held parallel to the wall be used as the indicator, 
the positions of zero disturbance are at  distances from the wall equal to even 
multiples of the quarter wave-length. 

I n  the theory of organ-pipes the places of zero velocity and of maximum 
pressure-variation are usually called nodes ; and the places of zero pressure- 
variation and of maximum velocity are called loops. If we retain this 
nomenclature, we may say that silences as investigated by the ear occur at  
loops, and that the maximum sound is found a t  nodes ; but in Savart's papers 

- - 

the silences are identified with nodes. Moreover the difference is not one of 
words merely ; for Savart considers that (apart from the effects of obstacles) 
the silences are to be found at  distances from the wall which are even 
multiples of the quarter wave-length. A large part of his work is thus an 

* A ~ I L  d. Chim. vol. LXXI. 1839, vol. xrv. 1845. 
t The waves aie here supposed complete. Savart's "ondes" are only half as long. 

26-2 
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endeavour to bring the facts into accordance with a mistaken theoretical 
view. 

When the median plane is parallel to the wall, the obstruction presented 
by the head displaces considerably the positions of the silences. I n  his first 
paper Savart proposes to add 27 mm. to the measured distances between the 
external ear nearer to the wall and the wall itself, in order to take account 
of the interval between the external ear and the sentient apparatus. In  the 
case of the ear further from the wall a similar distance is to be subtracted. 
1 am a t  a loss to understand how the situation of the sentient apparatus can 
be supposed to be an element in the question at  all. Everything must 
surely depend upon whether there is or is not a variation of pressure at  the 
outer end of the ear-passage. In the second paper Savart takes (as it appears 
to me) a further step in the wrong direction. He states that the positions 
of the silences are the same, whether they be observed with the ear nearer 
to the wall, or with the ear further from it, and draws the conclusion that 
the part of the head with which we have to deal is that sitnated in the 
median plane midway between the ears. Having already added 27 mm. to 
his measurements (in the case of the ear nearer to the wall), to take account 
of the distance between the external ear and the labyrinth, he now adds 
50 mm. more. By this artificial treatment the distances of the silences from 
the wall are made to agree with the series of even multiples of the quarter 
wave-length, though considerable anomalies remain unexplained. 

There can be no doubt, 1 imagine, that Savart's theoretical views are 
quite erroneous, and that what has to be explained by the action of the head 
as an obstacle is the displacement of the silences from the loops, and not 
from the nodes. An exact theoretical investigation of this subject is of 
course out of the question; but some information bearirig upon i t  may be 
obtained from a calculation given in my Theory of Sound, § 328, relating to 
the character of the obstruction to sound presented by rigid spheres. I t  
appears that if a source of sound be situated at  the surface of a sphere whose 
circumference is moderate in cornparison with the wave-length, the phase 
(which is the element on which the phenomena under consideration princi- 
pally depend) a t  a distance is approximately the same as if the source were 
moved outward from the surface through a distance equal to half the radius, 
and the sphere were removed altogether. By t.he theorem of reciprocity, 

294, i t  follows that in the case of reflection of plane waves there is a silence 
at the point on the surface of the sphere nearest the wall when, not this 
point itself, but another further from the centre by half the radius, is distant 
from the wall by an odd multiple of the quarter wave-length, provided that 
the distance between the sphere and wall be not too small a multiple of the 
radius. Instead therefore of adding with Savart 27 mm., or 77 mm., to the 
observed distances in the expectation of so arriving a t  even multiples of the 
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quarter wave-length, me ought rather to subtract some such distance as 
50 mm. in the expectation of arriving at  odd multiples of the same quantity. 

The following are soine of Sava-rt's results given in the first paper :- 

Designations des divers 
points. 

Paroi. 
1' ventre. 
1' nœud. 
2e ventre. 
2e nœud. 
3e ventre. 
3e nœud. 
4e ventre. 
4e nœud. 

Distances des points 
à la paroi. 

mètres. 

0-000 
.148 
-3'13 
T l 6  

1.000 
1.358 
1.615 
1,997 
2.273 

If we subtract 27 + 50 (= 77) fiorn Savart's numbers for nodes we get 

corresponding to 

-619 being the value of the half-wave (onde). The "ventre" between the 
wall and the first node does not belong to the regular system at  all. 

From a theoretical point of view, i t  appeared to me highly improbable 
that the silences for the two ears should occur in the same position of the 
head, except perhaps in the case of a particular wave-length equal to about 
three diameters ; and laboratory experiments with steadily maintnined tones 
had made me familiar with the phenomenon of sounds apparently trans- 
ferring themselves from one ear to the other when the head is moved; but 1 
thought it desirable to try a few experiments in the open air especially 
directed to the examination of this point. 

The source of soixnd was a lamp-chimney and hydrogen-flaine, as described 
above, of pitch et flat, so that the quarter wave-length was about eleven 
inches. The apparatus was placed at  distances varjing from about 1s to 
50 feet in front of a tolerably flat wall; and the observer, with one ear 
stopped, invedgated the positions of the silences, holding the middle plane 
of his head parallel to the wall. Although the positions of the silences were 
not very well defined, presumably in consequeiice of unequal amplitudes of 
the superposed vibrations, the most inattentive observer could not fail to 
notice that i t  was necessary to  move the head considerably in order to pass 
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from a place where the sound was a minimum for one ear to a place where 
it was a minimum for the other ear. We may therefore conclude that 
Savart's statement is not generally true, and that the views which he has 
founded upon i t  have no sufficient claim upon our acceptance. 

When the median plane of the head is perpendicular to the wall, the 
silences are observed a t  distances which are odd multiples of the quarter 
wave-length, agreeably with theory. 

Sensitive Flames. 

The beautiful phenornenon of sensitive flanles is now familiar to students 
of acoustics; but its rationale is by no means understood. An important 
contribution to the facts, from which some day a theory will doubtless arise, 
is contained in the observation of Prof. Tyndall as to the " seat of sensitive- 
ness." My present purpose is to bring forward another fact which also will 
probably be found important. It may be thus stated. Under the action of 
stationary sonorous waves a flame is excited at loops and mot at nodes. 

The source of sound was a little contrivance on the principle of the bird- 
c d ,  blown fiom a well-regulated bellows. Probably a very high organ-pipe 
or whistle might be employed ; but i t  is necessary to use a nearly pure tone ; 
and the pitch must be high, or the flame will be not affected sufiiciently. 
At  a distance of a few feet the sound was reflected perpendicularly from a 
large board. The flame itself was that called by Tyndall the vowel flame, 
issuing from a pin-hole steatite burner fed from a gas-holder with gas at 
high pressure (9 or 10 inches [25 cm.]). 

The observations were made by moving the burner to and fro in front 
of the board, until the positions were found in which the flame was least 
disturbed by the sound; and i t  will be seen from the ïesults that these 
positions were very well defined. The distance between the board and the 
orifice of the burner was then taken with a pair of dividers, and measured on 
a scale of millimetres. Two observers, J and E, adjusted the flame inde- 
pendently of one another. The following are the results obtained :- 

. 164, 164 ........ mean 164 First poeition ...... 
E. 16, 16 ......... ,, 16 ' P  1 / la ' 16.25 

......... 1 ... J. 31, 31h ,, Second position 
E. 321, 31, 32 ,, a:$ 1 314 15.7 ... 

Third position ... 

... Fourth position 

Fifth position ...... 

462 1 15.6 . 47, 474 ......... 4741 
E. 464, 47, 459 ... ,, 4641 P 

......... 1 J. 62, 624 ,, 6241 
E. 64, 606, 624 ,, 623) ... 

...... J. 784, 784 ,, 78% 

622 

78; 

15.6 

15% 
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The second column contains the individual measurements by the two 
observers; the third shows the mean of al1 the results for the same position. 
The numbers in the fourth column are the results of dividing those of the 
third column by 1, 2, 3, 4, 5, respectively, and agree very well together, 
proving that the positions coincide with nodes. If the positions had coincided 
with loops, the numbers of the third column would have been in the ratios 
1 : 3 : 5 : 7 : 9. The wave-length of the sound was thus 31.2 mm., corre- 
sponding to pitch f" #. 

A few observations were made a t  the same time on the positions of the 
silences, as estimated by the ear listening through a tube. As was to be 
expected, they coincided with the loops, bisecting the intervals given by the 
flame. When the flame was in a position of minimum effect, and the free 
end of the tube was held close to the burner at  an equal distance from the 
reflecting wall, the sound heard was a maximum, and ditninished when the 
end of the tube was displaceci a little in either direction. I t  may therefore 
be taken as established that the flame is afïected where the ear would not be 
affected, and vice versâ. 

Aerial Vibratiolzs of very Low Pitch maintained by Flames. 

I n  a lecture " On the Explanation of certain Acoustical Phenomena*," 
1 showed the production of a pure tone of about 95 vibrations per second 
from a glass resonator and a hydrogen-flame. With a larger resonator of the 
same kind-a globe with a short neck, intended for showing the combustion 
of phosphorus in oxygen, the pitch is 64 vibrations per second. 1 have lately 
made some further experiments, with the view of finding whether there is 
any obstacle to the maintenance by flames of vibrations of still lower 
frequency. The resonator, whose natural pitch is 64, was fitted with a paste- 
board tube 2 inches in diameter and 14 inches long. In  this condition its 
calculated frequency-f. is about 25 ; and it was found that vibrations could be 
maintained by a hydrogen-flame, or even by a flame of common gas. The 
supply-tube should be of considerable length; and the orifice must not be 
much contracted Although the intensity of vibration was such as to make 
i t  a matter of difficulty to keep the flame alight, scarcely anything could be 
heard. 1 saw no reason to doubt that still slower vibrations might be main- 
tained by flames. 

I n  illustration of the mechanics of this subject, an apparatus mas con- 
trived, in which by the aid of electricity a periodic communication of heat to 
a limited mass of air could be effected. By means of a perforated cork one 
leg of a U-tube containing inercury was fitted air-tight'to the neck of an 

* Pr0ceedin.g~ of the Royal Institution, March 15, 1875. Natiwe, vol. xvnr. p. 319. [Art. LV.] 
) T h e q  of Sound, vol. I I .  $ 307 (8). [l inch=2.54 CU.] 
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inverted bottle of about 200 cub. centims. capacity. The diameter of the 
column of mercury was about 1 centim., and the length of thé column about 
25 centims. The combination constituted a resonator, differing from an 
ordinary air resonator by the substitution of mercury for air in the channel 
joining the inteiior of the vesse1 with the external atmosphere. Inside the 
bottle was a spiral of fine platinum wire, at  one end in communication 
through the cork with one pole of a battery of two or three small Grove cells. 
The other end of the platinum spiral was connected with a copper wire, 
which terminated in the U-tube near the equilibrium position of the 
mercury surface. The second pole of the battery was in permanent con- 
nexion with the outer extremity of the mercury column. As the merciiry 
vibrates, the circuit is periodically completed and broken. The current 
passes, and the platinum wire glows, when the mercury rises in the leg 
connected with the bottle. Thus the communication of heat occurs when 
the air in the interior is condensed by the vibration, which is the necessary 
condition for maintenance, as is explained in the lecture referred to. 

Rijke's Notes on a large scale. 

The production of sound in tubes by heated gauze was discovered by 
Rijke*, and is perhaps the most interesting of al1 the cases in which vibra- 
tions are maintained by heat. The probable explanation is given in the 
Royal-Institution lecture. I t  is surprising that the phenomenon is not more 
generally known, as on a large scale the effect is extremely striking. 1 have 
employed a cast-iron pipe 5 feet long and 46 inches in diameter, hung over a 
table from a beam in the roof of my laboratory. The gauze (bon wire) is of 
about 32 meshes to the linear inch, and may advantageously be used in two - 
thicknesses. It should be moulded with a hammer on a circular wooden 
block of somewhat smaller diarneter than that of the pipe, and will then 
retain its position in the pipe by friction. When i t  is desired to produce the 
sound, the gauze caps are pushed up the pipe to a distance of about a foot, 
and a gas-flame from a large rose-burner is adjusted underneath, a t  such a 
level as to heat the gauze to a bright red heat. For this purpose the vertical 
tube of the lamp should be prolonged, if necessary, by an additional length of 
brass tubing. In making the adjustment a more convenient view of the 
interior of the pipe is obtained with the aid of a small piece of looking-glass 
held obliquely underneath. Sometimes a sound is excited by the flame itself 
independently of the gauze. This should be avoided if possible, as i t  impedes 
the due heating of the gauze. When a good red heat is attained the flame 
is suddenly removed, either by withdrawing the lamp or by stoppirig the 
supply of gas. In  about a second the sound begins, and presently rises to 
such intensity as to shake the room, after which it gradually dies away. The 
whole duration of the sound may be about 10 seconds. 

* Pogg. A m .  CVII. 339, 1859. 
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Mutual In$uence of Organ-Pipes nearly in unison. 

The easiest way of approaching the consideration of this subject is to 
take the case of an open or stopped pipe, divided into two similar parts by a 
rigid barrier along its middle plane. In  the absence of the barrier, the 
vibrations of the two halves under the action of the wind are in the same 
phase; and at  first sight there appears to be no reason why this state of 
things should be disturbed by the barrier. Nevertheless it is well known t o  
physicists that the two halves do in fact take opposite vibrations, with the 
result that the sound in the external air a t  a distance from the compound 
pipe is a small fraction only of that due to either half acting alone. In the 
pipe itself the vibration is more, and not less, intense on account of the 
barrier. It is trne that at  the very beginning of the sound, when the wind 
first cornes on, the vibrations in the two halves are similar, as is evidenced 
by the greater loudness ; but the opposition of phase is rapidly established, 
usually in a fiaction of a second of time. As a system with two degrees of 
freedom, the compound pipe is capable of two distinct modes of vibration, in 
one of which the vibrations of the component pipes are in the same phase, 
and in the other in opposite phases. Why the action of the wind shoiild 
maintain the latter mode of vibration to the exclusion of the former has not 
hitherto been explained; but the fact remains that that mode of vibration, 
which depends for its possibility upon the barrier, is chosen in preference to 
the other mode, which is not dependent upon the barrier, and in the absence 
of the barrier is the one necessarily adopted. 

The two possible modes of vibration have, as in almost al1 such cases, two 
distinct periods of vibration, the difference depending upon the behaviour of 
the air just outside the open ends. In consequence of the inertia of the 
external air at  an open end, the effective length of a pipe exceeds its actual 
length by about six-tenths of the radius. The increment of effective length 
is therefore greater in the case of the compound column of air when its parts 
vibrate in the same phase, than i t  would be for either of the parts if rernoved 
from the influence of the other. On the other hand, when the vibrations are 
in opposite phases, the increment must be much less, one component pipe 
absorbing the air discharged from the other. Accordingly one note of the 
compound pipe is graver, and the other, which is the one actually sounded, is 
more acute, than the natural notes of the component pipes when supposed to 
act independently of one another. 

In order to show this effect it is not necessary that the two pipes be 
similar, or even of exactly the same pitch. If two pipes in  approxiinate 
unison be placed so that their open ends are contiguous, a mutual influence 
is exerted, which is usually sufficient to prevent the production of beats. 
The examples about to be given will show that the unison ueed not be 
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exact; but the greater the deviation from unison, the more intense is the 
residual sound. Beyond the limit of the admissible departure from unison, 
beats ensue; but a t  first they are irregular, and liable to be disturbed by 
very slight causes, such as draugbts of air. According to theory, the 
frequency of the beats ought to be a little greater than the difference of the 
frequencies of the notes given by the pipes independently; but 1 have not 
been able to detect the difference experimentally. I t  would therefore seem 
that over most of the range for which the mutual influence is sensible and 
regular, i t  is sufficiently powerful to prevent more than one note being 
sounded. 

I n  the experiments that 1 have tried, the pipes were blown from a 
bellows provided with n special regulator, and the pitches of the various 
notes were determined by counting the beats for 20 seconds between them 
and a somewhat sharper note on a harmonium. Sometimes the blown ends 
of the pipes were near together, and sometimes (in the case of open pipes) 
the unblown ends; but during the course of an experiment the positions of 
the pipes were not altered. In  order to prevent a pipe speaking, 1 placed 
some cotton-wool over the wind-way, and sometimes inserted a stopper; so 
that the pitch of the pipe as a resonator was entirely altered. The following 
are the details of some of the observations :- 

1. Sept. 23. Open metal pipes about 2 feet long, one of them provided 
with an adjustable paper slider for modifying the pitch. Blown ends near 
one another; unblown ends distant. 

Beats per second with harmonium-note. 

One pipe alone. Other pipe alone. Both pipes together. 

4.5, 4 5  5.0, 4% 3.2, 3.1 ; 

so that the note given by both pipes together is decidedly sharper than 
those of the separate pipes. 

II. Sept. 23. Same pipes as in 1. Unblown ends near one another; 
blown ends distant. 

Beats per second with harmonium-note. 

One pipe alone. Other pipe done. Both pipes together. 

8.8 5.1 3.8 

III. Sept. 25. Same pipes placed parallel to one another at  a distance 
of about 14  inches. 

Beats per second with harmonium-note. 
One pipe alone. Other pipe alone. Both pipes together. 

5.15, 5.20 5.30, 5-45 5.00, 5.15 
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The note of both pipes together is somewhat higher than the notes of 
the single pipes. 

IV. Sept. 26. Same pipes. Unblown ends near ; blown ends distant. 

Beats per second. 

One pipe alone. Other pipe alone. Both pipes together. 

5.80, 5.85 7.15, 7.50, 7.43 5-35, 5-50, 5-45 

V. Sept. 26. Two bottles, tuned with water to about g, were blown by 
wind issuing from flattened tubes connected with the bellows by lengths of 
india-rubber tubing. When the bottles were sufficiently removed from one 
another, the mutual influence was very small, being insufficient to prevent 
the formation of slow and pretty steady beats of about four seconds' period. 
This experiment shows that the mutual influence depends upon the proximity 
of the open ends of the pipes, and not upon any effects propagated through 
the supply-pipes leading from a common bellows. 

Some further remarks on this subject will be forind in a paper read 
before the Musical Association, Dec. 2, 18'18. Reference may also be made 
to some allied experiments by Gripon*, with which 1 have only lately beconie 
acquainted. They appear scarcely to extend to the case with which 1 have 
principally occupied myself, namely that in which both pipes are blown. 
M. Gripon h?d, however, anticipated me i n  the experimental determination 
of the effect of a flange in modifying the correction for an open end-)- of a 
pipe. 

Kettledmnzs. 

The theory of the vibrations of uniform and uniformly stretched flexible 
circular membranes, vibrating in vacuo, has been known for many yearsf. 
In  practice deviations from such theoretical results are to be expected, if 
only in consequence of the reaction of the air, which must operate with 
considerable force on a vibrating body exposing so large a surface in propor- 
tion to its mass. I n  the case of kettledrums, the problem is further com- 
plicated by the action of the shell, which limits the motion of the air on one 
side of the membrane. 

From the facts that kettledrums are struck, not in the centre, but 
at  a point about midway between the centre and edge, we may infer that the 
vibrations which i t  is desired to excite are not of the symmetrical class. 1 
find, indeed, that the sound undergoes little, if any, change when the central 
point is touched by the finger. Putting therefore the symmetrical vibrations 

* A m .  d .  Chim. vol. I I I .  p. 371, 1874. 
1- Phil. Nag. June, 1877. [Art. XLVI. p. 319.1 
$ Thecny of Sound, ch. IX. 
§ De Pontigny. P1,oceedinya of the Ztuiical Association, Feb. 1876. 
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out of account, we have to consider the parts played by vibrations of the 
following modes :-(1) that with one nodal diameter and no nodal circle; 
(2) that with two nodal diameters and no nodal circle; (3) that with three 
nodal diameters and no nodal circle; (4) that with one nodal diameter and 
one nodal circle, &c. The investigation proved to be of greater difficulty 
than 1 had expected, partly in consequence of the short duration of the 
sounds. Better ears than mine are liable to be puzzled in attempting to 
analyse compound sounds of such complication and irregularity: The follow- 
ing results, however, are believed to be trustworthy. 

The principal tone corresponds to mode (1) ; the tone corresponding to 
(2) is about a Jifth higher ; that of mode (3) is about a major seventh above 
the principal tone ; the tone of mode (4) is a little higher again, forming an 
imperfect octave with the principal tone. For the corresponding modes of a 
uniform membrane vibrating in vncuo, the theoretical intervals are those 
represented by the ratios 1.34, 1.66, 1.83, or about a fourth, a major sixth, 
and an interval nearly midway between a major and a minor seventh, 
respectively. 

I n  experimenting on this subject it is important to bear in mind that the 
system of tones is really double, and that its components coincide only on the 
supposition of perfect symmetry. In  practice the requirement of symmetry 
is difficult to attain even approximately; and thus i t  is that beats are 
generally heard, arising from the superposition of vibrations of nearly equal 
frequency. For the purpose of identifying the various modes, the want of 
symmetry is rather advantageous than otherwise. I n  the case of the gravest 
mode, 1 fastened with cement a small load (a halfpenny) to a point of the 
membrane situated about halfway between its centre and edge. In this way 
the two gravest tones fell asunder to about a semitone, one of them (the 
graver) being excited alone by a blow anywhere along the diameter through 
the load, the other alone by a blow anywhere along the perpendicular 
diameter. With the aid of a resonator tuned to the pitch of the subordinate 
tone, the nodal diameters of the two modes (1) may be fixed with great 
precision by the absence of beats. With a resonator tuned to a pitch 
midway between those of the two tones, the beats are most distinct when the 
blow is delivered at  a point near the iniddle of one of the four quadrants - 
formed by the two nodal diameters ; but the position necessary for the niost 
distinct bests varies with the pitch of the resonator, and also with the 
sitnation of the observer. I t  may be remarked that, provided the deviation 
from symmetry be moderate, the same vibrations (except as to phase) are 
excited, whether a blow be delivered at any point, or a t  the other point on 
the same diameter equally distant from the centre; and vibrations excited 
by striking one point are damped by touching the other. The other modes 
with nodal diameters only were identified in a similar way. The mode (4) 
with a nodal circle is known by the cessation of sound a t  a particular point 
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wnen various places along a radius are tried ; on either side of this point the 
sound revives. 

The drum that 1 examined is of about 25 inches diameter; and the form 
of the shell is nearly hemispherical. During the experiments the pitch of 
the principal tone was about 120 vibrations per second. The vibrations were 
excited by a small wooden hammer, such as is used for harmonicons, the head 
being covered with cotton-wool tied on with string. For the graver tones 
the thickness of the cotton-wool may with advantage be greater than for 
higher tones. 

1 am not in a position to decide the question as to the function of the 
shell; but 1 think i t  at least doubtful whether i t  introduces any really 
advantageous modification into the relations of the component tones. It is 
possible that its advantage lies rather in obstructing the flow that would 
otherwise take place round the edge of the membrane. I t  must be remem- 
bered that the sounds due to the various parts of a vibrating membrane 
interfere greatly. In  the case of a membrane simply stretched upon a hoop, 
and vibrating away from al1 obstacles, no sound at  al1 would be heard a t  
points in the prolongation of its plane. And even when there is a shell, no 
sound wo~ild be heard a t  points on the axis of symmetry, a t  least if the 
symmetrical vibrations may be left out of account. 

The Bolian E a ~ p .  

So far as 1 am aware, i t  has always been assumed by writers who refer to 
this subject that the vibrations of the string are in the plane parallel to the 
direction of the wind ; and, indeed, the action of the wind in maintaining the 
motion is usually explained as the result of friction, and as analogous to the 
action of a violin-bow. I t  is more than a year since 1 made some experi- 
ments with the view of testing a suspicion of the incorrectness of this view ; 
and 1 then arrived at the conclusion that the vibrations are in fact executed 
in the plane perpendicular to the direction of the wind. 1 suppose for 
simplicity that the length of the string is perpendicular to the direction 
of the wind, as is usually the case in practice. Recently 1 have repeated 
these experiments in an improved form, and with confirmatory results. 

The best draught is that obtained from a chimney. I n  my later experi- 
ments a fireplace was fitted with a structure of wood and paper, which could 
prevent al1 access of air to the chimney, except through an elongated 
horizontal aperture in the front (vertical) wall. The length of the aperture 
was 26 inches, and the width 4 inches; and along its middle a gut  string 
was stretched over bridges. The strength of the draught could be regulated 
by slightly withdrawing the framework from the fireplace, so as to allow the 
passage of air to the chimney otherwise than through the slit. 
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A fine point of light was obtained from a fragment of a silvered bead 
attached to the string with wax, and illuminated by a suitably placed candle, 
and was observed in the direction of the length of the string through an 
extemporized telescope. In this way there could be no mistake as to the 
actual plane of vibration, or uncertainty as to the direction of the wind over 
the string. The path of the point of light was seen to be nearly rectilinear 
and vertical, showing that the vibration is across the wind. Sometimes the 
path was sensibly elliptic with the major axis vertical. 

When a string is stretched across the slit a t  the bottom of a slightly 
open window, there is usually some difficulty in determining the actual 
direction of the wind where it plays upon the string. On a still night, and 
with a regular fire, the sound is sometimes steady for a long time, but it is 
wonderfully sensitive to the ~light~est changes in the draught. On one 
occasion i t  was found impossible to open a distant door so slightly as not to 
stop the sound, which would revive in a few seconds after the door was 
closed again. A piece of paper no larger than the hand thrown upon the 
fire (which was burning without flame) altered the draught suficiently to 
stop the sound until the heated air due to its combustion had passed up the 
chimney. It is the irregularity, and not, as has been asserted, the insuffi- 
cient intensity, of the wind which prevents the satisfactory performance of 
the harp in the open air. 
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INVESTIGATIONS I N  OPTICS, WITH SPECIAL REFERENCE 
TO THE SPECTROSCOPE. 

[Phil. May. VIII. pp. 261-274, 403-411, 477-486, 18'79 ; 
IX. pp. 40-55, 1880.1 

§ 1. Resolv.ing, o r  Separating, Power of Optical Instruments. 

ACCORDING to the principles of common optics, there is no limit to 
resolving-power, nor any reason why an object, sufficiently well Iighted, 
should be better seen with a large telescope than with a small one. In order 
to explain the peculiar advantage of large instruments, i t  is necessary to 
discard what may be looked upon as the fundamental principle of common 
optics, via. the assumed infinitesimal charncter of the wave-length of light. 
I t  is probably for this reason that the subject of the present section is so 
little understood outside the circles of practical astronomers and mathe- 
matical physicists. 

I t  is a simple consequence of Huyghens's principle, that the direction of 
a beam of limited width is to a certain extent indefinite. Consider the case 
of parallel light incident perpendicularly upon an infinite screen, in wtiich is 
eut a circular aperture. According to the principle, the various points of the 
aperture may be regarded as secondary sources emitting synchronous vibra- 
tions. In  the direction of original propagation the secondary vibrations are 
al1 in the same phase, and hence the intensity is as great as possible. In 
other directions the intensity is less; but there will be no sensible dis- 
crepancy of phase, and therefore no sensible diminution of intensity, until the 
obliquity is such that the (greatest) projection of the diameter of the aperture 
upon the direction in question amounts to a sensible fraction of the wave- 
length of the light. So long as the extreme difference of phase is less than 
a quarter of a period, the resultant cannot differ much from the maximum ; 
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and thus there is little to choose between directions making with the 
principal direction less angles than that expressed in circular measure by 
dividing the quarter wave-length by the dianieter of the aperture. Direct 
antagonism of phase,commences when the projection amounts to half a wave- 
length. When the projection is twice as great, the phases range over a 
complete period, and it might be supposed a t  first sight that the secondary 
waves would neutralize one another. I n  consequence, however, of the pre- 
ponderance of the middle parts of the aperture, complete neutralization does 
not occur until a higher obliquity is reached. 

This indefiniteness of direction is sometimes said to be due to " diffrac- 
tion" by the edge of the aperture-a mode of expression which 1 think 
misleading. From the point of view of the wave-theory, i t  is not the 
indefiniteness that requires explanation, but rather the smallness of its 
amount. 

If the circular beam be received upon a perfect lens, an image is formed 
in the focal plane, in which directions are represented by points. The image 
accordingly consists of a central disk of light, surrounded by luminous rings 
of rapidly diminishin; brightness. It was under this form that the problem 
was originally investigated by Airy*. The angular radius 8 of the central 
disk is given by 

in which h represents the wave-length of light, and 2R the (diameter of the) 
aperture. 

I n  estimating theoretically the resolving-power of a telescope on a 
double star, we have t o  consider the illumination of the field due to the 
superposition of the two independent images. If the angular interval 
between the components of the star were equal to 28, the central disks 
would be just in contact. Under these conditions there can be no doubt 
that the star would appear to be fairly resolved, since the brightness of the 
external ring-systems is too small to produce any material confusion, unless 
indeed the components are of' very unequal magnitude. 

The diminution of star-disks with increasing aperture was observed by 
W. Herschel ; and in 1523 Fraunhofer formulated the law of inverse propor- 
tionality. In investigations extending over a long series of years, the 
advantage of a large aperture in separating the components of close double 
stars was fully examined by Dawes?. I n  a few instances i t  happened that a 
small companion was obscixred by the first bright luminous ring in the image 
of a powerful neighbour. A diniinution of aperture had then the effect of 

* Canab. Phil. T ~ a n s .  1834. 
t Nen~. As t~on .  SOC. vol. X X X V .  
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bringing the smaller star into a more favonrable position for detection; but 
in general the advantage of increased aperture was very apparent even when 
attended by considerable aberration. 

The resolving-power of telescopes was investigated also by Foucault *, 
who employed a scale of equal bright and dark alternate parts: it was found 
to be proportional to the aperture and independent of the focal length. I n  
telescopes of the best construction the performance is not sensibly prejudiced 
by outstanding aberration, and the limit imposed by the finiteness of the 
waves of light is practically reached. Verdett has compared Foucault's 
resixlts with theory, and has drawn the conclusion that the radius of the 
visible part of the image of a luminous point was nearly equal to the half of 
the radius of the first dark ring. 

Near the margin of the theoretical central disk the illumination is 
relatively very small, and consequently the observed diameter of a star-disk 
is sensi bly less than that indicated in equation (l), how much less depending 
in  some measure upon the brightness of the star. That bright stars give 
larger disks than faint stars is well known to practical observers. 

With a high power, say 100 for each inch [2.54 cm.] of aperture, the 
sharpness of an image given by a telescope is necessarily deteriorated, the 
apparent breadth of a point of light being a t  least 8+ minutes. In  this case 
the effective aperture of the eye is inch. In  his paper on the limit of 
rnicroscopic vision:, Helmholtz has shown that the aperture of the eye 
cannot be much contracted without impairing definition-from which it 
follows that the limit of the resolving-power of telescopes is attained with a 
very moderate magnification, probably about 20 for each inch in the aperture 
of the object-glass or mirror. 

We have seen that a certain width of beam is necessary to obtain a given 
resolving-power ; but i t  does not follow that the whole of an available area of 
aperture ought to be used in order to get the best result. As the obliquity 
to the principal direction incïeases, the first antagonism of phase which sets 
in is between secondary waves issuing from marginal parts of the aperture ; 
and thus the operation of the central parts is to retard the formation of the 
first dark ring. This unfavourable influence of the central rays upon 
resolving-power was well known to Herschel, who was in the habit of block- 
ing them off by a cardboard stop. The image due to an annular aperture 
was calculated by Airy; and his results showed the contraction of the central 
disk and the auginented brightness of the surrounding rings§. More recently 

Ann. de l'observ. de Paris, t. v. 1858. 
1. Lecons d'optique Physique, t. I. p. 309. 
$ Pogg. dnn. Jubelband, 1874. 
§ See al80 Astron. Nonth. Notices, XXXIII. 1873. [Art. xrx.] 
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this siibject has been ably treated by M. Ch. André*, who has especially 
considered the case in which the diameter of the central stop is half the full 
aperture How far it would be advantageous to carry the operation of 
blocking out the central rays would doubtless depend upon the nature of the 
object under examination. Near the limit of the power of an instrument a 
variety of stops ought to be tried. Possibly the best rays to block out are 
those not quite a t  the centre (see 5 2). 

The fact that the action of the central rays may be disadvantageous 
shows that in the case of full aperture the best efïect is not necessarily 
obtained when al1 the secondary waves arrive in the same phase at  the focal 
point. If by a retardation of half a wave-length the phase of any particular 
ray is reversed, the result is of the sarne character as if that ray were 
stopped. Hence an exactly parabolic figur.e is not certainly the best for 
mirrors. 

The character of the image of a luminous line cannot be immediately 
deduced from that of a luminous point. It has, however, been investigated 
by M. André, who finds that the first minimum of illumination occurs at a 
somewhat lower obliquity than in the case of a point. A double line is 
therefore probably more easily resolvable than a double point; but the 
difference is not great. I n  the case of a line the minirnti, are not absolute 
zeros of illumination. 

$ S. Rectangular Sections. 

The diffraction phenornena presented by beams of rectangiilar section 
are simpler in theory than when the section is circular; and they have a 

practical application in the spectroscope, when the beam is limited by prisms 
or gratings rather than by the object-glasses of the telescopes. 

Supposing, for convenience, that the sides of the rectangle are horizontal 
and vertical, let the horizontal aperture be a and the vertical aperture be b. 
As in 5 1, there will be no direct antagonism among the phases of the 
secondary waves issuing in an oblique horizontal direction, imtil the obliquity 
is such that the projection of the horizontal aperture a is equal to &A. At 
an obliquity twice as great the phases range over a complete period ; and, 
since al1 parts of the horizontal aperture have an equal importance, there is in 
this direction a complete absence of illumination. In  like manner, a zero of 
illumination occurs in every horizontal direction upon which the projection 
of a amounts to an exact multiple of X. 

The cornplete solution of the present problem, applicable to al1 oblique 
directions, is given in Airy's Tracts, 4th edition, p. 316, and in Verdet's 
Leçons, t. I. p. 465. If the focal length of the lens which receives the beam 

+ lcÉtude de la Diffraction dans les Instruments d'optique," Ann. de l'École N o m .  v. 1876. 
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be ,f, the illumiriation I2 ab a point in the focal plane whose horizontal and 
vertical coordinates (measured from the focal point) are f ,  v, is given by 

the intensity of the incident light being unity. The image is traversed by 
straight vertical and horizontal lines of darkness, whose equations are respec- 
tively 

sin ( ~ a f [ h f )  = 0, sin ( ~ b ~ l h f )  = O. .................. (2) 

The calculation of the image due to a luminous line (of uniform intensity) 
is facilitated in the present case hy the fact that the law of distribution of 
brightness, as one coordinate varies, is independent of the value of the other 
coordinate. Thus the distribution of brightness in the image of a vertical 
line is given bv 

the same law as obtains for a luminous point when horizontal directions are 
alone considered. I t  follows from (3) that in the spectroscope* the dejînition 
is independent of the vertical aperture. 

In order to obtain a more precise idea of the character of the image of a 
luminous line, we must study the march of the function IL-%inZ u. The roots 
occur when 26 is any multiple of T, except zero. The maximum value of the 
function is unity, and occurs when u = O. Other maxima of rapidly diminish- 
ing magnitude occur in positions not far removed from those lying midway 
between the roots. The image thas consists of a central band of half width 
corresponding to u = T, accompanied by lateral bands of width T, and of 
rapidly diminishing brightness. The accompanying Table and diagram 
(fig. 1) will give a sufficient idea of the distribution of brightness for Our 
purpose. 

* [1899. Where the edges of the prisms are vertid.]  
27-2 
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The curve ABCD represents the values of z r 2  sin2u from u = O to u = 3 ~ .  
The part corresponding to negative values of u is similar, OA being a line 
of symmetry. 

Fig. 1. 

Let us now consider the distribution of brightness in the image of a 
double line whose components are of equd strength and at  such an angular 
interval that the central line in the image of one coincides with the first zero 
of brightness in the image of the other. I n  fig. 1 the curve of brightness for 
one component is ABCD, and for the other OA'C' ; and the curve represent- 
ing half the combined brightnesses is E'BEE: The brightness (corresponding 
to B) midway between the two central points A, A' is -8106 of the brightness 
at  the central points themselves. We inay consider this to be about the 
liinit of closeness a t  which there could be any decided appearance of resolu- 
tion. The obliquity corresponding to u = rr is such that the phases of the 
secondary waves range over a complete period, i.e. such that the projection 
of the horizontal aperture upon this direction is one wave-length. We con- 
clude that a double line cannot be fairly ~esolved unless its components subtend 
an angle exceeding that subtended by the wave-length of light ut a distance 
equal to the horizontal aperture*. 

This rule is convenient on account of its simplicity ; and it is sufficiently 
accurate in view of the necessary uncertainty as to what exactly is meant by 
resolution. Perhaps in practice somewhat more favourable conditions are 
necessary to secure a resolution that would be thought satisfactory. 

If the angular interval between the components of the double line be half 
as great again as that supposed above, the brightness in the middle is .1802, 
viz. (2 x .0901), as against 1.0450, viz. (1 + .0450), at the central line. Such 
a falling off in the middle must be more than sufficient for resolution. If 
the angle subtended by the components of the double line be twice that 

In the spectroscope the angular width of the dit should not exceed it moderate fraction of 
the angle defined in the text, if full resolving-power be wanted. 
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subtended by the wave-length at  a distance eqnal to the horizontal aperture, 
the central bands are just clear of one another, and there is a line of absolute 
blackness in the rniddle of the cornbined images. 

On the supposition that a certain horizontal aperture is available, a 
question (similàr to that considered in 5 1) arises, as to whether the whole of 
it ought to be used in order to obtain the highest possible resolving-power. 
From fig. 1 we see that our object must be to depress the curve ABCD at  
the point B. Now the phase of the resultant is that of the waves coming 
from the centre; and at  the obliquity corresponding to B the phases of the 
secondary wavee range over half a period. I t  is not difficult to see that the 
removal of some of the central waves will depress the intensity-curve at B, 
not only absolutely, but relatively to the depression produced at  A. I n  
order to illustrate this question, 1 have calculated the illumination in the 
various directions on the supposition that one-sixth of the horizontal aperture 
is blocked off by a central screen. In this case the amplitude is represented 
by the function f, where 

f = u-l {sin zc - sin (Qu)), . . . . . . . . . . . .. . . . . . . . . . . . . . . (4) 

and, as usual, the intensity is represented by f a. 

TABLE II. 

The third and sixth columns show the intensity in various directions 
relatively to the intensity in the principal direction (u = 0); and the curve 
ABCD (fig. 2) exhibits the same results to the eye. A comparison with 
Table 1. shows that a considerable advantage has been gained, the relative 
illumination at  B being reduced from -4053 to .3205. On the other hand, 
the augmented brightness of the first lateral band (towards C )  may be 
unfavourable to good definition. The second bright lateral band (towards D) 
is nearly obliterated. The curve E'BEF represents the resultant illumina- 
tion due to a double line whose components are of the sarne strength, and 
at the same angular interval as before. The relatively much more decided 
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drop a t  B indicates a considerable irnprovement in resolving-power, at  least 
on a double line of this degree of closeness. 

Fig. 2. 

The increased importance of the first lateral band is a necessary conse- 
quence of the stoppage of the central rays; for in this direction the resultant 
has a phase opposite to that of the rays stopped. The defect inay be avoided 
in great measure by blocking out rays somewhat removed from the centre on 
the two sides, and allowing the central rays themselves to pass. As an 
example, 1 have taken the case in which the two parts stopped have each a 
width of one-eighth of the whole aperture, with centres situated at the 
points of trisection (fig. 3). 

Fig. 3. 

The function f suitable to this case is readily proved to be 

f = u-l bin u - 2 sin (+A) cos (Qu)}. . . . . . . . . . . . . . . . . . . ( 5 )  

The values of .f and f2 + f: are given in Table III. ; and the intensity-curve 
ABGD is shown in fig. 4. 

TABLE III. 
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The depression a t  B is even greater than in fig. 2, while the rise a t  C is 
much less. Probably this arrangement is about as efficient as any. 

Fig. 4. 

1 have endeavoured to test these conclusions experimentally with the 
spectroscope, using the double soda-line. The horizontal aperture of a single 
prism instrument was narrowed by gradually advancing cardboard screens 
~intil there was scarcely any appearance of resolution. The interior rays were 
blocked out with vertical wires or needles, adjiisted until they occupied the 
desired positions when seen through the telescope with eye-piece removed. 
With the arrangements either of fig. 2 or of fig. 4 zi, very decided improve- 
ment on the full aperture was observed ; but there was no distinct difference 
between these two arrangements themselves. Indeed, no siich difference 
was to be expected, since the brightness of the first lateral band has no bad 
effect on the combined images, as appears froni the curve E B E F  (fig. 2). 
Under other circumstances the influence of the bright lateral band might be 
more unfavourable. 

In powerful spectroscopes the beam is often rendered unsymmetrical in 
brightness by absorption. I n  such cases an improvement would probably be 
effected by stopping some of' the rays on the preponderating side, for which 
purpose a sloping screen might be used giving a variable vertical aperture. 
It should be noticed, however, that i t  is only when the vertical aperture is 
coustant that the image of a luminous lirie is immediately deducible from 
that of a luminous point. 

5 3. Optical Power of Xpectroscopes. 

As the power of a telescope is measured by the closeness of the double 
stars which it can resolve, so the power of a spectroscope ought to be 
measured by the closeness of the closest double lines in the spectrum which 
it is competent t o  resolve. I n  this sense it is possible for one instrument to 
be more powerful than a second in one part of the spectrum, while i n  another 
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part of the spectrum the second instrument is more powerful than the first. 
The most striking cases of this inversion occur when one instrument is a 
diffraction-spectroscope and the other a dispersion-spectroscope. If the 
instruments are of equal power in the yellow region of the spectrum, the 
former will be the more powerful in the red, and the latter will be the more 
powerful in the green. I n  the present section 1 suppose the material and 
the workmanship to be perfect, and omit from consideration the effects of 
unsymmetrical absorption. Loss of light by reflection or by uniform absorp- 
tion has no effect on resolving-power. Afterwards 1 propose to examine the 
effect of some of the errors most likely to occur in practice. 

So far as relates to the diffraction-spectroscope, the problem of the 
present section was solved in the Philosophicul Magazine for March, 18'74 
[Art. XXX. p. 2161. 1 there showed that if n denote the number of lines on 
a grating and m the order of the spectrum observed, a double line of wave- 
lengths and h + 6h, will be just resolved (according to the standard of 
resolution defined in the previous section), provided 

which shows that the resolving-power varies directly as m. and n. When the 
ruling is very close, m is always srnall (not exceeding 3 or 4) ; and even when 
a considerable number of spectra are formed, the use of an order higher than 
the third or fourth is often inconvenient in consequence of the overlapping. 
But if the difficulty of ruling a grating may be measured by the total 
number of lines (n), i t  would seem that the intervals ought not to be so 
small as to preclude the convenient use of at  least the third and fourth 
spectra. 

I n  the case of the soda double line the difference of wave-lengths is a 
very little more than so that, according to (l), about 1000 lines are 
necessary for resolution in the first spectrum. By experiment 1 found 1130*. 

" Since a grating resolves in proportion to the total number of its groûves, 
i t  might be supposed that the defining-power depends on different principles 
in the case of gratings and prisins; but the distinction is not fundamental. 
The limit to definition arises in both cases from the impossibility of repre- 
senting a line of light otherwise than by a band of finite though narrow 
width, the width in both cases depending on the horizontal aperture (for a 
given X). If a grating and a prism have the snme horizontal aperture and 
dispersion, they will have equal resolving-powers on the spectrum." 

* In my former paper this number is gisen as 1200. On reference to my notebook, 1 find 
that 1 then took the fuli width of the grating as an Englisli inch. The 3000 lines cover a Paris 
inch, whence the abose correction. From the nature of the case, however, the experiment does 
not admit of much accuracy. 
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At the time the above paragraph was written, 1 was under the impres- 
sion that the dispersion in a prismatic instrument depended on so many 
variable elements that no simple theory of its resolving-power was to be 
expected. Last autumn, while engaged upon some experiments with prisms, 
1 was much struck with the inferiority of their spectra in comp~trison with 
those which 1 was in the habit of obtaining from gratings, and was led to 
calculate the resolving-power. 1 then found that the theory of the resolving- 
power of prisms is almost as simple as that of gratings. 

Let AoBo (fig. 5) be a plane wave-surface of the light before i t  falls 
upon the priems, AB the corresponding wave-surface for a particular part of 
the spectrum after the light has passed Fig. 5. 
the prism or after i t  hm passed the eye- 
piece of the observing-telescope. The 7 
path of a ray from the wave-surface BO 

BOBO to  A or B is determined by the 
condition that the optical distance, repre- 
sented by Jpds, is a minimum; and as 
AB is by supposition a wave-surface, this optical distance is the same for 
both points. Thus 

........................ J,u ds (for A )  = Jp ds (for B). (2) 

We have now to consider the behaviour of light belonging to a neighbour- 
ing part of the spectrum. The path of a ray from the wave-surface AoBo 
to A is changed ; but in virtue of the minimum property the change may be 
neglected in calculating the optical distance, as i t  influences the result by 
quantities of the second order only in the change of refrangibility. Ac- 
cordingly the optical distance from AoBo to A is represented by J(p + 8,~)  ds, 
the integration beiug along the path A,.  .. A ; and, similarly, the optical 
distance between A,B, and B is represented hy J(p + Gp) ds, where the 
integration is along the path Bo...  B. In  virtue of (2) the difference of 
the optical distances is 

JGPds (along Bo.. . B) - JG&s (along A,.  .. A) .  ............ (3) 

The new wave-surface is formed in such a position that the optical distance 
is constant; and therefore the dispersion, or the angle through which the 
wave-surface is turned by the change in refrangibility, is found simply 
by dividing (3) by the distance AB. If, as in common flint-glass spectro- 
scopes, there is only one dispersing substance, JGpds= Gp.s, where s is 
simply the thickness traversed by the ray. If we cal1 the width of the 
emergent beam a, the dispersion is represented by Gy. (s, - s,)/a, s, and s, 
b e i q  the thicknesses traversed by the extreme rays. In a properly con- 
structed instrument s, is negligible, and s, is the aggregate thickness of 
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the prisms a t  their thick ends, which we will cal1 t ;  so that the dispersion 
(8) is given by 

t b e=- .......................... .. ..... 
a (4) 

By 5 2 the condition of resolution of a double line whose components 
subtend an angle 8 is that 8 must exceed X/a. Hence from (4j, in order 
that a double line may be resolved whose components have indices p and 
p + aC1, it is necessary that t should exceed the value given by the following 
equation, 

which expresses that the relative retardation of the extreme rays due to the 
change of refrangibility is the same (A) as that incurred without a change 
of refrangibility when we pass from the principal direction to that corre- 
sponding to the first minimum of illumination. 

That the resolving-power of a prismatic spectroscope of given dispersive 
material is proportional to the total thickness used, without regard to the 
number, angles, or setting of the prisms, is a most important, perhaps the 
most important, proposition in connexion with this subject. Hitherto in 
descriptions of spectroscopes far too much stress has been laid upon the 
amount of dispersion produced by the prisms; but this element by itself 
tells nothing as tu the power of an instrument. It is well known that by a 
sufficiently close approach to a grazing emergence the dispersion of a prism 
of given thickness may be increased without limit ; but there is no carre- - 
sponding gain in resolving-power. So far as resolving-power is concerned, 
it is a matter of indifference whether dispersion be effected by the prisms or 
by the telescope. Two things only are necessary :-first, to use a tliickness 
sxceeding that prescribed by (5); secondly, to narrow the beam until it can 
be received by the pupil of the eye, or rather, since with full aperture the 
eye is not a perfect instrument, until its width is not more than one-third or 
one-fourth of the diameter of the pupiL 

The value of expression (3) on which resolving-power depeuds is readily 
calculable in al1 cases of practical interest. For a compound prism of flint 
and crown, 6p. t is replaced by 

6p . t - 6p'. t', ................................. (6) 
where t and 1' denote the respective thicknesses traversed, and 6p, +' the 
corresponding variations of refractive index. 

The relation between 6p and 66X may generally be obtained with sufficient 
approximation from Cauchy's formula 
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The value of B varies of course accordiiig to the material of the prisms. 
As an example 1 will take Chance's " extra-dense flint." The indices for C 
and the more refrangible D are* 

p, = 1.650388, p,= 1.644866 ; 
so that 

po - pc= '005522. .............................. 
Also 

(9) 

X, = 5.889 x IO-&, Xc= 6.562 x IO-5, 

the unit of length being the centimetre; whence by (i'), 

B = ,984 x 10-O .............................. (10) 
Thus by (5) and (8), 

h4 
t e -  2B6X - 

............ .." .......... 1 o1° h4 
(11) 

For the soda-line, 

and thus the thickness necessary to resolve this line is given by 

t = 1.02 centimetres. ........................... (12) 

The number of tirnes the power of a spectroscope exceeds that necessary to 
resolve the soda-lines might conveniently be taken as its piactical measure. 
We learn from (12) that, according to this definition, the power of an 
instrument with simple prisms of " extra-dense glass " is expressed approxi- 
mately by the number of centimetres of available thickness. 

In order to confirm this theory, 1 have made soine observations on the 
thickness necessary to resolve the soda-lines. The prism was of extra-dense 
glass of refractive index very nearly agreeing with that above specified, and 
had a refracting angle of 60". Along one face sliding screens of cardboard 
were adapted, by which the horizontal aperture could be adjusted until, 
in the judgment of the observer, the line was barely resolved. A soda-flame 
was generally used, though similar observations have been made upon the 
D lines of the solar spectrum. When the adjustment was complete, the 
aperture along the face of the prism was measured, and gave a t  once the 
equivalent thickness, i.e. the diffe~ence of thicknesses traversed by the 
extreme rays, since the prism was in the position of minimum deviation. 
Care, of course, was taken that no ordinary optical imperfections of the 
apparatus interfered with the experiment. 

One observer, familiar with astronomical work, fixed the point of 
resolution when the thickness amounted to from 1.00 to 1.20 centimetre. 

Hopkinsou, Proc. Roy. Soc. June 1877. 
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1 was myself less easily satisfied, requiring from 1.35 to 1.40 centimetre. 
But even with a less thickness than 1 centirrietre, i t  was evident that the 
object under examination was not a single line. With the same prism 
1 found the thickness necessary to resolve b,b, in the solar spectrum to 
be about 2-5 centimetres. According to (I l ) ,  the thickness required for b,b, 
should be 2.2 times that required for D,D,. Probably something depends 
upon the relative intensities of the cornponent lines. 

From (1) and (11) we see that if a diffraction and a dispersion instrument 
have equal resolving-powers, 

rnnh3. t = -  ZB ' ................................. (13) 

so that the power of a dispersion instrument relatively to that of a 
diffraction instrument varies inversely as the third power of the wave- 
length. 

For the kind of glass considered in (IO), and for the region of the 
D lines, 

To find what thickness is necessary to rival the fourth spectrum of a grating 
of 3000 lines, we have merely to put m = 4, n = 3000 ; so that the necessary 
thickness is about 12Q centimetres-a result which abundantly explains the 
observations which led me to calculate the power of prisms. 

§ 4. Infience of Aberration. 

In  the investigations of § 2 the wave-surface was considered to be plane, 
or (after passing through a condensing lens) spherical. As al1 optical 
instruments are liable to aberration, it is important to inquire what effects 
are produced thereby upon the intensity-curves, and especially to ascertain 
at what point a sensible deterioration of definition ensues. The only work 
bearing upon the present subject with which 1 am avquainted is Sir G. Airy's 
investigation " of the intensity of light in the neighboiirhood of a caustic * " ; 
but the problem considered by bim relates to an unli~mited beam. 

Considering in the first place the case of a beam of rectangular section, 
let us suppose that the aberration, or error of phase, is the same in al1 
vertical lines, so t,hat the actual wave-surface is cylindrical. With origin at 
the centre and axis of x horizontal, the aberration may be expressed in the 
forin 

c~ + f& + .................................... (1)  

* Camb. Phil. Tram. vol. VI. 1838. 
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No terms appear in x or g2: the first would be equivalent to a general 
turning of the beam; and the second would imply imperfect focuesing of 
the central parts. In  many cases the circumstances are symmetrical with 
respect to the centre; and then the first term which occurs is that con- 
taining x4. But in general, since the whole error of linear retardation which 
we shall contemplate is exceedingly small in comparison with other linear 
magnitudes concerned in the problem, the term in x3 is by far the more 
important, and those that follow may be neglected. 

As in the case of no aberration (treated in 5 2), the distribution of 
brightness in the image of a point is similar along every vertical line in 
the focal plane ; and therefore the image of a vertical line follows the same 
law of brightness as applies in the case of a point to positions situated along 
the axis of E. The phase of the resultant at  any point is by symmetry the 
same as that of the secondary wave issuing from the centre (x= 0); and 
thus the amplitude of the resultant is proportional to 

I n  Sir G. Airy's problem the upper limit of the integral (2) is infinite. 
Fortunately for my purpose the method of calculation employed by him 
is that of quadratures, and the intermediate results are recorded (p. 402) 
in sufficient detail. I n  order to bring (2) into conformity with Airy's 
notation, we must take 

21rc$ = &~rw=, 2.1~xElhf = - & ~ T W  ; ............... (3) 
we thus obtain 

cos 4 7  (os - mm) do, .................... (4) 

in which the upper limit of the integral is the cube root of the extreme 
aberration expressed in quarter-periods. For example, the upper limit is 
unity when the phase a t  one extremity is a quarter-period in advance, 
and that a t  the other extremity a quarter-period in the rear, of the phase a t  
the centre. 

The influence of aberration may be considered in two ways. We may 
suppose the aperture (a) constant, and inquire into the effect of an 
increasing aberration (c); or we may take a given value of c (ie. a given 
wave-surface), and examine the effect of a varying aperture. To the latter 
comparison Airy's results are more immediately applicable. The following 
Table, easily derived from that given by him, exhibits the values of 
!cos + a ( o 3  - mm) do, between the limits specified in the headings of 
columns 2, 3, 4, 5. The results are applicable at once to the comparison 
of the amplitude-curves corresponding to various apertures, since the 
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relation of m to f in (3) is independent of a. To obtain intensities, it 
would be necessary to square the numbers given in the Table. 

Value of m From O to 1.26 From O to 1.44 From O to w 

The second column relates to the case where the aperture is such that 
the aberration between the extremities and the centre is one quarter 
of a period, or (which is the same thing) where the wave-surface at t,he 
extremities deviates by a quarter wave-length from the tangent plane at 
the central line of inflection. I t  will be seen that the position of maximum 
illumination deviates sensibly from the centre (m = 0, & = O). This is no more 
than might have been expected, since the plane which most nearly coincides 
with the actual wave-surface is inclined to the central tangent plane. The 
third column relates to an aperture about a fourth part larger, for which the 
extreme aberration is (1.26)3 quarter-periods or nearly half a period, and the 
fourth column relates to an aperture such that the extreme aberration 
amounts to about three-quarters of a period. 

From columns 2 and 3 we see that an increaae of aperture up to that 
corresponding to an extreme aberration of half a period has no il1 effect 
upon the central band, but it increases unduly the intensity of the first 
lateral band at  m = + 3.2. Indeed the principal objection to much greater 
apertures is this augmented importance of the lateral band. The practical 
conclusion is that the best results will be obtained with an aperture giving 
an extreme aberration of from a quarter to half a period, and that with 
a [still further] increased aperture aberration is not so much a direct 
cause of deterioration as an obstacle to the attainment of that improved 
definition which should accompany the increase of aperture. 
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We will now suppose the aperture given, and examine the effect of 
increasing aberration. I n  applying the tabular results we must have regard 
to the factor (4c)-?, which occurs in (F), and we must take account of the 
variation of the relative scale of m and in passing from one curve to 
another (1: cc m Yb). The resiilts for three cases are expressed graphically 
by the curves in fig. 6. The first, which rises highest, represents the 
intensity a t  the various points of the focal plane when there is no aber- 
ration-the saine as in  fig. 1. The second and third curves represent 

Fig. 6. 

the intensities when the extreme aberrations are a quarter-period and 
half a period respectively. The total areas of these curves are the sanie, 
since the whole quantity of light in the beam is independent of the 
aberration; and this area is equal to that of a rectangle whose height is 
the maximum ordinate OA of the first curve, and width the distance OB 
between O and the first position of zero intensity. It appears that aber- 
ration begins to be distinctly mischievous when i t  amounts to about a 
quarter-period, i.e. when the wave-surface deviates at  each end by a quarter 
wave-length from the true plane. The most marked effect is the increased 
importance of the lateral band on one side, and the approxiinate obliteration 
of the lateral band on the other side. 

When the aberration is symmetrical about the centre of the beam, the 
term in a3 vanishes, and the whole effect is of higher order. I n  general the 
term in & will preponderate; and thus the problem for a symmetrical beam 
resolves itself into the investigation of aberration varying as 9. I n  one 
respect the problem is simpler than the preceding, on account of the 
symmetry of the intensity-curves; but in another i t  is more complicated, 
since the phase of the resultant does not correspond with that of the central 
element. The intensity is represented by 

IRIS - LILLIAD - Université Lille 1 



432 INVESTIGATIONS IN OPTICS, F2 
and i t  requires for its calculation two integïations. These could be effected 
by quadratures; but the results would perhaps scarcely repay the labour, 
especially as the practical question differs somewhat from that here proposed. 
The intensity-curve derived from (5) represents the actual state of t,hings on 
the supposition that the focussing adopted is that proper to a very small 
aperture; whereas in practice the aberration would be in some degree 
cornpensated for by a change of focus, as it is obvious that the real wave- 
surface, being curved only in one direction, could be more accurately 
identified with a sphere than with a plane. 

Soine idea of the effect of aberration may be obtained from a calculation 
of the intensity at  the central point ( E  = O) ,  where i t  reaches a maximum; 
and this can be effected without quadratures by the aid of a series. In 
this case we have instead of ( 5 ) ,  

Now by integration by parts it can be proved that 

whence by separation of real and imaginary parts, and putting x equal 
to unity, 

\lain ( h d )  dx = sin h 

Calculating from these series 1 find 
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Again, 

/:cos (ad) d x  = -64351, !:sin (az4)  d z  = -33363, 

Thus an extreme aberration of one-eighth of a period reduces the 
intensity a t  the central point from unity, corresponding to no aberration, 
to .93'76. With an aberration of one quarter of a period the intensity 
is *84109; and with an aberration of half a period the intensity is reduced 
to '52049. We inust remember, however, that these numbers will be 
sensibly raised if a rearljustment of focus be adinitted. 

I n  most optical instruments other than spectroscopes the section of the 
beam is circular, and there is symmetry about an axis. The calculation 
of the intensity-curves as affected by aberration could be perforrned by 
quadratures from tables of Bessel's functions; but, as in the case last 
considered, the results are liable to a modification in practice froin re- 
adjustment of focus. For the central point we rnay obtain what we require 
from a series. 

The intensity may be represented by 

[P /:cos (w )  rdr] '  + [p /:sin (hi*) 

the scale being such that the intensity is unity in the case of no aberration 
( h  = O). As before, we find 

whence 

cos ( h 9 )  r d ? .  = cos h 

2 /:sin (h7') r d r  = sin h 
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Again, when h = & r ,  

cos (2~1.3  r d r  = 77989, (4r.P) r d r  = '43828, 

Again, when h = T, 

cos ( d )  r d r  = 9 7  40, sin (7rr4) r d ~  = .5048, 

Hence in this case, as in the preceding, we may consider that aberration 
begins to be decidedly prejudicial when the wave-surface deviates from its 
proper place by about a quarter of a wave-length. 

As an application of this result, let us investigate what amount of 
temperature disturbance in the tube of a telescope inay be expected to 
impair definition. According to the experiments of Biot and Arago, the 
refractive index ,u for air a t  temperature tO C. and a t  atmospheric pressure 
is given by 

y-l= 
-00029 

1 + . O W t  ' 

If we take the freezing-point as standard temperature, 

Thus, supposing that the irregularity of temperature t extends through a 
length Z, and produces a retardation of a quarter of a wave-length, 

;t-X=l.llt  x 

or, if we take X = 5.3 x 10+, 
. . .................................... tt =12, (12) 

the unit of length being the centimetre. 

We may infer that, in the case of a telescope-tube 12 centimetres long, 
a stratum of air heated one degree Cent., lying along the top of the tube and 
occupying a moderate fraction of the whole volume, would produce a not 
insensible effect. If the change of temperature progressed uniformly from 
one side of the tube to the other, the result would be a lateral displacement 
of the image without loss of definition; but in general both effects would be 
observable. In longer tubes a similar disturbance would be caused by a 
proportionally less difference of temperature. 

In the ordinary investigations of the aberration of optical instruments 
attention is usually given to a quantity called the longitudinal aberration, 
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which is the distance between the geometiical focus and the point at  which 
the extreme ray meets the axis. In, order to adapt these calculations to 
Our purpose, i t  is necessary to establish the connexion between longitudinal 
aberration and the deviation of the actual surface of the converging 
waves from a truly spherical surface haviug its centre at  the geometrical 
focus. 

If the axis of symmetry be taken as that of z, and the tangent plane 
to the wave-surface as plane of xy, we have as the equation of the ideal 
wave-surface, 

(2- f ) 2 + z 2 + y 2 =  f Z ,  

f being the distance of the focus from the origin ; or if we limit our 
attention to the plane y = O ,  

The actual wave-surface, having a t  the origin the same curvature, is 
represented by 

where K is a constant depending upon the amount of aberration. The 
distance (h) between the surfaces is given by 

The equation to the normal to (14) at  the point (z', z) is 

g - .Zr -- - E - a ~  . 
- 1  x / f + k ~ / f 3 '  

so that when ij = O, 

t = z 1 +  
9 = f + & - ( 1 - 8 ~ ) +  ... 

1 + 4K$/f" f 
If the longitudinal aberration be called Sf, 

where a denotes the angular semi-aperture. Taking the greatest admissible 
value of h as equal to ih, we shall see that 6f must not exceed the value 
given by 

Cf = ................................. (18) 

As a practical example, we may take the case of a single lens of glass 
collecting parallel rays to a focus. With the most favourable curvaturee the 
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longitudinal aberration is about faa; so that a4 must not exceed h/J For a 
lens of 3 feet [91 cin.] focus, this condition is satisfied if the aperture do 
not exceed 2 inches [5.l cm.]. In  spectroscopic work the chroinatic aber- 
ration of single lenses does not come into play, and there is nothing to 
forbid their employment if the above-mentioned restriction be observed. 
1 have been in the habit of using a plano-convex lens of plate-glass, the 
curved side being turned towards the parallel light, and have found its 
performance quite satisfactory. The fact that with a given focal length 
the extreme error of phase varies as the fourth power of the aperture is 
quite in accordance with practical experience; for it is well known that 
the difficulty of making object-glasses for telescopes increases very rapidly 
with the angular aperture. 

When parallel rays fa11 directly upon a spherical mirror, the longitudinal 
aberration is only one-eighth as great as for the most favourably shaped 
lens of equal focal length and aperture. Hence a spherical mirror of 3 feet 
focus might have an aperture of 24 inches, and the image would not suffer 
materially from aberration. 

5. On the Accuracy required in Optical Surfaces. 

Foucault, in the memoir already referred to, was, 1 believe, the first 
to show that the errors of optical surfaces should not exceed a moderate 
fraction of the wave-length of light. In  the case of perpeudicular reflection 
from mirrors, the results of § 4 lead to the conclusion that no considerable 
area of the surface should deviate from truth by more than one-eighth of 
the wave-length. For a glass surface refracting a t  nearly perpendicular 
incidence the admissible error is about four times as great. I t  will be 
understood, of course, that the errors of one surface in an optical train may 
compensate for those of another, al1 that is necessary being that the resultant 
error of retardation rise nowhere to importance. 

I n  the case of oblique reflection a t  an angle +, the error of retardation 
due to an elevation BD (fig. '7) is 

QQ' - QS = BD sec 4 (1 - cos SQQ') = BD sec 4 (1 + cos 24) = 2BD cos +, 
from which i t  follows that an error of given magnitude in the figure of 

a surface is less important in oblique than 
Fig. 7. in perpendicular reflection. At first sight yp  t h i ~  result appears to be contradicted by 

experience; for it is well known to 
,'; 

D 
practical opticians that it is more difficult 

W. .... />,' 

F 
. , to secure a satisfactory performance when 

A B Q' C reflection is oblique. The discrepancy is 
explained in k e a t  measure when we take into account the kind of error 
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to which surfaces are most liable. No important deviation from a sym- 
metrical forni is to be feared ; but a surface intended to be plane may easily 
assume a slight general convexity or concavity. Now in direct reflection, a 
small curvature is readily and almost completely compensated by a sinall 
motion of the eyepiece giving a change of focus; but the compensation 
obtainable in this way is much less perfect when the reflectiou is oblique. 
In the first case the family of surfaces approximating to a plane, which will 
answer the purpose, coincides with the family of surfaces most likely to 
be produced; in the second case the family of ellipsoidal or hyperbolic 
surfaces capable (with suitable focus) of giving good definition contains 
oaly one symmetrical member-the perfect plane. In order to test experi- 
mentally the correctness of the theoretical result, it would be necessary to 
retain the focus suitable to the true surface, and not to allow a readjustment 
by which its errors may be in greater or less degree compensated. 

A further difficulty, not touched by the preceding considerations, still 
remains to be mentioned. I n  the ordinary method of testing plane surfaces 
by measuring the change of focus required when a distant 'point is viewed 
through a telescope, first directly, and then after reflection in the surface, the 
test is found to be more delicate as the reflection is more oblique. The 
explanation of the apparent inconsistency will be best understood by a 
calculation of the focal length of mirrors, founded directly upon the 
principles of the wave theory. Let AGB (fig. 8) be an arc of a (parabolic) 
mirror, which reflects parallel rays GA, HD, Fie. 8.  
KB to a focus F. AD =IJ, DF=J CD = t. A 

., 
Q 

In  calculating the retardations of the various 
rays, Fe  will talie as standard the phase a t  P 
of a ray coincident with HD, reflected a t  D c F H 

(as by a plane mirror ADB) instead of a t  C, 
so that the actual retardation at  P of the K 
central ray HCF is 2t. The retardation of ti 

the extreme ray G A F  is A T -  PD, or J(f2+y2) -f. Since P is by 
supposition an optical focus, the phases of al1 the rays rnust be the same, 
and thus 

$/(f"+y2) - f = 2t. .............................. (1) 

If the aperture (2y) be small in proportion to the focal length, 

J( f + y2) - f = aY2/f approximately, 
so that 

In  the l i i i t  i t  is a rnatter of indifference whether f be measured from D 
or from C. If r be the radius of curvature a t  Cj 

IRIS - LILLIAD - Université Lille 1 



438 INVESTIGATIONS IN OPTICS, [ô2 

and f = + r ,  .................................... (3) 
the usual formula. 

When the incidence is oblique, there are different foci in the primary 

Fig. 9. and the secondary planes. Considering first the 
case of the primary plane, let ACB (fig. 9) be 
the mirror, and F the focus. AD = y, CD = t, 
HCD= +. AL is the course which the ray 
GA would take if reflected by the plane surface 
ADB. C is that point of the mirror at  which 
the tangent is parallel to AB. The retardation 
a t  F of the ray GAF is A F  - A L ;  and the 

F retardation of the ray H C F  due to the curvature 
of the mirror is 2t cos 4. These retardations niust be equal ; and thus 

When the aperture is small, J(AL2+ FL2) - AL is approximately +FL2/AL; 
ultimately AL may be identified with f,, the focal length in the primary 
plane, and FL inay be identified ,with y cos 4, so that 

E+ = 2t cos 4, .............................. 
2fi 

(4) 

Thus i t  appears that, so far as the priinary focal length is concerned, the 
diminished retardation of the central ray due to obliquity is outweighed 
by the corresponding diminution of effective aperture (FL) ; but although in 
consequence of obliquity a greater change of focus (estimated from that 
required for the plane surface) is necessary in order t o  get the Lest result, 
still, if no change of focus be admitted, the error due to curvature is 
less sensible in oblique than in direct reflection. 

The preceding discussion assumes that the same extent of surface is 
used in al1 cases. I n  testing planes by reflection i t  often happens that a 
greater extent of surface is used in the case of obliquity, the field being 
limited by the object-glass of the telescope rather than by the reflecting 
plane. Under such circumstances the loss of definition (with focus un- 
altered) due to curvature is aggravated by obliquity. 

I n  the secondary focal plane there is no diminution of effective aperture 
due to obliquity. Instead of (4) we have 

................................. = 2t cos 4, (6) 
26 
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In this case the favourable effect of obliquity shows itself directly in the 
increased value off,. 

Fig. 10. 
P 

We will now consider the effect of errors in a refracting surface. The 
error of retardation due to an elevation BD is 

p COS + COS +' + CL sin + sin $' - 1 
= BD 

COS + 
p  cos 4 cos y- (1 - sin2 4) 

= BD = BD (p cos +' - cos +), 
cos c$ 

since 
p sin +' = sin +. 

As a function of obliquity p  cos +' - cos + is least ( p  - 1) when the obliquity 
is zero; it is greatest 2 / (@ - 1) when the obliquity is 90". Thus the 
retardation for a given error of elevation increuses somewhat with the 
obliquity, being in the case of glass about twice as great at  a grazing 
as at a perpendicular incidence. 

Before concluding this section, i t  may be worth while to point out how 
the principles of the wave theory rnay be applied directly to calculate the 
focal length of lenses. The relative retardations of the rays D A F  and RCF 
(fig. 11) are evidently A P -  CF and (p - l ) t ,  if t denote the thickness 
of the lens a t  the centre. Thus, if AC = y, E% =J; 

approxirnately. For glass p -  1 = a  nearly; so that the old rule*, that 
"in glass lenses the half-breadth is Fig. 11. - 

a mean proportional between the 
thickness and the focal length," is 
more scientific than the usual formula 
in terms of the radii of curvature. 
I f '  the lens do not terminate in a 
sharp edge, we may take as the B 

effective thickness the difference of the thicknesses a t  the centre and a t  
the edge. 

* Coddington's Optics, p. 96. 
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For an oblique central pencil, the focal lengths in the two principal 
planes may be obtained as in the case of the inirror. They take the form 

in wliich, if we please, we may substitute for t its value in terms of the 
radii of curvature, viz. 

§ 6. The Aberration of Oblique Pencils. 

In  treatises on geometiical optics it is usual to calculate the aberrations 
of n~irrors and lenses for direct pencils, but in the case of oblique pencils to 
rest satisfied with determining the primary and secondary focal lengths. 
For most purposes indeed astigmatism is a worse defect than aberration, 
so that in the presence of the former i t  is not worth while to consider 
the latter; but in this respect the spectroscope is an exception, and 
the completion of its theory requiies the consideration of the aberration 
of oblique pencils. 

The reason of this peculiarity is not dificult to see. When a luminous 
point is observed through an optical instrument affected wit,h astigmatism, 
there are three notable representations of i t  to be obtained by varying the 
focus. At the prinîary and secondary foci the point is represented by 
perpendicular lines of small width, and at  a particular intermediate position 
by a circle of light, called the circle of least confusion. I n  most cases the 
last representation would be the best; but if the object under examination 
be itself a uniformly luminous line parallel to one or other of the focal lines, 
the best resrilt will evidently be obtained at  the corresponding focus. 
Under these circumstances the image is not prejudiced by the astigmatism, 
and its perfection depends upon the amount of aberration. In  the case 
of a properly adjusted spectroscope the slit is parallel to the edges of 
the prisms, and the spectrum is seen with best definition a t  the primary 
focus. 

The aberration that we have now to consider is of lower order than 
that which affects symmetrical pencils, and therefore, when i t  occurs, is 
presumably of greater importance. Before calculating its amount in 
particular cases, i t  will be convenient to consider the general character 
of the effects produced by it. The axis of the p e n d  being taken as 
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axis of z, let the equation of the wave-surface, to which al1 rays are 
normal. be 

The principal focal lengths are p and p'. In the case of symmetry p and P' 
are equal, and the coefficients of the terms of the third order vanish. The 
aberration then depeiids upon t e m s  of the fourth order; and even these 
are made to vanish in the f o r m u l ~  for the object-glasses of telescopes by 
the selection of suitable curvatures. I f  this be effected, the outstanding 
aberration will be of the sixth order; whereas in the case of unsymmetrical 
pencils, even if we should succeed in destroying the terms of the third order, 
there will still remain an aberration of the fourth order. It follows that 
every effort should be made to retain symmetry about the axis; but in  the 
case of the spectroscope this is usually iinpossible. If we could secure a 
perfect parallelism of the incident light, and perfectly flat faces for our 
prisms, we should indeed get rid of aberration, and a t  the same time 
render ourselves independent of the adjustments of the spectroscope; for 
jt is evident tliat no repetition of refractions a t  plane surfaces, however 
situated, could disturb the original parallelism of the light. The fact that 
most large spectroscopes are more or less sensitive to maladjustment of 
the prisms proves either that the faces are not flat, or that it is difficult to 
obtain a sufficiently accurate adjustment of the collimator. We shall suppose 
that the faces of the prisms are surfaces of revolution, so that it is possible 
by proper adjustments to render everything symmetrical with respect to 
a plane bisecting at right angles the refracting edges. I f  p be the primary 
focal lengtli, this plane is that represented by y = 0, and the equation of the 
wave-surface reduces to 

terms of higher order being omitted. 

The constants u and y in (2) may be interpreted in terms of the 
differential coefficients of the principal radii of curvature. By the usual 
formula, the radius of curvature a t  the point x of the intersection of (2) with 
the plane y = O is approximately p (1 - 6apx). Since y = O is a principal 
plane throughout, this radius of curvature is a principal radius of the 
surface; so that, denoting it by p, we have 

In  the neighbourhood of the origin the approximate value of the product of - 
the principal curvatures is 

1 6 m  2yx -/+,+ -. 
PP P P 
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Thus 
8p 6p' - 6ax 2yx 8 ,  =---- -- +-; 

whence by (3); " 
(k ) P'P' P"P d P 

1 dp' 
y=-2p'a &. ........ " ...................... (4) 

The equation of the normal a t  the point x, y, z is 

and its intersection with the plane r = p occurs at  the point determined 
approximately by 

............ f = - p (3ax2 + yy2), r]=-- P'-  P 2pyzy, 
P ' (6) 

terms of the third order being omitted. 

According to geometrical optics, the thickness of the image of a luminous 
line a t  the priinary focus is determined by the extreme value of f ;  and 
for good definition in the spectroscope i t  is necessary to reduce this 
thickness as much as possible. One way of attaining this result would 
be to narrow the aperture; but, as we have seen in preceding sections, 
to narrow the horizontal aperture is really to throw away the peculiar 
advantage of large instruments. The same objection, however, does not 
apply to nanowing the vertical aperture; and in many spectroscopes a 
great improvement in definition may be thus secured. In  general i t  is 
necessary tha.t both y and ci be small. Since the value of f is independent 
of p', i t  would seem that in respect of definition there is no advantage 
in avoiding astigmatism. 

We will now examine more closely the character of the image at  the 
primary focus in the case of a pencil of circular section. Unless p' = p, 
the second term in the value of q may be neglected. The rays for which 
x2 + ya = ~"ntersect the plane = p in the parabola 

and the various parabolas corresponding to different values of r differ from 
one another only in being shifted along the axis of E. To find out how much 
of the parabolic arcs are included, we observe that for any given value of r 
the value of 7 is greatest when x = O. Hence the rays starting in the 
secondary plane give the remainder of the boundary of the image. Its 
equation, formed from ( 6 )  after putting x = O, is 
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and represents a parabola touching the axis of at  the origin. The whole 
of the image is included between this parabola and the parabola of form (7) 
corresponding to the maximum value of r. 

The width of the image when q = O  is 3apr2, and vanishes when a =  O, 
i.e. when there is no aberration for rays in the primary plane. I n  this case 
the two parabolic boundaries coincide, and the image is reduced to a linear 
arc. If further y=0 ,  this arc becomes straight, and then the image of 
a luminous line is perfect (to this order of approximation) nt the primary 
foclis. I n  general i f  y = O, the parabola (7) reduces to t,he straight line 
q = 0 ;  that is to say, the r a p  which start in the secondary plane remain 
in that plane. 

We will now consideï the image formed a t  the secondary focus. Putting 
r = p' i n  (5), we obtain 

1 

@ 3 z ,  q = - 2yp/xy. ..................... 
P 

(9) 

If y = 0, the secondary focal line is formed without aberration, but not 
otherwise. I n  general the curve traced out by the rays for which z2+ y2= r2, 
is 

"P - P/W = ...................... (4) 5' + *y2p2p"E' 
P-P 

(10) 

in the form of a figure of eight symmetrical with respect to both the axes. 
The rays starting either in the primary or in the secondary plane pass 
through the axis of f ,  the thickness of the image being due to the rays 
for wliich x = y = r/1/2*. 

This subject can be illustrated without difficulty by experiment. A 
radiant point is obtnined by admitting sunlight into a darkened room 
through a lens of short focus placed in the window-shiitter. A real image 
of the radiant is received upon a piece of ground glass and examined from 
behind. To render the light approximately homogeneous, a piece of red 
glass is employed. The following results relate to an equiconvex lens of 
6 inches [ l5  cm.] aperture and about 3 feet [91 cm.] focus, on which the 
light falls obliquely. 

As the screen is moved gradually back from the lens, the illuminated 
area diminishes. At  a certain point it begins to double back upon itself, 
until a t  the primary focus the whole area is double. The light is seen to be 
very unequally distribiited. At the edges, corresponding to the boundary 
of the lens, the illumination is feeble; while a t  the folded edge, corresponding 
to the central vertical line of the lens, a caustic is formed. On this account 

1 have lately found that the aberration of unsymmetrical pencils was very generally treated 
by Sir y. Hamilton in his work on S y s t e m  of Rays. Even if 1 could have supposed Hamilton's 
results to be known to the reader, the investigation in the text would still be necessary, BR my 
purpose ia very different from his. In  the general theory (with p and 6 finite) there is no 
distinction between the primary and secondary images. 
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i t  would seem that curvatnre of the primary focal line is a worse fault than 
thickness for the purposes of the spectroscope. 

The accompanying figures show the general character of the image at 
the primary focus under various circumstances. The thick line represents 
the folded and highly illuminated edge, the thin line the double edge 
corresponding to the margin of the lens. The quantities u, v,, v, are the 
distances from the lens of the radiant point, the primary, and the secondary 
focus respectively, expressed in inches. 

Fig. 12. Fjg. 13. Fig. 14. Fig. 15. Fig. 16. 

I n  al1 these cases the line of intersection of the plane of the lens 
with the screen lies to the right of the diagram. I t  will be seen that the 
primary focal line is thin, though curved, when v,= u. This is true in 
general for an equiconvex lens, as may be shown from considerations of 
symme try. 

. Experimenting on a plano-convex lens held a t  an obliquity of about 30°, 
1 found that the focal lines were far better formed when the convex side 
was turned towards parallel rays than when the dat side was so turned. 
The theory, which 1 subsequently investigated, is given in the following 
section. 1 think that spherical lenses inclined a t  the most suitable obliquity 
might in many cases, perhaps in star-spectroscopes, replace cylindrical lenses. 
If it were necessary to cause no convergency at  al1 in the secondary plane, 
a cornpensating concave lens, held perpe~dicularly, would be used. 

§ 7. Aberration o f  Lenses ahd P~isms.  

The following investigation refers to the aberration of rays in the primary 

Fig. 17. plane. Let Q be a radiant point in air, from 
which rays fa11 upon the spherical surface of *+ glass APB, of radius r.  We reyuire an 
approximate expression for the length of 
any ray QP referred to that of a standard 
ray QA. 

POA = o, QAH = +, 
Q'- &A = u. P A  = 2r sin (3 w). 

Q Q A P = & r + + + i o .  

QP = u" 4r%in2 &o + 4r21 sin 4 w sin (#I + 3o), 
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so that as far as the, cube of w, 

Similady if Q' be any other point, and Q'd = u', Q'AH = +', 

If QP, Q'P be incident and refracted rays corresponding to o = 8, the condi- 
tion must be satisfied that 8 (QP) = p8 (Q'P) as w passes from the value 9 to 
8+8û. Thus 

r cos2 +) û -- sin $I (1 + 3r cos #J 3r2 cos2 + 81 
u 2 ZG + 7) 

If &A, Q'A be also corresponding rays, sin $I - p sin +'= O, as appears by 
supposing 8 = 0 in (3, which then becomes 

3rû sin 9 ) =,.' (cos y + ?Y') (1 - , 

If we make 19 = 0 in (4), ' 

the usual formula for the primary focus. For our present purpose 6 is small, 
but it is not zero. 

We will now apply the fundamental formula (4) to the case of a lens 
whose thickness can be neglected in comparison with the rad3 of curvature 
and the distances of the foci. The pencil is supposed to fa11 centrically, so 
that the angle of incidence at  the second surface is equal to the angle of 
refraction a t  the first surface. The distance corresponding t o  P A  is the 
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same for both surfaces, and will be denoted by y. Thus, for the first 
refraction, 

For the second refraction we have to interchange 4 and +', writing s for r, 
d for 71, p-l for p, and v for uf. Thus 

By addition of (6) and (7), and writing for brevity c for cos + and c' for cos $', 

3ysin 4 cf 1 1 c  c2 1 c  3 -T{+f)-ZI(F+i)+;(;+i)}. m . . . . . . . .  (8) 

The quantity within brackets in (8) may be'written 

On substitution for c'"/v - c2/u of its approximate value from (S), ( l / r  - 11s) 
becomes a factor of the whole expression, and we get 

Again, from (5) with sufficient approximation for our purpose, 

so that the bracket in (5) assumes the form 

From (6) and ('I), 
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Using this in (9), we get 

so that 

From this we see at  .once that in the case of an equiconvex or equiconcave 
lens, for which l / r  + 11s = 0, the aberration vanishes if l l u  + llv = O, i.e. if 
the primary focus be a t  the same distance on one side of the lens as the 
radiant point is on the other. 

For some purposes a more convenient expression may be obtained by 
substituting for v its approxirnate value. Writing p' for pcl/c, we get 

If the incident rays be parallel, u = m , and the aberration vanishes when 

If the second surface be plane (s = a, ), this condition is 

For a refractive index p= 1.5, the value of + which makes pl = 1.62 is 
about 29". This is the obliquity at  which s plano-convex lem of plate glass 
must be held in order to give a thin primary image. A more refractive lens 
must be held at  a less obliquity. If the refractive index exceed 1.62, there 
is no position of the lem for which the iniage is free from aberration. 

Froin the above forrnuls there is no difficulty in calculating the aberra- 
tion due to any combination of lenses. As an example 1 will take the case 
of two lenses [of similar glass and] of equal focal length, inclined at equal 
angles but in opposite directions to the axis of the pencil. Denoting the 
radii of the second lens by r' and s', the final focal length v' is to be found 

. . . . /.Le' - c * [1899. The fraction --- representing the ratio in which the focal length is altered 
(/A - 1) c2 ' 

by obliquity, has the following approximate expression . . .  

2/.L+1 . 1 + -- sin2 #J + term in sin4 9.1 
2~ 
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from ( I l )  in combination with 

By addition, 

If the lenses be of the same curvatures and be siinilarly turned, r' = r, s'= S.  

The aberration then varies as (l/u - l/vf), and cannot vanish. 

If  the lenses be of the sarne curvature and be 
Fig. 18. turned opposite ways (fig. 18), r'=-s, s' = -r. 

The aberration is proportional to 

1 1  1 1  

or, on substitution of the approximate value of l lu  - llu', 

where, as before, 

Thus the combination 

p' = ,.' cos c$'/cos +. 
is aplanatic, independently of the value of u, if 

By supposing the light to be parallel between the lenses, we obtain (13) as a 
particular case of (16). 

We will next investigate the aberration in the case of a pnsm with flat 
faces on which divergent or convergent light falls a t  the angle of minimum 
deviation. From (4), with notation similar to that employed above, 

ca - 1 -  3y  ) = ( -  sin 4 cla 
2u' 

................ 
U (17) 

cla 3y' sin 4') - - - c2 (1 + ............. ( + )  v 2v (18) 
and 

i : y = u' + 1 : u', ........................... ..(19) 

Z denoting the length of the path of the axis of the pencil within the prism. 
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If y be neglected, 
c"cr2 -=- pcf2 cc" ......................... u+-L = ; 
u u" (20) 

whence 

so that 

Accordingly (18) becomes 

From (17') and (23), by multiplication, 

Again, from (17),  

pcf% jl + 3y sin 4 (p2cr2 - ut=----- . . .  (25) 
c2 2p2ctau, 

From (24)  and (25), . . 
c21 3y sin 4 (p2 - 1) ............. v=u+-  + ( 1  + &) 
pcta j.Lacra (26) 

I n  most cases Z/u is negligible in the small term, and the longitudinal 
aberration is simply 

SV = 
3y sin 4 - 1 )  .......................... 

p2cf2 (27 )  

'I'he linear width of the image is 8v. O, where 6 denotes the angular semi- 
aperture ; and the angular width of the image is 8vO/u, or, since y cos +lu = O, 

To apply this result to the spectroscope, i t  is convenient to compare (28)  
with the angular deviation due to an alteration of refractive index from 
p to /L + Sp. This is equal to 

26p sin +' 26p sin + 
-- =- ........................... 

cos + pcos + (29 )  
If (28) and (29) be equal, 

3 8 " ~  - p-9 Sp - cos " /  ' ...m....................... (30) 

which determines the degree of confusion of refrangibilities produced by the 
aberration. 
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For a glass prism, p  - p-' differs very little from unity. If the refi.a.cting 
angle be 60°, cos2 +' = 9, and thus 

By (8), (IO), § 4, the value of Gp for the soda-lines in the case of a prisni of 
" extra-dense glass " is 5.8 x 10-~. Hence, if the image of one soda-line just 
touch the image of the other, 0 =.0054, or the distance u must be about 100 
times the width of the beam where i t  falls upon the prism. With sinall 
instruments, whose whole resolving-power is only a sinal1 multiple of that 
necessary to re~olve the soda-lines, i t  is possible to work without a collimator 
by allowing a distance of 10 or 20 feet between the slit and the prisnls ; but 
in the case of powerful instruments a pretty accurate adjustment of the 
collimator is indispensable. 

The next thing to consider is the effect of curvature in the faces of 
prisms. We shall neglect Z, the length of path within the prism, as sinall in 
comparison with the other distances concerned; its influence is doubtless no 
more important than when the faces are tlat. From (4), 

3y sin + 12 2 , ..... .(32) (;+f)(1- 2 u ) = P ( % + ; ) ( 1 -  -- 

giving by subtraction 

1 1 3y sin + c' cf 2cf2 
= p l ( ; - ; ) -  (; +;+-7). 

Hence 

The condition that there shall be no aberration requires that the quantity 
within brackets vanish. In order to discuss i t  further i t  will be convenient 

IRIS - LILLIAD - Université Lille 1 



G21 WITH SPECIAL REFERENCE TO THE SPECTROSCOPE. 45 1 

to express u and v in terms of u'. By the original equations, y being 
neglected, 

c -  /da pc' - c ,."cf II' - l - - -- +---=-+- , .................. 
U CU' CT U T 

(33) 

pf being written as before for ,ucf/c. 

By substitution of these values in (84) the condition becomes 

This condition assumes a simplified form when r = s, i.e. when one face is as 
miich convex as the other face is concave; i t  is satisfied either by 

In  the first case, by (35), u = - c r ;  so that if the first face be convex, the 
incident rays must be convergent. I n  the second case, 

With general values of r and s, (3'7) may be written 

cl2 1 1 cf 1 1  
2~+1) , l ,+(2d+l) ( -+-) - ,+$(; ,+2)=~ r S U  ,......... ( M )  

which determines the values of su' (if any) for which the aberration vanishes. 
The roots of (40) are real and therefore aplanaticism is possible, if 

be positive. Unless both faces are flat, one must be convex and the othcr 
concave. The limits within which a suitable value of u' will secure aplanati- 
cism are found by equating (41) to zero. The roots are reciprocals, and are 
given by 

If the actual value of s : r be nearer unity than the values deterniined by 
(42), the aberration may be destroyed by selecting for ut one of the roots 
of (40). 
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If, for example, p = 1.62, and the refracting angle be 6O0, p' = 2.392, 

Unless, therefore, the curvatures are opposite and pretty nearly equal, no 
adjustment of the focus of the collimator can destroy the aberration. 

In  any optical instrument whatever, the aberration in the primary plane 
niay be eliininated by sloping one of the lenses to a suitable angle ; but, as 
was sliown in the preceding section, we have also in many cases to contend 
with the aberration of the rays in the secondary plane. The latter aberration 
is more difficult t o  calculate than the former. Among lenses, the only case 
that 1 have investigated is that of a plano-convex lens on the curved side of 
which parallel light falls. I t  appears that the aberration of the rays in the 
secondary plane vanishes when the following relation obtains between the 
refractive index and the obliquity : 

The obliquity is zero when p = 1.62-the saine value of p that gives no 
aberration in the primary plarie for rays of sinal1 obliquity. Neither kind of 
aberration is important for a glass lens of this sort moderately sloped. If 
p = 1-5, ( 43 )  gives + = 73". If p exceed 1.62, (43 )  cannot be satisfied. 

Another case of considerable interest can be investigated more easily. 
It is that of a prism with flat sides, through which convergent or divergent 
light passes. The prism is supposed to be adjusted until the symmetrical 
(horizontal) plane contains the radiant point; but i t  need not be in the 
position of minimum deviation. The problem depends upon the same 
principles as are applied by Professor Stokes* t o  inrestigate the curvature 
of the image of a straight line when seen through a prism. If 0 denote the 
altitude of a ray before it falls upon the prism, û' the altitude of the ray 
within the prism, the horizontal projection of the ray follows a course which 
would be that of an actual ray if the refractive index were changed from 
p to p cos B'lcos O. Since sin O' = p-l sin O, and O, 8' are supposed to be 
small, the virtual change in the refractive index is from p to p + 2 (p - p-l) 8? 
Thus, if 8p represent the range of refrangibilities confused in the resulting 
spectrum of an infinitely thin dit, 

The factor p - p-' is equal to unity when p= 1.62, and for glass will never 
differ much from unity. By comparison with (31) ,  i t  would appear that in 
the case of a 60" prism in the position of minimum deviation, the admissible 
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vertical angular aperture is twice as great as the admissible horizontal 
angular aperture; but, on account of the variable distribution of light in 
the image, this conclusion probably requires modification in favour of the 
horizontal aperture. 

If there is to be no confusion of the two soda-lines when seen with a 
prisrn of extra-dense glass one inch high, the distance of the radiant points 
must exceed four feet. 

Equation (44) is applicable without change to a spectroscope of any 
number of properly adjusted prisms of similar material. 

$ 8. The Design of Xpectroscopes. 

The circutnstances under which spectroscopes are used are so various 
that it is probably impossible to lay down any one construction as absolutely 
the best; but the principles of the foregoing sections allow us to impose 
certain limitations within which the choice of the designer must be confined. 
The first point to be considered is the resolving-power. This, in the case of 
prisinatic instruments of one given material, carries with i t  the total thick- 
ness traversed; and the question is simply in what form i t  is most advan- 
tageous to employ this thickness. The other points to be attended t o  are 
principally illumination, quantity of material, ready applicability to various 
parts of the spectrum, simplicity and ease of construction. 

To a certain extent the requirements of illumination and resolving-power 
are antagonistic. If, indeed, the eye were a perfect instrument, a beau1 of 
diameter equal to that of the pupil would present the full degree of bright- 
ness, and a resolving-power corresponding to the thickness employed. But, 
as was explained in 5 3, in order to obtain the full value of the thickness it is 
necessary further to narrow the beam ; and then illumination suffers. If full 
illumination be required, we must ernploy a thickness three or four times as 
great as that defined by (j), § 3. 

Apart from the question of the area of the pupil occupied by the beam, 
illumination suffers from the effects of absorption and reflectiori. The first 
depends simply upon the thickness traversed, and is therefore an invariable 
quantity when the material and resolving-power are given. Some years 
since i t  was laid down by Pickeringi that in spectroscopes coniposed of 
prisms of the same mnterial and in the position of minimum deviation (which 
disperse equally and admit the same anlount of liglit) tlie loss by absorption 
will be the same. In accordance with whet has just been proved, we aie 
now able to dispense with the restriction to minimum deviation. 

I L  On the Comparative Efficiency of Different Forms of the Spectroscope," Phil. ïiIag. XXXYI. 

p. 41, 1868. 
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In powerful spectroscopes the tranuparency of the nlaterial of which the 
prisms are made is a point of great importance. Some specimens even of 
well-made flint and crown glass examined by Christie* stopped as much as 
half the light in a thickness of 4 inches [ I O  cm.]. Such a degree of absorption 
renders the glass unsuited for instruments of more than moderate power. 
From measurements by Robinson and Grubb?, however, it would seem that 
absorption need not stand in the way of much more powerful instruments 
than any yet attempted. One specimen of Chance's glass was of such 
transparency that 111 inches [282 cni.] would be necessary to reduce the 
transinitted light in the ratio 2.7 to 1. 

The loss of light by reflection depends upon the number of surfaces and 
upon the angles at  which the rays are incident. I t  might be thought that a 
great multiplication of surfaces was necessarily very unfavourable to bright- 
ness; but, as bas been pointed out by Pickering in the paper referred to, 
this difficulty may be overcome by using prisms of such angle that the 
reflected light is perfectly polarized. Under these circumstances half the 
light at least escapes reflection ; and the necessary angles (64" for ordinary 
flint glass) are not otherwise objectionable. The least loss of light is 
incurred when the whole thickness is thrown into one prism of moderate 
angle; but the gain in brightness would rarely compensate for the other 
disadvantages of such a constructionf. 

With regard to the material for prisms, the choice lies principally between 
various kinds of glass and fiuids. It is not without difficulty that g l a s  is 
prepared free from striæ and well annealed; but solid prisms have the great 
advantage that, when once good ones are obtained, there is no further trouble. 
In  consequence probably of the practice of using in al1 cases a standard angle 
of 60°, an exaggerated idea is often entertained of the advantage of great 
density. According to Hopkinson, the differences of indices relative to the 
lines D and B for dense flint, extra-dense flint, and double-extra-dense flint 
are respectively ,0067, ,0075, and ,0091, which numbers are inversely as the 
equivalent thicknesses. 

Of fluids, bisulphide of carbon has the me& of cheapness and very high 
dispersive power, the difference of indices for D and B being -0126. When 
pure, i t  is also in a high degree transparent. On the other hand, its sensi- 
tiveness to variations of temperature is so great ttiat 1" C. makes about nine 
times as great a change of refrangibility as a passage from D, to D,. Great 
precautions are therefore required to preveut inequalities of temperature 
from destroying definition; and frequent shaking is generally necessary. 

* " On the Magnifying-power of the Half-prism as a Means of obtaining great Dispersion, 
and on the general Theory of the Half-prism Spectroscope,>' Proceedings of the Royal Society, 
March 1, 1877. 

t "Description of the Great Melbourne Telescope," Phil. Trans. 1869, p. 160. 
$ [1899. This arrangement, employed by Fraunhofer, has been revived for star spectroacopes.1 
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Some observers have thought that, apart from inequalities of temperature, 
ordinary bisiilphide of carbon tends to arrange itself in strata of different 
refracting-power ; but this does not seem to be established satisfactorily. In  
some recent experiments with a rotating stirrer, introduced with the view of 
promoting uniformity of temperature, 1 obtained evidence of a thin layer of 
moisture floating ori the surface. Under the action of the stirrer this layer 
was broken up and the liquid rendered very irregular. A few lumps of 
chloride of calcium introduced into the liquid absorbed most of the layer; 
but an arrangement such that the free surface remaiiled undisturbed would 
have been preferable. 

MTithin the last few months Prof. Liveing* has proposed the use of a 
solution of iodide of mercury, which is considerably more dispersive than 
even bisulphide of carbon, the difference of indices between D and B aniount- 
ing to '01'1. This liquid is of a yellowish colour, and is hardly sufficiently 
transparent, even a t  the lower end of the spectrum, to make its use advisable 
in very powerful instruments. But for some purposes its great dispersion is 
an important recommendation. Using a single prism of 60" with an aTailable 
thickness of 19 inch, 1 have obtained results which many pretentious instru- 
ments could not surpass. 

Experience has not yet decided the question as to the relative advantages 
of large and small prisms. As generally used, large prisms have the dis- 
advantages of requiring a greater quantity of material for a given thickness 
aud of involving cumbrous and more expensive telescopes. The first might 
be avoided partially, and the second wholly, by the use of higher refracting 
angles, or (perhaps preferably) by the addition of half-prisms to the ends of 

Fig. 19. 

the train (fig. 19). That prisms may act as cylindïical telescopes was 
observed many years ago by Brewstert ; and recently Christie has cou- 
structed half-prism spectroscopes in which this property is taken advantage 
of. In these instruments, however, the total thickness of glass is too small 
for high resolving-power. 

In  the arrangement of fig. 1 9  the rays from the collimator are received on 
diminishing half-prisnis, by which the width of the beaiii is increased up to 

* "On the Dispersion of a Solution of Mercuric Iodide," Canzbridge Proceedings, May 19, 
1879. 

'b Optice (London, 1853), p. 513. 
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the point suitable for the big prisms. Afterwards the rays are concentrated 
by magnifying half-prisms until the width of the beam is the same as at 
first. On this plan the larger prisms need be no higher than small ones; 
and the quantity of glass corresponding to a given total thickness varies as 
the first power, instead of as the square, of the linear dimension. 

1 have experirnented with a pair of 60" prisms, 3 inches thick and only 
2 inch high. The glass is of ratlier low density; so that when the po~it~ion 
of minimum deviation is adopted, the emergent beam is inconveniently wide. 
With this material a larger angle would have been preferable; but much the 
same result may be arrived a t  by turning the prisms a little, so as to increase 
the angle of incidence on the first surface and the angle of emergence from 
the last surface*. In this way the incident and emergent beams are so far 
narrowed that they can be received on small telescopes ; and the combination 
is very economical in comparison with one in which the position of minimum 
deviation is adopted, involving, as i t  would, larger telescopes, and, unless a 
loss of brightness were accepted, higher prisms. 

Another point requiring attention in the discussion of the question of 
large versus small prisms is the relative difficulty of securing the necessary 
accuracy of surfaces in the two cases ; but i t  can hardly be treated satisfac- 
torily à priori. I t  would, however, seem that small prisms have the advan- 
tage in this respect also. 

So far 1 have supposed the prisms to be simple. Of late years cornpound 
prisms of flint and crown have come largely into fashion; and quite recently 
M. Thollon lias revived the use of compound prisms of bisulphide of carbon. 
Mr Christie considers that compound prisms are, on the whole, to be preferred ; 
but 1 cannot help thinking that, except where direct vision is important, 
their advantages have been overrated. The diff'erence of indices in the case 
of crown glass for the rays D and B is ,0035, which is quite sufficiently high 
to come into comparisnn with the corresponding numbers for flint and 
bisulphide of carbon. I n  a direct-vision prisnl the thickness of the crown is 
greater than that of the flint; so that the loss of efficiency is even more 
serious than a mere comparison of the dispersions would suggest. See (6) 5 4. 

The principle of the conipound prism is carried to its limit by employing 
media of equaE refracting-power for the part of the spectrum under examina- 
tion. For this purpose 1 chose bisulptiide of carbon and flint glass. With 
Chance's "dense flint" the refractions are the same, and the difference of 
dispersions relative to D and B is .0056, i e .  about as great as  the difference 
for " double-extra-dense flint " and crown. A dozen glass prisrns of 90" were 
cemented in a straight line on a strip of glass and immersed in bisulphide of 
carbon. The liquid is contained in a tube closed a t  its ends with glass 
plates. The " thickness " of each prism is 1 inch [%54 cnî.] and the height 

* A pair of pri~ms thus arrangea is called by Thollon a couple. 
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[parallel to the refracting edge] about 2 inch, so that the total thickness is 
12 inches [30.5 cm.]. The character of the glass is siich that a t  ordinary 
temperatures the red rays pass without deviation. To observe other parts of 
the spectrum with advantage, i t  is necessary to mix a little ether [or benzole] 
with the bisulphide of carbon in order to lower its power. A similar result 
could be obtained by slightly warming the tube; but this course is not to be 
recornmended. 

The instrument, which was made by Hilger, gave excellent results a t  
times, but showed the usual caprice of bisulphide of carbon. With the 
refracting edges vertical, the definition was usually good for twenty or thirty 
seconds after shaking up, but would often rapidly deteriorate afterwards. 
Although care was taken not to touch the tube with the hands, this effect 
was sometimes so persistent that 1 began to think 1 had evidence of a 
tendency to separate into distinct layers. When the edges of the prisms 
(and dit) were horizontal, the tube being also horizontal as before, the loss of 
definition after shaking still occurred, but coilld be remedied in great measure 
by a change of focus. Further experience, however, led me to attribute these 
effccts to temperature-differences, caused perhaps by the ceiling of the 
laboratory being warmer than the floor. At  any rate, they were greatly 
mitigated by wrapping round the tube strips of copper and numerous folds 
of cloth; and they could be produced with considerable persistency by 
touching the top of the naked tube for a few seconds with the hands. A 
difference of even & of a degree Cent. between the upper and lower halves 
of the ~r i s rns  might be expected to make itself apparent when the edges are 
vertical. The advantages of this construction are the elimination of reflec- 
tion and the almost absolute immunity from defects due to errors in the 
separating surfaces; but they are rather dearly purchased. As rnight be 
expected, the best results as to definition are obtained when the tube is 
vertical ; but such an arrangement is inconvenient, as i t  involves the aid of 
reflectors. Spectroscopes on this plan may perhaps be useful for special 
purposes; but the want of ready adaptability to different parts of the 
spectrum is a serious objection. 

The general result of this discussion would seem to be in favour of a 
spectroscope with simple glass prisms of such angle that the reflected light is 
wholly polarized, the number of prisms being increased iip to the point nt 
which mechanical difficulties begin to interfere. With the aid of reflection, - 
a t  least six prisms may be used twice over. When i t  becornes necessary to 
increase the size of the prisms, considerable economy may be effected by the 
introduction of half-piisms at  the ends of the train, as already explained. 

When the surfaces are not quite flat, or when the focus of the collimator 
is imperfectly adjusted, i t  becomes important to secure a rather exact 
perpendicularity between the edges of the prisms and a plane passing 
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through their middle points ; otherwise the linear iinage of a poiut may not 
be parallel to the length of the dit.  Even when the plane of symmetry is 
obtained, there may remain considerable errors, due to cwvature of the 
iinage, dependent upon the quantity denoted by y in 5 6. Much information 
as to the cause of bad definition may often be obtained by replacing the slit 
by a simple hole and exainining the character of the resultant image. In 
many instruments [with refracting edges vertical] a great improvement is 
effected by narrowing the vertical aperture whenever the light will bear 
diminution. Such a result may be anticipated when with full aperture the 
top and bottom of the spectrum appear better defined than the central parts. 
The principal cause of error is probably a deviation of the extreme rays from 
horizontality in their passage through the prisrns, due either to imperfect 
action of the collimator or to the curved faces of preceding prisrns. 

I t  is not easy to decide mhether the highest resolving-power is more 
likely to be obtained by gratings or by prisms. U p  to a certain point the 
resolving-power of gratings is principally a question of the accuracy witb 
which the lines can be ruled. If the deviations of the lines from their 
proper places do not exceed (say) one-fourth of the interval between consecu- 
tive lines, the definition in the first spectrum will not be materially injured. 
To obtain corresponding results in the 2nd, 3rdJ 4th,. . . spectrum, the errors 
must not exceed 6, +%, 6, ... respectively of the same interval*. Every effort 
should also be made to rule as great a number of lines as possible, even if it 
be necessary for this purpose to reduce their length. 

1 have lately had the opportunity of experimenting with two Rutherfurd 
gratings, one on glass, with nearly 12,000 lines (a present from Mr Rutherfurd 
himself), the other on speculum-metal, with nearly 14,000 lines (kindly lent 
rne by Mr Spottiswoode). The lines are at  the rate of 17,296 to the inch. 

* [1899. This is a consequence of the general principle that errors of phase less than the 
quarter period do not seriously disturb definition. I t  has been suggested that the statement in 
the text is inconsistent with what was proved on p. 210, with regard to the performance of 
a grating composed of two halves, in each of which the ruling is accurate but i s  subject to 
an  alteration of interval in passing from one half to the other. But the standard of accuracy now 
laid down holds good in any case, and the question regarding the performance (in the first 
spectrum) of the compound grating is simply whether the error of placing accumulates so far 
as to reach the amount of the quarter interval. Whether i t  will do so, or not, depends not only 
upon the assumed alteration of interval in the ratio 1000 : 1001, but also upon the total number 
of lines. The ideel grating with which the actual grating ie to be compared must be supposed 
to have an interval equal to the mean of the two, and therefore differing from each by .& part. 
In  the niiddle of the grating the actusl lines lie close to their ideal positions, but deviate 
increasingly on either side. The deviation attains the quarter interval a t  the 500th line, and 
thus if the whole grating include less than 1000 lines, its performance should not be much 
worse than if al1 the lines were accurately placed. The fact, proved on p. 210, that suoh a grating 
would fail to resolve the D-lines is quite in harmony, as  will appear when i t  is remembered that 
an accurate grating of 1000 linee can only just do so. Though not important in the present 
connexion, it may be noted that a part of the error just discussed may be compensated by 
a change of focus. (Enc. Brit. <'Wave Theory," p. 438, 1888.)] 
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Both these gratings give admirable results in the second spectrum, where, 
according to (14) $ 4, the resolving-power in the orange exceeds that obtain- 
able from 25 centinis. of extra-dense flint. In the third spectrum the gain 
of resolving-power is still apparent, but illumination is rather deficient. 

I t  is inuch to be wished that spectroscopists in possession of yowerful 
instruments would compare their actual performances with those of which 
they are theoretically capable. A carefully arranged succession of tests of 
gradiially increasing difficulty, like those applied to telescopes, would be of 
especial value. In  my own observations 1 have usually attended principally 
to the definition of the fine lines bordering b, and to the double line b,. 

For experiments on dark heat, to which in some respects gratings are 
well adapted, resolving-power is secondary to illumination. I n  order to 
avoid confusion of spectra, it would be well to eliminate the second spectrurn 
altogether, which could be effected by ruling equally strong lines at alterriate 
intervals in the ratio of one to three. 

[1899. A direct vision spectroscope, on the principle described on 
pp. 256, 25'7, has recently been constructed (see Proc. Roy. Inst. Marc11 
24, 1899) in which the linear dimension of the prisms is doubled. The 
"thickness" of each prism (along the hypothenuse) is 2 inches, and the 
total thickness for the 10 prisms eniployed is 20 inches. The edges of the 
prisms are horizontal and are disposecl downwards; so that the upper part of 
a rectangular beam of light (which traverses the instrument once) passes 
through 20 inches of "dense flint" glass, while the lower part passes an 
equal thickness of bisulphide of carbon. When with the aid of reflectors 
the light is made to traverse the instrument three tinies, the thickness of 
glass (or CS,) is 60 inches (152 cm.). Used in this way the spectroscope, 
when tested upon the lines E or b of Fraunhofer, perhrms as well as a good 
Rowland grating.] 
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ON REFLECTION OF VIBRATIONS AT THE CONFINES OF 

TWO MEDIA BETWEEN WHICH THE TRANSITION IS 

GRADUAL. 

[Proceedings of the London Mathematical Society, XI. pp. 51-56, 1880.1 

MANY physicists, of whom may be especially mentioned Young, Fresnel, 
Poisson, Green, and Cauchy, have investigated the reflection of light or 
sound at the surface of separation of two uniform media of different 
niechanical properties. The transition from one medium to the other being 
treated as abrupt, the problem is of no great difficulty for the case of plane 
waves incident upon a plane surface of separation. It is of some interest to 
inquire wliat modificatious would be caused by the substitution of a gradual 
for an abrupt transition, and the principal object of this paper is to give the 
details of one particular case, which admits of pretty simple treatment. 

It is evident, from the first, that the transition may be supposed to 
be so gradual that no sensible reflection would ensue. No one would 
expect a ray of light to undergo reflection in passing through the earth's 
atmosphere as a consequence of the gra.dua1 change of density with elevation. 
At first sight, indeed, the case of so-called total retlection may appear to be 
an exception, as it is independent of the suddenness of transition ; but this 
only shows that the phenornenon is inaccurately described by its usual title. 
I t  is, in strictness, a particular case of refraction, rather than of reflection, 
and must be so considered in theoretical work, although, no doubt, the name 
of total reflection will be retained whenever, as in constructing optical 
instruments, we have t o  deal with effects rather than with causes. 

Adniitting, then, that reflection proper is due to suddenness of transition, 
we have still to inquire what degree of suddenness is requisite. It is not 
difficult to see that the quantity with which the thickness of the transitional 
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layer comes into comparison is the wave-length of the vibration; so th&, 
when the thickness is a large multiple of the wave-length, there is little 
reflection, but when, on the other hand, the wave-length is a large multiple 
of the thickness, the reflection is sensibly as copious as if the transition 
were absolutely abrupt. There is thus a considerable distinction, in practice, 
between the cases of sound and of light, the wave-length of the one being 
soine million times greater than that of the other. When sound is reflected 
in air from ordinary solids or liquids, the transition between the media 
may be treated as abrupt with abundant accuracy; but it is not so certain 
that a similar treatment is adequate to the case of light. I t  is probable, 
however, that in the case of light passing from fluids to solids, or from 
one fluid to a second which does not mix with it-e.g., from bisulphide 
of carbon to water-the phenomena are not rnaterially influenced by in- 
suficient suddenness of transition. On the other hand, when the two 
fluids are miscible, i t  would not be easy to complete an experiment behre 
the abruptness of transition is so far broken down by diffusion that the 
thickness of the transitional layer nmounts to a multiple of & of an inch. 

The problem of gradua1 transition includes, of course, that of a variable 
medium. The particular case which 1 have taken is that of a stretched 
string, whose longitudinal density varies as the inverse square of the 
abscissa (ineasured along its length), vibrating transversely. The same 
analysis is stiictly applicable to other cases of vibrations, which 1 need 
not stop to specify, and the results will illustrate the general character 
of the phenomena to be expected in al1 cases. If y, denoting the transverse 
displacement, be proportional to eipt, the equation which i t  rnust satisfy as a 
function of a, is 

- i + n ' ~ ? J = 0 ,  ........................... 
dx2 (1) 

where nZ is aome positive constant, of the nature of an abstract number*. 

The solution of (1) is 
........................... y = A&+;m + BX*-<~,  

where 
(2) 

. m==n2-4. ................................. (3) 

If m be real, that is, if n > &, we may obtain, by supposing A = O ,  as a 
final solution in real quantities, 

y =  C ~ + c o s ( p t  - m log8  + e),  ....................... (4) 
which represents a positive progressive wave, in many respects similar to 
those propagated in uuiform media. 

Let us now suppose that, to the left of the point x =  x,, the variable 
medium is replaced by one of uniform constitution, siich that there is 

Theory of Sound, $ 141. 
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no discontinuity of density at the point of transition; and let us inquire, 
what reflection a positive progressive wave in the uniform medium will 
undergo on arriva1 a t  the variable medium. I t  will be sufficient to consider 
the case where m is real, that is, where the change of density is but 
moderately rapid. 

By supposition, there is no negative wave in the variable medium, so that 
A = O in (2). Thus 

and, when x  = xl, 
4 - im dy = - ................................. 

y j  X I  (") 

The general solution for the uniform medium may be written 

from which, when x = xl, 
G n H - K  dy --- - ydx- x l H + K  .............................. (7) 

In  equation (6), H represents the amplitude of the incident positive 
wave, and K the amplitude of the reflected negative wave. The condition 
to be satisfied at  x = xl is expressed by equating the values of dy/ydx given 
by ( 5 )  and ('7). Thus 

K i ( n - m ) + +  ............................. 
H = i ( n + m ) - 4 '  (8) 

which gives, in syinbolical form, the ratio of the reflected to the incident 
vibration. 

Having regard to (3), we may write (8) in the form 

so that the real amplitude of the reflected wave is & (n + m)-l of that 
of the incident. Thus, as was to be expected, when n and nz are great, 
i e . ,  when the density changes slowly in the variable medium, there is but 
little reflection. 

Passing on now to the more important problern, we will suppose that the 
variable medium extends only so far as the point x = x2, beyond which the 
density retains uniformly its value at  that point. A positive wave travelling 
a t  first in a uniform mediuni of density proportional to x1-=, passes at 
the point x = xl into a variable medium of density proportional to x7, 
and again, at the point x = x2, into a uniform medium of density proportional 
to The velocities of propagation are inversely proportional to the 

IRIS - LILLIAD - Université Lille 1 



6 31 ON REFLECTION O F  VIBRATIONS. 4G3 

square roots of the densities, i.e., Vary as x, so that, if p be the refractive 
index between the extreme media, 

The thickness (d) of the layer of transition is 

The wave-lengths in the two media are given by 

Xi = 27i-x1/n, = 21rx,/n ; 
so that 

2rrd 2rrd 
n = h2- ==-j)x. ....................... (12) 

For the first medium we take, as before, 

giving, when x = x,, 
i n H - K  in0 dy =--- ..................... y d s  x1 H +  K = - X  > (7) 

H - K  
if, for brevity, we write 6 for - H + K '  

For the variable medium, 

y = Ax%+im + B x e n b ,  ........................ (2) 
giving, when x = xl, 

dy - xl-l -- - (4 + im) Axtrn + (2 - im) B8,-inh ............. 
Y &  Ax:~ + .BxI-irn (13) 

Hencc the condition to be satisfied at  x = xl gives 

Ax:m - B -in" 

$+im Xl =-id; 
Ax," + Bxlirn 

whence 

The condition to be satisfied a t  x = x2 may be dediiced from (14), by 
substituting x2 for xl, putting at the same time 0= 1 in virtue of the 
supposition that in the second medium there is no negative wave. Hence, 
equating the two values of A : B, we get 
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as the equation from which the reflected wave in the first medium is to be 
found. Having regard to (3), we get 

so that 

This is the symbolical solution. To interpret i t  in real quantities, we must 
distinguish the cases of rn real and nt irnaginary. If the transition be not 
too sudden, rn is real, and (16) may be written 

K i - 1 + cos (2m log p) + i sin (2m log p) 
~ = ~ m + n + ( m - n ) c o s ( 2 ~ n l o ~ ~ ) + i ( m - n ) s i n ( 2 r n l o ~ p )  

Thus the expression for the ratio of the intensities of the reiiected and 
incident waves is, after reduction, 

sina ((m log p)  ........................... .(17) 
4m2 + sin2 (m log p) 

If m be imaginary, we may write im= m'; (16) then gives, for the ratio of 
intensities, 

(p' - p*">" . ,) + 16n2/a ' .."" " " ................ m -  + a  (18) 

or, if we introduce the notation of hyperbolic trigonometry, 

sinh2 (ml log p) 
sinhz (m, log p) + 4m/a. ................ ".... ..". (19) 

For the oritical value m = O, we get, from (17) or (19), 

These expressions allow us to trace of the effect of a more or less gradua1 
transition between media of given index. If the transition be absolutely 
abrupt, n = O, by (12); so that m' = a. In this case, (18) gives us Young's 
well-known formula 

Since x-l sinh 3: increases continually from x = 0, the ratio (19) increases 
continually from rn' = O to m' = 4, i.e., diminishes continually from the case 
of sudden transition rn' = 4, when its value is (21), to the critical case m' = 0, 
when its value is (20), after which this form no longer holds good. When 
m' = O, n = 4, and, by (12), d = (A, - &)/4a. 
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When n > 4, (17) is the appropriate form. We see from it that, 
n increases, the reflection diminishes, until i t  vanishes, when m log /* 2 T, 
i e . ,  w hen 

With a still more gradual transition the reflection revives, reaches a 
maximum, again vanishes when m log p = 27r, and so on. 

As a numerical example 1 will take the case of p = g, applicable to the 
reflection of luminous waves in passing from glass to air. The value of 
loge 8 is -40546520. For the sudden transition, we have, from (21), .040. 
When m' = O, ie., when d = (X, - X,)/~T, the reflection is, by (20), '039478, 
but very little less. For moderate values of m', we may derive, from (18), 

or, in the present example, 

There is thus no appreciable variation of reflection froin m'= & to m'= 0. 
The refiection vanishes when 

a being any integer. Even when a = 1, the first term in the value of n2 is 
small relatively to the second, and we may take, with sufficient approximation, 

a7r n=- a (Az - xi> or, by (12), d = ---- 
.4035 ' -811 

The thickness of the layer of transition at  which the reflection first 
vanishes is thus a little greater than the difference of the wave-lengths. 
The revivals of reflection which occur when the transition is still more 
gradual are not important. The approximate values are (213~): ( 2 / 5 ~ ) ~ ,  &c., 
the reflection with abrupt transition being taken as standard. Thus, at 

the first revival, the reflection is only about of its original value. 
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ON THE MINIMUM ABERRATION OF A SINGLE LENS FOR 
PARALLEL RAYS. ' 

[Proceedings of the Cambridge Philosophical Society, III. pp. 373-375, 1880.1 

IT is well known that when the material of a lens is plate glass (p = la5), 
the aberration is least when the lens is double convex, the radius of the 
anterior surface r being equal to & of the focal length f, and that of the 
posterior surface (- s) equal to g. The residual aberration 6f is then 
given by 

................................. (1) 
y being the semiaperture*. 

I n  the older works on Optics the special supposition that p= 1.5 is 
introduced at  the beginning of the calculations, so that the results are 
not available for an examination of the effect of a varying refractive index; 
but i t  has been repeatedly asserted that lenses formed of diainonds or 
of other precious stones of high refracting power have an alniost in- 
appreciable aberration+. In Coddington's Optics, § 89, the minimum 
aberration for p = 2 is stated to be only &y2/f, but no algebraical calculation 
is given. 

The general expression of the aberration for parallel rays ist 

while r, s, and f are connected by 

* Parkinson's Optics, 5s 130, 131. 
t E.g. Optica. Eneyclopcedia Bri tamiea,  1842. 
; Parkinsoii's Optics,  5 129. 
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Writiiig for brevity R, S, P respectively for r-', s-l, f-', and taking 

G = - -  G 
pF , so that - S = - - R, vie get 

P - 1  P 

Since p > 1, both terms are of the same sign, and the aberration can 
never vanish. If f and y be given, the aberration is least when 

that is, when 

The corresponding value of s is 

so that 

which agrees with the result of [Parkinson's Opt.ics] $ 130. 

When. this condition is satisfied, the second term of (4) gives for the 
minimum aberration 

which is applicable to al1 values of p. 

If p = 2, (8) gives 

-Sf: L;,, 
, f 

not A, as stated by Coddington. The aberration tends indeed to become 
less as p increases, but i t  remains considerable for al1 substances knomn in 
nature. 

I t  seems to have been thought evident that great advantage would result 
from higher refracting power on account of its allowing the use of more 
moderate curvatures. It appears however from (5) and (6) that as p 
increases, r and s do not tend to become infinite for the form of minimum 
aberration, but approach the finite value f. 

30-2 
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ACOUSTICAL OBSERVATIONS. III. 

[Philosophical Magazine, IX. pp. 278-253, 1880.1 

Intermittent Sounds. 

IN the Philosophical Magazine for May 1875, Prof. A.. M. Mayer describes 
some experiments on this subject, made by rotating a perforated cardboard 
disk between a resonator and a vibrating fork. " When the disk is stationary 
with one of its openings opposite the mouth of the resonator, i t  is evident 
thst the ear will experience a simple sonorous sensation when a tuning-fork 
is brought near the mouth of the resonator. On revolving the perforated 
disk, two additional or secondary sounds appear-one slightly above, the 
other slightly below the pitch of the fork. An increasing velocity of 
rotation causes the two secondary sounds to diverge yet further from the 
note of the beating fork, uiitil, on reaching a certain velocity, the two 
secondary sounds become separated from each other by a major sixth, 
while a t  the same moment a resultant sound appears, formed by the union 
of the sound of the fork with the upper and lower of the secondary sounds. 
This resultant is the lower second octave of the note given by the fork. 
On further increasing the velocity of rotation of the disk, the two secondary 
sounds and the resultant disappear, and the ear experiences only the 
sensation of the simple sound produced by the fork, whose beats at  this 
stage of the experiment have blended into a smooth continuous sensation.'' 

In concluding his paper Prof Mayer calls attention " to the evident 
difference existing between the dynamic constitution of the sonorous waves 
belonging to beating pulses produced by the action of a perforated rotating 
disk on a continuous stream of sonoroiis vibrations, and those waves which 
cause beats, and which are forrned by the joint action of sonorous vibrations 
differing in pitch. That these two kinds of beats are alike in their effects 
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when following in the same rapidity 1 have assumed to be the fact in this 
paper." 

At the time wlien Prof. Mayer's paper first appeared, 1 examined this 
question more closely; and some of my results were referred to in a 
discussion before the Musical Association. The difference between the 
two kinds of beats is considerable. If there are two vibrations of equal 
amplitude and slightly differing frequencies, represented by cos 2rrn,t and 
cos 27m,t, the resultant may be expressed by 

2 cos rr(n,-%)t.cos rr(n,+nJt,  

and may be regarded as a vibration of frequency (n, + n,), and of amplitude 
2 cos rr (n, - n2) t. Hence, in passing through zero, the amplitude changes 
sign, which is equivalent to a change of phase of 180", if the amplitude 
be regarded as always positive. This change of phase is readily detected by 
measurement in drawings traced by machines for compounding vibrations. 
If a force of the above character act upon a system whose natural frequency 
is + (n, + nJ, the effect produced is comparatively small. If the system 
start from rest, the successive impulses cooperate at  first, but after a 
time the later impulses begin to destroy the effect of former ones. The 
greatest response is given to forces of frequency n, and n,, and not to a 
force of frequency (n, + n,). 

On the other hand, when a single vibration is rendered intermittent 
by the periodic interposition of an obstacle, there is no such change of 
phase in consecutive revivals. If a force of this character act upon an 
isochronous system, the effect is indeed less than if there were no inter- 
mittence; but as al1 the impulses operate in the same sense without 
any antagonism, the response is powerful. An intermittent vibration or 
force may be represented by 

2 (1 + cos 2 m t )  cos 2 7 4  

in which n is the frequency of the vibration, and m the frequency of 
intermittence. The amplitude is always positive, and varies between the 
values O and 4. By ordinary trigonometrical transformation the above 
expression may be put into the form 

2cos 2 ~ n t  +cos 2 ~ ( n + m ) t  + cos 2rr(n-m) t ;  

which shows that the intermittent vibration is equivalent to three simple 
vibrations of frequencies n, n + ml and n - m. This is the explanation of 
the secondary sounds observed by Mayer. When m is equal to  fn ,  
n + m : n - m = 5 : 3, or the interval between the secondary sounds is a 
major sixth. The frequency of the resultant sound is m (that is, in); 
and its pitch is two octaves below that of the original vibration. 
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In  the Edinbwgh Proceedings for June 1878, an experiment similar to 
Mayer's is described by Professors Crum Brown and Tait, and is explained 
in the above manner. 

If the intensity of the intermittent sound rise more suddenly to its 
maximum, we may take 4 cos4 ~ m t  cos 21rnt; and this may be transforrned 
into 

4 cos 2rnt  + cos 27r (n + m) t + cos 27r (n - m) t 

+ 4 cos 27r (11, + 2m) t + ;Z cos 27r (n - 21n) t. 
r l  lhere are now four secondary sounds, the frequericies of the two new 

orles differing twice as much as before fmm that of the primary sound. 

Other cases might be treated in the same way; but my object at 
present is to desci-ibe a modified form of the experiment which 1 planned 
some years ago, but first carried out last summer. 

Fig. 1. 

The desired forces were obtained electromagiletically. A fork interrupter 
of frequency 128 gave a periodic current, by the passage of which tliroiigh 
an electromagnet a second fork of like pitch could be excited. The action 
of this current on the second. fork could be rendered intermittent by 
short-circuiting the electromagnet. This was effected by another interrupter 
of frequency 4, worked by an independent current from a Smee cell. To 
excite the main current a Grove ce11 was employed. When the contact 
of the second interrupter was permanently broken, so that the main current 
passed continuously through the electromagnet, the fork was, of course, 
most powerfully affected wlien tuned to 128. Scarcely any response was 
observable when the pitch was changed to 124 or 132. But if the second 
interrnpter was allowed to operate, so as to render the periodic current 
through the electroinagnet intermittent, then the fork would respond 
powerfully when tuned to 124 or 132 as well as when tuned to 128, but 
not when tuned to intermediate pitches, such as 126 or 130. 

The operation of the intermittence in producing a sensitiveness which 
would not otherwise exist, is easily uuderstood. When a fork of frequency 
124 starts from rest under the influence of a force of frequency 128, the 
impulses cooperate at  first, but after & of a second the new impulses begin to 
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oppose the earlier ones. After 2 of a second, another series of impulses 
begins whose effect agrees with that of the first, and so on. Thus if 
al1 these impulses are allowed to act, the resultant effect is trifling ; but 
if every alternate series is stopped off, a large vibration accumulates. 

A New Form of Siyen. 

Some years ago*, 1 observed that a light pivoted blade is set into 
rapid rotation when exposed to wind. The phenornenon is of the saine 
character as the rotation of a slip of paper falling freely in air, which 
was discussed a long while since by Prof. Maxwell*. In both cases the 
rotation may occur in either direction, proving that its cause is not to be 
looked for in any want of syminetry. But the view expressed by Maxwell 
does not appear to apply to the pivoted blade; and 1 think that the real 
explanation is yet to be discovered. At present, however, 1 am concerned 
nierely with an application. 

Fig. 2. 

In fig. 2, A is a blade cut out of sheet brass and provided with sharp 
prqjectiug poirits, which bear in hollows a t  the ends of the screws B, 6'. 
These screws pass throngh a small wooden frame FC, and are adjusted 
until the blade can turn freely but without perceptible shake. D and E 
are pieces of cardboard or sheet metal, fitting pretty closely to the blade 
when in the same-plane with them, so that in this position of the blade the 
passage through the franie is almost closed. As the blade tiirns, i t  acts the 
part of a revolving stopcock. 

In the summer of 18'18 1 made several sirens on this plan, which 
performed well. One of them is represented about full size in the figure. 
If the wind from the bellows is admitted symmetrically, they will revolve in 
either direction, and sooi acquire sufficient speed to give a note of moderate 
pitch. The position of maximum obstruction is for small displacements a 
position of stable equilibrium. If a larger displacement is given, the 
vibration tends of itself to increase up to a certain point, or even to pass 

LLOn the Resistance of Fliiids," Phil. Içiag. Dec. 1876. [Art. x m ,  p. 292.1 
+ Cambridge and Dublin Math. Journal, 1854. 
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into continuous rotation ; but the precise behaviour in this respect probabiy 
depends upon the details of construction. 

The Acoustical Shadow of a Circular Disk. 

I n  a well-known experiment, suggested by Poisson, a bright point is 
observed in the centre of the shadow of a circular disk on which waves 
of light are directly incident. I t  is some years since 1 first attempted to 
obtain the acoustical analogue of this beautiful phenomenon; but niy efforts 
were without siiccess until a few months since. The difficulties to be 
overcome are entirely different in optics and in acoustics, on account of 
the immense disproportion of wave-lengths. I n  the former case the disk 
must be small and accurately shaped, and the source of light must be 
of very small angular magnitude-in prztctice, an image of the sun formed 
by a distant lens of short focus. In  the latter case the difficulty is to 
arrange the experiment on a scale that shall be adequate in comparieon 
with the wave-length of the sound. 

The best way of considering the subject theoretically is with the use 
of Huyghens's zones. The plane of the disk is divided into zones by its 
intersection with spheres whose centres are a t  the point under consideration, 
and whose radii form an arithmetical progression witli common difference 
The vibrations due to these zones are a t  first nearly equal, but gradually 
diininish to nothing, unless the outer boundary of the aperture is circular; 
and thus the aggregate effect is represented by a series of which the terms 
are of opposite sign and of slowly diminishing magnitude. Now the sum of 
such a series is equal approximately to half its first term; so that the 
whole effect of the aperture outside the disk is independent of the disk's 
diameter-that is to say, is the same as if no obstacle a t  al1 were present. 

This way of regarding the matter shows a t  once what degree of accuracy 
is required in the figure of the circumference, which must not sensibly 
encroach upon the first exterior zone. If x be the radius of a circle in 
the plane of the disk, b the distance of the point under consideration, 
and r2 = 2 + B2, dx = rd?-lx; so tliat if dr = &hl dx = rh/2x. If, therefore, 
s be the radius of the disk, the radial error should be a small fraction 
of rX/2x. 

I n  like manner, we may form an estimate of the size of the bright spot, a 
subject which has been treated analytically by Airy*. If the disk be moved 
laterally through the width of one zone, i t  is clear that the effect a t  the old 
point will be materially changed. Hence the dianieter of the bright spot is 
comparable with rX/x, and its apparent magnitude as seen from the disk 
is comparable with A/$. For the full success of the experiment, the apparent 
magnitude of the luminous source should be of the same order. 

* Pliil. Mag. May 1841. 
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When we pass to the analogous experiment in acoustics, i t  is of course 
impossible to retain any approximation to optical conditions. Instead of 
a ratio of A :  x, equal to, say, -r$ooo, we must be satisfied with some such 
value as an. In order to diminish as far as possible, i t  is advisable to use 
sounds of very high pitch, which have the additional advantage of readily 
exciting sensitive flames. 1 have found i t  best to work indoors, in which 
case a disk of 15 inches diameter is suitable ; with a much larger disk and in 
an orditiary room there would hardly be sufficient free space on al1 sides. 
1 have tried a considerable variety of sources of sound, including electric 
sparks, a small electric bell, and a Galton's whistle; but the best results 
were obtained with a bird-cal1 and with a squeaky toy-reed. 

On November 20 the source was a bird-cal1 blo~vn with a pressure of 
4 inches [inch = 2.54 cm.] of water, and was placed about 20 inches from the 
15 inches disk. The observation was made a t  a distance of 24 inches on 
the further side of the disk, and was successful both with the ear and 
with the sensitive flame. I n  the former case 1 employed a plate of wood 
bored with a hole about inch in diameter, and held against the side of the 
head in such a position that the hole was opposite the ear-passage. Thc 
head was moved about until the position of maximum sound was determined, 
and was then withdrawn, leaving the plate in  situ. In order to verify 
conveniently that the position of maximum sound was really at  the centre 
of the shadow, a hole was bored through the centre of the disk, which 
could be closed with a cork during the adjustment of the ear-plate. When 
the adjustment was complete, the Cork was removed; a,nd then the eye 
placed behind the ear-plate would see the source of sound through the 
two holes. With a little practice the central point could be picked out 
almost as well by ear as by eye. 

With a sensitive flame the observation was even easier. The most 
suitable is that from a pin-hole burner brought near the flaring-point 
by a gas-pressure of about 10 inches of water. To get the best result, 
the pressure must be carefully adjusted ; and in order to avoid disturbance, 
it is advisable to move the source rather than the flame. When the place 
of maximum effect has been determined, the cork is removed from the 
central hole of the disk, and the gas is lowered. By looking just over the 
burner it is then easy to see whether or not the source of sound occupies the 
central position. 

On November 24 the toy-reed was substituted for the bird-call, the disk 
and distances being the same as before. I n  the case of this source the 
experiment succeeded better with the flame than with the ex .  

On a subsequent occasion a laxger disk, of 30 inches diameter, was 
tried; but the results were not so good, probably in consequence of the 
increased effect of reflection from the floor and walls of the room. 
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ON THE STABILITY, OR INSTABILITY, OF  CERTAIN 
FLUID MOTIONS. 

[Proceedings of the London Muthematical Society, XI. pp. 57-70, 1880.1 

IN a former communication to the Society on the " Instability of Jets*," 
1 applied a method due to Sir W. Thomson, to calculate the manner of falling 
away from equilibrium of jets bounded by one or more surfaces of discon- 
tinuity. Such interest as these investigations possessed was due principally 
to the possibility of applying their results to the explanation of certain 
acoustical phenornena relating to sensitive flaines aiid smoke jets. But it 
soon appeared that in one important respect the calculations failed to 
correspond with the facts. 

To fix the ideas, let us take t h e  case of an originally plane surface of 
separation, on the two sides of which the fluid moves with equal and opposite 
constant velocities (+ V). I n  equilibrium the elevation h, at every point x 
along the surface, is zero. It is proved that, if initially the surface be at rest 
in the form defined by h = H cos kx, then, after a time t, its forn~ is given by 

h = Hcos kx coshICTt, ........................... (1) 

provided that, throughout the whole time contemplated, the disturbance is 
small. I n  the same sense as that in which the frequency of vibration 
measures the stability of a system vibrating about a configuration of stable 
equilibrium, so the coefficient k T  of t, in equations such as (l), measures the 
instability of an unstable systetn; and we see, in the present case, that the 
instability increases without limit with k ;  that is to Say, the shorter the 
wave-length of the sinuosities on the surface of separation, the more rapidly 
are they magnified. 

The application of this result to sensitive jets would lead us to the 
conclusion that their sensitiveness increases indefinitely with pitch. I t  is 

* Proeecdiwp, vol. x. p. 4, Nov. 14, 1878. [Art. LVIII.] 
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true that, in the case of certain flames, the pitch of the most efficient 
sounds is very high, not far from the upper limit of human liearing; but 
there are other kinds of sensitive jets on which these high sounds are 
without effect, and which require for their excitation a moderate or even 
a grave pitch. 

A probable explanation of the discrepancy readily suggests itself. The 
calculations are founded upon the supposition that the changes of velocity 
are discontinuous-a supposition which cannot possibly agree with reality. 
In consequence of fluid friction a surface of discontinuity, even if i t  could 
ever be formed, would instantarieonsly disappear, the transition from the one 
velocity to the other becorning more and more gradual, until the layer of 
transition attained a sensible width. When this width is comparable with 
the wave-length of the sinuosity, the solution for an abrupt transition ceases 
to be applicable, and we have no reason for supposing that the instability 
would increase for much shorter wave-lengths. 

In  the following investigations, 1 shall suppose that the motion is entirely 
in two dimensions, parallel (say) to the plane xy) so that (in the iisual 
notation) w is zero, as well as the rotations 5, 7. The rotation C parallel to z 
is connected with the velocities 21, v by the equation 

When the phenornena under consideration are such that the compressi- 
bility may be neglected, the condition that no fluid is anywhere introduced 
or abstracted, gives 

In the absence of friction, 5 reinains constant for every particle of the fluid ; 
otherwise, if v be the kinematic viscosity, the general equation for { is 

where 
a/at = d/dt  + ud ldx  + vdldy  + wdldz,  .................. 

and 
(5) 

Vz = d"d# + d2/dy2 + d2/dz2. ..................... (6) 

For the proposed applications to motion in two dimensioris, these equations 
reduce to 

................................. agat = V V ~ ,  (7) 

while the two other equations similar to (4) are satisfied identically. 

* Lamb's Motion of Fluids, p. 243. 
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I n  order to investigate the influence of friction on stratified motion, we - 
rnay now suppose that v is zero, while u and c are fixnctions of y only. Our 
equations then give simply 

dc/dt = v dac/dya, ........................... (10) 

which shows that the rotation 3 is conducted according to precisely the same 
laws as heat. I n  the case of air at atmospheric pressure, the value of v is, 
according to Maxwell's experiments, u = .le*, not differing greatly from the 
number (.22) corresponding to the conduction of temperature in iron. 

The various solutions of (IO), discovered by Fourier, are a t  once applicable 
to our present purpose. In  the problem already referred to, of a surface of 
discontinuity y = 0 ,  separating portions of fluid moving with different but 
originally constant velocities, the rotation is at first zero, except upon the 
surface itself, but i t  is rapidly diffused into the adjacent fluid. At time t its 
value at  any point y is 

+m e-y2/kt c = /  r d y .  -). ........................ 
-m 

(11) 
and 

du .................. (12) 

if TTz, VI are the velocities on the positive and negative sides of the surface 
respectively. If y2 = 4vt, the value of r is less than that to be found a t  y = 0,  
in the ratio e : 1. Thus, after a time t, the thickness of the layer of transition 
(2y) is comparable in magnitude with 1'6 &; for example, after one second 
i t  rnay be considered to be about 1+ centimetres. I n  the case of water, the 
coefficient of conductivity is much less. I t  seems that v= .014;  so that, 
after one second, the layer is about half a centimetre thick. 

The circumstances of a two-dimensional jet will be represented by 
supposing the velocity to be limited initially to an infinitely thin layer 
a t  y =O. I t  is convenient here to use the velocity u itself instead of c. 
Since c=  +du/dy, 

du/dt = v d2u/dy2, .............................. (13) 

and thus the solution is of the same form as before: 

We rnay conclude that, however thin a jet of air rnay be initially, its 
thickness after one second is comparable with 19 centimetres. A similar - 

calculation rnay be made for the case of a linear jet, whose whole velocity is 
originally concentrated in one line. 

There is, therefore, ample foundation for the opinion that the phenomena 
of sensitive jets rnay be greatly influenced by fluid friction, and deviate 

* The centirnetre and second being units. 
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niaterially from the results of calculations based upon the supposition of 
- - 

discontinuous changes of velocity. Under these circumstances, i t  becomes 
important to investigate the character of the equilibrium of stratified motion 
in cases more nearly approaching what is met with in practice. Fully to 
include the effects of friction, would imniensely increase the difficulties of 
the problem. For the present, a t  least, we must treat the fluid as friction- 
less, and be satisfied if we can obtain solutions for laws of stratification 
which are free from discontinuity. For the undisturbed motion, the com- 
ponent velocity v is zero, and u is a function of y only. A curve, in which u 
is ordinate and y is abscissa, represents the law of stratification and rnay be 
called, for brevity, the velocity curve. 

A class of problems which can be dealt with by fairly simple methods, is 
obtained by supposing the rotation { to be constant throughout layers of finite 
thickness, and only to change its value in passing a limited number of planes 
for which y is constant. In  such cases, the velocity curve is composed of 
portions of straight lines which meet one another at  finite angles. This state 
of things rnay be supposed to be slightly disturbed by bending the surfaces 
of transition, and the determination of the subsequent motion depends upon 
that of the form of these surfaces. For r retains its constant value through- 
out each layer unchanged in the absence of friction, and by a well-known 
tlieorem the whole motion depends upon 5. We shall suppose that the 
functions deviate from their equilibrium values by quantities proportional to 
ea*, so that everything is periodic with respect to x in a distance h. equal to 
2rllc. By Fourier's theorem, the solution may be generalised sufficiently to 
cover the case of an arbitrary deformation of the surfaces. As functions of 
the time, the disturbances will be assunied to be proportional to eint, where n 
may be either real or complex, and the character of the resulting motion is 
determined in great measure by the value of n, found by the solution of the 
problem. 

By a theorem due to Helmholtz, the effect of any element dA rotating 
with angular velocity c, is to prodnce, at  a point whose distance from the 
element is r, a transverse velocity q, such that 

In the application of this result to the problems in hand, i t  will be convenient 
to regard the actual value of r at  time t as made up of two parts, (i) its 
undisturbed value, (ii) the difference between its actual value and (i). The 
effect of (i) is to produce the undisturbed system of velocities, on which the 
small effect of (ii) is superposed; and the calculation of the latter effects 
evidently involves integrations which extend only over the itifinitely small 
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areas included between the disturbed and undisturbed surfaces of transition. 
Suppose that the equation of one of these surfaces, reckoned from its 
undisturbed position, is 

q = Heikb, ............................... (16) 

i n  which H is not necessarily real. Then d A  = r ]  df, and if A c  be the excess 
of the value of con  the upper above that on the lower side of the surface, we 
get, by (lz), a t  any point whose abscissa is x and distance from the surface 
is b. 

where 
P=b2+(E-xy.  ........................... (18) 

The velocity q, given by (ICI), is perpendicular to r. The next step, previous 
to integration, is to resolve i t  in the fixed directions of x and y. The 
resolution is effected by introduction of the factors blr, and (f - x) /r  ; and 
thus, for the whole effect of the surface under consideration, 

The integrals are readily evaluated by the theorem 

+l" COS ax +* x sin ax 
& = ~ e - a  ; 

-m l + x =  
and we obtain 

u = - HA(eikz e-", v = - iHA(eikZ e-kb. ............ (21) 

In  the derivation of (21), q has been treated as infinitesimal in cornparison 
with b, but in the seyuel we shall require to apply the formula to points 
situated upon the surface itself. The value of zt would need more careful 
examination, but that of v is easily seen t o  be equally applicable when b is 
zero, since the neighbouring elements do not contribute sensibly to the value 
of the integral. In fact, the value is the same on whichever side of the 
surface tlie point under consideration is situated, and b is in botli cases to be 
taken positive. Accordingly, when b is zero, we are to take siinply 

We are now prepared to enter upon the consideration of special problems. 
As a first example, let us suppose that on the upper side of a layer of 
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thickness b the undisturbed velocity u is equal to + V, and on the lower side 
to - V, while inside the layer it changes uniformly. Thus 

(= &du/dy = V/b .............................. (23) 

inside the layer, and outside the layer c= 0. In the disturbed motion, let 
the equations of the upper and lower surfaces be respectively, at  time t ,  

then, by (21) ,  (22)) (23), the whole value of fi for a point on the upper 
surface is 

v = ib-1 Veinteik" ( B  - Hre-kb), ..................... (24)' 

and for the lower surface 

v = ib-l Vekt eikx (He-kb - Hf).  ..................... (25) 
From these values of v the position of the surface3 at  time t + dt may be 
calciilated. At time t, q corresponds to z ; a t  time t + dt, q + vdt corresponds 
to x + udt, u being the whole component velocity parallel to 8. Thus, a t  time 
t + dt, corresponding to x, we have 

or, or1 neglecting the squares of small quantities, 

Now, from (24), dq/dt = inq ; 80 that, equating the two values of dq/dt, we 
get, froin (24) ,  

inH = ib-l V ( H  - H'e-kb) - ikVH, 
or 

In like inanner, by considering the motion of the lower surface, we get 

By eliininating the ratio H' : H between (26) and (27), we obtain, as the 
equation giving the admissible values of n, 

V2 
na = - [(kb - 1)2 - @b} .  ........................ 

b" ' ( 28 )  

When kb is small, that is, when the wave-length iu great in comparison with 
b, the case approximates to that of a sudden transition. Thus 
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in agreement with equation (30) of my former paper. In  this case the motion 
is unstable. On the other hand, when Ab is great, we find, from (28), 

n2 = k 2 P ;  ................................. (30) 

and, since the values of n are real, the motion is stable. It appears, therefore, 
that so far from the instability increasing indefinitely with diminishing wave- 
length, as when the transition is sudden, a diminution of wave-length below 
a certain value entails an instability which gradually decreases, and is finally 
exchanged for actual stability. The following table exhibits more in detail 
the progress of b W /  VS as a function of Icb :- 

We see that the instability is greatest when kb = -8 nearly, that is, when 
X = 86; and that the passage from instability to stability takes place when 
kb = 1.3 nearly, or when X = 5 b. 

Corresponding with the two values of n, there are two ratios of H' : H 
determined by (26) or (2'1), each of which gives a normal mode of disturb- 
ance, and by means of these normal modes the results of an arbitrary 
displacement of the two surfaces may be represented. It will be seen 
that for the stable disturbances the ratio H': H is real, indicating that the 
sinuosities of the two surfaces are a t  every moment in the same phase. 

We rnay next take an example of a jet of thickness 2b moving in still 
fluid, supposing that the velocity in the middle of the jet is V, and that 
it falls uniformly to zero on either side. Taking the middle line as axis of x, 
we may write 

u=  V ( l  T ylb), ............................. (31) 

in which the - sign applies to the upper, and the + sign to the lower half of 
the jet. Thus 

t; = +du/dy = + V/b ........................... (32) 

within the jet, and outside the jet 5= 0. In this problem there are three 
surfaces to be considered. We will suppose the eyuation of the upper 
surface, for which At;= V/2b, to be q = Heikz&t; that of the middle surface, 
for which A{ = - V/b, to be q' = weikxeint ; and that of the lower surface, for 
which Ac= V/2b, to be 7" = lYeibeint. 
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From (22), the velocities v are to be calculated as before. We find 

v (upper surface) = ce$nte*x [- II+ 2e-bhH' - e-2kbH"t 
2b 

v (lower surface) = c e c n t  el" [- edkb H + 2e-"Hf- X"]. 
2b 

For the upper and lower surfaces the horizontal velocity is zero, and for the 
middle surface it is V. In the same manner as for (26), we thus obtain 

in which y is written for e-kbb, and m is written 2bV-ln + 1. The elimination 
from (33) of H : H' : H gives the following cubic in m :- 

By inspection of (33), we see that one of the normal disturbances is defined 
by II' = 0, H+ H" = O, and that the corresponding value of m is r2. I t  
follows that ,m- yZ is a factor of the cubic expression in (34), and the 
remaining quadratic factor is readily obtained by division. Thus (34) 
assumes the form 

For the symmetrical disturbance 
v 

n=--(l-e*a), ........................ 
2b (36) 

a real quantity, indicating that the motion is stable so far as this mode of 
disturbance is concerned. 

The other two values of n are real, if 

..................... (2kb - 3 + y2)2 - 49 (1 + 21%) (37) 

be positive, but not otherwise. When kb is infinite, y = 0, and (3'7) reduces 
to 41C2b2, which is positive ; so that the motion is stable when the wave-length 
is small in comparison with the thickness of the jet. On the other hand, as 
may readily be proved by expanding y in ( 3 7 ) ,  the motion is unstable, when 
the wave-length is great in comparison with the thickness of the jet. The 
values of (37) can be more easily computed when it is thrown into the form 

(5 + 2kb - e-*b)2 - 16 (1 + 2kb). ..................... (38) 
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Some corresponding values of (38) and 2kh are shown below :- 

The wave-length of maximum instability is about 24 times the thickness (2h) 
of the jet ;  while, for a [value of kb] about half as great again, or more, the 
motion becomes stable. 

Although it is the fact, as 1 have found by experiment, that a sensitive 
jet breaks up by becoming sinuous as a whole, the resiilt that a symmetrical 
mode of disturbance is stable, is special to the law of velocity assunled in the 
foregoing example. I n  order to illustrate this, 1 will state the results for the 
more general law of velocity obtained by supposing the maximum velocity V 
to extend through a layer of finite thickness b' in the middle of the jet. The 
rotation C is zero in this central layer ; in the adjacent layers of thickness b, 
r= V/28, as before. The equations of the four surfaces, in crossing which 
r changes its value, being represented by 

we may obtain four equations involving n and the three ratios H : 8' : H" : H"'. 
The elimination of these ratios gives a biquadratic in n, which, however, is 
easily split into two quadratics, one of which relates to symmetrical disturb- 
ances, for which H + Fr= O, H' + H" = 0 ; and the other to disturbances for 
which H - H '  = O, H' - H" = O.  The resulting equation in n is 

y' being written for e-kb'. In (39) the upper signs correspond to the 
symmetrical displacements. The roots are real, and the disturbancés are 
stable, if 

be positive. 

In what follows, we will limit our attention to the symmetrical disturb- 
ances, that is, to the upper signs in ($O), and to terms of orders not higher 
than the first in b'. The expression (40) may then be reduced to 
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If kb be very srnall, this becomes 

If b' be zero, (42) is positive, and the disturbance is stable, as we found 
before; but if b and b' be of the same order of magnitude, and both very 
small compared to X, i t  follows from (42) that the disturbance is unstable. 

If in (39) we suppose that Z, is zero, we fa11 back upon the case of a jet 
of uniform velocity V and thickness b' moving in still flnid. The equation 
for n, after division by Oa, becomes 

I n  the notation of my former paper, [ab' = El, so that 

1- ' 3: = coth kl, 2 - tanh kl ; 
1 - 7  l + y l -  

and the equations there nuinbered (48) and (55) agree with (43). 

Another particular case of (39), comparable with previous results, is 
obtained by supposing b' to be infinite. 

1 now pass to the consideration of certain cases in which the moving 
layers are bounded by fixed walls, instead of by an unlimited expanse of 
stutionary fluid. The effect of the walls may be imitated by the introduction 
of an unlimited number of similar layers, in the same way as the vibrations 
of a string fixed at  two points are often deduced fiom the theory applicable 
to an unlimited string. The displacements of the surfaces at  which changes 
its value being taken equal and opposite in corisecutive layers, the value of v, 
at the places occupied by the walls, is, by symmetry, zero; and thus the 
presence or absence of the actual walls is a matter of indifference. 

Let us first suppose that the distribution of velocity within the layer 
is that given in (Sl), uniformly increasing from zero at  the walls to a 
maximum V in the middle, the distance between the walls being 2b. The 
actual surface of transition and its successive images make contributions to 
the value of v a t  the surface, which are alternately opposite in sign, and, as 
regards numericaI value, form a geometrical progression with common ratio 
e-sko or 6 Thus, with the sarne notation as before, we have at  the surface, 
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so that, as in previous problems, 

or, as i t  may also be written, 

[1899. Solutions for the case where there is a layer of finite width b' in 
the centre, throughout which the undisturbed velocity is V, were subsequently 
(Proc. Math. Soc. XIX. p. 67, 185'7) found to be erroneous and are accordingly 
omitted.] 

In  these examples the velocity curves are those represented by figs. (1 )  
and (2). 1 have taken a further step in the direction of generalisation 
by calculating the motion for a velocity curve in the form of (3). The 
criterion of stability is complicated in its expression, but i t  is not difficult to 
show that the motion is stable if the angle N be a projecting angle. Frorn 
these examples there seemed to be some reason for thinking that the motion 
would be stable, whenever the velocity curve was of one curvature through- 
out; and this led me to attack the question by a more general method, which 
1 will now explain. 

Let us suppose that the conditions of steady motion are satisfied by 
U. = U, v = V, c= Z ; and let us trace the effects of superposing upon this 
motion a disturbance for which u = Su, v =  6v, C= 6c. Both the original 
motion and the disturbance satisfy the equation of continuity (3). 

Since, in the absence of friction, the rotation of every element remains 
unchanged, a (2 + Sc)/at = O, or 

This equation is satisfied by supposition, if ôu, 671, 6c= O. If we omit the 
squares and products of the small quantities, i t  becomes 

If V=  0, and U be a function of y only, (47) reduces to 
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or, since in this case Z= &d Uldy, 

We now introduce the supposition that, as functions of x, 6u and 6v are 
proportional to e" so that, by (3), 

d6v 
ik6u+-=O. .............................. 

d~ 
(49) 

We thus obtain, by eliinination of au, 

If we further suppose that, as a function of t, 6v is proportional to eint, where 
n is a real or compiex constant, we get 

On this equation the solution of the special problems already considered may 
be founded. If, throughout any layer, the rotation Z be constant, daU/dya=O, 
and, wherever n + kU is not equal to zero, (51) rediices to 

Equation (52) may, in fact, be easily established independei~tl~, on the 
assumption that the rotation throughont the layer is the same after dis- 
turbance as before. Prom (2), 

by (3) ; so that, when C is constant, V2v = 0. I n  like manner V% = O. If 
6v cc ech, (52) follows immediately. 

The solution of (52) is 
........................... Gv = A& + Be-ky, (53) 

where A and B are constants, not restricted to be real. For each layer of 
constant 2, a fresh solution with fresh arbitraries is to be taken, and the 
partial solutions are to be fitted together by means of the proper boundary 
conditions. The first of these conditions is evidently 

The second may be obtained by integrating (51) across the boundary. Thus 

At a fixed wall 6v = 0. 
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The reader may apply this method to the problem whose solution is 
expressed in (44). 

I n  cases where d2U/dy2=0, the substitution of (52) for (51), or  the 
corresponding supposition that f: is unchanged by the disturbance, amounts 
to a limitation on the generality of the solution. Suppose, for example, that 
the motion takes place betmeen two fixed wa.lls, a t  each of which 6v = O .  
Under these circumstances (53) shows that 6v = O throughout, or no disturb- 
ance is possible ; and this is obviously true if no new rotation is introduced 
by the disturbance. Iri order to obtain a general solution, we niust retain 
the factor n + k U  in (51). For any value of y which gives n + LU= O, (52) 
need not be satisfied ; and thus any value of - kU is an admissible value of n, 
satisfying al1 the conditions of the problem. 

1 will riow inquire, under what conditions (51) admits of a solution with a 
complex value of n ; or, in other words, under what conditions the steady 
rn(,tion is unstable, assuming that, for two finite or infinite values of y, Sv= 0. 
Let nlk = p  + iq, 6v = a + $3, where p, q, a, are real. Substituting in (jl), 
we get 

or, on equating to zero the real and imaginary parts, 

Multiplying (56) by P, (57) by a, and subtracting, we get 

At the liinits 6v, and therefire both a and 6, are, by hypothesis, zero. Hence, 
integrating (58) between the limits, we see that q must be zero, if d2U/dy2 be 
of one sign throughout the range of integration ; so that, if the velocity curve 
is either wholly convex or wholly concsve for the space between two limits at 
which & = O ,  the motion is thoroughly stable*. This result covers al1 the 
special problems of motion between walls previously investigated. Its 
application to jets, for which dzU/dy2 changes sign, leaves the question of 
stability or instability still open. 

d bu * More generally, the ssme conclusion follows if the ratio - : 6u has real values at both 
dy 

limits. 
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Another general result worth notice may be obtained from (51). Writing 
i t  in the form 

we see tlmt, if n is real, Ss cannot pass from one zero value to another zero 
valae, unless d2U/dy2 and n + l%U be somewhere of contrary signs. Thus, if 
we suppose that U is positive and d"Uldy2 negative throughout, and that V 
is the greatest value of U, we find that 71 +kV must be positive. For an 
example see the equation immediately preceding (44). 

If the stream lines of the steady motion be concentric circles instead of 
parallel straight lines, the cbaracter of the probleni is not greatly changed. 
I t  may be proved that, if the fluid move between two rigid concentric circular 
walls, the motion is stable, provided that in the steady motion the rotation 
either continually increases or continually decreases in passing outwards from 
the axis. 

[1899. Further investigations upon this subject will be found in Proc. 
Math. Soc. vol. xrx. p. 68, 188'1; vol. xxm. p. 5,  1895.1 

IRIS - LILLIAD - Université Lille 1 



ON THE RESOLVING-POWER OF TELESCOPES. 

[Philosophical Magazine, X. pp. 11 6-119, 1880.1 

ALTHOUGH 1 have recently treated of this subject in the Philosophical 
Magazine*, its importance induces me to return to i t  in order t o  explain how 
easily it may be investigated in the laboratory. There can be no reason why 
the experiment about to be described should not be included in every course 
on physical optics. 

The only work on this subject with which 1 am acquainted is that of 
Foucaultt, who investigated the resolving-power of a telescope of 10  centi- 
metres aperture on a distant scale illuminated by direct sunshine. In this 
form the experiment is troublesome and requires expensive apparatus- 
difficulties which are entirely obviated by the plan which 1 have followed of 
using a much smaller aperture. 

The object, on which the resolving-power of the telescope is tested, is a 
grating of fine wires, constructed on the plan employed by Fraunhofer for 
diffraction-gratings. A stout brass wire or rod is bent into a horse-shoe, and 
its ends are screwed. On these screws fine wire is wound of diameter equal 
to about half the pitch, and secured with solder. The wires on one side 
being now cut away, we obtain a grating of considerable accuracy. A wire 
grating thus formed is preferable to a scale ruled on paper, and placed in 
front of a lamp it presents a very suitable subject for examination. The one 
that 1 employed has 50 wires to the inch [254 cm.], and for security is 
mounted in a frame between two plates of glass. For rough purposes a piece 
of comnlon gauze with 30 or 40 meshes to the inch may be substituted with 
good effect. 

Oct., Nov., and Deo. 1879, Jan. 1880. [Art. LXII.] 

t Li Mémoires sur la construction des télescopes," Annales de PObservatoire, t. v. ; also Verdet'8 
Le~ons d'optique phl~sique, t. 1. p. 309. 
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For the sake of definiteness of wave-length the grating was backed by a 
soda-flame, though fair results are obtainable with a common paraffine-lamp. 
The telescope is a small instrument mounted on a stand, and provided with 
a cap by means of which various diaphragms can be conveniently fitted in 
front of the object-glass. The apertures in these diaphragms may be either 
circular or rectangular. I n  the latter case the length of the slit is placed 
parallel to the wires of the grating, and we have the advantage of greater 
illutnination than with a circle of equal width. The observation consistlj in 
ascertaining the greatest distance at  which the wires can be seen resolved. 
For this purpose the telescope, focused al1 the while, is gradually drawn back 
until in the judgment of the observer the periodic structure is no longer 
seen; and the distance between the grating and the diaphragm is then 
measured with a steel tape. The distance thus determined is more definite 
than might be expected, the differences in the case of various observers not 
usually amounting to more than 2 or 3 per cent. 

Two di ts  were tried, half an inch long, and of widths .107, -196 inch 
respectively. These widths were measured by inserting a graduated wedge. 
I t  was found, however, that the graduations could not be trusted; so that 
the wedge was in fact used merely to convey the length to be measured to a 
pair of callipers reading to one-thousandth of an inch. The distances at  
which resolution just ceased were estimated respectively as 91.5 and 1685 
inches, corresponding to angular intervals between consecutive lines equal to 
& and &. According to theory, the minimum angle is approximately 
equal to that subtended by the wave-length of light, A, a t  a distance equal to 
the width of the slit, a. I n  the present case h= 5.89 x 1w5 ceiitimetres, and 
a = .107 x 2.54, or '196 x 2-54 centimetres, so that 

agreeing with the angles found by observation more closely than we should 
have any right t o  expect. 

Besides these slits, four circular apertures were examined. Their dia- 
rneters were mea,sured under a magnifier on a glass scale divided to tenths of 
a millimetre, and were found t o  be -172, -315, -48, .63 centimetre respectively. 
I n  the case of the two smaller holes the illumination given by an ordinary 
soda-flame was hardly sufficient; but with the assistance of a jet of oxygen 
the observation could be made. 

The following distances are the means of those found by two observers*- 
1 51.5, 98, 149, 196 inches, corresponding to angular intervals dF;, =lm, -, 

gam respectively. If D represent the diameter of the aperture, the values of 

* Mr Glazebrook and myself. 
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1 1 h/D are respectively m$o, n m ,  &. The ratios of the observed 
angular intervals to X/D are thus 

That a circular aperture would be less effective than a slit of the same 
width might have been expected. Even in the case of a slit it is advanta- 
geous to stop some of the central, iu order to increase the relative importance 
of the extreme, rays; and with a circular aperture the extreme rays are 
much worse represent,ed than with a dit. From the above results it appears 
that, to have an equal resolving-power, the circular aperture must be about a 
tenth part wider than the slit. 

Merely to show the dependence of resolving-power on aperture i t  is not 
necessary to use a telescope at  all. It ie suflicient to look a t  wire gauze 
backed by the sky, or by a flarne, through a piece of blackened cardboard 
pierced by a needle and held close to the eye. By varying the distance the 
point is easily found a t  which resolution ceases; and the observation is as 
sharp as with a telescope. The function of the telescope is in fact to allow 
the use of a wider, and therefore more easily measurable, aperture. 

An interesting modification of the experiment is obtained by using lights 
of various wave-lengths. For this purpose we may have recourse to coloured 
glasses; but the best results would doubtless require the rays of the 
spectrum. 
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ON THE RESTJLTANT OF A LARGE NUMBER O F  VIBRATIONS 

OF THE SAME PITCH AND O F  ARBITRARY PHASE. 

[Philosophical Magazine, X. pp. 73-78, 1880.1 

VERDET*, in an investigation upon this subject, has arrived a t  the 
conclusion that the resultant of n vibrations of unit amplitude and arbitrary 
phase approaches the definite value 2/lz when n is very great. It can be 
shownf-, however, that this conclusion is inaccurate, and that the resultant 
tends to no definite value, however great the nutnber of components may be. 

But there is a modified form of the question, which admits of a definite 
answer, and was perhaps vaguely before Verdet's mind. If we inquire what 
is the average intensity in a great number of cases, or, in the language of the 
theory of probabilities, what is the expectation of intensity in a single 
case of composition, we xhall find that the result is that assigned by Verdet, 
nnmely n. 

A simple but instructive variation of the problem may be obtined . 
by supposing the possible phases liinited to two opposite phases, in which 
case i t  is convenient to discard the idea of phase altogether, and to regard 
the amplitudes as at  random positive or negative. If al1 the signs are the 
sarne, the resultant intensity is n2 ; if, on the other hand, there are as inany 
positive as negative, the result is zero. But although the intensity may 
range froin O to n2, the srnaller values are much more probable than the 
greater ; and to calculate the expectation of intensity, these diiferent degrees 
of probability must be taken into accoiint. By well-known riiles the expres- 
sion for the expectation is 

* Leçom d'optique physique, t. 1. p. 297. 
+ Math. Soc. Proc. May 1871. [Art. VI.] 
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The value of the series, which is to be continued so long as the terms are 
finite, is simply n, as may be proved by cornparison of coefficients of & in the 
equivalent forms 

n (n  - 
(8 + e-9" = 2" (1 + &ce + . . ,)n = e" + nefn+] + '1 MIS + 

1 . 2  
S... 

The expectation of intensity is therefore n, and this whether n be great or 
small. 

I n  the more general problem, where the phases are distributed at random 
over the complete period, the expression for the expectation of intensity is 

a0 de' ... [ ( c o s û + c o s ~ +  ...)a+(sin û+s in8 '+  ...y]. 

If we effect the integration with respect to 8, we get 

de' de" ... [1+ (cos 6' + cos d"+ ...)2+ (sin 0' +sin Y +  ...y]. 

Continuing the process by successive integrations with respect to e', O", . . . , 
we see that, as before, the expectation of intensity is n. 

So far there is no difficulty ; but a complete investigation of this subject 
involves an estimate of the relative probabilities of resultants lying between 
assigried limits of magnitude. For example, we ought to be able to say what 
is the probability that the intensity due to a large number (n) of equal 
components is less than +n. I t  will be convenient to begin by taking the 
problem under the restriction that the phases are of two opposite kinds only. 
When this has been dealt with, we shall not find much difficulty in extending 
Our investigation to phases entirely arbitrary. 

By Bernoulli's theorem* we find that the probability that of n vibrations, 
which are at random positive or negative, the number of positive vibrations 
lies between 

i n  - T d(+n) and 4.n + T 1/(+n) 
is, when n is great, 

2 
- I'e-@ dt, 
I/?r 0 

where T = r 1/(2n), and r must not surpass 1/.n in  order of magnitude. In the 
extreme cases the amplitude is + 27 d(&n), and the intensity is 27%. Thus, 
if we put T = &, we see that the chance of intensity less than $n is 

so that however great n may be, there is always more than an even chance 
that the intensity will be less than 4n. This, of course, is inconsistent with 
any such tendency to close upon the value n as Verdet supposes. 

* Todhunter's Histoqy of the Theory of P,robability, 8 993. IRIS - LILLIAD - Université Lille 1 
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From the tables of the definite integral, given in De Morgan's D i f i e n t i d  
Calculus, p. 657, we may find the probabilities of intensities less than any 
assigned values. The probability of intensity less than i n  is -2764. 

Again, the chance that in a series n the number of positive vibrations lies 

which expresses accordingly the chance of a positive amplitude lying between 

27 J(Qn) and 2 (T + 67) d (4n) .  

Let these limits be called x and x + Sx, so that T = x /4 (2n)  ; then the chance 
of amplitude between x and x + Sx is 

The expectation of intensity is expressed by 

I t  will be convenient in what follows to consider the vibrations to be 
represented by lines (of unit length) drawn from a fixed point 0, the inter- 
section of rectangular axes 0 x  and Oy. 

If n of these lines be taken at  random in the directions fg, the probability 
of resultants also along f x, and of various magnitudes, is given by preceding 
expressions. We will now suppose that an are distributed at  random along 
+ x,  and a n  along 5 y, and inquire into the probabilities of the various result- - 
ants. The probability that the end of the representative line, or, as we may 
consider it, the representative point, lies in the rectangle dxdy is evidently 

3-+@ 1 -- 
- e  fi dxdy. 
m 

Substituting polar coordinates 1; 8 and integrating with respect to O, we see 
that the probability of the representative point of the resultant lying between 
the circles r and r + d r  is 

! e-Wn &. 
71 

This is therefore the probability of a resultant vibration with amplitude 
between the values r and r + d r .  In  this case there are n components 
distributed in four rectangular directions; and we have suppoeed that &n 

IRIS - LILLIAD - Université Lille 1 



494 ON THE RESULTANT OF A LARGE XUMBER OF VIBRATIONS [68 

exactly are distributed along & x, and 4% along f y. I t  is important to 
remove this restriction, and to show that the result is the same when the 
distribution is perfectly arbitrary in respect to al1 four directions. 

In  order to see this, let us suppose that an + rn are distributed dong f x 
and i n -  m along +y, and inqixire how far the result is influenced by the 
value of m. The chance of the representative point of the resultant lying in 
the rectangle dxdy is now expressed by 

Also 

as we find on expanding the exponential and integrating. Thus the chance 
of the representative point lying between the circles r and r + dr  is 

Now, if the distribution be entirely at  random, al1 the values of m of which 
there is a finite probability are of order not higher than 2/n, n being treated 
as infinite. But if m be of this order, the above expression is the same as if 
m were zero ; and thus i t  makes no difference whether the numbers of com- 
ponents along + x  and along f y are limited to be equal or not. The 
previous result, viz. 

e+In r d ~ ,  
n 

is accordingly applicable to a thoroughly arbitrary distribution among the 
four rectaugular directions. 

The next point to notice is that the result is symmetrical, and indep'endent 
of the direction of the axes, so long as they are rectangular, from which we 
may conclude that i t  has a still higher generality. I f  a total of n components, 
to be distributed along one set of rectangular axes, be divided into any 
number of groups, i t  makes no difference whether we first obtâin the 
probabilities of various resultants of the groups separately and afterwards 
of the final resultant, or whether we regard the whole n as one group. But 
the resultant of each group is the  same, notwithstanding a change in the 
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system of rectangular axes; so that the probabilities of various resultants 
are unaltered, whether we suppose the whole number of components restricted 
to one set of rectangular axes or divided in any manner between any nurnber 
of sets of axes. This last state of things, however, is equivalent to no 
restriction at  all; and we thus arrive at  the important 'conclusion that, if n 
unit vibrations of equal pitch and of arbit,rary phases be compounded, the 
probability of n resultant intermediate in amplitude between r and r + dr is 

a similar result applying, of course, in the case of any other vector quantities. 

The probability of a resultant of amplitude less than r is 

or, which is the same thing, the probability of a resultant greater than r is 

The following table gives the probabilities of intensities less than the 
fractions of n nained in the first colurm. For example, the probability 
of intensity less than n is -6321. 

I t  will be seen that, however great n may be, there is a reasonable chance of 
considerable relative fluctuations of intensity in consecutive trials. 

The average intensity, expressed by 

is, as we have seen already, equal to n. 

If the amplitude of each component be a, instead of unity, as  we have 
hitherto siipposed for brevity, the probability of a resultant amplitude 
between r and r + d r  is 

The result is therefore in al1 respects the same as if, for example, the 
amplitude of the components had been +a and their number equal to 4n. 
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From this we see that the law is not altered, even if the components have 
different amplitudes, provided always that the whole number of each kind is 
very great ; so that if there be n components of amplitude a, n' of amplitude 
p, and so on, the probability of a resultant between r and r + dr is 

The conclusion that the resultant of a large number of independent 
sounds is practically, and to a considerable extent, uncertain may appear 
paradoxical; but its truth, 1 imagine, cannot be disputed. Perhaps even the 
appearance of paradox will be removed if we renlember that with two sounds 
of equal intensity the degree of uncertainty is far greater, as is evidenced in 
the familiar experiment with tuning-forks in approximate unison. That the 
beats should not be altogether obliterated by a multiplication of sources can 
hardly be thought surprising. 

[1899. The problem of the present paper is treated by another method 
in Theoy  of Sound, 2nd ed. 5 42a, 1894.1 
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NOTE ON THE THEORY O F  THE INDUCTION BALANCE. 

[British Association Report, Swansea, pp. 472-473, 1880.1 

THIS subject has been treated by Dr Lodge in the Phil. May. for Pebruary, 
1880, who has amived a t  several interesting results. The investigation may 
be considerably simplified by taking the case of pure tones, as is usual in 
acoustics. We may also suppose, for distinctness of conception, that the 
current in the primary circuit (xJ is sensibly unaffected by the reaction of 
derived currents, though Our results will be independent of this hypothesis. 

If xl x2 . . .... be the currents, Rl R, . .. . . . the resistances, Ml, M ,  Ml, . . ... . 
the coefficients of self-induction and of mutual induction, the equntions for 
three circuits are 

We now assume that x,, x2 . . . . . . are proportional to eint, where n / 2 ~  is the 
frequency of vibration. Thus 

whence by elimination of x3 

From this i t  appears that a want of balance depending on Ml, cannot 
compensate for the action of the tertiary circuit, so as to produce silence in 
the secondary (telephone) circuit, unless R, be negligible in cornparison with 
n M,,, that is unless the time-constant of the tertiary circuit be very great in 

R. 1. 3 2 
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comparison with the period of the vibration. Otherwise the effects are of 
different phases, and therefore incapable of balancing. 

We will now introduce a fourth circuit, and suppose tliat the primaiy 
and secondary circuits are accurately conjugate, so that Ml, = 0, and also that 
the rriiitual induction between the third and fourth circuits (Mu) may be 
neglected. Thus 

in (M,x2 + M,x3+ Max4) + R2~2 = O ,  

in (Max2 + M33x3) + R3x3 = - in M13x1, 
in (Max,  + M,x4) + R,x4 = - in M,,x,, 

whence 

Two conditions must be satisfied to secure a balance, since both the phases 
and the intensities of the separate effects inust be the same. The first con- 
dition requires that the time-constants of the third and fourth circuits be 
equal, unless both be either very great or very small in comparison with the 
period. If this condition be satisfied, a balance may be obtained by shifting 
the circuits so as to bring M, into equality with Ml., M,,*. 

For a coi1 of mean radius a, and radius of section equal to a t 322, the 
coefficient of self-induction (L) i s t  127rn2a, n being the nurnber of tiims. 
Also, if r be the specific resistance, 

R =  2 (3.22)2 rt2 r 

a 
For copper r = 1640, so that 

T = L/R = a2/1810 on the C.G.S. system. 

In the case of a shilling the time-constant can scarcely be so high as a 
ten-thousandth of a second, but periods smaller than this may be concerned 
when a microphone clock is employed. 

For similar discs or coins the time-constant varies as a2/r, a being the 
linear dimension and r the specific resistance. Equal coins cannot in general 
be balanced if the specific resistances are different. To obtain a balance, a2 

should Vary as r. I n  this case 

[1899. The particular statement applies only when M,=M4,  R3=R,.] 
i. Maxwell, Electricity and Magnetism, 9 707. 
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on the supposition that the positions of the coins relatively to the priniary 
and secondary coils are the same. 

A perfect balance is not to be expected in general mithout two adjust- 
ments, though in some cases a fair approximation may be obtained with the 
sliding wedge employed by Hughes. 

If the condition of equality of tiine-constants be satisfied, the reinaining 
condition is independent of the value of a so that a perfect balance for one 
pitch secures a perfect balance for al1 pitches. fioin this it follows that the 
results are not limited to simple tones, and that the two conditions are 
sufficient to secure a balance in al1 cases. I t  should be remembered, how- 
ever, that this indifference to pitch does not apply t o  approximate balances, 
wliich may be satisfactory with one souiid, but quite inadcquate when another 
is siibstituted. 
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ON A NEW ARRANGEMENT FOR SENSITIVE FLAMES. 

[Cambridge Phil. Soc. Proc. IV. pp. 17-18, 1880.1 

A JET of coal-gas from a pin-hole burner rises vertically in the interior of 
a cavity from which the air is excluded. I t  then passes into a brass tube a 
few inches long, and on reaching the top, burns in the open. The front wall 
of the cavity is formed of a flexible membrane of tissue paper, through which 
external sounds can reach the burner. 

The principle is the same as that of Barry's flame described by Tyndall. 
I n  both cases the unignited part of the jet is the sensitive agent, and the 
flame is only an indicator. Barry's flame may be made very sensitive to 
sound, but i t  is open to the objection of liability to disturbance by the 
slightest draught. A few years since Mr Ridout proposed to enclose the jet 
in a tube air-tight a t  the bottom, and to ignite i t  only on arriva1 a t  the top 
of this tube. I n  this case however external vibrations have very imperfect 
access to the sensitive part of the jet, and when they reach it they are of the 
wrong quality, having but little motion transverse to the direction of the jet. 
The arrangement now exhibited combines very satisfiactorily sensitiveness to 
sound and insensitiveness to wind, and i t  requires no higher pressure than 
that of ordinary gas-pipes. If the extreme of sensitiveness be aimed at, the 
gas pressure must be adjusted until the jet is on the point of flaring without 
sound. 

The apparatus exhibited was made in Prof Stuart's workshop. An 
adjustment for directing the jet exactly up the middle of the brass tube is 
found necessary, and sonie advantage is gained by contracting the tube 
somewhat a t  the place of ignition. 

[1899. For further particulars of construction with a drawing, see Proc. 
Roy. Inst. June 1898.1 
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THE PHOTOPHONE. 

[hrature, XXIII. pp. 274-275, 1881.1 

THE following calculation, made with the view of examining whether the 
remarkable phenomena recently discovered by Prof. Bell could be explained 
on recognised principles, may interest the readers of Nature. 1 refer to the 
un-electrical sounds produced by the simple impact of intermittent radiation 
upon thin plates of various substances. 

I t  has been thought by some that in order that a body exposed to 
variable radiation may experience a sensible fluctuation of temperature its 
rate of cooling must be rapid. This however is a mistake. The variable 
radiation may be divided into two parts-a constant part, and a periodic 
part-and each of these acts independently. Under the influence of the 
constant part the temperature of the body will rise until the loss of heat by 
radiation and conduction balances the steady inflow ; but this is not appre- 
ciable by the ear, and may for the present purpose be left out of account. 
The question is as to what is the effect of the periodic part of the whole 
radiation, that is, of a periodic communication and abstraction of hegt which 
leaves the mean temperature unaltered. It is not difficult to see that if the 
radiating power of the body were sufficiently high, the resulting fluctuation 
of temperature would diminish to any extent, and that what iu wanted in 
order to obtain a considerable fluctuation of temperature is a slow rate of 
cooling in consequence of radiation or convection. 

If 9 denote the temperature at time t, reckoned from the mean tempera- 
ture as zero, q be the rate of cooling, Ecospt  the mesure  of the heating 
effect of the incident radiation, the equation regulatirig the fluctuation of 
temperature is 

dB 
- + qe = E cospt. 
dt 
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O =  E' cos (pt + e )  
i{p" ' 

showing that if p and E be given, O varies most when q = 0. 

Let us suppose now that intermittent sunlight falls upon a plate of solid 
matter. If the plate be transparent, or absorb only a small fraction of the 
radiation, little sonorous effect will be produced, not merely because the 
radiation transinitted is lost, but because the heating due to the remainder 
is nearly uniform throughout the substance. In  order that the plate niay 
bend, as g e a t  a difference of temperature as possible inust be established 
between its sitles, and for this purpose the radiation should be absorbed 
within a distance of the order of half . the thickness of the plate. If the 
absorption be still more rapid, it would appear that the thickness of the 
plate may be diminished with advantage, unless heat conduction in the plate 
itself interferes. The numerical calculation relates to a plate of iron of 
thickness d. It is supposed that q is negligible in comparison with pl 
i.e. that no sensible gain or loss of heat occurs in the peiiod of the inter- 
mittence, due to the fluctuations of temperature themselves. 

If the posterior surface remains unextended the extension of the anterior 
surface corresponding to a curvature p-l is d lp ,  and the average extension is 
d/2p. Let us inquire what degree of curvature will be produced by the 
absorption of sunlight during a time t, on the supposition that the absorption 
is distributed throughout the substance of the plate, so as to give the right 
proportional extension to every stratum. 

If  Ht denote the heat received in time t per unit area, c the specific heat 
of the material per unit volume, e the linear extension of the material per 
degree centigrade, then 

1 2eHt -=- 
p cd2 ' 

I n  the case of sunshine, which is said to be capable of melting 100 feet 
of ice per annum, we have approxirnately in C.G.S .  measure 

For iron e = .000012, c = 236. 

Thus if t = (of a second), d = .O2 cm. 

This estimate will apply roughly to a period of intermittence equal to 
a;oth of a second, i.e. to about the middle of the musical scale. If the plate 
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be a disk of radius r,  held a t  the circumference, the displacement a t  the 
centre will be r2/2p, or '561.2 X IOd. In  the case of a diameter of 6 centi- 
metres this beconles 5.0 x IO*. 

Five millionths of a centimetre is certainly a small amplitude, but i t  is 
probable that the sound would be audible. I n  an experiment (made, i t  is 
true, a t  a higher pitch) 1 fbund sound audible whose amplitude was less thaii 
a ten-inillionth of a centimetre*. We rnay conclude, 1 think, that there is 
at present no reason for discarding the obvious explanation that the sounds 
in question are due to the bending of the plates under unequal heating. 

* Proc. Roy. Soc. 1877. [Art. XLVIII. p. 328.1 
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ON COPYING DIFFRACTION-GRATINGS, AND ON SOME 
PHENOMENA CONNECTED THEREWWH. 

[Philosophical Magazine, XI. pp. 196-205, 18S1.] 

IN the Phil. May. for February and March 18'14 [Art. XXX.] 1 gave an 
account of experiments in the photographie reproduction of gratings ruled 
with lines nt a rate of 3000 and 6000 to the inch. Since that time 1 have 
had further experience, extending to more closely ruled gratings, and have 
examined more minntely certain points which 1 was then obliged to leave 
unexplained. The present communication is thus to be regarded as supple- 
mentary to the former. 

Some years ago Prof Quincke described an unphotographic process 
by which he had succeeded in copying engraved glass gratings. He began 
by depositing a thin coating of silver by the chemical method upon the 
face of the grating. The conducting layer thus obtained was then trans- 
ferred to an electrolytic cell, and thicliened by the deposit of copper, until 
stout enough to be detached from the glass substratum. In this way 
he prepared an accurate cast of the glass surface, faced with highly 
reflecting silver. Since the optical depth of the lines is increaeed some 
four times, these gratings usually give mixch brighter spectra than the 
glass originals. 

Prof. Quincke was kind enough to send me some specimens of his work, 
giving extremely beautiful spectra. 1 found, however, that, though carefully 
preserved, these gratings deteriorated after a time, apparently either from 
insufficient thickness, or from imperfect adheeion, of the silver layer. In  
my own attempts 1 endeavoixred to remedy this defect by not allowing 
the silver to dry before transference to the electrolytic cell, and by com- 
mencing the electric deposit, with a s i l v e ~  instead of with a corner solution. 
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1 did not, however, succeed in finding a thoroughly satisfactory plating- 
liquid. I n  the ordinary cyanide solution the silver was a t  once loosened 
from the glass. In other solutions the grating could be immersed with 
impunity, but the film began to strip as soon as the current passed. Using 
acetate of silver, however, 1 was able to obtain a certain degree of thickening. 
1 also found advantage from commencing the deposit of copper with a 
neutrat solution. After the layer had attained a moderate thickness, its 
edges were dipped in melted paraffine; and i t  was then transferred to the 
usual acid solution of copper. 1 did not find i t  necessary to take any 
precautions against too great an adhesion between the silver and the glass. 

These copies are now four years old, and they do not seem to have 
deteriorated. A slight yellow tarnish, due probably to sulphur, can be 
removed with cyanide of potassium. There is, however, one defect which 
1 have not been able to avoid. The silver surface is never sufficiently 
flat to bear much magnifying-power. Unless this difficulty can be overcome, 
the use of such gratings must be limited to cases where brilliancy, and not 
high defining-power, is the desirable quality. For most purposes the photo- 
graphie method of reproduction is to be preferred as far easier and quicker. 
Among various processes of this kind, 1 am still inclined to give the 
preference to that in which collodio-chloride of silver is employed, with 
subsequent treatment with mercury. The only trouble that 1 have met 
with is the tendency of the soluble salts to crystallize in the film; but 
this can generally be avoided with a little judgment. As these photographs 
cannot well be varnished, some doubts might have been entertained as to 
their permanence ; but 1 find that copies now more than seven years old are 
iiorie the worse. For gratings to be subjected to rough treatment, the 
various albumen processes offer decided advantages. 

I n  my former paper 1 stated my opinion that the photogi-aphic method 
of reproduction would be applicable to lines finer than a,ny that 1 had then 
tried (6000 to inch). In the summer of 1879 an opportunity afforded itself 
of submitting the matter to the test of actual trial through the kindness 
of Mr Rutherfuïd, who presented me with a beautiful glass grating con- 
taining nearly 12,000 lines, ruled a t  the rate of 1'1,280 to the inch. The 
copies, taken with suitable precautions to secure a good contact, werc 
completely successful, so far as the spectrum of the first order is concerned. 
Indeed careful comparison showed no appreciable difference between the 
defining-power of the original and of the copies; and with respect to 
brightness some of the copies had the advaritage. On a former occasion* 
1 have shown that the theoretical resolving-power in the orange region of the 
spectrum is equal to that obtainable from a prismatic spectroscope with 
128 cm. of "extra dense flint"; and 1 have no reason to think that the 

* Phil. Mag. Oct. 1879. [Art. LXII. p. 428.1 
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actual resolving-power fell far short. This is a considerable result to obtain 
with a photograph which may be taken in half an hour at a cost of two or 
three shillings. 

The case is different, however, when we turn to the spectrum of the 
second order. Used in this way the original gives magnificent results; but 
they are not reprodi~ced in the copies. Some parts of the photograph will 
sometimes show a faint spectrum of the second order; but i t  is usually 
traversed by one or more dark bands, whose nature will presently be 
examiued more a t  length. 

As a rule, glass (or a t  any rate transparent) originals only would be used 
for purposes of reproduction ; but as a matter of curiosity 1 tried what could 
be done in copying an original ruled on speculum-metal. The specimen 
experimented upon was similar to my own, both as to the total number of 
lines and as to the degree of closeness; i t  belongs to Mr Spottiswoode, to 
whom 1 am indebted for the loan of it. I n  this case the light of the sun had 
to pass through the sensitive film before i t  could reach the speculum-metal ; 
it was then reflected back, and in ~e tuming  through the film impressed the 
ruled structure. No very biilliant result was to be expected; but 1 suc- 
ceeded so far as to obtain a copy which gave very fair results when tested 
upou the sun. 

In my former paper 1 mentioued that when a spectrum of high order is 
thrown upon the eye, there usually appear upoii the grating a certain 
nuinber of irregular dark bands. These are the places a t  which the copy 
fails to produce the spectrum in question. With lines not closer than 3000 
or 6000 to the inch, and with reasonably flat glass as support to the photo- 
graphie filin, these bands rarely invade the first or second spectrum. When, 
howevcr, we come to 17,000 lines to the inch, it requires pretty flat glass 
and soiiie precautions in printing to keep even the first spectrum free from 
therri. 

I t  was obvious from the first that the formation of these bands was a 
questioti of the distance between the ruled surface of the original and the 
serisitive filin ; but it is only within the last year or so that 1 have submitted 
the point to special experiment. For this purpose 1 substitute for plane- 
parallel glass as a substratum for the sensitive film the convex surface of a 
lens of moderate curvature. As in the experiment of Newton's rings, we 
obtain in this way an interval gradually increasing from the point of contact 
outwards, and thus upon one plate secure a record of the effect upon the 
copy of varying degrees of closeness. When a spectïuni of any order is 
thrown upon the eye, those places upon the grating where the spectrum i n  
question fails appear as da,rk rings. My first experiment of this kind was 
made with the Rutherfurd grating, in order principally to find out how close 
a contact was really necessary for copying. From the diameter of the first 
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da& ring, in conjunction with a rough estimate of the curvature of the lenu, 
1 concluded that the interval between the surfaces should nowhere much 
exceed ho of an inch. It appeared a t  the same time that the chance was 
remote of obtaining a satisfactory performance in the spectrum of the second 
order. About this time the theoretical views occurred to me which will 
presently be explained, and 1 purposed to check them by more careful 
measurernents than 1 had yet attempted. In  the course of last sumrner, 
however, 1 found accidentally that Fox Talbot had made, many years ago*, 
some kindred observations ; and the perusal of liis account of them induced 
nie to alter somewhat my proposed line of attack. I t  will be convenient to 
quote here Fox Talbot's brief statement :- 

"About ten or twenty feet froni the radiant point, 1 placed in the path 
of the ray an equidistant gratingt made by Fraunhofer, with its lines 
vertical. 1 then viewed the light which had passed through this grating 
with a lens of considerable niagnifying-power. The appearance was very 
curious, being a regular alternation of nurnerous lines or bands of red and 
green colour, having their directions parallel to the lines of the grating. On 
removing the lens a little further from the grating, the bands gradually 
changed their colours, and became alternately blue and yellow. When the 
lens was a little more removed, the bands again became red and green. And 
this change continued to take place for an indefinite niimber of times, as the 
distance between the lens and grating increased. I n  al1 cases the bands 
exhibited two complementary colours. 

" It was very curious to observe that, thoiigh the grating was greatly out 
of the focus of the lens, yet the appearance of the bands was perfectly 
distinct and well defined. 

"This, however, only happens when the radiant point has a very smnll 
apparent diameter, in which case the distance of the lens may be increased, 
even up to one or two feet from the grating, without much impairing the 
beauty and distinctness of the coloured bands. So that if the source of light 
were a mere mathematical point, i t  appears possible that this distance might 
be increased without limit; or that the disturbance in the luminiferous 
undulations caused by the interposition of the grating coiitinues indefinitely, 
and has no tendency to subside of itself." 

I t  is scarcely necessary to point out that what was seen by the eye in 
this experiment in any position of the magnifying lens was the same as 
would have been depicted upon a photographic plate situated at  its focus, at 
least i f  the same kind of rays had been operative in both cases Talbot's 

Phil. Mag.  Dec. 1836. 
t A plate of glass covered with gold leaf, on which several hundred parallel lines are cut, in 

order ta transmit the light at equal intervals. 
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observations are therefore to the point as determining the effect of varying 
intervals in photographic copying. 

On the whole the above description agrees well with what 1 had expected 
from theory. I t  is indeed impossible to admit that the red and green colora- 
tion could disappear and revive an indejnite number of times. The appear- 
ance of colour at al1 shows that the phenornenon varies with the wave-length, 
and accordingly that i t  would (as in al1 such cases when white light is used) 
ultimately be lost. Besides the limit imposed by the apparent magnitude of 
the source of light, there nlust be another depending upon the variation of 
wave-length within the range concerned. 

In trying to repeat Talbot's experiment 1 found that even the 3000-to- 
the-inch grating was too fine to be conveniently employed ; and eventually 1 
fell back upon a very coarse grating made some years ago by photographing 
(with the camera and lens) a piece of striped stuff. By cornparison of coin- 
cidences with the divisions of fine ivory scale (vernier fashion), the period 
was determined as 4104 inch. As a source of light 1 used a slit placed 
parallel to the lines of the grating and backed by a fish-tail gas-flame seeu 
edgeways. In  order to observe the appearances behind the grating, a lens of 
modemte inagnifying-power was sufficient. This lens was moved gradually 
back until something distinctive was seen; the distance between the lens 
and the gratirig was then ~neasured and recorded. Iri order to render - - 

the light more riearly monochromatic, pieces of red or green glass were 
usually held in front of the eye. 

With red light the nearly equal bright and dark bars are seen in focus 
when the distance of the lens from the grating is 1% inch. As the distance 
is increased, the definition deteriorates, and is worst at  a distance of 38. In 
this position the proper period (.O104 inch) is lost, but subordinate fluctua- 
tions of brightness in shorter periods prevent the forniation of a thoroughly 
flat field of view. As the distance is further increased, the definition appears 
to iinprove, until a t  distances 5 2  and 69 it is nearly as good as at  first. The 
definition in an intermediate position such as 6$ is distinctly inferior, but is 
far from being lost as in position 3g. From the theoretical point of view, to 
be presently explained, these two positions of extra good definition are not to 
be distinguished. They relate rather to the sharpness of the edge of the band, 
than to any special prominence of the proper period. A t  a distance of 74 we 
have again a place of worst definition, at  104 a revival, and so on. These 
alternations could be traced to a distance of nine feet behind the grating. 

The accompanying table gives the positions of best and worst definition 
for red and green light respectively. Of these the places of worst definition 
could be observed with the greater accuracy; but none of the observations 
have any pretensions to precisiori. The star indicates the position for focus. 
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I t  is evident that the positions for red light gradually fa11 quite away 
from the corresponding positions for green light. A t  194, for example, if we 
use a green glass, we love sight of the proper period, and have before us an 
almost uniform field ; but if without making any other change we substitute 

1 

I Red light l Green light l 
Worst 

3% 
89 

144 
192 

254 

314 
37 

a red glass for the green one, we see the bands again with great distinctness. 
At about the greatest distance included in the table the positions of best 
definition are again in coincidence; but here there is an important remark 
to be made. If, using the green glass, we adjust a needle-point to the centre 
of a bright band, we find, on substituting the red glass, that the needle-point 
is now in the centre, not of a bright, but of a dark band. The fact is that a t  
every revival of definition the image changes sign, in the photographie sense, 
from positive to negative, or from negative to positive-a clear proof that the 
appearance in question is not a mere shadow in any ordinary sense of the 

With respect to the numerical values of the distances given in the table, - 
tlieory indicates that the interval from worst to worst or froni best to best 
definition should be a third proportional to the period of the grating d and 
the wave-length of the light A, i.e. should be equal to &/X. In the case of 
red light, the inean interval from worst to worst is 4.8 inches, and from best 
to best 4.7. The corresponding numbers for green light are 5.5 and 5.3. In  
the subsequent calculation, 1 have used the first stated intervals as probably 
the more correct. 

For the grating employed the actual value of d was .O104 inch; but a 
small correction is required for the want of parallelism of the light. The 
distance of the source was about 27 feet; so that, as the rnean distance 
behind the grating a t  which the appearances were observed was 14 foot, the 
above value of d must be increased in the ratio of 284 to 27. Thus for the 
effective d in centimetres, we get 
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Calciilating from this and from the observed intervals a by means of the 
formula X = d2/a, we get in centimetres 

Direct determination of the mean wave-lengths of the lights transmitted by 
the red and green glasses respectively gave 

A,,,,, = 6.G4 x l O P ,  X,,,,,, = 5'76 x IO+. 

The true wave-lengths are certainly somewhat greater than those calcu- 
lated from Talbot's phenomenon ; but the difference is perhaps hardly oiitside 
the limits of experiinental error. If the measurements were ever repeated, 
it would be advisable to use a colliinating lens as well as a more accurate 
grating. 

The problem of determining the illumination a t  various points behind a 
grating exposed to a parallel beam of homogeneous light, could probably be 
attacked with success by the usual inethods of physical optics, if it were 
assumed that the grating presented uniform intervals alternately transparent 
and opaque. Actual gratings, however, do not answer to this description, 
and, indeed, Vary greatly in character. 1 have therefore preferred to follow 
the comparatively simple method, explained in my book on Sound, §$ 268, 
301, which is adequate to the determination of the leading features of the 
phenomenon. 

Taking the axis of z normal to the grating, and parallel to the original 
directiou of the light, and the axis of x perpendicular to the lines of the 
grating, we require a general expression for the vibration of given frequency 
which is periodic with respect t,o x in the distance d. Dcnoting the velocity 
of propagation of ordinary plane waves by a, and writing k = 2 7 r / h ,  we may 
take as this expression 

A, cos (kat - kz) 

cos (kat - plz)  + B, cos 

where 

[The terms represent the various spectra, and] the series is t o  be con- 
tinued so long as pz is positive, i.e. so long as the period of the compouent 
tliictuations parallel to x is greater than k. Features in the wave-form 
whose period is less than h cannot be propagated in this way, but are rapidly 
extinguished. 
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The interisity of vibration, ineasured by the square of the amplitude, is 

+ - A cos - + e, sin (Lz - k z )  [ (2:x ) 

In  order t o  apply this result to our present question, i t  i~ supposed as a 
rough approximation that the terms with sufixes higher than uriity may be 
omitted. We thus obtain 

+ 2A,B, cos - + el sin (kz - plz) ("" 9 
+ 4 A: cos + ,el) + $4' cos + 2.4 , 

which as a function of z is periodic with a period determiried by 

In  the cases with which we are concerned X2 is small in cornparison with 
de, so that approximately z = 2d2/X. So far, then, as this theory extends, the 
phenomena behind the grating are reproduced with every retreat through a 
distance 2d2/X; but, on account of the terms omitted, this conclusion does 
not apply to the subordinate pet-iods (on which depends the performance of a 
copy in the spectra of higher order); nor does it apply rigorously even to the 
principal period itself. 

Similar results to those given by direct inspection on the coarse grating 
have been obtained by photographie copying of finer ones, a lens (as already 
explained) being substituted for flat glass as a support for the sensitive film. 
When the copy is held so that the spectrum of the first order is formed upon 
the eye, several dark rings are visible, separated by intervals of brightness. 
With the 6000 Nobert the diameter of the first dark ring was .54 inch, and 
a t  the centre round the point of contact there mas a dark spot nearly as dark 
as the ring. In the second and third spectra the centres were also dusky, 
though not so black as in the first. The diameter of the first dark ring in 
the second spectrum mas -30 inch. [Inch = 2-56 cm.] 
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The occurrence of a dark centre is a point of interest, as showing that for 
purposes of reproduction i t  is possible for the contact to be too close, though 
1 do not remember to have met with this in practice ; and theoretically it is 
what would be expected when we consider that the original does not act by 
opacity. According to this view a different result should be obtained in 
copying an opaque grating ; and such 1 have found to be the case. For this 
purpose 1 employed a copy of the same 6000 Nobert, taken some years ago 
on a tannin plate, and prepared the photographic film on the same Eens as 
before. When the resulting photograph was examined, the spectra of the 
first three orders showed bright centres. The diameter of the first dark ring 
in the first spectrum was .44 inch-smaller than before. 

With the 3000 Nobert in place of the 6000, the ring-system is formed on 
a larger scale. The centres for the first four spectra are black, with the 
exception of the actual place of contact, where evidently the collodion film 
was impressed mechanically. The diameter of the first dark ring in the first 
spectrum is -90 inch, not quite the double of .54 inch, although the same 
lem as before was used. In  the second spectrurn the diameter of the first 
dark ring is -56 inch, and in the third spectrum '40 inch. 

Interesting as these bands may be in theory, they are to be avoided as 
much as possible in the practical reproduction of gratings, not merely because 
a part of the area is lost, but also on accoiint of the reversa1 which takes 
place ab every revival of brightness. Without having examined the matter 
very closely, 1 had generally found the performance of gratings which showed 
these bands to be inferior ; and now it would seem that the explanation is to 
be found in the above-mentioned reversals, which could not fail to interfere 
with the resolving-power. 

During my early experiments it happened once that in the course of 
printing an accidental shifting took place, leading to the impression of a 
double image. A more perfect result was afterwards obtained by inten- 
tionally cominunicating to the plates a slight relative twist in the middle of 
the exposure. When a spectrum froin such a grating is thrown upon the 
eye, parallel bars are seen perpendicular to the direction of the grooves; biit 
the number and position of these bars depend upon the order of the spectrum. 
In  one case twenty-five bars were counted in the first spectrum, and twice 
that number in the second. But i t  is unnecessary to dwell further upon 
these observations, as they correspond exactly with what the ordinary theory 
of gratings would lead us to expect. 
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ON IMAGES FORMED WITHOUT REFLECTION OR 
REFRACTION. 

[Philosophical Magazine, X I .  pp. 214-21.8, 1881.1 

THE function of a lens in forming an image is to compensate by its 
variable thickness the differences in phase which would otherwise exist 
between secondary waves arriving a t  the focal point from various parts of 
the aperture. If we suppose the diameter of the lens (2r)  to be given, and 
its focal length f gradually to increase, these differences of phase at the 
image of an infiriitely distant luminous point dimiiiish without limit. When 
f attains a certain value, Say f,, the extreme error of phase to be compensated 
falls to 4h. Now, as 1 have shown on a previous occasion*, an extreme error 
of phase amounting to f X, or less, produces no appreciable deteiioiation in 
the definition; so that frorn this point onwards the lens is useless, as only 
improving an image already sensibly as perfect as the aperture admits of. 
Throughout the operation of increasing the focal length, the resolving-power 
of the instrument, which depends only upon the aperture, remains un- 
changed; and we thus arrive a t  the rather startling conclusion that a 
telescope of any degree of resolving-power might be constructed without an 
object-glass, if only there were no limit to the admissible focal length. This 
last proviso, however, as we shall see, takes away almost al1 practical import- 
ance from the proposition. 

To get an idea of the magnitudes of the quantities involved, let us take 
the case of an aperture of inch [inch = 2-34 cm.], about tlist of the piipil of 
the eye. The distance f,, which the actual focal length miist exceed, is 
given by 

2/(f?+ra} - f i = i X ;  

* Phil. Mag. November 1879. [Art. Lxrr. 5 4.1 

R. 1. 
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so that 
= 2r2/X. 

The image of the sun thrown on a screen a t  a distance exceeding 66 feet, 
through a hole 4 inch in dismeter, is therefore at  least as well defined as that 
seen direct. I n  practice it would be better defined, as the direct image is far 
from perfect. If the image on the screen be regarded from a distance f,, it 
will appear of its natiiral angular magnitude. Seen from a distance less than 
f,, i t  will appear magnified. Inasmuch as the arrangement affords a view of 
the sun with full definition and with an increased apparent magnitude, the 
name of a telescope can hnrdly be denied to it. 

As the minimum focal length increases with the square of the aperture, a 
quite impracticable distance would be required to rival the resolving-power 
of a modern telescope. Even for an aperture of four inches f, would be five 
miles. 

A similar argument to that just employed to find at what point a lens 
begins to have an advantage over a simple aperture, may be applied to deter- 
mine at  what point an achromatic lens begins to assert a perceptible supe- 
riority over a single lens in forming a white image. The question in any 
case is simply whether, when the adjustment is correct for the central rays of 
the spectrum, the error of phase for the most extreme rays (which it is 
necessary to consider) amounts to a quarter of a wave-length. If not, the 
substitution of an achromatic lens will be of no advantage. 

If p be the refractive index for which the adjustment is perfect, then the 
error of phase for the ray of index p + 6p is +. t, where t is the " thickness" 
of the lens. Now 

(p - 1) t = r2/2f; 

so that, if the error of phase amoixnt to $X, 

I n  order to apply this numerically, let us take the case of hard crown-glass, 
for which the indices are given by Hopkinson*. The practical limits of the 
spectrum being taken a t  B and C, we have t ~ ,  = 1.5136, ,u, = 1.5284, the 
difference of which is -0148. If the focus be correct for the mean value of p, 
the extreme value of 8p is -0074, and that of SP/(p- 1)  is -00'14/'521, or 
.0142. In strictness we ought to take into account the variation of X ; but 
for such a purpose as the present we may put i t  at mfjOO inch ; and then the 
fraction .O142 expresses the admissible focus when a single lens is used as 
compared with the focus necessary when a leris is dis~ensed with altogether. 

Proc. Roy. Soc. 1877. 
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Thus, if the aperture be one-fifth of an inch, an achromatic lens has no 
advantage over a single one, if the focal length be greater than about 
11 inches. If, on the other hand, we suppose the focal length to be 66 feet, 
a single lens is practically perfect up to an aperture of 1.7 inch. The effect 
of spherical aberration in disturbing definition was considered in my former 
paper. In such a case as that last specified it is altogether negligible. The 
advantage of a long focus was well understood by Huyghens and his contem- 
poraries; bilt it may have been worth while to consider the matter for a 
moment from another point of view, from which i t  clearly appears that the 
substitution of an achromatic for a single lens serves no other purpose than 
to diininish the minimum admissible focal length. 

Returning now to homogeneous light, let us consider the case of an 
annular aperture of radii r l  and r,. The extreme difference of phase at  
distance f is now (r: - r:) t 2f. If this be tk, we get 

as the value of the minimum distance a t  which a lens can be dispensed with 
without loss. If r, - r, be small, f l  is much smaller than for a full circle of 
radius r,; and it might appear that a great advantage would be gained 
either in the diminution off, or by an increase in r,. The question, however, 
remains whether with a lem the definition due to an annular aperture of 
given outer radius r, is independent of the inner radius r,. 

The image of a mathematical point consists, i t  is known, of a central 
patch of brightness, surrounded by rings alternately dark and bright. If we 
conceive the radius of the central stop (i.e. r,) gradually to increase from O to 
r,, the diameter of the central luminous patch diminishes in the ratio 
3.83 : 2.41. From this it might be supposed that the definition due t o  the 
marginal rim acting alone would be superior to the definition due to the 
whole aperture*. I t  is true that there is a t  first some improvemeiit in 
definition ; but as r, approaches equality with r2 a rapid deterioration sets in, 
notwithstanding the smallness of the central luminous patch. I n  order to 
understand this i t  is necessary to examine more minutely the distribution of 
light over the entire field. 

If the point under consideration be distant p from the centre of the 
diffraction-pattern, the illumination for the full aperture is given by 

if y = 2 r r p / ~ f ,  J, being the symbol of the Bessel's function of order unity. 
The dark rings correspond to the roots of J,, and occur when y = 3.83, 7.02, 
10.17, Bc. 

* 8ee a paper on the Diffrsction of Object-@asses, Astr. Month. Notices, 1872. [Art. xxx.] 
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The whole illumination within the area of the circle of radius p is 
given by 

dp = 2?rr2 1; y-1 J: (y) dy. 

This integral may be transformed by known properties of Bessel's functions. 
Thus*, 

so that 

We therefore obtain 

If y be infinite, J,(y) and J1(y) vanish, and the whole illumination is 
expressed by T@, as is evident d priori. I n  general the proportion of the 
whole illumination to be found ot~tside the circle of radius p is given by 

For the dark rings JI (y) = O ; so that the fraction of illumination outside any 
dark ring is simply J?(y). Thus, for the lst,  2nd, 3rd, and 4th dark rings 
we get respectively '161, .090, .062, and -047, showing that more than & of 
the whole light is concentrated within the area of the second dark ring. 

The corresponding rcsults for a narrow annulm aperture would be very 
different, as we may easily convince ourselves. The illumination at any 
point of the central spot or of any of the bright rings is proportional to the 
square of the width of the annulus, while the whole quantity of light is 
proportional to the width itself, As, therefore, the annulus narrows, a less 
and less proportion of the whole light is contained in any finite number of 
liiminous rings, and the definition of an image corresponding to an assem- 
blage of luminous points is proportionally impaired. 

The truth is that, so far as i t  is possible to lay down any general law at all, 
the definition depends rather upon the area than upon the external diametel. 
of the aperture. If A be this area, the illumination at  the focal point, where 
al1 the secondary waves concur in phase, is given by I? = A2/h2fZ, the primary 
illumination being taken as unity. The whole illumination passing the 
aperture is on the same scale represented by A. Hence if A' be the area 
over which an illumination 12 would give the actual total illumination, 

* Todhunter's Laplace's Functionî, p. 297. IRIS - LILLIAD - Université Lille 1 
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AB'= Xaf2; and A.', being in some sense the area of the diffraction-pattern, 
may be taken as a criterion of the definition. 

In the case of an annulus we saw that the minimum focal length allowing 
a lens to be dispensed with is also dependent upon the area of aperture- 
~ ( r :  - r:); so that it would appear that if the object be to form at  a given 
distance, and without a lem, as well-defined an image as rnay be, i t  is of 
comparatively little consequence whether or not an annular aperture be 
adopted. A moderate central stop would doubtless be attended with benefit ; 
but i t  is probable that harm rather than good would result from any thing 
like extreme proportions. 

P.S.-Reference should be made to a paper by Petzval on the Camera 
Obscura (Phil. May. Jan. 1859), in which the definition of images formed 
without lenses is considered. The point of view is different froni that above 
adopted. [1899. The reader may also consult Proc.  Roy. Inst. Feb. 1891, 
Nature XLIV. p. 249, 1891; Phil. Mag. XXXI. p. 8'1, 1891.1 
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ON THE ELECTROMAGNETIC THEORY OF LIGHT. 

[Philosopl~icul Mqazine, XII. pp. 81-101, 1881.1 

THE claims of the theory propounded by Maxwell, according to which 
light consists of a disturbance in a medium susceptible of dielectric polari- 
zation, are so considerable that it is desirable to extend its application - - 
as far as possible to various optical phenomena. The question of the 
velocity of propagation in vacuum and in singly or doubly refracting trans- 
parent dielectrics was considered by Maxwell himself; and the agreement 
with experiment, though far from perfect, is sufficiently encouraging. More 
recently it has been shown by Helmholtz*, Lorentz?, Fitzgerald:, and 
J. J. Thomson§, that the same theory leads to Fresnel's expressions for the 
intensity of light reflected and refracted at  the surface of separation of 
transparent media, and that the auxiliary hypotheses necessary in this part 
of the subject agree with those required to explain the laws of double 
refraction. I n  this respect the electromagnetic theory has a marked advan- 
tage over the older view, which assimilated luminous vibrations to the 
ordinary transverse vibrations of elastic solids. According to the latter, 
Fresnel's laws of douhle refraction, fully confirmed by modern observationl(, 
require us to suppose that in a doubly-refracting crystal the rigidity of the 
medium varies with the direction of the strain; while, in order to explain 
the facts relating to the intensities of reflected Jight, we have to make 
the inconsistent assumption that the rigidity does not Vary in passing from 
one medium to another. A further discussion of this subject will be found 
in papers published in the Philosophical Magazine during the year 1871. 
[Arts. VIII. IX. X. XI.] 

* Grelle, Bd. LXXII. 1870: .f Schl6milch, xxrr. 1877. 
$ Phil. Trafzs. 1860. 5 Phil. Mag. April 1880. 
II Glazebrook, Phil. T~ans. 1879. 
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If the dielectric medium be endowed with sensible conductivity, the 
electric vibrations will be damped; that is to Say, the light will undergo 
absorption, with a rapidity which Maxwell has calculated. By supposing 
the conductivity to be so great that practically complete absorption takes 
place withia a distance comparable with the wave-length, we may obtain a 
theory of metallic reflection wtiich is not without interest, although the - 
phenornena of abnormal dispersion show that i t  cannot be regarded as 
complete. 

For an isotropie medium a t  rest we have the equations (Maxwell's 
Electricity and lMagnetism, $ 591, 598, 607, 610, 611) 

u = p + dfldt, &c., .................................. (1) 

4rf = K P ,  &c., ........................................ (2) 

p = CP, &c., ............................. .m.. ... (3) 

P = - dF/dt .- d'Pl&, &c., ........................ (4) 

a = dH/dy - dG/dz, &c., ......................... ( 5 )  

a = pa, &c., .......................................... ( 6 )  

.......................... $TU = dY/dy - d,i3/dz, &c. ; (7) 
in which f, g, h are the electric displacements,p, q, r the currents of con- 
d~iction, u, v, w the total currents, P, &, R the cornponents of electromotive 
force, K the specific inductive capacity, C the conductivity, cc, 8, y the 
components of magnetic force, a, b, c the components of magnetization, ,u 
the magnetic capacity, F, G, H the components of electrokinetic momentum, 
and T the electric potential. 

From (2), (4), and (5) we get 

In  the case of E constant, equation (8) expresses that the electric 

displacement (f dx + g dy) round a small circuit in the plane of xy corre- I 
sponds to the electromotive force round the circuit, represented by dcldt. 

Again, from (l), (2), (3, (6), (7), 

From equations (8) and (9)* the problern of reflection can be investigated. 
I n  order to limit ourselves to plane waves of simple type, we shall suppose 

* [1899. These are the general circuital relations given by Maxweii, Phil. Tram. 1868; 
Scientific Pupers, vol. II. p. 138.1 
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that K, p, and C are independent of z, and that the electric and magnetic 
functions are independent of z and (as dependent upon the time) pro- 
portional to ei'tt. The two principal cases will be considered separately, 
(1) when the electric displacements are perpendi~ula~r to the plane of 
incidence, (2) when they are executed in that plane. 

Case 1. This is defined by the conditions 

f = O, y = 0, and (accordingly) c = O. 
Thus 

d h  d h  .................. n a  = - 4  , inb = 4 r d i  if, (10) 

Eliminating a and b from (10) and (Il),  we get 

d l d  h d l d  h 
- dx (- ,u dx -) K - +  dy (- p -) dy K + K  (n'-in?) ;=O.  ......( 12)* 

Case 2. Here the special conditions are 

h=O, a=O, b = O .  
We have 

whence by elimination off and y, 

Equations (12) and (15) simplify considerably in their application t o  a 
uniform medium, assuming the common form 

d2/dxZ + da/dya + ,uK (nZ - in.  47r C / K )  = O. ............... ( le)*  

To express the boundary conditions let us suppose that m =  O is the 
surface of transition between two uniform media. From (12) we learn that 
the required conditions for case 1 are that 

h 1 d 
- and - (k) 
K 

must be continuous. 

* [1899. A slip of the peu is here corrected.] 
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In like manner, for case 2 we see from (15) that 

C 
- and 

1 cl c 

P K (nz - in. 47rC/K) & (;) 
must be continiious. 

If the media are transparent, or but moderately opaque, we have to put 
C=O. The differential equation is of the forin 

In case 1 the boundary conditions are the continuity of the dependent 
variable and of p-ldldx, and in case 2 the continuity of the dependent 
variable and of K-ldldx. Analytically, the results are thus of the same 
form in both cases. If 0 and 0, are respectively the angles of incidence and 
refraction, the ratio of the reflected to the incident vibration is in case 1 

tan 0,ltan 0 - p / b  ............................ 
tan 8Jtan B + p/p, ' (18) 

and in case 2 
tan 0,ltan 0 - K/ Kl , .......................... 
tan #,/tan 8 +KIKI (1 9) 

in which K, p relate to the first, and KI, pl to the second medium ; while 
the relation between 0, and 8 is 

As Helmholtz has remarked, Fresnel's forrnulae may be obtained on two 
distinct suppositions. If = p, 

sin (8, - 0) 
(18) = 

sin (8, + 8) ' 
and 

tan (0, - B )  . 
(19) = 

tan (0, + 0) ' 

but if K, = K, then (19) identifies itself with the sine-formula, und (18) with 
the tangent-formula. Electrical phenornena, however, lead us to prefer the 
former alternative, and thus to the assumption that the electric displacements 
are perpendicular to the plane of polarization. The formulæ for the re- 
fracted waves, which follow from those of the reîiected waves in virtue 
of the principle of energy alone, do not cal1 for detailed consideration. 

In  the problem of perpendicular incidence, we have frorn (12), if p be 
constant and C zero, 
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For an application of this equation to determine the influence of defective 
suddenness in the transition between two uniforni media, the reader is 
referred to a paper in the eleventh volume of the Proceedings of the 
Mathematical Society. [Art. LXIII. p. 462.1 

I n  order to obtain a theory of metallic reflection, C must be coiisidered 
to have a finite value in the second medium. The symbolical solution is 
not thereby altered from that applicable to transparent media, thc effect of 
the finiteness of C being completely represented in both cases by the sub- 
stitution of K (1 - in+ 4rrClE) for K. Thus, if p be constant, the formula 
for the amplitude and phase of the reflected wave in case 1 is to be found by 
transfimnation of (18), in which the imaginary aiigle of refraction 0, is 
connected with 8 by the relation 

K, (1 - in+ 4.rrC/Kl) : K = sin2 8 : sina 0,. . . . . . .. . . . . . .. (22) 

In like manner the solution for case 2 is to be found by transformation 
of (19) under the same supposition. 

With regard to the proposed transformations, the reader is referred to a 
paper by Eisenlohr * and to some remarks thereupon by myselft. The 
results are the formulæ published without proof by Cauchy. Frorn the 
calculations of Eisenlohr i t  appesrs that Jamin's observations cannot be 
reconciled with the formulse without supposing K, : K, i.e. the real part of 
the square of the complex refractive index, to be negative-a further proof 
that much reinains to be done before the electrical theory of metdlic 
reflection can be accepted as completef. 

The same fundamental equations (8) and (9) will now be applied to the 
problem of determining the effect on a train of plane waves of a small 
variation in the quantities K and p which define the medium. A similar 
method will be adopted to that already used for light in a paper " On the 
Scattering of Light by small Particles "5, and in my book On the Theo- 
of Sound, 5 206, the priuciple of which consists in an approximation de- 
pending upon the neglect of the higher powers of the small variations 
A K  and Ap. 

Let us suppose that a train of plane waves, in which the electric dis- 
placement is parallel to z, and magnetization parallel to y, propagates itself 
parallel to x undisturbed until i t  falls upon a region where the generally 
constant values of K and p becorne K + A K  and p + Ap. If AK and Ap 

* Pogg. Ann. t. cm. p. 368. 
t Phil. Mag. May 1872. [Art. xvx. p. 146.1 
$ July 15. 1 see that Lorentz, in a pamphlet Over de Theorie der Temgkaatsing en A~eking 

van het Licht (Arnhem, 1875), has developed a theory of metallic reflection similar to that 
indicated in the text, and has noticed the same difficulty in the application to experiment. 

3 Phil. Mag. Jiine 1871.' [Art. IX.] 
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were zero, the wave would pass on as before ; but under the circumstances 
secondary waves are generated, which diverge from the region of disturbance, 
and are ultimately, when AK and Ap are small enough, proportional in 
magnitude to these quantities. As the expression of the primary waves we 
may take 

ho = eint e" ........................................ (23) 

and corresponding thereto, by (S), 

b - 4,&n-~ K-1 &qat ......................... O -  eikx, (24) 

in which, if X denote the wave-length, k =  %/A, and n/h is the velocity 
of propagation (Kp)-4. The complete values of the functions being repre- 
sented, as before, by f, g, IL, a, b, C, we shall put 

f ,  ... a, ... being independent of AK and Ap, fl ... a, ... being of the first 
order, f, ... a, ... of the second order, and so on, in these quantities. In t.he 
actual case f,, y,, a,, c,, vanish, and only ho and b, are finite. 

From (8) and (9) with C= O, we get 

By differentiation of the first equation of (26) and substitution from (25), 
we get, having regard to 

..................... d f / d z  + dgldy + dhldz = O ,  (27) 
which is a consequence of (l), (3), ('1)) 

pK de p K  d2 + - -- (cap-') - - -- ( b  Ap-l), 
47r dy d t  47r d z d t  
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or, remembering that the funchions as dependent upon time Vary as eeLt, 

with two similar equations in g and 12. 

Introducing now the expansion in powers of AK and Ap, we get as the 
fiist approximation 

or, on substitution for bo in terrrls of ho froni (23) ,  (24) ,  

d2 d V% + ] c " f l - K - ( h , A K - l ) - i k p  -(hoAp-l)= O ,  ............. 
dx dz dz (29) 

and 
d2 . V a g l +  k g l -  K -(hoAK-1) 0, ................................... 

dy dz (30) 

d (hoAK-l)+ikp-(hoAp-l)=O. .....( 31) 
dx 

The solution of (29) is 

where r, equal to dl(u - xy + (6 - y)2 + ( y -  z ) ~ ) ,  is the distance of the 
element of volume d~ dy dz from the point a, B, y a t  which f 1  is to be 
estimated. 

I n  applying ( 3 2 )  to the calculation of a secondary wave a t  a distance 
from the region of disturbance, we may conveniently integrate i t  by parts. 
Thus, 
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From the general value of r, 

a - E  y - z  e-ar(3+3i lcr-IC2P)  da (O-"?) =__ .......... & Z r  r r 9 (34) 

If r be sufficiently great in comparison with A, only the highest power of kr 
in the above expressions need be retained; and if r be also great in com- 
parison with the dimensions of the region of disturbance, supposed to be 
situated about the origin of coordinates, (a-x)/ r  &c. may be replaced by 
a l r  &c. Thus, 

and the expression for f, becomes 

j- = !& [K 7 #y AK-1 e-ikr dx dy dz - p - ho A p-1 kkr dx dy dz] . 
r '111 

For the sake of brevity we will write this 

where 

I n  like manner from (30) and (31), 

Equations (Xi), (3'1), (38) express the elcctric displacement in the 
secondary waves. Since a  f + pg + y l ~  = 0, the displacement is perpendicular 
to the direction of the secondary ray. The general expression for the 
intensity is found by adding the squares of f ,  y, h ; but i t  will be sufficient 
for Our present purpose to limit ourselves to the case where the secondary 
ray is perpendicular to the primary ray, i.e. to the case a = O.  Then 

If P and Q are both finite, there is no direction along which the secondary 
light vanishes. We find in experiment, however, that the light scattered by 
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small particles on which polarized light impinges, does vanish in one direction 
perpendicular to the original ray; and thus either P or Q must vanish. 
NOW, when the particles are very small, we have 

so that if P vanishes, AK= O ;  and if Q vanishes, A p  = 0. The optical 
evidence that either AK or A p  vanishes is thus very strong ; while electrical 
reasons lead us to conclude that i t  is Ap. 

If we write T for the volume of the small particle, we get from (40), 
as the special forms of (35), (37), (YS) applicable to this case, 

If Ap  = 0, as we shall hencefonvard suppose, f : g = a : P, showing that the 
electrical displacement is in the plane containing the secondary ray and 
the direction of primary electrical displacement (z), and 

fia + gla + hla (aa + P) / r a  ; 

so that the intensity is proportional ta  the square of the sine of the angle 
between the secondary ray and the direction of the primary electrical dis- 
placement. The blue colour of the light scattered from small particles is 
ex~lained by the occurrence of X2 in the denominators of the expressions for 
fl ,  g,, h l ;  but for further particulars on this subject the reader m u t  be 
referred to my previous papers. 

Equations (35), (36), &c, are rigoroiisly applicable, however large the 
region of disturbance, if the square of AK may really be neglected. Frorn 
them we see that, under the circumstances in question, each element of 
a homogeneous obstacle acts independently as a centre of disturbance, and 
that the aggregate effect in any direction depends upon the phases of the 
elementary secondary disturbances as affected by the situation of the element 
along the paths of the primary and of the secondary light. I n  fact, 

If 0, $ be the angles defining (in the usual notation) the direction of the 
secoridary ray, and r, correspond to the origin of coordinates, we have 

p = AK-l ei(nt-b,i eik(z+ssin9cos~+ysin9sin++ze~s~) dx dy dz ; .(44) .. Ill 
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and the question now before us for consideration is the value of the integral 
in (44) as dependent upon the size of the obstacle and the direction of the 
secondary ray. I t  is evident that the formulæ are applicable only when the 
whole retardation of the primary light in traversing the obstacle can be 
neglected in comparison with the wave-length; but if this condition be 
satisfied, there is no further limitation upon the size of the obstacle. In the 
case where the secondary ray forms the prolongation of the primary, or 
deviates sufficiently little from this direction, the exponential in (44) reduces 
to unity, signifying that every element of the obstacle acts alike, any 
retardation of phase at  starting due to situation along the primary ray being 
balanced by an acceleration corresponding t o  a less distance to be travelled 
along the secondary ray. At a greater or less obliquity, according to the 
size of the obstacle, opposition of phase sets in ; and at  still greater obliquities 
the resultant can be found only by an exact integration. I t s  intensity 
is then less, and generally much less, than in the first case-a conclusion 
abundantly borne out by observation. 

The simplest example of this kind is that afforded by an infinite cylinder 
(e.g. a fine spider-line), on which the light impinges perpendicularly to the 
axis, so that every thing takes places in two dimensions. This case is 
indeed not strictly covered by the preceding formulæ, on account of the 
infinite extension of the region of disturbance; but a moment's consideration 
will make i t  clear that each elementary column here acts according to the 
laws already described-that is to Say, gives rise to a component disturbance 
whose phase is deterrnined by the situation of the element along the primary 
and secondary rays. I f  the angle between the two rays be called X, we have 
to consider the value of 

Introducing polar coordinates r, 8, we find 

x+ x cos x + ysin x = 2r COS aX cos (0 - 4 ~ ) ;  

so that the integral 

= /oa/~{oos ( 2 8  cos 4% cos 0) + i sin (2kr COS kt cos 8)1 r d ~ d e  

JO denoting the Bessel's function of zero order. 
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The integration with respect to r indicated in (45) can be effected by 

knomn properties of Bessel's functions ; and the result is expressible by a 
function of the first order. We get 

rra J1 (2k-a cos gx)  ; ........................... 
k cos QX (46) 

and Jl is defined by 

If cos 4~ = O (i.e. in the direction of original propagation), (46) becomes rra2, 
every element of the area acting alike. This is the maximum value. When 
x is such that 

2ka cos 4% = rr x 1219'1, 

the secondary light vanishes, at  a greater angle revives, then vanishes again, 
and so on, the angles being of course functions of the wave-length. If we 
conceive the cylinder to increase in size gradually from zero, the scattered 
light vanishes first in the backward direction X =  O, in which direction 
evidently the greatest differences of phase occur. Every thing is determined 
by the course of the function Jl ; and (46) within the limits of its application 
embodies the theory of Young's eriometer. 

We will now consider the case of an obstacle in the form of a sphere. If 
z be a coordinate measured perpendicularly to the plane containing the 
primary and secondary rays, formula (46), multiplied by dz, will represent 
the effect of a slice of the sphere, whose radius is a and thickness dz, and 
what remains to be effected is merely the integration with respect to z. 
For this purpose we write z = c sin 4, a = c cos +, where c is the radius of the 
sphere. The integral then takes the form 

or, if we expand J, by (479, and integrate according to a known formula, 

in which m is written for 2kc c o s * ~ .  I t  will be understood that (49), after 
multiplication by eintAhr", gives merely the value of P in (36), and that to 
find the complete expression for the secondary light in any direction other 
factors must be introduced in accordance with (35), (37), (38). The angle X, 

Juiy 15. 1 find for the first root of (49), m=4-50, giving as the smallest obliquity (a - X )  at 
which the secondary light vanishes, 

P - X =  2 s i r 1  (4*50/2ke). 
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being that included between the secondar~ ray and the axis of x, may be 
expressed by 

sin = d(@ + y2) + r. ........................... (50) 

Our theory, as hitherto developed, shows that, whatever the shape and 
size of the particles, there is no scattered light in a direction parallel to the 
primary electric displacements, except such as may depend upon squares and 
higher powers of the difference of optical properties. In order to render an 
account of the "residiial blue" observed by Tyndall when particles in their 
growth have reached a certain magnitude, i t  is necessary to pursue the 
approximation. By (28), with Ap neglected, we  have 

cl2 d2 ........... - K-- (glAK-') -K- (h,AK-')=O, 
dxdy  drcdz (51) 

and two similar equations in y, and h,. On the supposition that f,, g,, h ,  are 
known throughout the repion of disturbance, these equations may be solved 
in the sanie way as (29), (30), and (31). For the sake of brevity we may 
confine ourselves to the particular direction for which the terms of the first 
order vanish. Thus at a sufficient distance r' along the axis of z, 

We have now to find the values of f ,  and y, within the region of disturb- 
ance, to which of course (35) &c. are not applicable. In the general solution 
(32), ho is a function of x only ; so that the elements of the integral vanish in 
the Znterior of a homogeneoiis obst,acle, and we have only to den1 with the 
surface. Integrating by parts across this surface, we find 

r being a function of x and a only through (a - x). In like manner 

I n  the case of a small homogeneous sphere, whose centre is taken as 
origin of coordinates, these formule lead to fairly simple results. The triple 

R. L 34 
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integral in (55 ) ,  (56) may readily be exhibited in its real character of a 
surface-integral. Thus 

where dS is an element of the surface whose radius is c. This applies to a 
sphere of any size ; but we have now to introduce an approximation depend- 
ing on the supposition that kc is small. As far as the first power of kc, 

in which the double integral is the conimon potential of matter distributed 
over the spherical surface with density (z  + ikzx). Calling this for the 
moment 7, we have (Thomson and Tait, Nat. Phil. § 536) at  any interna1 
point (a, P, Y), 

V =  4 ~ c ( + y  + &ilyu)*; 
so that 

We are now prepared to calculate f2, g, from (52), (53). These formula: 
apply to hoth directions along the axis.of z ;  but in what follows i t  will be 
convenient to suppose that i t  is the positive direction which is under con- 
sideration. In  this case, if p denote the distance from the centre of the sphere, 
r' = p - y and ecih' = ecikp (1 + &y) approxirriately ; so that 

or if, as before, T be tlie volume of the sphere, 

Comparing (60) and (41), we see that the amplitude of the light scattered 
along z is not only of higher order in AK, but is also of the order IC2c2 in 

[1899. A numerical error which occurred here and in the consequential equations (59), 
(60), (61), is nom correoted. See Wslker, Quart. Joum. of Math. vol. xxx. p. 204, 1898.1 
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cornparison with that scattered in other directions. The incident light being 
white, the intensity of the component colours scattered along z varies as the 
inverse 8th power of the wave-length, so that the resultant light is a rich 
blue. 

Tliere is another point of importance to be noticed. Although, when the 
terms of the second order are included, the scattered light does not vanish 
along the axis of z, the peculiarity is not lost, but merely transferred to 
another direction. Putting togetber the terms of the first and second orders, 
we see that the scattered light will vanish in a direction in the plane of $2, 
inclined to z (towards x) a t  a small angle 8, such that 

I n  the usual case of particles optically denser than the surrounding 
medium, AK is positive, from which we gather that the direction in which 
the scattered light vanishes to the second 
order of approximation is inclined back- 
wards, so that the angle through which 
the light may be supposed to be bent by 
the action of the particle is obtuse. 

The fact that, when the primary light : , . 
is polarized, there is in one perpendicular 
direction no light scattered by very small 
particles, was stated by Stokes*; but i t  
is, 1 believe, to Tyndall that we owe the 
observation that with somewhat larger particles the direction of minimum 
illumination becomes oblique. 1 do not find, however, any record of the 
direction of the obliquity (that is, of the sign of the small angle 69, and have 
therefore made a few observations for my omn satisfaction. 

I n  a darkened room a beam of sunlight was concentrated by a large lens 
of 2 or 3 feet focus ; and in the path of the light was placed a beaker glass, 
containing a dilute solution of hyposulphite of soda. On the addition of a 
small quantity of dilute sulphuric acid a precipitate of sulphur slowly forms, 
and during its growth manifests exceedingly well the phenornena under 
consideration. The more dilute the solutions, the slower is the progress of 
the precipitation. A strength such that there is a delay of four or five 
minutes before any effect is apparent, will be found suitable ; but no great 
nicety of adjustment is necessary. By addition of ammonia in sufficient 
quantity to neutralize the acid, the precipitation may be arrested a t  any 
desired stage. More time is thus obtained to complete the examination; 
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but the condition of things is not absolutely permanent, the already precipi- 
tated sulphur appearing to aggregate itself into larger masses. 

I n  the optical examination we may, if we prefer it, polarize the primary 
light; but i t  is usually more convenient to analyze the scattered light. In 
the early stages of the precipitation the polarization is complete in a perpen- 
diciilar direction, and incomplete in oblique directions. After an interval 
the polarization begins to be incomplete in the perpendicular direction, the 
light which reaches the eye when the nicol is in the position of minimum 
transmission being of a beautiful blue, inuch richer than anything that can 
be seen in the earlier stages. This is the moment to examine whether there 
is a more complete polarization in a direction somewhat oblique; and i t  is 
found that with 6 positive there is in fact an oblique direction of more com- 
plete polarization, while with 6 negative the polarization is more irnperfect 
than in the perpendicular direction itself. 

The polarization in a distinctly oblique direction, however, is not perfect, 
a feature for which more than one reason may be put forward. In the first 
place, with a given size of particles, the direction of complete polarization 
indicated by (61) is a function of the colour of the light, the value of 0 being 
three or four times as large for the violet as for the red end of the spectrum. 
The experiment is, in fact, much improved by passing the primary light 
through a coloured glass held in the window-shutter. Not only is the 
oblique direction of maximum polarization more definite and the polarization 
itself more complete, but the observation is easier than with white light, by 
the uniformity of the coloar of the light scattered in various directions. If 
ive begin with a blue glass, we may observe the gradually increasing obliquity 
of the direction of maximum polarization ; and then by exchanging the blue 
glass for a red one, we may revert to the original condition of things, and 
observe the transition from perpendicularity to obliquity over again. The 
change in the wave-length of the light has the saine effect as a change in 
the size of the partirles ; and the comparison gives curious information as to 
the rate of growth. 

But even with homogeneous light it would be unreasonable to expect an 
oblique direction of perfect polarization. So long as the particles are al1 
very small in comparison with the wave-length, there is complete polarization 
in the perpendicular direction ; but when the size is such that obliquity sets 
in, the degree of obliquity will Vary with the size of the particles, and the 
polarization will be complete only on the very unlikely condition that the 
size is the same for them all. I t  must not be forgotten, too, that a very 
moderate iricrease in dimensions may carry the particles beyond the reach of 

The fact that at  this stage the polarization is a maximum when the 
angle through which the light is turned emeeds a right angle is the more 
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worthy of note, as the opposite result would probably have been expected. 
By Brewster's law this angle in the case of [regular reflection from] a plate 
is less than a right angle; so that not only is the law of polarization for a 
very small particle different from that applicable to a plate, but the first 
effect of an increase of size is to augment the difference. 

We must remember that Our recent results are limited to particles of a 
spherical form. I t  is not difficult to see that, for elongated particles, the 
terms in (AK)? may be ot' the same order witli respect to Ac as the principal 
term; so that if ( A K ) 2  be sensible, mere smallness of the particles will not 
secure complete evanescence of scattered light along z. The general solution 
of the problem for an infinitesinial particle of arbitrary shape must raise the 
same difficulties as beset the general determination of the induced magnetism 
developed in a piece of soft iron when placed in a uniform field of force. In  
the case of an ellipsoidal particle the problem is soluble; but it is perhaps 
premature to enter upon it, until experiment has indicated the existence of 
phenomena likely to be explained tliereby. 

For an infinitesimal particle in the form of a sphere, we may readily 
obtain the complete solution without any approximation depending upon the 
smallness of AK. We know by the analogous theory of magnetism, that a 
dielectric sphere situated in a uniform tield of electric force will undergo 
electric displacement of uriiform amount, and in a direction parallel to that 
of the force. Thus the complete solution applicable to an infinitely sinall 
sphere is obtained from (29), (30), (31) by writing h for ho; where by h is 
denoted the actual displacement (parallel to z )  within the particle, and by ho 
the displacement in the envelopirig medium under the same electric force. 
If K' be the specific inductive capacity for the particle, the ratio of h : ho is 
3K' : K' + 2K; and in this ratio the resiilts expressed in (41), (42), (43) are 
to be increased. If we extract the factors KAK-' which there occur, we get 

so that 

We learn from (62)  that Our former result as to the evanescence of the 
secondary light along z is true for an infiuitely small spherical particle to al1 
orders of A K *. 

We will now return to the two-dimension problem with the view of 
determining the disturbance resulting from the impact of plane waves upon 

* [1899. The completion of the solution for the sphere (with finite variation of p as weii as 
of K) and the extension to obstacles of eiiipsoidal form is  given in  Phil. Mag. vol. XLIV. p. 48, 
1897.1 
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a cylindrical obstacle whose axis is parallel to the plane of the waves. There 
are, as in the problem of reflection from plane surfaces, two principal cases- 
(1) when the electric displacements are parallel to the axis of the cylinder 
taken as axis of z, (2) when the electric displacements are perpendicular to 
this direction. 

Case 1. Froin (12),  with C = O ,  p = constant, 

or if, as before, k = 2n-/X, 

in which k is constant in each medium, but changes as we pass from one 
medium to another. From (63) we see that the problem now before us is 
analytically identical with that treated in my book on Sound, 5 343, to which 
1 must refer for more detailed explanations. The incident plane waves are 
represented by 

einl eikz = eint e"~ms 9 

- - eint {JO (kr)  + 2iJ,(k.r) COS 0 + . . . + 2iqnJm(hr) COS m0 + . . .] ; . . .(64) 

and we have to find for each value of nz an interna1 motion finite at the 
centre, and an external motion representin; a divergent wave, which shall in 
conjunction with (64 )  satisfy at  the surface of the cylinder (r = c)  the çondi- 
tion that the function and its differential coeficient with respect to r shall 
be continuous. The divergent wave is expressed by 

+ BI+, COS B -t cos 20 + . . . , 
where qJF1, &c. are the functions of kr defined in 3 341. The coefficients 
B are determined in accordance with 

d J,  (k'c) - hic +, - J, ( P o ) ]  
d .  klc 

= 2 im {Pc  J, (kc) Jm' (klc) - kc J, (k'c) J,' (kc)} ,  

except in the case of m = O, when 2 im on the right-hand side is 
replaced by i .  In  working out the result we suppose kc and k'c 
small; and we firid approximately for the secondary disturbance 
sponding to (64)  

to be 
to be 
corre- 

showing, as was to be expected, that the leading term is independent of O. 
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For case 2, which is of greater interest, we have from (15), 

This is of the same form as (63) within a uniform medium, but gives a 
different boundary condition at  a surface of transition. I n  both cases the 
function itself is to be continuous; bu t  in that with which we are now 
concerned the second condition requires the continuity of the differential 
coefficient after division by L2. The equation for Bm is therefore 

Bm k c  gC Jm (ko) - kc J*, y: $4) 
with the understanding that the 2 is to  be omitted when m = O. Corre- 
sponding to the primary wave ei(nt+k*, we find as the expression of the 
secondary wave at  a great distance from the cylinder, 

The term in cos 8 is now the leading te rm;  so that the secondary disturb- 
ance approximately vanishes in the direction of the primary electrical 
displacements, agreeably with what has been proved before. It should be 
stated here that (67) is not complete to the order Vc4 in the term containing 
cos 9. The calciilation of the part omitted is somewhat tedious in general ; 
but if we introduce the supposition that  the difference between Ic'? and k2 is 
small, its effect is to bring in the factor (1 - $lc2cz). 

Extracting the factor (lé2 - kZ), we rnay conveniently write (6'1) 

in which 

In  the directions cos 0 = 0, the secondary light is thus not only of high 
order in kc, but is also of the second order in (k' - k). For the direction in  
which the secondary light vanishes to the next approximation, we have 

* In (66) c is the magnetic component, and not the radius of the cylinder. 60 many letters 
are employed in the electromagnetic theory, that it is difficult to hit upon a satisfactorynotation. 
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This corresponds to (61) for the sphere; and is true if kc, k'c be small 
enough, whatever may be the relation of IC' and k. For the cylinder, as for 
the sphere, the direction is such that the pri~nary light would be bent 
through an angle greuter than a right angle. 

If we neglect the square of (Fa- h?), the complete expression corre- 
sponding to (69) is 

This may be compared with the value obtained by the former method, viz. 
cos 8 J, (2lcc cos 4 0) t kc cos 4 8, and will be found to agree with it as far as 
the square of kc. 

If we suppose the cylinder to be extremely small, we may confine 
ourselves to the leading terms in (65) and (6'1). Let us compare the inten- 
sities of the secondary lights emitted in the tmo cases along B = 0, i.e. directly 
backwards. From (65) 

+ œ ((Ic12c2 - kac2), 
while frorn (67) 

+ CC - /'caca (kta - lC2)/(Fa + k2). 

The opposition of sign is apparent only, and relates to the different methods 
of ineasurement adopted in the two cases. I n  (65) the priniary and second- 
ary disturbances are represented by h/K, but in (67) by the magnetic 
function c. If we express the solution in the second case in terms of the 
electric functivn g, we shall find (see 13) that the ratio of c to g changes 
sign when we pass froin the primary light propagated along - x to the 
secondary light propagated along + x. The actual ratio of amplitudes in the 
two cases is thus ( E ) 2  + k2)/21C2, or (K' + K)/2 K. Unless the difference 
between K' and K be neglected, the two components of unpolarized light 
are scattered along this direction in different proportions, that component 
preponderating in which the electxic displacement is parallel to the axis of 
the cylinder. The secondary light is therefore partially polarized in the 
plane perpendicular to the axis. 

[1899. In a recent paper by Prof. Love (Lond. Math. Soc. Proc. vol. XXX. 
p. 316, 1890), results are arrived at (32, 33) which appear to contradict 
the doctrine (p. 529) that the " residual blue " is dependent upon the square 
of AK. The more complete solution, expressed in his equation (42), is 
however in hariuiony with the doctrine, and confirms the correctness of 
equations (60), (61) above.] 
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ON THE VELOCITY OP LIGHT. 

[Nature, XXIV. pp. 382, 383; xxv. p. 52, 1881.1 

THE result announced by Young and Forbes (Roy. Soc. Proc. May 17, 
1881) that blue light travels in vacuo about 1.5 per cent. faster than red 
light, raises an interesting question as to what i t  is that is really determined 
by observations of this character. If the crest of an ordinary water wave 
were observed to travel a t  the rate of a foot per second, we should feel no 
hesitation in asserting that this was the velocity of the wave ; and 1 suppose 
that in the ordinary language of undulationists the velocity of light means in 
the same way the velocity with which an individual wave travels. It is 
evident however that in the case of light, or even of sound, we have no 
means of identifying a particular wave so as to determine its rate of progress. 
What we really do in most cases is to impress some peculiarity, it may be of 
intensity, <JI' of wave-length, or of polarisation, upon a part of an otherwise 
coiitinuous train of waves, and determine the velocity at which this peciu- 
liarity travels. Thus in the experiments of Fizeau and Cornu, as well as in 
those of Young and Forbes, the light is rendered intermittent by the action 
of a toothed wheel ; and the result is the velocity of the group of waves, and 
not necessarily the velocity of an individual wave. In a paper on I r  Progres- 
sive Waves" (Proc. Math. Soc. vol. IX.), reprinted as an appendix to vol. II. 

of my book on the Theory of Sound [Art. XLVII.], 1 have investigated the 
general relation between the group-velocity U and the wave-velocity P. It 
appears that if k be inversely proportional to the wave-length, 

and is identical with V only when P is independent of k, as has hitherto 
been supposed to be the case for light in vacuum. If, however, as Young 
and Forbes believe, V varies with IC, then U and P are different. The truth 
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is however that these experiments tell us nothing in the first instance about 
the value of V. They relate to U ;  and if V is to be deduced from them it 
must be by the aid of the above given relation. 

When we corne to examine more closely the form of this relation, we see 
that a complete knowledge of V (as a function k) leads to a complete know- 
ledge of U, but that a complete knowledge of U-al1 that experiments of 
this ki id can ever give us-does not determine P, without the aid of sonle 
auxiliary assumption. The usual assumption is that T is independent of k, 
in which case U is also independent of k. If we have reason to conclude 
from observation that U is not independent of k, this assumption is dis- 
proved; but we can make no progress in determining V until we have 
introduced some other. 

I t  is not easy to see how the missing link is to be supplied ; but in order 
to have an idea of the probable magnitude of the difference in question, 1 
have msumc.d the ordinary tlispersion formula V = A + BEa to be applicable. 
Taking the ratio of wave-lengths of the orange-red and green-blue lights 
employed ' as 6 : 5,  1 find that fur red light V =  U (1 - .0273), so that the 
velocity of the wave would be nearly 3 per cent. less than that given by 
Young and Forbes as the result of the experiment. 

Under these circumstances i t  becomes a matteï of interest to examine 
the bearing of other evidence on the question of the velocity of light. 
Independently of the nlethod of the toothed wheel, the velocity of light has 
been deterrnined by Foucault and Michelson using the revolving mirror. I t  
is not very obvious at first sight whether the value thus arrived a t  is the 
group-velocity or the witve-velocity, but on examination i t  will be found to 
be the former. The successive wave-fronts of the light after the first reflec- 
tion are not parallel, witfi the consequence that (unless V be constant) an 
individual wave-front rotates in the air between the two reflections. 

The evidence of the terrestrial methods relating exclusively to U, we 
turn to consider the astronomical methods. Of these there are two, depend- 
ing respectively upon aberration and upon the eclipses of Jupiter's satellites. 
The latter evidently gives U. The former does not depend upon observing 
the propagation of a peculiarity impressed upon a train of waves, and there- 
fore has no relation to U. If we accept the usual theory of aberration as 
satisfactory, the result of a comparison between the coefficient found by 
observation and the solar parallax is T-the wave-velocity. 

The question now arises whether the velocity found from aberration 
agrees with the results of the other methods. A comparison of the two 
astronomical determinations should give the ratio U : V, independently of 
the ~olar  parallax. The following data are taken from Mr (311's " Determi- 
nation of the Solar Parallax from observations of Nam made a t  the Island of 
Ascension in 1877." 
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The time T, required by iight to travel a mean radius of the earth's 
orbit, has been determined by two astronomers froin the eclipses of Jupiter's 
satellites. Delambre found, from observations made in the last century, 
T = 493.2 S., but recently Glasenapp has obtained from modern observations 
the considerably higher value, T = 500.8 S. f 1.02. With regard to the 
constant of aberration, Bradley's value is 201'.25, and Struve's value is 
2OU'445. Mr Gill calculates as the mean of the best modern determinations 
(nine in number), 20n.496. 

If we combine Glasenapp's value of T with Michelson's value of the 
velocity of light, we get for the solar parallax 8".76. Struve's constant of 
aberration in  conjunction with the same value of the velocity of light gives 
8"N.  From these statements i t  follows that if we regard the solar parallax 
as known, we get almost the same velocity of light from the eclipses of 
Jupiter's satellites as from aberration, although the first result relates to the 
group-velocity, and the second to the wave-velocity. If instead of Struve's 
value of the constant of aberration we take the mean above spoken of, we 
get for the solar parallax 8".78, allowing still less rooin for a difference 
between U and 7. 

Again, we may obtain a comparison without the aid of the eclipses of 
Jupiter's satellites by introducing, as otherwise known, the value of the solar 
parallax. Mr Uill's value from observations of Mai2 is 8".78, agreeing 
exactly with Michelson's light-velocity and the mean constant of aberration. 
Some other astronomers favour a higher value of the solar parallax, such as 
8"%6; but whichever value we adopt, and whether we prefer Cornu's or 
Michelson's determination of the light-velocity, the conclusion is that there 
can be no such difference between the group-velocity and the wave-velocity 
as 2 or 3 per cent., unless indeed the usiial theory of aberration requires 
serious modification. These considerations appear to me to increase the 
already serious difficulties, which cause hesitation in accepting the views of 
Young and Forbes. The advent of further evidence will doubtless be 
watched with great interest by scientific men. 

One other point 1 may refer to in conclusion. Speculations as to 
harmonic relations between various spectral rays emitted by a glowing gas 
proceed upon the assumption that the frequency of vibration is inversely 
proportional to the wave-length, or, in other words, that the velocity of 
propagation Vis  independent of the wave-length, the question now a t  issue. 
If the views of Young and Forbes are correct, calculations of this kind must 
be overhauled. On the other hand, the establishment of well-defined simple 
ratios between wave-lengths would tend to show that V does not Vary. 
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In  reply to Mr Macaulay (Nature, vol. XXIY. p. 556) 1 will endeavour to 

explain more clearly the statements made in my former communication on 
this subject (Nature, vol. XXIV. p. 382). 

With reference to the group-velocity U, we know from Fourier's theorem 
that any disturbance travelling in one dimension can be regarded as resulting 
from the superposition of infinite trains of waves of the harmonic type, and 
of various amplitudes and wave-lengths. And we know that any one of 
these trains, of wave-length a, is propagated unchanged with a velocity V, 
which we regard as a known function of h, dependent upon the nature of the 
medium. 

Unless we can deal with phases, a simple train of waves presents no mark 
by which its parts can be identified. The introduction of such a mark 
necessarily iuvolves a departure from the original simplicity of a single train, 
and we have to consider how in accordance with Fourier's theorem the new 
state of things is to be represented. The only case in which we can expect 
a simple result is when the mark is of such a character that i t  leaves a 
considerable number of consecutive waves still sensibly of the given harmonic 
type, though the wave-length and amplitude may Vary within moderate 
liinits a t  points whose distance arnourits to a very large multiple of X. We 
will therefore suppose that the complete expression by Fourier's series 
involves only wave-lengths which differ but little from one another, and 
accordingly write it- 

or in the equivalent form- 

cos (nt - kx) La, cos (6nlt - 6hm + e,) - sin (nt  - h) Za, sin ( h l t  - Sk,x + e,), 

where k: = 2+, and n = k V. From this we see that, as in accordance with 
the suppositions already made, 

the deviations from the simple harmonic type travel with velocity dnldk 
and not with velocity n/k, that is with velocity d (iîV)ldk:, and not with 
velocity V. 

[1899. The latter part of this note was erroueous and is accordingly 
omitted. The result with reference to the revolving mirror was correctly 
stated in the first note (p. 538). The subject has been ably treated by 
Prof. W. Gibbs, and to his paper (Nature, XXXIII. p. 582, 1886) the reader 
who wishes to pursue the question further is referred.] 
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ON A QUESTION I N  THE THEORY OF LIGHTING. 

[ B d .  Ass. Rep. 1881, p. 526.1 

IT is known that a large part of the radiation from terrestrial sources is 
non-luminous. Even in the case of the electric arc the obscure radiation 
amounts, according to Tyndall, to eight-ninths of the whole, and of the 
remainder probably no inconsiderable part is to be found in the extreme red 
rays of feeble luminosity. For practical piirposes this obscure radiation is 
useless; and the question forces itself upon us, whether or no there is any 
necessity, absolutely inherent in the case, for so large a proportion of waste. 
The following arrangement, not of course proposed as practical, seems to 
prove that the question should be answered in the negative. 

Conceive a small spherical body of infusible material, to which energy 
can be communicated by electricity or otherwise, to be surrounded by a 
concentric reflecting sphericsl shell. Under these circumstances no energy 
can escape; but if a small hole be pierced in the shell, radiation will pass 
through it. I n  virtue of the suppositions which we have made, the emergent 
beam will be of small angle, and may be completely dealt with a t  a moderate 
distance by a prism and lens. Let us suppose then that a spectrum of the 
hole is formed and is received upon a reflecting plate so held at  the focus as  
to return the rays upon the lens and prism. These rays will re-enter the hole, 
and impinge upon the radiating body, which is thus again as completely 
isolated as if the shell were rinperforated. We have now only to suppose a 
portion of the focal plate to be cut away in order to have an apparatus from 
which only one kind of radiation can escape. Whatever energy is communi- 
cated to the interna1 body must ultimately undergo transformation into 
radiation of the selected kind. 
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EXPERIMENTS ON COLOUR*. 

[Nature, XXV. pp. 64-66,. 1881.1 

IN a former paper with the above title (Nature, vol. III. p. 234, Art. VI[.) 

1 described some combinations of absorbing media capable of transmitting 
the red and green, while stopping the other rays of the spectrum. In this 
way 1 obtained a purely compound yellow, made up of red and green, and 
free from homogeneous yellow light. In devising such combinations we have 
in the first place to seek an absorbing agent capable of removing the yellow 
of the spectrum, while allowing the red and green to pass. For this purpose 
1 used an alkaline infusion of litmus, or solution of chloride of chromiurn, 
placed in a trough with parallel glass sides. I n  order to stop the blue rays 
we may avail ourselves of chromate of potassium. If a second trough be not 
objected to, it is best to use the bichromate, as exercising the most powerful 
absorption upon the upper end of the spectrum ; but the bichromate cannot 
be mixed with litmus without destroying the desired action of the latter 
upon yellow. In  this case we must content ourselves with the neutral 
chromate. 

During the last year and a half 1 have resumed these experiments with 
the view, if possible, of finding solid media capable of the same effects, and so 
of dispensing with the somewhat troublesome troughs necessary for fluids. 
With this object we may employ films of gelatine or of collodion, spread upon 
glass and impregnated with various dyes, gelatine being chosen when the 
dye is soluble in water, and collodion when the dye is soluble in alcohol. 
Thns in the case of litmus a slightly warmed plate is coated with a hot and 
carefully filtered solution of gelatine, allowed to remain in a perfectly hori- 
zontal position until the gelatine is set, and tben put aside to dry, by 
preference in a current of warm air. The films thus obtained are usunlly 

+ Read before Section A sf the British Association. September 2, 1881. 
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somewhat rough upon the surface, so that 1 have preferred to use two pieces 
cemented together, coated sides inwards, with Canada balsam. In conjunc- 
tion with the litmus we may employ a silver-stained orange glass, and so 
isolate the red and green rays. For the orange glass Mr C. Horner has 
substituted a film of collodion stained with aurine. Samples possibly Vary ; 
but that which 1 have used, though extremely opaque to the blue-green rays, 
and therefore so far very suitable for the purpose, allows a considerable 
quantity of the higher blue to pass. By spreading aurine upon a pale yellow 
glass, 1 obtained a very perfect absorption of the blue-green and higher rays. 
Plates prepared as above described answer the purpose very well ; but 1 have 
found that in some cases the litmus in contact with the balsam becomes 
slowly reddened, the action creeping inwards from the edge. A dye, capable 
of replacing litmus, and free from this defect, is "soluble aniline blue," whose 
absorption, as 1 found rather unexpectedly, begins in the yellow and orange. 
Bichromate of pot'ash and aniline blue may be mixed in the same solution, 
and there is no difficulty in so adjusting the proportions as to secure a good 
compound yellow. To obtain solid films gelatine must be used, as in the 
case of litmus, for the dye is not soluble in collodion. With aniliiie there 
is .no difficulty from the Canada balsam, and two platus cemented together 
answer perfectly. 

For systematic observations on compound colours nothing probably can 
be better than Maxwell's colour-box in its original form; but i t  seemed to 
me that for the examination of certain special questions a more portable 
arrangement would be convenient. I n  an instrument of this class a full 
degree of brightness requires that the width of the eye-slit, placed where the 
spectrum is formed, should not contract the aperture of the eye, Be. should 
not be less than about one-fifth of an inch; and although the maximum of 
brightness is not necessary, considerations of this kind largely influence the 
design. If we regard the width of the eye-slit as given, a certain length of 
spectrum is necessary in order to attain the desired standard in respect of 
purity of colour ; so that what we have to aim at  is a sufficient liaear exten- 
sion of the spectrum. A suitable compromise can then be made between 
the claims of brightness and purity. 

The necessary length of spectrum can be obtained by increasing either 
the angular dispersion of the prisms or the focal length of the lens by which 
the image is formed. If portability be no object, the latter is the preferable 
method, and the focal length may well be increased up to five or six feet ; in  
this way we may obtain a field of view of given piirity of colour and of 
maximum brightness, a t  the expense only of its angular extent. If, however, 
we desire an instrument which can be moved from one place to another 
without losing its adjustment, the focal length of the lenses must be kept 
down, and then a large prismatic dispersion is the only alternative. 
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Increased dispersion can of course be obtained by multiplication of 
prisms; but for the purpose in view, high resolving power is not wanted, 
and our object may be attained with a comparatively small total thickness 
of glass, either by the use of higher angles than usual, or by giving the 
light a more nearly grazing emergence. The latter was the course adopted 
in designing the first instrument of which 1 have to speak. A pair of prisms 
of 60°, cut from an ordinary single l+ x lt-inch prism along a plane bisecting 
a t  right angles its refracting edge, were arranged in the corner of a shallow 
box, so as to form what Thollon calls a couple. Considered as a simple, 
rigidly connected refractor, the pair of prisms are placed so as to give 
minimum deviation, but the incident and emergent light makes smaller 
angles with the final surfaces, than if each prism were adjusted separately 
for minimum deviation. The collimating and focusing lenses are common 
spectacle-glasses of about 8" focus. The box is 12" x 12" x 3". Light 
entering a t  a slit on one of the sides of the box would be turned by the 
prisms through an angle rather greater than a right angle, and throw a pure 
spectrum upon another side of the box. This side is cut away, and provided 
with movable screens of cardboard, so that any part may be open or closed 
as desired. When the eye is applied to the first slit, the prisms are seen 
uniformly illuminated with colours whose composition depends upon the 
situation and width of the slits between the cardboartl screens through which 
light is allowed to enter. In  this way we may obtain a uniforin field of view 
lighted with any combination of spectral colours. My object, however, was 
to obtain an instrument for making cornparisons between the simple and 
compound yellow, and for this purpose an addition was necessary. This 
consisted of a very acute-angled prism held close to the dispersing prisms in 
such a position that its refracting edge was horizontal, dividing the field of 
view into two equal parts. The action of this prism is most easily under- 
stood by again supposing the light to enter a t  the eye-slit. Half of the light 
proceeds as before, Sorming ultimately a pure spectrum upon the side of the 
box. The upper half of the beam, however, is deflected by the acute-angled 
prism, and the corresponding spectrum is thrown upwards, so as to lie 
somewhat higher upon the side of the box. This part is also cut away, 
and provided with movable screens. By the principle of reversibility the 
consequence is that an eye placed at the first slit sees two uniform patches of 
colour, the lower formed as before by light from the lower set of slits, the 
upper, covering the acute-angled prism, by light from the upper set of slits. 
These colours are in close juxtaposition, and may be compared with ease and 
accuracy. 

The great difficulty in this class of instruments is to devise any efficient 
and reasonably simple rnethod of controlling the position and widths of the 
slits. I n  the present case 1 contented myself with strips of blackened card- 
board cemented to the side of the box with sealing-wax, or soft wax, according 
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to the degree of permanence of ad-iustment aimed at. One part of the field 
was illuminated with homogeneous yellow (about the line D) from a single 
dit. The other half was lighted with a tnixture of full red and full green, 
and the observation consisted in adjusting the widths of the slits through 
which the red and green were admitted, until the mixture was a match with 
the simple yellow. 

The first trials of this instrument in the spring of last year revealed an 
interesting peculiarity of colour vision, quite distinct from colour blindness. 
The red and green mixture which to my eyes and to those of most people 
matches perfectly the homogeneous yellow of the line D, appeared to my 
three brothers-in-law hopelessly too red, " almost as red as red sealing-wax." 
In order to suit their eyes the proportion of red had to be greatly diminished, 
until to normal sight the colour was a fair green with scarcely any approach 
to yellow at  all. So far as could be made out a t  the time, the three abnormal 
observers agreed well among themselves, a fact which subsequent nieasure- 
ments have confirmed. I t  appeared afterwards that a fourth brother was 
normal as well as the three sisters. 

These peculiarities were quite unexpected. After the fact had been 
proved, 1 remembered a dispute some years before as to the colour of a 
dichromatic liquid, which appeared to me green, while one of my brothers-in- 
law maintained that i t  was red; but the observation was not followed up, as 
i t  ought to have been, each of us, 1 suppose, regarding the other as inaccu- 
rate. After the establishment of the difference 1 determined to carry out a 
plan, which 1 had tried with success some years before (October, 1877), for a 
colour-mixing arrangement depending on double refraction, by which 1 hoped 
to obtain an easily adjustable instrument suitable for testing the vision of a 
number of persons. 

I n  my original experiments 1 used a 60" doubly refracting prism of 
quartz, which threw two spectra of the linear source upou the screen con- 
taining the eje-dit. These oppositely polarised spectra partially overlapped, 
and by suitable placing of the prism could be made to furnish red and green 
light to the eye. By the rotation of a small Nicol held immediately behind 
the eye-dit, the red or green could be isolated or mixed in any desired 
proportion. One advantage of tbis arrangement is that the two component 
lights come from the same slit, so that we are less dependent upon the 
uniformity of the light behind; but it is perhaps a greater merit that the 
adjustment of proportions is effected by a simple rotation a t  the eye-dit, 
allowing the observer to try the effect of small changes with ease and 
rapidity. 

In  the new instrument, which was completed during the autumn of last 
year, separate prisms were used to effect the dispersion and double refraction. 
For the sake of compactness, a direct vision prism by Browning, containing 
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two flints and three crowns, was chosen, in conjunction with a small achro- 
matic double image prism. At one end of a long narrow box, 24" x 2" x 2", 
the light is admitted through a slit whose position and width can be adjusted 
by sliding its jaws along a divided scale. After travelling about 94" i t  falls 
upon the double image prism mounted upon a small table so as to allow of 
rotation, and then after two more inches upon a collimating lens, by which 
the two beams aie rendered parallel. Next cornes the dispersing prism, and 
thcn the focusing lens, throwing pure spectra upon the other end of the box 
which carries the eye-dit. The distance between the two lenses is 33", and 
the entire length of the box is about 24". The eye-slit is a fixture, and 
immediately behind i t  is the rotating Nicol, whosé position is read by a 
pointer on a divided circle. 

The parts of the spectrum from which the component lights are taken 
can be chosen over a sufficient range by use of the two adjustments already 
nientioned. By rotation of the table on which the double iiiiage prism is 
mounted, the separating power is altered, and one spectrum made to slide 
over the other, while by moving the entrance slit the spectra are shift.ed 
together without relative displacement. 

I t  yet remains to describe the parts by which the cornparison colour is 
exhibited. Between the double image prism and the collimating lens a 
small vertical reflector is mounted on a turn-table at an angle of about 45". 
Its dimensions are such that it covers the lower half of the field of view only, 
leaving the upper half undisturbed, and its function is to reflect light coming 
from a lateral slit through the dispersing prism so as to throw a third 
spectrum upoii the eye. The lateral slit is carried in a srnall draw-tube 
prqjecting about 2" froin the side of the box, and the light proceeding from 
it is rendered nearly parallel before reflection by a lem of short focus. No 
adjustment is provideci for the position or width of the lateral slit ; al1 that 
is necessary in this respect being attainable by rotating the mirror and by 
varying the brightness of the light behind. As sources of light 1 have found 
Argand gas flanles, surrounded by opal globes, to be suitable. The gas tap 
supplying the lateral flame is within reach of the observer, who has thus the 
means of adjusting the matcli both with respect to colour and with respect 
to brightness, without losing sight of the subjects of coinparison. The zero 
of the divided circle corresponds approximately t o  the complete exclusion of 
green, but readings were always taken on both sides of i t  so as to make the 
results independent of this adjustment. The circle is divided into 100 parts, 
green being excluded at O and 50, and red at  25 and 75. Tenths of a 
division could be estiinated pretty correctly, an accuracy of reading fully 
sufficient for the purpose, as the observations of even practised observers 
would Vary two or three tenths. 

I t  is evident that the numbers obtained are dependent upon the quality 
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of the  light by which the  principal slit is illuminated. I n  order to avoid 
errors in  the  comparison of different persons' vision arising from this source, 
it is  advisable always to take simultaneous observations from some practised 
individual whose vision may be treated as  a standard; but  no evidence 
appeared of any variation in the  quality of the gaslight. The special appli- 
cation of such instruments to the  comparison of the  qualities of various kinds 
of mixed light w a s  alluded to a t  t h e  end of my paper" On the Light from 
the Sky," &c. (Phil. Mag. April, 1871 [Art. VIII. p. 1031). 

1 have obtained matches between simple and compound yellow from 
twenty-three male observers, principally students in  the  laboratory. Of 
these sixteen agree with myself within the  limits of the  errors of observation. - 
The remaining seven include my three brothers-in-law, and two others, 
Mr J. J. Thomson and Mr Threlfall, whose vision in  this respect agrees very 
nearly with theirs. The vision of the  other two observers differs from mine 
in the  opposite direction. I n  one case the difference, though apparently 
real, is sinall, but in  the  other (Mr Hart), though there was some difliculty 
in getting a good observation, the difference is most decided. Among seven 
female observers whoni 1 have tried, there is not one whose vision differs 
sensibly from my own. 

Although the number examined is insufficient for statistical purposes, it 
is evident that the peculiarity is by no means rare, a t  least among men. As 
far as my experience bas gone, it would seem too as if normal vision were 
not of the  nature of an average, from which stnall deviations are more 
probable than larger ones; but this requires confirmation. I n  order to give 
a more precise idea of the amount of the difference in question, 1 have 
calculated from the laws of double refraction the  relative quantitirs of red 
and green ligtit required by Mr F. DI. Balfour and myself to  match the same 
yellow light. If we cal1 R and G the maximum brightnesses of the  red and 
green light (as they would reach the eye if the Nicol were removed), and 
r, g the actual brightnesses (as modified by the analyser) necessary for the  
match, then for Mr Balfour- 

r/g = 1.50 (RIG), 
while for myself- 

r/g = 3.13 (RIG). 

I n  other words, Mr  Balfour requires only half as rnuch red as myself, in order 
to  turn a given amount of green into yellow. The corresponding numbers 
for the other four observers of this class would be substantially the same. 
On the other hand, Mr Hart  requires much more red than 1 do in order to  
convert a given green into yellow-in the  ratio of about 2.6 : 1. 

Except in the  case of Mr Hart ,  the  colour vision of these observers is  
defective only in the sense that i t  differs frorn that  of the  majority. Their 

35-2 
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appreciation of sinall colour differences is as distinct as usual. I n  order to 
test this Mr G. W. Balfour made a complete series of colour matches with 
revolving disks in the manner described by Maxwell and in my former paper. 
Six matches, of which only two are really independent, were observed, the 
consistency of the set being a measure of the accuracy of observation. The 
average error proved to be only double of that which 1 have found in my 
own observations, and rather less than that usually met with in the case of 
observers whose vision is normal. 

I n  connection with what has been described above with respect to 
trichromic vision, i t  is interesting to notice that corresponding and perhaps 
larger differences are to be fonnd in the vision of the so-called colour-blind. - 
The double-refraction apparatus may conveniently be used in this investiga- 
tion. With the pointer adjusted to O or 25, we have in the upper half of the 
field pure red or pure green respectively, and in the lower half pure yellow 
as usual. By suitable adjustment of the gas taps two observers of this class, 
Mr T- and Mr B-, are able to obtain perfect matches both between 
red and yellow, and between green and yellow, but the proportions necessary 
are very different for the two observers. In  Mr T-'s red and yellow 
match, the red is to normal vision dazzlingly bright, and the yellow almost 
too dark to be recognised; while the green and yellow match, however 
extravagant as to hue, appears reasonable iti respect of brightness. On the 
other hand, to Mr B-'s eyes, the red of the spectrum does not look nearly 
so dark, and the equivalent red and yellow appear to the normal eye to be 
much more nearly upon a level. Although these great differences exist, 
there is no doubt that the vision of both observers is strictly dichromic, and 
that, apart from brightness, al1 the rays of the spectrum, from red to green, 
have the same effect upon their eyes. 

If we wish to go beyond the fact that this vision is dichromic, and inquire 
whether the case is one of red blindness or of green blindness, we must be 
careful to consider whether the question itself has a definite meaning. If 
trichromic vision were always the same, and if a particular case of colour- 
blind vision diff'ered from it merely by the absence of the red sensation, that 
vision would intelligibly be characterised as red-blind. There is reason to 
believe that such cases exist. I n  al1 probability the suppression of niy own 
red sensation would lead me to make matches very nearly the same as 
Mr T-'s ; and in this sense he may fairly be called red-blind. But under 
the same circumstances my matches would be altogether rejected by Mr 
B- ; and the question may be asked, whether his case, being certainly not 
one of simple red-blindness; can be brought under the head of green-blind- 
ness. To this tlie sufficient answer is, that if 1 became green-blind my 
matches would differ from those of Mr B- far more than if 1 was red- 
blind. The test of green-blindness would be the possibility of matches 
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between colours which to normal eyes appear green and purple or green and 
grey. Although a good deal has been said lately on this subject, 1 am not 
aware of a case in which accurate matches of this kind have been obtaiued 
from observers whose colour vision is in other respects acute. If such cases 
exist, inquiry should be instituted, in order to see how far the matches would 
correspond to green-blindness of an otherwise normal eye. 

We see, then, that there is dichromic vision which cannot accurately be 
described as affected with red-blindness, and still less as affected with green- 
blindness. The difference from normal vision, being not sitnply one of defect, 
cannot be defined by any single phrase. To obtain a complete knowledge of 
i t  quantitative observations over the whole spectrum, such as those carried 
out by Maxwell, are necessary. I t  is fortunate that these observations are 
easier to arrange for dichromic than for trichromic vision. 

That 1 might be able to form an opinion upon the general acuteness of 
his colour vision, Mr T- was good enough to observe a series of five 
colour matches between red, white, blue, green, and yellow, one being left 
out each time. The results are given in the accompanying table; those 

Red 
- 

76 54 
77'4 
- 

56.6 
56.2 

- 
White 
- 

23.8 
22.6 

Blue Green 

- 76'7 
- 79 

-- - 

Yellow 

O 
O 

- 47.7 
- 47.5 

Dec. 2, 1880 

Observed 
Calculated 

Observed 
Calculated 

Observed 
Calculated 

O bserved 
Calculated 

Observed 
Calculated 

- 

- 

marked " calculated " being a consistent set derived by elimination from the 
two marked A and B. The good general agreement of the two sets of 
numbers is a proof that within its restricted range Mr T-'s sense of colour 
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is acute. The first observation in which a mixture of red and white is 
matched by a mixture of green and blue is the  most characteristic. 

I n  conclusion 1 will describe an apparatus by which it is  possible to 
observe these colour-matches without rotating the disks. A t  the  time of 
my first experiments, about ten years since, 1 was struck with the advantage 
which might ensue if i t  were possible to have the  mixed colours in  view 
during the time of actual adjustment, and 1 thought of a plan by which this 
object might be attained. The idea, which 1 carried out soon afterwards, 
was to spin an ima,ye of the disks instead of the  disks themselves. An 
inverting prism was monnted in a tube which could be made to rotate. The 
axis of rotation is adjusted so as to  point accuratelp to the  centres of the disks 
mounted as usual. An eye applied to the  prism sees t h e  disks undisplaced 
as a whole, but inverted by reflection. As the tube rotates, the  image of the 
disks rotates also, and with double angular velocity. When the speed is 
suficient, the colours lying on any circle concentric with the  disks are 
blended exactly as if the disks theniselves revolved. 

This apparatus is quite successful; but its real advantages of working a t  
a smaller velocity, and of allowing adjustment while the  rotation continues, 
are counterbalanced in  practice by the inconvenience of having to look 
through a tube, and the uncertairity introduced by the possible disturbance 
of the match due to unequal illumination of the  area occupied by the disks. 
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ON THE INFINITESIMAL BENDING O F  SURFACES OF 

REVOLUTION. 

[Proceedings of the Lon,don Mathenzatical Society, XIII. pp. 4-16, 1881.1 

WREN a thin sheet of matter is subjected to stress, the force which i t  
opposes to extension is great in cornparison with that which i t  opposes 
to bending. Under ordinary circumstances, the deformation takes place 
approximately as if the sheet mere inextensible as a whole, a condition 
which in a remarkable degree facilitates calculation, though (it need scarcely 
be said) even bending implies an extension of al1 but the central layers. 
The inextensibility postulated refers properly to the central layer, which 
is spoken of as a; surface. 

We will commence with the case of a surface naturally spherical, and 
investigate what kind of deformation i t  admits of, under the condition 
that no line traced upon the surface is altered in length. The radius 
of the sphere being a; let the point whose natural coordinates are a, 8, + 
be displaced to the position a + sr, 8 + 68, + + S+, where Sr, 68, 64 are to be 
treated as small. Since the element of arc ds is of the same length after 
displacement as before, we have 

(ds)" = a"de)2+ aZ sin2 8 (d+)a 

= (a + 6r>2 (de  + d6Q2 + + (a + 6r)2 sin2 ( O  + 68) (d+ + d6+)", 

or, retaining only the first power of 6r, 68, S+, 

ad8d68 + 6r + 6r sina 8 (d+)a + a sin8 cos 19 68 + a sin28d$dS$ = 0. 

Now 
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so that 

In this equation dB and d+ are arbitrary, so that the coefficients of 
(dey, d8d4, and (d~$)~ must vanish separately. We thus obtain as the 
conditions of no extension, 

From (3), (4j, (5 ) ,  by elimination of Sr, 

da4 d ( S e ) + s i n ~ - = O ,  -- d SB 
@ s ine  dB 

dS' d 4  s i n e -  dB (-)=O; sin 8 ...( 6 , ? )  

or, since 
d sin 8 - - d 

dB - d log tan (Q 8) ' 

d 68 =O,  - 
(a) + d log tan (4 8)  d+ d log tan +B ( E ) = O .  sin 8 (8 ,9 )  

From (8) and (9) we see that both 64  and (sin B)-lS8 satisfy an equation 
of the second order of the same form, viz., 

From the nature of the case, u is a periodic function of +, and can be 
expanded by Fourier's theoreni in a series of sines and cosines of + and 
its multiples. Moreover, each term of the series must satisfy the equations 
independently. Thus, if u varies as cos s+ or as sin s+, (10) becomes 

d2u 
d (log tan 4 67 - s a u = o ;  

whence 
U =  A'tans&8 + B'cots*8, ....................... (11) 

where A' and B' are independent of 8. 

If we take 

6+ = (cos SC$, sin s+) [A  tan8 + 8 + B cots 4 81, ............... (12) 

we get for the corresponding value of 68, from (8), 
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and thence, frorn (5), 

6rla = (sin s+, - cos s+) [A  (s + cos 8) tan" 8 + B (s - cos 6') cots + 81, . . .(l4) 

in which the constants which accompany sin s+ are independent of those 
which accompany cos s+. 

If we suppose s =-1, we get 

sin 6' 6+ = (cos 9, sin +) [A + B - ( A  - B) cos 81, 

88 = (- sin 4, cos +) [ A  - B - ( A  + B)  cos O ] ,  

6rla = (sin 4 ,  - cos +) [(A + B) sin 81. 

The two displacements proportional to A  - B are rotations of the 
whole surface as a rigid body round the axes 8 = &T, + = 0, and B = JT, 

+ = +T. Those proportional to A + B are displacements parallel to the 
same axes. 

The two other motions possible without bending are a rotation round 
the axis 6' = O, represented by SB = 0, 6+ = const., S r  = 0, and a displacement 
parallel to the same axis represented by 

s+ = O, 
d 68 ( ) = O ,  -=- dB sine dr  CO^ 8 Se, 

a 
or 

64 = O, 68 = y  sin 8, 6r = - ya cos 8. 

These correspond to a zero value of s, and are readily obtained from the 
original equations (3), (F), (5). 

If the ~phere  be complete, the displacements just considered, and 
corresponding to s = O and s = 1, are the only ones possible. For higher 
valucs of s, we see, from (14), that 6r is infinite a t  one or other pole, 
unleas A  and B both vanish. In other words, the complete sphere is 
perfectly rigid, so far as concerns pure bending. 

If neither pole be included in the actual surface, which for example we 
may suppose bounded by circles of latitude, finite values of both A and B 
are admissible, and therefore necessary for a complete solution of the 
problem. But if, as would more often happen, one of the poles, Say 8 = 0, 
is included, the constants B must be considered to vanish. Under these 
circumstances, the solution is 

S # =  A tan8&6'coss+ 

68 = - A sin 8 tane 4 8  sin SC$ , . . . . . . . . . . . . . . . . . (1 5 )  

6r = A a  (s + cos 8) tan8 4 6' sin s+ 

to which is to be added that obtained by writing s+ - &T for s+, and 
changing the arbitrary constant. 
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From (15) we see that, along those meridians for which sin sr$ = 0, the 
displacement is tangential and in longitude only, while along the inter- 
mediate rneridians for which cos s+ = O, there is no displacement in longitude, 
but one in latitude, and m e  normal to the surface of the sphere. 

Along the equator 0 = B r ,  and then S+ = A cos s+, 80 = - A sin s+, 
Gr = A a s  sin s4, so that the maximum displacements in latitude and 
longitude are equal. 

The results embodied in (15) are applicable, even although neither the 
distribution of thickness nor the form of the boundary are symmetrical with 
respect to 0 = O, biit i t  is only under this condition that the displaceinents 
are normal in the mechanical sense. In  what follows i t  will therefore be 
supposed that the boundary is a circle of latitude, and that the thickness, if 
variable at  all, is a function of latitude only. 

I n  order to find the poteutial energy of bending, the first step is the 
purely geometrical one of investigating the curvature a t  every point of 
the deforiried surface. The principal curvatiires differ from the original 
curvature of the sphere in opposite directions and to an equal amount, 
and the potential energy of bending corresponding to any element of the 
surface is proportional to the square of this excess or defect of curvature, 
without regard to the direction of the principal planes. The calcnlation 
of the curvature is somewhat tedious, and i t  may suffice here nlerely t o  
give the resiilt. 1 find that the curvature corresponding to (15)  at any 
point 0, 4, and in a plane making with the meridian throngh the point an 
angle y is expressed by 

1 1 A(2-s ) t anS&0 . 
- A - - -  sin (sr$ + 2y). ............... 
P a a sina 0 

(16) 

The maximum value of 6 (p- l)  is therefore the same at  every point along a 
circle of latitude, and is given by 

vanishing, as was to be expected, in the cases s = 0, s = 1. With respect to 
the directions of the principal planes, we see, from (16), that along the 
-meridians where &#J vanishes (cos s+ = O), the principal planes are the 
meridian and its perpendicular, while along the meridians where 6 r  vanishes, 
the principal planes are inclined to the meridian a t  angles of 4rj0, as is indeed 
otherwise obvious. 

The potential energy corresponding to the element of surface a2 sin Od0d+ 
may be denoted by a2H 16 (p-1)}2 sin0 d0 d+, where H depends upon the 
material and the thickness. The whole potential energy V is to be fouud 
by integration with respect to + between the limits O and 27~, and for 0 
between the liinits O and 8. 

IRIS - LILLIAD - Université Lille 1 



781 ON THE INFINITESIMAL BENDING OF SURFACES OF REVOLWION. 555 

We will now prove that the expression for Y corresponding to any 
number of displacements of type ( l n )  involves the squares only, and not 
the products, of the amplitudes A. In  order to have full generality for each 
value of s, we write, in (15 and 16), s+ + e instead of s+. 

We have 

1 1  ---- - - cos 2./ 2 (9 - 8) tan= t 6 A 
(.$, + .) 

, P  a a sina 8 
( 9  -s) tan , 

- sin 2./ 2 '18 A cos(s++ e), 
a sin2 8 

so that the excess of curvature in the principal plane is given by 

I t  is now evident that, in the integration with respect to 4, the 
products A,Ad will disappear in virtue of 

and the complete eXpression for V i s  simply 

We will now suppose that H is constant, in order to proceed with the 
integration. Writing for brevity t for tan 48, we have 

dt = 
d e  

so that dB = -- 2dt and sin H =: 
. 2 t  

2 C O S ~ ~ B '  1 + t a 7  1+* 

In the case of a hemisphere t = 1, and (19) assumes the form 

Hence, for a hemisphere, 

If the extreme value of 8 be 60" instead of go", we get instead of (20) 

and , 
............ P = & T H C ~ - ( ~ + + ' )  (QI-s)(8sa+4s-3)~:. (23)  
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If we wish to take the terms in (15) involving cos 84, sin s+ separately, 
we have only to write, in (18), (21), (23), A,2 + Aia  in place of A:. 

These expressions for V, in conjunction with (13), are sufficient for the 
solution of statical problems relative to the deformation of spherical shells 
under the action of given impressed forces. Suppose, for example, that a 
string of tension P connects the opposite points on the edge of a hemisphere 
represented by B = ~ I T ,  I$ = +T, I$ = ta, and that it is required to find the 
deformation. From (15) we see that the work done by the impressed forces 
corresponding to the deformation 6A, is 

- 6A, as (sin 9 s ~ )  + sin ( + s r  + s r )  E: 

This vanishes i f s  be odd, and i f s  be even is equal to 

Hence A, vanishes i f s  be odd, and, by (21), i f s  be even, 

dV/dA, = TH(.+ - s) (2sa - 1) A, = - 2as sin h s a .  F, 
whence 

2a F sin 4 SIT 
A , = -  ..................... TH (8' - 1) (2s2 - 1). (24) 

Attaching numerical values to s, we find 

By (24) and (lj), the deformation is completely deterinined. 

If, to take a case in which the force is tangential, we suppose that the 
hemisphere rests upon its pole with its edge horizontal, and that a rod of 
weight W is laid symmetrically along the dianieter B = &T, we find in like 
manner 

A, = 
aWsin+s?r . ........................ T H  (s3 - s) (2s2 - 1) ' (2s) 

for even values of s, and zero for odd values of S. In this case the series is 
even more convergent than before. 

Before we can find the frequencies of free vibration, we must investigate 
an expression for the kinetic energy. It may readily be proved that only 
the squares of A, and A: are involved, so that these quantities are really 
the normal coordinates of the system. We have, from (15), 

ad68 (*y+ dt (-y+ dt (cc sin dt = d (%)'tan" 90 {(s + cos 07 sina 84 + sin2 61. 
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When integrated with respect to +, this gives 

~a~ (%)' tanz8 4 8 ((8 + cos 8). + 2 sin2 O } .  

We have now to multiply by sin Bd0, and integrate. Let 

+ O  ((a + cos 0). + 2 sin2 8 )  sin 8d8 = f (a) ; 

then, x being written for 1 + cos 8, 

For a hemisphere the lower limit of the integral is unity. If a denote the 
surface density, the expression for the whole kinetic energy T is 

From (27)  and (21) the frequencies of free vibration for a heinisphere are 
immediately obtainable. The equation for A,, or A,', is 

so that, if A,  varies as cos (p,t  + e), 

I n  like manner for the saucer of 120°, from (22)  

H ( $ - s ) ( 8 9 + 4 ~ - 3 )  ...................... p? = .(29) oa4 f ( s )  . 3 + l  

The values off ( s )  can be calculated without difficulty in the various 
cases. Thus, for the hemisphere, 

= 20 log 2 - 124 = 1.52961, 

f ( 3 )  = 579 - 80 log 2 = 1.88158, 

f ( 4 )  = 200 log 2 - 1369 = 2.29609, &c., 
so that 

IRIS - LILLIAD - Université Lille 1 



In experiment, it is the intervals between the varioiis tones with which we 
are most concerned. We find 

I n  the case of glass bells, such as are used with air-pumps, the interval 
between the two gravest tones is usually somewhat smaller; the repre- 
sentative fraction being nearer to %.5 than 2.8. 

For the sancer of 120°, the lover limit of the integral in (26) is $, and 
we get on calculation 

f (2) = .12864, f (3) = 0054884, 
giving 

p3 : p n  = 2-6157. 

The pitch of the-two grave&'tones is thus decidedly higher than for t.he 
hemisphere, and the interval between them is less. 

With reference to the theory of tuning belis, it may be wortb while to 
consider the effect of a small change in the angle, for the case of a nearly 
hemispherical bell. In general 

4 H (9 - ay /(sin-' 8 tanU 4 B dB 
p2 = ............ (30) 

a4r I0 t a .n~  ((8 + cos 8 y  + 2 sinz O }  sin Bd8 

If 0 = f T + 68, and P, denote the value of p, for the exact hemisphere, we 
get from previous results 

shewing t,hat an increase in the angle depresses the pitch. As to the 
interval betweeri the two gravest tones, we get 

shewing that i t  increases with B. This agrees with the results given above 
for 8'= 60". 
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The fact that the form of the normal fiinctions is independeut of the 
distribution of density and thickness, provided that they Vary only with 
latitude, allows us to calculate a great variety of cases, the difficulties being 
inerely those of simple integration. If we suppose that only a narrow belt 
in CO-latitude 8 has sufficient thickness to contribute sensibly to the poteutial 
and kinetic energies, we have simply, instead of (30), 

4 H  (sa - s)Z sin-' 8 
P ~ = ~ ~ ~ ~ ( ~ + ~ ~ ~ ) > + $ ~ ~ ~ ~ ~ ~ >  ..-.....-........-.. (32)  

whence 
6 + 4 cos 8 - cos2 6 

Pz ( 3 3 )  

The ratio varies very slowly from 3, when 0 = O, to 2.954, when 8 = +T. 

If b denote the thickness at  any CO-latitude 8, H oc b3, o o~ b. 1 have 
calculated the ratio of frequencies of the two gravest tones of a hemisphere 
on the suppositions ( 1 )  that b oc cos 8, and (2) that b cc ( 1  + cos 8). The 
formula is that marked (30) with H and o under the integral signs. I n  the 
first case, p8 : p ,  = 1.7942, differing greatly froni the value for a uniform 
thickness. On the second more moderate supposition as to the law of 
thickness, p : p, = 2.4591, p, : pz = 4.4837. IL would appear that the small- 
ness of the interval between the gravest tones of coinrnon glass bells is due 
in great measiire to the thickness diminishing with iiicreasing 8. 

I t  is worthy of notice that the curvature 6 (p-l), which by (17 )  varies 
as sin-a 8 tans 48, vanishes a t  the pole for s = 3 and higher values, but is 
finite for s = 2. 

We will now investigate the deformation of the general surface of 
revolution under the condition that no line traced upon i t  suffers extension, 
and for this purpose we will employ columnar coordinates z ,  r ,  +. 

We have 

(d s  + d6s)" = ( d z  + d6.2)" + (7. + 6r)l (d+ + dS+)2 + ( d r  + d 6 ~ ) ~ ,  

whence, if d6s vanish, 

Now 
d6z d6z  d6r d6r  

d8.z = - d z  + - d+, d6r  = - d z  + - d+, 
d z  d+ d z  dl# 

and 

which, by hypothesis, dr,/d+ = 0. 
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I n  this equation the coefficients of (dz)2, dzd+, (d+)2 must vanish separately, 
if the surface is not extended, so that 

From these, by elimination of 6r, 

from which again, by eliinination of 6.2, 

As in the case of the sphere, if the distribution of thickness and the 
form of the boundary or boundaries be symmetrical with respect to the 
axis, the normal functions of the system are found by assuming 8+ to 
be proportional to cos s+ or sin s+. Geometrically speaking, we are a t  
liberty to rnake this resolution in any case. Thus the equation for 64 
may be put into the form 

The simplest application of these results is to the cylinder for which r is 
constant, equal Say to a. Thus (34), (35), (36), (38) become sirnply 

By (ho), if 8+ oc cos sr), we may take 

........................ as+  = (A,a+ B,z)coss+, (*Il 
and then, by (39), 

... 6r = s (Asa + B,z) sin SC$, 6.2 = - s+B,a sin s+. .(42, 43) 

Corresponding terms, with fresh arbitrary constants, obtained by writing 
s+ + $T for s+, may of course be added. If Ba= 0, the displacement is in 
two dimensions only. This kind of deformation is considered more at length 
in my book on the Theory of Sound, § 233. 
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If an inextensible disc be attached to the cylinder a t  z = O, so as to form 
a kind of cup, the displacements 6r and 6+ must vanish for that value of z, 
exception being made of the rase s = 1. Hence A, = O, and 

a84 = B,z cos s+, 87. = sB,z sin s+, 8.2 = - s-lB,a sin s+. .. .(44) 
I n  the case of a cone, for which 9- = tan y .  z, the equations become 

d 8z d6r 
- + tany - = 0, dz dz 

da+ z t a n y  - + & = O  
d 4  ............ 

da+ d6z dSr 
(45)  

- +z2tan2y-+tany-=O 
d+ d+ d#J 

If we take, as usual, 6+ cc cos s+, we get as the solution of (46) 

6+ = (A, + B@) COS s+, ................................. (47') 

and corresponding thereto 

........................ 6r = s tan y ( A E z  + BE) sin s+, W) 
.............. 6z=tanar[s-1B,-s(A,z+B,)]sins+. (49) 

If the cone be complete up to the vertex at  z = O, B, = O, so that 

.. 6+= A, cos s+, 6r = sA,r sin s q ,  6.2 = - S A ,  tan yr  sin s+. .(50, 51, 52) 

For the cone and the cylirider, the second term in the general equatiou (38) 
vanishes. We shall obtain a niore extensive class of soluble cases by 
supposing that the surface is such that 

9 d2r/dz2 = constant, ........................... (53) 
an equation which is satisfied by snrfaces of the second degree in general. 
If 

we shall find 

and thus (38) takes the form 

if 84 YX cos SC$, and a is defined by 

a = J r 2 d z , .  ................................ 
or in the present case 

(57) 

a a + z  ........................... a=  s-,log,,. ( 58 )  
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The solution of (56)  is 

a + z -4s a f z  +*s a + =  [ A  (=) +B(-) U - z  ] COSS+. ............ (59) 

The corresponding values of 6r and 62 are to be obtained from (35)  and (36). 

If the surfme be complete through the vertex z = a, the term multiplied 
by B must disappear. Thus, omitting the constant multiplier, we niay 
take 

whence, by (35), (36), 

b ( a  - z)*$+t ba (a - z)Is .. &=II- sin s+, Gz = (sz + a )  sin s+. .(61, 62) 
a ( a  + z)tS-t a2 ( a  + z)is 

If we measure z' from the vertex, z' = a - 2, and 

(2' 84 = (;) cos s4, .m............................................ (63)  

For the parabola, a and b are infinite, while b2/a = 2d, and 9 = 4u'z'. 
Thus 

64 = 9 COS s+, 8r = sr9+l sin s+, 62 = - 2 (s + 1) a'rs sin SC$. .. .(66) 

END OF VOL. 1. 
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