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PREFACE. 

MONG the many advances in the progress of mathematical 4 L science during the last forty years, not the least remarkable 
are those in the theory of functions. The contributions that are 
still being made to it testify to  its vitality : al1 the evidence points 
to the continuance of its growth. And, indeed, this need cause no 
surprise. Few subjects can boast such varied processes, based 
upon methods so distinct from one another as are those originated 
by Cauchy, by Weierstrass, and by Riemann. Each of these 
methods is sufficient in itself t o  provide a complete development ; 
combined, they exhibit an unusual wealth of ideas and furnish 
unsurpassed resources in attacking new problems. 

It is difficult to keep Pace with the rapid growth of the 
literature which is due to  the activity of rnathematicians, 
especially of continental mathematicians : and there is, in con- 
sequence, sufficient reason for considering that some marshalling 
of the main results is a t  least desirable and is, perhaps, necessary. 
Not that there is any dearth of treatises in French and in 
Germau: but, for the most part, they either expound the pro- 
cesses based upon some single method or they deal with the 
discussion of some particular branch of the theory. 
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vi PREFACE 

The present treatise is an attempt to give a consecutive 
account of what may fairly be deemed the principal branches of 
the whole subject. It may be that the next few years will see 
additions as important as those of the last few years : this account 
would then be insufficient for its purpose, notwithstanding the 
breadth of range over which it may seem nt present to  extend. 
My hope is that the book, so far as i t  goes, may assist mathe- 
maticians, by lessening the labour of acquiring a proper knowledge 
of the subject, and by indicating the main lines, on which recent 
progress has been achieved. 

No apology is offered for the size of the book. Indeed, if 
there were to be an apology, i t  would rather be on the ground 
of the too brief treatment of some portions and the omissions 
of others. The detail in the exposition of the elements of several 
important branches has prevented a completeness of treatment 
of those branches: but this fulness of initial explanations is 
deliberate, my opinion being that students will thereby become 
better qualified to read the great classical memoirs, by tlie study 
of which effective progress can best be made. And limitations of 
space have compelled me t o  exclude some branches which other- 
wise would have found a place. Thus the theory of functions of 
a real variable is left undiscussed : happily, the treatises of Dini, 
Stolz, Tannery and Chrystal are sufficient to supply the omission. 
Again, the theory of functions of more than one complex variable 
receives only a passing mention; but in this case, as in most 
cases, where the consideration is brief, references are given 
which will enable the student to follow the development t o  
such extent as he may desire. Limitation in one other direction 
has been imposed: the treatise aims a t  dealing with the general 
theory of functions and it does not profess to deal with special 
classes of functions. 1 have not hesitated to use examples of 
special classes : but they are used rnerely as illustrations of the 
general theory, and references are given to other treatises for 
the detailed exposition of their properties. 
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PREFACE vii 

The general method which is adopted is not limited so that 
it may conform to any single one of the three principal inde- 
pendent methods, due to Cauchy, t o  Weierstrass and to Riemann 
respectively : where i t  has been convenient to do so, 1 have 
combined ideas and processes derived from different methods. 

The book may be considered as composed of five parts. 
The first part, consisting of Chapters 1-VII, contains the 

theory of uniform functions : the discussion is based upon power- 
series, initially conuected with Cauchy's theorems in integration, 
and the properties established are chiefly those which are con- 
tained in the memoirs of Weierstrass and Mittag-Leffler. 

The secoiid part, consisting of Chapters VIII-XIII, contains 
the theory of multiform functions, and of uniform periodic 
functions which are derived through the inversion of integrals 
of algebraic functions. The method adopted in this part is 
Cauchy's, a.s used by Briot and Bouquet in their three memoirs 
and in their treatise on elliptic functions: i t  is the method that 
has been followed by Hermite and others to obtain the properties 
of various kinds of periodic functions. A chapter has been 
devoted to the proof of Weierstrass's results relating to functions 
that possess an addition-theorem. 

The third part, consisting of Chapters XIV-XVIII, contains 
the development of the theory of functions according to  the 
method initiated by Riemann in his memoirs. The proof which 
is given of the existence-theorem is substantially due to Schwarz ; 
in the rest of this part. of the book, 1 have derived great assist- 
ance from Neumann's treatise on Abelian functions, from Fricke's 
treatise on Klein's theory of modular functions, and from many 
memoirs by Klein. 

The fourth part, consisting of Chapters XIX and XX, treats 
of conformal representation. The fundamental theorem, as t o  the 
possibility of the conforma1 representation of surfaces upon one 
another, is derived from the existence-theorem : it is a curious fact 
that the actual solution, which has been proved to exist in general, 

F. b 
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has been obtained only for cases in which there is distinct 
limitation. 

The fifth part, consisting of Chapters XXI and XXII, contains 
an introduction to the theory of Fuchsian or automorphic functions, 
based upon the researches of Poincaré and Klein : the discussion is 
restricted to the elements of this newly-developed theory. 

The arrangement of the subject-matter, as indicated in this 
abstract of the contents, has been adopted as being the most 
convenient for the continuous exposition of the theory. But the 
arrangement does not provide an order best adapted to  one who is 
reading the subject for the first time. I have therefore ventured 
to prefix to the Table of Contents a selection of Chapters that  
will probably form a more suitable introduction to the subject for 
such a reader; the remaining Chapters can then be taken in an 
order determined by the branch of the subject which he wishes 
to follow out. 

In the course of the preparation of this book, 1 have consulted 
many treatises and memoirs. References to them, both general 
and particular, are freely made : without niaking precise reserva- 
tions as to independent contributions of my own, 1 wish in this 
place to make a comprehensive acknowledgement of rny obligations 
to  such works. A number of examples occur in the book : most of 
them are extracted from memoirs, which do not lie close to the 
direct line of development of the general theory but contain 
results that provide interesting special illustrations. My inten- 
tion has been to  give the author's name. in every case where a 
result has been extracted from a memoir: any omission to  do so 
is due to inadvertence. 

Substantial as has been the aid provided by the treatises and 
memoirs to  which reference has just been made, the completion of 
the book in the correction of the proof-sheets has been rendered 
easier to me by the unstinted and untiring help rendered by 
two friends. To Mr William Burnside, M.A., formerly Fellow of 
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PREFACE ix 

Pembroke College, Cambridge, and now Professor of Mathematics 
at the Royal Naval College, Greenwich, 1 am under a deep debt 
of gratitude : he has used his great knowledge of the subject in 
the most generous manner, making suggestions and criticisms that 
have enabled me to correct errors and to improve the book in 
many respects. Mr H. M. Taylor, M.A., Fellow of Trinity College, 
Cambridge, has read the proofs with great care : the kind assist- 
ance that he has given me in this way has proved of substantial 
service and usefulness in correcting the sheets. 1 desire t o  
recognise most gratefully my sense of the value of the work which 
these gentlemen have done. 

It is but just on my part to state that the willing and active 
co-operation of the Staff of the University Press during the pro- 
gress of printing has done much t o  lighten my labour. 

It is, perhaps, too ambitious t o  hope that, on ground which 
is relatively new t o  English mathematics, there will be freedom 
from error or obscurity and that  the mode of presentation in this 
treatise will command general approbation. I n  any case, my aim 
has been t o  produce a book that will assist mathematicians in 
acquiring a knowledge of the theory of functions : in proportion 
as it may prove of real service t o  them, will be my reward. 

A. R. FORSYTH. 
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CHAPTER 1. 

1. ALGEBRAICAL operations are either direct or inverse. Without 
entering into a general discussion of the nature of irrational and of imaginary 
quantities, i t  will be sufficient to point aut that direct algebraical operations 
on numbers that are positive and integral lead to numbers of the same 
character; and that inverse algebraical operations on numbers that are 
positive and integral lead to numbers, which may be negative or fractional 
or irrational, or to numbers which may not even fa11 within the class of real 
quantities. The simplest case of occurrence of a quantity, which is not 
real, is that which arises when the square root of a negative quantity is 
required. 

Combinations of the various kinds of quantities that rnay occur are of 
the form x+iy,  where x and y are real and i, the non-real element of the 
quantity, denotes the square root of - 1. It is found that, when quantities 
of. this character are subjected to algebraical operations, they always lead to 
quantities of the same forma1 character; and i t  is therefore inferred that 
the most general form of algebraical quantity is x + iy. 

Such a quantity x+ iy, for brevity denoted by z, is usually called a 
complex variable*; i t  therefore appears that the complex variable is the 
most general form of algebraical quantity which obeys the fundamental laws 
of ordinary algebra. 

2. The most general complex variable is that, in which the constituents 
a and y are independent of one another and (being real quantities) are 
separately capable of assuming al1 values from -a, to + oo ; thus a doubly- 
in6nite variation is possible for the variable. I n  the case of a real variable, 
it is convenient to use the customary geometrical representation by measure- 
ment of distance along a straight line; so also in the case of a complex 

* The conjugate complex, vis. x - i y ,  is kequently denoted by r,. 

F. 1 
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2 GEOMETRICAL REPRESENTATION OF P. 
variable, it is convenient to associate a geometrical representation with 
the algebraical expression; and this is the well-known representation of 
the variable x+ iy by means of a point with coordinates x and y referred 
to rectangular axes*. The complete variation of the complex variable z 
is represented by the aggregate of al1 possible positions of the associated 
point, which is often called the point z ;  the special case of real variables 
being evidently included in i t  because, when y = O ,  the aggregate of 
possible points is the line which is the range of geometrical variation of 
the real variable. 

The variation of z is said to be colztinuozcs when the variations of x and y 
are continuous. Continuous variation of z between two given values will 
thus be represented by continuous variation in the position of the point z, 
that is, by a continuous curve (not necessarily of continuous curvature) 
between the points corresponding to the two values. But sirice an infinite 
number of curves can be drawn between two points in a plane, continuity of 
line is not sufficient to specify the variation of the complex variable ; and, in 
order to indicate any special mode of variation, it is necessary to assign, 
either explicitly or implicitly, some determinate law connecting the variations 
of x and y or, what is the same thing, some determinate law connecting 8 
and y. The analytical expression of this law is the equation of the curve 
which represents the aggregate of values assumed by the variable between 
the two given values. 

In  such a case the variable is often said to describe the part of .the curve 
between the two points. I n  particular, if the variable resume its initial 
value, the representative point must return to its initial position; and then 
the variable is said to describe the whole curvet. 

When a given closed curve is continuously described by the variable, 
there are two directions in which the description can take place. Froni 
the analogy of the description of a straight line by a point representing a 
real variable, one of these directions is considered as positive and the other 

" This method of geometrical representation of imaginary quantities, ordinariiy assigned to 
Gauss, was originally developed by Argand who, in 1806, published his !'Essai sur une manière 
de représenter les quantités imaginaires dans Ls constmctions géométriques." This tract was 
republished in 1874 as a second edition (Gauthier-ViUars) ; an iuteresting prefme is added 
to it by Hoüel, who gives an account of the earlier history of the publications associated with 
the theory. 

Other references to the historical development are given in Chrystal's Test-book of Algebra, 
vol. i, pp. 248, 249 ; in Holzmüller's Einfühncng in die Theorie der isogonalen Verwandschaften 
und der conformen Abbildungen, verbunden mit Anwendungen auf matheniatische Physik, pp. 1-10, 
21-23; in Schlomilch'e Compendium der hoheren Analysis, vol. ii, p. 38 (note) ; and in Casorati, 
Teorica delle funzioni di variabili cornplesse, only one volume of which was published. In this 
connection, an article by Cayley (Quart. Journ. of Math., vol. xxii, pp. 270-308) may be 
consuited with advantage. 

+ In these elementary explanations, it is unnecessary to enter into any discussion of 
the effects caused by the occurrence of singularities in the curve. 
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2.1 THE COMPLEX VARIABLE 3 

as negative. The usual convention under which one of the directions is 
selected as the positive direction depends upon the conception that the curve 
is the boundary, partial or complete, of some area ; under it, that direction is 
taken to be positive which is such that the bounded area lies to the left of 
the direction of description. I t  is easy to see that the same direction is taken 
to be positive under an equivalent convention 

F 
which makes i t  related to the normal drawn 
outwards from the bounded area in the same 
way as the positive direction of the axis of y 
is t o  the positive direction of the axis of x 
in plane coordinate geometry. 

~ h u s '  in the figure (fig. l), the positive 
direction of description of the outer curve 
for the area included by i t  is DEF; the 
positive direction of description of the inner 
curve for the area without it (say, the area 

Fig. 1. 
excludeci by it) is ACB; and for the area 
between the curves the positive direction of description of the boundary, 
which consists of two parts, is DEY, ACB. 

3. Since the position of a point in a plane can be determined by means 
of polar coordinates, it is convenient in the discussion of complex variables 
to introduce two quantities corresponding to polar coordinates. 

In  the case of the variable z, one of these quantities is (LT?+ y2)$ the 
positive sign being always associated with i t ;  it is called the modz~1us* of 
the variable and i t  is denoted, sometimes by mod. z, sometimes by 121. 

The other is 9, the angular coordinate of the point z ;  i t  is called the 
argument (and, less frequently, the amplitude) of the variable. I t  is 
measured in the trigonometrically positive sense, and is determined by 
the equations 

x=lzlcos0, y=lzlsind,  

so that z= 1218. The actual value depends upon the way in mhich the 
variable has acquired its value ; when variation 
of the argument is considered, its initial value O, 
is usually taken to lie between O and 27r or, less 
frequently, between - rr and +m. 

As z varies in position, the values of lzl 
and 8 Vary. When z has completed a positive 
deicription of a closed curve, the modulus of z 

returns to the initial value whether the origin e Fig. 2. 

Der absolute Betrag is often nsed by German writers. 

1-2 
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4 GREAT VALUES OF [3. 

be without, within or on the curve. The argument of z resumes its initial 
value, if the origin O' (fig. 2) be without the curve; but, if the origin O be 
within the curve, the value of the argument is increased by 27r when z 
returns to its initial position. 

If the origin be on the curve, the argument of z undergoes an abrupt 
change by 7r as z passes through the origin; and the change is an increase 
or a decrease according as the variable approaches its limiting position on the 
curve from without or frorn within. No choice need be made between these 
alternatives; for care is always exercised to choose curves which do not 
introduce this elernent of doubt. 

4. Representation on a plane is obviously more effective for points at a 
finite distance from the origin than for points at a very great distance. 

One method of meeting the difficulty of representing great values is to 
introduce a new variable z' given by z'z= 1 : the part of the new plane for 
z' which lies quite near the origin corresponds to the part of the old plane 
for z which is very distant. The two planes combined give a complete 
representation of variation of the complex variable. 

Another method, in many ways more advantageous, is as follows. Draw 
a sphere of unit diameter, touching the z-plane at  the origin O (fig. 3) on 
the under side: join a point z in the plane to û', the other extremity of 
the dia.rneter through O, by a straight line cutting the sphere in 2. 
Then Z is a unique representative of z, that is, a single point on the 
sphere corresponds to a single point on the plane : and therefore the variable 
can be represented on the surface of the sphere. With this mode of 

representation, O' evidently corresponds to an infinite value of z :  and points 
at  a very great distance in the z-plane are represented by points in the 
immediate vicinity of O' on the sphere. The sphere thux has the advantage 
of putting in evidence a part of the surface on which the variations of 
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4.1 THE COMPLEX VARIABLE 5 

great values of z can be traced*, and of exhibiting the uniqueness of 
Z =  GO as a value of the variable, a fact that is obscured in the represen- - 
tation on a plane. 

The former method of representation can be deduced by means of the 
sphere. At O' draw a plane touching the sphere: and let the straight line 
OZ cut this plane in z'. Then z' is a point uniquely determined by Z 
and therefore uniquely determined by z. In  this new 2'-plane take axes 
parallel to the axes in the a-plane. 

The points z and d move in the same direction in space round 00' 
as an axis. If we make the upper side of the z-plane correspond to the 
lower side of the 2'-plane, and take the usual positive directions in the 
planes, being the positive trigonometrical directions for a spectator looking 
at  the surface of the plane in which the description takes place, we have 
these directions indicated by the arrows a t  O and at  0' respectively, so 
that the senses of positive rotations in the two planes are opposite in 
space. Now it is evident from the geometry that Oz and 0'2' are 
parallel; hence, if O be the argument of the point z and 8' that of the 
point z' so that O is the angle from Ox to Oz and 6' the angle from OS' 
to O'z', we have 

8 + 8 ' = 2 ~ .  
oz 00' 

Further, by similar triangles, 
= OT, 

that is, Oz . O'z' = 0Of2 = 1. 
Now, if z and z' be the variables, we have 

z=Oz.eei, z1=0'z'.e*+, 
so that Zz' = Oz. Ofz'. &+a) i 

= 1, 
which is the former relation. 

The 2'-plane can therefore be taken as the lower side of a plane touching 
the sphere at O' when the z-plane is the upper side of a plane touching 
i t  at  O. The part of the z-plane a t  a very great distance is represented on 
the sphere by the part in the immediate vicinity of 0': and this part of 
the sphere is represented on the z'-plane by its portion in the immediate 
vicinity of 0', which therefore is a space wherein the variations of infinitely 
great values of z can be traced. 

But it need hardly be pointed out that any special method of represent- 
ation of the variable is not essential to the development of the theory of 
functions; and, in particular, the foregoing representation of the variable, 
when i t  has very great values, merely provides a convenient method of 
dealing with quantities that tend to become infinite in magnitude. 

This sphere is sometimes calied Neumann's sphere; it is used by hirn for the representation 
of the oomplex variable throughout his treatise Vorlesungen über Riemann78 Theorie der Abel'schen 
Integ~ale (Leipzig, Teubner, 2nd edition, 1884). 
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CONDITIONS O F  i5. 

5. The simplest propositions relating to complex variables will be 
assumed known. Among these are, the geometrical interpretation of opera- 
tions such as addition, multiplication, root-extraction; soine of the relations 
of coinplex variables occurring as roots of algebraical equations with real 
coefficients; the elementary properties of functions of complex variables 
which are algebraical and integral, or exponential, or circular functions; 
and simple tests of convergence of infinite series and of infinite products*. 

6. Al1 ordinary operations effected on a complex variable lead, as already 
remarked, to other complex variables; and any definite quantity, thus 
obtained by operations on z, is necessarily a function of z. 

But if a complex variable w be given as a complex function of x 
and y without any indication of its source, the question as to whether 
w is or is not a function of z requires a consideration of the general idea 
of functionality. 

I t  is convenient to postulate .u + iv as a form of the complex variable w, 
where u and v are real. Since w is initially unrestricted in variation, we 
may so far regard the quantities u and v as independent and therefore as 
any functions of x and y, the elements involved in z. But more explicit 
expressions for these functions are neither assigned nor snpposed. 

The earliest occurrence of the idea of functionality is in connection with 
functions of real variables; and then i t  is coextensive with the idea of 
dependence. Thus, if the value of X depends on that of x and on no other 
variable magnitude, i t  is customary to regard X as a function of x ;  and 
there is usually an implication that X is derived from m by some series of 
operations t. 

A detailed knowledge of z determines x and y uniquely ; hence the values 
of .u and v may be considered as known and therefore also W. Thus the 
value of w is dependent on that of z, and is independent of the values 
of variables unconnected with z ;  therefore, with the foregoing view of 
functionality, w is a function of z. 

I t  is, however, equally consistent with that view to regard w as a complex 
function of the two independent elements from which z is constituted; and 
we are then led merely to the consideration of functions of two real 
independent variables with (possibly) imaginary coefficients. 

* These and other intmductory parts of the subject are discussed in Chrystal's Text-book of 
Algebra and in Hobson's Treatise on Phne  Trigononaetry. 

They are also discussed at some length in the recently published translation, by G. L. 
Cathcart, of Harnack's Elements of the differential and integral caleulus (Williams and Norgate, 
1891), the seoond and the fourth books of which oontain developments that should be consulted 
in special relation with the first few chapters of the present treatise. 

These books, together with Neumann's treatise,cited in the note on p. 5, wiii hereafter be cited 
by the names of their respective authors. 

t It is not important for the present purpose to keep in view such mathematical expressions 
as have intelligible meanings only when the indepeudent variable is confined within limita. 
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6.1 FUNCTIONAL DEPENDENCE 7 

Both of these aspects of the dependence of w on z require that z be 
regarded as a composite quantity involving two independent elements which 
can be considered separately. Our purpose, however, is to regard z as the 
most general form of algebraical variable and therefore as an irresoluble 
entity ; so that, as this preliminary requirement in regard to z is unsatisfied, 
neither of the aspects can be adopted. 

7. Suppose that w is regarded as a function of z in the sense that it can 
be constructed by definite operations on z regarded as an irresoluble 
magnitude, the quantities u and v arising subsequently to these operations 
by the separation of the real and the imaginary parts when z is replaced by 
+ iy. It is thereby assumed that one series of operations is sufficient for 

the simultaneous construction of u and v, instead of one series for u and 
anotlier series for v as in the general case of a complex function in 5 6. 
If this assumption be justified by the same forms resulting from the two 
different methods of construction, i t  follows that the two series of opera- 
tions, which lead in the general case to u and to v, must be equivalent to 
the single series and must therefore be connected by conditions; that is, u 
and v as functions of x and y must have their functional forms related. 

We thus take 
+ i v = w =  f ( z )=  f ( x + i y )  

without any specification of the form off.  When this postulated equation 
is valid, we have 

aw d ~ a ~  -- _ _ _ -  dw - fl(z) = -, a$ d~ ax d.2 
aw - dwaz ----= . dw 

i f ' ( z ) = % - ,  
ay dz ay a.2 

and therefore 

equations from which the functional form has disappeaxed. Inserting the 
value of w, we have 

a a 
i-(u+iv)=-(u+iv),  a$ ay 

whence, after equating real and imaginary parts, 
av au au av 

--=- a$ a y ,  -=- a@ ay 
............................ (2). 

These are necessary relations between the functional forms of u and v. 
These relations are easily seen to be sufficierit to ensure the required 

functionality. For, on taking w = u + iv, the equations (2) a t  once lead to 
aw i a w  -- - a$ ;%' 

that is, to 
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a linear partial differential equation of the first order. To obtain the most 
general solution, we form a subsidiary system 

It possesses the integrals w, x + iy  ; and then from the known theory of 
such equations we infer that every quantity w satisfying the equation can be 
expressed as a function of x +iy, i.e., of z. The conditions (2) are thus 
proved to be sufficient, as well as necessary. 

8. The preceding determination of the necessary and sufficient conditions 
of functional dependence is based upon the existence of a functional forin ; 
and yet that form is not essential, for, as already remarkcd, i t  disappears from 
the equations of condition. Now the postula~tion of such a form is equivalent 
to an  assurnption that the function can be numerically calculated for each 
particular value of the independent variable, though the immediate expres- 
sion of the assurnption has disappeared in the present cae.  Experience of 
f~mctions of real variables shews that it is often more convenient to use 
their properties than to possess their numerical values. This experience is 
confirmed by what has preceded. The essential conditions of functional 
dependence are the equations (l), and they express a property of the function 

dw aw w, viz., that the value of the ratio - is the same as that of - , or, in other az ax 
words, i t  is independent of the manner in which dz ultimately vanishes by 
the approach of the point z +dz to coincidence with the point z. We are 
thus led to an entirely different definition of functionality, viz. : 

A complex quantity w is a function of another complex quantity z, when 
dw they change together in such a manner that the value of - Zs independent of 
dz 

the value of the difeerential elemnt da. 

This is Riemann's definition*; we proceed to consider its significance. 

We have 

Let + be the argument of dz;  then 

dx -- - cos 4 
-- = 4 (1 + e-wi), 

&+idy  cos$+isin+ 

idy 
& + idy  

Ges. Werke, p. 5; a modiûed definition ia adopted by him, ib., p. 81. 
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sel DEFINITION OF A FUNCTION 

and therefore 

dw 
Since - is to be independent of the value of the differential element dz, 

d z  
i t  must be independent of $ the argument of d z ;  hence the coefficient 
of c-wi in the preceding expression must vanish, which can happen only if 

These are necessary conditions; they are evidently also suficient to make 
dw 
- independent of the value of d z  and therefore, by the definition, to secure 
d z  
that w is a function of z. 

By means of the conditions (2), we have 

and also 
.au au i aw 

d.2 ay ay i ê y '  
agreeing with the former equations (1) and immediately derivable froni the 
present definition by noticing that d x  and i d y  are possible forms of dz. 

I t  should be remarked that equations (2) are the conditions necessary 
and sufficient to ensure that each of the expressions 

udx - vdy and vdx + u d y  

is a perfect differential-a result of great importance in many investigations 
in the region of mathematical physics. 

When the conditions (2) are expressed, as is sometirnes convenient, in 
terms of derivatives with regard to the modulus of z, say r, and the 
argument of z, say 8, they take the new forms 

We have so far assumed that the function hm a differential coefficient- 
an assumption justified in the case of functions which ordinarily occur. But 
functions do occur which have different values in different regions of the 

d w  z-plane, and there is then a difficulty in regard to the quantity - a t  the 
d.2 

boundaries of such regions ; and functions do occur which, thoiigh themselves 
definite in value in a given region, do not possess a differential coefficient a t  
al1 points in that region. The consideration of such functions is not of 
substantial importance a t  present : i t  belongs to another part of Our subject. 
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1 0 CONFORMAL 

dw 
I t  must not be inferred that, because - is independent of the direction 

dz 
dw 

in which 'dz vanishes when w is a function of z, therefore - has only one 
dz 

value. The number of its values is dependent on the number of values of w:  
no one of its values is dependent on dz. 

A quantity, defined as a function by Riemann on the basis of this 
property, is sometimes* called an analytical f~~nct ion;  but i t  seems pre- 
ferable to, reserve the term analytical in order that it may be associated 
hereafter (§ 34) with an additional quality of the functions. 

9. The geometrical interpretation of complex variability leads to impor- 
tant results when applied to two variables w and z which are functionally 
related. 

Let P and p be two points in different planes, or in different parts of 
the same plane, representing w and z respectively; and suppose that P and 
p are a t  a finite distance from the points (if any) which cause discontinuity 
in the relationship. Let q and r be any two other points, z + dz and z + 62, 
in the immediate vicinity of p ;  and let Q and R be the corresponding 
points, w $ dw and w + 6w, in the immediate vicinity of P. Then 

dw 
the value of - being the same for both equations, because, as w is a function 

dz 
of z, that quantity is independent of the differential element of z. Hence 

dut 
on the ground that - is neither zero nor infinite at  z, which is assumed not 

dz 
to be a point of discontinuity in the relationship. Expressing al1 the differ- 
ential elements in terms of their moduli and arguments, let 

and let these values be substituted in the foregoing relation ; then 

Hence the triangles &PR and qpr are sirnilar to one another; though 
not necessarily siinilarly situated. Moreover the directions originally chosen 
for pq and pr are quite arbitrary, Thus it appears that a functional relation 

* Harnack, § 84. 
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9.1 REPREsENTATIoN OF PLANES 11 

between two complex variables establishes the skilarity of the corresponding 
injinitesimal elements of those parts of two planes which are in the immediate 
vicinity of the points representilzg the two variables. 

The mapification of the w-plane relative to the z-plane a t  the corre- 
sponding points P and p is the ratio of two corresponding infinitesimal 

dw 
lengths, Say of QP and qp. This is the modulus of -; if i t  be denoted by 

da 
m. we have 

Evidently the quantity m, in general, depends on the variables and 
therefore it changes from one 'point to another ; hence the functional relation 
betmeen w and z does not, in general, establish similarity of finite parts of 
the two planes corresponding to one another through the relation. 

I t  is easy to prove that w = az+ b, where a and b are constants, is the 
only relation which establishes ~imilarity of finite parts; and that, with this 
relation, a must be a real constant in order that the similar parts may be 
similarly situated. 

If u + iv = w = #I (z), the curves u = constant and v = constant cut at 
right angles; a special case of the proposition that, if + (x + iy) = u + ~ e " ~ ,  
where X is a real constant and u, v are real, then u= constant and v=constant 
cut at  an angle A. 

The process, which establishes the infinitesimal similarity of two planes 
by means of a functional relation between the variables of the planes, may be 
called the confomal representation of one plane on another*. 

The discussion of detailed questions connected with the conforma1 representation is 
deferred until the later part of the treatise, principally in order to group al1 such 
investigations together ; but the f i s t  of the two chapters, devoted to it, need not be 
deferred so late and an immediate r d i n g  of some portion of it will tend to simplify 
many of the explmations relative to functional relations as they occur in the early 
chaptera of this treatise. 

10. The anal'ytical conditions of functional&, under either of the 
adopted definitions, are the equations (2). From them it at  once follows that 

By Gauss (Ges. Werkc, t. iv, p. 262) it was styled conforme Abbildung, the name 
univerdy adopted by German mathematicians. The French title is représentation conforme; 
and, in England, Cayley ha8 used wtliomorphosis or orthomorphic tramforntation. 
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12 CONDITIONS OF FUNCTIONAL DEPENDENCE [Io. 

so that neither the real nor the imaginary part of a complex function can be 
arbitrarily assumed. 

If either part be given, the other can be deduced ; for example, let u be 
given ; then we have 

av av 
da=-&+-dy 

a8 ay 

and therefore, except as to an additive constant, the value of v is 

In particular, when u is an integral function, it can be resolved into the 
sum of hornogeneous parts 

u,+u,+zc,+ ...; 
and then, again except as to an additive constant, v can similarly be 
expressed in the form 

v , + v , + v , +  .... 
It is emy to prove that 

au, au, 
mum= y--8-, 

as ay 
by means of which the value of v can be obtained. 

The case, when u is homogeneous of zero dimensions, presents no 
difficulty ; for we then have 

U =  b+ae, 
V=C-a logr ,  

where a, b, c are constants. 
Similarly for other special cases; and, in the most general case, only 

a quadrature is necessary. 
The tests of functional dependence of one complex on another are of 

effective importance in the case when the supposed dependent complex 
arises in the form u+ iv, where ZL and v are real; the tests are, of course, 
superfluous when w is explicitly given as a function of z. When w does 
arise in the form u + iv and satisfies the conditions of functionality, perhaps 
the simplest method (other than by inspection) of obtaining the explicit 
expression in terms of z is to substitate z - iy for x in u + év ; the simplified 
result must be a function of z alone. 

11. Conversely, when w is explicitly given as a function of z and it is 
divided into its real and its imaginary parts, these parts individually 
satisfy the foregoing conditions attaching to u and v. Thus logr, where r 
is the distance of a point z from a point a, is the real part of log@ -a )  
and therefore satisfies the equation 
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Again, 4,  the angulm coordinate of z relative to the same point a, is 
the real part of - i log ( z  - a )  and satisfies the same equation : the more 
usual form of 4 being tan-' {(y - y,)/(x - xo)], where a = zo + +yo. Again, if 
a point z be distant r from a and r' from b, then log (r/rl), being the real 
part of log ( (z  - a)/(z - b ) ] ,  is a solution of the same equation. 

The following example, the result of which will be useful subsequentlyf uses the 
property that the value of the derivative is independent of the differential element. 

Z - C  Consider a function u+iv=w=log- 
z-c" 

where d is the inverse of c with regard to a circle centre the origin O and radius B. 

and the curves u = constant are circles. Let 
. R2 . 

(fig. 4 )  OC=T, X ~ C = I I  so that c= rea,  d =  - eaZ- 
d ' 

Fig. 4. 
the values of X for points in the interior of the circle of radius R Vary h m  zero, when 
circle u=constant is the point c, to  unity, when the circle u=constant is the circle of 
radius R Let the point K(=8eai)  be the centre of the circle determined by a value of 
A, and let i ts radius be p ( = + H N ) .  Then since 

CH T cN - - - A = -  
c 'Y-R c'N9 

we have 

whence 

Now if dn be an element of the normal drawn inwards a t  z to the circle NzH, we have 

= - ed$dr2, 
where JI (=zKd)  is the argument of z relative to the centre of the circle. Hence, since 

dw 1 1 -=--- 
dz O - c  z-C" 

we have 

But 

so that  

and 

* In $ 217, in connection with the investigations of Schwarz, by wliom the resiilt is stated, 
Ges. Wezke, t. ii, p. 183. 
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14 DEFINITLONS 

Hence, equating the real parts, i t  follows that 

the differential element dn being drawn inwards from the circumference of the circle. 

The application of this method is evidently effective when the curves u=constant, 
arising from a functioiial expression of w in terms of z, are a family of non-intersecting 
algebraicd curves. 

12. As the tests which are sufficient and necessary to ensure that a 
complex quantity is a function of z have been given, we shall assume that 
al1 conîplex quantities dealt with are functions of the complex variable 
($3 6,  7). Their characteristic properties, their classification, and some of 
the simpler applications will be considered in the succeeding chapters. 

Soine initial definitions and explanations will now be given. 

(i). It ha4 been assumed that the function considered has a differential 
coefficient, that is, that the rate of variation of the function in any direction 
is independent of that direction by being independent of the mode of change 
of the variable. We have already decided (5 8) not to use the term analytical 
for such tl funition. It is often called monogenic, when i t  is necessary to 
assign a specific name; but for the most part we shall omit the name, the 
property being tacitly assumed*. 

We can at  once prove froni the definition that, when the derivative 

w, (= 2) exists, it is itself a finetion. For w, = - aW = - ' aw - are equations ax i ay 
which, when satisfied, ensure the existence of w,; hence 

aw1 -- - ax 
dw1 shewing, as in 5 8, that the derivative - is independent of the direction in 
dz 

which dz vanishes. Hence w, is a function of z. 

Sirnilarly for al1 the derivatives in succession. 

(ii). Since the functional dependence of a complex is ensured only if the 
value of the derivative of that complex be independent of the manner in 
which the point z + dz approaches to coincidence with z, a question naturally 

* This is in fact done by Riemann, who calls such a dependent complex simply a funetion. 
Weierstrass, however, has proved ($85) that the idea of a monogenic function of a complex 
variable and the idea of dependence expressible by arithmetical operations are not coextensive. 
The definition is thus necessary; but the practice indicated in the text will be adopted, as non- 
monogenic functions will be of relatively rare ocourrence. 
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12.1 DEFINITIONS 15 

suggests itself as to the effect on the character of the function that may be 
caused by the manner in which the variable itself has come to the value of z. 

If a function have only one value for each given value of the variable, 
whatever be the manner in which the variable has come to that value, the 
function is called umIfwm*. Hence two different paths from a point a to a 
point z give at  z the same value for any uniform function; and a closed 
curve, beginning a t  any point and completely described by the  variable, 
will lead to the initial value of w, the corresponding w-curve being closed, if z 
have passed through no point which makes w infinite. 

The simplest class of uniform 'functions is constituted by algebraical 
rational functions. 

(iii). If a function have more than one value for any given value of the 
variable, or if its value can be changed by modifying the path in which 
the variable reaches that given value, the function is called multifo~mf.. 
Characteristics of ciirves, which are graphs of multiform functions corre- 
sponding to a z-curve, will hereafter be discussed, 

One of the simplest classes of multiform .functions is constituted by 
algebraical irrational functions. 

(iv). A multiform function has a number of different values for the same 
value of z, and these values Vary with z :  the aggregate of the variations of 
any one of the values is called a branch of the function. Although the 
function is multiform for unrestricted variation -of the variable, it often 
happens that a branch is uniform when the variable is restricted to 
particular regions in the plane. 

(v). A point in the plane, at  which two or more branches of a multiform 
function assume the same value, is called a branch-point f of the function ; 
the relations of the branches in the immediate vicinity of a branch-point will 
hereafter be discussed. 

(vi). A function which is monogenic, uniform and continuous over any 
part of the z-plane is called holomorphic 3 over that part of the plane. When 
a function is called holomorphic without any limitation, the usual implication 
is that the character is preserved over the whole of the plane which is not a t  
infini ty. 

The simplest example .of a holornorphic function is a rational integral 
algebraical polynomial. 

Aiso monodromie, or monotropic; with German writers the title is eindeutig, occasionally, 
einiindrig. 

t Aisopolytropic; with Cferman writers the title is mhrdeutig. 
$ Also critical point, mhich, however, is sometimes used to include al1 special points of a 

fnnction ; with German writers the title is Verzweigungspunkt, and sometimes Windungspunkt. 
French writers use point de rami$eation, and Italians punto di giramento and punto di 
diramzione. 

5 Also syneetic. 
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16 EXAMPLES ILLUSTRATINU [12. 

(vii). A root (or a zero) of a function is a value of the variable for which 
the function vanishes. 

The simplest case of occurrence of roots is in a rational integral alge- 
braical function, various theorems relating to which (e.g., the number of 
roots included within a given contour) will be found in treatises on the 
theory of equations. 

(viii). The Znjnities of a function are the points at which the value of 
the function is infinite. Among them, the simplest are the poles* of the 
function, a pole being an  infinity such that in its immediate vicinity the 
reciprocal of the function is holomorphic. 

Infinities other than poles (and also the poles) are called the singzclar 
points of the function: their classification must be deferred until after the 
discussion of properties of functions. 

(ix). A function which is monogenic, uniform and, except a t  poles, 
continuous, is called a meromorphic functiont. The simplest example is a 
rational algebraical fraction. 

13. The following functions give illustrations of some of the preceding 
definitions. 

(a) In  the case of a meromorphic function 

where F and f are rational algebraical functions without a common factor, 
the roots are the roots of F (2) and the poles are the roots of f (2). Moreover, 
according as the degree of J' is greater or is less than that of J; z = a, is a 
pole or a zero of W. 

(b )  If w be a polynomial of order n, then each simple root of ru is a 
1 - 

branch-point and a zero of wm, where m is a positive integer ; z= ûo is 
a pole of w; and z = ûo is a pole but not a branch-point or is an infinity 
(though not a pole) and a branch-point of w& according as n is even or odd. 

(c) In  the case of the function 
1 w=- 
1 

Sn - 
z 

(the notation being that of Jacobian elliptic functions), the zeros are given by 

for al1 positive and negative integral values of m and of rn: If we take 

Also polur discontinuities; also (5 32)  accidental s i n p l a ~ i t i e s .  
f Sometimes regtilar, but this terni will be reserved for the description of another property of 

functions. 
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13.1 THE DEFINITIONS 17 

where f: may be restricted to values that are not large, then 

w = (- 1)" ksnc, 

so that, in the neighbourhood of a zero, w behaves like a holomorphic 
function. There is evidently a doubly-infinite system of zeros: they are 
distinct from one another except at  the origin, where an infinite number 
practically coincide. 

The infinities of w are given by 

for al1 positive and negative integral values of n and of n'. If we take 

1 
so that, in the immediate vicinity of c= 0, - is a holomorphic function. 

W 

Hence c= O is a pole of W. There is thus evidently a doubly-infinite system 
of poles; they are distinct from one another except a t  the origin, where an 
infinite number practically coincide. But the origin is not a pole; the 
function, in fact, is there not determinate, for i t  has an infinite number of 
zeros and an infinite number of infinities, and the variations of value are not 
necessarily exhausted. 

1 
For the function - the origin is a point which will hereafter be called 1 ' 

Sn - 
z 

an essential singularity. 
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CHAPTER II. 

14. THE definition of an integral, that is adopted when the variables 
are complex, is the natural generalisation of that definition for real variables 
in which i t  is regarded as the limit of the sum of an infinite number of 
infinitesimally small terms. It is as follows :- 

Let a and z be any two points in the plane ; and let them be connected 
by a curve of specified form, which is to be the path of variation of the 
independent variable. Let f (z) denote any function of z ;  if any infinity 
o f f  (2) lie in the vicinity of the curve, the line of the curve will be chosen 
so as not to pass through that infinity. On the curve, let any nuniber of 
points z,, z,, ..., z, in succession be taken between a and z ;  then, if the sum 

(21-a)f (a)+(zs-zJf (z ,)+.--+ (~-2n)f  (Zn) 
have a limit, when n is indefinitely increased so that the infinitely numerous 
points are in indefinitely close succession along the whole of the curve from a 
to z, that limit is called the integral off (2) between a and z. I t  is denoted, 
as in the case of real variables, by 

The limit, as the value of the integral, is associated with a particular 
curve : in order that the integral may have a definite value, the curve (called 
the path of integration) mmust, in the first instance, be specified*. The 
integral of any function whatever may not be assumed to depend in general 
only upon the limits. 

15. Sotne inferences can be made from the definition. 

(1.) The integral along any path from a to z passing through a point is 
the sum of the integrals from a to C ami from C to z along the same path. 

+ Thie speoifioation is taoitly supplied when the variables are real : the variable point moves 
along the axis of z. 
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Analytically, this is expressed by the equation 

1: f (z) dz = 1; f (2) dz + / j f  (4 dz, 

the paths on the right-hand side combining to form the path on the left. 

(II.) When the path is described in the reverse direction, the sign of the 
integral is chunged : that is, 

the curve of variation between a and z being the same. 

(III.) The integral of the sum of a Jinite num,ber of terms is equal to 
the sum of the integrals of the separate ternzs, the path of integration being 
the sam.e for all. 

(IV.) if a function f (z) be finite and continuous along any Jinite Eine 

betwem two points a and z, the iintegral f (2) dz is Jinite. 1,' 
Let I denote the integral, so that we have 1 as the limit of 

hence 111 = limit of 1 5 (z,.+~ - z,.) f (zr) 1 
r=O 

Because f ( z )  is finite and continuous, its modulus is finite and therefore 
must have a su~erior  limit, say M, for points on the liue. Thus 

so that 
If (2711 e M  

II) < limit of MZ(z,+, - zrl 

< MS, 
where S is the finite length of the path of integration. Hence the modulus 
of the integral is finite ; the integral itself is therefore finite. 

No limitation has been assigned to the path, except finiteness in length ; 
the proposition is still true when the curve is a closed curve of finite length. 

Hermite and Darboux have given an expression for the integral which 
leads to the same result. We have as above 

where 0 is a real positive qiiantity less tban unity. The last integral involves 
2-2 
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only real variables; hence* for some point f lying between a and z, we have 

BO that 

I t  therefore follows that there is some argument a such that, if X = 0e{", 

This forrn proves the finiteness of the integral; and the result is the 
generalisationf- to complex variables of the theorem just quoted for real 
variables. 

(V.) When a function is expressed in the fm of a series, which converges 
uniformly and unconditionally, the integral of the function along any path of 
Jinite length is the sum of the integrals of the terms of the series along the 
same path, provided that path lies within the circle of convergence of the series : 
-a result, which is an extension of (III.) above. 

Let uo + U, + U, + . .. be the converging series ; take 

where IR1 can be made infinitesimally small with indefinite increase of lz, 

because the series converges uniformly and unconditionally. Then by (III.), 
or immediately from the definition of the integral, we have 

the path of integration being the same for al1 the integrals. Hence, if 

we have O -  Rdz. : -1." 
Let R' be the greatest value of IR1 for points in the path of integration 
from a to z, and let S be the length of this path, so that S is finite; 
then, by (IV.), 

101 < SR'. 

Now 8 is finite; and, as n is increased indefinitely, the quantity R' tends 
towards zero as a limit for al1 points within the circle of convergence and 
therefore for al1 points on the path of integration provided that the path lie 
within the circle of convergence. When this proviso is satisfied, 101 becomes 
infinitesimally small and therefore also O becomes infinitesimally small with 

* Todhunter'e Integral Caleuluu (4th ed.), 5 40; Williamson's Integral Calculus, (6th ed.), 5 96. 
.I. Hermite, Cours à la faeultd des sciences de Puris (4Lme Bd., 1891), p. 59, where the reference 

to Darboux is  given. 
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15.1 ON INTEGRATION 21 

indefinite increase of n. Hence, under the conditions stated in the enuncia- 
tion, we have 

which proves the proposition. 

16. The following lemma* is of fundamental importance. 
Let any region of the plane, on which the z-variable is represented, be 

bounded by one or more simple-f- curves which do not meet one another: 
each curve that lies entirely in the finite part of the plane will be considered 
to be a closed curve. 

I f  p and q be any two functions of x and y, which, for a11 points within the 
region or along its boundary, are uniforrn, $nite and continuous, then the 

extended over the whole area of the region, i s  eqml to the integral 

S(P& + @Y), 
taken in  a positive direction round the whole boundary of the region. 

(As the proof of the proposition does not depend on any special form of 
region, we shall take the area to be (fig. 5) that which is included by the 
curve 'Q,P,Q~P: and excluded by PaQ,'P,Q, and excluded by P<P,. The 
positive directions of description of the curves are indicated by the arrows; 
and for integration in the area the positive directions are those of increas- 
ing x and increasing y.) 

A B  
Fig. 5. 

It is proved by Riemann, Ges. Werke, p. 12, and is made by him (as also by Cauchy) the 
basis of certain theorems relating to functions of complex variables. 

t A curve is cailed simple, if it have no multiple points. The aim, in constituting the boundary 
from such curvee is to prevent the superlluous complexity that ariaes from duplication of area on 
the plane. If, in any particular case, multiple points existed, the method of meeting the difficulty 
would be to take each simple loop as a boundary. 
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First, suppose that both p and q are real. Then, integrating with regard 
to x, we have* 

where the brackets imply that the limits are to be introduced. When the 
limits are introduced dong a parallel CQ,Q ,'... to the axis of x, then, since 
Ca&,'. . . gives the direction of integration, we have 

[qdy] = - qdyi + qi'dyil - qzdys + q,'dy,' - qdy, + qidy,', 
where the various differential elements are the projections on the axis of y 
of the various elements of the boundary a t  points along CQ,Q i'.... 

Now when integration is taken in the positive direction round the whule 
boundary, the part of Sqdy arising from the elements of the boundary at  the 
points on CQ,Q,'. . . is the foregoing sum. For a t  Q,' it is qgdy,' because the 
positive element dy,', which is equal to CD, is in the positive direction of 
boundary integration; a t  Q, i t  is - q,dy, because the positive element dy,, 
also equal to CD: is in the negative direction of boundary integration; 
a t  Q,' it is qidya, for similar reasons ; at  Q, it is - q,dy,, for similar reasons ; 

- - - ~ 

and so on. Hence 
[ P ~ Y  1, 

corresponding to parallels througli C and D to the axis of x, is equal to 
the part of Sqdy taken along the boundary in the positive direction for al1 
the elements of the boundary that lie between those parallels. Then when 
we integrate for al1 the elements GD by forming j[qdy], an equivalent is 
given by the aggregate of al1 the parts of Sqdy taken in the positive direction 
round the whole boundary ; and therefore 

on the suppositions stated in the eniinciation. 
Again, integrating with regard to y, we have 

when the limits are introduced along a parallel RP,Pll. .. to  the axis of y:  
the various differential elements are the projections on the axis of x of the 
various elements of the boundary at  points along BP,P ,'.... 

I t  is proved, in the same way as before, that the part of - Spdx arising 
from the positively-described elements of the boundary a t  the points on 
BPJ' ,'... is the foregoing sum. At P,' the part of Jpdx is - pidx,', because 
the positive element dxi, which is equal to AB, is in the negative direction 

* It is in this integration, and in the corresponding integration for p, that the properties of 
the function q are assumed: any deviation from nniformity, finiteness or continuity within the 
region of integration mould render necessary some eqnation different from the one given in 
the text. 
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of boundary integration; a t  P, i t  is p,dx,, because the positive element 
dx3, also eqiial to AB, is in the positive direction of boundary i n t e p t i o n ;  
and so on for the other terms. Hence 

- r p h ] ,  
corresponding to parallels through A and B to the axis of y, is equal to 
the part of jpdx taken along the boundary in the positive direction for al1 
the elements of the boundary that lie between those parallels. Hence 
integrating for al1 the elements AB, we have as before 

and therefore Ij(2 - 8) dxdy = j(pdx + qdy). 

Secondly, suppose that p and q are complex. When they are resolved 
into real and imaginary parts, in the forms p' + ip" and q' + iq" respectively, 
then the conditions as to uniformity, finiteness and continuity, which apply to 
p and q, apply also to p', qf, p", q". Hence 

and (g - g) dxdy = j(pf'da + qj1dy), 

and therefore fl($ - 3 h d y  =,,pdx + qdy) 

which proves the proposition. 
No restriction on the properties of the functions p and q a t  points 

that lie without the region is imposed by the propositiou. They may have 
infinities outside, they may cease to be continuous a t  outside points or they 
rnay have branch-points outside ; but so long as they are finite and continuous 
everywhere inside, and in passing from one point to another always acquire 
a t  that other the same value whatever be the path of passage in the region, 
that is, so long as they are uniform in the region, the lemma is valid. 

17. The following theorem due to Cauchy* can now be proved :- 
If a function f (z) be holomorphic throughout an.y region of the z-pEawe, 

then the ;ntegral Jf (2) dz, taken round the whoZe boundary of that region, is zero. 
We apply the preceding result by assuming 

p=f(z) ,  q= ip= i f ( z ) ;  
owing to the character off (z), these suppositions are consistent with the 

For an account of the gradua1 development of the theory and, in particular, for a 
statement of Cauchy's contributions to the theory (with references), see Casorati, Teorica 
delle funzioni di  variabili cornplesse, pp. 64-90, 102-106. The general theory of functions, 
as developed by Briot and Bouquet in their treatise Théwie des fonctions elliptiques, is based 
upon Cauchy's method. 
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conditions under which the lemma is valid. Since p is a function of z, we 
have, a t  every point of the region, 

ap - 1 ap 
% - T a , '  

and therefore, in the present case, 

There is no discontinuity or infinity o f p  or q within the region; hence 

the integral being extended over the region. Hence also 

S (pax + qdy) = O, 
when the integral is taken round the whole boundary of the region. But 

pdx + qdy =pdx + i pdy  
= pdz 

=f ( 4  dz, 
and therefore jf (2) dz = 0, 
the integral being taken round the whole boundary of the region within 
which f (z) is holomorphic. 

I t  should be noted that the theorem requires no limitation on the cha- 
racter off (z) for points z that are not included in the region. 

Some important propositions can be derived by means of the theorem, as 
follows. 

18. Whn a f u n c t h  f (2) is holomorphic over any continuous region 

of the plane, the integral f (z) dz is a holomorphic functioa of z provided the 1: 
points z and a as well as the whole path of integration lie within thut region. 

The general definition (5 14) of an integral is associated with a specified 
path of integration. I n  order to prove that the integral is a holomorphic 
function of z, i t  will be necessaiy to prove (i) that the integral acquires the 
same value in whatever way the point z is attained, that is, that the value is 
independent of the path of integration, (ii) that i t  is finite, (iii) that it 
is continuous, and (iv) that i t  is monogenic. 

Let two paths ayz and apz between a and z be drawn (fig. 6)  in the 
continuous region of the plane within which f (8) is 
holomorphic. The line ayzpa is a contour over the area 
of which f (z) is holomorphic; and therefore Jf (z) d z  
vanishes when the integral is taken along ayzpa. 
Dividing the integral into two parts and implying by 

./:$> 
z,, zs that  the point z has been reached by the paths a 
ayz, a p z  respectively, we have Fig. 6. 

IRIS - LILLIAD - Université Lille 1 



HOLOMORPHIC FUNCTIONS 

and therefore l Z y f  ( z )  dz = - Li ( z )  dz  

=p f (2) dz. 

Thus the value of the integral is independent of the way in which z  has 

acquired its value ; and therefore f ( z )  dz  is uniforrn in the region. Denote 

it by P (2). 
Secondly, f ( z )  k finite for al1 points in the region and, after the result 

of § 17, we naturally consider only such paths between a and z  as are finite in 
length, the distance between a and z  being finite; hence ($ 15, IV.) the 
integral P (2) is finite for al1 points z  in the region. 

Thirdly, let z' (= z  + Sz) be a point infinitesimally near to z  ; and consider 

1; (5) dz. By what has just been proved, the path Lom a t o i  can be taken 

a&z! ; there fore 

Now at points in the infinitesimal line froni z  to z', the value of the 
continuous function f ( z )  differs only by an infinitesimal quantity from its 
value at z  ; hence the right-hand side is 

I f  (2) + €1 8% 
where 161 is an infinitesimal quantity vanishing with Sz. I t  therefore follows 
that 

F ( z  + Sz) - F ( z )  
is an infinitesimal quantity with a modulus of tbe same order of small 
quantities as 1 Sz 1. Hence P ( z )  is continuous for points z  in the region. 

Lastly, we have 
P ( z  + 62) - P ( z )  

6.2 = f ( z ) + e ;  

and therefore 

has a limit when Sz vanishes; and this limit, f (z),  is independent of the 
way in which 62 vanishes. Hence P ( z )  has a differential coefficient; the 
integral is monogenic for points z in the region. 
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Hence F(z) ,  which is equal to 

is uniform, finite, continuous and monogenic; i t  is therefore a holomorphic 
function of z. 

As in § 16 for the functions p and q, so here for f (z), no restriction is 
placed on properties off (2) at  points that do not lie within the region; so 
that elsewhere it may have infinities, or discontinuities or branch points. 
The properties, essential to secure the validity of the proposition, are 
(i) that no infinities or discontinuities lie within the region, and (ii) that the 
same value off (z) is acquired by whatever path in the continuous region 
the variable reaches its position z. 

COROLLARY. No change is caused in the -value of the integral of a 
holomorphic function between two points when the path of integration between 
the points i s  defornaed i n  any manner, provided only that, during th.e defor- 
mation, no part of th,e path passes outside the boundary of the region w~ithin 
which the function is holomorphic. 

This result is of importance, because i t  permits special forms of the path 
of integration without affecting the value of the integral. 

19. When a function f (2) i s  holomorphic over a part of the plane 
boun,ded by two simple culrues (one lying wi thh  the other), equal values of 
J f  (z) dz are obtained by integrating round each of the czcrves i n  a direction, 
which-relative to the area enclosed by each-is positive. 

The riiig-formecl portion of the plane (fig. 1, p. 3) which lies between 
the two curves being a region over which f (2) is holomorphic, the integral 
J f  (2) dz taken in the positive sense round the whole of the boundary of 
the included portion is zero. The integral consists of two parts: first, that 
round the outer boundary the positive sense of which is DEF;  and second, 
that round the inner boundary the positive sense of which for the portion of 
area between ABC and D E F  is ACB. Denoting the value of $f (z) dz round 
D E F  by (DEF), and similarly for thè other, we have 

(ACB) + (DEF) = 0. 

The direction of an integral can be reversed if its sign be changed, so that 
(ACB) = - (ABC) ; and therefore 

(ABC) = (DEF). 

But (ABCf) is the integral jf (z)dz taken round ABC, that is, round the 
curve in a direction which, relative to the area enclosed by it, is positive. 

The proposition is therefore proved. 

The remarks made in the preceding case as to the freedom from limitations 
on the character of the function outside the portion are valid also in this case. 
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COROLLARY 1. When the integral of a .function is taken round the whob 
of any simple curve in the plane, no change 2s caused in  its value by continuously 
deforming the curve into any other simple curve provided that the function 
is  holomorphic over the part of the plane in which the defomr~ation Zs efected. 

COROLLARY II. When a function f (2) is  holon~orphic over a continuous 
portion qf a plana bounded by any number of simple non-intersecting curves, 
nEl but one of which are external to one anoth.er and the rentaining one of 
which encloses them all, the value of the integral jf (2) dz tnken positively round 
the single externnl curve is eqwtl to the surn of the values taken round each of 
the other curves in a direction which i s  positive relative to the area enclosed 
by a 

These corollaries are of importance in finding the value of the integral 
of a meromorphic function round a curve which encloses one or more of the 
poles. The fundamental theorem for siich integrals, also due to Cauchy, is 
the following. 

20. Let f (2) denote a function wluich is ho lomo~l~ ic  over any region i n  
the z-plane and let a denote any point within that region, which is  not a zero 
off (2); then 

the integral being talcen positively romd the w h b  boundwy of the region. 

With a as centre and a very small radius p, describe a circle C, which will 
be assumed to lie wholly within the region; this assumption is justifiable 
because the point a lies within the region. Because f (2) is holomorphic over 
the assigned region, the function f (z)[(z - a)  is holomorphic over the whole of 
the region excluded by the small circle C. Hence, by Corollary II. of 5 19, we 
have 

the notation implying that the integrations are taken round the whole 
boundary B and round the circumference of C respectively. 

For points on the circle 4 let z - a = peei, so that 0 is the variable for 
the circumference and its range is from O to 27r; then we have 

dz - = ide. 
z - a  

Along the circle f (z) = f (a  + peei) ; the quantity p is very small and f is 
finite and continuous over the whole of the region so that f (a + pe") differs 
from f (a) only by a quantity which vanishes with p. ' Let this difference 
be E, which is a continuous small quantity; tlien l e /  is a small quantity 
which, for every point on the circumference of C, vanishes with p. Then 
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If E denote the value of the integral on the right-hand side, and 7 the 
greatest value of the modulus of e along the circle, then, as in 5 15, 

Now let the radius of the circle diminish to zero: then 17 also diminishes 
to zero and therefore ( E 1, necessarily positive, becomes less than any finite 
quantity however small, that is, E is itself zero; and thus we have 

jfo , = ~ m y ( a ) ,  
c z - a  

which proves the theorem. 

This result is the simplest case of the integral of a meromorphic 

function. The subject of integration is fA, a function which is monogenic 
z - a  

and uniforrn throughout the region and which, everywhere except a t  2: = a, is 
finite and continuous ; moreover, z = a is a pole, because in the immediate 

z - a  
vicinity of a the reciprocal of the subject of integration, viz. -- 

morphic. 
f (4 ' is hoIo- 

The theorem may therefore be expressed as follows : 

If g (z)  be a meromorphic function, which in the vicinity of a can be 

expressed in the form - (') where f (a)  is not zero and which at  al1 other 
z - a  

points in a region enclosing a is holomorphic, then 

1 
--, Jg (2) dz  = limit of (z - a) g (z) when z = a, 
2 7T.1 

the integral being taken round a curve in the region enclosing the point a. 
The pole a of the function g (z)  is said to be simple, or of the first order, 

or of multiplicity unity. 

Corollary. The more gerieral case of a meromorphic function with a 
finite number of poles can easily be deduced. Let these be q,..., a, each 
assumed to be simple ; and let 

G (z)  = (Z - a,) (z - a,). . .(z - a,). ? 
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Let f (z) be a holomorphic function within a region of the z-plane bounded 
by a simple contour enclosing the lz points q, a,,...~,, no one of which is a 
zero off (2). Then since 

1 " l  1 -- -2 --- 
G(z) r=lG'(a,)z-a,' 

we have 

We therefore have 
1 If-dz= -If-&, 

G(z) .,iG'(a,) z-a, 

each integral being taken round the boundary. But the preceding proposition 
gives 

because f (z) is holomorphic over the whole region included in the contour; 
and therefore 

the integral on the left-hand side being taken in the positive direction*. 

The result just obtained expresses the integral of the meromorphic 
function round a contour which includes a finite number of its simple poles. 
T t  can be otherwise obtained by means of Corollary II. of 5 19, by adopting 
a process similar to that adopted above, viz., by making each of the curves in 
the Corollary quoted small circles round the points h, ..., a, with ultimately 
vanishing radii 

21. The preceding theorems have sufficed to evaluate the integral of 
a function with a number of simple poles: we now proceed to obtain 
further theorems, which can be used among other purposes to evaluate 
the integral of a function with poles of order higher than the first. 

We still consider a function f (2) which is holornorphic within a given 
region. Then, if a be a point within the region which is not a zero of f(z), 
we have 

the point a being neither on the boundary nor within an infinitesimal 
distance of it. Let a + Sa be any other point within the region ; then 

f ( a + 6 a ) = -  l / (') dz, 
21ri z-a-6a  

We ahail for the future assume that, if no direction for a complete integral be specified, the 
positive diection is taken.' 
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and therefore 

the integral being in every case taken round the boundary. 

Since f (z )  is monogenic, the definition off  ' ( a ) ,  the first derivative of 
f (a), givesf'(a) as the limit of 

f ( a + S a ) - f  (a)  
Sa J 

when 6a ultimately vanishes ; hence we may take 

where u is a quantity which vanishes with Sa and is therefore such that Iul 
also vanishes with Sa. Hence 

dividing oiit by Sa and transposing, we have 

f (4 dz. 
(2-a) l (z -a-6a)  

As yet, there is no limitation on the value of Sa ; we now proceed to a limit 
by making a+Sa approach to coincidence with a, viz., by making Ba 
ultimately vanish. Taking nioduli of each of the members of the last 
eqiiation, we have 

Let the greatest modulus of f (4 for points z along the 
(Z - (Z  - a - Ga) 

boundary be M, which is a finite quantity on account of the conditions 
applying to f (z )  and the fact that the points a and a + Sa are not 
infinitesimally near the boundary. Then, by 5 15, 

< MS, 
where S is the whole length of the boundary, a finite quantity. Hence 

1 (a)-I / f -  2az (a  - a)" d z ( < l u l + g l ~ ~ .  
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When we proceed to the limit in which 6a vauishes, we have [Sul = O 
and 1 al = 0, ultimately ; hence the modulus on the left-hand side ultimately 
vanishes and therefore the quantity to which thnt modulus belongs is itself 
zero, that is, 

so that 

This theorem evidently corresponds in complex variables to the well-known 
theorem of differentiation with respect to a constant under the integral 
sign when al1 the quantities concerned are real. 

Proceeding in the saine way, we can prove that 

where B is a small quantity which vanishes with 6a. Moreover the integral 
on the right-hand side is finite, for the subject of integration is everywhere 
finite dong the path of integration which itself is of finite length. Hence, 
first, a small change in the independent variable leads to a change of the 
same order of small quantities in the value of the function f'(a), which 
shews that f (a)  is a continuous function. Secondly, denoting 

* f  ( a + W - f ' ( a )  

by 8 f  (a), we have the lirniting value of equal to the integral on 
6a 

the right-hand side when 6a vanishes, that is, the derivative off (a )  has 
a value independent of the form of 8a and therefore f (a )  is monogenic. 
Denoting this derivative by f ' ( a ) ,  we have 

2 '  f ( 4  f" (a )  = - 1- di. 211-i (s - a)S 

Thirdly, the function f (a)  is uniform; for i t  is the limit of the value 

of + -f (a)  and both f  (a )  and f (a + 8a) are uniform. Lastly, it 
%A - .. 

is finite ; for (§ 15) i t  is the value of the integral . l - dz, in nhich 
277% (2 - a)a 

the length of the path is finite and the subject of integration is finite at 
every point of the path. 

Hence f ( a )  is continuous, monogenic, uniforin, and finite throughout 
the whole of the region in which f (2) has these properties: it is a 
holomorphic function. Hence :- 

When a  fwnction {s holornorphic in  any region of  the plane bounded 
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by a simple curve, its &rivative i s  also holomorphic within that region. And, 
by repeated application of this theorem :- 

When a function is  holomorphic in any region of the plane bounded 
by a simple cumie, it  has an zcnlimited nurnber of successive derivatives each 
of which .is holomorphic within the region. 

Al1 these properties have been shewn to depend simply upon the holo- 
morphic character of the fundamental function; but the inferences relating 
to the derivatives have been proved only for points within the region and 
not for points on the boundary. If the foregoing methods be used to prove 
them for points on the boundary, they require that a consecutive point shall 
be taken in any direction ; in the absence of knowledge about the fundamental 
function for points outside (even though just outside) no inferences can be 
justifiably drawn. 

An illustration of this statement is furnished by the hypergeometric series 
which, together with al1 its derivatives, is holomorphic within a circle of 
radius unity and centre the origin ; and the series converges unconditionally 
everywhere on the circumference, provided y > a + P. But the corresponding 
condition for convergence on the circumference ceases to be satisfied for soxne 
one of the derivatives and for al1 which succeed i t  : as such functions do not 
then converge unconditionally, the circumference of the circle must be 
excluded from the region within which the derivatives are holomorphic. 

22. Expressions for the first and the second derivatives have been 
obtained. 

By a process similar to that which gives the value off (a), the derivative 
of order n is obtainable in the form 

the integral being taken round the whole boundary of the region or round any 
curves which arise from deformation of the boundary, provided that no point 
of the curves in the final or any intermediate form is indefinitely near to a. 

I n  the case when the curve of integration is a circle, no point of which 
circle may lie outside the boundary of the region, we have a modified form 
for f (a). 

For points along the circumference of the circle with centre a and radius 
r, let 

z - a = reOi, 

so that as before -- dB - i de :  
z - a  

then O and 2~ being taken as the limits of 8, we have 
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Lbt M be the greatest value of the modulus off  (z) for points on the 
circumference (or, as it may be convenient to consider, of points on or within 
the circumference) : then 

Now, let there be a function 4 (2) defined by the eqiiation 

which can evidently be expanded in a series of ascending powers of z - a  
that converges within the circle. The series is 

so that 

Hence [-dan] an+ ( 4  =n!pî, M 
z=a 

so that, if the value of the nth derivative of +(z), when z =a ,  be denoted 
by +(") (a), we have 

1 f "1 (a)[ < +(") (a). 

These results can be extended to functions of more tban one variable: 
the proof is similar to the foregoing proof. When the variables are two, 
say z and z', the results may be stated as follows :- 

For al1 points z within a given simple curve C in the z-plane and al1 
points z' within a given simple curve C' in the $-plane, let f (2, 2') be a 
holomorphic function; then, if a be any point within C and a' any point 
within C', 

f (2, 4 drdz' = an+n'j (a, a') 
aanaafnf ' 

where n and n' are any integers and the integral is taken positively round the 
two curves C and Cr. 

If M be the greatest value of 1 f (z, z')I for points z and z' within their 
respective regions when the curves C and C are circles of radii r, r' and 
centres a, a', then 1 antn'f (a, a') 1 M 

< n !  . 
aanaafmf 
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M 
and if # ( z , ~ ' )  = ( " ; a )  ( ";at)' 

1 - -  l--T- 

an+%'+ (Z,Z/) 
then aznazfn j 

when z = a and z' = it' in the derivative of I#I (2, 2'). 

23. Al1 the integrals of meromorphic functions that have been considered 
have been taken along complete curves: it is necessary to refer to integrals 
along curves which are lines only from one point to another. A single 
illustration will suffice a t  present. 

Consider the integral ' A d z  ; the function f (z)  is 
2 -  a 

supposed holomorphic in the given region, and z and z, are 
any two points in that region. Let some curves joining z 
to  2, be drawn as in the figure (fig. 7'). 

% 
Then f*) is holomorpbic over the whole srea en- 

z - a  Fig. 7. 

closed by z&z8zo : and therefore we have dz= O when taken round the z - a  
boundary of that area. Hence as in the earlier case we have 

The point a lies withiu the area enclosed by z,,.yz@zo, and the function 

f- is holomorphic, ercept in the irnmediate vicinity of a = a ; hence 
z - a  

!fi) d i  = 27+(a), 
z - a  

the integral on the left-band side being taken round z,iyz&. Hence 

Denoting f* by Y (a), the function y (z)  has one pole a in the region z -a  
considered. 

The preceding results are connected only with the simplest f o m  of 
meromorpbi~ functions; other simple results can be derived by means of the 
other theorems proved in $ 17-21. Those which have been obtained are 
sufficient however to shew that: The integral of a merornorphic fumtion 
Jy(z)dz from one point to another of the region of the function is not in 
general a uniforrn function. The value of the integral is not altered by 
any deformation of the path which does not meet or cross a pole of the 
function; but the value is altered when the path of integration is so 
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deformed as to yass over one or more poles. Therefore it is necessary to 
specvy the path of integration when the subject of integration is a mero- 
rnorphic function; only partial deformations of the path of integration are 
possible without modifying the value of the integral. 

24. The following additional propositions* are deduced from limiting 
cases of integration round complete curves. I n  the first, the curve becomes 
indefinitely small ; in the second, it becomes infinitely large. And in neither, 
are the properties of the functions to be integrated limited as in the pre- 
ceding propositions, so that the results are of wider application. 

1. I f  f ( z )  be a function which, whatever be its character at a, has no 
inJinities and no branch-points in  the immediate vicinity of a, the value of 
Jf (2) dz taken rou.nd a small circle with its centre at a tends towards zero 
when the circle diminishes in  magnitude so as ultimately to be merely the 
point a, provided that, as 1s -al diminishes indefinitely, the limit of (z - a) f (z )  
tend uniformly to zero. 

Along the small circle, initially taken to be of radius r,  let 

so that 

and therefore 

Hence 

d z  -- - ide, z - a  

j"f ( z )  dz =il: ( z  - a)  f ( z )  dB. 

where M' is the peatest value of M, the modulus of ( z  - a)  f (z), for points 
on the circumference. Since ( z  - a)  f (2) tends uniformly to the limit zero as 
Iz-al diminishes indefinitely, Ifl(z) dzI is ultimately zero. Hence the integral 
itself $f (2) dz is zero, under the assigned conditions, 

ATote. If the integral be extended over only part of the circumference of 
the circle, i t  is easy to see that, under the conditions of the proposition, 
the value of J f  (z)  dz still tends towards zero. 

COROLLARY. I f  ( z  - a)  f ( z )  tend uniformly to . a li,rnit k as 1.z - al 
dhinishes indefidely, the value of Jf (2) dz taken round a small cZrcle centre 
a tends towards 2m'k in the limit. 

* The form of the first two propositions, which is adopted here, is due to Jordan, Cours 
d'Analyse, t. ii, §$ 285, 286. 
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Thus the value of taken round a very small circle centre a, where a is 

not the origin, is zero : the value of 
dz 

round the same circle is (?y. Z Q 

1 
Neither the theorem nor the corollary will apply to  a function, such as sn - t - a '  

1 
which has the point a for an essential singularity : the value of (2 - a) an- as 

z-a' 
Iz-al diminishes indefinitely, does not tend ( 5  13) to a uniform limit. AB a matter of 

1 
fact, the function sn - has an infinite number of poles in the immediate vicinity of a 

z- a 
as the limit z = a is being mched. 

II. Whatever be the character of a function f ( z )  for injnitely large values 
of z, th8 value OfJf ( z )  dz, taken round a circle with the origin for centre, tends 
towards zero as the circle becomes injnitely large, provided that, as lzl 
increases indejinitely, the limit of zf ( z )  tend zlnijbrrnly to zero. 

Along a circle, centre the origin and radius R, we have z =Reei, so that 

and therefore Jf (2) dz = il2' zf ( z )  de. 

Hence 

where M is the greatest value of M, the modulus of zf (z),  for points on 
the circumference. When R increaaes indefinitely, the value of M' is zero 
on the hypothesis in the proposition ; hence ( ÿ ( z )  dz 1 is ultimately zero. 
Therefore the value of Jf (z )  dz tends towards zero, under the assigned con- 
ditions. 

Note. If the integral be extended along only a portion of the circumfer- 
ence, the value of J f  (z )  dz still tends towards zero. 

COROLLARY. I f  zf (2) tend u,n~ormly to a limit k as 1 z 1 increases 
indejnitely, the value of I f  ( z )  da, tuken round a very large circle, centre the 
origin, tends towarrds 2w-k 

Thus the value of J(1- ~ ) - ) d z  round an infinitely large circle, centre the origin, is zero 
if n>2 ,  and is 2 i ~  if n=2. 

III. I f  al1 the injnities and the branch-points of a function lie in a Jinite 
region of the z-pla)î.e, then the value of Jf  (2) dz round any simple curue, which 
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includes all those points, is zero, provided the value of zf (z), as ( z 1 increases 
indejnitely, tends un.iformly to zero. 

The simple curve can be deformed continuously into the infinite circle 
of the preceding proposition, without passing over any infinity or any 
branch-point ; hence, if we assume that the function exists al1 over the plane, 
the value of Jf (z) dz is, by Cor. 1. of 5 19, equal to the value of the integml 
round the i n h i t e  circle, that is, by the preceding proposition, to zero. 

Another method of stating the proof of the theorem is to consider 
the corresponding simple curve on Neumann's sphere (5 4). The surface 
of the sphere is divided into two portions by the curve*: in one portion lie 
al1 the singularities and the branch-points, and in the other portion there is 
no critical point whatever. Hence in this second portion the function is holo- 
morphic ; since the area is bounded by the curve we see that, on passing back 
to the plane, the excluded area is one over which the function is holomorphic. 
Hence, by § 19, the integral round the curve is equal to the integral round 
an infinite circle having its centre a t  the origin and is therefore zero, as 
before. 

COROLLARY. If, ulzder the same circumstames, the value of zf (z), as 
1 . ~ 1  increccses indejhitely, tend un.iformly to k, then the value of Jf (z) dz round 
the simple cume is  27rik. 

dz 
T h w  the value of - dong any simple c u v e  which encloses the two points 

a and -a is 2n ; the value of 
f dz 

J {(i  - z21 (1 - ~~2~~~ 

1 1  
round any simple curve enclosing the four points 1, - 1, k ,  - 2 ,  is zero, k being a non- 

vanishing constant ; and the value of 1(1 -+)-&, taken round a circle, centre the origin 
and radius greater thau unity, is zero when .n is a n  integer greater than 1. 

dz 
But the value of 

l i ( z  - 4 (3- 02) (2- e3xt 

round any circle, which has the origin for centre and includes the three distinct points 
el, e,, e,, is not zero. The subject of integration has z=m for a branch-point, so that the  
condition in  the proposition is not satisfied ; and the reason that the result is no longer 
valid is that the deformation into an infinite circle, as described in Cor. 1. of $ 19, 
is not possible because the infinite circle would meet the branch-point a t  inûnity. 

25. The further consideration of integrals of functions, that do not possess 
the character of uniformity over the whole area included by the curve of in- 
tegration, will be deferred until Chap. IX. Some examples of the theorems 
proved in the present chapter will now be given. 

* The fact that a single path of integration is the boundary of two portions of the surface 
of the sphere, within which the function may have different characteristic properties, will be 
used hereafter (§ 104) to obtain a relation between the two integials th& arise according as the 
path is deformed within one portion or within the other. 
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Ex. 1. It is sufficient merely to mention the indefinite integrals (that is, integrals from 
an arbitrary point to  a point z) of rational, integral, algebraical functions. After the 
preceding explanations i t  is evident that they follow the same laws as integrals of sirnilar 
functions of real variables. 

Ex. 2. Consider the integral taken round a simple curve. 

When TI is 0, the value of the integral is zero if the curve do not include the point a, 
and it is 2 s i  if the curve include the a. 

When n is a positive integer, the value of the integral is zero if the curve do not 
include the point a (by $ 17), and the value of the integral is still zero if the curve do 
include the point a (by $ 22, for the function f (z) of the text is 1 and ali its derivatives 
are zero). Hence the value of the integral round any curve, which does not pass through 
a, is zero. 

We can now at once deduce, by $ 20, the result that, if a holomrphic function be 
constant along any simple closed curue within its region, i t  .Is constant over the whole 
area within the curve. For let t be any point within the curve, z any point on it, and C 
the constant value of the function for al1 the points z ; then 

the integral being taken round the curve, so that 

=c 
by the above result, since the point t lies within the curre. 

Ex. 3. Consider the integral Je-@dz. 

In  any finite part of the plane, the function e-@ is holomorphic; therefore ($ 17) the 
integrd round the boundary of a rectangle 
(fig. 81, bounded by the lines x= a, y=O, 

1; :, 
y=b, is zero : and this boundary can be 
extended, provided the deformation remain 
in the region where the function is holo- 
morphic. Now as a tends towards infinity, 
the modulus of e-J being e-"+@, tends 
towards zero when y remains finite; and 
therefore the preceding rectangle can be Fig. 8. 
extended towards infinity in the direction of the axis of x, the side 6 of the rectangle 
remaining unaltered. 

Along A'A, we have z=x : so that the value of the integral along the part 8'8 of the 

boundary is /Ta e-%&. 

Along AB, we have z=a++, so that the value of the integral along the 

Along BB', we have z=x+.ib, so that the value of the integral along the 

Along KA', we have a= - a+iy, so that the value of the integral along 

B A '  is i [ed*+"r&. 

part AB 

part BB' 

the part 
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25.1 INTEGRATION 39 

The second of these portions of the integral is e-me. i. e@-Za~& which is easil3' seen 

to be zero when the (real) quantity a is infinite. 
L 

Similarly the fourth of these portions is zero. 
Hence as the complete integral is zero, we have, on passing to the limit, 

whence 

L e-@ (cos 2bx  - i sin 2bx)  dx=&v; 

and therefore, on equating rml parts, we obtain the well-known result 

e-fl cos 2 b x d x = ~ & e d 9  

This is only one of numerous examples* in which the theorems in the text can be 
applied to obtain the values of definite integrals with real limita and real variables. 

Ex. 4. Consider the integral -dz ,  where n is a real positive quantity less than I" 
The only infinities of the subject of integration are the origin and the point - 1 ; 

the branch-points are the origin and z=m. Everywhere else in the plane the function 
behaves like a holomorphic function; and, therefore, when we take any simple closed 
curve enclosing neither the origin nor the point - 1, the integral of the function round 
that curve is zero. 

We shall assume that the curve lies on the positive side of the axis of x and that it 
is made up of :- 

(i) a semicircle C, (fig. 9), centre the origin and radius R which is made to increase 
indefinitely : 

Fig. 9. 

(ii) two semicircles, ce, and c,, with their centres a t  O and - 1 respectively, and with 
radii r and r', which ultimately are made infinitesimally small : 

(iii) the diameter of C3 along the axis of x excepting those ultimately inhitesimal 
portions which are the diameters of cl and of c2. 

The subject of integration is uniform within the area thus enclosed although it 
is not uniform over the whole plane. We shaii take that value of P--' which has ita 
argument equal to (n - 1) O, where 8 is the argument of a 

See Briot and Bouquet, Théorie des funetions elliptiques, (2nd ed.), pp. 141 et sqq., from 
which examples 3 and 4 are taken. 

IRIS - LILLIAD - Université Lille 1 



40 EXAMPLES IN [25. 

The integral round the boundary is made up of four parts. 

P - 1  
(a) The integral round C3. The value of z . - , as lz l  increases indefinitely, tends 

1 +z 
uniformly to the limit zero ; hence, as the radius of the semicircle is increased indefinitely, 
the integral round C3 vanishes ($ 24, II., Note). 

9-1 (b)  The integral round q. The value of z. -, as lzl diminishes indefinitely, 
l + z  

tends uniformly to the limit zero ; hence as the radius of the semicircle is diminished 
indefinitely, the integral round cl vanishes (5  24, I., Note). 

Zn-1 

(c) The integral round c,. The value of (1 +z) -, as 11 +zl diminishes indefinitely 
l+z 

for points in the area, tends uniformly to the limit ( -  1)n-1, Le., to the limit d n - l ) ' <  

Hence this part of the integral is 

being taken in the direction indicated by the arrow round c,, the infinitesimal semicircle. 
dz Evidently - =id8 and the limits are r to O, so that this part of the whole integral is 

1 +z 

- - - .ine(m- lw 
= hemre, 

(d) The integral along the axis of x. The parts at  - 1 and a t  O which form the 
diameters of the small semicircles are to be omitted ; so that the value is 

This is what Cauchy calls the principal value* of the integral 

Since the whole integral is zero, we have 

Let 

and 

principal values bejng taken in each case. Then, taking account of the arguments, we have 

Since 

we have 

Williamson's Integral Cakulus, 5 104. 
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INTEGRATION 25.1 

so that 

Henœ 

P- Q cos n a  = a sin na, Q sin n r  = r cos na. 

EX. 5. In the same way it may be proved that 

.1 

where n is an integer, a is positive and a) is eZG. 

Ex. 6. By considering the integral j e - s ~ - l d z  round the contour of the sector of a 
circle of radius I; bounded by the radii 8= 0,8 =a, where a is less than +r and n is positive, 
it  may be proved that 

on proceeding to the limit when r is made infinite. (Briot and Bouquet.) 

" 
wheren is an integer. The subject of integration E 7. Con.der the integral \PT, 

is meromorphic ; it has for its p l e s  (each of which is simple) the n points or for r=O, 
1, ..., n - 1, where o is a primitive nth root of unity ; and it has no other inhitiea and no 

branch-pointa. Moreover the value of -2, as I Z  1 increases indehitely, tends uniformly 
P- 1 

to the limit zero ; henœ (5 24, III.) the value of the integral, taken round a circle centre 
the origin and radius > 1, is zero. 

the circle of radius 
infinitesimal circles. 

This result can be derived by means of Corollary II. in 5 19. Surround each of the 
poles with an infinitesimal circle having the pole for centre; then the integral round 

7 1 is equal to the sum of the values of the integral round the 
The value round the circle having mr for its centre is, by 20, 

- -- '?n-r, 
n 

Hence the integral round the large circle 

Ex. 8. Hitherto, in all the examples considered, the poleci that have occurred have 
been simple : but the multa proved in § 21 enable us to obtain the integrals of 
functions which have multiple poles within an area, As an example, consider the 

integral /& round any curve which includes the point i but not the point -6 th- 

points being the two poles of the subject of integration, each of multiplicity n+l. 
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42 EXAMPLES IN INTEGRATION [25. 

We have seen that 

where f (2) is holomorphic throughout the region bounded by the curve round which the 
integral is taken. 

1 
In the present case a is 2, and f (2) = --- - so that 

(z+z]n+l' 

and therefore 

Hence we have 

In the case of the integral of a function round a simple curve which contains several 
of its poles, we first (5 20) resolve the integral into the sum of the iutegrals round simple 
curves each containing only one of the points, and then determine each of the latter 
integrals as above. 

Another method that is sometimes possible makes use of the expression of the uniform 
functioii in partial fractions. After Ex. 2, we need retain only those fractions which are of 

A the form - : the integral of such a fraction is 2siA, and the value of the whole integral 
2- a 

is therefore 21n2A. It is thus sufficieut to obtain the coefficients of the inverse first powera 
which arise when the function is expressed in partial fractions corresponding to each pole. 

Such a coefficient A, the coefficient of in the expansion of the function, is called by 
z- a 

Cauchy the ~ a e z ' h e  of the function relative to the point. 

For example, 

so that the residuw relative to the points - 1, -a, - aia are 8, go, $oa wpectively. 
Hence if we take a semicircle, of radius > 1 and centre the origin with its diameter 
along the axis of y, so as to lie on the positive side of the axis of y, the area between the 
semi-circumference and the diameter includes the two points - o and - m2 ; and therefore 
the value of 

taken along the semi-circumference and the diameter, is 

Z,i(&~+y~z) ; 
i.e., the value is -$ni. 
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CHAPTER III. 

26. WE are now in a position to obtain the two fundamental theorems 
relating to the expansion of functions in series of powers of the variable: 
they are due to Cauchy and Laurent respectively. 

Cauchy's theorem is as follows* :- 

When a function i s  holomorphic over the area of a  circle of centre a, it  can 
be expanded as a series of positive integral powers of z - a converyiny for al1 
points witluh the circle. 

Let z be any point within the circle; describe a concentric circle of 
radius r such that 

I Z - ~ ~ = P  <r< R, 
where R is the radius of the given circle. I f  t 
denote a curreiit point on the circumference of the 0 
new circle, we have . 

a 
l l f 0 ,  f ( 4 = =  t - 8  

dt .--.-___----- 
Fig. 10. 

the integral extending dong the whole circumference of radius r. NOW 

1 
2 - a  1 - -  1 - -  
t - a  t - a  

so that, by 5 14 (III.), we have 

l \ f ( t )  8 - a  f (2) = -. -- f @ )  at+ ..*... +- 
~ m .  t - a d t + ~ / m  ( z ; ~ p j @ f ( t )  - dt 

* Exwcices d'Analyse et de Physique Mathématique, t. ii, pp. 50 et seq. ; the memoir was first 
made public at Turin in 1832. 
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Now f ( t )  is holomorphic over the whole area of the circle ; hence, if t  be 
not actually on the boundary of the region ($ 21, 22), a condition secured by 
the hypothesis r  < R, we have 

and therefore 

f (z)= f (a)+(z  

Let the last term be denoted by L. Since (z - a( = p and ( t  - al = Y, 

i t  is a t  once evident that ( t  - z l 2 r  - p. Let M be the greatest value of 
1 f (t)( for points along the circle of radius r ;  then M must be finite, owing to 
the initial hypothesis relating to f (8). Taking 

t-a=re@i 

so that d t = i ( t - ~ ) d e ,  

we have pl =q 2T f ( t )  de 
t - z ( t -a)"  --I 

Now r was chosen to be greater than p ;  hence as n becomes infinitely 
n f i  

large, we have t) iinfinitesimally small. Also Y ( 1 - :)-lisfinite. 

Hence as n increases indefinitely, the limit of (LI, necessarily not negative, 
is infinitesimally small and therefore, in the same case, L tends towards 
zero. 

It thus appears, exactly as in 5 15 (V.), that, when n is made to increase 
without limit, the difference between the quantity f (z)  and thé first n. + 1 
terms of the series is ultimately zero ; hence the series is a converging series 
having f (z) as  the limit of the sum, so that 

(2 - a)n 
f (z)= f (a)+(z-a)  f ( a ) + w p ( a ) +  ....,.+- f (") (a)  +. . . . . ., 

n !  

which proves the proposition under the assigued conditions. I t  is the form 
of Taylor's expansion for complex variables. 

Note. The series on the right-hand side is frequently denoted by 
P (z - a), where P is a general spmbol for a converging series of positive 
integral powem of z - a :  i t  is also sometimes* denoted by P (z 1 a). Con- 

* Weierstrass, Abh. am der Funetionenkhre, p. 1. 
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26.1 EXPANSION OF A FUNCTION 45 

formably with this notation, a series of negative integral powers of z - a 

would be denoted by P (z! - a) : a series of negative integral powers of z 

either by P - or by P (z 1 KI ), the latter implying a series proceeding in (3 
positive integral powers of a quantity which vanishes when z is infinite, 

1 
i.e., in positive integral powers of -. 

z 

If, however, the circle can be made of infinitely great radius so that the 
function f (2) is holomorphic over the finite part of the plane, the equivalent 
series is denoted by G (z- cc) and i t  converges over the whole plane. 
Conformably with this notation, a series of negative integral powers of z - n 

1 which converges over the whole plane is denoted by G - 
(z - a). 

27. The following remarks on the proof and on inferences from i t  should 
be noticed. 

1 
(i) I n  order that - may be expanded in the required form, the t - z  

point z must be taken actually within the area of the circle of radius R ;  
and therefore the convergence of the series P (z -a) is not established for 
points on the circumference. 

(ii) The coefficients of the powers of z - a in the series are the 
values of the function and its derivatives a t  the centre of the circle ; and the 
character of the derivatives is sufficiently ensured (5 21) by the holomorphic 
character of the function for al1 points within the region. I t  therefore 
follows that, if a function be holomorphic within a region bounded by a 
circle of centre a, its expansion in a series of ascending powers of z - a 
converging for al1 points within the circle depends only upon the values of 
the function and its derivatives a t  the centre. 

But instead of having the values of the function and of al1 its derivatives 
at  the centre of the circle, i t  will suffice to have the values of the holomorphic 
function itself over any small region at a or along any small line through 
a, the region or the line not being infinitesimal. The values of the 
derivatives a t  a can be found in either case; for ff(b) is the limit of 
{ f (b  + ab) - f (b)}/6b, so that the value of the first derivative can be found 
for any point in the region or on the line, as the case may be ; and so for al1 
the derivatives in succession. 

(iii) The form of Maclaurin's series for complex variables is a t  once 
derivable by supposing the centre of the circle a t  the origin. We then 
infer that, ifa fimction be holomorpl~ic over a &rcle, centre the origin, i t  can be 
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represented in the form of a series of ascending, positive, integral powers of the 
variable given by 

f ( z )=f  (0)+zfl(O) +; f ' (O)+ ... J 

where the coeficients of the various powers of z are the values of the derivutives 
o f f  (z) at the origin, and the series converges for al1 points within the circle. 

Thus, the function et is holomorphic over the finite part of the plane; 
therefore its expansion is of the form G (2). The function log (1 + z )  has a 
singularity a t  - 1 ; hence within a circle, centre the origin and radius unity, 
it c m  be expanded in the form of an ascending series of positive integral 
powers of z, it being convenient to choose that one of the values of the 
function which is zero a t  the origin. Again, tan-lzahas singularities a t  the 
four points z' = - 1, which al1 lie on the circumference ; choosing the value at  
the origin which is zero there, we have a similar expansion in a series, con- 
verging for points within the circle. 

Similarly for the function (1 + z y ,  which has - 1 for a singularity. 

(iv) Darboux's rnethod* of derivation of the expansion of f ( z )  in 
positive powers of z  - a depends upon the expression, obtained in 5 15 (IV.), 
for the value of an integral. When applied to the general term 

= L say, i t  gives 

where 5 is some point on the circumference of the circle of radius r, and X is 
z - a  

a complex quantity of modulus not greater than unity. The modulus of - 
r - a  

is less than a quantity which is less than unity ; the terms of the series of 
moduli are therefore less than the terms of a converging geometric progres- 
sion, so that they form a converging series; the limit of (LI, and therefore 
of L, can, with indefinite increase of n, be made zero and Taylor's expansion 
can be derived as before. 

00 

B .  1 Prove that the arithmetio mean of al1 values of a-" avzY, for points lying along 
v=O 

a circle Izl=r entirely contained in the region of continuity, is a,. (RouchB, Cfutzmer.) 

Prove also that  the arithmetic mean of the squares of the moduli of all values of 
00 

2 a,~, for points lying along a circle Izl=r entirely containeù in the region of continuity, 
v=o 

is equal to the sum of the squares of the moduli of the terms of the series for a point on 
the circle. (Gutzmer.) 

00 

Ex. 2. Prove that the function z am&, 
n = O  

is finite and continuous, as well as d l  its'derivatives, within and on the boundary of the 
circle lz l= 1, provided la1 < 1. (Fredholm.) 

* Liouville, 3bme SBr., t. ii, (1876), pp. 291-312. 
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28. Laurent's theorem is as follows* :- 

A function, which is holonunphic in  a part of the plane bounded by two 
concentric circles with centre a and jwite radii, can be expanded in the form 
of a double series of integral powers, positive and negative, of z - a, the series 
converging unZforrnly and unconditionally in the part of the plane between the 
circles. 

Let z be any point within the region bounded by the two circles of radii 
R and R'; describe two concentric circles of 
radii r and r' such that 

R>r>Iz -a I>r '>  R'. 
Denoting by t and by s current points on the 
circumference of the outer and of the inner 
circles respectively, and considering the space 
which lies between them and includes the point 
z, we have, by § 20, 

Fig. 11. 

a negative sign being prefixed to the second integral because the direction 
indicated in the figure is the negative direction for the description of the 
inner circle regarded as a portion of the boundary. 

Now we have 
/ Z  - aIn+l 

t - a  -- ~ - a  a 
-i+.?+ (-) + ...... + ri.).+ ( t a a l  

t - z  t - a  t - a  t - a  , z - a '  
1-- 

t - a  

this expansion being adopted with a view to an infinite converging series, 
z - a because - 

I t -a l  
is less than unity for al1 points t ;  and hence, by 5 15, 

+ p ( ! a y + '  &. 
t - z  t - a  

Now each of the integrals, which are the respective coefficients of powers of 
zT  a, is Gnite, because the subject of integration is everywhere finite dong 
the circle of finite radius, by g 15 (IV.). Let the value of 

be Swiu, : the quantity u, is not necessarily equal to S (a)  + r ! ,  because no 

Comptes Rendus, t. xvii, (1843), p. 939. 
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knowledge of the function or of its derivatives is given for a point within 
the innermost circle of radius R'. Thus 

The modulus of the last term is less than 

where p is Iz - al and M is the greatest value of J f ( t ) (  for points along the 
circle. Because p < r, this quantity diminishes to zero with indefinite in- 
crease of n ; and therefore the modulus of the expression 

l I t - a  f( t)dt-uo-O-a)ul- . . . . . .  - (z - a)n un 

becomes indefinitely sinall with increase of m. The quantity itself therefore 
vanishes in the same limiting circumstance ; and hence 

so that the first of the integrals is equal to a series of positive powers. This 
series converges uniformly and unconditionally within the outer circle, for 
the modulus of the (m+l)th term is less than 

which is the (m+ l)th term of a converging series*. 

As in 5 27, the equivalence of the integral and the series can be affirmed 
only for points which lie within the outermost circle of radius R. 

Again, we have 

2-a --- s - a - l + -  + ...... + (=J + 
S-z z - a  s - a '  

this expansion being adopted with a view to an infinite converging series, 

/ 8 1 ~ 1  is less than unity. Henee because - 
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28.1 A FUNCTION IN SERIES 

The modulus of the last term is less than 

7 
1 - -  

P 
where MI is the greatest value of 1 f (s)I for points along the circle of radius 
rl. With indefinite increase of n, this modulus is ultimately zero ; and thus, 
by an argument similar to the one which was applied to the former integral, 
we have 

v, vm + --- + ...... + - + . . . . . . , Z - a  (z-a)a ( z  - a)na 

where v,,, denotes the integral / ( s  - a)"-If ( s )  ds taken round the circle. 
As in the former case, the series is one which converges uniformly and 

unconditionally; and the equivalence of the integral and the series is valid 
for points a that lie without the innermost circle of radius R'. 

The coefficients of the various negative powers of z - a are of the form 

a form that suggests values of the derivatives off (s) a t  the point given by 
1 -- - O, that is, a t  infinity. But the outermost circle is of finite radius ; 

s - a  
and no knowledge of the function at  infinity, lying without the circle, is 
given, so that the coefficients of the negative powers may not be assumed 
to be the values of the derivatives a t  infinity, just as, in the former case, the 
coefficients u, could not be assumed to be the values of the derivatives a t  the 
common centres of the circles. 

Combining the expressions obtained for the two integrals, we have 

f (z )=uO+(z-a)ul+(z-a)eu,+ ... 
+ ( a -  a) - lv l+(a-a)av ,+  .... 

Both parts of the double series converge uniformly and unconditionally for 
al1 points in the region between the two circles, though not necessarily for 
points on the boundary of the region. The whole series therefore converges 
for al1 those points : and we infer the theorem as enunciated 

Conformably with the notation ($ 26, note) adopted to represent Taylor's 
expansion, a function f ( z )  of the character required by Laurent's Theorem 
can be renresented in the form 

the series Pl converging within the outer circle and the series P, converging 
without the inner circle ; their sum converges for t he  ring-space between the 
circles. 

F. 4 
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29. The coefficient u, in the foregoing expansion is 

L lm &, 
27ri t - a  

the integral being taken round the circle of radius r. We have 

-- -id8 
t - a  

for points on the circle ; and therefore 

so that 

kl' being the greatest value of Mt, the modulus off (t), for points along the 
circle. I f  M be the greatest value of 1 f (z )  1 for any point in the whole 
region in which f (2) is defined, so that M'< M, then we have 

I uo 1 < M, 
that is, the rnodulus of the term independent of z - a in the expansion of 
f (z) by Laurent's Theorem is less than the greatest value of 1 f (z) 1 at  points 
in the region in which it is defined. 

Again, (z - a)- f (z) is a double series in positive and negative powers of 
z -a,  the term independent of z - a being um ; hence, by what has just been 
proved, 1 u, 1 is less than p- M, where p is 1 z - a 1. But the coefficient u, 
does not involve z, and we can therefore choose a limit for any point z. The 
lowest limit will evidently be given by taking z on the outer circle of radius 
R, so that 1 um 1 < MR- Similarly for the coefficients u, ; and therefore we 
have the result :- 

I f  f (z) be expanded as by Laurent's Theorem i n  the fwm 

t h n  lu,l<MR-", Iv,I<MR" 
where M is the greatest value of 1 f (2) 1 at po i~ t s  within the region in'which 
f (z) is defined, and R and R' are the radii of the outer and the inner circles 
respectively. 

30. The following proposition is practically a corollary from Laurent's 
Theorem :- 

When a function. is  holomorphic over al1 the plane which lies ozetside a 
circle of centre a, Zt can be expanded i n  the form of a series of lzegative integral 
powers of z - a, the series converying uniforrnly and unconditionally everywhere 
in  thnt part of the plane. 

It can be deduced as the limiting case of Laurent's Theorem when the 
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30.1 EXPANSION IN NEGATIVE POWERS 51 

radius of the outer circle is made infinite. RTe then take r infinitely large, 
and substitute for t by the relation 

t - a = reei, 

so that the first integral in the expression (a), p. 47, for f (z) is 

- 
t - a  

Since the function is holomorphic over the whole of the plane which lies 
outside the assigned circle, f ( t )  cannot be infinite a t  the circle of radius r 
when that radius increases indefinitely. If it tend towards a (finite) limit L, 
which must be uniform owing to the hypothesis as to the functional character 
of f (z), then, since the limit of ( t  - z)/(t - a)  is unity, the preceding integral 
is equal to k. 

The second integral in the same expression (a), p. 4'1, for f (z) is un- 
altered by the conditions of the present proposition ; hence we have 

f (2 )  = Ic + (z - a)-'vl + (z - a)-2v, + ..., 
the series converging unifor~nly and unconditionally without the circle, 
though i t  does not necessarily converge on the circumference. 

The series can be represented in the form 

conformably with the notation of § 26. 

Of the three theorems in expansion which have been obtained, Cauchy's 
is the most definite, because the coefficients of the powers are explicitly 
obtained as values of the function and of its derivatives a t  an assigued point. 
In Laurent's theorem, the coeficients are not evaluated into siinple expres- 
sions ; and in the corollary from Laurent's theorem the coeficients are, as is 
easily proved, the values of the function and of its derivatives for infinite 
values of the variable. The essentially important feature of al1 the theorems 
is the expansibility of the function in series under assigned conditions. 

31. It was proved (§ 21) that, when a function is holomorphic in any 
region of the plane bounded by a siinple curve, it has an unlimited number 
of successive derivatives each of which iy holomorphic in the region. Hence, 
by the preceding propositions, each such derivative can be expanded in 
converging series of integral powers, the series then~selves being deducible 
by differentiation from the series which represents the function in the region. 

In particular, when the region is a finite circle of centre a, within which 
f (z) and consequently al1 the derivatives off (z) are expansible in converging 
series of positive integral powers of z -a ,  the coefficients of the various 
powers of z - a are-save as to numerical factors-the values of the 

4-2 
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5 2 DEFINITION OF DOMAIN [31. 

derivatives a t  the centre of the circle. Hence i t  appears that, when a fjuzction 
is holomorphic over the area of a given circle, the values of the function and al1 
6% derivatives a t  any point z withi,n the circle depend ody upon the variable 
of the point and upon the values of the function and its derivatives ut the 
centre. 

32. Some of the classes of points in a plane that usually anse in 
connection with uniform functions may now be considered. 

(i) A point a in the plane may be such that a function of the variable 
has a determinate finite value there, always independent of the path by 
which the variable reaches a ; the point n is called an ordinary point* of the 
function. The function, supposed continuous in the vicinity of a, is con- 
tinuous a t  a :  and it is said to behave regularly in the vicinity of an ordinary 
point. 

Let such an ordinary point a be a t  a distance d, not infinitesimal, from 
the nearest of the singular points (if any) of the function ; and let a circle of 
centre a and radius just less than d be drawn. The part of the z-plane lying 
within this circle is calledt the domain of a ; and the function, holomorphic 
within this circle, is said to behave regularly (or to be replar )  in the domain 
of a. From the preceding section, we infer that a function and its derivatives 
c m  be expnnded in a converging series of positive integral powers of z - a 
for al1 points z in the domain of a, an ordinary point of the function: and 
the coefficients in the series are the values of the function and its derivatives 
a t  a. 

The property possessed by the series-that i t  contains only positive 
integral powers of z - a-at once gives a test that is both necessary and 
sufficient to determine whether a point is an ordinary point. If the point a 
be ordinary, the limit of (z - a) f (z) necessarily is zero when z becornes equa2 
to a. This necessary condition is also suficient to ensure that the point is 
an ordinary point of the function f (z), supposed to be uniform; for, since 
f (z) is holomorphic, the function (z - a)  f (2) is also holomorphic and can be 
expanded in a series 

u, + u, (2-a)-i-uB(z- a)* + ..., 
converging in the domain of a. The quantity u,, is zero, being the value 
of (2- a) f (2) a t  a and this vanishes by hypothesis; hence 

shewing that f ( 2 )  is expressible as a series of positive integral powers of 
z - a converging within the domain of a, or, in other words, that f (z) certainly 
has a for an ordinary point in consequence of the condition being satisfied. 

* Sometimes a regular point. 
+ The German title is Umgebung, the French is domaine. 
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32.1 ESSENTIAL SINGULARITY 53 

(ii) A point a in the plane may be such that a function f (2) of the 
variable has a determinate infinite value there, always independent of the 
path by which the variable reaches a, the function behaving regiilarly for 

1 
1 

points in the vicinity of a ; then - has a determinate zero value there, so 
f ( 4  
1 

that a is an ordinary point of - . The point a is called a pole (3 12) or 
f (2) 

an accidental singularity* of the function. 

A test, necessary and sufficient to settle whether a point is an accidental 
singularity of a function will subsequently (3 42) be given. 

(iii) A point a in the plane may be such that f (2) has not a deteminate 
va.lue there, either finite or infinite, though the function is regular for al1 
points in the vicinity of a that are not a t  merely infinitesimal distances. 

1 1  

Thus the origin is of this nature for the functions e', sn t .  
z 

Such a point is calledt a.n essential singulady of the function. No 
hypothesis is postulated as to the character of the fimction for points 
at infinitesimal distances from the essential singularity, while the relation 
of the singularity to the function naturally depends upon this character a t  
points near it. There may thus be various kinds of essential singularitie~ 
al1 included under the foregoing definition; their classification is effected 
through the consideration of the character of the function at  points in their 
immediate vicinity. (See 3 88.) 

One sufficient test of discrimination between an accidental singularity 
and an essential singularity is furnished by the determinateness of the value 
at  the point. If the reciprocal of the function have the point for an ordinary 
point, the point is an accidental singularity-it is, indeed, a zero for the 
reciprocal. But when the point is an essential singularity, the value of the 
reciprocal of the function is not determinate there ; and then the reciprocal, 
as well as the function, hm the point for an essential singularity. 

33. I t  may be remarked at  once that there must be a t  least one 
infinite value among the values which a function can assume at  an essential 
siiigularity. For if f (2) cannot be infjnite at  a, then the limit of (z - a) f (2) 

is zero when z = a ,  no matter what the non-infinite values off (2) may bel 
that is, the limit is a determinate zero. The function (z - a) f (2) is regular 
in the vicinity of a :  hence by the foregoing test for an ordinary point, 
the point a is ordinary and the value of the uniform function f (z) is 

Weierstrass, Abh. aua der Pumtionentehre, p. 2 ,  to whom the name is due, caiia it ausser- 
wesentliche singulare Stelle ; the term non-ensential is suggested by Mr Cathcart, Harnack, p. 148. 

7 Weierstrass, l.c., calls it wesentlicha singuiiire SteUe. 
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54 CONTINUATIONS OF A FUKCTION [33. 

determinate, contrary to hypothesis. Hence the function must have'at least 
one infinite value a t  an essential singularity. 

Further, a uniforn~ function must be capable of assuming any value C ut 
a m  essential singularity. For an essential singularity of f (2) is also an 

essential singularity off (2) - C and therefore also of 
1 

The last 
.f ( 4  - C '  - . .  

function must have a t  least one infinite value among the values that i t  c m  
assume a t  the point; and, for this infinite value, we have f (z) = C a t  the 
point, so that f (2) assumes the assigned value C at  the essential singularity*. 

34. Let f (z) denote the function represented by a series of powers 
Pl (z - a), the circle of convergence of which is the domain of the ordinary 
point a of the function. The region over which the function f (2) is holo- 
inorphic may extend beyond the domain of a, although the circumference 
bounding that domain is the greatest of centre a that can be drawn within 
the region. The region evidently cannot extend beyond the domain of u in 
al1 directions. 

Take an ordinary point b in the domain of a. The value at  b of the 
function f (2) is given by the series P, (b - a), and the values a t  b of al1 its 
derivatives are given by the derived series. Al1 these series converge within 
the domain of a and they are therefore finite a t  b ;  and their expressions 
involve the values a t  a of the function and its derivatives. 

Let the domain of b be formed. The domain of b may be included in 
that of a, and then its bounding circle will touch the bounding circle of the 
doinain of a inkrnally. If the domain of b be not entirely included in that 
of a, part of it will lie outside the domain of a ;  but it cannot include the 
whole of the domain of a unless its bounding circumference touch that of the 
domain of a externally, for otherwise it would extend beyond a in al1 
directions, a result inconsistent with the construction of the domain of a. 
Hence there must be points excluded from the domain of a which are also 
excluded from the domain of b. 

For al1 points z in the domain of O, the function can be represy ted by a 
series, say P, (z - b), the coefficients of which are the values a$ of the 

3 function and its derivatives. Since these values are partially hependent 
upon the corresponding values a t  a, the seïies representing the function may 
be denoted by P, (8 - b, a). 

A t  a point .z in the domain of b lying also in the domain of a, the two 
series P,(z - a) and P, (z - b, a) must furnish the same value for the 
function f (z) ; and therefore no new value is derived from the new series P, 

Weierstrass, I.c., pp. 50-52 ; Durége, Elemente der Theorie der lknktioncn, p. 119 ; Holder, 
Math. Ann., t .  xx, (1882), pp. 138-143 ; Picard, MQmoire sur les fonctions entiéres," Annales de 
l'École N o m .  Sup., 2me Sér., t. ix, (1880), pp. 145-166, which, in this regard, should be consultecl 
in conneotion with the developments in Chapter V. See also $ 62. IRIS - LILLIAD - Université Lille 1 



34.1 OVER ITS REGION OF CONTINUITY 55 

which cannot be derived from the old series P,. For al1 such points the new 
series is of no advantage ; and hence, if the domain of b be included in that 
of a, the construction of the series P, (2- b, a) is superfluous. Hence in 
choosing the ordinary point b in the domain of a we choose a point, if 
possible, that will not have its domain included in that of a. 

At a point z in the domain of b, which does not lie in the domain of a, 
the series P, (z - b, a )  gives a value for f (z) which cannot be given by 
P, (z - a).  The new series P, then gives an additional representation of the 
function ; it is called* a continuation of the series which represents the function 
in the domain of a. The derivatives of P, give the values off (2) for points 
in the domain of b. 

I t  thus appears that, if the whole of the domain of b be not included in 
that of a, the function can, by the series which is valid over the whole 
of the new domain, be continued into that part of the new domain excluded 
from the domain of a. 

Now take a point c within the region occupied by the combined domains 
of a and b ; and construct the domain of c. In the new domain, the function 
can be represented by a new series, Say P3(z - c), or, since the coefficients 
(being the values a t  c of the function and of its derivatives) involve the 
values a t  a and possibly also the values at  b of the function and of its 
derivatives, the series representing the function may be denoted by 
P3(z- c, a, b). Unless the domain of c include points, which are not 
included in the combined domains of a and b, the series P, does not give 
a value of the function which cannot be given by Pl or P,: we therefore 
choose c, if possible, so that its domain will include points not included in 
the earlier domains. At  such points a in the domain of c as are excluded 
from the combined domains of a and b, the series P, (z - c, a, b )  gives a value 
for f (2) which cannot be derived from Pl or P,; and thus the new series 
is a continuation of the earlier series. 

Proceeding in this nlanner by taking successive points and constructing 
their domains, we can reach al1 parts of the plane connected with one 
another where the function preserves its holomorphic character; their 
combined aggregate is ca l led t  the region of cont&ity of the function. 
With each domain, constriicted so as to include some portion of the region of 
continuity not included in the earlier domains, a series is associated, which is 
a continuation of the earlier series and, as such, gives a value of the function 
not deducible from those earlier series; and al1 the associated series are 
ultimately derived from the h s t .  

* Biermann, Theorie der analytisehen Fpcnctionen, p. 170, which may be oonsulted in 
connection with the whole of 5 34; the German word is Fwtsetzung. 

+ Weierstrass, 1. o., p. 1. 
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Each of the continuations is called an Element of the function. The 
aggregate of al1 the distinct elements is called a monogenic analytic function : 
i t  is evidently the complete analytical expression of the function in its region 
of continuity. 

Let z be any point in the region of continuity, not necessarily in the 
circle of convergence of the initial element of the function; a value of the 
function a t  z can be obtained through the continuations of that initial 
element. In the formation of each new domain (and therefore of each new 
element) a certain amount of arbitrary choice is possible; and there inay, 
moreover, be different sets of domains which, taken together in a set, each 
lead to z from the initial point. When the analytic function is uniform, as 
before defined (5 12), the same value at  z for the function is obtained, 
whatever be the set of domains. I f  there be two sets of elements, differently 
obtained, which give a t  z different values for the function, then the ana- 
lytic function is multiform, as before defined ($ 12); but not every change 
in a set of elements leads to a change in the value a t  z of a multiform 
function, and the analytic function is uniform within such a region of the 
plane as admits only equivalent changes of elements. 

The whole process is reversible when the function is uniforin. We can - 
pass back from any point to any earlier point by the use, if necessary, of 
intermediate points. Thus, if the point a in the foregoing explanation 
be not included in the domain of b (there supposed to contribute a continu- 
ation of the first series), an intermediate point on a line, drawn in the 
region of continuity so as to join a and b, would be taken; and so on, 
until a domain is formed which does include a. The continuation, associated 
with this domain, must give a t  a the proper value for the function and its 
derivatives, and therefore for the domain of n the original series P, (z - a)  
will be obtained, that is, P, (2- a)  can be deduced from P, (z - b, a) the 
series in the domain of b. This result is general, so that any one of the 
continuation.s of a unqorm functz'on, represented by a power-series, can. be 
derived from any other; and therefore the expression of such a function in 
its region of continuity is potentially given by one element, for al1 the 
distinct elements can be derived from any one element. 

35. I t  has been assumed that the property, characteristic of sorne of the 
functions adduced as examples, of possessing either accidental or essential 
singularities, is characteristic of al1 functions ; it will be proved (§ 40) to hold 
for every uniform function which is not a mere constant. 

The singularities limit the region of continuity ; for each of the separate 
domains is, from its construction, limited by the nearest singularity, and the 
combined aggregate of the domains constitiites the region of continuity when 
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they form a continuous space*. Hence the complete boundary of the region 
of continuity is the aggregate of the singularities of the functiont. 

I t  may happen that a function has no singularity except at infinity ; the 
region of continuity then extends over the whole finite part of the plane but 
it does not include the point a t  infinity. 

I t  follows from the foregoing explanatiom that, in order to know a 
uniform analytic function, i t  is necessary to know some element of the 
function, which has been shewn to be potentially sufficient for the derivation 
of the full expression of the function and for the construction of its region of 
continuity. 

36. The method of continuation of a function, which has just been 
described, is quite general; there is one particular continuation, which is 
important in investigations on conforma1 representations. It is contained in 
the following proposition, due to Schwarz: :- 

I f  a n  analytic function w of z be dejned only for a region S' in the 
positive half of the z-plane and if continuous real values of w correspond to 
continuous real va1u.e~ of z, then w Gan be continued across the uiçis of reul 
quantities. 

Consider a region S", symmetrical with S relative to the axis of real 
quantities (fig. 12). Then a function is 
de6ned for the region 5' by associating 
a value w,, the. conjugate of w, with zo, 
the conjugate of z. 

Let the two regions be combined along A 

the portion of the mis  of x which is their 
coinmon boundary; they then form a 
single region S' + S". Pig. 12. 

Consider the integrals 

taken round the boundaries of S' and of S" respectively. Since w is 

Cases occur in which the region of oontinuity of a function is composed of isolated spaoes, 
each continuous in itself, but not continuoiis iuto one another. The consideration of snch cases 
will be dealt with briefly hereafter, and they are assumed excluded for the present: meanwhile, 
it is sufficient to note that each continuous space coula be derived from an element belonging to 
some domain of that space and that a new element would be needed for a new space. 

i. See Weierstrass, lx., pp. 1-3 ; Mittag-Leffler, "Sur la représentation analytique des fonctions 
monogènes uniformes d'une variable indépendante," Acta Math., t. iv, (1884), pp. 1 et seq., 
especially pp. 1-8. 

$ Crelle, t. lxx, (1869), pp. 106, 107, and Ges. Nath. Abh., t. 3, pp. 66-68. See also Darboux, 
Théorie générale des surfaces, t. i, % 130. 
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continuous over the whole area of S a s  well as along its boiindary and 
likewise w, relative to,S', it follows that, if the point 3 be in 5, the value of 
the first integral is w (3) and that of the second is zero ; while, if 5 lie in S", 
the value of the first integral is zero and that of the second is w, (3). Hence 
the sum of the two integrals represents a unique functioiî of a point in either 
S' or 5'". But the value of the first integral is 

the ikst being taken along the curve BCA and the second along the axis 
AxB; and the value of the second integral is 

1 A W, (x) dx 1 wodzo + -. (Dl - / 2m14 zo-3' 

the first being taken along the axis RxA and the second along the curve 
ADB. But 

wo ( 4  = 'Lu (x), 
because conjugate values w and w, correspond to conjugate values of the 
argument by definition of w, and because w (and therefore also w,) is real 
and continuous when the argument is real and continuous. Hence when the 
sum of the four integrals is taken, the two integrals corresp.onding to the 
two descriptions of the axis of x cancel and we have as the sum 

and this sum represents a unique function of a point in 8' + S'. These two 
integrals, taken together, are 

taken round the whole contour of S + S", where w' is equal to w (5) in the 
positive half of the plane and t o  w,(D in the negative half. 

For al1 points 3 in the whole region S + S ,  this integral represents a 
single uniform, finite, continuous function of C; its value is w (t;) in the 
positive half of the plane and is w, (f;) in the negative half; and therefore 
w, (t;) is the continuation into the negative half of the plane of the function, 
which is defined by w (c) for the positive half. 

For a point c  on the axis of x, we have 
w ( z ) - w ( c ) = A ( z - c ) + B ( z - c ) ~ + C ( Z - C ) " +  ...; 

and al1 the coefficients A, B, O, ... are real. If, in addition, w be such a 
function of z that the inverse functional relation makes z a uniform 
analytic function of w, i t  is easy to see that A must not vanish, so that the 
functional relation may be expressed in the form 

w (2) -w (c) =(z-c) P(z-c), 
where P (z - c )  does riot vanish when z = c. 
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CHAPTER IV. 

37. IN the derivation of the general properties of functions, which will be 
deduced in the present and the next three chapters from the results already 
obtained, it is to be supposed, in the absence of any express statement to 
other effect, that the functions are uniform, monogenic and, except a t  either 
accidental or essential singularities, continuous*. 

THEOREM 1. A function, which i s  constant throughout any regio91 of the 
plane not infinitesirnul i n  area, or which is constunt dong any &te not injni- 
tesimal i n  length, is constant throughout its region of continuity. 

For the first part of the theorem, we take any point a in the region of the 
plane where the function is constant, and we draw a circle of centre a and 
of any radius, provided only that the circle remains within the region of 
continuity of the function. At any point z within this cii-cle we have 

a converging series the coefficients of which are the values of the function 
and its derivatives a t  a. But 

f '  (a )  = Limit of f (a  + aa> -f (a) 
6a Y 

which is zero because f ( a  + 6a) is the same constant as f (a) : so that the 
first derivative is zero a t  a. Similarly, al1 the derivatives can be shewn to 
be zero a t  a ;  hence the above series after its first .term is evanescent, 
and we have 

f (4 =f (a), 
that is, the function preserves its constant value throughout its region of 
con tinuity. 

The second result follows in the same way, when once the derivatives are 
proved zero. Since the function is monogenic, the value of the h s t  and 

* It will be assumed, as in $ 35. (note, p. 57), that the region of aontinnity consists of a single 
space ; functions, with regions of continnity cousisting of a number of separated spaces, wiü be 
disous~ed in Chap. VIL 
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of each of the successive derivatives will be obtained, if we make the 
differential element of the independent variable vanish along the line. 

Now, if a be a point on the line and a + Sa a consecutive point, we have 
f (a + 6a) = f (a)  ; hence f '  (a)  is zero. Similarly the first derivative a t  any 
other point on the line is zero. Therefore we have f' ( a  + Sa) = f '  (a),  for 
each has just been proved to be zero : hence f" (a)  is zero ; and similarly the 
value of the second derivative a t  any other point on the line is zero. So on 
for al1 the derivatives: the value of each of them a t  a is zero. 

Using the satne expansion as before and inserting again the zero values 
of al1 the derivatives a t  a, we find that 

f (2) =f (a), 
so that under the assigned condition the function preserves its constant value 
throughout its region of continuity. 

It sliould be noted that, if in the first case the area be so infinitesimally 
small and in the second the line be so infinitesimally short that consecutive 
points cannot be taken, then the values at  a of the derivatives cannot be 
proved to be zero and the theorem cannot then be inferred. 

COROLLARY 1. I f  two functions have the same value over any area of 
their common region of continuity which is not injniteshruxlly small or along 
any line i n  that region which i s  not injnitesimally short, then they have the 
same values at al1 points im  their cornmon region of continu.ity. 

This is a t  once evident : for their difference is zero over that area or along 
that line and therefore, by the preceding theorem, their difference has a 
constant zero value, that is, the functions have the same values, everywhere 
in their common region of continuity. 

But two functions can have the same values a t  a succession of isolated 
points, without having the same values everywhere in t,heir cornmon region 
of continuity ; in such a case the theorem does not apply, the reason being 
that the fundamental condition of equality over a continuous area or along 
a continuous line is not satisfied. 

COROLLARY II. A function cannot be zero over any continuozcs area of its 
region of continuity which is not infinitesimal or almg any line i n  that region 
which i.s not injînitesimally short without being zero everywhere in its regim of 
continuity. 
. This corollary is deduced in the same manner as that which precedes. 

If, then, there be a function which is evidently not zero everywhere, we 
conclude that its zeros are isolated points though such points may be multiple 
zeros. 

Further, in  any Jinite area of the region of cmtinzcity of a function that is 
subject to variation, there can be at most only a Jinite nurnber of its zeros, whm 
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31.1 UNIFORM FUNCTION 61 

no point of the boundary of the area is injnitesirnally near an essential 
singularity. For if there were an infinite number of such points in any 
such region, there must be a cluster in at  least one area or a succession 
along a t  least one line, infinite in number and so close as to constitute a 
continuous area or a continuous line where the function is everywhere zero. 
This would require that the function should be zero everywhere in its region 
of continuity, a condition excluded by the hypothesis. 

And i t  immediately follows that the points (other than those infini- 
tesimally near an essential singularity) in a region of continuity, a t  which a 
function assumes any the same value, are isolated points ; and that only a 
finite number of such points occur in any finite area. 

38. THEOREM II. The multiplicity m of any zero a of a function hs 
Jinite provided the zero be an ordinary point of the function, which is not zero 
throughout its region of continuity; and the function can be expressed G the 
form . 

(2 - a)* + ( 4  
where #J (z) is holomorphic in the vicinity of a, and a is not a zero of #J (2). 

Let f (z) denote the function; since a is a zero, we have f (a) =O. 
Suppose that f '(a), f" (a),. . . . .. vanish: in the succession of the derivatives 
off, one of finite order must be reached which does not have a zero value. 
Otherwise, if al1 vanish, then the function and al1 its derivatives vanish at  a ;  
the expansion off (z) in powers of z - a leads to zero a ~ l  the value off  (z), 
that is, the function is everywhere zero in the region of continuity, if al1 the 
derivatives vanish a t  a. 

Let, then, the mth derivative be the first in the natural succession which 
does not vanish a t  a, so that rn is finite. Using Cauchy's expansion, we have 

(Z - a) (z - a)(m+l) 
f ( 4 =  fm(a )+  ( m + l ) !  fm+l (a> + ... 

= (2 - a)rn + (4 ,  
where t$ (2) is a function that does not vanish with a and, being the quotient 
of a converging series by a monomial factor, is holomorphic in the immediate 
vicinity of a. 

COROLLARY 1. If infinity be a sero of a function of multiplicz'ty m and 
at the same time be an ordinary point of the function, then the function can be 

expressed in the form 
2- #J (:) j 

where t$ - is a function that is continuou8 and non-evanescent f o r  injnitely (3 
large val&& of z. 

The result can be derived from the expansion in $ 30 in the same way as 
the foregoing theorem from Cauchy's expansion. 
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COROLLARY II. The number of zeros of a function, account being taken of 
their multiplicity, which occur within a Jinitû ayea of the region of continuity 
of the function, is jnite, when no point of the boundary of the area is injnitesi- 
mally near an. essential singularity. 

By Corollary II. of 5 3'1, the number of distinct zeros in the limited area 
is b i t e ,  and, by the foregoing theorem, the rnultiplicity of each is finite; 
hence, when account is taken of their respective multiplicities, the total 
number of zeros is still finite. 

The result is, of course, a known result for an algebraical polynomial ; but 
the functions in the enunciation are not restricted to be of the type of 
algebraical polynomials. 

Note. I t  is important to notice, both for the Theorem and for Corollary I., 
that the zero is an  ordinary point of the function under consideration ; the 
implication therefore is that the zero is a definite zero and that in the 
immediate vicinity of the point the function can be represented in the form 

P ( z  - a) or P , the function P (a  - a)  or P - being always a definite 

zero. 
(3 (3 

Instances do occur for which this condition is not satisfied. The point 
rnay not be an ordinary point, and the zero value rnay be an indeterminate 
zero ; or zero may be only one of a set of distinct values though everywhere 
in the vicinity the function is regular. Thus the analysis of CJ 13 shews that 

1 
z=a is a point where the function sri - has any number of zero values and 

z -a  
any number of infinite values, and there is no indication that there are not 
a180 other values at  the point. In  such a case the preceding proposition does 
not apply ; there may be no limit to the order of multiplicity of the zero, and 
we certainly cannot infer that any finite integer nz can be obtained such that 

(2 - a)- 4 (2) 
is finite a t  the point. Such a point is (§ 32) an essential singularity of the 
function. 

39. THEOREM III. A multiple zero of a function is a zero of its 
derivative; and the nmltiplicity for the derivative is less or is greater by 
unity according as the zero a i s  not or is at injînity. 

If n be a point in the finite part of the plane which is a zero of f ( z )  
of multiplicity n, we have 

f (2) = (2 - a)n + (4, 
and therefore f '  ( z )  = ( B  - a)"-] {TU$ ( z )  + ( z  - a)  4' (z)}. 
The coefficient of (a  -a)*' is holomorphic in the immediate vicinity of a and 
does not vanish for a ;  hence a is a zero for f ' ( 8 )  of decreased multiplicity 
n-1. 
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If z = co be a zero off (2) of multiplicity r ,  then 

where c$ - is holomorphic for very large values of z and does not vanish a t  (3 
infinity. Therefore 

The coefficient of z'-l is holomorphic for very large values of z, and does 
not vanish at  infinity ; hence z = a, is a zero off' (z) of increased multiplicity 
r + l .  

(;YwolEary 1. If a function be finite at  infinity, then.2 = co is a zero of the 
first derivative of multiplicity a t  least two. 

Corollary II. If a Be a finite zero off (z) of multiplicity n, we have 

f ( 4 -  4'M 
f(4 Z-a 0(4' 

Now a is not a zero of (2) ; and therefore is fioite, oontinuous, uniform 
4 ( 4  

and monogenic in the immediate vicinity of a. Hence, taking the integral 
of both members of the equation round a circle of centre a and of radius 
so small as to include no infinity and no zero, other than a, off (2)-and 
therefore no zero of + (2)-we have, by 5 17 and Ex. 2, 5 25, 

40. THEOREM IV. A functiw must have an 
or inJinite value of the variable. 

inJinite value for some jïnite 

If M be a finite maximum value of the modulus for points in the plane, 
then (3 22) we have 

where r is the radius of an arbitrary circle of centre a, provided the whole of 
the circle is in the region of continuity of the function. But as the function 
is uniform, monogenic, finite and continuous everywhere, this radius can be 
increased indefinitely ; when this increase takes place, the limit of 

I f '"' (a)  I 
is zero and therefore f (n) (a)  vanishes. This is true for al1 the indices 1, 2,. .. 
of the derivatives. 
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Now the function can be represented a t  any point z in the vicinity of a 
by the series 

which degenerates, under the present hypothesis, to f (a), so that the function 
is eveiywhere constant. Hence, if a function has not an infinity somewhere 
in the plane, i t  must be a constant. 

The given function is not a constant; and therefore there is no finite 
limit to the maximum value of its modulus, that is, the function acquires 
an infinite value somewhere in the plane. 

COROLLARY 1. A function must have a zero .value for some Jinite or 
inJinite value of the variable. 

For the reciprocal of a uniform monogenic analytic function is itself a 
uniform monogenic apalytic function; and the foregoing proposition shews 
that this reciprocal must have an infinite value for some value of the 
variable, which therefore is a zero of the function. 

COROLLARY II. A function must assume any assigned value at least once. 

COROLLARY III. Every function which is  not a mere constant must have 
at least olze singzdarity, either accidental or essential. For it must have 
an infinite value : if this be a determinate infinity, the point is an  accidental 
singularity (5 32) ; if it be an infinity among a set of values a t  the point, the 
point is an essential singularity ($ 32, 33). 

41. Among the infinities of a function, the simplest class is that con- 
stituted by its accidental singularities, already defined (§ 32) by the property 
that, in the immediate vicinity of such a point, the reciprocal of the function 
is regular, the point being an ordinary (zero) point for that reciprocal. 

THEOREM V. A function, which has a point c for an accidental singularity, 
can be expressed i n  the fm 

(2 - cl- 4J (4, 
. where n is a $nite positive integer and c$ ( f i )  is  a continuous function in  the 

wicinity of c. 
1 

Since c is an accidental singularity of the function f (z), the function - 
f ( 4  

is regular in the vicinity of c and is zero there (5  32). Hence, by 5 38, there 
is a finite limit to the multiplicity of the zero, Say n (which is a positive 
integer), and we have 

-# 

where x (z) is uniform, monogenic and continuous in the vicinity of c and is 
not zero there. The reciprocal of x (z), Say 4J (z), is also uniform, monogenic 
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and continuous in the vicinity of c, which is an ordinary point for #(z); 
hence we have 

f ( 4  = (2 - 4- # (4 ,  
which proves the theorem. 

The finite positive integer n measures the multiplicity of the accidental 
singularity at c, which is sometimes said to be of multiplicity n or of 
order n. 

Another analytical expression for f (8) can be derived from that which 
has just been obtained. Since c is an ordinary point for #I (z) and not a zero, 
this function can be expanded in a series of ascending, positive, integral 
powers of z - c, converging in the vicinity of c, in the form 

=u,+u, (z-  c)+ ... + ~ , - ~ ( z - c ) ~ - l + ( z - c ) ~ Q ( z -  c), 

where Q (z - c), a 'series of positive, integral, powers of z - c converging in the 
vicinity of c, is a monogenic analytic function of z. Hence we have 

the indicated expression for f (z), valid in the immediate vicinity of c, where 
Q (z - c) is uniform, finite, continuous and monogenic. 

COROLLARY. A fundion, which has z = w for an accidental singularity of 
multiplicity n, can be ezpressed in  the form 

where # - is a continuous funct2on for very large values of 1 z 1, and is not (3 
zero when z =  W .  I t  can also be expressed in the form 

where Q - is uniform, jînite, contirnous and nzonogenic for v e y  large values 

?f 14. 
(3 

The derivation of the form of the function in the vicinity of an accidental 
singularity has been made to depend upon the form of the reciprocal of the 
function. Whatever be the (finite) order of that point as a zero of the 
reciprocal, it is assumed that other zeros of the reciprocal are not at merely 
infinitesimal didances from the point, that is, that other infinities of the 
function are not a t  merely infinitesimal distances from the point. 

Hence the accidental singularities of a function are isolated points; and 
thei-e is only a finite number of them in any limited portion of the plane. 

F. 5 
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42. We can deduce a criterion which determines whether a given singu- 
larity of a function f ( z )  is accidental or essential. 

When the point is in the finite part of the plane, say a t  c, and a finite 
positive integer n c m  be found such that 

is not infinite a t  c, then c is an accidental singularity. 

When the point is at  infinity and a finite positive integer n can be found 
such that 

~ " f  ( 4  
is not infinite when z = ai , then z = oo is an accidental singularity. 

If one of these conditions be not satisfied, the singularity at the point is 
essential. But i t  must not be assumed that the failure of the limitation to 
finiteness in the multiplicity of the accidental singularity is the only source 
or the complete cause of essential singularity. 

Since the association of a single factor with the function is effective in 
preventing an infinite value a t  the point when one of the conditions is 
satisfied, i t  is justifiable to regard the discontinuity of the function at 
the point as not essential and to cal1 the singularity either non-essential 
or accidental (5  32). 

43. THEOREM VI. The poles of a function, that lie in the Jinite part 
of the plane, are ail the poles (of increased nzultiplicity) of the derivatives of 
the function that lie in the$finite part of the plane. 

Let c be a pole of the function f ( z )  of multiplicity p : then, for any point 
z in the vicinity of c, 

f (4 = (2 - + (4, 
where + ( z )  is holomorphic in the vicinity of c, and does not vanish for z = c. 
Then we have 

f' (2) = (2 - c)" +' (2) - p (2 - c)- + (2) 

= ( z  - 4-pi Kz - c) +' (4 - p+ (ZN 

= ( z  - c)-'-l X (z),  
where x (2) is holomorphic in the vicinity of c, and does not vanish for z = c. 

Hence c is a pole off' (2) of multiplicity p + 1. Sirnilarly it can be shewn 
to be a pole off ( z )  of multiplicity p + r. 

This proves that al1 the poles of f  ( z )  in the finite part of the plane are 
poles of its derivatives. It remains to prove that a derivative cannot have 
a pole which the original function does not also possess. 

Let a be a pole off' ( z )  of multiplicity m : then, in  the vicinity of a, f ' ( z )  
can be expressed in the form 

(2 - + ( 4 ,  
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where + (2) is holomorphic in the vicinity of a and does not vanish for z = a. 
Thus 

+(z) = +(a) + (z - a)+'(u) + ..., 
and therefore 

so that, integrating, we have 

that is, u is a pole off (2). 

An apparent exception occurs in the case when ?n is unity: for then 
we have 

the integral of which leads to 

f ( 4  = +(a)log(z- a) + ..., 
so that f (z) is no longer uniform, contrary to hypothesis. Hence a derivative 
cannot have a simple pole in  the Jinite part of the plane ; and so the exception 
is excluded. 

The theorem is thus proved. 

COROLLARY 1. The rth devivative of a function cannot have a pole in the 
finite part of the phne of multiplicity Zess than r + 1. 

COROLLARY II. I f  c be a pole o f f  (2) of any order of mu.ltiplicity p and 
if f" (2) be qressed in the form 

there are no t m  in tkis expression with the indices - 1, - 2,. . . . . ., - r. 

COROLLARY III. If c be a pole off (2)  of multiplicity p, we have 

where + (z) is a holomorphic function that does not vanish for z = c, so that 

u) is a holornorphic function in the vicinity of o Taking the integral of 
9 ( 4  

fx round a oircle, with c for centre, with radius so small as to exclude al1 
f ( 4  
other poles or zeros of the function f (z), we have 
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COROLLARY IV. If a simple closed curve include a number N  of zeros of 
a uniform function f (z) and a number P of its poles, in both of which 
numbers account is taken of possible multiplicity, and if the curve contain 
no essential singularity of the function, then 

the integral being taken 

The only infinities of 

round the curve. 

the function a f 2 )  within the curve are the zeros f (4 
and the poles of f (2). Round each of these draw a circle of radius so small 
tm to include it but no other infinity; then, by Cor. II. 5 18, the integral 
round the closed curve is the sum of the values when taken round these 
circles. By the Corollary II. 5 39 and by the preceding Corollary III., the 
sum of these values is 

=Zn-2p  

= N - P .  

I t  is easy to infer the known theorem that the number of roots of an 
algebraical polynomial of order n is n, as well as the fuïther result that 
2rr ( N -  P) is the variation of the argument of f (2) as z describes the 
closed curve in a positive sense. 

Ex. Prove that, if F (2) be holomorphic over an area, of simple contour, which con- 
tains roots 4, az ,... of multiplicity nt,, m, ,... and poles cl, cz ,... of multiplicity pl, p ,,... 
respectively of a function f (2) which has no other singularities within the contour, then 

the inbgral being taken round the contour. 

In particdar, if the contour contains a single simple root a and no singularity, then that 
root is given by 

the integral being taken as before. (Laurent.) 

44 THEOREM VII. If in$nity be a pole of f (z), it is also a pole of 
f '(2) only when i t  Zs a multiple pole o f f  (2). 

Let the multiplicity of the pole for f (2) be n  ; then for very large values 
of z we have 

where is holomorphic for very large values of z and does not vanish a t  
infinity ; hence 
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The coefficient of zn-l is holomorphic for very large values of z and does not 
vanish a t  infinity ; hence infinity is a pole off' (2) of multiplicity n - 1. 

If n be unity, so that infinity is a simple pole off (z), then it is not a 
pole of f'(z); the derivative is then finite a t  infinity. 

45. THEOREM VIII. A function, which has no singularity in a Jinite 
part of the plane, and hm z =  a, for a pole, is an algebraical polynomial. 

, Let n, necessarily a finite integer, be the order of multiplicity of the pole 
a t  infinity : then the function f (2) can be expressed in the form 

where Q - is a holomorphic function for very large values of z, and is finite (3 
(or zero) when z is infinite. 

Now the first n terms of the series constitute a function which has no 
sinplarities in the finite part of the plane: and f (z) has no singiilarities 

in that part of the plane. Hence Q - has no singularities in the finite part (d) 
of the plane: it is finite for infinite values of z. I t  thus can never have an 
infinite value : and it is therefore merely a constant, say a,. Then 

...... f (z) = a@ + a@-' + + a*,z + a,, 
a polynomial of degree equal to the rnultiplicity of the pole a t  infinity, 
supposed to be the only pole of the function. 

46. The above result may be obtained in the following manner. 

Since z = a, is a pole of multiplicity n, the limit of z-f (2) is not infinite 
when z =  G O .  

Now in any finite part of the plane the function is everywhere finite, so 
that we can use the expansion 

where 

the integral being taken round a circle of any radius r enclosing the point z 
and having its centre at the origin. As the subject of i n t e p t i o n  is finite 
everphere  along the circumference, we have, by Darboux's expression in 
(IV.) '$ 14, 

where T is some point on the circumference and .is a quantity of niodulus 
not greater than unity. 
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7 0 TRANSCENDENTAL AND 

Let r = reia; then 

By definition, the limit of f2 as 7 (and therefore r) beoomes infinitely 

I 
large is not infinite; in the same case, the limit of (1 -; pi)-' is unity. 

Since 1x1 is not greater than unity, the limit of X / r  in the same case is zero ; 
hence with indefinite increase of r, the limit of R is zero and so 

f (z)= f (O) + d ' ( O ) +  ...... +- f" (O), 
n !  

shewing as before that f (2) is an algebraical polynomial. 

47. As the quantity n is necessarily a positive integer*, there are two 
distinct classes of functions discriminated by the magnitude of n. 

The first (and the simpler) is that for which n has a finite value. The 
polynomial then contains only a finite number of terms, each with a positive 
integral index; and the function is then a rational, integral, algebraical 
polynomial of degree IL 

The second (and the more extensive, as significant functions) is that 
for which n hm an infinite value. The point z= a, is not a pole, for then 
the function does not satisfy the test of 5 42: i t  is an essential singularity 
of the function, which is expansible in an infinite converging series 
of positive integral powers. To functions of this clms the general term 
transcmdentai is applied. 

The number of zeros of a function of the former class is known: it is 
equal to the degree of the function. It hm been proved that the zeros of a 
transcendental function are isolated points, occurring necessarily in finite 
number in any finite part of the region of continuity of the function, no 
point on the boundary of the part being infinitesimally near an  essential 
singularity ; but no test has been assigned for the determination of the total 
number of zeros of a function in an infinite part of the region of con- 
tinuity. 

Again, when the zeros of a polynomial are given, a product-expression can 
a t  once be obtained that will represent its analytical value. Also we know 
that, if a be a zero of any uniforrn analytic function of multiplicity n, the 
function can be represented in the vicinity of a by the expression 

(x - alB + (4, 
where + (z) is holomorphic in the vicinity of a. The other zeros of the 
function are zeros of + (2); this process of modification in the expression 

* It is unnecessary to consider the zero value of n, for the function is then a polynomial of 
order zero, that is, it is a constant. 
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can be continued for successive zeros so long as the number of zeros taken 
account of is limited. But when the number of zeros is unlimited, then the 
inferred product-expression for the original function is not necessarily a 
converging product.; and thus the question of the forma1 factorisation of a 
transcendental function arises. 

48. THEOREM IX. A function, al1 the singulnm'ties of which are accid- 
ental, is a rational, algebraical, meromorphic function. 

Since al1 the singularities are accidental, each must be of finite 
multiplicity ; and therefore infinity, if an accidental singularity, is of finite 
multiplicity. Al1 the other poles are in the finite part of the plane; they 
are isolated points and therefore only finite in number, so that the total 
number of distinct poles is finite and each is of finite order. Let them be 
(~i, q ,.... .., a, of orders m, m, ,... ..., m, respectively : let m be the order of 
the pole at  infinity: and let the poles be arranged in the sequence of 
decreasing moduli such that 1 a,l> la,-,l> . . . . . . > 1 a, 1. 

Then, since infinity is a pole of order m, we have 

f (z) = a m P  + U-~Z'+' + ... ... +%z + fo (z), 
where fo  (z) is not infinite for infinite values of z. Now the polpomial 

7n 

Zqzi is not infinite for any finite value of z ;  hence f, (z) is infinite for al1 
é=1 

the finite infinities off (2) and in the same way, that is, the function fo(z) 
has q,. . .. .., a, for its poles and i t  has no other singularities. 

Again, since a, is a finite pole of multiplicity m,, we have 

f 0 (2) = 
bmP b, + ...... +-+ f1(z), (z - a,)% z-a, 

where f, (z) is not infinite for z = a, and, as f o  (z) is not infinite for z =  a,, 
evidently fl (z) is not infinite for z = a,. Hence the singularities of fl (z) are 
merely the poles a, ,......, a, ; and these are al1 its singularities. 

Proceeding in this rnanner for the singularities in succession, we ultimately 
reach a function f,(z) which has only one pole a, and no other singularity, 
so that i 

where g (z) is not infinite for z = %. But the function f,(z) is infinite only 
for z =  (~i, and therefore g (2) has no infinity. Hence g (2 )  is only a constant, 
Say ho : thus 

g(z)=  lco. 
Combining al1 these results we have a jn i t e  number of series to add together: 
and the result is that 
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...... g2 (' is the sum of the where gi (z) is the series & + h z  + + a m P ,  and - 
9 3  ( 4  

finite number of fractions. Evidently gs (2) is the product 

. (z-a,)"l(z-%)% ......(z -aJmP; 

and 9, (z) is a t  most of degree 
...... m,+m,+ +m,-1. 

If P (2) denote g, (z)  g, (z) + g, (z), the form off (z) is 

that is, f (2) is a rational, algebraical, meromorphic function. 

I t  is evident that, when the function is thus expressed as an algebraical 
fraction, the degree of F ( z )  is the sum of the multiplicities of al1 the poles 
when infinity is a pole. 

COROLLARY 1. 
has as many zeros 

If z=ca be a 
in the form 

A function, al1 the singularities of which are accidental, 
as i t  hm accidental singularities in the plane. 

pole, then it follows that, because f (z) can be expressed 

i t  has as many zeros as F(z), unless one such should be also a zero of g, (2). 
But the zeros of y, (2) are known, and no one of them is a zero of F(z), on 
account of the form off (z) when i t  is expressed in partial fractions. Hence 
the number of zeros off (z) is equal to the degree of P(z), that is, i t  is equal 
to the number of poles off (2). 

If z=a, be not a pole, two cases are possible; (i) the function f (z) may be 
finite for z = ca , or (ii) it may be zero for z = m. I n  the former case, the 
niimber of zeros is, as before, equal to the degree of F(z), that is, it is equal 
to the number of infinities. 

In the latter case, if the degree of the numerator P(z)  be rc less than 
that of the denominator g, (z), then z = ca is a zero of multiplicity x ; and i t  
follows that the number of zeros is equal to the degree of the numerator 
together with x, so that their number is the same as the number of accidental 
singularities. 

COROLLARY II. At the beginning of the proof of the theorem of the 
present section, i t  is proved that a function, al1 the singularities of which are 
accidental, has only a finite number of such singularities. 

Hence, by the preceding Corollary, such a function can have only a Jinite 
number of zeros. 

If, therefore, the number of zeros of a function be infinite, the function 
must have a t  least one essential singularity. 
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COROLLARY III. When a uniform analytic function has no essential 
singularity, if the (finite) number of its poles, say c,, ..., cm, be m, no one of 
them being at  z = co , and if the number of its zeros, Say q,.. ., a,, be also m, 
no one of them being at  z = oo , then the function is 

z - a ,  n1 (A , 
except possibly as to a constant factor. 

When z  = a, is a zero of order n, so that the function has m - n zeros, say 
a,, a,,..., in the finite part of the plane, the form of the function is 

vn-n 

n (z  - UT) 
r=l  

and, when z  = co is a pole of order p, so that the function has m - p poles, 
Say c,, c,, ..., in the finite part of the plane, the form of t,he function is 

COROLLARY IV. AIE the singulam'ties of rational algebraical meromorphic 
functim are accidenta2. 
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CHAPTER V. 

49. WE now proceed to consider the properties of uniform functions 
which have essential singularities. 

The simplest instance of the occurrence of such a function has already 
been referred to in CJ 42 ; the function has no singularity except a t  z = a,, 

and that value is an essential singularity solely through the failure of the 
limitation to finiteness that would render the singularity accidental. The 
function is then an integral function of transcendental character; and it is 
analytically represented (5 26) by G (z) an infinite series in positive powers of 
z, which converges everywhere in the finite part of the plane and acquires 
an infinite value at  infinity alone. 

The preceding investigations shew that uniform functions, al1 the singu- 
larities of which are accidental, are rational algebraical functions-their 
character being completely determined by their unifornity and the accidental 
nature of their singularities, and that among such functions having the same 
accidental singularities the discrimination is made, Save as to a constant 
factor, by means of their zeros. 

Hence the zeros and the accidents1 singularities of a rational algebraical 
function determine, Save as to a constant factor, an expression of the function 
which is valid for the whole plane. A question therefore arises how far 
the zeros and the singularities of a transcendental function determine the 
analytical expression of the function for the whole plane. 

50. We shall consider first how far the discrimination of transcendental 
integral functions, which have no infinite value except for z = CO, is effected 
by means of their zeros*. 

* The following investigations are based upon the famous memoir by Weierstrass, '< Znr 
Theorie der eindeutigen analytischen Functionen," published in 1876 : it is included, pp. 1-52, 
in the Abhandlungen aîur der Funetionenbhre (Berlin, 1886). 

In conneetion with the product-expression of a trausoendental function, Cayley, Mémoire sur 
les fonctions doublement pério+ques," Liouville, t. x, (1845), pp. 385-420, or Collected Works, 
vol. i, pp. 156182, should be consulted. 
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Let the zeros a,, a,, a,, ... be arranged in order of increasing modnli; a 
finite number of terms in the series may have the same value so as to allow 
for the existence of a multiple zero a t  any point. After the results stated 
in 5 47, it will be assumed that the number of zeros is infinite; that, 
subject to limited repetition, they are isolated points; and, in the present 
chapter, that, as n increases indefinitely, the limit of 1 ~ 1  is infinity. And i t  
will be assumed that lail > O, so that the origin is temporarily excluded from 
the series of zeros. 

Let z be any point in the finite part of the plane. Then only a limited 
number of the zeros can lie within, and on a circle centre the origin and 
radius equal to 121; let these be a;, g,..., ak-,, and let a, denote any one of 
the other zeros. We proceed to form the infinite product of quantities u,., 
where u, denotes 

and g, is a rational integral function of z which, being subject to choice, will 
be chosen so as to make the infinite product converge everywhere in the 
plane. We have 

a series which converges becaime lzl< laTl. Now let 

and thérefore 

Hence 
r = k  . 

if the expression on the right-hand side be finite, that is, if the series 

converge unconditionally. Denoting the niodulus of this series by M, we 
have 
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whence, since 1 - is the smallest of the denominators in terms of the last 

sum, we have 
I tl 

If, as is not infrequently the case, there be any finite integer s for which (and 
therefore for al1 greater indices) the series 

m 

and therefore the series Z 1aJ-5 converges, we choose s to be that least 
r=k 

integer. The value of M then is finite for al1 finite values of z ; the series 

converges unconditionally and therefore 

is a converging procl-* - 7 ~ -  

Let the finite product 

be associated as a factor with the foregoing infinite converging product. Then 

is a n  inJinite poduct,  converg.ing unz~oormly and unconditionally for al2 finite 
m 

values of z, provided the finite integer s be such as to malce the series 2 1 arl-a 
r= l  

converge un;formly and umonditionally. 
Since the product converges uniformly and unconditionally, no product 

constructed from its factors u,., say from al1 but one of them, can be infinite. 
Now the factor 

vanishes for z = a,  ; hence f (2) vanishes for z = a,. Thus the function, 
evidently uniform after what has been proved, has the assigned points 
6, a ,,... and no others for its zeros. 
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Further, z = ai is an essential singularity of the fiinction ; for i t  is an 
essential singularity of each of the factors on account of the exponential 
element in the factor. 

51. But it m g  happen that no finite integer s can be found which will 
make the series 

B la,l-s 
t=l 

converge*. We then proceed as follows. 

Instead of having the saine index s throughout the series, we associate 
with every zero a, an integer m, chosen so as to make the series 

a converging series. To obtain these integers, we take any series of decreasing 
real positive quantities 6, el, es,. .., such that (i) e is less than unity and 
(ii) they form an unconditionally converging series ; and we choose integers 
m, such that 

€, . 
These integers make the foregoing series of moduli converge. For, 

neglecting the limited ~ u m b e r  of terms for which 1212 la[ ,  and taking E 

such that 

we have for al1 succeeding terms 

and therefore 

Hence, except for the first k - 1 terms, the sum of which is finite, we have 

which is finite because the series e + el + E, + . . . converges. Hence the series 

is a converging series. 

+ For inetmoe, there is no h i t e  integer s that oan make the infinite series 
(log 2)'+ (log 3)-*+ (log 4)-*+ ... 

converge. This series is given in illustration by Hermite, Cours à la faculté des Sciences (4=0 6d. 
1891), p. 86. 
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Just as in the preceding case a special expression was formed to serve as 
a typical factor in the infinite product, we now form a similar expression 
for the same purpose. Evidently 

rn 

- e - 
1-x=eb(l-2) = e  ,=or+', 

if 1x1 < 1. Forming a function E (x, m) defined by the equation 
" xr 
Z - 

E(x, m ) = ( l  -x)eel , 
m Bm+r 

- 2 -  
we have E (x, = e *=l 

I n  t,he preceding case it was possible t o  choose the integer m so that i t  
should be the same for al1 the factors of the infinite product, which was 

a 
ultimately proved to converge. Now, we take x =- and associate mn as 

a, 
the corresponding value of m. Hence, if 

where lak-il < 121 < lakl, we have 

f ( 4  = e 
The infinite product represented by f (2) will converge if the double series in 
the exponential be a converging series. 

Denoting the double series by S, we have 

on effecting the summation for r. Let A be the value of 1 - 
al1 the remaining values of n. we have 

and so 

This series converges; hence for finite values of lzl the value of [SI is 
finite, so that S is a converging series. Hence it follows that f (2) is an 
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unconditionally converging product. We now associate with f (z) as factors 
the k - 1 functions 

for i=  1, 2, ..., k - 1 ; their number being finite, their product is finite and 
therefore the modified infinite product still converges. We thus have 

an unconditionally converging product. 

Since the product G (z).converges unconditionally, no product constructed 
from its factors E, Say from al1 but one of them, can be infinite. The factor 

vanishes for the value B = a, and only for this value ; hence G (z) vanishes for 
z = a,. It therefore appears that G (z) has the assigned points a,, a,, as, ... 
and no others for its zeros ; and from the existence of the exponential in each 
of the factors i t  follows that z = CO is an essential singularity of the factor and 
therefore it is an essential singularity of the function. 

Denoting the series in the exponential by gn (z), so that 

we have 

and therefore the function obtained is 

The series y, usually contains only a limited number of terms ; when the 
number of terms increases without limit, it is only with indefinite increase 
of 1 a, 1 and the series is th& a converging series. 

It should be noted that the factors of the infinite product G(z) are the 
expressions E no one of which, for the purposes of the product, is resoliible 
into factors that can be distributed and recombined with similarly obtained 
factors from other expressions E; there is no guarantee that the product 
of the factors, if so resolved, would converge uniforrnly and unconditionally, 
and it is to secure such convergence that the  expressions E have been 
constructed. 

It was assumed, merely for temporary convenience, that the origin ww not 
a zero of the required function; there obviously could not be a factor of 
exactly the same form aa the factors E if a were the origin. 
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If, however, the origin were a zero of order h, we should have merely 
to associate a factor zA with the function already constructed. 

We thus obtain Weierstrass's theorem :- 

I t  is possible to construct a transcendental integral function such that it 
shall have injinity as its only essential singularity and have the origin (of 
mdtiplki ty  A), G, a,, a,, ... as zeros; and such a function is 

where g,(z)  is a rational, integral, algebraical ftonction of z,  the forrn of which 
is dependent upon the law of succession of the zeros. 

52. But, unlike uniform functions with only accidental singularities, the 
function is not unique: there are an unlimited number of trawcendental 
integral functions with the same series of zeros and injiriity as the sole essential 
singularity, a theorem also due to Weierstrass. 

Por, if CS, (2) and G ( z )  be two transcendental, integral functions with the 
same series of zeros in the same multiplicity, and z = KI as their only essential 
singularity, then 

C,o 
G (2) 

is a function with no zeros and no infinities in the finite part of the plane. 

is a function which, in the finite part of the plane, has no infinities; and 
therefore it can be expanded in the form 

C,+2C&+3Caz2+ ..., 
a series converging everywhere in the finite part of the plane. Choosing a 
constant Co so that G2 (0) = e s ,  we have on integration 

Gz ( z )  = e@(*, 
where g ( z )  = Co + C1z+Cga+ ... , 
and ( z )  is finite everywhere in the finite part of the plane. Hence it follows 
that, if y ( z )  denote any integral function of z which is jinite everywhere in  the 
jnite part of the plane, and if G (2) be some transcendental integral function 
with a given series of zeros and z=  a, as its sole essential singulcrity, al1 
transcendental integral functions with that sm'es of zeros and z= a, as the 
sole essential singularity are included i n  the forrn 

G ( z )  e M. 

COROLLARY 1. A function which has no zeros in  the jinite part of the 
plane, no accidental singularities und z = CG for its sole essential ~in~gularity 
is  necessam'ly of the forrn 
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whre  j ( z )  is an integral function of z jnite euerywhere in the Jinite part 
of the plane. 

COROLLARY II. Every transcendental fmction, whkh has the same zeros 
in the same multiplicm'ty as an algebraical polynomnial A (z  )-the mumber, 
thmefore, being necessum'ly Jinite-, which has no accidental singularities and 
hus z = GO for its sole essential sirtgularity, can be expressed in  the forrn 

A ( z )  

COROLLARY III. Every fmction, which has an assigned series of zeros 
and an assigned series of poles and has z= oo for its sole essential singu- 
lam'ty, is of the form 

where the zeros of Go(z)  are the assigned zeros and the zeros of G, (2) are the 
assigned poles. 

For if G,(z) be any transcendental integral function, constructed as in 
the proposition, which has as its zeros the poles of the required function in 
the assigned multiplicity, the most general form of that function is 

Gp (2) eh@), 

where h ( z )  is integral. Hence, if the most general form of function which 
has those zeros for its poles be denoted by f (z) ,  we have 

f (2) G, (z) eh(z) 

as a function with no poles, with infinity as its sole esseritial sirigularity, and 
with the assigned series of zeros. But if Go ( z )  be any transcendelital integral 
function with the assigned zeros as its zeros, the most general form of function 
with those zeros is 

Go (2) eg@) ; 

and so f ( z )  GP (2) $@) = C f 0  (2) 

whence 

in which j (2) denotes g (2) - h (2). 

If the number of zeros be finite, we evidently may take Go(z)  as the 
algebraical polynomial with those zeros as its only zeros. 

If the number of poles be finite, we evidently may take G,(z) as the 
algebraical polynomial with those poles as its only zeros. 

And, lastly, if a function have a finite number of zeros, a finite number 
of accidental singularities and z= oo as its sole essential singularity, it can 
be expressed in the form 
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where P and Q are rational integral polynomials. This is valid even though 
the number of assigned zeros be not the same as the number of assigned 
poles ; the sole effect of the inequality of these numbers is to complicate the 
character of the essential singularity a t  infinity. 

53. I t  follows from what has been proved that any uniform function, 
having z = CO for its sole essential singularity and any number of assigned 
zeros, can be expressed as a product of expressions of the forn-i 

Such a quantity is called* a prinzary factor of the function. 

It has also been proved that :- 

(i) If there be no zero a,, the primary factor has the form 
eG@). 

(ii) The exponential index g, (2) may be zero for individual primary 
factors, thoiigh the number of such factors must, a t  the utrnost, 
be finite f-. 

(iii) The factor takes the form z when the origin is a zero. 

Hence we have the theorem, due to Weierstrass :- 

Every unqorm integral functiolt of z  can be expressed as a product of 
prirnary factors, each of the forrn 

(kz  + 1) eg I Z ) ,  

where g ( z )  is an appropriate integral ftmction of 2 vanishing with z  and where 
k, Z are constants. In particular factors, g (2) may vanish; and eitAer k or 1, 
but not both Ic and Z, may vnnish with or &thout a non-vaîzishing exponmtial 
index g (2). 

54. It thus appears that an essential distinction between transcendental 
integral functions is constituted by the aggregate of their zeros: and we may 
conveniently consider that al1 such functions are substantially the same when 
they have the same zeros. 

There are a few very simple sets of functions, thus discriminated by their 
zeros: of each set only one member will be given, and the factor which 
makes the variation among the members of the same set, will be neglected 
for the present. Moreover, it will be assumed that the zeros are isolated 
points. 

1. There may be a finite number of zeros ; the simplest f~mction is then 
an algebraical polynomial. 

* Weierstrass's term is Primfunction, I.c., p. 15. 
t Unless the c h s s  (5 59) be zero, when the index is zero for al1 the factors. 
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II. There may be a singly-infinite system of zeros. Various functions 
will be obtained, according to the law of distribution of the zeros. 

Thus let them be distributed according to a law of simple arithmetic 
progression along a given line. If a be a zero, o a quantity such that 1 o 1 
is the distance between two zeros and arg. w is the inclination of the line, 
we have 

a + mm, 
for integer values of m from - oo to + CO, as the expression of the series of 
the zeros. Without loss of generality we may take a a t  the origin-this 
is merely a change of origin of coordinates-and the origin is then a 
simple zero: the 'zeros are given by nzw, for integer values of m from 
-a, to +m. 

1 1 1 .  
Now 2 - = - 2 - 1s a diverging series ; but an integer s-the lowest 

mo o m 

value is s = 2-can be found for which the series C. - converges uni- 
( T A Y  

formly and unconditionally. Taking s = 2, we have 

so that the primary factor of the present function is 

and therefore, by 5 52, the product 
a 

converges iiniformly and unconditionally for al1 finite values of 2. 
The term corresponding to m. = O is to be omitted from the product ; and 

i t  is unnecessary to assume that the numerical value of the positive infinity 
for m is the sarne as that of the negative infinity for m. If, however, the 
latter assumption be adopted, the expression can be changed into the ordinary 
product-expression for a sine, by combining the primary factors due to values 
of rn that are equal and opposite : in fact, then 

w . 'ITZ f (z) = - sin - . 
'Ti- o 

This example is sufficient to  shew the importance of the exponential term in the 
primnry factor. If the product be formed exactly a s  for an algebraical polynomial, then 
the function is 

-7 

(1- k) 
in the limit when both p 2nd p are infinite. But this is known* t o  be 

5 

* Hobson's Trigmaometry, 5 287. 
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Another illustration is afforded by Gauss's II-function, which is the limit when k is 
infinite of 

1 . 2 . 3  ...... k 
(2-1-1) (2+2) ......( z f k )  

P. 

This is transformed by Gauss* into the reciprocal of the expression 

that is, of 

the primary factors of which have the same characteristic 
investigation, though not the same literal forrn. 

form as in the precedinp 

It is chiefly for convenience that the index of the exponential part of the primary 

factor is  taken, in 4 50, in the form . With equal effectiveness it  may be 
8-1 1 

taken i n  the form z - b,,,P, provided the series 
n 

converge uniformly and unconditionally. 

Ex. 1. Prove that each of the products 

for m= f 1, 5 3, *5 , .  ..... to  infinity, and 

the term for n=O being excluded from the latter product, converges uniformly and uncon- 
ditionally and that each of them is q u a i  to cos z. (Hermite and Weyr.) 

Ex. 2. Provc that, if the zeros of a transcendental integral function be given by the 
series ....... O, +u, 240,  +90 to  infinity, 

the simplest of the set of functions thereby determined can be expressed in the form 

.n {n (:>3 sin {in (ES} . 
Ez. 3. Construct the set of transcendentai integral functions which have in comrnon 

the series of zeros determined by the law m2~,+2rno, +o, for al1 integral values of rn 
between - co and f c o  ; and express the simplest of the set in terms of circular functions. 

55. The law of distribution of the zeros, next in importance and sub- 
stantially next in point of simplicity, is that in which the zeros form a doiibly- 
infinite double arithmetic progression, the points being the a, intersections 
of one infinite system of equidistant parallel straight lines with another 
infinite system of equidistant parallel straight lines. 

The origin may, without loss of generality, be taken as one of the zeros. 
If o be the coordinate of the nearest zero along the line of one system 
passing through the origin, and of be the coordinate of the nearest zero along 

* Ges. Werke, t. iii, p. 145; the example is quoted in this connection by Weierstrass, Le., 
p. 15. 
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the line of the other system passing through the origin, then the complete 
series of zeros is given by 

fi = nzw + do', 
for al1 integral values of m and al1 integral values of m' between -a, and 
+ m .  The system of points may be regarded as doubly-periodic, having w 

and o' for periods. 

I t  must be assumed that the two systems of lines intersect. Other- 
wise, w and w' would have the same argument and their ratio would be a real 
quantity, Say a ; and then 

n -- - rn + m'a. 
O 

Whether a be commensurable or incommensurable, the number of pairs 
of integers, for which m + m'a is zero or may be made less than any small 
quantity 6, is infinite; and in either case we should have the origin a zero 
for each such pair, that is, altogether the origin would be a zero of infinite 
multiplicity. This property of a function is to be considered as excluded, 
for i t  would make the origin an essential singularity instead of, as required, 
an ordinary point of the transcendental integral function. Hence the ratio of 
the quantities o and w' às not real. 

56. For the construction of the primary factor, it is necessary to render 
the series zfi-" mp 

converging, by appropriate choice of integers s,,,. I t  is found to be 
possible to choose an integer s to be the same for every term of the series, 
corresponding to the sirnpler case of the general investigation, given in 5 50. 

As a matter of fact, the series 
xn-8 

diverges for s = 1 (we have not made any assumption that the positive and 
the negative infinities for m are numerically equal, nor similarly as to ru') ; 
the series converges for s = 2, but its value depends upon the relative values 
of the infinities for m and m'; and s = 3 is the lowest integral value for which, 
as for al1 greater values, the series converges uniformly and unconditionally. 

There are various ways of proving the uniform and unconditional conver- 
gence of the series sa-~ when p > 2 : the following proof is based upon a 
general method due to Eisenstein*. 

m = m  n=m 

First, the series 2 2 (ma + na)-p converges uniformly and uncondi- 
m=-a n = - m  

tionally, if p> 1. Let the series be arranged in partial series : for this purpose, 

* CveUe, t .  xxxv, (1847), p. 161; a geometrical exposition is given by Halphen, Traité des 
fonctions elliptiquee, t. i, pp. 358-362. 
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we choose integers k and 1, and include in each such partial series al1 
the terms which satisfy the inequalities 

2k c m < 2k+i, 

2z < n < 2l+l, 
so that the number of values of m is 2%nd the number of values of n is 21. 

Then, if k + 1 = 216, we have 
2* < PK+' < 22k + 222 < rn2 + n2, 

so that each term in the partial series 4 Fp, l The numbcr of terins in the 

partial series is Zk. 2l, that is, 2%: so that the sum of the terms in the 
partial series is 

1 
-- 

22K (Il-1) ' 

Take the upper limit of Ic and 1 to be p, ultimately to be made infiriite. 
Then the sum of al1 the partial series is 

which, when p = CO , is a finite quantity if p > 1. 

Next, let w = a +Pi, o' = y + 6i, so that 

f l=mo+no '=n~a+wy+ i ( rnp+n6) ;  

hence, if B=ma+wy, +=rn,!i?+nS, 

we have j f i 1 2 = B 2 +  p, 
Now take integers r and s such that 

r < B < r + l ,  s t + < s + l .  

The number of terms Cl satisfying these conditions is definitely finite and is 
independent of ln and n. For since 

m(a6- &) =Ba-  @y, 

(a6-Pry)=-O/3+@, 

and a6 -@y does not vanish because o'/o is not purely real, the number of 
values of nh is the integral part of 

less the integral part of 
r S - ( s + l ) y  

a s - P r  ' 
that is, i t  is the intepal part of (v + 6)/(a8 - Pr). Similarly, the number of 
values of n is the integral part of (a  + P)/((x6 - &). Let the product of the 
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last two integers be y ;  then the number of terms i2 satisfying the in- 
equalities is y. 

Then ~2 1 a 1- = LX (ea + @)-p 

2 q 22 (T2 + @)-fi, 

which, by the preceding result, is finite when p > 1. Hence 

Ç.2 (mw + m'w')-2p 

converges uniformly and unconditionally when p > 1 ; and therefore the least 
value of s, an integer for which 

22 (mw + mtw')+ 

converges uniformly and unconditionally, is 3. 
The series EZ (mw+m'o')-2 has a finite sum, the value of which depends* upon 

the infinite limits for the summation with regard to m and m'. This dependence is 
inconvenient and it is therefore excluded in view of our present purpose. 

Es. Prove in the same manner that the series 

the multiple summation extending over al1 integers ml, m2, ......, m, between -a, and 
+ co , converges uniformly and unconditionally if 2p>n. (Eisenotein.) 

57. Returning now to the construction of the transcendental integral 
function the zeros of which are the various points a, we use the preceding 
result in connection with 5 50 to form the general primary factor. Since 
s = 3, we have 

and therefore the primary factor is 

Moreover, the origin is a simple zero. Hence, denoting the required function 
by a (z), we have 

m <r(z)=zn fi {(, -;),$+&6} . 
-m -on 

as a transcendental in.tegral function which, since the product converges uni- 
f i l y  and unconditionally for al1 finite v a l w  of z, e s t s  and hm a finite 
value everywhere in  the jnite part of the plane; the quantity denotes 
mm + &', and the double product is taken for al1 values of m and of m' 

between - oo and + m , simultaneous zero values alone being excluded. 
This function will be called Weierstrass's a-function; i t  is of importance 

in the theory of doubly-periodic functions which will be discussed in Chapter 
XI. 

* See a paper by the author, Qwrt.  Journ. of Math., vol. xxi, (1886), pp. 261-280. 
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Ex. If the doubly-infinite series of mros be the points given by 

al, o,, w, being such complex constants that a does not vanish for real values of m and n, 
then the series 

m m 

2 P s r B  
-- -- 

converges for s=2. The primary factor is thus 

and the simplest transcendental integral function having the assignecl zeros is 

The actual points that are the zeros are the intersections of two iniinite systems of 
parabolas. 

58. One more result-of a negative character-will be adduced in this 
connection. We have dealt with the case in which the system of zeros is a 
singly-infinite arithmetical progression of points along one straight line and 
with the case in which the system of zeros is a doubly-infinite arithmetical 
progression of points along two different straight lines : i t  is easy to see that 
a unifornz trwmendental integral function cannot ex& with a triply-in$nite 
arz'thmetical progression of points for zeros. 

A triply-infinite arithmetical progression of points would be represented 
by al1 the possible values of 

p l a  + pzfL + pJ% 
for al1 possible integer values for pi,  p2, p, between - oo and + oc: , where no 
two of the arguments of the complex constants CL,, a,, a, are equal. Let 

a, = w, + iw,', (r = 1, 2, 3) ; 
then, as will be proved (§ 107) in connection with a later proposition, it is 
possible*-and possible in an unlimited number of ways-to determine 
integers p,, p,, pd so that, Save as to infinitesimal quantities, 

Pi - Pz - 
1 - - P3 

1 > w2w; - W3Wl w3w; - w p ;  olw; - W2W1 

al1 the denominators in which equations differ from zero on account of the 
fact that no two arguments of the three quantities a , ,  CL,, a, are equal. For 
each such set of determined integers we have 

pini +pz% +ps% 

zero or infinitcsinial, so that the origin ie a zero of unlimited multiplicity or, 
in other words, there is a space at  the origin containing an unlimited number 
of zeros. In  either ca.se the origin is an essential singularity, contrary to 

' Jaeobi, Ger. Wwke, t. ii, p. 27. 
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the hypothesis that the only essential singularity is for z = xi ; and hence a 
uniform transcendental function cannot exist having a triply-infinite arith- 
metical succession of zeros. 

59. I n  effecting the formation of a transcendental integral function by 
means of its primary factors, it was seen that the expression of the primary 
factor depends upon the values of the integers which tnake 

a converging series. Moreover, the primary factors are not unique in form, 
because any finite number of terms of the proper form can be added to the 
exponential index in 

and such terins will only the more effectively secure the convergence of the 
infinite product. But there is a lower limit to the removal of terms with the 
highest exponents from the index of the exponential; for there are, in geneml, 
minimum values for the integers w, nz,, ..., below which these integers can- 
not be reduced, if the convergence of the product is to be secured. 

The siinplest case, in which the exponential must be retained in the 
primary factor in order to secure the convergence of the infinite product, is 
that discussed in 5 50, viz., when the integers 3, m,, ... are equal to one 
another. Let m denote this common value for a, given function, and let 
nt be the least integer effective for the purpose: the function is then said" 
to be of clms m, and the condition that it should be of c l a s  m is that the 
integer m be the least integer to make the series 

converge uniformly and unconditionally, the constants a being the zeros of 
the function. 

Thus algebraical polynomials are of class 0 ;  the circular functions sin f i  

and cos z are of clam 1 ; Weierstrass's u-function, and the Jacobian elliptic 
function sn z are of class 2, and so on : but in .no one of these classes do the 
functions mentioned constitute the whole of the functions of that class. 

60. One or two of the sirnpler properties of an aggregate of transcen- 
dental integral functions of the same class can easily be obtained. 

Let a function f (z), of class n, have a zero of order r a t  the origin and 

The Frenoh word is genre; the Italian is genere. Laguerre (see referenaes on p. 92) appeare 
ta Lave been the first to discuss the c h s  of transcendental integral functions. 
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have CL,, a,, ... for its other zeros, arranged in order of inkeasing moduli. 
Then, by f j  50, the function f (z) can be expressed in the form 

where gi(z) denotes the series Z - - and G (2) must be properly deter- 
s=i S ai 

mined to secure the equality. 

Now the series 

Z: 1 
ain (ai - a) 

is one which converges uniformly for al1 values of z that do not coincide with 
one of the points a, that is, with one of the zeros of the original function. 
For the sum of the series of the moduli of its terms is 

Z 
Let d be the least of the quantities 1 1 - - / , necessarily non-evanescent be- 

I ai 
cause z does not coincide with any of'the points a ;  then the suni of the series 

which is a converging series since the function is of class n. Hence the 
series of moduli converges and therefore the original series converges ; let i t  
be denoted by X (z), so that 

We have 

r OD 

= G'(z) +; - zl'S 
1 

i=l ain (ai - z) 

Each step of this process is reversible in al1 cases in which the original pro- 
f' (4 duct converges; if, therefore, i t  can be shewn of a function f(z) that -- 

takes this form, the function is thereby proved to be of class n. 
f (4 

r 
I f  there be no zero a t  the origin, the term - is absent. 

Z 
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If the exponential factor G(z)' be a constant so that G'(z) is zero, the 
function f (2) is said to be a simple function of class n. 

61. There are one or two criteria to determine the class of a function: 
the simplest of them is contained in the following proposition, due to 
Laguerre *. 

If, as z telzds to the value w , a very great value of 1 z 1 can be fozcnd fo r  

which the limit of rn - (') where f (2) is a transcendental, integral funotion, f (2) ' 
tends uniformly to the value zero, then f (z) Zs of class n. 

Take a circle centre the origin and radius R, equal to this value of 121; 

then, by 3 24, II., the integral 

taken round the circle, is zero when R becomes indefinitely great. But the 
value of the integral is, by the Corollary in 5 20, 

1 'O' 1 f '  ( t )  dt 1 (") 1 f '  (t) dt 1 1 f '(t) dt 
- -  1 - -+ -,/ - -- 
2r i  t n f ( t ) t - z  2 %  t n f ( t ) t - z + ~ < ~ /  i " f ( t ) t ~ '  

taken round small circles enclosing the origin, the point z, and the points 
ai, which are the infinities of the subject of integration; the origin being 
supposed a zero off  (t) of multiplicity r. 

Now 

and 

1 1.2' 1 f' (t) dt - 1 f' (2) Gi1 tn f(t) t -z  P f ( z ) >  

where 4 (2) denotes the integral, algebraical, polynomial 
zn-l dn+ { f' (t) r] +...+-- 

n - l! dtn-l f (t) t 

when t is niade zero. Hence 

and therefore 

which, by 5 GO,  shews that f (2) is of class n. 

* Comptes Rendus, t. xciv, (1882), p. 636. 
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COROLLARY. The product of any Jinite nurnber of functions of the same 
class n is a function of class not higher than n ;  and the class of the product 
of an.y finite number of fulzctions of diferent classes is not greater than the 
highest clms of t h  component funclions 

The following are the chief references to memoirs discussing the class of functions : 

Laguerre, Comptes Rendus, t. xciv, (1882), p p  160-163, pp. 635-638, ib. t. xcv, (1882), 
pp. 828-831, ib. t. xcviii, (1884), pp. 79-81 ; 

Poincaré, BdZ. des Sciences Math., t. xi, (1883), pp. 136-144 ; 

Cesàro, Comptes Rendus, t. xcix, (1884), pp. 26-27, followed (p. 27) by a note by 
Hermite ; Giormale di Battaglini, t. xxii, (1884), pp. 191-200 ; 

Vivanti, Ghrnale di Battaglin;, t. xxii, (1884), pp. 243-261, pp. 378-384 ib. t. xxiii, 
(1885), pp. 96-122, ib. t. xxvi, (1888), pp. 303-314 ; 

Hermite, Cours d la faculté des Sciences (4"" éd., 1891), pp. 91-93. 

Ex. 1. The function 
n 
E &'fi (a), 
i=1 

where the quantities c are con~tants, n is a finite integer, and the functions fi (2) are 
algebraical polynomials, is of clms unity. 

Es. 2. If a simple function be of class n, its derivative is also of c l a ~  m. 

Ex. 3. Discuss the conditions under which the sutn of two functions, each of class lz, 
is also of class n. 

Ex. 4. Examine the foliowing test for the class of a function, due to Poincaré. 

Let a be any number, rio matter how small provided its argument be such that ea2"+l 

vanishes when z tends towards infinity. Then f (z) is of chas n, if the limit of 

eue1 f (2) 

vanish with indefinite increase of z. - 
A possible value of a is E qx-n-1, where ci is a constant of modulus unity. 

1-1 

Ex. 5. Verify the following test for the class of a function, due to de Sparre*. 

Let h be any positive non-infinitesimal quantity ; then the function f (z) is of clms n, 
if the limit, for m= CO , of 

lamP-l{lamtll-laml~ 

be not less than X. Thus sin z is of class unity. 

Ex. 6. Let the roots of P+l= 1 be 1, a, a2, ......, a"; and let f (2) be a function 
of class n. Then forming the product 

i; (sas), 
.=O 

we evidently have an integral function of @ +  l; let it be denoted by F(zn+I). The roots of 

* Contptes Rendus, t. cii, (1886), p. 741. 
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61.1 TRANSCENUENTAL INTEGRAL FUNCTIONS 93 

F(P+ 1) = O  are aia8 for i= 1, 2, . . . . .. and s = O, 1, . . . . . ., n ; and therefore, replacing zn+l by 5 
the rook of P(z)= O are a? + l  for i= 1, 2, .... ... 

Since f (2 )  is of class n, the series 
- 1  z- +, a.n+l 

converges uniforrnly and unconditionally. This series is the sum of the first powers of the 
reciprocals of the roots of P(z )=O;  hence, according to the definition (p. 89), P(z) is of 
clam zero. 

It therefore follows that from a functivn of any chss a function of class zwo d h  a 
ntod;J;ed variable can be deduced. Conversely, by aappropriately modifying the variable of 
a giwen function of class zero, it is possible to deduce functions of any required class. 

Ex. 7. If ali the zeros of the function 

be real, then al1 the zeroa of its derivative are also real. (Witting.) 
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CHAPTER VI. 

62. SOME indications regarding the character of a function a t  an 
essential singularity have already been given. Thus, though the function 

1 
is regular in the vicinity of such a point a, i t  may, like sn - a t  the origin, 

Z 

have a zero of unlimited multiplicity or an infinity of unlimited multiplicity 
a t  the point; and in either case the point is such that there is no factor of 
the form (z - a)A which can be associated with the function so as to make the 
point an ordinary point for the modified function. Moreover, even when 
the path of approach to the essential singularity is specified, the value 
acquired is not definite : thus, as z approaches the origin along the axis of g, 

1 
so that its value may be taken to be 1 t (4mK + x), the value of sn - is not 

Z 
definite in the limit when m is made infinite. One characteristic of the 
point is the indefiniteness of value of the function there, though in the 
vicinity the function is uniform. 

A brief statement and a proof of this characteristic were given in 5 33 ; 
the theorem there proved-that a uniform analytical function can assume 
any value at  an essential singularity-may also be proved as follows. The 
essential singiilarity will be taken at infinity-a supposition that will be 
found not t o  detract from generality. 

Let f (2) be a function having any number of zeros and any number 
of accidental singularities and z =  a for its sole essential singularity ; then 
it can be exmessed in the form 

where G, (2) is algebraica.1 or transcendental according as the number of zeros 
is finite or infinite and G,(z) is algebraical or transcendental according as 
the number of accidental singularities is finite or infinite. 

I f  G,(z) be transcendental, we can omit the generalising factor 
Then f (2) has an infinite number of accidental singularities; each of them 
in the finite part of the plane is of only finite multiplicity and therefore some 
of them must be a t  infinity. At each such point, the function G2(z) vanishes 
and G, (z) does not vanish ; and so f (z) has infinite values for z = a3 . 
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62.1 VALUE AT AN ESSENTIAL SINQULARITY 9.5 

If G, ( 2 )  be algebraical and Gl (2) be also algebraical, then the factor eg@) 

may not be omitted, for its omission would make f (2) an  algebraical function. 
Now z = a3 is either an ordinary point or an accidental singularity of 

Gl (z)/G2 (4 ; 
hence as g (2) is integral there are infinite values of z which make 

infinite. 
If G, (2) be algebraical and Gi (2) be transcendental, the factor eg@) may be 

omitted. Let q, a,,. .. , an be the roots of G2 (2) : then taking 

we have Gl (a,) A, =- 
Gz' (a,) ' 

a non-vanishing constant ; and so 

where Gn (2) ie a transcendental integral function. When z = co , the value 
of G, (z)/G, (z) is zero, but Gn (2) is infinite ; hence f (2) has infinite values for 
z = m .  

Similarly it may be shewn, as follows, that f (2) has zero values for z= co. 

In  the first of the preceding cases, if G, (z) be transcendental, so that f (2) 
has an infinite number of zeros, then some of them must be a t  an infinite 
distance ; f (2) has a zero value for each such point. And if Gl (2) be 
algebraical, then there are infinite values of z which, not being zeros of 
G, (z), make f (2) vanish. 

In the second case, when z is made infinite with such an argument as to 
make the highest term in g (2) a real negative quantity, then f (2) vanishes 
for that infinite value of z. 

In  the third case, f (z) vanishes for a zero of G, (2) tliat is at  infinity. 

Hence the value off (z) for z= oo is not definite. If, moreover, there 
be any value neither zero nor infinity, say C, which f (z) cannot acquire 
for z =  co, then 

f (4- c 
is a function which cannot be zero a t  infinity and therefore al1 its zeros are 
in the finite part of the plane : no one of them is an essential singularity, for 
f (2) has only a single value at any point in the finite part of the plane; bence 
they are finite iu nurnber and are isolated points. Let Hl (2) be the alge- 
braical polynomial having them for its zeros. The accidental singularities 
of f (2) - C are the accidental singularities of f (z) ; hence 
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where, if G2 (z) be algebraical, the exponential k (z) must occur, since f (z), 

and therefore f (z) - C, is transcendental. The function 

evidently has z =  CO for an essential singularity, so that, by the second or 
the third case above, i t  certainly has an infinite value for z =  CQ, that is, 
f (2) certainly acquires the value C for z = CO. 

Hence the function can acqiiire any value a t  an essential singularity. 

63, We now proceed to obtain the character of the expression of a 
function a t  a point z which, lying in the region of continuity, is in the 
vicinity of an essential singularity b in the finite part of the plane. 

With b as centre describe two circles, so that their circumferences and 
the whole area between them lie entirely within the region of continuity. 
The radius of the inner circle is to be as small as possible consistent with 
this condition; and therefore, as i t  will be assumed that b is the onlg 
singularity in its own immediate vicinity, this radius may be made very 
small. 

The ordinary point z of the function may be taken as lying within the 
circular ring-formed part of the region of continuity. At al1 such points in 
this band, the function is holomorphic ; and therefore, by Laurent's Theorem 
(5 28), i t  can be expanded in a converging series of positive and negative 
integral powers of z - b in the form 

where the coefficients zc, are determined by the equation 

the intepals being taken positively round the outer circle, and the coefficients 
v, are determined by the equation 

(t' - b)n-l f (tl) dt', 

the integrals being tsken positively round the inner circle. 

The series of positive powers converges everywhere within the outer circle 
of centre b, and so (5 26) i t  rnay be denoted by P(z - b) ; and the function P 
may be either algebraical or transcendental. 

The series of negative powers converges everywhere without the inner 
circle of centre b ; and, since b is not an accidental but an essentisl singularity 
of the function, the series of negative powers contains an infinite number of 
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63.1 AN ESSENTIAL SINGULARITY 9 7 

terms. It may be denoted by G - 1 J ,  a series converging for al1 points 

in the plane except z = b and vanishing when z - b = m. 

Thus 
1 

fW= ci(,) +P(" - 6) 

is the analytical representation of the function i n  the vic6nity of its essentiul 
singularity 6 ;  the function G is  transcendental and converges everywhere in  
the plane except ut z = b, and the finction P, if transcendental, converges 
uniformly and umonditionally for su&ciently small values of 1 z - b 1. 

Rad the singiilarity a t  b been accidental, the function Ci would have been 
algebraical. 

COROLLARY 1. If the function have any essential singularity other than 
b, i t  is an essential singularity of P (z - b) continued outside the outer circle ; 

but it is not an essential singularity of G - b) , for the latter function 

converges everywhere in the plane outside the inner circle. 

COROLLARY II. Suppose the function has no singularity in the plane 
except a t  the point b ; then the outer circle can have its radius made infinite. 
In  that case, al1 positive powers except the constant term u, disappear: 
and even this term survives only in case the function have a finite value at  
infinity. The expression for the function is 

u, +L +- va + ... , z-b  (2-6)" 
and the transcendental series converges everywhere outside the infinitesimal 
circle round b, that is, everywhere in the plane except a t  the point b. Hence 
the function can be represented by 

This special result is deduced by Weierstrass from the earlier investiga- 
tions*, as follows. If f (2) be such a function with an essential singularity a t  
b, and if we change the independent variable by the relation 

1 = - 
z -  b' 

then f ( z )  changes into a function of z', the only essential singularity of which 
is at  z' = m .  I t  has no other singularity in the plane ; and the form of the 
function is therefore G (z'), that is, a function having an essen,tial singulamty 
ut Z, but no other singularity in  the plane .is 

* Weierstrass (I.C.), p. 27. 
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COROLLRY III. The most general enpression of a function having its 
sole essential singularity at b a point in the $nite part of the plane and any 
,nuder of accidental singularities is 

el('-) 2-6 e g ( G )  1 

G, (A) 
where the zeros of the function are the zeros of G,, the acciden.ta1 sZngzclarZties 
of the fwnction are the zeros of G,, and the function y in  the exponential is a 
function which is finite everywhere except ut b. 

This can be derived in the same way as before; or i t  can be deduced 
from the corresponding theorem relating to transcendental integral functions, 
as above. I t  would be necessary to construct an integral function G,(d) 
having as its zeros 

1 1 - -  
( ~ - b '  a,-b' "" 

1 
and then to replace z' by - - and G, is algebraical or transcendental, 

Z -  b' 
according as the number of zeros is finite or infinite. 

Similarly we obtain the following result : 

COROLLARY IV. A uniform finction of z, wh.ich has its sole essential 
singularity at b a point in the finite part of the plane and no accidental 
singula~ities, can be represented in  the form, of an infinite product of primary 
factors of the f o m  

which converges un.iformly and unconditionally everywhere in  the plane except 
at z = b. 

1 
(z! 

is an integral function of - The function g -- vanishing when 
z - b  

1 
- vanishes ; and k and 1 are constants. In  particular factors, g -- 
z - b  (z ! b) 
may vanish; and either k or 1 (but not both k and 1) may vanish with or 

without a vanishing exponent g 

If ai be any zero, the corresponding primary factor may evidently be 
exmessed in the form 

Similarly, for a uniform function of z with its sole essential singularity at  b and 
any number of accideiital singularities, the product-form is a t  once derivable 
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by applying the result of the present Corollary to the result given in 
Corollary III. 

These results, combined with the results of Chapter V., give the complete 
general theory of uniform functions with only one essential singularity. 

64. We now proceed to the consideration of functions, which have a 
limited number of assigned essential singularities. 

The theorem of 5 63 gives an expression for the function a t  any point in 
the band between the two circles there drawn. 

Let c be such a point, which is thus an ordinary point for the function ; 
then in the dornain of c, the function is expansible in a form P,(z - c). 
This domain may extend to an essential singularity b, or i t  may be limited 
by a pole d which is nearer to c than b is, or i t  may be limited by an 
essential singularity f which is nearer to c than b is. I n  the first case, we 
fom a continuation of the function in a direction away from b ;  in the 
second case, we continue the function by associating with the function 
a factor (z - d)" which takes account of the accidental singularity ; in 
the third case, we form a continuation of the function towards f. Taking 
the continuations for successive domains of points in the vicinity of f ,  we can 
obtain the value of the function for points on two circles that have f for 
their common centre. Using these values, as in 5 63, to obtain coefficients, 
we ultimately construct a series of positive and negative powers converging 
except a t  f for the vicinity of $ Different expressions in different parts 
of the plane will thus be obtained, each being valid only in a particular 
portion: the aggregate of al1 of them is the analytical expression of the 
function for the whole of the region of the plane where the function exists. 

We thus have one mode of representation of the function; its chief 
advantage is that it indicates the forin in the vicinity of any point, though i t  
gives no suggestion of the possible modification of character elsewhere. This 
deficiency renders the representation insufficiently precise and complete ; and 
it is therefore necessary to have another mode of representation. 

65. Suppose that the function has lz essential singularities a, a,,. .. , a, 
and that it has no other singularity. Let a circle, or any simple closed 
curve, be drawn enclosing them all, every point of the boundary as well 
as the included area (with the exception of the n singularities) lying in 
the region of continuity of the function. 

Let z be any ordinary point in the interior of the circle or curve; and - - 

consider the integral 
f'"' dt, t - z  

taken round the curve. If we surround z and each of the n singularities by 
small circles with the respective points for centres, then the integral round 

7-2 
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the outer curve is equal to the sum of the values of the integral taken round 
the n + 1 circles. Thus 

and therefore 
1 1 f* dt--P/&f-)dt. 

, t - z  2m' t - z  
The left-hand side of the equation is f (2). 

Evaluating the integrals, we have 

where G, is, as before, a transcendental function of -5- vanishing when 
Z - a, 

1 
is zero. 

z - a, 

Now, of these functions, G, - converges everywhere in the plane 

except a t  a, : and therefore, as n is finite, 

is a function which converges everywhere in the plane except a t  the n points 
%,.--, an. 

Because z = KI is not an essential singularity off (z),  the radius of the 

circle in the integral may be indefinitely increased. The value 
2 m  , t - z  

off ( t )  tends, with unlimited increase of t ,  to some determinate value C which 
is not infinite ; hence, as in 5 24, II., Corollary, the value of the integral is 
C. We therefore have the result that f ( z )  can be expressed in the form 

or, absorbing the constant Cinto the functions G and replacing the limitation, 

that the function Gr 
1 

shall vanish for - = 0, by the limitation 
z-  a, 

-O, it shall be finite, we have the theorem*:- that, for the same value -- 
~ - U T .  

If a giuen function f (2) have .n singularities a,,. . . , an, al1 of which are in 
the f i i t e  part of the plane and are essential singz~larities, it can be ezpressed 
in the form 

The method of proof, by an integration, ia used for brevity : the theorem c m  be established 
by purely algebraical reasoning. 
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where O, hs a transcendental function convergkg everywhere in the plane 
1 

except at a, and having a deternrinate $nite value gr for - -O, - such 
.=-a, 

ta 

that 2 g, is the jnite value o f  the given function at injnity. 
r=l 

COROLLARY. If the given function have a singularity a t  CO, and n singu- 
larities in the finite part of the plane, then the function can be expressed in 
the form 

where Gr is a transcendental or an algebraic polynomial function, according 
as a, is an essential or an accidental singularity: and so also for G (z), accord- 
ing to the character of the singularity at  infinity. 

66. Any uniform function, which has an essential singularity nt z = a,  
can (5 63) be expressed in the form 

for points z in the vicinity of a Suppose that, for points in this vicinity, 
the function f (2) has no zero ; that i t  has no accidental singularity ; and 
therefore, among such points z, the function 

has no pole, and therefore no singularity except that a t  a which is essential. 
Hence it can be expanded in the form 

where G converges everywhere in the plane except a t  a, and vanishes for 
1 
- = O. Let 
z - a  

where G, (l) converges everywhere in the plane except at  a, and vanishes 
z - a  

1 
for - - - 0. 

z - a  

Then c, evidently not an infinite quantity, is an integer. To prove this, 
describe a small circle of radius p round a : then taking z - a = peei so that 

-- dz -ide.  we have 
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and therefore 
1 

ci@ +$P(s-a) &+ 6, (zra). 
f (z )=Ce 

Now jP (z - a) dz is a uniform function : and so is f (z). But a change 
of 8 into 8 + 27r does not alter z or any of the functions : thus 

oomr = 1; 
and therefore c is an integer. 

67. If the function f (z) have essential singularities a,,. . . , a, and no 
others, then it can be expressed in the form 

If there be no zeros for this function f (z) anywhere (except of course such 
as may enter through the indeterminateness at  the essential singularities), 
then 

has n essential singularities %,. . . , a, and no other singularities of any kind. 
Hence i t  can be expressed in the form 

C+ ~ = l  2 ~r ('-), 2-a, 

where the function G, vanishes with 2. Let 
z - a, 

1 
G~ (-J= Z -  3- CI,,. 4{~~(&)], 

1 1 
where (i, (-) is a function of the same k h d  as Gr - 

z - a, (z - a;) 
Then al1 the coefficients c,, evidently not infinite quantities, are integers. 

For, let a small circle of radius p be drawn round n, : then, if z - a,. = pe> we 
have 

c,dz -- - c,.i8, 
z - a,. 

and 
c,dz -- - dP, (z - a,). 
z - a, 

We proceed as before: the expression for the function in the former 
case is changed so that now the sum Z P, (z - a,.) for s = 1,. . ., r - 1, 
r + 1,. . . , n is a uniform function ; there is no other change. I n  exactly the 
same way as before, we shew that every one of the coefficients cr is an 
integer, 

Hence i t  appears that if a given function f (z) have, in the finite part of 
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the plane, n essential singularities %,. .., a, and no other singularities and if 
i t  have no zeros anywhere in the plane, then 

where al1 the coefficients ci are integers, and the functions G converge every- 
where in the plane except a t  the essential singularities and ai vanishes for 

Now, since f (z) has no singularity at  oo , we have for very large values of z 

and therefore, for very large values of z, 

1 
Thus there is no constant term in -?- df(-, and there is no term in -. But 

.f ( 4  dz Z - . .  

the above expression for i t  gives C as the constant term, which must therefore 
1 d ( -  1 

vanish ; and i t  gives Zci os the coefficient of - , for - Gi (-)} will begin 
z d z l  z-ai 

1 
with - a t  least ; thus Zci muet therefore also vanish. 

za 

Hence for a function f (z) which hm no singularity a t  z =  oo and no 
zeros anywhere in the plane and of which the only singularities are the n 
essential singularities a t  a,, ,..., a,, we have 

where the coefficients ci are integers subject to the condition 

If a, = a, so that z = a, is an essential singularity in addition to a,, a,,. . ., 
a,-,, there is a term G (2) instead of Gn (z - '3 ; there is no term, that corre- 

sponds to L, but there may be a constant C. Writing 
z - a n  

with the condition that 6 (z)  vanishes when z = O, we then have 
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where the coefficients ci are integers, but are no longer subject to the 
condition that their sum vanishes. 

Let R* ( z )  denote the function 

rI (2 - a<p, 
i=l 

the product extending over the factors associated with the essential sin- 
gularities off (2) that lie in the finite part of the plane; thus R*(z) is a 
rational algebraical meromorphic function. Since 

we have 
1 d f ( z )  1 d R * ( z ) = $ b ,  

f ( z )  dz R*(z)  dz i= ldz{  (A)}' 
1 

where Cn (-) is to be replaced by (5 ( z )  if an = m , that is, if z = m be an a-an 
essential singularity off (2). Hence, except as to an undetermined constant 
factor, we have 

which is therefore am analytical representatiom of a fu~tction with n essential 
singularities, no accidental s6ngularities, and no zeros: and the rationul alge- 
braical functim R"(z)  Oecomes zero or co only at the singularities o f f  (2). 

If z = a> be not an essential singularity, then R" ( z )  for z = rn is equal to 
n 

unity because Z ci = 0. 
i=l 

COROLLARY. It is easy to see, from 5 43, that, if the point a, be only an 

accidental singularity, then cg is a negative integer and Ci ( z  - a;) is zero : so 

that the polar property at  is determined by the occurrence of a factor 
(z - a$< solely in the denominator of the rational meromorphic function R* (2). 

And, in general, each of the integral coefficients ci is determined from the 
expansion of the function f ' ( 2 )  t f ( z )  in the vicinity of the singularity 
with which i t  is associated. 

68. Another form of expression for the function can be obtained from 
the preceding; and i t  is valid even when the function has zeros not 
absorbed into the essential singularitiesf-. 

Consider a function with one essential singularity, and let a be the 
point; and suppose that, within a finite circle of centre a (or within a finite 
simple curve which encloses a), there are m simple zeros a, fi,. . . , A of the 

t See Guiohmi, Théorie des points singuliers essentiels, (Thèse, Ganthier-Villars, Pans, 18833, 
especiaiiy the first part. 
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function f (2)-m being assuined to be finite, and i t  being also assumed that 
there are no accidental singularities within the circle. Then, if 

f (z)=(z-a) (2-b) ...( 2-A) F(z), 

the function F(z)  has a for an essential singularity and has no zeros within 
the circle. Hence, for points B within the circle, 

1 1 
where G, (-) converges everywhere in the plane and vanishes with - 

z - a  z - a '  
and P (z - a) is an integral function convergiug uniformly and unconditionally 
within the circle ; moreover, c is an integer. Thus 

Let (2-a)(z-8) ...( 2-X)=(z-a)" &+...+- 
z - a  

1 1 

= A (Z - ap~g, (-) '1 
~ ~ ( z - a ,  di 

z - a  

Now of this product-expression for f (2) it should be noted:- 

(i) That m + c is an integer, finite because m and c are finite : 
1 

(ii) The function eG1 (") can be expressed in the form of a seriea am- 
verging uniformly and unconditionally everywhere, except at  z = a, and 

proceeding in powers of ' in the form 
z - a  

bl bz 1+-+- + ... . z-a  (z-a)" 
1 

I t  has no zero within the circle oonaidered, for F (z) has no zero. Also g, (-) 
z - a  

is an algebraical function of - beginning with unity and oontaining only 
z - a '  

a finite number of terms : hence, multiplying the two series together, we have 

as the product a series pmoeeding in powers of 2 in the form 
z - a  

which converges uniformly and unconditionally everywhere outside any small 
circle round a, that is, everywhere except at a. Let this series be denoted by 
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H (&a) ; i t  has an essential singularity a t  a and its only zeros are the 

points a, P,. . . , h, for the series multiplied by gl (z - a) has no zeroe : 

(iii) The function JP (z - a)  dz is a series of positive powers of z- a, 
converging uniformly in the vicinity of a ;  and therefore eJP(z -a )dz  can be 
expanded in a series of positive integral powers of z - a  which converges 
in the vicinity of a. Let it be denoted by Q (z - a) which, since it is a 
factor of F (z), has no zeros within the circle. 

Hence we have 

f ( z ) = A ( z - a y Q ( z - a ) H  

where p is an jnteger; H is a series that converges everywhere except 

a t  a, is equal t o  unity when -- vanishes, and has as its seros the (finite) 
Z - a  

number of zeros assigned to f (2) within a finite circle of centre a ;  and 
Q (z - a) is a series of positive powers of z -  a beginning with unity which 
converges-but has no zero-within the circle. 

The foregoing function f (z) is supposed to have no essential singularity 
except at  a. If, however, a given function have singularities a t  points 
other than a, then the circle would be taken of radius less than the distance 
of a from the nearest essential singularity. 

Introducing a new function f, (2) defined by the equation 

the value of f, (z) is Q (z - a)  within the circle, but it is not determined by 
the foregoing analysis for points without the circle. Moreover, as (z- a)p 

and also H - are finite everywhere except possibly a t  a, it follows 
(2' a)  

that essential singularities o f f  (2) other than a rnust be essential singu- 
larities off,  (2). Also since fi (z) is Q (z - a) in the imrnediate vicinity of a, 
this point is not au essential singularity off, (2). 

Thus f, (2) is a function of the same kind as f (2) ; it has al1 the essential 
singularities off (2) except a, but i t  has fewer zeros, on account of the m 

zeros off (2) possessed by H (z - a). The foregoing expression for f (4 is 

the one referred to at  the beginning of the section. 
1 

I f  we choose to absorb into fi (3 the factors eB1 ("1 and d P ( z - a )  dz 
7 

which occur in 
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an  expression that is valid within the circle considered, then we obtain a 
result that is otherwise obvious, by taking 

where now g, - is algebraical and has for its zeros al1 the zeros within 
i z  - a) 

the circle ; ,u is an integer ; and fl (2) is a function of the same kind as f (z), 
which now possesses al1 the essential singularities off (z) but has zeros fewer 

1 
by the ni zeros that are possessed by gl (-) . 

z - a  

69. Next, consider a function f (z) with n essential singularities 6, 
G,. . ., a, but without accidental singularities ; and let it have any number of 
zeros. 

When the zeros are limited in number, they may be taken to be isolated 
points, distinct in position from the essential singularities. 

When the zeros are unlimited in number, then a t  least one of the 
singularities must be such that an infinite nutnber of the zeros lie within 
a circle of finite radius, described round i t  as centre and containing no other 
singularity. For if there be not an infinite number in such a vicinity 
of some one point (which can only be an essential singularity, otherwise the 
function would be zero everywhere), then the points are isolated and there 
must be an infinite number a t  z = a,. If z = a, be an essential singularity, the 
above alternative is satisfied : if not, the function, being continuous save at 
singularities, must be zero a t  al1 other parts of the plane. Hence i t  follows 
that if a uniform function have a finite number of essential singularities and 
an infinite number of zeros, al1 but a finite number of the zeros lie within 
circles of finite radii described round the essential singularities as centres; 
at  least one of the circles contains an infinite number of the zeros, and some 
of the circles may contain only a finite number of them. 

We divide the whole plane into regions, each containing one but only one 
singularity and containing also the circle round the singularity; let the 
region containing ai be denoted by Ci, and let the region C, be the part of 
the plane other than Cl, 4 ,......, C+l. 

If the region Cl contain only a limited number of the zeros, then, by 5 68, 
we c m  choose a new function fl (z) such that, if 

the function f, (2) has a, for an ordinary point, has no zeros within the region 
Cl, and has a,, ,......, a, for its essential singularities. 

If the region Cl contain an unlimited number of the zeros, then, as in 
Corollaries II. and III. of $ 63, we construct any transcendental function 
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a (2) , having a, for its sole essential singularity and the zcros in Cl for 
5-al 

al1 its zeros. When we introduce a function g1 (z), defined by the equation 

the function gl (5) has no zeros in Cl and certainly has G, a,, ... . .., a, for 
essential singularities ; in the absence of the generalising factor of G,, i t  can 
have for an essential singularity. By 5 67, the function &(z), defined by 

has no zero and no accidental singularity, and i t  has al as its sole essential 
singularity : hence, properly choosing cl and h, we may take 

S l ( 4  = Sl (4 ,  
so that f,(z) does uot have a, as an essential singularity, but i t  has al1 the 
remaining singularities of g, (z), and i t  has no zeros within Cl. 

In  either case, we have a new function fl (2) given by 

where p, is an integer, the zeros off (5) that lie in Cl are the zeros of G, ; the 
function f,(z) has a,, a,, ......, an (but not a,) for its essential singularities, 
and i t  has the zeros off  (5) in the remaining regions for its zeros. 

Similarly, considering O,, we obtain a function f, (z), such that 

where p, is an integer, G, is a transcendental function finite everywhere except 
a t  a, and has for its zeros al1 the zeros of f ,  (5)-and therefore al1 the zeros of 
f (2)-that lie in Ca ; then f, (z) possesses al1 the zeros off (2) in the regions 
other than Cl and C,, and has a,, a,,. . . , un for its essential singularities. 

Proceeding in this manner, we ultimately obtain a function fn  (z) which 
has none of the zeros off (z) in any of the n regions Cl, C,, ..., Cn, that is, has - 

no zeros in the plane, and it has no essential singularities ; it has no acci- 
dental singularities, and therefore f,(z) is a constant. Hence, when we 

1C 

substitute, and denote by S* (z) the product II (z - ai)@, we have 
i= l  

as the most general form of a function having n essential singularities, no 
accidental singularities, aad any number of zeros. The function S* (z) is a 
rational algebraical function of z, usually meromorphic in form, and it has the 
essefitial singularities off (z) as  its zeros and poles ; and the zeros off (z) are 
distributed among the functims G;. 

As however the distribution of the zeros by the regions C and therefore 
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the functions G --- are somewhat arbitrary, the above form though general 6;-3 
is not unique. 

If any one of the singularities, say a,, had been accidental and not 

(z -la) would be essential, then in the corresponding form the function Cm - 

algebraical and not transcendental. 

70. A function f (z), which has any Jinite number of accidental singu- 
larities in addition to n assigned essential singularities and any number of 
assigned zeros, can be constructed as follows. 

Let A (z) be the algebraical polynomial which has, for its zeros, the 
accidental singularities off  (z), each in its proper multiplicity. Then the 
product 

f (4 A ( 4  
is a function which has no accidental singularities ; its zeros and its essential 
singularities are the assigned zeros and the assigned essential singularities of 
f (2) and therefore i t  is included in the form 

where S* (z) is a rational algebraical meromorphic function having the points 
a,, a,, ..., u, for zeros and poles. The form of the function f (z) is therefore 

71. A function f (z), which has an unlimited n u d e r  of accidental singu- 
larities Zn addition to n assigned essential s ingda r i tk  and any number of 
assigned zeros, can be constructed as follows. 

Let the accidental singularities be a', ,B',.... Construct a function fl (z), 
having the n essential singularities assigned to f (z), no accidental singu- 
larities, and the series a', /3',. .. of zeros. It will, by $ 69, be of the form of a 
product of n transcendental functions G,+,, ..., B, which are such that a 
function G has for its zeros the zeros of*f,(z) lying within a region of the plane, 
divided as in 5 69; and the function G,+i is associated with the point ai. 

where T* (2) is a rational algebraical meromorphic function having its zeros 
and its poles, each of finite multiplicity, at  the essential singularibies off (2). 

Because the accidental singularities off (z) are the same points and have 
the same multiplicity as the zeros off, (z), the function f (z) f, (z) has no 
accidental singularities. This new function has al1 the zeros off  (z), and 
4, ..., an are its essential singularities; moreover, i t  has no accidental singu- 
larities. Hence the product f (z) fi (z) can be represented in the form 
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and therefore we have 

as an expression of the function. 

But, as by their distribution through the n selected regions of the plane 
in f~ 69, the zeros can to some extent be arbitrarily associated with the 
functions G,, G,,. . ., G, and likewise the accidental singularities can to some 
extent be arbitrarily associated with the functions Gn+,, Ga+,, ..., G,, the 
product-expression just obtained, though definite in character, is not unique 
in the detailed form of the functions which occur. 

The fraction 

is algebraical and rational; and i t  vanishes or becomes infinite only a t  the - 
essential singularities a,, a,, ..., a,, being the product of factors of the form 
(z - ai)"$, for i = 1, 2,. . ., n. Let the power (z - ai)"c be absorbed into the 
function Gi/G,+i for each of the n values of i ; no substantial change in the - 
transcendental character of Gi and of Gn+i is thereby caused, and we may 
therefore use the same symbol to denote the modified function after the 
absorption. Hence -f the most general product-ezpression of a uniforrn 
function of z which has nessential singularities a,, a,, ..., a,, any unlbited 
numbw of assigned zeros and any unlimited number of assigned accidental 
singularities is 

The resolution of a transcendental function with one essential singularity 
into its primary factors, each of which gives only a single zero of the function, 
haa been obtained in § 63, Corollary IV. 

We therefore resolve each of the functions G,, ..., G,, into its primary 
factors. Each factor of the first n functions will contain one and only one zero 
of the original functions f (z) ; and each factor of the second n functions will 
contain one and only one of the polee off (2). The sole essential singularity 
of each primary factor is one of the essential singularities off (2). Hence we 
have a method of constructing a uniform function with any finite number of 
essential singularities as a uniformly converging product of any number of 
primary factors, each of which has one of the essential singularities as its sole 
essenthl singulltrity and either (i) has as its sole zero'either one of the zeros 

f Weierstrass, l.e., p. 48. 
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or one of the accidental singularities off (z), so that it is of the form 

or (ii) it has no zero and then i t  is of the form 

When al1 the primary factors of the latter form are combined, they constitiite 
a generalising factor in exactly the same way as in 5 52 and in 5 63, 
Cor. III., except that now the number of essential singularities is not 
limited to unity. 

Two forms of expression of a function with a limited number of essential 
singularities have been obtained: one (5 65) as a sum, the other (§ 69) as a 
product, of functions each of which hns only one essential singularity. Inter- 
niediate expressions, partly product a n d  partly sum, can be derived, e.g. 
expressions of the form 

1 2 Gi (-) 
i - i  2 -  C; 

But the pure product-expression is the rnost general, in that it brings into 
evidence not merely the n essential singularities but also the zeros and the 
accidental singularities, whereas the expression as a sum tacitly requires that 
the function shall have no singularities other than the n which are essential. 

Note. The formation of the various elemenb, the aggregate of which is the complcte 
representation of the function with a limited number of essential singularities, can be 
carried out in the same manner as in $ 34; each element is amociated with a particular 
domain, the range of the domain is limited by the nearest singularities, and the aggregate 
of the singularities forms the boundary of the region of continuity. 

To avoid the practical di6culty of the gradua1 formation of the region of continuity 
by the construction of the successive domains when theie is a limited number of 
singularities (and also, if desirable to be considered, of branch-points), Fuchs devised 
a rnethod which simplifies the process. The baais of the method is an appropriate change 
of the independent variable. The result of that change is to divide the plane of the 
modified variable 5 into two portions, one of which, ff2, is finite in area and the other of 
which, a;, occupies the rest of the plane; and the boundary, common ta G, and G,, is a 
circle of ûnite radius, called the diser27ninating &de* of the function. I n  G, the 
modified function is holomorphic; in G, the function is holomorphic except a t  (=a ; 
and ali the singularities (and the branch-points, if any) lie on the discriminating circle. 

The theory is given in Fuchs's memoir "Ueber die Darstellung der Functionen com- 
plexer Variabln, ......," Crelle, t. Ixxv, (1872), pp. 176-223. It is corrected in details 
and is amplified in Crelle, t. cvi, (1890), pp. 1-4, and in CreZZe, t. cviii, (1891), 
pp. 181-192; see also Nekrassoff, Math. Ami., t. xxxviii, (1891), pp. 81-90, and 
Anissimof, Hath. Ann., t. xl, (1892), pp. 145-148. 

Fuchs caiis it Grenzkreis. 
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CHAPTER VII. 

FUNCTIONS WITEI UNLIMITED ESSENTIAL SINGULARITIES, AND EXPANSION 
IN SERIES OF FUNCTIONS. 

72. IT now remains to consider functions which have an infinite number 
of essential singularities*. It will, in the first place, be assumed that the 
essential singularities are isolated points, that is, that they do not form a 
continuous line, however short, and that they do not constitute a continuous 
area, however small, in the plane. Since their number is unlimited and 
their distance from one another is finite, there must be at  least one point in 
the plane (it may be a t  z = a, ) where there is an infinite aggregate of such 
points. But no special note need be taken of this fact, for the character of an 
essential singularity has not yet entered into question; the essential singu- 
larity at  such a point would merely be of a nature different from the essential 
singularity at  some other point. 

We take, therefore, an infinite series of quantities a,, a,, a,,. . . arranged in 
order of increasing moduli, and such that no two are the same: and so we 
have infinity as the limit of a, when v = m. 

Let there be an associated series of uniform functions of z such that 
1 1 

(z - a )  , vanishing with - for al1 values of 2, the function Gé - has ai as its z -a i2  

The results in the present chapter are founded, except where other particular references are 
given, upon the researches of Mittag-Leffler and Weierstrass. The most important investigations 
of Mittag-LeHer are contained in a series of short notes, constituting the memoir " Sur la théorie 
des fonctions uniformes d'une variable," Comptes Rendus, t .  xciv, (1882), pp. 414, 511, 713, 781, 
938, 1040, 1105, 1163, t. xcv, (1882), p. 335 ; and in a memoir " Sur la représentation analytique 
des fonctions monogénes uniformes," Acta Math., t. iv, (1884), pp. 1-79. The investigations of 
Weierstrass referred to are contained in his two memoirs '' Ueber einen functionentheoretischen 
Satz des H e m  G. Mittag-Leffler," (1880), and '$ Zur Punctionenlehre," (1880), both included in 
the volume Abhandlungen aus der Functionenkhre, pp. 53-66, 67-101, 102-104. A memoir by 
Hermite "Sur quelques points de la théorie des fonctions," Acta Soc. Fenn., t .  xii, pp. 67-94, 
Crelle, t. xci, (1881), pp. 54-78 may be consulted with great advantage. 
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sole singularity; the singularity is essential or accidental according as 
G, is transcendental or algebraical. These functions can be constructed 
by theoreins already proved. Then we have the theorem, due to Mittag- 
Leffler:-lt is always possible to construct a unij?orm analytical function F (z), 

having no singularitzés othw than a,, a,, a,, ... and such that fo r  each deter- 
1 

minate value of v, the diference B (z) - 0, - 
(z - a.) is finite for z = a, and 

therefore, in the vicinity of a,, .is expressibie in the form P (z - a,). 

73. To prove Mittag-Leffler's theorern, we first form subsidiary functions 

F,(z), derived from the functions G as follows. The function G, 

converges everywhere in the plane except at  the point a,; hence within a 
circle 1 z 1 < la, 1 it is a monogenic analytic function of z, and can therefore be 
expanded in a series of positive powers of z which converges uniformly - 

within the circle, say 

for values of z such that Izl< la,[. If a, be zero, there is evidently no 
expansion. 

Let e be a positive quantity less than 1, and let s, g, e,, . . . be arbitrarily 
chosen positive decreasing quantities, subject to the single condition that XE 
is a converging series, Say of sum A : and let eo be a positive quantity inter- 

rnediate between 1 and e. Let g be the greatest value of G, - I G ' 3 1 f o r  
points on or within the circumference 1 z 1 = a, 1 ;  then, because the series 

$ vpu. is a converging series, we have, by f 29, 
p=o 

lvPzpI <gJ 

Hence, with values of z satisfying the condition Izl < e la,l, we have, for 
any value of rn, 

f 0 

since e < eO. Take the smallest integral value of m such that 
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i t  will be finite and may be denoted by mu: and thus we have 

for values of z satisfying the condition 181 ce Iaul. 

We now construct a subsidiary function F,. (z)  such that, for al1 values of z, 

then for values of lz 1, which are < e 1 au 1, 

IR (41 =? eV 
mu-1 

Moreover, the function B v,z& is finite for al1 finite values of z so that, if we 
p=O 

take 

then +, (a) is zero a t  infinity, because, when z = oo , G,  (A) is finite by 

hypothesis. Evidently +, (a) is infinite only c t t  a = a,, and its singiilarity is 

of the same kind as that of Gu - 
L'a.) 

74. Now let c be any point in the plane, which is not one of the points 
a,, h, a,, ...; it is possible to choose a positive quantity p such that no one 
of the points a is included within the circle 

Let a, be the singularity, which is the point nearest to t,he origin satisfy- 
ing the condition laul > I C I  + p ; then, for points within or on the circle, we 
have 

when s has the values v, v + 1, v + 2, . . . . Introducing the subsidiary functions 
F,, (z), we have, for such values of z, 

m 

a finite quantity. It therefore follows that the series Z Fa (z) converges uni- 
8= V 

formly and unconditionally for al1 values of z which satisfy the condition 
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1 z - c 1 p. Moreover, al1 the functions FI (z), F, (z), . . ., (2 )  are finite for 
such values of z, because their singularities lie without the circle lz - c 1 = p ; 
and therefore the series 

B R ( z )  
r=l 

converges uniformly and unconditionally for al1 points z within or on the 
circle Iz - cl = p, where p is chosen so that the circle encloses none of the 
points a. 

The function, represented by the series, can therefore be expanded in the 
form P (z - c), in the domain of the point c. 

If a-, denote any one of the points a,, a,, .. ., and we take p' so small that 
al1 the points, other than a,, lie without the circle 

Iz-%J=p', 
then, since F, (z) is the only one of the functions P which has a singularity 

converges regularly in the vicinity of a, and therefore i t  can be expressed in 
the form P (z - a,). Hence 

the difference of Pm and G,  being absorbed into the series P to make P,. I t  
m 

thus appears that the series Z F, (z) is a function which has infinities only 
r= l  

a t  the points q ,  a,, ..., and is such that 

cari be expressed in the vicinity of a, in the form P (z - a,). Hence d E: (z) 
r=l 

is a function of the required kind. 

75. It may be remarked that the function is by no means unique. As 
the positive quantities e were subjected to merely the single condition that 
they form a converging series, there is the possibility of wide variation in 
their choice: and a difference of choice might easily lead to a difference 
in the ultimate expression of the function. 

This latitude of ultimate expression is not, however, entirely unlimited. 
For, suppose there are two functions P(z)  and P (z), enjoying al1 the assigned 
properties. Then as any point c, other than q ,  a,, ..., is an ordinary point for 
both F (z) and P (z), i t  is an ordinary point for their difference : and so 

F(z) -P(z)=P(z-c)  
8-2 
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for points in the immediate vicinity of c. The points a are, however, 
singularities for each of the functions : in the vicinity of such a point ni 
we have 

l m = ~i (-) z - ai + P (z - q), 
since the functions are of the required form : hence 

B(Z) - F ( z )  = P(Z-ai) -P(z-ai) ,  

or the point ai is an ordinary point for the difference of the functions. Hence 
every finite point in the plane, whether an ordinary point or a singularity 
for each of the functions, is an ordinary point for the difference of the 
functions : and therefore that difference is a uniform integral function of z. 
It thus appears that, if F(z)  be a fz~nction &th the required properties, then 
every other function with those properties is of the form 

F(z )  + G (4 ,  
where B (z) is a uniform integral function of z eithw transcendental or 
algebraical. 

The converse of this theorem is also true. 
w 

Moreover, the function G (z) can always be expressed in a form 2 g,(z), if 
v = l  

i t  be desirable to do so: and therefore i t  follows that any function with the 
assigned characteristics can be expressed in the form 

76. The following applications, due to Weierstrass, can be made so as to 
give a new expression for fimctions, already connidered in Chapter VI., having 
z = oo as their sole esseritial singularity and an unlimited number of poles a t  
points q, a,,, . . . . 

If the pole a t  ai be of multiplicity mi, then (a - ai)"; f (z) is regular at  
the point ai and can therefore be expressed in the form 

nu-1 

Hence, if we take fi (2) = s c,, (z -  ai)-%+^, 
r=O 

we have f (z) =fi (z) + P (z - ai). 
Now deduce from fi (2) a function Fi (z) as in § 73, and let this deduction be 
effected for each of the functions fi(z). Then we know that 

is a uniform function of z having the points a,, a,, . .. for poles in the proper 
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multiplicity and no essential singularity except z = m. The most general 
form of the function therefore is 

m 

Hence any uniform analytical function which has no essential s2ngulnrity 
except ut inJinity can be expressed as a sum ovf function each of which has only 
one singularity in  the finite part of the plane. The form of Fr (2) is 

fr (2) - Gr (z), 
where fr  (2) is infinite a t  z =a,  and Gr(r) is a properly chosen integral 
function. 

We pass to the case of a function having a single essential singularity a t  
c and at  no other point and any number of accidental singularities, by taking 

r' =i as in 5 63, Cor. II.: and so we obtain the theorem : 
8 - c 

Any unijorm function which bas only one essential singularity, which i s  
ut c, can be expressed as a sum of unijorm functions each of which has only 
one singularity di'erent from c. 

Evidently the typical summative function Pi (2) for the present case is of 
the form 

77. The results, which have been obtained for functions possessed of 
an infinitude of singularities, are valid on the supposition, stated in $ 72, 
that the limit of a, with indefinite increase of v is infinite; the series 
a,, %, . . . tends to one definite limiting point which is z = m and, by the 
substitution z' ( z  - c) = 1, can be made any point c in the finite part of the 
plane. 

Such a series, however, does not necessarily tend to one definite limiting 
point: i t  may, for instance, tend to condensation on a curve, though the 
condensation does not imply that al1 points of the continuous arc of the curve 
must be included in the series. We shall not enter into the discussion 
of the most general case, but shall consider that case in which the series of 
moduli lail, Ia,l, ... tends to one definite limiting value so that, with in- 
definite increase of v, the limit of lavl is finite and equal to R ;  the points 
q, a,, ... tend to condense on the circle lzl= R. 

Such a series i s  given by 
2krri 

(-1Y"'l e & ï  a,,,t=b+-} n+l , 
for k=O, 1, ..., n, and n= 1, 2, . .. ad in$; and another* by 

an= (1 + ( - 1). c"} e2nR"21 
where c is a positive proper fraction. 

* The first of these examples is gi~en  by Mittag-Leffler, Acta Math., t. iv, p. 11; the second 
was stated to me by Mr Buniside. 
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With each point a, we associate the point on the circumference of the 
circle, Say bm, to which a, is nearest: let 

\am - bml = p m ,  

so that p, approaches the limit zero with indefinite increase of m. There 
knnot  be an infinitude of points a,, such that pp 2 0, any assigned positive 
quantity ; for then either there would be an infinitude of points a within or 
ou the circle lzl = R - O, or there would be an infinitude of points a within 
or on the circle l z l=  R + O, both of which are contrary to the hypothesis 
that, with indefinite increase of v, the limit of la,l is R. Hence i t  follows 
that a finite integer n exists for every assigned quantity O, such that 

Then the theorem, which corresponds to Mittag-Leffler's as stated in CJ 72 
and which also is due to him, is as follows :- 

.Tt is always possible to construct a uniform analytical function of z which 
exists over the whok plane, except at the points a and b, and which, in the 
immediate vicinity of each one of the singularities a, can be expressed in the f o m  

1 where the functions Gi are assigned functions, vanishing with - and $nite 
z - ai 

everywhere i n  the plane emept at the single points ai with which they are 
respectively associated. 

I n  establishing this theorem, we shall need a positive quantity E less than 
unity and a converging series 4, c2, e3, . .. of positive quantities, al1 less than 
unity. 

Let the expression of the function Gn be 

Then, since 

the function Gn can be expressed* in the form 

1 - -  m 

G - - *= z 1 A,, , r$)r 
for values of z such that 

and the coefficients A are given by the equations 

* The justification of this statement is to be found in the proposition in  § 82. 
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Now, because Gn is finite everywhere in the plane except a t  a,, the series 

has a finite value, Say g, for any non-zero value of the positive quantity E n ;  
then 

1 Cn, r 1 < gtnr. 

Hence 

Introducing a positive quantity a such that 

(1 +a) e < 1, 

we choose 5% so that En< alan-b,l; 

and then < g a ( l +  a>b-l. 

Because (1 -c a) e is less than unity, a quantity 0 exists such that 

( l + a ) € < e < l .  

Then for values of z determined by the condition 1 - ::;/< e, we have 

Let the integer mn be chosen so that 

i t  will be a finite integer, because 0 < 1. Then 

We now construct, as in 5 73, a subsidiary function Pn (z), defining i t  by 
the equation 

so that for points z deterrnined by the condition 1 z-bn / < G  W e  have 

A function with the required properties is 

Ir" (z) = Z Fm (2). 
. m=1 
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To prove it, let c be any point in the plane distinct from any of the points 

a and b ; we can always find a value of p such that the circle 

contains none of the points a and b. Let Z be the shortest distance between 
this circle and the circle of radius R, on which al1 the points b lie ; then for 
al1 points z within or on the circle lz - C I  = p we have 

Now we have seen that, for any assigned positive quantity O, there is a 
finite integer n such that 

1 % -  b,l< O 
when m 2 n. Taking O =el, we have 

when rn 2 n, n being the finite integer associated with the positive quantity cl.  

It therefore follows that, for points z within or on the circle lz -cl = p, 

when m is not less than the finite integer n.. Hence 

a finite quantity 

is a converging 

m 

C IFm(z)(<cn+~n+i+cn+z+. . . ,  
Ill=% 

because el, c,, . . . is a converging series ; and therefore 

2 Fm (2) 
m = n  

series. Each of the functions FI (z), (z), .. ., Fapl (2) is 
finite when Iz - cl < p ; and therefore 

is a series which converges uniformly and unconditionally for al1 values of z 
included in the region 

12-cI<p. 
Hence the function represented by the series can be expressed in the form 
P ( z - c )  for al1 such values of z. The function therefore exists over the 
whole plane except at  the points a and b. 

It may be proved, exactly as in 3 74, that, for points z in the immediate 
vicinity of a singularity am, 

The theorem is thus completely established. 

The function thus obtained is not unique, for a wide variation of choice of 
the converging series el + e, + . . . is poxsible. But, in the same way as in the 
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corresponding case in 5 '15, it is proved that, if P ( z )  be a function with the 
requ.ired properties, every other function with those properties is of the fornt 

Y(,> + G (4, 
where G (2) behuves regularly in the imrnediate vicinity of every point in the 
plane except the points b. 

78. The theorem just given regards the function in the light of an 
infinite converging series of functions of the variable : i t  is natural to suppose 
that a corresponding theorem holds when the function is expressed as an 
infinite converging product. With the same series of singularities as in 
5 77, when the limit of lavl with indehi te  increase of v is finite and 
equal to R, the theorem * is:- 

It  is always possible to construct a uniform analytical function which 
behaves regularly everywhere i n  the plane except at the points a and b and 
which i n  the In'cinity of any one of the points a, can be expressed in the 
form 

( z  - a,)% eP (z-+), 

where the aumbers q, n,, . . . are any assigned integers. 
The proof is similar in details to proofs of other propositions and i t  will 

therefore be given only in outline. We have 

provided < e, the notation being the same as in 5 77. Hence, for 
Iz-b. I 

such values of z, 

- l a - b  P 
-mv Z -(=) 

cr=mV+l B - bv 
by E ,  (z) ,  we have EV (2) = e 
Hence, if F ( z )  denote the infinite product 

we have 
and F(z )  is a determinate function provided the double series in the index of 
the exponential converge. 

* Mittag-Leffler, Acta Math., t. iv, p. 32 ; it may be compared with Weierstrass's theorem in 
1 67. 
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Because n, is a finite integer and because 

is a converging series, i t  is possible to choose an integer m, so that 

where 7, is any assigned positive quantity. We take a converging series of 
positive quantities 7,: and then the moduli of the terms in the double series 
form a converging series. The double series itself therefore converges 
uniformly and unconditionally ; and then the infinite product F (z) converges 
uniformly and unconditionally for points z such that 

As in 5 77, let c be any point in the plane, distinct from any of the 
points a and b. We take a finite value of p such that the circle lz -cl = p  
contains none of the points a and b ; and then, for al1 points within or on Jhis 
circle, 

< e 

when m 2 n, n being the finite integer associated with the positive quantity 
€1. The product 

fi EU(4 
u=n 

is therefore finite; for its modulus is less than 

the product 

is finite, because the circle lz - c l  = p contains none of the points a and b ;  
and therefore the function P(z) is finite for al1 points within or on the circle. 
Hence in the vicinity of c, the function can be expanded in the form P (z - c) ; 
and therefore the function exists everywhere in the plane except a t  the points 
a and b. 

The infinite product converges ; i t  can be zero only a t  points which make 
one of the factors zero and, from the form of the factors, this can take place 
only a t  the points a, with positive integers n,. In  the vicinity of a, all 
the factors of F(z )  except E,(z) are regular; hence F(z)/E,(z) can be 
expressed as a function of z-  a, in the vicinity. But the function has no 
zeros there, and therefore the form of the fmction is 
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Hence in the vicinity of a,, we have 
F (z) = E, (2) epl i r a ~ )  

= (Z - eP @-ad, 

on combining with P, (s  - a,) the exponential index in Ev (2) .  This is the 
required property. 

Other general theorems will be found in Mittag-Leffler's memoir just 
quoted. 

79. The investigations in §kj 72-75 have led to the construction of a 
function with assigned properties. It is important to be able to change, into 
the chosen form, the expression of a given function, having an infinite series 
of singularities tending to a definite limiting point, Say to z= CO. It is 
necessary for this purpose to determine (i) the functions F,.(z) so that the 

m 

series S Fr (z )  may converge uniformly and (ii) the function Q (2). 
r=l 

Let (z )  be the given function, and let S be a simple contour embracing 
the origin and p of the singularities, viz., a,, ......, a,: then, if t  be any 
p o i ~ t ,  we have 

# @ ( t )  Z (O) @ (t)  z ("1 @ ( t )  z 1 - ( - ) - d t = j  t - a  t - ( - ) - d t + l  t - s  t  - t - z  ( j m d t  t 
iav) a' ( t )  2 - 

+ v=1 t  -(-) - 8 t  dt, 

where implies an integral taken round a very small circle centre a. I "' 
If the origin be one of the points a,, a,, . . . . . ., then the first term will be 

included in the summation. 
Assuming that z is neither the origin nor any one of the points q, . .., a,, 

we have 

= - '  2" d-l @ ( t )  t@ ( t )  [-{- +7 (m - 1 )  ! dtm-l z + ...)] t=o 

P =-- rn-1 
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unless z = 0 be a singularity and then there will be no term G (2). Similady, 
i t  can be shewn that 

is equal to 

where 
1 @ (t) 

G.(=)=-&\ -0% t - 2  

and the subtractive sum of m terms is the sum of the first m terms in the 
development of Gv in ascending powers of z. Hence 

If, for an  idnitely large contour, m can be chosen so that the integral 

diminishes indefinitely with increasing contours enclosing successive singu- 
larities, then 

m 

The integer m may be called the criticnl integer. 

If the origin be a singularity, we take 

and there is then no term G(z): hence, including the origin in the summa- 
tion, we then have 

w 

v=o 

so that if, for this case also, there be some finite value of m which makes 
the integral vanish, then 

Other expressions can be obtained by choosing for m a value greater than 
the critical integer; but i t  is usually most advantageous to take m equal to 
its least lawful value. 

Es. 1. The singuiarities of the function r cot nz are given by z=X, for ail integer 
values of X from - m to +a> including zero, so that the origin is a singularity. 

The integral to be considered is 

We take the contour to be a circle of very large radius R chosen so that the circumference 
does not pass iufinitesimally near any one of the singiilarities of T cot r t  at  inhi ty  ; this 
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is, of course, possible because there is a finite distance between any two of them. Then, 
round the circumference so taken, acots t  is never infinite: hence its moclulus is never 
greater than some finite quantity ili. 

dt 
Let t=  ~e?' ,  KI that -=ide; then 

t 

and therefore 

for some point t on the circle. Now, aa the circle is very large, we have 1 t - zl infinite : 
hence 1 JI c m  be made zero merely by taking m unity. 

Thus, for the function rcot  rz, the critical integer is unity. 

Hence from the general theorem we have the equation 

the summation extending to aii the points A for integer values of A =  - cc to +CO, and 
each integral being taken round a small circle centre A. 

2;i l(l) i* C O ~  d o 
Now if, in - - 

t - z  t dt, 
we take t=X+t  we have 

1 
n cot mt=-+P (0, c 

where P([)=O when [=O; and therefore the value of the integral is 

In the lirnit when is infinitesimal, this integral 

and therefore 

if X be not zero. 

And for the zero of A, the value of the integral is 
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1 
so that Po(%) is ;. In  fact, in the notation of 5 72, we have 

and the expansion of G, needs to  be csrried only to  one term. 

We thus have 

the summation not including the zero value of A. 

Ex. 2. Obtain, ab initio, the relation 

Ex. 3. Shew that, if 

s o o t  s z  1 "O 1 1 -- 
R (2) - 2 2 2 A Z 1 ~ ~  KP* 

(Gyldén, Mittag-Leffler.) 

Ex. 4. Obtain an expression, in the form of a mm, for 

where Q (z) denotes ( 1 - z ) ( l - $ y l - $  ...... (l-;y. 

80. The results obtained in the present chapter relating to functions 
which have an unlimited number of singularities, whether distributed over 
the whole plane or distributed over only a finite portion of it, shew that 
analytical functions can be represented, not merely as infinite converging 
series of powers of the variable, but also as infinite converging series of 
functions of the variable. The properties of functions when represented by 
series of powers of the variable depended in their proof on the condition that 
the series proceeded in powers; and it is therefore necessary a t  least to 
revise those properties in the case of functions when represented as series 
of functions of the variable. 

Let there be a series of uniform functions f, (z), f,(z), ... ; then the 
aggegate of values of z, for which the series 

has a finite value, is the region of continuity of the series. If a positive 
quantity p can be deterinined such that, for al1 points z within the circle 
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the series 2 f i ( z )  converges uniformly and unconditionally*, the series is 
i=l 

said to converge in the vicinity of a. If R be the greatest value of p for 
which this holds, then the area within the circle 

I z -a l=R 
is called the domain of a ;  and the series converges uniformly and uncon- 
ditionally in the vicinity of any point in the domain of a. 

I t  mil1 be proved in $ 8 2  that the function can be represented by power- 
series, each such series being equivalent to the function within the domain of 
some one point. I n  order to be able to obtain al1 t h e  power-series, i t  is 
necessary to distribute the region of continuity of the function into domains 
of points where it has a uniform, h i t e  value. We therefore form the domain 
of a point E> in the domain of a from a knowledge of the singularities of the 
function, then the domain of a point c in the domain of b, and so on; the 
aggregate of these dornains is a continuous part of the plane which has 
isolated points and which has one or several lines for its boundariea Let 
this part be denoted by A,. 

For most of the functions, which have already been considered, the region 
A,, thus obtained, is the complete region of continuity. But examples will 
be adduced almost immediately to shew that A, does not necessarily include 
al1 the region of continuity of the series under consideration. Let a' be a 
point not in A, within whose vicinity the function has a uniform, finite 
value; then a second portion A, can be separated from the whole plane, by 
proceeding from a' as before from a. The limits of A, and A, may be wholly 
or partially the same, or may be independent of one another: but no point 
within either can belong to the other. If there be points in the region of con- 
tinuity which belong to neither A, nor A,, then there must be a t  least another 
part of the plane A, with properties similar to A, and A,. And so on. The 

m 

series Z f i ( z )  converges uniformly and unconditionally in the vicinity of 
i=1 

every point in each of the separate portions of its region of continuity. 
I t  was proved that a function represented by a series of powers has a 

definite finite derivative a t  every point lying actually within the circle 
of convergence of the series, but that this result cannot be affirmed for a 
point on t h e  boundary of the circle of convergence even though the value of 
the series itself should be finite at the point, an illustration being provided 
by the hypergeometric series a t  a point on the circumference of its circle of 

* In oonnection with most of the investigations in the remainder of this chapter, Weierstrass's 
memoir "Zur Funotionenlehre" already quoted (p. 112, note) should be consulted. 

It rnay be convenient to give here Weierstrass's definition (I.c., p. 70) of unijonn, unconditional 
m 

convergence. A series Z f, eonverges nniformly, if an integer rn can be determined 80 that Z f, 
n=l IL I 

can be made less than any arbitrary positive quantity, however small; and it converges unoon- 
ditionally, if the uniform convergence of the series be independent of sny special arrangement 
of order or oombination of the terms. 
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convergence. It will appear that a function represented by a series of 
functions has a definite finite derivative at  every point lying actually within 
its region of continuity, but that the result cannot be affirmed for a point 
on the boundaxy; and an example will be given (5 83) in which the derivative 
is indefinite. 

Again, it has been seen that a function, initially defined by a given power- 
series, is, in most cases, represented by different analytical expressions in 
different parts of the plane, each of the elements being a valid expression of 
the function within a certain region. The questions arise'whether a given 
analytical expression, either a series of powers or a series of functions: 
(i) can represent different functions in the same continuous part of its region 
of continiiity, (ii) can represent different functions in distinct (that is, non- 
continuous) parts of its region of continuity. 

81. Consider first a function defined by a given series of powers. 

Let there be a region A' in the plane and let the region of continuity of 
the function, say g (z), have parts common with A'. Then if a, be any point 
in one of these common parts, we can express g (z) in the form P (z - a,) in 
the domain of a,. 

As already explained, the function can be continued from the domain of 
a, by a series of elements, so that the whole region of continuity is gradually 
covered by domains of successive points ; to find the value in the domain of 
any point a, i t  is sufficient to know any one element, say, the element in the 
domain of a,. The function is the same through its region of continuity. 

Two distinct cases may occur in the continuations. 
First, it may happen that the region of continuity of the function y (2) 

extends beyond A'. Then we can obtain elements for points outside A', 
their aggregate being a uniform analytical. function. The aggregate of 
elements then represents within A' a single analytical function : but as that 
function has elements for points without A', the aggregate within A' does 
not completely represent the function. Hence 

I f  a function be de$ned within a continzcous region of a plane by an 
aggregate of elements i n  the form of power-series, which are continuations of 
one another, the aggregate represents in that part of the plane one (and ody  
one) analytical function: but i f  the power-series can be continued beyond the 
bounday oj' the region, the aggregate of elements within the region is not the 
complete representation of the analytical function. 

This is the more common case, so that examples need not be given. 
Secondly, if may happen that the region of continuity of the function does 

not extend beyond A' in any direction. There are then no elements of the 
function for points outside A' and the function cannot be continued beyond 
the boundary of A'. The aggregate of elements is then the complete 
representation of the function and therefore : 
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I f  a function be dejned within a continuous region of a plans by an 
aggregate of elements i n  the form of pwer-series, which are continuations of 
me another, and the power-series cannot be continued across the boundary of 
that region, the aggregate of elements in  the region is the complete representa- 
tion of a single un;forrn rnonogenic f w t i o n  which exists only for values of the 
vaTiable within the region. 

The boundary of the region of continnity of the function is, in the latter 
case, called the natural limit of the function*, as it is a line beyond which 
the function cannot be continued. Such a line arises for the series 

1 +22+2z4+2zg+  ... , 
in the circle lz l= 1, a remark due to Kronecker; other illustrations occur in 
connection with the modiilar functions, the axis of real variables being the 
natural limit, and in connection with the automorphic functions (see Chapter 
XXII.) when the fundamental circle is the natural limit. A few examples 
will be given at  the end of the present Chapter. 

It appears that  Weierstrass was the first to announce the existence of natural limits 
for analytic functions, Bedh Mmatsber. (1866), p. 617; see alao Schwarz, Qas. Werke, 
t. ii, pp. 240-242, who adduces other illustrations and gives some references; Klein and 
Fricke, Vwl. über die Theorie der elliptischm ModuZfu*~~:tionen, t. i, (1890), p. 110; Jordan, 
Cows d'Analyse, t. iii, pp. 609, 610. Some interesting examples and discussions of 
functions, which have the a i s  of real variables for a natural limit, are given by Hankel, 
'' Untersuchungen iiber die unendlich oft osciiiirenden und unstetigen Functionen," 
Math. A m . ,  t. xx, (1870), pp. 63-112. 

82. Consider next a series of functions of the variable; let i t  be 

The region of continuity may be supposed to consist of several distinct parts, 
in the most general case; let one of them be denoted by A. Take some 
point in A, Say the origin, which is either an ordinary point or an isolated 
singularity ; and let two concentric circles of radii R and R' be drawn in A, 
so that 

R<1zI=r<R ' ,  
and the space between these circles lies within A. I n  this space, each term 
of the series is finite and the whole series converges uniformly and uncon- 
ditionally. 

Now let fi(z) be expanded in a series of powers of z, which series con- 
verges within the space assigned, and in that expansion let i,, be the co- 

rn 

efficient of 2"; then we can prove thut 2 i,, is$finite and thut the series 
i = O  

* Die natiirliche Crenze, rtccording to German mathematicians. 
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converges unZformly and unconditionally within thh space, so that 
œ 

z A(.) = B {( Z i,) eu}. 
i=1 P {=O 

m 

Because the infinite series 2 fi(.) converges uniformly and uncon- 
i=l 

ditionally, a number n can be chosen so that 

where L is an arbitrary finite quantity, ultimately made infinitesimal; and 
therefore also 

where n' > n and is infinite in the limit. 
the series 

Now since the number of terms in 

is not infinite before the limit, we have 

But the original series converges unconditionally, and therefore L is not less 
n' 

than the greatest value of the modulus of B f, (2) for points within the 
i=n 

region; hence, by 5 29, we have 

m 

Moreover, k is not less than the greatest value of the modulus of d f,(z) 
i=n 

in the given region ; and so 

Now, by definition, k can be made as small as we desire by choice of n ; hence 
the series 

2 ,  
I= 1 

is a converging series. Let i t  be denoted by A,. 
n-1 

Let n 2, = A;, g i, = A / ;  
i=l i=n 

then, by the above suppositions, we can always choose n so that 

1 AC'[ < kr-C, 

k being any assignable small quantity. 
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When two new quantities rl and r2 are introduced, as 
the inequalities 

Rcr ,<IzI<r2cR' ,  
the integer n can be chosen so that 

1 A /  1 < hl-@ < kr2-p. 
- m  

Then Z IA/z,'Ick 
r "-1 

< k -  
p= - 1  p l )  '?'-f i7 

and 

so that 
m 

S ~ ~ ; ' z f i l < k L  + k -  r2 
pz-rn r - r ,  r 2 - r '  

,'= m 

Hence the series C A/zp can by choice of be 
p= -'" 

modulus less than any finite quantity ; and therefore, since 

(for there is a finite number of terms in the coefficients 

131 

in 5 28, satisfying 

made to have a 

on each side, the 
expansions are converging series, and the sum on the right-hand side is a 
finite quantity), it follows that the series 

p = m  

Z A@ 
p = - m  

converges uniformly. 

Finally, we have 

which, as Ic can be diminished indefinitely, can be made less than any finite 
p=m 

quantity. Hence the series Z Apzp converges unconditionally, and there- 
p=-m 

fore we have 

provided R <  lzl<E. 
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When we take into account al1 the parts of the region of continuity 
of the series, constituted by the sum of the functions, we have similar 
expansions in the form of successive series of powers of z - c, converging 
uniformly and unconditionally in the vicinities of the successive points c. 
But, in forming the domains of these points c, the boundary of the region of 
continuity of the function must not be crossed; and a new series of powers is 
required when the circle of convergence of any one series (lying within the 
region of continuity) is crossed. 

I t  therefore appears that a converging series of functions of a variable 
can be expressed in the form of series of powers of the variable which 
converge within the parts of the plane where the series of functions 
converges uniformly and unconditionally ; but the equivalence of the two 
expressions is limited to such parts of the plane and cannot be extended 
beyond the boundary of the region of continuity of the series of functions. 

If the region of continuity of a series of functions consist of several parts 
of the plane, then the series of functions can in each part be expressed in 
the form of a set of converging series of powers: but the sets of series of 
powers are not necessarily the same for the different parts, and they are not 
necessarily continuations of one another, regarded as power-series. 

Suppose, then, that the region of continuity of a series of functions 

consists of several parts A,, A,, ... . Within the part A, let P (2) be 
represented, as above, by a set of power-series. At every point within A,, 
the values of F(z)  and of its derivatives are each definite and unique; so . . 

that, at every point which lies in the regions of convergence of two of the 
power-series, the values which the two power-series, as the eyuivalents of F(z) 
in their respective regions, furnish for P(z)  and for its derivatives must be 
the same. Hence the various power-series, which are the equivalents of F(z)  
in the region A,, are continuations of one another : and they are sufficient to -. 
determine a uniform monogenic analytic function, say 2i: (2). The functions 
F(z)  and E; (z) are equivalent in the region A,; and therefore, by 5 81, the 
semes of fulzctions rqresents one amd the same function for al1 points within 
one continuous part of its region of continuity. I t  may (and frequently does) 
happen that the region of continuity of the analytical function Pl (z) extends 
beyond A,; and then FI (z) can be continued beyond the boundary of A, by 
a succession of elements. Or i t  may happen that the region of continuity 
of E: (2) is completely bounded by the boundary of A, ; and then the function 
cannot be continued across that boundary. I n  either case, the equivalence 

CO 

of F,(z) and Z fi (2) does not extend beyond the boundary of A,, one 
é = 1  
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rn 

complete and distinct part of the region of continuity of C f i  (2); and 
i= l  

therefore, by using the theorem proved in 5 81, i t  follows that : 

A semes of functiolzs of a vuriable, which converges within a contiwuous part 
of the plane of the variable z, is either a partial or a complete representation 
of a single un;form, analytic function 04 the variable in that part of the plane. 

83. Further, i t  has just been proved that the converging series of 
functions can, in any of the regions A ,  be changed into an equivalent 
uniform, analytic function, the equivalence being valid for al1 points in 
that region, Say 

rn 

But for any point within A,  the function F, (2) has a uniform finite derivative 
rn 

(5  21) ; and therefore also 2 f i  (2) has a uniform finite derivative. The 
i=l  

equivalence of the analytic function and the series of functions has not been 
proved for points on the boundary; even if they are equivalent there, the 
function F, (z) cannot be proved to have a uniform finite derivative at  every 

00 

point on the boundary of A, and therefore Zt cannot be ajirmed that 2 fi (z) 
i=l 

hm, of necessity, a unyorm, jnite derivative at points on the boundary of A, even 
m 

thwgh th ~ealue of C/ fi (2) be unifwrn and $nite at every point on the 
e = i  

boundary *. 
Ex. I n  illustration of the inference just obtained, regarding the derivative of a 

function a t  a point on the boundary of its region of continuity, consider the series 

where b is a positive quantity less than unity, and a is a positive quantity which will be 
taken to be an odd integer. 

For points within and on the circumference of the circle lzl=l,  the series converges 
uniformly and unconditionally; and for al1 points without the circle the series diverges. 
It thus defines a function for points within the circle and on the circumference, but not 
for points without the circle. 

Moreover for points actually within the circle the function has a f i s t  derivative and 
consequently has any number of derivativea. But it cannot be declared to have a 
derivative for points on the circle: and it  will in fact now be proved that, if a certain 
condition be satisfied, the derivative for variations a t  any point on the circle is not merely 
infinite but that the sign of the infinite value depends upon the direction of the variation, 
so that the function is not monogenic for the circumference t. 

* It should be remarked here, as at the end of 5 21, that the result in itself aoes not contravene 
dw 

Riemann's definition of a function, according to which ( 5  8) - must have the same value what- 
dz 

ever be the direction of the vanishing quantity d z ;  at a point on the boundary of the region 
there are outward directions for which dw is not defined. 

The following investigation is due to Weierstrass, who comrnunicated it to Du Bois-Reymond : 
see Crelle, t. lxxix, (1875), pp. 29-31. 
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Let z=eoi: then, as the function converges unconditionally for a11 points along the 
circle, we take 

m 

f (e) = E bnea") 
n=O 

where B is a real variable. Hence 

assuming m, in the first place, to be any positive integer. To transform the first sum on 
the right-hand side, we take 

,pn bn@+6)î. - eanei= 2iean(W+) i sin (+an,+), 

and therefore 

if ab>l. Hence, on this hypothesis, we have 

where y is a complex quantity with modulus (1. 
e To transform the second sum on the right-hand side, let the iriteger nearest to am ; 

be a,, so that 
e +>am--am>-$ 
Tt- 

for any value of ?: then takiag 
x=a"B-ru,, 

we have & h > - + r ,  

and cm x is not negative. We choose the qnantity so that 

and therefore 

which, by taking m sufficiently large (a is > l), can be made aa srnall as we please. We 
now have 

e@+V+6)i=ea+i(l+%))= - (- 11%~ 

Hence 
,a..t.(ü+lp) i - ,am+.W 1 + ,anxi = - ( - 1)"" --- am, 

O Tt--x 
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The real part of the series on the right-hand side is 

2. bn {l +cos amx} ; 
%==O 

every term of this is positive and therefore, as the first term is 1 $cos x, the real part 

for cosx is not negative; and it is h i t e ,  for it is 

< 2 E  a m  

Moreover &<n-x<&r, 

2 
so that 2- is positive and >-. Hence 

r-x 3 

where 7 is a h i t e  complex quantity, the real part of which is positive and greater than 
unity. We thus have 

where 1 j 1 < 1, and the real part of I )  is positive and > 1. 

Proceeding in the same way and taking 

so that 

we find 

where ly,'l < 1 and the real part of ql, a finite complex quantity, is positive and greater 
than unity. 

If now we take ab- l>&,  

the real parts of 

and of 
2 1 - Tl+,#;- 
3~ ab-1' Say of G, 

are both positive and different from zero. Then, since 

and 

rn being ut present any positive integer, we have the right-hand sides essentially different 
quantities, because the real part of the first is of sign opposite to the real part of the second. 

Now let m be indefinitely increased; then $I and x are infinitesimal quantitiea 
1 which ultimately vanish; and the limit of - [f (O++) - f (O)] for @ = O  is a complex infinite 
@ 
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quantity with its real part opposite in sign to the real part of the wmplex infinite quantity 
1 

which is the limit of 
- [f ( B - X )  - f (O)] for X=O. If f (û) had a differential coefficient 

- X 
these two limits would'be equal: hence f (8) hm wt,  for any value of 8, a determinate 
differential coe$cient. 

From khis result, a remarkable result relating to real functions may be at  once derived. 
The real part of f (8) is 

Z bn cos (une), 
a 4  

which is a series converging uniformly and unconditionally. The rcal parts of 

- ( - 1)" (ab)m( 

and of + ( - 1)"" (ab)m[, 

are the corresponding magnitudes for the series of real quantities: and they are of opposite 
signs. Hence for no value of B has the series 

$ bn cos (an8) 
"4 

a determinate differentid coefficient, that is, we can choose an increase $I and a decrease x 
of 8, both being made as small as  we please and ultimatcly zero, such that the limits of 
the expressions 

are different from one another, provided a be an odd integer and ab > 1 +gr. 

The chief interest of the above invmtigation lies in  its application to functions of real 
variables, continuity in the value of which is thus shewn not necessarily to  imply the 
existence of a determinate differential coefficient defined in the ordinary way. The 
application is due to Weierstrass, as has already been stated. Further discussions will 
be found in a paper by Wiener, Crelle, t. xc, (1881), pp. 221-252, in a remark by 
Weierstrass, Abh aus der Functionenlehre, (1886), p. 100, and in a paper by Lerch, C~elle, 
t. ciii, (1888), pp. 126-138, who constructs other examples of continuou functions of 
real variables; and an example of a continuous function without a derivative is given by 
Schwarz, Ges. Werke, t. ii, pp. 269-274. 

The simplest classes of ordinary functions are characterisecl by the properties :- 

(i) Within some region of the plane of the variable they are uniform, finite and 
continuous : 

(ii) At ail points within that region (but not necessarily on its boundary) they have 
a differential coefficient : 

(iii) When the variable is real, the number of maximum values and the number of 
minimum values within any given range is finite. 

The function bncos (anb), suggested by Weierstrasq possesses the h s t  but not the 
n=O 

second of these propertiea Eopcke (Hath. Afin., t. ssix, pp. 123-140) gives an example 
of a function which possesses the h s t  and the second but not the third of these 
properties. 

84. In each of the distinct portions A,, A,,. . . of the complete region of 
continuity of a series of functions, the series can be represented by a 
monogenic analytic function, the elements of which are converging power- 
series. But the equivalence of the function-series and the monogenic 
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analytic function for any portion A, is limited to that region. When the 
monogenic analytic function can be continued from A, into A,, the continua- 
tion is not necessarily the same as the monogenic analytic function which is 

m 

the equivalent of the series C fi(z) in A,. Hence, if the monogenic analytic 
i= l  

functions for the two portions A, and A, be different, the function-series 
represents different functions in the distinct parts of its region of continuity. 

A simple example will be an effective indication of the actual existence 
of such variety of representation in particular cases; that, which follows, is 
due to Tannery *. 

Let a, b, c he ariy three constants; then the fraction 

when m is infinite, is equal to a if 1 z 1 < 1, and is equal to c if 1 z 1 > 1. 

Let m,, w, m,, ... be any set of positive integers arranged in ascending 
order and be such that the limit of m,, when n= a>, is infinite. Then, 

the function + (z), dejîned by the equation 

converges uniformly and unconditionally to a value a i f  1 z 1 < 1, and converges 
un2formly and unconditionally to a vulue c if 1 z 1 > 1. But it does not con- 
verge uniformly and unconditionally if 1 z \ = 1. 

The simplest case occurs when b = - 1 and mi = 2i ;  then, denoting the 
function by + (z), we have 

that is, the function + (2) is equal to a if 1 z 1 < 1, and it is equal to c if 

It is contained in a letter of Tannery's to Weierstrass, who communicated it to the Berlin 
Academy in 1881, Abh. aus der Functionenkhre, pp. 103, 104. A similar series, which indeed is 
equivalent to the special form of @ ( z ) ,  was given by Schroder, Schlom. Zeitsehrift, t. xxii, (1876), 
p. 184; and Pringsheim, Math. Ann., t. xxii, (1883), p. 110, remarks that it a n  be deduced, 
witliout material modifications, from an expression giveii by Seidel, Crelle, t. lxxiii, (1871), 
pp. 297--299. 
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When 1 z ( = 1, the function can have any value whatever. Hence a circle 
of radius unity is a line of singularities, that is, i t  is a line of discontinuity 
for the series. The circle evidently has the property of dividing the plane 
into two parts such that the analytical eqwession represents different 
functions in the two parts. 

If we introduce a new variable t: connected with z by the relation* 

then, if c= 5 + iq and z = x + iy, we have, 

so that ,$ is when 1 z 1 < 1, and 5 is negative when ( z  1 > 1. If then 

+ (2) = X (0 
the function ~ ( t ; )  is equal to a or to c according as the real part of r is 
positive or negative. 

And, generally, if we take 5 a rational function of z and denote the 
modified form of c$ (0, which will be a sum of rational functions of z, by 
+l (z), then +i (z) will be equal to a in some parts of the plane and to c 
in other parts of the plane. The boundaries between these parts are lines 
of singular points : and they are constituted by the z-curves which correspond 
to I1;1=1. 

85. Now let F (2) and G (z) be two functions of z with any number of 
singularities in the plane: it is possible to construct a function which shall 
be equal to P(z)  within a circle centre the origin and to G ( z )  without the 
circle, the circumference being a line of singularities. For, when we make 
a = 1 and c = O  in + (2) of § 84, the function 

is unity for al1 points within the circle and is zero for al1 points without i t  : 
and therefore 

G ( 4  + I W )  - G (41 6 (4 
is a function which has the required property. 

is a function which has the value Pl (2) within a circle of radius unity, the value P. (2) 
betweena circle of radius unity and a concentric circle of radius T greater than unity, and 
the value 4 (2) without the latter circle. Al1 the singularities of the functions E;, F,, F3 
are singularities of the function thus represented; and it  has, in addition to these, the 
two lines of singularities given by the circles. 

* The signi6canee of a relation of this form will be discussed in Chapter XIX. 
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is a function of z, which is equal to F(z) on the positive side of the axis of y, and is q u a 1  
to G (z) on the negative side of that axis. 

Also, if we take -ml - 1 +z 
ce ' Pl=,,, 

where al and pl are real constants, as  an equation defining a new variable E+~I,I, we have 

so that the two regions of the z-plane determined by 121 < 1 and 1z 1 >1 correspond to the 
two regions of the [-plane into which the line 5 cos al+^ sin al-pl=O divides it. Let 

= 81 (0, 
so that on the positive side of the line cosa,+t] sin al-p,=O the function 4 is uuity and 
on the negative side of that line it is zero. Take any three lines defined by a,, p l ;  a,, pz ; 
a,, p, respectively ; then 

fr{-p+p(ei+'%+e3)} 
is a function which has the value P within 
the triangle, the value - F in three of the 
spaces without it, and the value zero in  the 
remaining three spaoes without it, as indi- 
cated in the figure (fig. 13). 

And for every division of the plane by 
lines, into which a circle can be transformed (3) 
by rational equations, a s  will be explained 
when conformal representation is discussed 
hereafter, there is a possibility of represent- Fig. 13. 
ing discontinuous functions, by expressions similar to  those just given. 

These examples are sufficient to lead to the following resixlt*, wtiich is 
complementary to the theorem of 5 82 : 

When the region of continuity of an injinite series of functions consists 
of several distinct parts, the series represents a single function i n  each part 
but i t  does not necessarily represent.the same function i n  diferent parts. 

I t  thus appears that an analytical expression of given form, which con- 
verges uniformly and unconditionally in different parts of the plane separated 
from one another, can represent different functions of the variable in those 
different parts; and hence the idea of monogenic fiinctionality of a complm 
variable is not coextensive with the idea of functioml dependence expressible 
through arithmetical operations, a distinction first established by Weierstrass. 

86. We have seen that an analytic function has not a definite value at  
an essential singularity and that, therefore, every essential singularity is 
excluded from the region of definition of the function. 

* Weierstrass, I.c., p. 90. 
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Again, i t  has appeared that not merely must single pointfi be on occasion 
excluded from the region of definition but also that functions exist with 
continuous lines of essential singularities which must therefore be excluded. 
One method for the construction of such functions has just been indicated: 
but i t  is possible to obtain other analytical expressions for functions which 
possess what may be called a singular line. Thus let a function have a 
circle of radius c as a line of essential singularity"; let it have no other 
singularities in the plane and let its zeros be q, a,, a,, ..., supposed arranged 
in such. order that, if pneien = G, then 

I p n - ~ J 2 I p n + i - ~ I ,  
so that the limit of p,, when n is infinite, is c. 

Let c, = de5 a point on the singular circle, corresponding to a, which is 
assumed not to lie on it. Then, proceeding as in Weierstrass's theory in $51, 
if 

G (2) is a uniform function, continuous everywhere in the plane except along 
the circumference of the circle which may be a line of essential singularities. 

Special simpler forms can be derived according to the character of the 
series of quantities constituted by 1 a, - c, 1. If there be a finite integer m, 

m 

such that S 1 a, - c, lm is a converging series, then in g, (2) only the first 
m = l  

m - 1 terms need be retained. 

Ex. Construct the function when 

m being a given positive integer and r a positive quantity. 

Again, the point c, was associated with a, so that they have the same 
argument: but this distribution of points on the circle is not necessary and 
can be made in any manner which satisfies the condition that in the limited 

m 

case just quoted the series Z 1 a, - c, lm is a converging series. 
n=1 

Singular lines of other classes, for exemple, sections+ in connection with functions 
defined by integrals, mise in connection with analytical fiinctions. They are discussed 
by Painlevé, "Sur les lignes singulières des fonctions analytiques," (Thèse, Gauthier- 
Villars, Paris, 1887). 

Ex. Shew that, if the zeros of a function be the points 

* This investigation is due to Picard, Comptes Rendus, t. xci, (1881), PP. 690-692. 
t Called coupures by Hermite ; see 5 103. 
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where a, b, c, d are integen satisfying the condition ad- bc=l, so that the fimction 
lias a circle of radius unity for an essential singular line, then if 

the function 

where the product extends to al1 positive integers subject to the foregoing condition 
ad- b c = l ,  is a uniform function finite for al1 points in the plane not lying on the 
circle of radius unity. (Picard.) 

87. In  the earlier examples, instances were given of functions which 
have only isolated points for their essential singularities: and, in the later 
examples, instances have been given of fuiictions which have lines of 
essential singularities, that is, there are continuous lines for which the 
functions do not exist. We uow proceed to shew how functions can be 
constructed which do not exist in assigned continuous spaces in the plane, 
these spaces being aggregates of essential singularities. Weierstrass was 
the first to draw attention to lacumry functions, as they may be called; 
the following investigation in illustration of Weierstrass's theorem is due to 
Poincard *. 

Take any convex curve in the plane, say 0; and consider the function 

where the quantities A are constants, subject to the conditions 

(i) The series C 1 Al converges uniformly and unconditionally : 

(ii) Each of the points b is either within or on the curve C: 

(iii) The points b are the aggregate of al1 rational1 points within and 
on C: then the function is a uniform anal~tical function for al1 points 
without C and i t  has the area of C for a lacunary space. 

First, it is evident that, if z= b, then the series does not converge. 
Moreover as the points b are the aggregate of al1 the rational points within 
or on C, there will be an infinite number of singularities in the immediate 
vicinity of b : we shall thus have an unlimited number of terms each infinite 
of the first order, and thus (5 42) the point b will be an essential singularity. 
As this is true of al1 points z within or on C, i t  follows that the area C is a 
lacunary space for the function, if the function exist a t  all. 

Secondly, let z be a point without C; and let d be the distance of z from 
the nearest point of the boundary of C t ,  so that d is not a vanishing quantity. 

* Actu Soc. Fenn., t. xii, (1883), pp. 341-350. 
$ Rational points within or on C are points whose positions cm be determined rationally in 

terms of the coordinates of assigned points on C ;  examples wiii be given. 
) This will be either the shortest normal ïrom z to the boundary or the distance of z from 

some point of abrupt change of direction, as for instance at the angular point of a polygon. 
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Then 1 z - b  1 2 d ; and therefore 

so that 

I Al < Z d  
1 

<d.'lAl. 

Now % /Al converges uniformly and unconditionally and therefore, as d does 
not vanish, 

A 

converges uniformly and unconditionally, that is, 
A L -- 

8 - b  
is a function of z which converges uniformly and unconditionally for every 
point without C. Let i t  be denoted by $ (2). 

Let c be any point without C, and let r be the radius of the greatest 
circle centre c which can be drawn so as to have no point of C within itself 
or on its circumference, so that r is the radius of the domain of c ;  then 
1 b - cl > r, for al1 points b. 

If we take a point z within this circle, we have lz - cl = Br, where 0 < 1. 
Now for al1 points within this circle the function + ( 2 )  converges uniformly, 

A 
and every term -- of I#J (2 )  is finite. Also, for points within the circle, we 

2 - b  
A 

can expand - in powers of z - c in the form 
z-b  

of a converging series. Hence, by 5 82, we have 
m 

a series converging uniformly and unconditionally for al1 points within the 
circle centre c  and radius Y, which circle is the circle of convergence of the 
series. The function can be expressed in the usual manner over the whole of 
the region of continuity, which is the part of the plane without the curve C. 

Thus + (2 )  is a uniform analytical function, having the area of C for a 
lacunary space. 

As an example, take a convex polygon having a,, ......, a, for its angular points; 
then any point 

%a, + ...... +m,a, 
ml+ ...... Sm, y 

where nt,, ....... m, are positive integers or zero (simultaneous zeros being excluded), is 
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87.1 LACUNARY SPACES 143 

either within the polygon or on its boundary : and any rational point within the polygon 
or on it;r boundary can be represented by 

P 
w r  

T 4  

P y 

z % 
l-1 

by proper choice of ml, ......, m,, a choice which can be made in an infinite number of ways. 
Let u,, ......, zc, be given quantities, the modulus of each of which is less than unity : 

then the series 

converges uniformly and unconditionally. Then ali the assigned conditions are satisfied 
for the function 

and therefore it  is a function which converges uniformly and unconditionally everywhere 
outside the polygon and which has the polygonal spme (including the boundary) for 
a lacunary space. 

If, in particular, p = 2, we obtain a function which has the straight line 
joining a, and a, as a line of essential singularity. When we take 6 = O ,  
a2 = 1 and slightly modify the summation, we obtain the function 

$""Y, n=ï m=o 
2-- 

n 
which, when luil < 1 and Iu21 < 1, converges uniformly and unconditionally 
everywhere in the plane except at points between O and 1 on the axis of real 
quantities, this part of the axis being a line of essential singularity. 

For the general case, the following remarks may be made : 

(i) The quantities u,, %, ... need not be the same for every term; a 
numerator, quite different in form, might be chosen, such as 
(m2 + ... + mp2)-p where 2p >>p ; al1 that is requisite is that the 
series, made up of the numerators, should converge uniformly 
and unconditionally. 

(ii) The preceding is only a particular illustration and is not necessarily 
the most general forrn of function having the assigned lacunary 
space. 

I t  is evident that the first step in the construction of a function, which 
shall have any assigned lacunary space, is the formation of some expression 
which, by the variation of the constants it contains, c m  be made to 
represent indefinitely neai-ly any point within or on the contour of the 
space. Thus for the space between tmo concentric circles of radii a and c 
and centre the origin we should take 
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which, by g iv ing  ml al1 values frorri O to n, m, al1 values from O to n - 1 and 
n al1 values from 1 t o  infinity will represent  al1 rat ional  points  in t h e  space:  

and a function, hav ing  the space between the circles as lacunary, would be 

I n  particular, if a= b, then the common circumference is a line of essential singularity 
for the correspondiiig function. It ig easy to see that the function 

agi vm.n e 
n a  m=o m .' 

-IFt 
z-ae 

provided the series 

convergea uniformly and unconditionally, is a function having the circle l z l  =a as a line of 
essential singularity. 

Other examples will be found in memoirs by Goursat*, Poincarét, and Homénf. 

Ex. 1. Shew that the function 

where r is a real positive quantity and the summation is for al1 integem m. and n between 
the positive and the negative infinities, is a uniform function in al1 parts of the plane 
except the axis of real quaritities which is a line of essential singularity. 

Ex 2. Discuss the region in which the function 
m m m  

P Z 2  n-2m-2~-2 

is definite. (Homén.) 

Ex. 3. Prove that the function 
m 

e 2-99'' 
-0 

exists only within a circle of radius unity and centre the origin. (Poincaré.) 

Ex. 4. An infinite number of points a,, a2, a,, .... .. are taken on the circiimference of 
a given circle, centre the origin, so that they form the aggregate of rational points on the 
circumference. Shew that the series 

can be expanded in a series of ascending powers of z which converges for points within the 
cirüle, but that the function cannot be continued across the circumference of the circle. 

(Stieltjes.) 

Comptes Rendm, t. xciv, (1882), pp. 715-718 ; Bulletin de Darboux, 2me Sér., t. xi, (1887), 
pp. 109-114. 

t In the memoir, quoted p. 138, and Comptes Rendus, t. xcvi, (1883), pp. 1134 -1136. 
f Acta Soc. Fenn., t. xii, (1883), PP. 445-464. 
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Ex. 5. Prove that the series 

EXAMPLES 

where the summation extends over al1 positive and negative integral values of m and of n 
except simultaneous zeros, is a function which converges uniformly and unconditionally 
for al1 points in the finite part of plane which do not lie on the mis of y ;  and that 
it hm the value +l or - 1 according as the real part of z is positive or negative. 

(Weierstrass.) 
Ex. 6. Prove that the region of continuity of the series 

consists of two parts, separated by the circle 1z1=1 which is a line of infinities for 
the series: and that, in these two parts of the plane, i t  represents two different 
functions. 

o'n 

If two complex quantities o and o' be taken, such that z = e - z  and the real part of 
0' . -. 1s positive, and if they be associated with the elliptic function (jl (u) as its half-periods, 
oz 

then for values of z which lie within the cirole Isl=l 

in the usual notation of Weierstrass's theory of elliptic functions. 

Find the function which the series represents for values of z without the circle lzl=l. 
(Weierstra~.) 

1 Ex. 7. Four circles are drawn each of radius - having their centres a t  the points 
J2 

1, i, - 1, - i respectively ; the two parts of the plane, excluded by the four circumferencas, 
are denoted the interior and the exterior parts. Shew that the function 

is equal to r in the interior part and ia zero in the exterior part. 

Er. 8. Obtain the values of the function 

in the two parts of the area within a circle centre the origin and radius 2 which lie 
without two circles of radius unity, having their centres a t  the points 1 and - 1 
respedively. ( A ~ ~ e l l . )  

Ex. 9. If f (a)= VI+ U2+ ...... + Un, 

and 

where the regions of continuity of the functions P extend over the whole plane, then f (z) 
is a function existing everywhere except within the circles of radius unity described round 
the points al, a2 ,......, a,,. (Teixeira.) 
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Ex. 10. Let there be IE ciroles having the origin for a common centre, and let 

C,, C, ,......, C,,, Cn+',,, be n +  1 arbitrary constants; also let a,, a ,,......, a.,, be any n points 
lying respectively on the circumferences of the first, the second,. . .. .., the nth circles. 
Shew that the expression 

has the value Cm for points z lying between the (rn- 1)th and the mth circles and the 
value Ca+',,1 for points lying without the nth circle. 

Construct a function which shall have any assigned values in the various bands into 
which the plane is divided by the circles. (Pincherle.) 

88. In § 32 i t  was remarked that the discrimination of the various 
species of essential singularities could be effected by means of the properties 
of the function in the immediate vicinity of the point. 

Now i t  was proved, in  5 63, that in the vicinity of an isolated essential 
singularity b the function could be represented by an expression of the form 

for al1 points in the space without a circle centre b of small radius and within 
a concentric circle of radius not large enough to include singularities at  
a finite distance from b. Because the essential singularity a t  b is isolated, 
the radius of the inner circle c m  be diminished to be al1 but infinitesimal: 

1 
the series P (z - b) is then unimportant cornpared with G (-), which 

z-b 
can be regarded as characteristic for the singularity of the function. 

Another method of obtaining a funct,ion, which is characteristic of the 
singularity, is provided by 5 68. I t  was there proved that, in the vicinity of 
an essential singularity a, the function could be represented by an expression 
of the form 

1 
(Z - a)% H (-) Q (z - a), 

z - a  

where, within a circle of centre a and radius not sufficiently large t a  include 
the nearest singularity a t  a finite distance from a, the function Q ( z  - a)  is 
finite and has no zeros: al1 the zeros of the given function within this circle 
(except such as are absorbed into the essential singularity a t  a)  are zeros of 

the factor H (l), and the integer-index n is affected by the niimber of these 
z - a  

zeros. 

can be 
brie fl y, 

When the circle is made small, the function 

1 
(z - a)n H (-) 

z - a  

regarded as characteristic of the immediate vicinity of a  or, more 
as characteristic of a. 

IRIS - LILLIAD - Université Lille 1 



88.1 OF SINGULARITIES 147 

I t  is easily seen that the two characteristic functions are distinct. For 
if F and Fl be two functions, which have essential singularities at  a of the 
same kind as determined by the first characteristic, then 

P(z) -K(z)  = P ( z - a ) -  P,(z - a )  

= Pz (z - a), 

while if their singularities a t  a be of the same kind as determined by the 
second characteristic, then 

in the immediate vicinity of a, since Q, has no zeros. Two such equations 
cannot subsist simultaneously, except in one instance. 

Without entering into detailed discusiion, the results obtained in the 
preceding chapters are sufficient to lead to an indication of the classification 
of singularities *. 

Singularities are said to be of the Jirst ciass when they are accidental; 
and a function is said to be of the first class when al1 i ts singularities are of 
the first class. I t  can, by 5 48, have only a finite number of such singularities, 
each singularity being isolated. 

It is for this case alone that the two characteristic functions are in 
accord. 

When a function, othenvise of the first class, fails to satisfy the last 
condition, solely owing to failure of finiteness of multiplicity at  some point, 
say a t  z = a,, then that point ceases to be an  accidental singularity. I t  has 
been called (5 32) an essential singularity ; it belongs to the simplest kind of 
essential singularity ; and it is called a singularity of the second class. 

A function is said to be of the second class when i t  has some singularities 
of the second class ; it may possess singularities of the first class. By an 
argument similar to that adopted in 5 48, a function of the second class 
can have only a limited number of singularities of the second class, each 
singularity being isolated. 

When a function, otherwise of the second class, fails to satisfy the last 
condition solely owing to unlimited condensation at  some point, Say a t  z = oo , 
of singularities of the second class, that point ceases to be a singularity 
of the second class: it is called a singularity (necessarily essential) of the 
third class. 

* For a detailed discussion, referenoe should be made to Guichard, '' ThBorie des points 
singuliers essentiels" (Thése, Ganthier-Villars, Paris, 1883), who gives adequate referenoes to the 
investigations of Mittag-Leffler in the introduction of the classification and to the researches of 
Cantor. See also MittagLeffler, Acta Math., t .  iv, (1884), pp. 1-79; Cantor, GrelLe, t. lxxxiv, 
(1878), pp. 242-258, Acta Math., t. ii, (1883), pp. 311-328. 
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A function is said to be of the third class when it has some singularities 
of the third class; it may possess singularities of the first and the second 
classes. But i t  can have only a limited number of singularities of the third 
class, each singularity being isolated. 

Proceeding in this gradual sequence, we obtain an unlimited number of 
classes of singularities: and functions of the various classes can be constructed 
by means of the theorems which have been proved. A function of class n 
has a limited number of singularities of class n, each singularity being 
isolated, and any number of singularities of lower classes which, except in ao 
far as they are absorbed in the singularities of class n, are isolated points. 

The effective limit of this sequence of classes is attained when the 
number of the class increases beyond any integer, however large. When 
once such a limit is attained, we have functions with essential singularities of 
unlimited class, each singularity being isolated; when we pass to functions 
which have their essential singularities no longer isolated but, as in previoiis 
class-developments, of infinite condensation, it is necessary to add to the 
arrangement in classes an arrangement in a wider group, say, in species*. 

Calling, then, al1 the preceding classes of functions functions of the first 
species, we may, after Guichard (I.c.), construct, by the theorems already 
proved, a function which has a t  the points a,, a,,... singularities of classes 
1, 2, ..., both series being continued to infinity. Such a function is called 
a function of the second species. 

By a combination of classes in species, this arrangement can be continued 
indefinitely; each species will contain an infinitely increasing number of 
classes; and when an unlimited number of species is ult,imately obtained, 
another wider group must be introduced. 

This gradual construction, relative to essential singularities, can be carried 
ont without limit ; the singularities are the characteristics of the functions. 

* Guichard (1.c.) uses the term genre. 
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CHAPTER VIII. 

89. HAVING now discussed some of the more important general properties 
of uniform functions, we proceed to discuss some of the properties of multiform 
functions. 

Deviations from uniformity in character may arise through various causes : 
the most common is the existence of those points in the z-plane, which have 
already (5 12) been defined as branch-points. 

As an example, consider the two power-series 

which, for points in the plane such that lz'l is less than unity, are the two 
values of (1 - zf)t ; they may be regarded as two branches of the function w 
defined by the equation 

d = 1 - z f = z .  

Let z' describe a srna11 curve (say a circle of radius r )  round the point 
z'= 1, beginning on the axis of x ;  the point 1 is the origin for z. Then z  
is r initially, and a t  the end of the first description of the circle z  is r e k ;  
hence initially w, is + ra and w, is - d, and at  the end of the description 
w, is + del" and w, is -de+, that is, w, is - .P and w2 is + r*. Thus the 
effect of the single circuit is to change w, into w, and w, into w,, that is, 
the effect of a circuit round the point, a t  which w, and w, coincide in value, 
is to interchange the values of the two branches. 

If, however, z describe a circuit which does not include the branch-point, 
w, and w, return each to its initial value. 

Instances have already occurred, e.g. integrals of uniform functions, in 
which a variation in the path of the variable has made a difference in the 
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result; but this interchange of value is distinct from any of the effects 
produced by points belonging to the farnilies of critical points which have 
been considered. The critical point is of a new nature; i t  is, in fact, a 
characteristic of multiform functions at  certain associated points. 

We now proceed to indicate more generally the chnracter of the relation 
of such points to functions affected by them. 

The method of constructing a monogenic analytic function, described in 
5 34, by forming al1 the continuations of a power-series, regarded as a given 
initial element of the function, leads to the aggregate of the elements of the 
function and determines its region of continuity. When the process of con- 
tinuation has been completely carried out, two distinct cases may occur. 

I n  the first case, the function is such that any and every path, leading 
from one point a to another point z by the construction of a series of 
successive domains of points along the path, gives a single value a t  z as the 
continuation of one initial value a t  a. When, therefore, there is only a 
single value of the function a t  a, the process of continuation leads to only a 
single value of the function a t  any other point in the plane. The function is 
uniform throughout its region of continuity. The detailed properties of such 
functions have been considered in the preceding chapters. 

In  the second case, the function is such that different paths, leading from 
a to z, do not give a single value at z as the continuation of one and the 
same initial value a t  a. There are different sets of elements of the function, 
associated with different sets of consecutive domains of points on paths frorn 
a to z, which lead to different values of the function a t  z ;  but any change 
in a path from a to z does not necessarily cause a change in the value of the 
function a t  z. The function is multiform in its region of continuity. The 
detailed properties of such functions will now be considered. 

90. I n  order that the process of continuation may be completely carried 
out, continuations must be effected, beginning a t  the domain of any point a 
and proceeding to the domain of any other point b by al1 possible paths in 
the region of continuity, and they must be effected for al1 points a and b. 
Continuations must be effected, beginning in the domain of every point a 
and returning to that domain by al1 possible closed paths in the region of 
continuity. When they are effected from the domain of one point a to that 
of another point b, al1 the values at any point z in the domain of a (and not 
merely a single value a t  such points) must be continued : and similarly when 
they are effected, beginning in the domain of a and returning to that domain. 
The complete region of the plane will then be obtained in which the function 
can be represented by a series of positive integral powers : and the boundary 
of that region will be indicated. 
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In  the first instance, let the boundary of the region be constituted by a 
number. either finite or infinite. of 
isolated points, Say L,, La, L,, ... 
Take any point A in the region, so 
that its distance from any of the A 

points L is not infinitesimal; and 
in the region draw a closed path 
ABC ... EFA so as to enclose one 
point, Say L,, but only one point, of 

Fig. 14. 
the boundary and to have no point 
of the curve a t  a merely infinitesimal distance from LI. Let such curves be 
drawn, beginning and ending a t  A, so that each of them encloses one and 
only one of the points of the boundary: and let K, be the curve which 
encloses the point L,. 

Let w, be one of the power-series defining the function in a domain with 
its centre a t  A : let this series be continued along each of the curves Ka by 
successive domains of points along the curve returning to A. The result 
of the description of al1 the curves will be that the series w, cannot be 
reproduced at  A for al1 the curves though i t  may be reproduced for some 
of them ; otherwise, w, would be a uniform function. Suppose that w,, w,, . . ., 
each in the form of a power-series, are the aggregate of new distinct values 
thus obtained a t  A ;  let the same process be effected on w,, w,, ... as has 
been- effected on w,, and let i t  further be effected on any new distinct values 
obtained at A through w,, w,, ... , and so on. When the process hm 
been carried out so far that al1 values obtained at  A, by continuing any 
series round any of the curves K back to A, are included in values already 
obtained, the aggregate of the values of the function at  A is complete : they 
are the values a t  A of the branches of the function. 

We shall now assume that the number of values thus obtained is finite, 
Say n, so that the function has n branches at  A : if their values be denoted 
by w,, w,, ..., w,, these n quantities are al1 the values of the function st A. 
Moreover, n. is the same for al1 points in the plane, as may be seen by con- 
tinuing the series a t  A to any other point and taking account of the corollaries 
a t  the end of the present section. 

The boundary-points L may be of two kinds. It may (and not infre- 
quently does) happen that a point L, is such that, whatever branch is taken 
a t  A as the initial value for the description of the circuit K,, that branch is 
reproduced a t  the end of the circuit. Let the aggregate of such points be 
1, 1, . Then each of the remaining points L is such that a description 
of the circuit round i t  effects a change on a t  least one of the branches, taken 
as an initial value for the description ; let the aggregate of these points be 
B B . . . They are the branch-points; their association with the definition 
in 5 12 will be made later. 
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into the parts of acbda without affecting the branches of the function: hence 
the value obtained a t  b, by continuation along acb, is the same as the value 
there obtained by continuation along adb. I t  therefore follows that a path 
between two points a and b can be deformed over any point I without 
affecting the value of the function a t  b ;  so that, when the preceding 
results are combined, the proposition enunciated is proved. 

By the continued application of the theorem, we are led to the following 
results :- 

COROLLARY 1. Whatever be the effect of the descrzption of a circuit on the 
indial value of a function, a reversa1 of the circuit restores the original value 
of the function. 

For the circuit, when described positively and negatively, may be re- 
garded as the contour of an area of infinitesimal breadth, which encloses no 
branch-point within itself and the description of the contour of which 
therefore restores the initial value of the function. 

COROLLARY II. A circuit can be deformed into any other circuit without 
afecting the jinal value qf the function,provided that no branch-point be crossed 
in the process of deformation. 

It is thus justifiable, and i t  is often convenient, to deform a path con- 
taining a single branch-point into a loop round the 
point. A loop* consists of a line nearly to the point, O +Be 
nearly the whole of a very small circle round the point, Fig. 17. 

and a line back t o  the initial point; see figure 17. 

COROLLARY III. The value of n function is unchanged when the variable 
describes a closed circuit containing no branch-poin,t; it is lilcewise uwhanged 
when the variable describes a closed circuit containing all the branch-points. 

The first part is at  once proved by remarking that, without altering the 
value of the function, the circuit can be deformed into a point. 

For the second part, the simplest plan is to represent the variable on 
Neumann's ~phere. The circuit is then a curve on the sphere enclosing al1 
the branch-points : the effect on the value of the function is unaltered by any 
deforination of this curve which does make i t  cross a branch-point. The 
cnrve can, without crossing a branch-point, be deformed into a point in that 
other part of the area of the sphere which contains noue of the branch- 
points; and the point, which is the limit of the curve, is not a branch- 
point. A t  such a point, the value of the function is unaltered; and there- 
fore the description of a circuit, which encloses al1 the brauch-points, 
restores the initial value of the function. 

COROLLARY IV. I f  the values of w at b for variations along two paths 

* French writers use the word lacet, German writers the word Schleife. 
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acb, adb be not the s m e ,  then a desc&ptCon of acbda will not restore the i,r~itial 
value of w ut a. 

I n  particular, let the path be the loop Osce0 (fig. 17), and let it change w 
at  O into w'. Since the values of w a t  O are different and because there is 
no branch-point in Os (or in the evanescent circuit OEO), the values of w a t  
E cannot be the same: that is, the value with which the infinitesimal circle 
round a begins to be described is changed by the description of that circle. 
Hence the part of the loop that is efective for the change in the value of w is  
the srnall circle round the point ; and i t  is because the description of a small 
circle changes the value of w that the value of w is changed at  O after the 
description of a loop. 

If f (2) be the value of w which is changed into f, (2) by the description of 
the loop, so that f (2) and f , ( z )  are the values a t  O, then the foregoing 
explanation shews that f (e) and f l  ( e )  are the values at  s, the branch f (e )  
being changed by the description of the circle into the branch f ,  (e). 

From this result the inference can be derived that the points B,, B,, ... 
are branch-points as defined in § 12. Let a be any one of the points, and 
let f (2) be the value of w which is changed into f1 (2) by the description of 
a very small circle round a. Then as the branch of w is monogenic, the 
difference between f (2) and f , ( z )  is an infinitesimal quantity of the sarne 
order as the length of the circumference of the circle : so that, as the circle 
is infinitesimal and ultimately evanescent, 1 f ( z )  - f ,  (2) 1 can be made as small 
as we please with decrease of 12 - al or, in the limit, the values of f (a)  and 
f ,(a) at  the branch-point are equal. Hence each of the points B is such 
that two or more branches of the function have the same value at the point 
and there is interchange among these branches when the variable describes a 
s m l l  circuit round the point: which affords a definition of a branch-point, 
more complete than that given in 5 12. 

COROLLARY V. I f  a closed circuit contain several branch-points, the efect 
which it produces can be obtained by a combination of the efects produced i n  
succession by a set of loops each going round only one of the branch-points. 

If the circuit contain several branch-points, Say three as a t  a, b, c, then a 
path such as AEFD, in fig. 18, can without 
crossing any branch-point, be deformed into the 
loops AaB, BbC, CcD; and therefore the complete 
circuit AEFDA can be deformed validly into 
AaBbCcDA, and the same effect will be produced 

&-D C 

by the two forms of circuit. When D is made DA 
practically to coincide with A ,  the whole of the Fig. 18. 
second circuit is composed of the three loops. Hence the corollary. 

This corollary is of especial importance in the consideration of integrals 
of multiform fimctions. 
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COROLLARY VI. In  a continuous part of the plane where there are no 
branch-points, each branch of a multifom functim is uniform. 

Each branch is monogenic and, except a t  isolated points, continuous; 
hence, in such regions of the plane, al1 the propositions which have been 
proved for monogenic analytic functions can be applied to each of the 
branches of a multiform function. 

91. If there be a branch-point within the circuit, then the value of the 
function at  b consequent on variations aloilg acb may, but will not necessarily, 
differ from its value at  the same point consequent on variations along adb. 
Should the values be different, then the description of the whole curve acbda 
will lead a t  a not to the initial value of w, but to a different value. 
The test as to whether such a change is effected by the description is 
immediately derivable from the foregoing proposition; and as in Corollary 
IV., § 90, i t  is proved that the value is or is not changed by the loop, 
according as the value of w for a point near the circle of the loop is 
or is not changed by the description of that circle. Hence i t  follows that, if 
thme be a branch-point wl~ich afects the branch of the function, a path of 
variation of the independent variable cannot be deformed across the branch- 
point without a change in the value of w at the eztrenzity of the path. 

And i t  is evident that a point can be regarded as a branch-point for a 
function only .if a circuit round the point interchange some (or all) of the 
branches of the function which are equal at the point. I t  is not necessary that 
al1 the branches of the function should be thus affected by the point: i t  is 
sufficient that some should be interchanged*. 

Further, the change in the value of w for a single description of a circuit 
enclosing a 6ranch-point is unique. 

For, if a circuit could change w into w' or w", then, beginning with w" 
and describing it in the negative sense we should return to w and afterwards 
describing i t  in the positive sense with w as the initial value we should 
obtain w'. Hence the circuit, described and then reversed, does not restore 
the original value wu but gives a different branch w'; and no point on 
the circuit is a branch-point. This result is in opposition to Corollary I., 
of § 90;  and therefore the hypothesis of alternative values at the end of 
the circuit is not valid, that is, the change for a single description is 
unique. 

But repetitions of the circuit may, of course, give different values at  the 
end of successive descriptions. 

* In what precedes, certain points were considered which were regnlar singularities (see 
p. 163, note) and certain which were brapch-points. Prequently points will occur which are at 
once branch-points and infinities ; proper account must of course be taken of them. 
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92. Let O be any ordinary point of the function; join i t  to al1 the 
brauch-points (generally assumed finite in 
number) in succession by lines which do not 
meet each other : then each branch is uniform 
for each path of variation of the variable which / j 
meets none of these lines. The effects pro- 
duced by the various branch-points and their 
relations on the various branches can be indi- 
cated by describing curves, each of which 
begins at a point indefinitely near O and 

returns to another point indefinitely nea.r i t  
Fig. 19. 

after passing round one of the branch-points, 
and by noting the value of each branch of the function after each of these 
curves has been described. 

The law of interchange of branches of a function after description of a 
circuit round a branch-point is as fo1lows:- 

Al1 the branches of a furwtion, which are afected by a branch-point as such, 
can either be arranged so that the order of ir~~terchange (for description of a 
path round the point) is cyclical, or be divided into sets in each of which the .  
order of interchange is cyclical. 

Let w,, w,, w,,. .. be the branches of a function for values of a near a 
branch-point a which are affected by the description of a small closed curve 
C round a :  they are not necessarily al1 the branches of the function, but only 
those affected by the branch-point. 

The branch w, is changed after a description of C ;  let w, be the branch 
into which i t  is changed. Then w, cannot be unchanged by C; for a reversed 
description of C, which ought to restore w,, would otherwise leave w, un- 
changed. Hence w, is changed after a description of C ;  i t  may be changed 
either into w, or into a new branch, Say w,. If into w,, then w, and w, form 
a cyclical set. 

If the change be into w,, then w, cannot remain unchanged after a 
description of C, for reasons similar to those that before applied to the 
change of w,; and it cannot be changed into w,, for then a reversed de- 
scription of C would change w, into w,, and i t  ought to change w, into w,. 
Hence, after a description of C, w, is changed either into w, or into a new 
branch, Say w4. If into w,, then w,, w,, w, form a cyclical set. 

If the change be into w,, then w, cannot remain unchanged after a 
description of C;  and i t  cannot be changed into w, or w,, for by a reversa1 
of the circuit that earlier branch would be changed into w4 whereas i t  ought 
to be clianged into the branch, which gave rise to i t  by the forward descrip- 
tion-a branch which is not w,. Hence, after a description of C, w4 is 
changed either into w, or into a new hranch. I f  into w,, then w,, w,, w,, w, 
form a cyclical set. 
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If w, be changed into a new branch, we proceed as before with that new 
branch and either complete a cyclical set or add one more to the set. By 
repetition of the process, we complete a cyclical set sooner or later. 

If al1 the branches be included, then evidently their complete system 
taken in the order in which they corne in the foregoing investigation is a 
system in which the interchange is cyclical. 

If only some of the branches be included, the remark applies to the set 
constituted by them. We then I~egin with one of the branches not included 
in that set and evidently not inclusible in it, and proceed as a t  first, until 
we complete another set which may include al1 the remaining branches or 
only some of them. I n  the latter case, we begin again with a new branch 
and repeat the process; and so on, nntil ultimately al1 the branches are 
included. The whole system is then arranged in sets, in each of which the 
order of interchange is cyclical. 

93. The analytical test of a branch-point is easily obtained by con- 
structing the general expression for the branches of a function which are 
interchanged there. 

Let z = a be a branch-point where n branches w,, w,,. . . , w, are cyclically 
interchanged. Since by a first description of a small curve round a, the 
branch w, changes into w,, the branch w, into w,, and so on, i t  follows that 
by r descriptions w, is changed into w,+, and by n descriptions w, reverts to 
its initial value. Similarly for each of the branches. Hence each branch 
returns to its initial value nfter n descriptions of a circuit round a braîzch- 
pokt where n )ranches of thefhction are interchangeable. 

Now let z - a = Z n ;  
then, when z describes circles roiind a, Z moves in a circular arc round its 
origin. For each circumference described by z, the variable Z describes 
1 
- th  part of its circumference; and the complete circle is described by Z 
n 
round its origin when n complete circles are described by z round a. Now 
the substitution changes w, as a function of z into a function of Z, say into 
W,; and, after 9% complete descriptions of the z-circle round a, w, returns 
to its initial value. Hence, after the description of a Z-circle round its 
origin, W,. returns to its initial value, that is, Z= O ceases to be a branch- 
point for W,. Similarly for al1 the branches W. 

But no other condition has been associated with a as a point for the 
function w ; and therefore Z = O may be any point for the function W, that 
is, it may be an ordinary point, or a singularity. In every case we have W 
a uniform function of Z in the immediate vicinity of the origin ; and therefore 
in that vicinity i t  can be expressed in the form 
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with the significations of P and G already adopted. When Z is an ordinary 
point, G is a constant or zero ; when Z is an accidental singularity, G is an 
algebraical function ; and, when Z is an essential singularity, G is a transcen- 
dental function. 

The sirnpler cases are, of course, those in which the form of G is alge- 
braical or constant or zero ; and then W can be put into the form 

zTnp (2 ) )  . 
where is an infinite series of positive powerr: and m is an integer. As this 
is the form of W in the vicinity of Z = O, it follows that the form of w in the 
vicinity of z = a is 

m 1 

( z  - a)L P {(f i  - a)%} 

and the various n branches of the function are easily seen to be given by 
1 

substituting in the above for (z - a)%he values = 1 

e m. (Z - a)n, 

wliere s = 0, 1,. . . , n - 1. We therefore infer that the general expression for 
the n branches of a function, which are interchanged by circuits round a 
branch-point z = a, assumed not to be an essential singularity, is 

m 1 

(Z - a)c P l(z - a);], 
1 

where m i s  an integer, and where to ( z  - a)n .its n values are in t u m  assigned 
to obtain the di 'ermt branches of the fundion. 

There may be, however, more than one cyclical set of branches. If there 
be another set of r branches, thon i t  may similarly be proved that their 
general expression is 

7% L 
(Z - a)T & {(z - ay], 

where m, is an integer, and is an integral function; the various branches 
1 

are obtained by assigning to (z - a7 its r values in turn. 

And so on, for each of the sets, the members of which are cyclically 
interchangeable at  the branch-point. 

When the branch-point is at infinity, a different form is obtained. Thus 
in the case of a set of n cyclically interchangeable branches we take 

so that n negative descriptions of a closed z-curve, excluding infinity and no 
other branch-point, requires a single positive description of a closed curve 
round the u-origin. These lz descriptions restore the value of w as a function 
of z to its initial value; and therefore the single description of the u-curve 
round the origin restores the value of U-the equivalent of w after the 
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change of the independent variable-as a function of u. Thus u = O ceases 
to be a branch-point for the function U ;  and therefore the form of U is 

where the symbols have the same general signification as before. 

If, in particular, z= CO be a branch-point but not an essential singularity, 
then G is either a constant or an algebraical function; and then U c m  be 
expressed in the form 

21- P (u), 

where m is an integer. When the variable is changed from zs to z, then the 
general expression for the n branches of a function which are interchangeable 
nt z = ûo , assumed not to be an essential singzclarity, i s  

1 

where m is an integer and where to zG .its n values are assigned to obtain the 
diferent branches of the function. 

If, however, the branch-point z = a in the former case or z =  co in '  the  
latter be an essential sirigularity, the forms of the expressions in the vicinity 
of the point are 

1 1 

{(z- a)-" + P{(z -  a>"), 
1 1 

and G (2) + P (2-;), 

respectively. 

Note. When a multiform function is defined, either explicitly or im- 
plicitly, i t  is practically always necessary to consider the relations of the 
branches of the function for z =  m as well as their relations for points that 
are infinities of the function. The former can be determined by either 
of the processes suggested in § 4 for dealing with z= a, ; the latter can be 
determined as in the present article. 

Moreover, the total number of branches of the function has been assumed 
to be finite. The cases, in which the number of branches is unlimited, need 
not be discussed in general: i t  will be sufficient to consider them when they 
arise, as they do arise, e.g., when the function is of the form of an algebraical 
irrational with an irrational index such as zd"hardly a function in the 
ordinary sense-, or when the function is the logarithm of a function of z, 
or is the inverse of a periodic function. In  the nature of their multiplicity 
of branching and of their sequence of interchange, they are for the most part 
distinct from the multiform functions with only a finite number of branches. 

Ex. The simplest illustrations of multiform functions are furnished by fiinctions 
defined by algebraical equations, in partioular, by algebraic irrationals. 
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The general type of the algebraical irratipnal is the product of a number of functions 

of the form w= { A  (z- a,) (z - aJ. ... ..(z -an)}%, w and n being integers. 
This particiilar function has m branches; the points a,, az,. . . . . ., an are branch-points. 

To find the law of interchange, we take z - ~ , = ~ e ~ ;  then when a small circle of radius p 
is described round a,, so that z retums to its initial position, the value of B increases by 

Zr and the new value of w is aw, where a is the mth root of unity defined by k2". Taking 
then the various branches as given by w, aw, a%, ......, am-lw, we have the law of inter- 
change for description of a small curve round any one-branch point as  given by this 
succes~ion in cyclical order. The law of succession for a circuit enclosing more than 
one of the branch-points is derivable by means of Corollary V, 90. 

To find the relation of z= a, to w, we take zd= 1 and consider the new function W in 
the vicinity of the d-origin. We have 

1 n 

W = { A  (1-a&) (1 - a#') ......( 1 - anz')}mz'-rn 
If the variable z' describe a very small circle round the origin in the negative sense, then 

zrri 
2' is multiplied by eë2" and 80 W acquires a factor e nt, that is, W is changed unless 
this acquired factor is unity. It can be unity only when m/w is a n  integer; and therefore, 
except when n/m is an integer, z= co is a branch-point of the function. The law of 
succession is the same as that for negative description of the 8-circle, vis., w, amw, 
a2nto, ......; the m values form a single cycle only if n be prime to m, and a set of cyclea 
if n be not prime to m. 

Thus z= co is a branch-point for w = ( 4 ~ 3 - ~ #  -g,)-a; i t  is not a branch-point for 

w={(1 - B ~ )  (1 -k?9)}-i; and z= b is a branch-point for the function defined by 
(z- b) wZ=z-a, 

but z = b  is not a branch-point for the function defined by (z- b)2 w2=z-a. 

Again, if p denotc a particular value of z*, when z has a given value, and q similarly 

denote a particular value of - :)(, then w=p+p is a sir-valued function, the values 

being 
WI= p+p, ws= p+aq, w5= p+a2q, 
WZ= -P+% w4= -p+aq, w6' -p+a2q, 

where a is a primitive cube root of unity. The branch-points are - 1, 0, 1, w ; and the 
orders of change for small circuits round one (and only one) of these points are as 
follows : 

For a small circuit round 1 - l l  O 

w, changes t o  / ,705 1 202 
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Combinations can at once be effected; thus, for a positive circuit enclosing both 1 and a, 
but* not - 1 or 0, the succession is 

Wl, w4, W6, W2, w3, W6 
in cyclical order. 

94. It has already been remarked that algebraic irmtionals are a special 
class of functions defined by algebraical equations. Functions thus generally 
defined by equations, which are algebraical so far as concerns the dependent 
variable but med not be so in reference to the independent variable, are 
often called algebraical. The term, in one sense, cannot be strictly applied 
to the roots of an equation of every degree, seeing that the solution 
of equations of the fifth and higher degrees can be effected only by 
transcendental functions; but what is implied is that a finite number of 
determinations of the dependent variable is given by the equationf.. 

The equation is algebraical in relation to the dependent variable w, that 
is, i t  will be taken to be of finite degree n in W. The coefficients of the 
different powers will be supposed to be rational uniform functions of z :  were 
they irrational in any given equation, the equation could be transformed 
into another, the coefficients of which are rational uniform functions. And 
the equation is supposed to be irreducible, that is, if the equation be taken 
in the form 

f (w, 2) = 0, 
the left-hand member f (w, z) cannot be resolved into factors of a form and 
character as regards w and z similar to f itself. 

The existence of equal roots of the equation for general values of z 
requires that 

V ( w ,  4 f (w, z )  and ------ a~ 
shall have a common factor, which will be rational owing to the form of 
f (w, 2). This form of factor is excluded by the irreducibility of the equation ; 
so that f = O, as an equation in w, has not equal roots for general values 
of z. But though the two equations are not both satisfied in virtue of a 
simpler equation, they are two equations determining values of w and z ;  
and their form is such that they will give equal values of w for special 
values of z. 

Since the equation is of degree n, it may be taken to be 

~~+w+lE: ( z )+w"~Ea(z )+  ... +wFnnl(z)+Fn(z) = 0, 

where the functions FI, F2, ... are rational and uniform. If al1 their singu- 

* Such a circuit, if drawn on the Neumann's sphere, may be regarded as excluding - 1 and 0, 
or taking account of the other portion of the surface of the sphere, if may be regarded as a 
negative circuit including - 1 and 0, the cyclical interchange for which is easily proved to be 
mi,  w4, w s ,  w 2 ,  w3, ws a8 in the text. 

+ Such a function is called bien défini by Liouville. 
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lnrities be accidental, they are meromorphic algebraical functions of z (unless 
z =  oa is the only singularity, in which case they are holomorphic); and the 
equation can then be replaced by one which is equivalent and has al1 its 
coefficients holomorphic, the coefficient of w* being the least common multiple 
of al1 the denominators of the meromorphic functions in the first form. This 
form cannot however be deduced, if any of the singularities be essential. 

The equation, as an equation in w, has .n roots, al1 functions of z ;  let 
these be denoted by w,, w,,. . . , w,, which are the n branches of the function W. 

When the geometrical interpretation is associated with the analytical relation, 
there are n points in the w-plane, say al,. . . , h, which correspond with a point 
in the z-plane, Say with a,; and in general these n points are distinct. As 
z varies so as to move in its own plane from a, then each of the w-points 
moves in their common plane; and thus there are n. w-paths corresponding 
to a given z-path. These n curves may or may not meet one another. 

If they do not, there are lz distinct w-paths, leading from a,, ..., an to 
,LIi,. . . , ,LIx, respectively corresponding to the single z-path leading from a 
to b. 

If two or more of the w-paths do meet one another, and if the describing 
w-points coincide a t  their point of intersection, then at such a point of 
intersection in the w-plane, the associated branches w are equal; and 
therefore the point in the z-plane is a point that gives equal values for 
It is one of the roots of the equation obtained by the elimination of 
between 

af (w, 4 - (, ; f (w,  z)=O, -- a~ 
the analytical test as to whether the point is a branch-point will ' 

considered later. The march of the concurrent w-branches from such a 
point of intersection of two w-paths depends upon their relations in its 
immediate vicinity. 

'W. w 

be 

When no such point lies on a z-path from a to b, no two of the w-points 
coincide during the description of their paths. By 90, the z-path can be 
deformed (provided that, in the deformation, it does not cross a branch-point) 
without causing any two of the w-points to coincide. Purther, if z describe 
a closed curve which includes none of the branch-points, then each of the 
w-branches describes a closed curve and no two of the tracing points ever 
coincide. 

Note. The limitation for a branch-point, that the tracing w-points 
coincide at  the point of intersection of the w-curves, is of essential im- 
portance. 

What is required to establish a point in the z-plane as a branch-point, 
is not a mere geometrical intersection of a couple of completed w-paths but 
the coincidence of the w-points as those paths are trared, together with inter- 
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change of the branches for a small circuit round the point. Thus let there be 
such a geometrical intersection of two w-curves, without coincidence of the 
tracing points. There are two points in the z-plane corresponding to the 
geonietrical intersection; one belongs to the intersection as a point of the 
w-path which first passed through it, and the other to the intersection as a 
point of the w-path which was the second to pass through it. The two 
branches of w for the respective values of z are undonbtedly equal ; but the 
equality would not be for the same value of z. And unless the equality 
of branches subsists for the same value of z, the point is not a branch- 
point. 

A simple example d l  serve to illustrate these remarks. Let w be defined by the 
equation 

f=c2 (,a- 2zw)-#=O, 

so that the branches w, and w, are given by 

it is eaay to prove that the equation resulting from the elimination of w between f = O  and 

and that only the two points z= +ic are branch-points. 

The values of z which make w, equal to the value of w, for z=a (supposed not equal to 
either O, ci  or -ci) are given by 

cz+z(z2+~2)3=ca-a (aa+c2)*, 

which evidently has not z = a  for a root. Rationalising the equation so far as conoerns z 
and removing the factor z-a, as it has just been seen not to furnish a root, we find that B 

is determined by 
z3+z2a+za2+a3+2ac2- 2ac (a2+ca)t=0, 

the three roots of which are distinct from a, the assumed point, and from +ci ,  the branch- 
point. Each of these three values of z will make w, equal t o  the value of w2 for z=a : we 
have geometrical intersection without coincidenoe of the tracing points. 

95. When the characteristics of a function are required, the most im- 
portant class are its infinities: these must therefore now be investigated. 
I t  is preferable to obtain the infinities of the function rather than the 
singularities alone, in the vicinity of which each branch of the function 
is uniform*: for the former will include these singularities as well as 
those branch-points which, giving infinite values, lead to regiilar singularities 
when the variables are transformed as in  5 93. The theorem which deter- 
mines them is :- 

The injmities of a funhion determined by an algebraical equation are the 
singularities of the coescients of the equration. 

Let the equation be 

wn + W.-l FI (z) + wn-a Fa (z) + . . . + wF+, (2) + Fm (z) = 0, 

* These singularities mill, for the sake of brevity, be oalled regular. 
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and let w' be any branch of the function; then, if the equation which 
determines the remaining branches be 

w- '  + W- G1 (z) + wn-' Ga (z) + -. . + w Gn-2 (z) + Ggb-i (2) = O, 

we have Fn (z) = - W ' G ~ - ~  (z), 

En-,(z) = - W'G-~ (2) + G-1 (z), 

P1t-2 (2) = - w'Gn-3 ( 4  + G-2 (21, 

F, (z) = - W' + G, (2). 

Now suppose that a is an infinity of w'; then, unless i t  be a zero of order 
a t  least equal to that of G,l (z), a is an infinity of En (2). If, however, i t  be 
a zero of Gn-i (2 )  of sufficient order, then from the second equation it is an 
infinity of B",-,(z) unless it is a zero of order a t  least equal to that of 
G,, (z) ; and so on. The infinity must be an infinity of some coefficient not 
earlier than Fi(z) in the equation, or i t  must be a zero of al1 the functions 
G which are later than Bi, (2). If it be a zero of al1 the functions Gr, so 
that we may not, without knowing the order, assert that it is of rank at  
least equal to its order as an infinity of w', still from the last equation i t  
follows that a must be an infinity of F,(z). Hence any in$n.ity of w is an 
infinity of ut Eeast one of the coeficients of the equation. 

Conversely, from the same equations it follows that a singularity of one 
of the coefficients is an infinity either of w' or of a t  least one of the co- 
efficients G. Similarly the last alternative leads to an inference that the 
infinity is either an infinity of another branch w" or of the coefficients of the 
(theoretical) equation which survives when the two branches have been 
removed. Proceeding in this way, we ultimately find that the infinity either 
is an infinity of one of the branches or is an infinity of the coefficient in the 
last equation, that is, of the last of the branches. Hence any singularity 
of a coejicient is an in$nity of a t  least one of the branches of the function. 

I t  thus appears that al1 the infinities of the function are included among, 
and include, al1 the singularities of the coefficients; but the order of the 
infinity for a branch does not necessarily make that point a regular 
singularity nor, if i t  be made a regular singularity, is the order necessarily 
the same as for the coefficient. 

96. The following method is effective for the determination of the order 
of the infinity of the branch. 

Let a be an accidental singularity of one or more of the F functions, 
Say of order mi for the function F,; and assume that, in the vicinity of a, 
we have 

Fi((z= ( ~ - a ) ~ ~ [ c ~ + d ~ ( z -  a )+  ei(z- a)2+ ...]. 
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Then the equation which determines the first term of the expansion of w in 
a series in the vicinity of a is 

wn+ (2- a)-%w*l+c,(z- a)* w,-~+ ... 
+ c,-~ (Z - a)-*-' w + c, (z - a)-. = 0. 

Mark in a plane, referred to two rectangular axes, points n, O ; n - 1, 

through Ai has its equation of the form 

~ + ~ = h { x - ( n - i ) ] ,  

that is, A n  

y - h = - h ( n - i ) - m i .  A,&-? A n-8 

-m,; n-2, -m,;..., O, - m m ;  let these 

If then w = (z - a)-"(z), where f (z) is Y ' I  
Fig. 20. 

finite when z = a, the intercept of the fore- 

be A,, A,, .. ., A,  respectively. Any line 

going line on the negative side of the axis of y is equal to the order of the 
infinity in the term 

Fi (2). 
This being so, we take a line through A, coinciding in direction with the 

negative part of the axis of y and we turn it about A, in a trigonometrically 
positive direction until i t  first ineets one of the other points, say A,,; then 
we turn i t  about A ,  until i t  meets one of the other points, Say A,; and 
so on until it passes through A,. There will thus be a line from A, to 
A,, generally consisting of a number of parts; and none of the points A 
will be outside it. 

/A o 

The perpendicular from the origin on the line through A,, and A ,  is 
evidently greater than the perpendicular on any parallel line through a 
point A, that is, on any line through a point A with the same value 
of X; and, as this perpendicular is 

(X (TL - i) + mi} (1 + X2)%, 
it follows the order of the infinite terms in the equation, when the particular 
substitution is made for w, is greater for terrns corresponding to points lying 
on the line than i t  is for any other terms. 

If f (2) = 6 when z = a, then the terms of lowest order after the substitu- 
tion of (z - a)-" f (z) for w are 

(z- [c,B+ ... + c-eS] 

m many terms occurring in the bracket as there ai-e points A on the line 
joining A ,  to A,. Since the equation determining w must be satisfied, 
terms of al1 orders must disappear, and therefore 

an equation determining s- r values of 0, that is, the first terms in the - 
expansions of s - r branches W. 
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Similarly for each part of the line : for the first part, there are r branches 
with an associated value of h ;  for the second, s - r branches with another 
associated value ; for the third, t - s branches with a third associated value ; 
and so on. 

The order of the infinity for the branches is measured by the tangent 
of the angle which the corresponding part of the broken line makes with the 
axis of x; thus for the line joining A, to A,, the order of the infinity for 
the s  - r branches is 

%-r - %-8 

s - r  ' 
where m, and nb- are the orders of the accidental singularities of Fm-, (2) 
and (2).  

If any part of the broken line should have its inclination to the axis of 
x greater than ?gr so that the tangent is negative and equal to - p, then the 
form of the correspondmg set of branches w is (2-a)"g(z) for al1 of them, 
that is, the point is not an infinity for those branches. But when the 
inclination of a part of the line to the axis is < &T, so that the tangent is 
positive and equal to A, then the form of the corresponding set of branches 
w is (z - a)-A f (2)  for al1 of them, that is, the point is an infinity of order X . 
for those branches. 

In passing from A ,  to A, there may be parts of the broken line which 
have the tangential coordinate negative, implying therefore that a is not an 
infinity of the corresponding set or sets of branches W. But as the revolving 
line has to change its direction from A,yl to some direction through A,, 
there must evidently be some part or parts of the broken line which have 
their tangential coordinate positive, implying therefore that a is an infinity 
of the corresponding set or sets of branches. 

Moreover, the point a is, by hypothesis, an accidental singularity of at  
least one of the coefficients and i t  has been supposed to be an essential - - 

singularity of none of them; hence the points A,, A,, ..., A,  are al1 in the 
finite part of the plane. And as no two of their abscissa: are equal, no line 
joining two of them can be parallel to the axis of y, that is, the inclination 
of the broken line is never and therefore the tangential coordinate is 
finite, that is, the order of the infinity for the branches is finite for any 
accidental singularity of the coefficients. 

If the singularity at  a be essential for some of the coefficients, the 
corresponding result can be inferred by passing to the limit which is 
obtained by making the corresponding value or values of m infinite. In  
that case the corresponding points A move to infinity and then parts of the 
broken line pass through A, (which is always on the axis of x) parallel to 
the axis of y, that is, the tangential coordinate is infinite and the order of 
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the infinity at  a for the corresponding branches is also infinite. The point is 
then an essential singularity (and i t  may be also a branch-point). 

It has been assumed implicitly that the singularity is at  a finite point in 
the z-plane; if, however, i t  be at  w , we can, by using the transformation 
zzr= 1 and discussing as above the function in vicinity of the origin, obtain 
the relation of the singularity to the various branches. We thus have the 
further proposition : 

The order of the infinity of a branch of an algebraical function ut a 
sz'ngularity of a coeficient of the equation, which determines the function, is 
+te or injinite according as the singularity is accidental or essential. 

If the coefficients Fc of the equation be holomorphic functions, then 
z= m is their only singularity and i t  is consequently the only infinity for 
branches of the function. If some of or al1 the coefficients Pi be mero- 
morphic functions, the singularities of the coefficients are the zeros of 
the denominators and, possibly, z = oo ; and, if the functions be algebraical, 
al1 such singularities are accidental. In that case, the equation can be 
modified to 

ho (z)  wn + (z)  wn-l + h, (z)  wn+ + . . . = 0, 
where h,(z) is the least common multiple of al1 the denominators of the 
functions Pi. The preceding results therefore lead to the more limited 
theorem : 

When a function w is determined by an algebraical equation the coejicients 
of which are holomorphic functions of z, then each of the zeros of the coefiient 
of the highest power of w is an injnity of some of (and it may be of all) the 
branches of the function w, each such in$nity bez'ng of $nite order. The point 
z = co m y  also be an injnity of the function w ;  the order of that in@ity is 
finite or in$nite according as z = a, is an accidental or an essential singularity 
of any of the coefiients. 

I t  will be noticed that no precise determination of the forms of the 
branches w a t  an infinity hm been made. The determination has, however, 
only been deferred: the infinities of the branches for a singularity of the 
coefficients are usually associated with a branch-point of the function and 
therefore the relations of the branches at such a point will be of a general 
character independent of the fact that the point is an infinity. 

If, however, in any case a singularity of a coefficient should prove to be, 
not a branch-point of w but only a regular singularity, then in the vicinity of 
that point the branch of w is a uniform function. A necessary (but not suffi- 
cient) condition for uniformity is that (m, - m,,) + (s - r )  be an integer. 

Note. The preceding method can be applied to determine the leading 
terms of the branches in the vicinity of a point a which is an ordinary point 
for each of the coefficients F. 
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97. There remains therefore the consideration of the branch-points of a 
function determined by an algebraical equatioa 

The characteristic property of a branch-point is the equality of branches 
of the function for the associated value of the variable, coupled with the 
interchange of some of (or all) the equal branches after description by the 
variable of a small contour enclosing the point. 

So far as concerns the first part, the general indication of the form of the 
values has already (5 93) been given. The points, for which values of w 
determined as a function of z  by the equation 

are equal, are determined by the solution of this equation treated simul- 
taneouslv with 

and when a point z  is thus determined the corresponding values of w, which 
are equal there, are obtained by substituting that value of z  and taking M, 

the greatest common measure of f  and af The factors of M then lead to 
aw' 

the value or the values of w a t  the point ; the index m of a linear factor 
gives at  the point the multiplicity of the value which i t  determines, and 
shews that m + 1 values of w have a common value there, though they are 
distinct at infinitesimal distances from the point. If m = 1 for any factor, 
the corresponding value of w is an isolated value and determines a branch 
that is uniform a t  the point. 

Let z=  a, w = a be a value of z  and a value of w thus obtained; and 
suppose that m is the niimber of values of w that are equal to one another. 
The point z = a  is not a branch-point unless some interchange among the 
rn values of w is effected by a small circuit round a ;  and i t  is therefore 
necessary to investigate the values of the branches* in the viciriity of z = a. 

Let w=a+zu',z=a+z'; then we have 

f (a + w', a + 2') = 0, 

that is, on the supposition that f (w, 2) has been freed from fractions, 

so that, since a is a value of w corresponding to the value a  of z, we have 
w' and .z' connected by the relation 

Z 8 ArgW' = O. 
r 8 

* The foliowing investigations are founded on the resesrches of Puiseux on algebraic 
functions; they are conteined in two memoirs, Liouville, 1" Sér., t. xv, (1850), pp. 365-480, ib., 
t. xvi, (1851), pp. 228-240. See also the chapters on algebraic functions, pp. 19-76, in the 
second edition of Briot and Bouquet's Théorie des fonctions elliptiques. 
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When z' is 0, the zero value of w' must occur m times, since a is a root 
m times repeated; hence there are terrns in the foregoing equation inde- 

pendent of z', and the term of lowest index among them is w ' ~ .  Also when 
w'= O, z' = 0 is a possible root ; hence there must be a term or terms 
independent of w' in the equation. 

First, suppose that the lowest power of z' among the terms independent 
of w' is the first. The equation has the form 

As' + higher powers of z' 

+ B W " ~  + higher powers of w' 

+ terms involving z' and w'= 0, 

af (w, 2) where A is the value of - 
az 

for w = a ,  z=a .  Let s ' = p ,  w'=vc; the 

last form changes to 
( A  + Bvm) cm+ terms with cm+l as a factor = O ; 

and therefore A + Bum + terms involving g= O. 

Hence in the immediate vicinity of z = a, that is, of c= O, we have 

A+BP=O. 

Neither A nor B is zero, so that al1 the m values of v are finite. Let them 
be v,, ..., v,, so arranged that their arguments increase by 21rlm through 
the succession. The corresponding values of w' are 

w; = vis 
1 - 

= v;z'", 

for i = 1, . . ., m. Now a z-circuit round a, that is, a k-circuit round its 
origin, increases the argument of z' by 21r; hence after such a circuit we 

1 2!2i - 1 

have the new value of wi as vidm em,  that is, i t  is vi+,z'n which is the value 
of w'<+~. Hence the set of values w'~,  w',, ..., w', form a complete set of 
interchangeable values in their cyclical succession ; al1 the 7n values, which 
are equal a t  a, form a single cycle and the point is a branch-point. 

Next, suppose that the lowest power of z' among the terms independent 

of w' is z", where 1 > 1. The equation now has the form 

O = AZ" + higher powers of s' 

+ Bw'"+ higher powers of w' 

where in the last summatioh r a n d  s are not zero and in every term either 
(i), r is equal to or greater than 1 or (ii), s is equal to or greater than m 
or (iii), both (i) and (ii) are satisfied. As only terms of the lowest orders 
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need be retained for the present purpose, which is the derivation of the first 
term of w' in its expansion in powers of z', we may use the foregoing equation 
in the form 

To obtain this first term we proceed in a manner similar to that in § 96*. 
Points A,, . .., A, are taken in a plane 
referred to rectangular axes having as co- 
ordinates 0, l;. . .; s, r ; .  . .; rn, O. respectively. 
A line is taken through A, and is made to 
turn round A, from the position Arno until 
i t  first meets one of the other points ; then 
round the la& point which lies in this 
direction, say round Aj, until i t  first meets 
another ; and so on. 

Any line through Ai (the point si, ri) is 
of the form 

Fig. 21. 

y - ri = - x (x - s;). 
The intercept on the axis of /-indices is h i + r i ,  that is, the order of the 

term involving Av*8, for a substitution tu' c~ dh. The perpendicular from the 
origin for a line through Ai and Ai is less than for any parallel line through 
other points with the same inclination ; and, as this perpendicular is 

(AS< + ri) (1 + hz)-', 
it follows that, for the particular substitution w' a z'" the terrns corresponding 
to the points lying on the line with coordinate X are the terms of lowest 
order and consequently they are the terms which give the initial terms for 
the aasociated set of quantities w'. 

Evidently, from the indices retained in the equation, the quantities X 
for the various pieces of the broken line from A,  to A, are positive and 
fini te. 

Consider the first piece, from A,  to Aj say ; then taking the value of X for 

that piece as h, so that we write v1,8" as the first term of w', we have as the 
set of terms involving the lowest indices 

BW'* + 22 Av8drw' + A,Z"JW@', 

sj being the smallest value of s retained ; and then 
mp,=S/4+T=Sj/4+rj, 

so that 

Referenoe in this connection may be made to Chrystal's Algebra, ch. xxx., with great 
advantage, as well as the suthorities qiioted on p. 168, note. 
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Let p/q be the equivalent value of f i  as the fraction in its lowest terms; and 
2, - 

mite  z'= Cq. Then w'=vlzfq = v , ~ p ;  al1 the terms except the above group 
are of order > mp and therefore the equation leads after division by rmP@ to 

an equation which determines m - sj values for v,, and therefore the initial 
terms of m - sj of the w-branches. 

Consider now the second piece, from Aj  to Ai say ; then taking the value 

of X for that piece as f i ,  so that we write v~'" as the first term of w', we 
have as the set of terms involving the lowest indices for this value of ÇL, 

/ri S4 + ZZ ~ ~ ~ z ' ~ w ~  + ATtsiz w , 
where si is the smallest value of s retained. Then 

S j & + + j = S ~ + r = s i p a + r i .  
Proceeding exactly as before, we find 

AT8p8fi + ZZ Ar8va8-84 + Ar,ai = O 

as the equation determining sj - s; values for v, and therefore the initial 
terms of si -si of the w-branches. 

And so on, until al1 the pieces of the line are used; the initial terms of 
al1 the w-branches are thus far determined in groups connected with the 
various pieces of the line AmAjAi ... A,. By means of these initial terms, 
the m-branches can be arranged for their interchanges, by the description of 
a srna11 circuit round the branch-point, according to the following theorem :- 

Each group can. be resolved into systems, the members of each of which are 
cyclically interchangeable. 

I t  will be sufficient to prove this theorem for a single group, Say the 
group deterrnined by the first piece of brolren line: the argument is 
general. 

r r .  
Since 2 is the equivaleilt of - and of 2 and since sj < s, we have 

4 m - s  m - ij 
m-s=kq,  m-sj=kjq, k j>k;  

and then the equation which determines v, is 

Boi,'crq + Ç A , V , ( ~ ~ ~ ]  4 + Aryj = 0, 

that is, an equation of degree kj in v,q as its variable. Let U be any root of 
1 

it; then the corresponding values of v, are the values of U9. Suppose these 
P q values to be arranged so that the arguments increase by 25- -, which is 
P 

possible, because p is prime to p. Then the q values of w' being the values 
of v1,zh are 

E 2! P 
vllzf q, vlgf q, vigt  q, . . . , 
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1 27Tpu 
where v,, is that value of U b h i c h  has - for its argument. A circuit 

P - 

round the 2'-origin evidently increases the argument of any one of these 
wf-values by 21rp/q, that is, i t  changes it into the value next in the succession; 
aud so the set of q values is a system the members of which are cyclically 
interchangeable. 

This holds for each value of U derived from the above equation ; so that 
the whole set of rn - sj branches are resolved into Icj  systems, ench containing 
q members with the assigned properties. 

I t  is assumed that the above equation of order kj in v,q has its roots unequal. 
If, however, i t  should have equal roots, i t  must be discussed ab initio by a 
method similar to that for the general equation; as the order kj (being a 
factor of m - sj) is less than m, the discussion will be shorter and simpler, 
and will ultimately depend on equations with unequal roots as in the case 
above supposed. 

It may happen that some of the quantities p are integers, so that the 
corresponding integers q are unity : a number of the branches would then be 
uniform at the point. 

It thus appears that z = a  is a branch-point and that, under the present 
circumstances, the rn branches of the function can be arranged in systems, 
the members of each one of which are cyclically interchangeable. 

Lastly, i t  has been tacitly assumed in what precedes that the common 
value of w for the branch-point is finite. If i t  be infinite, this infinite value 
can, by 3 95, arise only out of singularities of the coefficients of the equation : 
and there is therefore a reversion to the discussion of 5s 95, 96. The dis- 
tribution of the various branches into cyclical systems can be carried out 
exactly as above. 

Another method of proceeding for these infinities would be to take 
wwl=l ,  z =  c + z ' ;  but this inethod has no substantial advantage over the 
earlier one and, indeed, i t  is easy to see that there is no substantial 
difference between them. 

Ex. 1. As an example, consider the function determined by the equation 

8zd+(l-z)  (3w+l)=O. 

The equation determining the values of z which give equal roots for w is 
8 z ( ~ - 1 ) ~ = 4 ( z -  1)s 

so that  the values are z=1 (repeated) and z= - 1. 

When z= 1, then w=O, occurring thrice ; and, if z= 1 +z' then 

8wf3=d, 

that is, d =+Y+. 
The three values are branches of one system in cyclical order for a circuit round z=l. 
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When z= - 1, the equation for w is 
4w3-3w-1=0, 

that is, (w - 1) (2w +1)2= O, 
so that w = 1 or w= - 8, occurring twice. 

For the former of the+e we ensily find that, for z= - l+zl, the value of w is 
l+:z'+ ......, an isolated branch as is to be expected, for the value 1 is not 
repeated. 

For the latter we take w= - i+w'  and find 
w12 = 34a + ..... ., 

so that the two branches are 

and they are cyclically interchangeable for a smail circuit round z= - 1. 
These are the finite values of w a t  branch-points. For the infinities of w, which may 

arise in connection with the singularities of the coefficients, we take the zeros of the 
coefficient of the highest power of w in the integral equation, viz., z=0, which is thus the 
only infinity of W. To find its order we take w=.rmf (z)=yz*+ ......, where y is a 
constant and f (z) is finite for z=0; and then we have 

8.9-* -- g+ ...... =3yzl"+ ...... +l.  
1-2 

Thus 1 -3n= -n, 
provided both of them be negative; the equality gives n=+ and aatisfies the condition. 
And ay3= - 3y. Of these values one is zero, and gives a branch of the function without 

an infinity; the other two are and they give the initial term of the two 
branches of w, which have an infinity of order - &  a t  the origin and are cyclically 
interchangeable for a srnall circuit round it. The three values of w for infinitesimal 
values of z are 

The first two of these form the system for the branch-point a t  the origin, which is neither 
an infinity nor a critical point for the third branch of the function. 

Ex. 2. Obtain the branch-points of the functions which are defined by the foliowing 
equations, and determine the cyclical systems a t  the branch-points : 

(i) w3-w+z=O ; 
(u) w3-3&+.@=0; 
(iii) d-3w+2z2(2-$)=O; 
(iv) I9-3zw+z3=0; 

(v) ~ 5 - ( 1 - ~ ~ 4 - ~ d ( l - d ) ~ = 0 .  (Briot and Bouquet.) 

ALso discuss the branches, in the vicinity of z=0 and of z=m,  of the functions defined 
by the following equations : 

(vi) aw7 + W z  + c d 2 4  + dw225 + ewz7 + fz9 + gW8 + h d @  + kzlO= 0 ; 
(vii) wmf + +fl= O. 
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98. There is one case of considerable importance which, though limited 
in character, is made the basis of Clebsch and Gordan's investigations* in the 
theory of Abelian functions-the results being, of course, restricted by the 
initial limitations. It is assumed that al1 the brunch-points are simple, that 
is, are such that only one pair of bmnches of w are interchaaged by a circuit 
of the variable round the point ; and i t  is assumed that the equation f = O is 
algebraical not merely in w but also in z. The equation f = O can then be 
regarded as the generalieed form of the equation of a curve of the nth order, 
the generalisation consisting in replacing the usual coordinates by complex 
variables; and i t  is further assumed, in order to simplify the analysis, that al1 
the multiple points on the curve are (real or imaginary) double-points. But, 
even with the limitations, the results are of great value : and i t  is therefore 
desirable to establish the results that belong to the present section of the 
subject. 

We assume, therefore, that the branch-points are such that only one 
pair of branches of .w are interchanged by a small closed circuit round any 
one of the points. The branch-points are among the values of z determined 

When f = O  has the most general form consistent with the assigned 
limitations, f (w, z) is of the n.th degree in z ;  the values of z are determined 
by the eliminant of the two equations which is of degree n (n - l) ,  and there 
are, therefore, n (n - 1) values of z which must be examined 

First, suppose that (w' ' does not vanish for a value of z, thus az 
obtained, and the corresponding value of w; then we have the first case 
in the preceding investigation. And, on the hypothesis adopted in the 
present instance, m = 2 ; so that each such point z i s  a branch-point. 

(w7 ') vanishes for sorne of the n (n - 1) values of z ; Next, suppose that - az 
the value of m is still 2, owing to the hypothesis. The case will now be still 

further limited by assuming that aw does not vanish for the value of z 

and the corresponding value of w ; and thus in the vicinity of z = a, T.U = a  we 
have an equation 

O = Ada + 2Bdw' + Cwfe + terms of the third degree + . . . . . ., 
a y  ay 

where A, B, C are the values of , , - -f for z = a, w =  a 
az azaw, aw2 

If BZ'AC, this equation leads to the solution < 
C'w + Bz' œ uniform function of z'. 

* Clebsch und Ciordan, Il'heoi-ie der Abel'schen Functioiten, (Leipzig, Teubner, 1866). 
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The point z = a, w = a  is not a branch-point ; the values of w, equal at  the 
point, are fiinctiotially distinct. Moreover, such a point z occurs doubly in 
the elirninant ; so that, if there be 6 such points, they account for 26 in 
the eliminant of degree n (n - 1)  ; and therefore, on their score, the number 
n (n- 1) must be diminished by 26. The case is, reverting to the genera- 
lisation of the geometry, that of a double point where the tangents are 
not coincident. 

If, however, Ba = AC, the equation leads to the solution 

The point z = a, w = a is a point where the two values of z interchange. 
Now such a point z occurs triply in the eliminant ; so that, if there be K 

such points, they account for 31c of the degree of the equation. Each of 
them provides only one branch-point, and the aggregate therefore provides K 

branch-points; hence, in counting the branch-points of this type as derived 
through the eliminant, its degree must be diminished by 21c. The case is, 
reverting to the generalisation of the geometry, that of a double point (real 
or imaginary) where the tangents are coincident. 

It is assumed that al1 the n (n- 1) points z are accounted for under 
the three classes considered. Hence the number of bmnch-points of the 
equation is 

n = n ( n -  1 ) - 2 6 - 2 ~ ,  

where n is the degree of the equation, 6 is the number of double points 
(in the generalised geometrical sense) at which tangents to the curve do not 
coincide, and nc is the number of double points a t  which tangents to the 
curve do coincide. 

And at  each of these branch-points, !2 in number, two branches of the 
function are equal and, for a small circuit round it, interchange. 

99. The following theorem is a combined converse of many of the 
theorems which have been proved : 

A fu?lction w, which has n (and only n )  values for each value of z, a.nd 
which has a finite number of infinities and of branch-points in  any part of the 
plane, is  a root of an equation in w of degree n, th.e coeficients of which are 
uniform functions of z in that part of the plane. 

We shall &st prove that every integral symmetric function of the n 
values is a uniform function in the part of the plane under consideration. 

12 

Let Sk denote Z wik, where k is a positive integer. At  an ordinary point 
i=l ' 

of the plane, & is evidently a one-valued function and that value is finite ; 
Sk is continuous ; and therefore the function Sk is uniform in the immediate 
vicinity of an ordinary point of the plane. 
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For a point a, which is a branch-point of the function w, we know that 
the branches can be arranged in cyclical systems. Let w,, .... w, be such a 
system. Then these branches interchange in cyclical order for a description 
of a small circuit round a ; and, if z - a  = Zp, i t  is known (5 93) that, in the 
vicinity of 2 = O,  a branch w is a uniform function of 2 ,  say 

Therefore wk= G~ (i) + pk(z) 
in the vicinity of Z= 0 ; say 

Now the otheï branches of the function which are equal at  a are derivable 
from any one of them by taking the successive values which that one 
acquires as the variable describes successive circuits round a. A circuit 
of w round a changes the argument of z - a  by 27r, and therefore gives Z 
reproduced but multiplied by a factor which is a primitive pth root of unity, 
Say by a factor a ; a second circuit will reproduce Z with a factor a2 ; and so 
on. Hence 

w,k = A k +  C Bk,mu-m.Z-m.+ I; Ck,mamZm, 
m = l  m=1 

................................................. 
w?=Ak+ d Bk,m~7mZ"+ 2 Ck,mamZm, 

m=1 r n = l  

................................................. 
and therefore 

Now, since a is a primitive pth root of unity, 

1 +&+aZ8+  S . ,  +uEb-I' 

is zero for al1 integral values of s which are not integral multiples of p, and it 
is p for those values of s which are integral values of p ; hence 

= A k  + B'k, ( Z  - a)-' + B k , ,  (z - a)* + Bfk, (Z - a)+ + ... 
+ G,,( .z-a)+ C'k,s(~ -a)Z+ c k , a ( ~ - a ) S +  .... 

Hence the point z = a may be a singularity of 2 wTk but it is not e branch- 
r=1 
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point of the function ; and therefore in the immediate vicinity of z = a the 

quantity 2 wrk is a uniform function. 
r=l 

The point a is an essential singularity of this uniform function, if the 
order of the infinity of w a t  a be infinite: i t  is an accidental singularity, if 
that order be a finite integer. 

This result is evidently valid for al1 the cyclical systems at  a, as well as 
for the individual branches which may happen to be one-valued a t  a. Hence 

Bk, being the sum of sums of the form 3 W. each of which is a uniform 
r=1 

function of z in the vicinity of a, is itself a uniform function of z in that 
vicinity. Also a is an essential singularity of Sk, if the order of the infinity at  
z =  a for any one of the branches of w be infinite ; and i t  is an accidental 
singularity of Sk, if the order of the infinity a t  z = a for al1 the branches of w 
be finite. Lastly, i t  is an ordinary point of Sk, if there be no branch of w for 
which i t  is an infinity. Similarly for each of the branch-points. 

Again, let c be a regular singularity of any one (or more) of the branches 
of w ; then c is a regular singularity of every power of each of those branches, 
the singularities being simultaneously accidental or simultaneously essential. 
Hence c is a singularity of Sk :  and therefore in the vicinity of c, Bk is a 
uniform function, having c for an accidental singularity if i t  be so for each of 
the branches w affected by it, and having c for an essential singularity if it be 
so for any one of the branches W. 

It thus appears that in  the part of the plane under consideration the 
function Xk is one-valued ; and it is continuous and finite, except a t  certain 
isolated points each of which is a singularity. I t  is therefore a uniform 
function in that part of the plane ; and the singularity of the function at  any 
point is essential, if the order of the infinity for any one of the branches w at  
that point be infinite, but i t  is accidental, if the order of the infinity for al1 the 
branches w there be finite. And the number of these singularities is finite, 
being not greater than the combined number of the infinities of the function 
w, whether regular singularities or branch-points. 

Since the sums of the kth powers for al1 positive values of the integer k 
are uniform functions and since any integral symmetric function of the n 
values is a rational integral algebraical function of the sums of the powers, i t  
follows that any integral symmetric function of the n values is a uniform 
function of z in the part of the plane under consideration ; and every infinity 
of a branch w leads to a singularity of the symmetric function, which is 
essential or accidental according as the orders of infinity of the various 
branches are not al1 finite or are al1 finite. 

F. 12 
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Since w has n. (and only oz) values w,, ... , Wn for each value of z, the 
equation which determines w is 

(w- wl)(w -wJ ... (w -w,)=O. 

The coefficients of the various powers of w are symmetric functions of the 
branches w,, . . . , wn ; and therefore they are uniform functions of z in the 
part of the plane under consideration. They possess a finite number of 
singularities, which are accidental or essential according to the character of 
the infinities of the branches a t  the same points. 

COROLLARY. I f  al1 the inJinities of the branches i n  the jhite part of the 
whole plane be of Jinite order, then the Jilzite s.ingularities of al2 the coeflcimts 
of the powers of w in the eqwction satisjed by w are al1 accidental ; and the 
coeficients themselves then take the form of a quotirnt of an integral ungorm 
jùnction (which may be either transcendental or algebraical, i n  the sense of 
5 47) by another function of a similar character. 

If z = xi be an essential singularity for at  least one of the coefficients, 
through being an infinity of unlimited order for a branch of w, then one 
or both of the functions in the quotient-form of one at  least of the coefficients 
inust be transcendental. 

If z = oo be an accidental singularity or an ordinary point for al1 the 
coefficients, through being either an infinity of finite order or an ordinary 
point for the branches of w, then al1 the functions which occur in al1 the 
coefficients are rational, algebraical expressions. When the equation is 
multiplied throughout by the least common multiple of the denominaton 
of the coefficients, i t  takes the form 

wnho (z) + wn-l h, (5) + ... + w &-, (z)  + h, (2) = 0, 
where the functions ho (z), (z), . . ., h, (z) are rational, integral, algebraical 
functions of z, in the sense of 5 47. 

A knowledge of the number of infinities of w gives an upper limit of the 
degree of the equation in z in the last form. Thus, let ai be a regular 
singularity of the function ; and let clé, Pi, y<, . . . be the orders of the infinities 
of the branches a t  a ; then 

w1w2 . . . wn (Z - a$: 

where denotes + Pi + yi + . . . , is finite (but not zero) for z = a;. 

Let be a branch-point, which is an in6nity; and let p branches w form a 
e, 

system for ci, such that w (z - c i ) p  is finite (but not zero) a t  the point ; then 

WlW* . . . WP (z - c p  
is finite (but not zero) at  the point, and therefore also 

w1 . . . wn ( z  - ci)%+$s++i+-. 
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is finite, where 86, +i, $i, ... are numbers belonging to the various systems ; 
or, if denote Bi + bi + qi + . .. , then 

Wl . . . wn (2 - ciy 

is finite for z = ci. Similarly for other symmetric functions of W. 

Hence, if as, a,, ... be the regular singularities with numbers XI, X,, ... 
defined as above, and if cl, c,, . .. be the branch-points, that are also infinities, 
with numbers q, E ~ ,  ... defined as above, then the product 

is finite a t  al1 the points ai and at  al1 the points ci. The points a and the 
points G are the only points in the finite part of the plane that can make the 
prodiict infinite: hence it is finite everywhere in the finite part of the plane, 
and it is therefore an integral function of z. 

Lastly, let p be the number for z = CO corresponding to Xi for ai or to 
for ci, so that for the coefficient of any power of w in (w - w,) . . . (w - w,) the 
greatest difference in degree between the numerator and the denominator is 
p in favour of the excess of the former. 

Then the preceding product is of order 

p + %i + dei, 
which is therefore the order of the equation in a when it is expressed in a 
holomorphic form. 
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100. INSTANCES have already occurred in which the value of a function 
of z is not dependent solely upon the value of z but depends also on the 
course of variation by which z obtains that value; for example, integrals of 
uniform functions, and multiform functions. And i t  may be expected that, 
a fortiori, the value of an integral connected with a multiform function will 
depend upon the course of variation of the variable z. Now as integrals 
which mise in this way through multiform functions and, generally, integrals 
connected with differential equations are a fruitful source of new functions, 
i t  is desirable that the effects on the value of an integral caused by variations 
of a z-path be aesigned so that, within the limits of algebraic possibility, the 
expression of the integral may be made completely determinate. 

There are two methods which, more easily than others, secure this result ; 
one of them is substantially due to Cauchy, the other to Riemann. 

The consideration of Riemann's method, both for multiform functions and 
for integrals of such functions, will be undertaken later, in Chapters XV., 
XVI. Cauchy's method has already been used in preceding sections relating 
to uniform functions, and it can be extended to multiform functions. Its 
characteristic feature is the isolation of critical points, whether regular 
singularities or branch-points, by means of small curves each containing one 
and only one critical point. 

Over the rest of the plane the variable z ranges freely and, under certain 
conditions, any path of variation of z from one point to another can, as will 
be proved immediately, be deformed without causing any change in the 
value of the integral, provided that the path does not meet any of the small 
curves in the course of the deformation. Further, froin a knowledge of the 
relation of any point thus isolated to the function, i t  is possible to calculate 
the change caused by a deformation of the z-path over such a point; and 
thus, for defined deformations, the value of the integral can be assigned 
precisely. 
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The properties proved in Chapter II. are useful in the consideration of 
the integrals of uniform functions; it is now necessary to establish the 
propositions which give the effects of deformation of path on the integrals 
of multiform function. The most important of these propositions is the 
following :- 

If w be a rnultiform function, the value of wdz, talcen between two 1: 
ordinary points, is wnaltered f o r  a deformation of the path, provided that the 
initial branch of w be the same and that no brand-point or ZnJnity be crossed 
in the deformation. 

Consider two paths acb, adb, (fig. 16, p. 152), satisfying the conditions 
specified in the proposition. Then in the area between them the branch w 
has no infinity and no point of discontinuity; and tliere is no branch-point 
in that area. Hence, by $ 90, Corollary VI., the branch w is a uniform 
monogenic function for that area; i t  is continuous and finite everywhere 
within it and, by the same Corollary, we may treat w as a uniform, mono- 
genic, finite and continuous function. Hence, by $17, we have 

( 4  lb  wdz + ( d ) r w d z  b = O, 

the first integral being taken along acb and the second along bda; and 
therefore 

shewing that the values of the integral along the two paths are the saine 
under the specified conditions. 

It is evident that, if some critical point be crossed in the deformation, 
the branch w cannot be declared uniform and finite in the area and the 
theorem of § 17 cannot then be applied. 

COROLLARY 1. The integral r d  a closed cuwe containz'ng no critical 
point is zero. 

COROLLARY II. A cuwe round a branch-point, containing no 0 t h  

critical point of the function, can be deformed into a loop 
without altering the value of Jwdz; for the deformation 
satisfies the condition of the proposition. Hence, when 
the value of the integral for the loop is known, the 
value of the integral is known for the curve. 

COROLLARY III. From the proposition i t  is possible 
to infer conditions, under which the integral Jwdz round 
the whole of any c w e  remains unchalzged, whm the whole a Fig. B. 

curve is deforrned, without leaving an infinitesimal arc 
comrnon as in Corollary II. 
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Let CDC', ABA' be the curves: join two consecutive points AA' to two 
consecutive points CC. Then if the area CABA'C'DC 
enclose no critical point of the function w, the value of 
Jwdz along CDC' ii., by the proposition the same as its 
value along CABA'C". The latter is made up of the 
value along CA, the value along ABA', and the value 
along A'C', say @ c 

1; W ~ Z  +la W ~ Z  + /: w ' d ~ ,  Fig. 23. 

where w' is the changed value of w consequent on the description of a simple 
curve reducible to B (5 90, Cor. II.). 

Now since w is finite everywhere, the difference between the values of w 
a t  A and a t  A' consequent on the description of ABA' is finite: hence as 
A'A is infinitesimal the value of Jwdz necessary to complete the value for 
the whole curve B is infinitesimal and therefore the complete value can be 

taken as the foregoing integral /Bwdz. Sirnilarly for the complete value 

dong the curve D: and therefore the difference of the integrals round B and 
round D is 

1; wdz + /,c w'dz, 

j; (. - w') dz. 

I n  general this integral is not zero, so that the values of the integral 
round B and round D are not equal to one another: and therefore the curve 
D cannot be deformed into the curve B without affecting the value of Jwdz 
round the whole curve, even when the deformation does not cause the curve 
to pass over a critical point of the function. 

But in special cases it may vanish. The most important and, as a 
matter of fact, the one of most frequent occurrence is that in which the 
description of the curve B restores a t  A' the initial value of w a t  A. I t  
easily follows, by the use of § 90, Cor. II., that the description of D (as- 
suming that the area between B and D includes no critical point) restores 
a t  C the initial value of w a t  C. I n  such a case, w = w' for corresponding 
points on A C  and A'C", and the integral, which expresses the difference, is 
zero: the value of the integral for the curve B is then the same as that for D. 
Hence we have the proposition :- 

If a curve be such that the description of  i t  by the independent variable 
restores the initial value o f  a multiform function w, then the value of Jwdz 
taken round the curve is  wnaltered when the cume is deformed into amy other 
curve, provided that no branch-point or point of discontinuity of w is crossed 
in the course of deformation. 
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This is the generalisation of the proposition of § 19 which has thus far 
been used only for uniform functions. 

Note. Two particular cases, which are very simple, may be mentioned 
here : special examples will be given immediately. 

The first is that in which the curve B, and therefore also D, encloses 
no branch-point or infinity; the initial value of w is restored after a 
description of either curve, and i t  is easy to see (by reducing B to a 
point, as may be done) that the value of the integral is zero. 

The second is that in which the curve encloses more than one branch- 
point, the enclosed branch-points being such that a circuit of al1 the loops, 
into which (by Corollary V., 5 90) the curve can be deformed, restores the 
initial branch of W. This case is of especial importance when w is two-valued : 
the curves then enclose an even number of branch-points. 

101. It is important to know the value of the integral of a multiform 
function round a small curve enclosing a branch-point. 

Let c be a point at  which m branches of an algebraical function are equal 
and interchange in a single cycle; and let c, if an infinity, be of only finite 
order, Say klm. Then in the vicinity of c, any of the branches w can be 
expressed in the form 

s = - k  

where k is a finite integer. 

The value of Jwdz taken round a srnall curve enclosing c is the sum of 
the integrals 

8 

y8 S(Z - c);;idz> 

the value of which, taken once round the curve and beginning a t  a point z,, is 

where u is a primitive mth root of unity, provided m + s is not zero. If then 
s + m be positive, the value is zero in the limit when the curve is infini- 
tesimal: if m +s  be negative, the value is ca in the limit. 

But, if m + s be zero, the value is 2.rrig8. 

Hence we have the proposition : If, in the vicinity of a branch-point c, 
where rn branches w are equul to one another and interchange cyclically, the 
expression of me of the branches be 
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then Jwdz, taken once r o u n d  a small cwrve enclosing c, is zero, if Fc < m; is 
infinite,ifk>m; andis  27Tigk, ifk=m. 

I t  is easy to see that, if the integral be taken m times round the small 
curve enclosing c, then the value of the integral is 2m.rrigm when Ic is greater 
than 9n, so that the integral vanishes unless there be a term involving (z - c)-l 
in the expansion of a branch w in the vicinity of the point. The reason that 
the integral, which can furnish an infinite value for a single circuit, ceases to 

A 

do so for m circuits, is that the quantity (2,- c )  5 which becomes indefi- 
nitely great in the limit, is multiplied for a single circuit by aA- 1, for a 
second circuit by aZA - aA, and so on, and for the mth circuit by an&" - a(m-l)A, 
the sum of al1 of which coefficients is zero. 

Ex. The integral J{(z - a) (z  - b )  ... (z -A}-) dz taken round an indefinitely small curve 
enclosing a is zero, provided no one of the quantities b, ... ,fis equal to a. 

102. Some illustrations have already been given in Chapter II., but 
they relate solely to definite, not to indefinite, integrals of uniform 
functions. The whole theory will not be considered a t  this stage; we shall 
nlerely give some additional illustrations, which will shew how the method 
can be applied to indefinite integrals of uniform functions and to integrnls 
of multiform functions, and which will also form a simple and convenient 
introduction to the theory of periodic functions of a single variable. 

We shall first consider indefinite integrals of uniform functions. 

Ex. 1. Consider the integral -, and denote* it by f (8). /I 
The function to be integrated is uniform, and it has an accidental singularity of the f h t  

order a t  the origin, which is i ts  only singularity. The value of (2-ldz taken positively 
along a small curve round the origin, say round a circle with the origin as centre, is 27ri; 
but the value of the integral is zero when taken dong  any closed curve which does not 
include the origin. 

Taking z=1 as the lower limit of the integral, and any point z as the upper limit, we 
consider the possible paths from 1 to 8. Any path from 1 to z can be deformed, without 
crossing the origin, into a path which circumscribes the origin positively some number of 
times, say ml, and negatively some number of timeq say m,, al1 in any order, and then leads 
i n  a straight line from 1 to z. For this path the value of the integral is equal to  

that is, to 

where m is an integer, and in the last integral the variation of z is along a straight 
line from 1 to z. Let the last integral be denoted by u ; then 

f (2) = 2~ + Zmlri, 

* Ses Chrystal, ii, pp. 266-272, for the elementary properties of the function and its inverse, 
when the variable is cornplex. 
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and therefore, inverting the function and denoting f -1 by 6, we have 

z=$ ( u + 2 m 4 .  

Hence the general integral is a function of z  with an infinite number of values ; and z is a 
periodic function of the integral, the period being 2si. 

Ez 2. Consider the function /$; and again dennote it by f (2). 

The one-valued function to be integrated has two accidental singularities + i, each of 
the first order. The value of the integral taken positively along a small curve round i is 
n, and along a small curve round - i is - s. 

We take the origin O as the lower lirnit and any point z as the upper limit. Any path 
from O to z can be deformed, without crossing either of the singularities and therefore 
without changing the value of the integral, into 

(i) any numbers of positive ((ns, m,) and of negative (m,', m;) circuits round i and 
round - 2; and 

(ii) a straight line from O to z. 

Then we have 

where n is an integer and the integral on the right-hand side is taken along a straight line 
from O to 2. 

lnverting the function and denoting f -l  by 4, we have 

The integral, as before, is a function of z with an infinite number of values ; and z  is a 
periodic function of the integral, the period being r. 

103. Before passing to the integrals of rnultiform functions, i t  is con- 
venient to consider the method in which Hermite* discusses the multiplicity 
in value of a definite integral of s uniform function. 

Taking a simple case, let 

and introduce a new variable t such that Z= zt  ;. then 

When the path of t is assigned, the integral is definite, finite and unique in 
value for al1 points of the plane except for those for which 1 + zt = O ; and, 
according to the path of variation of t from O to 1, there will be a z-curve 
which is a curve of discontinuity for the subject of integration. Suppose the 
path of t to b'e the straight line from O to 1 ; then the ciirve of discontinuity 

* Crelk, t .  xci, (1881), pp. 62-77; Coure à 2a Faculté des Scienees, 48- éd. (1891), pp. 
76-79, 154-164, and elsewhere. 
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is the axis of x between - 1 and - GU. I n  this curve let any point - E be 
taken where 5 > 1 ; and consider a point z, = - 5 + ie and a point z, = - - if, 
respectively on the positive and the negative sides of the axis of x, both 
being ultimately taken as infinitesimally near the point - e. Then 

Let e become infinitesimal ; then, when t is infinite, we have 

for E is positive ; and, when t is unity, we have 

for is > 1. Hence + (zl) - 4 (2,) = 2 d .  

The part of the axis of x from - 1 to - oo is therefore a line of discon- 
tinuity in value of + (z), such that there is a sudden change in passing from 
one edge of it to the other. If the plane be cut along this line so that 
it cannot be crossed by the variable which may not pass out of the plane, 
then the integral is everywhere finite and uniform in the modified surface. 
If the plane be not cut along the line, i t  is evident that a single passage 
across the line from one edge to  the other makes a difference of 27i-i in the 
value, and consequently any number of passages across will give rise to the 
rnultiplicity in value of the integral. 

Such a line is called a section* by Hermite, after Riemann who, in a 
different manner, introduces these lines of singiilarity into his method of 
representing the variable on surfaces?. 

When we take the general integral of a uniform function of Z and make 
the substitution Z = zt, the integral that arises for consideration is of the form 

We shall suppose that the path of variation of t is the axis of real quantities : 
and the subject of integration will be taken to be a general function of t and 
z, without special regard to its derivation from a uniform function of 2. 

Coupure; see Crelle, t. xci, p. 62. t See Ohapter XV. 
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It is easy, after the special example, to see that @ is a continuous function 
of z in any space that does not include a z-point which, for values of t included 
within the range of integration, would satisfy the equation. 

G (t, 2) = o. 
But in the vicinity of a z-point, say c, corresponding to the value t = 8 in 
the range of integration, there will be discontinuity in the subject of 
integration and also, as will now be proved, in the value of the integral. 

Let Z be the point c and draw the curve through Z corresponding t o  
t = real constant ; let Nl be a point on the positive side and N ,  
a point on the negative side of this curve positively described, 
both points being on the normal at  Z; and let ZN, = ZN, = e', 
supposed small. Then for N, we have 

xl=f-etsin+, yl==+eEcos+, 
Fig. 24. 

so that 21 = c + id (cos -# + i sin +), 

where $ is the inclination of the tangent to the a,xis of real quantities. But, 
if d r  be an arc of the curve at  2, 

for variations along the tangent a t  Z, that is, 

ac Thus, since - may be taken as finite on the supposition that Z is an 
dt 

ordinary point of the curve, we have 

Similarly 
. P  

z 2 = { + z e - .  Q 

Hence 
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with a similar expression for @ (2,) ; and therefore 

The subject of integration is infinitesimal, except in the immediate vicinity 
of t = 8 ; and there 

G(t,C)=(t--8)P, J '(t>c)=F(Ro> 

powers of small quantities other than those retained being negligible. Let 
the limiting values of t, that need be retained, be denoted by B + v  and 
8 - ; then, after reduction, we have 

in the limit when e is made infinitesimal. 

Hence a line of discontinuity of the subject of integration is a section 
for the integral; and the preceding expression is the magnitude, by 
numerical multiples of which the values of the integral differ*. 

Ex. 1. Consider t he  integral 

We have 

so tha t  r is the period for the above integral. 

Ex. 2. Shew t h a t  the  sections for the  integral 

* The memoir and the COUTS d'Analyse of Hermite should be aonsulted for further develop- 
ments; and, in reference to the integral treated above, Jordan, Cours d'Analyse, t. iii, pp. 
610-614, may be oonsulted with advantage. See also, generally, for functions defined by 
definite integrals, Goursat, Acta Math., t. ii, (1883), pp. 1-70, and ib., t. v, (1884), pp. 97- 
120; and Pochhammer, Math. dnn., t. xxxv, (1890), pp. 470-494, 495-526. Ooursat also 
discusses double integrale. 
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where a is positive and less than 1, are the straight lines x= (2k+ 1 )  r, where k assumes al1 
integral values ; and that the period of the integral a t  any section a t  a distance t) from the 
axis of real quantities is 2n cosh (ut)). (Hermite.) 

Ex. 3. Shew that  the integral 

where the real parts of j3 and y - f i  are positive, has the part of the axis of real quantities 
between 1 and + m for a section. 

Shew also that the integral 
1 

where the real parts of B and 1 - 0  are positive, has the part of the axis of real quantities 
between O and 1 for a section : but that, in order to render 4 (2) a uniform function of z, 
it is necessary to  prevent the variable from crossing, not merely the section, but also the 
part of the axis of real quantities between 1 and +m. (Goursat.) 

(The latter line is oailed a section of the second kind.) 

Ex. 4. Discuss generally the efïect of changing the path of t on a section of the 

integral ; and, in  particular, obtain the section for -!?? ohen, after the substitution 
O l + Z  

Z=zt, the path of t is made a semi-circle on the line joining O and 1 as diameter. 

Note. It is manifestly impossible to  discuss al1 the important bearings of theorems and 
principles, which arise from time to time in our subject ; we can do no more than mention 
the subject of those definite integrals involving complex variables, which first occur as 
solutions of the better-known linear differential equations of the second order. 

Thus for the detînite integral cannected with the hypergeometric series, memoirs by 
Jacobi* and Goumatt should be con~ulted;  for the definite integral connected with 
Bessel's functions, memoirs by Hankelr and Weber5 should be consulted ; and Heine's 
Handbud der Kuye@nctionen for the definite integrals iconnected with Legendre's 
functions. 

104. We shall now consider integrals of multiform functions. 

Ez. 1. To find the integral of a mnltiform function round one loop ; and round a 
number of l o ~ p a  

Let the function be 
1 - 

w={(z-al)@-a,) ... (2-a,))m, 
where m may be a negative or positive integer, and the quantities a are unequal to one 
another ; and let the loop be from the origin round the point 4. Shen, if I be the value 
of the integral with an assigned initial branch w, we have 

where a is e m  and the middle integral is taken round the circle a t  a, of infinitesimal radius. 

* C ~ e l l e ,  t .  lvi, (1859), pp. 149-165; the memoir was not pnblished nntil after his death. 
i. Sur l'équation di$él.entielle linéaire qui admet pmw intégrale lu série hypergJométrique, 

(Thése, Gauthier-Viiiars, Paris, 1881). 
$ Math. Ann., t .  i, (1869), pp. 467-501. 
5 Math. Ann., t .  xxxvii, (1890), pp. 4û4-416. 
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But, since the limit of (2-a,) w when z=al is zero, the middle integral vanishes by 6 101 ; 
and therefore 

4 = (1 - a) 1: wdz, 

where the integral may, if convenient, be considered as taken along the straight line from 
Oto a,. 

Next, consider a circuit for an integral of w which (fig. 25) encloses two branch-points, 
say a, and a2, but no others ; the circuit in (1) can be deformed into that in (2) or into 
that in (3) as well as into other forms. Hence the integral round al1 the three circuits 
must be the same. Beginning with the same branch aa in the h t  case, we have 

as the integral after the first loop in (2). And the branch with which the second loop 
begins is aw, so that the integral described as in the second loop is 

and therefore, for the circuit as in (2), the integral is 

Proceeding similarly with the integral for the circuit in (3), we find that its expression is 

and thme two values must be equal. 

But the integrals denoted by the same symbols are not the same in the two cases ; the 

function wdz is different in the second value of I from that in the first, for the deforma- 

tion of path necessary to change from the one to the other passes over the branch-point az. 
In fact, the equality of the two values of I really determines the value of the integral for 
the loop Oa, in (3). 

And, in general, equations thus obtained by varied deformations do not give relations 
among loop-integrals but define the values of those loop-integrals for the deformed paths. 

We therefore take that deformation of the circuit into loops which gives the simplest 
path. Usually the path is changed into a group of loops romd the branchpoints as they 
occur, taken in  o~der in  a triqommetkally positive direction. 

The value of the integral round a circuit, equivalent to any number of loops, is obvious. 

Ex. 2. To fid the value of Jwdz, taken round a simple curve which incluàes al1 the 
branch-points of w and aZZ the infiities. 
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If z=m be a branch-point or an infinity, then al1 the branch-points and al1 the 
infinitiei of w lie on what is usually regarded as the exterior of the curve, or the curve 
may in one sense be said to exclude al1 these points. The integral round the curve is then 
the integral of a function round a curve, auch that over the area included by i t  the 
function ia uniform, finite and continuous ; hence the integral is zero. 

If z= cc be neither a branch-point nor an infinity, the cuve cm be deformed until it  is 
a circle, centre the origin and of very great radius. If then the limit of zw, when lzl is 
infinitely great, be zero, the value of the integral again is zero, by II., 5 24. 

Another method of considering the integral, is to use Neumann's sphere for the 
representation of the variable. Any simple closed curve dividea the area of the sphere 
into two parts ; when the curve is dehed as above, one of those parts is such that the 
function is uniform, finite and continuous throughout and therefore its integral round the 
curve, regarded as the boundary of that part, is zero. (See Corollary III., 5 90.) 

Ex. 3. To find the general ralue of ~ ( l - z ~ ) - ~ d z .  The function to be integrated is 
two-valued : the two values interchange round each of the branch-points + 1, which are 
the only branch-points of the function. 

Let I be the value of the integral for a loop from the origin round f 1, beginning with 
the branch which has the value +1 at the origin ; and let I' be the corresponding value 
for the loop from the origin round - 1, beginning with the same branch. Then, by Ex. 1, 

= - 1, 
the lmt equality being easily obtained by changing variables. 

Now consider the integral when taken round a circle, centre the origin and of indefinitely 
great radius R ; then by $ 24, II., if the limit of aw for a= m be k, the value of Jwdz round 

1 
this circle is 2nik. In the present case w =  (1 - z2)-* so that the limit of zw is +; ; hence 

the integral being taken round the circle. But since a description of the circle restorea the 
initial value, it can be deformed into the two loops from O O' 
to A and from O to A'. The value round the 6rst is  1; and ' 

the branch with which the second begins to be described has 9 0 -  A 

the value - 1 at  the origin, so th& the consequent value round Fig. 26. 

the second is - I' ; hence 
r - r = 2 4 ,  

and therefore I= - I'= ~3 

verifying the ordinary result that 

when the integral is taken along a straight line. 

To find the general value of u for any path of variation between O and z, we proceed as 
follbws. Let n he any circuit which restorm the initial branch of (1 -z2)-). Then by 
3 100, Corollary II., may be composed of 

(i) a set of double circuits round + 1, say m', 
(ii) a set of double circuits round - 1, say m", 

and (iii) a set of circuits round + 1 and - 1 ; 

* It is interesthg to obtain this equation when û' is taken as the initial point, instead of O. 

IRIS - LILLIAD - Université Lille 1 



192 EXAMPLES OF PERIODICITY [104. 

and these may come in any order and each may be described in either direction. Now for 
a double circuit positively described, the value of the integral for the first description is 1 

and for the second description, which begins with the branch - (1 - 9)-a, it is  -1; hence 
for the double circuit it is zero when positively described, and therefore it  is zero also when 
negatively described. Hence each of the m' double circuits yields zero as its nett contribu- 
tion to the integral. 

Similarly, each of the m" double circuits round - 1 yields zero as its nett contribution 
to the integral. 

For a circuit round + 1 and - 1 described positively, the value of the integral has just 
been proved to be I -  I', and therefore when described negatively it  is 1'- I. Hence, if 
there be nl positive descriptions and n2 negative descriptions, the nett contribution of ail 
these circuits to the value of the integral is (%-nz) (1- Z'), that  is, 2ns where n is an 
integer. 

Hence the complete value for the circuit D is 2m. 

Now any path from O to z can be resolved into a circuit a, which restores the initial 

branch of (1 - 93, chosen to have the value 
+1 a t  the origin, and either (i) a straight 
line Oz ; 

or (ii) the path OACz, via., a loop round c & 
+ 1 and the line Oz ; O +1 -1 

or (iii) the path OA'Cz, viz., a loop round 
- 1 and the line Oz. 

Let u denote the value for the line Oz, so that .= (1 - z+ dz. 

Hence, for case (i), the general value of the integral is 

Y" 
2m+u.  

For the path OACz, the value is 1 for the loop OAC, and is (-u) for the line Cz, the 
negative sign occurring becauee, after the loop, the branch of the function for integra- 

tion along the line is - (1 - 9)-$ ; this value is  1- u, that is, i t  is ?r- zc. Hence, for case 
(ii), the value of the integral is 

2nlr+?r-zc. 

For the path OA'Cz, the value is similarly found to be - s - u ; and therefore, for case (iii), 
the value of the integral is 

2 ~ r - r  -u. 

If f (2) denote the general value of the integral, we have either 

f (2) = Zn8 + u, 

or f (z)=(2rn+l)s-u, 

where n and m are any integers, so that f (z) is a function with two infinite series of valua. 

Lastly, if z=+ (6) be the inverse off (z) =O, then the relation between u and z given by 

can be represented in the form 

C#I (u)=z=+ (2m+u)  
and C#J (u)=z=~#I (2ms+r-u)  
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both equations being necessary for the full representation. Evidently z is a simply-periodic 
function of u, the period being 2 r  ; and from the definition it is eaaily seen to be an odd 
function. 

Let y = (1 - r2)4=X (u), so that y is an even function of u ; from the consideration of the 
various paths from O to z, i t  is easy to  prove that 

x(u)=x (2m+4 

Ex. 4. To find the general value of J{(l- 9 )  (1 - k?9)} -4 dz. It will be convenient 
(following Jordan*) t o  regard this integral as a special case of 

Z=J{(Z - a) (Z - b)  (2- C) (Z  - 41-* dz=jqodz. 
The two-valued function to be integrated has a, b, c, d (but not co ) as the complete 

system of branch-points ; and the two values interchange a t  each of them. We proceed as 
in the last example, omitting mere re-statements of reasons there given that are applicable 
also in the present example. 

Any circuit Q, which restoras an initial branch of w, oan be made up of 
(i) sets of double circuits round eaoh of the branch-points, 

and (ii) sets of circuits round any two of the branch-points. 
The value of Jwdz for a loop from the origin to a branch-point k (where k=a, b, c, or d) is 

and this may be denoted by K, where E= A, B, C, or D. 
The value of the integral for a double circuit round a branch-point is zero. Hence the 

amount contributed to  the value of the integral by al1 the sets in (i) as this part of 
D is zero. 

The value of the integral for a circuit round a and b taken positively is A - B ; for one 
round b and c is B - C; for one round c and d is C- D ; for one round a and c is A - C, 
which is the sum of A - B and B - C ; and similarly for circuits round a and d and round 
b and d. There are therefore three distinct values, say A -  B, B- G, C- D, the values 
for circuits round a and b, b and cl c and d respectively ; the values for circuits round any 
other pair can be expressed linearly in  terms of these values. Suppose then that the part 
of n represented by (ii), when thus resolved, is the nett equivalwt of the description of m' 
circuits round a and b, of n' circuits round b and c, and of Z' circuits round c and d. Then 
the value of the integral contributed by this part of 0 is 

m'(A-B)+nl(B-C)+Z' (C-D), 
which is therefore the whole value of the integral for Q. 

But the values of A, B, C, D are not independentt. Let a circle with centre the origin 
and very great radius be drawn ; then since the limit of zw for ] z l = c a  is zero and since 
z=m is not a branch-point, the value of J d z  round this circle is.zero (Ex. 2). The circle 
can be deformed into four loops round a, b, c, d respectively in order; and therefore the 
value of the integral is A - B + O- D, that is, 

A-B+C-D=O. 
Hence the value of the integral for the circuit 0 is 

m (A-B)+n(B-C), 
where m and n denote rn'- 1' and n' - P respectively. 

Cours d'Analyse, t. ii, p. 343. 
.t. For a purely analytical proof of the following relation, see GreenhiIl's EZZiptic Funetions, 

Chapter II. 

F. 13 
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Now any path £rom the origin to z can be resolvecl into Q, together wit,h citlier 

(i) a straight line from O to z, 

or (ii) a loop round a and then a straight line to z. 

I t  might appear that another resolution would be given by a combination of n with, say, a 
loop round 6 and then a straight line to  z ; but it  is resoluble into the second of the above 
combinations. For a t  G, after the description of the loop 13, introduce a double description 
of the loop A, which adds nothing to the value of the integral and does not in  the end 
aftect the branch of w a t  C; then the new path can be regarded as made up of (a) the 
circuit constituted by the loop round b and the first loop round a, (P) the second loop round 
a, which begins with the initial branch of w, followed by a straight path to z. Of these 
(a) can be absorbed into 0, and (P)  is the same as (ii) ; hence the path is not essentially 
new. Similarly for the other points. 

Let u denote the value of the integral with a straight path from O to z ;  then the 
whole value of the integral for the combination of n with (i) is of the form 

nz(A-B)+n(B-Q+u.  

For the combination of n with (ii), the value of the integral for the part (ii) of 
the path is A, for the loop round a, +(-u), for the straight path which, owing to the 
description of the loop round a, begins with - w ; hence the whole value of the integral is 
of the form 

m ( A - B ) + n ( B - Q + A - u s .  

Hence, if f (z) denote the general value of the integral, it has two systeins of values, w h  
containing a doubly-infinite number of terms; and, if z= @ (a) denote the inverse of 
u = f (z), we have 

9 (u)=+{m(A-B)+n(B-Qfu} 

where m and n are any integers. Evidently z is a doubly-periodic function of u, with 
periods A-B and B-C. 

Ex. 5.  The case of the foregoing integral which most frequently occurs is the eliiptic 
integral in the form used by Legendre and Jacobi, viz. : 

u = I{(i - 22) (1 - kV))-bz = J W ~ Z ,  
1 

where k is real. The branch-pointa of the function to be integrated are 1, -1, 
1 and --, and the values of the integral for the corresponding loops from the origin are k 

and 

Now the values for the loops are connected by the equation 
A - B + C - D = 0 ,  

* The value for a loop round b and then a straight line to z, just considered, is B - u 
= -(A-B)+A-U, 

being the value in the text with m changed to m-  1. 
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and so it will be convenient that, as al1 the points lie on the axis of real variablw, we 
arrange the order of the loops so that this relation is identically satisfied. Otherwise, 
the relation will, after Ex. 1, be a definition of the paths of integration chosen for the 
loops. 

Among the methods of arrangement, which secure the identical satisfaction of the 

relation, the two in the figure" are the simplest, the curved lines being taken straight in 
the limit ; for, by the first arrangement when k < 1, we have 

and, by the second when k > 1, we have 
1 1 

both of which are identically satisfied. We may therefore take either of thcm; let the 
former be adopted. 

The periods are A - B, B - C, (and C - D, which is equal to B- A), and any linear 
combination of these is a period : we shall take A - B, and B - D. The latter, B -  D, 
is equal to  

which, being denoted by 4K, gives 
d z  

as one period. The former, A -  B, is equal to 

which is 

this, being denoted by 2iK1, 

where k'e+ kz= 1 and the relation between the variables of the integrals is kV+P2z'z= 1. 
1 

Hence the periods of the integral are 4K and 2iK'. Moreover, A is 2 
1 

Hence the general value of f {(l - z2) (1 - ~ i z z ) } )  dz is  
u +4mK+ 2niK1, 

* Jordan, Cours d'Analyse, t. ü, p. 356. 
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or 

that is, 
where u is the integral taken from O to z along an assigned path, often taken to be 
a straight line ; so that there are two systems of values for the integral, each containing 
a doubly-infinite number of terms. 

If B be denoted by 4 (u)-evidently, from the integral definition, an odd function 
of u-, then 

$J (u)= $ (U +4mK+2niK1) 

=+ (2K- u+4mK+2niK1), 

so that z is a doubly-periodic function of u, the periodv being 4K and 2iK'. 

1 
Now consider the fundion s= (1 - 9)i. A z-path round - does not affect z, by way of 

k 
change, provided the curve does not include the point 1 ; hence, if z1=x (u), we have 

x (u+2K+2iK1). 
But a z-path round the point 1 does change z, into - z,; so that 

x (.)= -x (%+2K). 
Hence ,y (u), which is an even function, has two periods, viz., 4K and 2K+2iK1, whence 

,y (u) = x (u+ 4rnK+ 2nK+ 2niK'). 

Similarly, taking z2=(1  - kfa):=+ (u), i t  k easy to see that 

9 (4=+ ( ~ + 2 r n ,  
-+ (u)=+ (u+2K+2iK')=+(u+2iK1), 

so that JI (u), which is an even function, has two periods, viz., 2K and 4iK' ; whence 

The functions C#I (u), ,y (u), + (u) are of course sn u, cn u, dn u respectively. 

Ex. 6 .  TO find the general value of the integral 

The function to be integrated has el, e2, e,, and CO for its branch-points; and for 
paths round each of them the two branches interchange. 

A circuit n which restores the initial branch of the function to be integrated can 
be resolved into :- 

(i) Sets of double circuits round each of the branch-points alone: as before, the 
value of the integral for mch of these doiible circuits is zero. 

(ii) Sets of circuits, each enclosing two of the branch-points: it is coiivenient to 
retain circuits including co and el, w and e,, co and e,, the other three 
combinations being reducible t o  these. 

The values of the integral for these thrce retained are respectively 

* The choice of m for the upper limit is made on a ground which mil1 subsequently be 
considered, viz., that, when the integrel is zero, a is infinite. 
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and therefore the value of the integral for the circuit n is of the form 

But El, E2, E, are not linearly independent. The integral of the function round any 
curve in the finite part of the plane, which dom not 
include el, e, or e, within its boundary, is zero, by Ex. 2 ;  
and this curve can be deformed to the shape in the figure, 
until i t  becomes infinitely large, without changing the 
value of the integral. 

Since the limit of zw for Izl=a> is zero, the value of 
the integral from m ' to  m is zero, by 9 24, II. ; and if the 
description begin with a branch w, the branch at  m is -W. --+ 
The rest of the integral consists of the surn of the values Eg.  29. 

round the loops, which is 
- El+E,-Ex, 

because a path round a loop changes the branch of w and the l u t  branch after describing the 
loop round e3 is +w a t  m', the proper value ($ 90, III). Hence, as  the whole integral 
is zero, we have 

- El+E,-E3=0, 

Thus the value of the integral for any circuit Q, which restores the initial brmch of w, can 
be exprwsed in any of the equivalent forma rnEl+nE,, mfE,+n'E2, mfrE2+n"E3, where 
the m's and n's are integers. 

Now any path from m to 2 can be resolved into a circuit Q, which restores a t  a, the 
initial branch of w, combined with either 

(i) a straight path from a> to z, 
or (ii) a loop between oo and el, together with a straight path from m to z. 
(The apparently distinct alternatives, of a loop between CO and e, together with a straight 
path from m to z and of a similar path round e,, are inclusible in the second alternative 
above ; the reasons are similar to  those i n  Ex. 5.) 

If u denote 1: (4 (z - el) ( z -  -) (i- e3lj-*o!z when the integral is taken in a straight 

line, then the value of the integral for part (i) of a path is u ;  and the value of the 
integral for part (ii) of a path is El - u, the initial branch in each case for these parts being 
the initial branch of w for the whole path. Hence the most general value of the integral 
for any path is 

2mol + 2no,+ u, 

or 2mo1+2m3+ 20, -u, 

the two being evidently included in the form 

If, then, we denote by z=p (u) the relation which is inverse to  

u = 1: {4 (z - el) (z - e,) (z - e3)}-hdz, 

we have q (u) = !@ (2mqi1 + 2 m 3  +u). 

In  the same way as in  the preceding example, it  follows that 

p (u) = (2mq + 2n03 + zc) = - p (2mq + 2n03 - u), 

where (u) is - {4 (z - el) (z - e2) (z - e,)}*. 
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The foregoing simple examples are sufficient illustrations of the multi- 
plicity of value of an integral of a uniform function or of a multiform 
function, when branch-points or discontinuities occur in the part of the plane 
in which the path of integration lies. They also shew one of the modes in 
which singly-periodic and doubly-periodic functions arise, the periodicity 
consisting in the addition of arithmetical multiples of constant quantities 
to the argument. And i t  is to be noted that, as only a single value of z 
is used in the integration, so only a single value of z occurs in the 
inversion ; that is, the functions just obtained are uniform functions of their 
variables. To the properties of such periodic functions we shall return in the 
succeeding chapters. 

105. We proceed to the theory of uniform periodic functions, some 
special examples of which have just been considered; and limitation will 
be made here to periodicity of the linear additive type, which is only a very 
special form of periodicity. 

A function f (z) is said to be periodic when there is a quantity o such 
that the equation 

f (2 + =f (2) 

is an identity for al1 values of z. Then f (z + na)  = f (z), where n is any 
integer positive or negative; and it is assumed that w is the smallest 
quantity for which the equation holds, that is, that no submultiple of o will 
sat is5 the equation. The quantity o is called a period of the function. 

A function is said to be simply-periodic when there is only a single 
period: to be doubly-periodic when there are two periods; and so on, the 
periodicity being for the present liniited to additive modification of the 
argument. 

It is convenient to have a graphical representation of the periodicity of a 
function. 

(i) For simply-periodic functions, we 
take a series of points O, A,,  A,, ... , 
A-,, A-e,. .. representing 0, 0 ,  20, . .. , 
- o, - 20, . . . ; and through these points 
we draw a series of parallel lines, dividing 
the plane into bands. Let P be any 
point z in the band between the lines 
through O and through A,; through P 
draw a line parallel to OA, and measure 
off PP,=P,P*= ...= PP-l=P,P-,= ..., 
each equal to OA,; then al1 the points 
Pl, Pa ,  ... , P-l, P,, ... are represented 
by z + no for positive and negative integral values of rt. But f ( z  + no)= f (2); 
and therefore the value of the function a t  a point P, in any of the bands is 
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the same as the value a t  P. Moreover to a point in any of the bands there 
corresponds a point in any other of the bands; and therefore, owing to the 
periodic resumption of the value at  the points corresponding to each point P, 
it Zs su$icient to com'der the variation of the function for points within one 
band, say the band between the lines through O and through A,. A point P 
within the band is sometimes called irreducible, the corresponding points P 
in the other bands reducible. 

If it were convenient, the boundary lines of the bands could be taken 
through points other than A,, A,, . .. ; for example, through points (m + 4) w 
for positive and negative integral values of m. Moreover, they need not be 
straight lines. The essential feature of the graphic representation is the 
division of the plane into bands. 

(ii) For doubly-periodic functions a similar method is adopted. Let o 
and o' be the two periods of such a 
function f (z), so that 

f ( z +  rd)= f (z)= f (z+ ml); 

then f (z + no + do') = f (z), 
where n and n' are any integers positive 
or negative. 

For graphic purposes, we take points 
0, Al, As, . . . , A,, A,, . .. representing 
O, w, 2 0  ,..., -o, -2w ,...; andwe take 
another series O, BI, B,, . . . , B,, B,, . .. 
representing O, of, 2o', . . . , - o', - 2w', . . . ; 
through the points A we draw lines 
parallel to the line of points B, and 
through the points B we draw lines Fig- 3L 

parallel to the line of pointf; A. The intersection of the lines through A, 
and B,, is evidently the point n o  + do', that is, the angular points of the 
parnllelograms into which the plane is divided represent the points no +do' 
for the values of n and n'. 

Let P be any point z in the parallelogram OAIC,B, ; on lines through P, 
parallel to the sides of the parallelogram, take points QI, Q,, ... , Q,, Q,, ... 
such that PQ,= QI&,= ... = o and points &, R,, ... , R,, R,, ... such that 
PR,=&R,= ... = w'; and through these new points draw lines parallel to 
the sides of the parallelogram. Then the variables of the points in which 
these lines intersect are al1 represented by z + mo + m'o' for positive and nega- 
tive integral values of rn and m' ; and the point represented by z + w o  + m'or 
is situated in the parallelogram, the angular points of which are rno -t m'of, 
(m + 1) o + m'of, mo + (m' + 1) o', and (m + 1) o + (m' + 1) o', exactly as P 
is situated in OAICIB,. But 

f (Z + mlo + m'a') = f (21, 
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and therefore the value of the function a t  such a point is the same as the 
value at P. Since the parallelograms are al1 equal and similarly situated, 
to any point in any of them there corresponds a point in OA,C,B,; and the 
value of the function at  the two points is the same. Hence it is sujicient to 
consider the variation of the function for points within one parallelogram, Say, 
that which has 0, o,  o + of ,  o f  for its angular points. A point P within 
this parallelogram is sometimes called irreducible, the corresponding points 
within the other parallelograms reducible to P ; the whole aggregate of the 
points thus reducible to any one are called homologous points. And the 
parallelogram to which the reduction is made is called the parallelogram of 
periods. 

As in the case of simply-periodic functions, i t  may prove convenient to 
choose the position of the fmdamental parallelogram so that the origin is 
not on its boundary ; thus i t  might be the parallelogram the middle points of 
whose sides are f +o, + 80'. 

106. In  the preceding representation i t  has been assumed that the line 
of points A is different in direction from the line of points B. If o = u + iv 
and o' = u1 +id, this assumption implies that vf/u' is unequal to v/u, and 
therefore that the real part of w' l i o  does not vanish. The justification of 
this assumption is established by the proposition, due to Jacobi * :- 

The ratio of the periods of a wn;form dowbly-periodic fmction cannot be 
real. 

Let f ( 2 )  be a function, having o and w' as its periods. If the ratio ol/w 
be real, it must be either commensurable or incommensurable. 

If i t  be commensurable, let i t  be equal to n'ln, where n and n' are 
integers, neither of which is unity owing to the definition of the periods o 
and w,. 

Let n'ln be developed as a continued fraction, and let m'lm be the last 
convergent before n'ln, where m and m' are integers. Then 

n' m' 1 - .----  - 
n m mn' 

that is, mn' - m'n = 1, 

so that o 
O (  -mwl)=- rn'o-mmf=- m'n 
n n ' 

Therefore f (z) = f (Z + m h  - mm'), 
since rn and m' are integers ; so that 

f @>=f (.+ g), 
contravening the definition of o as a period, viz., that no submultiple of o is a 
period. Hence the ratio of the periods is not a commensurable real quantity. 

* Ges. w e ~ k e ,  t. ii, pp. 25, 26. 
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If i t  be incommensurable, we express o'/o as a continued fraction. Let 
p/q and p'/q' be two consecutive convergents: their values are separated by 
the value of o'/w, so that we may write 

of - = P + h  7 - -  

o q  c y ) .  
where Z > h > O .  

Now pq'+ p'q = 1, so that 
of -=l!- f 

di? 
where c is real and I f (  < 1 ; hence 

f 
qw' -po = -' o. 

4 
Therefore f (4 =f (8 + 40'- po), 

since p and q are integers ; so that 

Now since w'/w is 

therefore take an 

incommensurable, the continued fraction is unending. We 
f 

advanced convergent, so that q' is very large. Then o is 
'2 

f a very small quantity and z + o is a point infinitesimally near to z, that 
9 - 

is, the function f (z), under the present hypothesis, resumes its value a t  a 
point infinitesimally near to z. Passing along the line joining these two 
points infinitesimally near another, we should have f (2) constant along a 
line and therefore (3 37) constant everywhere; i t  would thus cease to be a 
varying function. 

The ratio of the periods is thus not an incommensurable real quantity. 

We therefore infer Jacobi's theorem that the ratio of the periods cannot 
be real. In general, the rat>io is a complex quantity ; i t  may, however, be a 
pure imaginary *. 

COROLLARY. If a uniform function have two periods o, and o, such that 
a relation 

W V f J ,  + = O 

exists for integral values of m, and m,, the function is only simply-periodic. 
And such a relation cannot exist between two periods of a simply-periodic 
function, if m, and m, be real and incommensurable; for then the function 
would be constant. 

* It was proved, in Ex. 5 and Ex. 6 of § 104, that certain uniform functiona are doubly-penodio. 
A direct proof, that the ratio of the distinct periods of the functions there obtained is not a mal 
qumtity, is given by Falk, Acta Math., t. vii, (1885), pp. 197-200, and by Pringsheim, Math. 
Ann., t. xxvii, (1886), pp. 151-157. 
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Siinilarly, if a uniform function have three periods o,, o,, w,, connected 
by two relations 

ml% + m,o, + m,w, = 0, 

%oi + nzoz + n303 = 0, 
where the coefficients rn and n are integers, then the function is only simply- 
periodic. 

107. The two following propositions, also due to Jacobi", are important 
in the theory of uniform periodic functions of a single variable :- 

I f  a uniforrn function have three periods mi, us, o, such that a relation 

mlwl +%O, + m,w, = O 
i s  satisfid for integral vatues of ml, rn,, q, then the fiinction is only a doubly- 
periodic f unctioa. 

What has to be proved, in order to establish this proposition, is that two 
periods exist of which o,, w,, w, are integral multiple combinations. 

Evidently we may assume that m,, rn,, m, have no common factor: let f 
be the common factor (if any) of m, and m, which is prime to m,. Shen 
since 

m, O'=-f m2 wr7w"" m, 

and the right-hand side is an integral combination of periods, it follows that 

5 0, is a period. 
f 

m,. Now - 1s a fraction in its lowest terms. Change i t  into a continued 
f 

P fraction and let - be the last convergent before the proper value ; then 
Q 

so that 

ml mi But o, is a period and - ml is a period; therefore q - w, - po, is a period, 
f f 

or o,lf is a period, = CO,' Say. 

Let m,lf = mi, m,lf = ma, so that rn1wl1 + m'w, + m,'w, = O. Change 
'r 

m,'/m) into a continucd fraction, taking 2 to be the last convergent before the 

proper value, so that 

* Ges. Werke, t. ii, pp. 27- 32. 
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Then rw, + so,, being an integral combination of periods, is a period. But 

+- w2 = o2 (sm,' - rm,') 

= - ras%' - s (mp,' + rnb,) 
= - rnlswll - m,' (ro, + su,) ; 

also f o1 = wd (smf - rm,') 
= smd0, + r (m,w,' + m'o,) 

= m,ro,' + m,' (ro, + sw,) ; 

and w1 = fu,'. 

Hence two periods oi  and ro,+so, exist of which o,, oz ,  w, are integral 
multiple combinations ; and therefore al1 the periods are equivalent to oi and 
ru, + su,, that is, the function is oniy doubly-periodic. 

COROLLARY. If a function have four periods o,, o,, o,, o, connected by 
two relations 

mlwl + m202 + m,o, + m404 = 0, 
%O, + n20, + n,o, + %O, = O, 

where the coefficients m and n are integers, the function is only doubly- 
periodic. 

108. If a un.iform function of one varz'able have three periods o,, oz ,  o,, 
then a relation of the form 

m,w, + m,o, + = O 

must be satisjed for some integral values of ml, m,, m,. 

Let o, = a, + i&, for r = 1, 2 ,3  ; in consequence of 5 106, we shall assume 
that no one of the ratios of w,, o,, w, in pairs is real, for, otherwise, either 
the three periods reduce to two immediately, or the function is a constant. 
Shen, determining two quantities X and p by the equations 

a3 = La, + Pa,, p, = @, + ELA, 
so that and p are real quantities and neither zero nor infinity, we have 

o s  = + Clon, 
for real values of and p. 

Then, first, if either X or p be commensurable, the other is also commen- 
surable. Let = alb, where a and b are integers ; , then 

b p 2  = bwSm- bXw, 

= buQ - am,, 

so that bpoZ is a period. NOW, if bw be not commensurable, change i t  into a 
continued fraction, and let plq, p'lq' be two consecutive convergents, so that, 
as in 5 106, 

IRIS - LILLIAD - Université Lille 1 



204 TRIPLT-PERIODIC UNIFORM 

xw 
where 1 > s t:> - 1. Then 2 wz + ,' is a period, and so is w, ; hence 

'2 qq 

x 
is a period, that is, - o, is a period. We may take q' indefinitely large, and 

Q' 
then the function has an infinitesimal quantity for a period, thtlt is, i t  would 
be a constant nnder the hypothesis. Hence bp (and therefore p) cannot be 
incommensurable, if h be commensurable; and thus X and p are simul- 
taneously commensurable or simultaneously incommensurable. 

a c 
If x and p be simultaneously commensurable, let x = - , p = - , so that 

b d 

and therefore bdo,  = ado l  + bcw2, 

a relation of the kind required. 

If and p be simultaneously incommensurable, express A, as a continued 
fraction ; then by taking any convergent r/s, we have 

x 
where 1 > x > - 1, so that sx - r = - ;  

S 

by taking the convergent sufficiently advanced the right-hand side can be 
made infinitesimal. 

Let r, be the nearest integer to the value of sp, so that, if 

sp - r, =A , 
we have A numerically less than &. Then 

x 
and the quantity - q can be made so small as to be negligible. Hence 

S 

integers r, r,, s can be chosen so as to give a, new period m i ( =  h o , ) ,  such 
that 102'1< 4 14. 

We now take o,, 0 2 ,  o,: they will be connected by a relation of the form 

os = Xful + plw;, 

and x' and p' must be incommensurable: for otherwise the substitution for 
ai of its value just obtained would lead to a relation among o , ,  w,, o, that 
would imply commensurability of X and of p. 

Proceeding just as before, we may similarly obtain a new period o," such 
that / w2"1 < 3 l w Z I I  ; and so on in succession. Hence we shall obtain, after w 
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1 
such processes, a period w,in) such that (O,(") / < IOr\, so that by making n 

sufficiently large we shall ultimately obtain a period less than any assigned 
quantity. Let such period be O ; then 

f (2 + O) = f  ( 4 ,  
and so for points along the o-line we have an infinite number close together 
at which the function is unaltered in value. The function, being uniform, 
must in that case be constant. 

I t  thus appears that, if X and p be simultaneously incommensurable, the 
function is a constant. Hence the only tenable result is that and p are 
simultaneously commensurable, and then there is a period-equation of the 
form 

m o ,  + m,o, + m,o, = O, 

where ml, m,, ,m, are integers. 

The foregoing proof is substantially due to Jacobi (lx.). The result can 
be obtained from geometrical considerations by shewing that the infinite 
number of points, a t  which the function resumes its value, along a line 
through z parallel to the o,-line will, unless the condition be satisfied, reduce 
to an infinite number of points in the O,, o, parallelogram which will form 
either a continuous line or a continuous area, in either of which cases the 
function would be a constant. But, if the condition be satisfied, then the 
points along the line through z reduce to only a finite number of points. 

COROLLARY 1. Uniform functions of a single variable cannot have three 
independent periods ; in other words, triply-periodic uniform functions of a 
single variable do not exist*; and, a fortiori, uniform functions of a single 
variable with a number of independent periods greater than two do not ex&. 

But functions involving more than one variable can have more than two 
periods, eg., Abelian transcendents; and a function of one variable, having 
more than two periods, is not uniform. 

COROLLARY II. AIE the periods of a uniform periodic ficnction of a single 
variable reduce either to integral multiples of one period or to Einear combina- 
tions of integral mult+les of two periods whose ratio is  not a real quuntity. 

109. I t  is desirable to have the parallelogram, in which a doubly- 
periodic function is considered, as sinall as possible. I f  in the parallelogram 
(supposed, for convenience, to have the origin for an angular point) there be 
a point off such that 

f (2 + O") = f (2) 

for al1 values of z, then the parallelogram can be replaced by another. 

* This theorem i~ also due to Jacobi, (I.c., p. 202, note). 
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It is evident that w" is a period of the function; hence (5 108) we must 
have 

o"=ho+CLo' ;  
and both X and p, which are commensurable quantities, are less than unity 
since the point is within the parallelogram. Moreover, o + o' - a", which 
is equal to (1 - A) o + (1 - p) o', is another point within the parallelogram ; 
and 

f (2 + ri, + W' - O") = f (z), 
since w, or, or' are periods. Thus there cannot be a single such point, unless 

X = $ = p .  
But the number of such points within the parallelogram must be finite; 

if there were an infinite number, they would form a continuous line or a 
continuous area where the uniform function had an unvarying value, and 
consequently (5 37) the function would have a constant value everywhere. 

To construct a new parallelogram when al1 the points are known, we first 
choose the series of points parallel to the w-line through the origin 0 ,  and of 
that senes we choose the point nearest 0, say A,. We similarly choose t,he 
point, neare~t  the origin, of the series of points parallel to the w-line and 
nearest to it after the series that includes A,, say B, : we take OA,, OB, as 
adjacent sides of the parallelogram, and these lines as the vectorial repre- 
sentations of the periods. No point lies within this parallelogram where the 
function has the same value as a t  O ; hence the angular points of the original 
parallelograms coincide with angular points of the new parallelograms. 

When a parallelogram has thua been obtained, containing no interna1 
point f l  such that the function can satisfy the equation 

f (z+ fl) =f (2) 

for al1 values of z, i t  is called a fmdccmental, or a primitive, parallelogram: 
and the parallelogram of reference in subsequent investigations will be 
assumed to be of a fundamental character. 

But a fundamental parallelogram is not unique. 

Let o and o 'be  the periods for a given fundamental parallelogram, so 
that every other period ou is of the form h o  where X and p are 
integers. Take any four integers a, b, c, d such that ad - bc = & 1, as rnay 
be done in an infinite variety of ways ; and adopt two new periods o, and w,, 

such that 
o1 = ao + bof, o, = co + dm'. 

Then the parallelogram with o, and w, for adjacent sides is fundamental. 
For we have 

fco=dwi-bwz, ~w '=-cw1i -ao4 ,  
and therefore any period w" 

= Xo + 
= ( A d  - pc) ml + (- Ab + Pa,) m2, Save as to signs of h and p. 
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The coefficients of o, and o, are integers, that is, the point o" lies outside 
the new parallelogram of reference; there is therefore no point in i t  such that 

and hence the parallelogram is fundamental. 

COROLLARY. The aggregate of the angular points i n  one division of the 
plane into fundamental parallelograms coincides with their aggregate in 
any other division into fundamentad pa.rallelograms ; and all fundamental 
parullelograms for a given function are of the same area. 

The method suggested above for the construction of a fundamental parallelogram is  
geometrical, and it assumes a knowledge of al1 the points o" within a given parallelogram 
for which the equation f (z + a") = f (2)  is mtisfied. 

Such a point w, within the al, oz parallelogram is given by 

where ml, m,, m, are integers. We may assume that no two of these three intcgcrs 
have a common factor; were i t  otherwise, say for m, and m,, then, as in $ 107, a 
submultiple of o, would be a period-a result which may be considered as  excluded. 
Evidently al1 the points in the parallelogram are the reduced points homologous with 
O,, 20,) . . . . .., (m, - 1) w, ; when these are obtained, the geometrical construction is 
possible. 

The following is a simple and praoticable analytical method for the construction. 

Change ml/m, and m,/rn, into continued fractions; and let p/q and r/s be the 
last convergents before the respective proper values, so that 

where c and c' are each of them +_1. Let 

where X and p are taken to be less 'than m,, but they do not vanish because q and 8 are 
less than n+ Shen 

1 1 
q03-pu1 - B02=Tn3 (pua + FOJ> Sa3 - V a 2 -  $ml=- (hm1 +c'o~) ; 

m3 
the left-hand sides are periods, say 0, and a, respectively, and since p + r  is not >m, and 
h+rl is not >%, the points Q1 and Q2 determine a parallelogram smalier than the initial 
parallelogram. 

are equations defining new periods al, Qg. Moreover 
h 9f-,sm,=sE'+20 8+E,plna,qP+;P:  

m3 m3 q qm3, m , m , s s m ,  
80 that, multiplying the right-hand sides together and likewise the left-hand sides, we 
a t  once see that hp - cc' is divisible by m, if i t  be not zero : let 

h p  - C C ' = ~ ? ~ ~ A .  

Then, as X and p are less than nz,, they are greater than A; and they are prime to it, 
because CC' is + 1. 
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Heiice we have A ~ , = p n ~ - e ' ~ ~ ,  A a z = ~ ~ l - ~ ~ Z .  

Since A and p are both greater than A, let 

X = X 1 ~ + A 1 ,  p=plA+pl, 

where X' and are <A. Then Atp'- ce' is divisible by A if it be not zero, Say 

A'p' - cc' = AA' ; 

then A' and tL) are >A' and are prime to it. And now 

A (al - pin2) =@, - etal, A (0, - XIQ1) = h l q  - ; 

and therefore, if w,-plQ2=n3, oz -Xlnl=n,, which are periods, we have 

A Q ~ = ~ ' ~ ,  - e r ~ 1 7  an,=Xfn1 - 
With n, and 0, we can construct a parallelogram smaller tban that constructd 

with 0, and QZ. 

We now have A'a, = en3+ p1Q4, A1Q2 = X1Q3 + e1o4, 

that is, equations of the same form as before. We proceed thus in successive stages: 
each quantity A thus obtained is distinctly less than the preceding A, and so finally we 
shall reach a stage when the succeeding A would be unity, that is, the solution of the pair 
af equations then leads to  periods that determine a fundamental parallelogram. It 
is not difficult to prove that a,, w,, a, are combinations of integral multiples of these 
periods. 

If one of the quantities, such a s  XIp'- CF', be zero, then A1=p'=l, € = F I =  51 ; and then 
n, and n4 are identical. I f  6 = É = + 1, then An3 = 9, - a,, and the fundamental parallelo- 
gram is determined by 

1 1 
a;=nl+i(n2-n1), ~ ; = n ~ - ~ ( a ~ - n , ) .  

If F=c'= - 1, then AO,=Q,+Q,, so that, as A is not unity in this case, the fundamental 
parallelogram is  determined by 0, and 3,. 

Ex. If a function be periodic in a,, a,, and also in o3 where 

2 9 0 ~ = 1 7 0 ~ + 1 1 o ~ ~  

periods for a fundamental parallelogram are 

and the values of a,, a,, CO, in terms of 01' and are 

ol=n$+3n,'7 02=9n;- go,', w,=4a,'+a,'. 

Further discussion relating to the transformation of periods and of fundamental 
parallelograms wiil bo found in Briot and Bouquet's Théorie des fonctions eZZ+tipues, 
pp. 234, 235, 268-272. 

110. I t  has been proved that uniform periodic functions of a single 
variable cannot have more than two periods, independent in the sense that 
their ratio is not a real quantity. If then a function exist, which has two 
periods with a real incoinmensurable ratio or has more than two independent 
periods, either i t  is not uniform or it is a function (whether uniform or multi- 
form) of more variables than one. 

When restriction is made to uniform functions, the only alternative is 
that the function should depend on more than one variable. 
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I n  the case when three periods o,, CO,, w, (each of the form a + i@) were 
assigned, i t  was proved that the necessary condition for the existence of a 
uniform function of a single variable is that finite integers m, nt,, m, can 
be found such that 

%al + ma, + n w ,  = 0, 

%Pl + mzPz + d s  = 0 ; 
and that, if these conditions be not satisfied, then finite integers m, rn,, m, 
can be found such that both Crnu and Çm/l become infinitesimally small. 

This theorem is purely algebraical, and is only a special case of a more 
general theorem as follows : 

Let ail, a12,..., ~ Q I ,  am,..., ... ; h, G,..., CG,,+~ be r of 
real quantities such that a relation of the forrn 

nlu, + nzasz + . . . + n,+~ a,+, = O 
is not satisjied among any one set. Then finite integers ?%,. .. , m,+, can be 
detemzined such that each of the swms 

ma, + ma, + . . . + m,+, a,, T+l 

( for s = 1, 2,. . . , r )  is an infinitesimally small quantity. And, a fortiori, if 
fewer than r sets, each containing r + 1 quantities be given, the r + 1 
integers can be determined so as to lead to the result enunciated; al1 that 
is necessary for the purpose being an arbitrary assignment of sets of real 
quantities necessary to make the number of sets equal to r. But the result 
is not true if more than r sets be given. 

We shall not give a proof of this general theorem* ; it would follow the 
lines of the proof in the limited case, as given in § 108. But the theorem 
will be used to indicate how the value of an integral with more than 
two periods is affected by the periodicity. 

Let I be the value of the integral taken along some assigned path from 
an initial point z, to a final point z; and let the periods be w,, o,,. .. , a,, 
(where T > 2), so that the general value is 

I +  miwl+m2w,+ ... +mm,, 
where ml,  m,,. . . , m, are integers. Now if a, = a, + iP,, for s = 1, 2 ,... , r, 
when i t  is divided into its real and its imaginary parts, then finite integers 
n,, n ,,..., n, can be determined such that 

and 

are both infinitesimal ; and then is idnitesimal. But the addition 
T 

of T: n8w, still gives a value of the integral ; hence the value can be modified 
8=1 

* A proof will be found in Clebsch and Gordan's Theorie der Abel'schen Functionen, 5 38. 

F. 14 
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by infinitesimal quantities, and the modification can be repeated indefinitely. 
The modifications of the value correspond to modifications of the path fi-om 
z, to z ; and hence the integral, regarded as depending on a single variable, 
can be made, by modifications of the path of the variable, to assume any 
value. The integral, in fact, has not a definite value dependent solely 
upon the final value of the variable; to make the value definite, the path 
by which the variable passes from the lower to the upper limit must be 
specified. 

I t  will subsequently (§ 239) be shewn how this limitation is avoided by 
making the integral, regarded as a function, depend upon a proper number 
of independent variables-the number being greater than unity. 

Es. 1. If T0 be the value of , (n integral), taken along an assigned path, 

and if 

then the general vdue of the integral is 

1I 
where q is any integer and m, any positive or negative integer such that % %=O. 

F=1 

(Math. Trip. Part II, 1889.) 

Ex. 2. Prove that v= udz, where L 
is an algebraical function satisfying the equation 

8(v+#)3-12 (v+#)Z- 12z3 (~+$)+fl+16~3=0; 

and obtain the conditions necessary and suffioient to  ensure that 

should be an algebraical function, when u is an algebraical function satisfying an equation 

f (2, u) =O. 

(Liouville, Briot and Bouquet.) 
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111. ONLY a few of the properties of simply-periodic functions will be 
given, partly because some of them are connected with Fourier's series the 
detailed discussion of which lies beyond our limits, and partly because, as 
will shortly be explained, many of them can a t  once be changed into 
properties of uniform non-periodic functions which have already been 
considered. 

When we use the graphical method of 5 105, it is evident that we need 
consider the variation of the function within only a single band. Within 
that band any function must have a t  least one infinity, for, if it had not, i t  
would not have an infinity anywhere in the plane and so would be a constant ; 
and it must have at  least one zero, for, if it had not, its reciprocal, also a 
simply-periodic function, would not have an infinity in the band. The 
infinities may, of course, be accidental or essential : their character is repro- 
duced a t  the homologous points in al1 the bands. 

For purposes of analytical representation, it is convenient to use a 
relation / 

%Ez 
Z = e u  , 

so that, if the point 2 in its plane have R and 8 
for polar coordinates, 

8 O 
z=-logR+-o. 

27ri 2%- 

If we take any point A in the 2-plane and a 
corresponding point a in the z-plane, then, as Z 
describes a complete circle through A with the 
origin as centre, z moves along a line %, where / 
a, is a + W.  A second description of the circle Fig- 32- 

makes z move frorn a, to a,, where a, = + o ; and so on in succession. 
14-2 
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For various descriptions, positive and negative, the point a describes a line, 
the inclination of which to the axis of real quant-ities is the argument of o. 

Instead of making Z describe a circle through A, let us make i t  describe 
a part of the straight line from the origin through A, Say from A, where 
08 = R, to C, where OC = R'. Then z describes a line through a perpend- 
icular to a%, and i t  moves to c where 

Similarly, if any point A' on the former circumference move radially to a 
point C at  a distance R' from the 2-origin, the corresponding z point a' 
moves through a distance a'c', parallel and equal to ac : and al1 the points c' 
lie on a line parallel to aa,. Repeated description of a 2-circumference with 
the origin as centre makes z describe the whole line cc,c,. 

If then a function be simply-periodic in w, we may conveniently take 
any point a, and another point % = a  + o,  through a and a, draw straight 
lines perpendicular to au,, and then consider the function within this band. 
The aggregate of points within this band is obtained by taking 

(i) al1 points along a straight line, perpendicular to a boundary of 
the band, as au,; 

(ii) the points along al1 straight lines, which are drawn through the 
points of (i) parallel to a boundary of the band. 

I n  (i), the value of z varies from O to w in an expression a + z, that is, in 
the 2-plane for a given value of R, the angle O varies from O to 2 ~ .  

I n  (ii), the value of log R varies from - co to + co in an expression 
O O 

-.log R + - o,  that is, the radius R must vary from O to co . 
2m-1r2 2 ~  

Hence the band in the z-plane and the whole of the 2-plane are made 
equivalent to one another by the transformation 

Now let z, be any special point in the finite part of the band for a given 
simply-periodic function, and let 2, be the corresponding point in the 2-plane. 
Then for points z in the immediate vicinity of z, and for points Z which 
are consequently in the immediate vicinity of Z,, we have 

where 1 1 differs from unity only by an infinitesimal quantity. 
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If then W, a function of z, be changed into W a function of Z, the following 
relations siibsist :- 

When a point zo is a zero of w, the corresponding point Zo is a zero 
of W. 

When a point z, is an accidental singularity of w, the corresponding 
point 2, is an  accidental singularity of W. 

When a point z, is an essential singularity of w, the corresponding 
point 2, is an essential singularity of W. 

When a point zo is a branch-point of any order for a function w, the 
corresponding point 2, is a branch-point of the same order for W. - 

And the converses of these relations also hold. 

Since the character of any finite critical point for w is thus unchanged by the 
transformation, i t  is often convenient to change the variable to Z so as to let 
the variable range over the whole plane, in which case the theorems already 
proved in the preceding chapters are applicable. But special account must 
be taken of the point z = m .  

112. We can now apply Laurent's theorem to deduce what is practically 
Fourier's series, as follows. 

Let f (z) be a Gmply-periodic function having o as its period, and suppose 
that in a portion of the z-plane bounded by any two parallel lines, the inclina- 
tion of which to the axis of real quantities is equal to the argument of o, the 
function is uniforrn and h m  no singularities; then, at points within that 
portion of the plane, thej~nction c m  be expressed i n  the form of a converging 

e i ?  

series of positive and of negative integral powers of e oY . 
I n  figure 32, let aqa,  ... and cclc, ... be the two lines which bound the 

portion of the plane : the variations of the function will al1 take place within 
that part of the portion of the plane which lies within one of the repre- 
sentative bands, say within the band bounded by. ... ac. .. and ...a&. ..: that is, 
we may consider the function within the rectangle acqala, where it has no 
singularities and is uniform. 

Now the rectangle acc,qa in the z-plane corresponds to a portion of the 
2-plane which, after the preceding explanation, is bounded by two circles 

es,, , eui 
with the origin for common centre and of radii 1 em and 1 eo4 1 ;  and the - . . 
variations of the function within the rectangle aré g-ivek by the variations of 
a transformed function within the circular ring. The characteristics of the - 
one function at  points in the rectangle are the same as the characteristics of 
the other at points in the circular ring: and therefore, from the character - 
of the assigned function, the transformed function has no singularities and it 
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is uniform within the circular ring. Hence, by Laurent's Theorem (§ 28), 
the transformed function is expressible in the form 

a series which converges within the ring: and the value of the coefficient a, 
is given by 

taken along any circle in the ring concentric with the boundaries. 

Retransforming to the variable z, the expression for the original function 
is 

n = + m  M-rriZ 
f (z) = X une . 

n = - m  

The series converges for points within the rectangle and therefore, as it 
is periodic, it converges within the portion of the plane assigned. And the 
value of a, is 

taken along a path which is the equivalent of any circle in the ring concentric 
with the boundaries, that is, along any line a'c' perpendicular to the lines 
which bound the assigned portion of the plane. 

The expression of the function can evidently be changed into the form 

where the integral is taken along the piece of a line, perpendicular to the 
boundaries and intercepted between them. 

If one of the boundaries of the portion of the plane be a t  infinity, (so that 
the periodic function has no singularities within one part of the plane), then 
the corresponding portion of the 2-plane is either the part within or the part 
without a circle, centre the origin, according as the one or the other of the 
boundaries is a t  oo. I n  the former case, the terms with negative indices 
n are absent; in the latter, the terms with positive indices are absent. 

113. On account of the consequences of the relation subsisting between - 
the variables z and 2, many of the propositions relating to general uniforrn 
functions, as well as of those relating t o  multiform functions, can be changed, 
merely by the transformation of the variables, into propositions relating to 
simply-periodic functions. One such proposition occurs in the preceding 
section ; the following are a few others, the full development being unnecess- 
ary here, in consequence of the foregoing remark. The band of reference 
for the simply-periodic functions considered will be supposed to include the 
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origin: and, when any point is spoken of, i t  is that one of the series of 
homologous points in the plane, which lies in the band. 

We know that, if a uniform function of Z have no essential singularity, 
then it is a rational algebraical function, which is integral if z= o3 be the 
only accidental singularity and is meromorphic if there be accidental singu- 
larities in the finite part of the plane ; and every such function has as many 
zeros as i t  has accidental singularities. 

Hence a unzyorm sirnply-periodic function with z = a> as its sole essential 
singularity has as many zeros as it has injinities in each band of the plane; 
the number of points ut which it assumes a given value is equal to the number 
of its zeros; and, if the period be o, the function Zs a rational alqebraical 

2& 

function of e " , which is integral if al1 the singularities be at an. in$nite 
distame and is meromorphic if some (or all) of thern be in a $nite part of 
the plane. But any number of the zeros and any number of the infinities 
may be absorbed in the essential singularity a t  z = oo . 

The simplest function of 2, thus restricted to have the same number of 
zeros as of infinities, is one which has a single zero and a single infinity in 
the finite part of the plane ; the possession of a single zero and a single infinity 
will therefore characterise the most elementary simply-periodic function. 
Now, bearing in mind the relation 

2& 

Z = e m ,  
the simplest z-point to choose for a zero is the origin, so that Z= 1 ; and then 
the simplest z-point to choose for an infinity a t  a finite distance is i w ,  (being 
half the period), so that Z = - 1. The expression of the function in the 
2-plane with 1 for a zero and - 1 for an accidental singularity is 

2 - 1  A- z+ l' 
and therefore assuming as the most elementary simply-periodic function that 
which in the plane has a series of zeros and a series of accidental singularities 
al1 of the b s t  order, the points of the one being midway between those of the 
other, its expression is 

2& 

e u  -1 
A r ,  

e w  + l  
7rZ ET!! which is a constant multiple of tan -. Since e is a rational fractional 
W 

7i-Z 
functiou of tan - , part of the foregoing theorem can be re-stated as fo1lows:- 

W 

I f  the period of the function be W ,  the fmt ion  is a rational alyebraical 
7i-z 

function of tan -. 
W 
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Moreover, in the general theory of uniform functions, it was found con- 
venient to have a simple element for the construction of products, there 
(5 53) called a primary factor: i t  was of the type 

where the function G could be a constant; and it had only one intinity 

and one zero. 
7Tz 

Hence for simply-periodic functions we may regard tan - as a typical 
O 

primary factor when the  number of irreducible zeros and the (equal) number 
of irreducible accidental singularities are finite. If these numbers should 
tend to an infinite limit, then an exponential factor might have to be 

associated with tan?; and the function in that case might have essential 
W 

singularities elsewhere than a t  z = a, 

114. We can now prove that every u n i f o m  function, which has no 
essential singularities in  the Jinite part of the plane and i s  such that al1 its 
accidental singularities and its zeros are arranged i n  groups equal and 
Jinite in  number ut equal distances along directions parallel to a given 
direction, is  a simply-periodic function. 

Let O be the commou period of the groups of zeros and of singularities: 
and let the plane be divided into bands by parallel lines, perpendicular to 
any line representing o. Let a, b, ... be the zeros, a, P, . . . the singularities 
in any one band. 

Take a uniform function I$ (z), simply-periodic in w and having a single 
TZ 

zero and a single singularity in the band: we might take tan - as a value 
II> 

is a simply-periodic function having only a single zero, viz., z = a and a single 
singularity, viz., z = a ;  for as + (z) has only a single zero, there is only a single 
point for which I$ (2) = + (a), and a single point for which #I (z) = r#I (a). Hence 

is a siinply-periodic function with al1 the zeros and with al1 the infinities of 
the given function within the band. But on account of its periodicity i t  has 
al1 the zeros and al1 the infinities of the given function over the whole plane; 
hence its quotient by the given function has no zero and no singularity over 
the whole plane and therefore it is a constant; that is, the given function, 
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save as to a constant factor, c m  be expressed in the foregoing form. I t  is 
thus a simply-periodic function. 

This method can evidently be used to construct simply-periodic functions, having 
assigned zeros and assigned singularities. Thus if a function have u+mo as its zeros and 
c+m'o as its singularities, where m and m' have all integral valuea from -cc t o  +a, 
the simplest form is obtained by taking a constant multiple of 

rz rc tan- - tan - 
O O 

Ex. Construct a function, simply-periodic in O, having eeros given by (m+& O and 
(m + 8)  o and singularities by (m + 4) o and (m +3) O. 

The irreducible zeros are +O and 20 ; the irreducible singularities are jo and 80. Now 

(tan z- tan t tan - - tan tr ) (  
" ( tanT- tan+ tan- - tan% 

) 
) (  ) 

is evidently a function, initially satisfying the required conditions. But, as t a n k  is 
infinite, we divide out by it and absorb it into A' as a factor; the function then takes 
the form 

rz l + t a n  - 
A 

O 

rz- 
3 - tanz - 

O 

We shall not consider simply-periodic functions, which have essential 
singularities elsewhere than a t  z= m; adequate investigation will be found 
in the second part of Guichard's memoir, (l.c., p. 147). But before leaving the 
consideration of the present class of functions, one remark may be made. I t  
was proved, in  our earlier investigations, that uniform functions can be 
expressed as infinite series of functions of the variable and also as infinite 
products of functions of the variable. This general result is true when the 
functions in the series and in the products are simply-periodic in the sarne 
period. But the function, so represented, though periodic in that common 
period, may also have another period : and, in fact, many doubly-periodic 
functions of different kinds (§ 136) are often conveniently expressed as infinite 
converging series or infinite converging products of simply-periodic functions. 

Any detailed illustration of this remark belongs to the theory of elliptic functions : one 
simple example must suffice. 

duo' 

Let the real part of * be negative, and let p denote ex; then the function 
O 

being an i n h i t e  converging series of powers of the simply-periodic function e "Y , is h i t e  
everywhere in the plane. Evidently 8 (2)  is periodic in O, so that 
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the change in the summation so as to give B ( z )  being perrnissible because the extreme 
terms for the infinite values of lz can be neglected on account of the assumption with 
regard to q. There is thus a pseudo-periodicity for 8 (2) in a p r iod  a'. 

Similarly, if 
Zninz 

l l c m  - 
$ (z)  = 2 qna e , 

n=-m 

we can prove that 6, ( z + a ) = 8  (4, 
2inz 

1 -7 
B,(z+o')=-e 6 (z ) .  

2 
Then B,(z)+B(z) is doubly-periodic in  and 20', though constructed only frotn 

functions simply-periodic in a : it is a function with an infinite number of irreducible 
accidental singularities in a band. 

115. We now pass to doubly-periodic functions of a single variable, the 
periodicity being additive. The properties, characteristic of this important 
class of functions, will be given in the form either of new theorems or 
appropriate modifications of theorems, already established ; and the develop- 
ment adopted will follow, in a general manner, the theory given by Liouville*. 
I t  will be assumed that the functions are uniform, unless multiformity be 
explicitly stated, and that al1 the singularities in the finite part of the plane 
are accidental Jy. 

The geometrical representation of double-periodicity, explained in 5 105, 
will be used concurrently with the analysis; and the parallelogram of 
periods, to which the variable argument of the function is referred, is a 
fundamental parallelogram (5 109) with periodsf 20  and 2w'. An angular 
point z, for the parallelogram of reference can be chosen so that neither a 
zero nor a pole of the function lies on the perimeter; for the number 
of zeros and the number of poles in any finite area must be finite, as 
otherwise they would form a continuous line or a continuous area, or they 
would be in the vicinity of an essential singularity. This choice will, in 

In bis lectures of 1847, edited by Borchardt and published in Crelle, t. Ixxxviii, (1880), pp. 
277-310. They are the basis of the researches of Briot and Bouquet, the most wmplete 
exposition of which will be found in their Théorie des fonctions elliptiques, (2nd ed.), pp. 
239-280. 

f For doubly-periodic functions, which have essential singularities, reference should be made 
to Guichard's memoir, (theintroductory remarks and the third part), already quoted on p. 147, note. 

$ The factor 2 is introduced merely for the sake of convenience. 
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general, be made ; but, in particular cases, i t  is convenient to have the origin 
as an angular point of the parallelogram and then i t  not infrequently occurs 
that a zero or a pole lies on a side or at  a corner. If such a point lie on a side, 
the homologous point on the opposite side is assigned to the parallelogram 
which has that opposite side as homologous'; and if it be at  an angular point, 
the remaining angular points are assigned to the parallelograms which have 
them as homologous corners. 

The parallelogram of reference will therefore, in general, have z,, z, + 20, 
zo + 20', 2, + 20 + 20' for its angular points ; but occasionally i t  is desirable 
to take an equivalent parallelogram having zo f w f w' as its angular 
points. 

When the function is denoted by + (z), the equations indicating the 
periodicity are 

'+(z+20)=+(z)=+(z+2u').  

116. We now proceed to the fundamental propositions relating to 
doubly-periodic functions. 

1. Every dozcbly-periodic fwnction must have zeros and injnities within 
the fundamental parallelogram. 

For the function, not being a constant, has zeros soinewhere in the plane 
and i t  has infinities somewhere in the plane; and, being doubly-periodic, i t  
experiences witbin the parallelogram al1 the variations that it can have over 
the plane. 

COROLLARY. The f u r d o n  cawnot be a ratioml integral functioa of z. 

For within a parallelogram of finite dimensions an integral function has 
no infinities and therefore cannot represent a doubly-periodic function. 

An analytical form for + (z) can be obtained which will put its singu- 
larities in evidence. Let a be such a pole, of multiplicity n ;  then we know 
that, as the function is uniform, coefficients A can be determined so that the 
function 

is finite in the vicinity of a ; but the remaining poles of + (2) are singularities 
of this modified function. Proceeding similarly with the other singularities 
b, c,. . ., which are finite in number and each of which is finite in degree, we 
have coefficients A, B, C, ... determined so that 

is finite in  the vicinity of every pole of + (2) within the parallelogram and 
therefore is finite everywhere within the parallelogram. Let its value be 
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x (2) ;  then for points lying within the parallelogram, the function +(z )  is 
expressed in the form 

BI B2 +-+- B m  +... + - 
s - b  ( z -b)"  (2  - b)rn 

But though + (2) is periodic, ~ ( z )  is not periodic. It has the property of 
being finite everywhere within the parallelogram; if it were periodic, i t  
would be finite everywhere, and therefore could have only a constant value ; 
and then C$ ( z )  would be an algebraical meromorphic function, which is not 
periodic. The sum of the fractions in 4 (2) may be called the fractional 
part of the function: owing to the meromorphic character of the function, 
it cannot be evanescent. 

The analytical expression can be put in the form 

(2 - a)- ( z  - b)-. . . ( z  - h)-l F (z),  

where F ( z )  is finite everywhere within the parallelogram. If a, P, . . ., r] be 
al1 the zeros, of degrees v, p, . . ., X, within the parallelogram, then 

P(z )=( z -a )Y ( z -P )c  ... ( Z - q ) A  G(z) ,  

where G (2) has no zero within the parallelogram ; and so the function can 
be expressed in the form 

(z-a)Y (z-p)' ... ( Z - T ) ~  
( z -u )n ( z -  b) m . . .  ( z -  h)l (2 @Il 

where G(z )  has no zero and no infinity within the parallelogram or on its 
boundary ; and G (2) is not periodic. 

The order of a doubly-periodic function is the sum of the multiplicities 
of al1 the poles which the function has within a fundamental parallelogram; 
and, the sum being n, the function is said to be of the nth order. Al1 
these singularities are, as already remarked, accidental; it is convenient 
to speak of any particular singiilarity as simple, double, .. . according to its 
multiplicity. 

If two doubly-periodic functions u and v be such that an equation 

Au+Bv+C=O 
is satisfied for constant values of A, B, C, the functions are said to be 
equivalent to one another. Equivalent functions evidently have the same 
accidental singularities in the same multiplicity. 

II. The integral of a dmdly-periodic function round the boundary of a 
fundamental pal-allelograrn is zero. 
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Let ABCD be a fundamental parallelogram, the boundary of it being 
taken so as to pass through no pole of the 
function. Let A be z,, B be z,+ 20, and* 
D be z, + 20'; then any point in AB is 

zo + 20t, 

where t is a real quantity lying between O and 1; 
il.9 

and therefore the integral along AB is A -> B 

Fig. 33. 

Any point in BC is 2, + 20  + 201t, where t is a real quantity lying between O 
and 1 ; therefore the integral dong BC is 

since + is periodic in 20. 

Any point in DC is z + 20' + 2ot, where t is a real quantity lying 
between O and 1 ; therefore the integral along CD is 

,f;+ ( 2 0  + 2; + 2.t) 2odt 

=/;+ (zo + 2ot) 2wdt 

Similarly, the integral aloug DA is 

Hence the complete value of the integral, taken round the parallelogram, is 

which is manifestly zero, since each of the integrals is the integral of 
a continuous function. 

COROLLARY. Let +(z) be any uniform function of z, not necessarily 
doubly-periodic, but without singularities on the boundary. Then the 

' The figure implies that the argument of w' is greater than the argument of w, a 
hypothesis which, though unimportant for the present proposition, must be taken account of 
hereafter (e.g., 5 129). 
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integral S q  (z)  dz taken round the parallelogram of periods is easily seen 
to be 

where on the left-hand side the integral is taken positively round the 
boundaxy of the parallelogram and on the right-hand side the variable t 
in the integrals is real. 

The result may also be written in the form 

the integrals on the right-hand side being taken along the straight lines AD 
and A B  respectively. 

Evidently the foregoing main proposition is established, when Jr, (0 and 
9, (c) vanish for al1 values of c. 

III. If a doubly-periodic function $I (z) have inJinities a,, a,, ... within 
the parallelogram, and if A,, A,, . . . be the coe$icien,ts of (z - a&1, (z - a,)+, . . . 
respectively in the fractionai part of + (z) when it is expanded in the parailelo- 
gram, then 

A,+A,+ ...= 0. 

As the function +(z) is uniform, the integral J+ (z)dz is, by (5 19, II.), the 
sum of the integrals round a number of curves each including one and only 
one of the intinities within that parallelogram. 

Taking the expression for + (z) on p. 220, the integral A,J(z - a)-"'& 
round the curve enclosing a is O, if m be not unity, and is 27riA1, if m be 
unity ; the integral Km J(z - Ic)- dz round that curve is O for al1 values of m 
and for al1 points Ic other than a ; and the integral (z) dz round the curve 
is zero, since x (z) is uniform and finite everywhere in the vicinity of a. Hence 
the integral of +(z) roixnd a curve enclosing a, alone of al1 the infinities is 
2n-iA,. 

Similarly the integral round a curve enclosing a, alone is 27riA, ; and so 
on, for each of the curves in succession. 

Hence the value of the integral round the parallelogram is 

27riZA. 
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But by the preceding proposition, the value of J# (2) dz round the parallelo- 
gram is zero ; and therefore 

A , + A , +  ... =O. 

This result can be expressed in the form that the sum of the residues* of a 
doubly-periodic function relative to a fi~ndamental parallelogram of periods 
is zero. 

COROLLARY 1. A doubly-pe7"iOdic function of the $rst order does not 
ex&. 

Let such a function have a for its single simple infinity. Then an 
expression for the function within the parallelograni is 

A 
- + x (4, z - a  

where ~ ( z )  is everywhere finite in the parallelogram. By the above propo- 
sition, A vanishes ; and so the fhct ion has no infinity in the parallelograrn. 
I t  therefore has no infinity anywhere in the plane, and so is merely a 
conutant: that is, quà function of a variable, i t  does not exist. 

COROLLARY 2. Doubly-periodic functions of the second order are of two 
classes. 

As the function is of the second order, the sum of the degrees of the 
infinities is two. There may thus be either a single infinity of the second 
degree or two simple infinities. 

In  the former case, the analytical expression of the function is 

where a is the infinity of the second degree and x ( z )  is holomorphic within 
the parallelogram. But, by the preceding proposition, A, = O; hence the 
analytical expression for a doubly-periodic function with a single irreducible 
infinity a of the second degree is 

within the parallelogram. Such functions of the second order, which have 
only a single irreducible infinity, may be called the first class. 

In  the latter case, the analytical expression of the function is 

where c, and c, are the two simple inûnities and ~ ( z )  is finite within the 
parallelogram. Then 

C,+C*=O; 

* See p. 42. 
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so that, if Cl = - C2 = C, the analytical expression for 
function with two simple irreducible infinities al and a, 

1 q 1 - -  
z - a ,  2 - a ,  ) + x (4 

within the parallelogram. Sixch functions of the second 

a doubly-periodic 
is 

order, which have 
two irreducible infinities, may be called the second class. 

COROLLARY 3. If within any parallelop-am of periods a function 2s 
only of the second order, the parallelograrn is fundamental. 

COROLLARY 4. A similar division of doubly-periodic functiolzs of any 
order into classes c m  be effected according to the variety in tlze constitution of 
the order, the number of classes being the number of partitions of the order. 

The simplest class of functions of the nth order is that in which the 
functions have only a single irreducible infinity of the nth degree. Evi- 
dently the analytical expression of the function within the parallelogram is 

where (z)  is holomorphic within the parallelogram. Some of the coefficients 
G may vanish ; but al1 may not vanish, for the function would then be finite 
everywhere in the parallelogram. 

I t  will however be seen, from the next succeeding propositions, that the 
division into classes is of most importance for functions of the second 
order. 

IV. Two functions, which are doubly-periodic in  the sanze pmiods*, and 
which have the same zeros and the same injînities each Zn the same degrees 
respectively, are i n  a constant ratio. 

Let + and + be the functions, having the same periods; and let a of 
degree v, P of degree ,u, . .. be al1 the irreducible zeros of 4 and + ; and a of 
degree n, b of degree rn, ... be al1 the irreducible infinities of + and of +. 
Then a function G (z), without zeros or infinities within the parallelogram, 
exists such that 

(2 - a)Y (2 - p ) ~  
"' G ( z ) ;  

$ ( ' ) = ( z  - a y ( z  - b)m ... 
and another function H(z) ,  without zeros or infinities within the parallelo- 
gram, exists such that 

(2 -  ay (2- p)p ... 
+ @ ) =  (2 -  a)n(z- b)m ... H (2). 

Hence 

Now the function on the right-hand side has no zeros in the parallelogram, 
for G lias no zeros and H has no infinities ; and i t  has no infinities in the 

* Such funotions will be called homoperiodic. 
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parallelogram, for G has no infinities and H has no zeros: hence i t  has 
neither zeros nor infinities in the parallelogram. Since i t  is equal t o  the 
function on the left-hand side, which is a doubly-periodic function, it has no 
zeros and no infinities in the whole plane; it is therefore a constant, say 
A. Thus* + ( 4  = A+ (4 .  

V. Two functions of the second order, doubly-pem'odic in the same periods 
and having the same inJinities, are equivalent to one another. 

If one of the functions be of the first class in the second order, it has one 
irreducible double infinity, Say a t  a ; BO that we have 

where ~ ( z )  is finite everywhere within the parallelogram. Then the other 
function also has z=  a for its sole irreducible infinity and that infinity is of 
the second degree ; therefore we have 

where X, (2) is finite everywhere within the parallelogram. Hence 

H4 (2) - G+ (4 = Hx ( 4  - Gxi (4.  
Now x and xi are finite everywhere within the parallelogram, and therefore 
so is H x  - Qx,. But H x  - Gx,, being equal to the doubly-periodic function 
H+ - G+, is therefore doiibly-periodic ; as it has no infinities within the 
parallelograrn, it consequently can have none over the plane and therefore i t  
is a constant, say I. Thus 

H+ (2) - G+ (4 = 1, 
proving that the functions + and + are equivalent. 

If on the other hand one of the functions be of the secorid class in the 
second order, it has two irreducible simple infinities, say a t  b and c, so that 
we have 

where B(z) is finite everywhere within the parallelogram. Then the other 
function also has z =  b and Z =  c for its irreducible infinities, each of them 
being simple ; therefore we have 

where 8, (2) is finite everywhere within the parallelogram. Hence 
D+ (2) - c+ (8) = De (2) - COl (2). 

* This proposition is the modified form of the proposition of 3 52, when the generalising 
exponential factor has been determined ao as to admit of the periodioity. 

F. 15 
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The right-hand side, being finite everywhere in the parallelogram, and equal 
to the left-hand side which is a doubly-periodic function, is finite everywhtre 
in the plane ; i t  is therefore a constant, Say il, so that 

O+ (2) - c+ (2) = 4 
proving that + and + are equivalent to one another. 

It thus appea.rs that in considering doubly-periodic functions of the second 
order, hornoperiodic functions of the same class are equivalent to one another 
if they have the same infinities; so that, p ra~t i~a l ly ,  i t  is by their infinities 
that homoperiodic functions of the second order and the same class are dis- 
criminated. 

COROLLARY 1. If two eq&valent functiom of the second order have one 
zero the same, al1 their zeros are the same. 

For in the one class the constant 1, and in the other class the constant B, 
is seen to vanish on substituting for z the common zero; and then the two 
functions always vanish together. 

COROLLARY 2. If two functions, doubly-periodic in the same periods but 
n.ot necessarily of the second order, have the same injïnities occurring i n  swh a 
way that the fractional parts of the two functions are the same except as to a 
constant factor, the functions are equivalent to one another. And if, in 
addition, they have one zero common, then all their zeros are common, so 
that the f w t i o n s  are then i n  a constant ratio. 

COROLLARY 3. I f  two functions of the second order, doubly-periodic in 
the sameperiods, have their zeros the same, and one injnity common, they are 
in a constant ratio. 

VI. Every doubly-periodic function h m  as many irreducible zeros as it 
has irreducible inJindies. 

Let + ( z )  be such a function. Then 

is a doubly-periodic function for any value of h, for the numerator is doubly- 
periodic and the denominator does not involve z ;  so that, in the limit when 
h = 0, the function is doubly-periodic, that is, +' ( z )  is doubly-periodic. 

Now suppose +(z )  has irreducible zeros of degree na, at 4, m, at a,, ..., 
and has irreducible infinities of degree p, a t  a,, p, at  a,, ... ; so that the 
number of irreducible zeros is 9% + m,  + . . . , and the nurnbcr of irreducible 
infinities is pl + p, + ..., both of these numbers being finite. I t  has been 
shewn that + ( z )  can be expressed in the form 
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where F ( z )  has neither a zero nor an infinity within, or on the boundary of, 
th3 parallelogram of reference. 

Since P(z)  has a value, which is finite, continuous and different from zero 
F' (2) everywhere within the parallelogram or on its boundary, the function -- 
B' (2) . . 

is not infinite within the same limits. Hence we have 

m, m2 +-+- 
9 ( 4  

+ ... 
z -  z - a ,  

- Pl -,% + ..., +--+-- z-a, z-a, 

where g (z) has no infinities within, or on the boundary of, the parallelogram 
of reference. But, because 4' (2) and 4 (z) are doubly-periodic, their quotient 
is also doubly-periodic ; and therefore, applying Prop. IL, we have 

m , + m , + . . . - p l - p z - . . . = O ,  

that is, %+m,+ . . .=p ,+p,+  ..., 
or the number of irreducible zeros is equal to the nurnber of irreducible 
infinities. 

COROLLARY 1. The nwmber of irreducible points for which a doubly- 
periodic function assumes a given value is equal to the number of irreducible 
zeros. 

For if the value be A, every infinity of + (z) is an infinity of the doubly- 
periodic function C#I (z) - A  ; hence the number of the irreducible zeros of the 
latter is equal to the number of its irreducible infinities, which is the same as 
the number for 9 (z) and therefore the same as the number of irreducible 
zeros of 4 (2). And every irreducible zero of 4 (z) - A is an irreducible 
point, for which + (z)  assumes the value A. 

COROLLARY II. A doubly-periodic function with only a single zero does 
not ex&; a doubly-periodic fzmction. of the second order has two zeros; and, 
generally, the order of afunction can be measured by its number of im.educible 
zeros. 

Note. It may here be remarked that the doubly-periodic functions 
(§ 115), that have only accidental singularities in the finite part of the 
plane, have z = oo for an essential singula~ty. It is evident that for infinite 
values of z, the finite magnitude of the parallelogram of penods is not 
recognisable ; and thus for z = CO the function can have any value, shewing 
that z = is an essential singularity. 

VII. Let a,, G, ... be the ivreducible zeros of a function of degrees 
T, m,, . .. respectively ; a,, a2, ... its irreducible injinities of degrees h, pz, ... 
respectively; and z,, z,, ... the irreducible points where it assumes a value c, 
which is neither zero nor infinity, their degrees bdng Ml, M,, ... respectively. 

15-2 
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Then, except possibly as to additive .~nultiples of the periods, tl~e qumntities 
2 mrar, 2 pra, and 2 Mgr are equal to one another, so that 

r=1 r=l r=1 

Ç mrar 2 Mgr - Z pr% (mod. 20, 20'). 
r=1 r=l r=l 

Let +(z) be the function. Then the qnantities which occur are the sums 
of the zeros, the assigned values, and the infinities, the degree of each being 
taken account of when there is multiple occurrence; and by the last 
proposition these degrees satisfy the relations 

The function + (z) - c is doubly-periodic in 2 0  and 20' ; its zeros are 
z,, z,, ... of degrees Ml, M,, ... respectively ; and its in6nities are a,, q, ... of 
degrees p,, p2, . . ., being the same as those of 4 (2). Hence there exists a 
function G (z), without either a zero or an infinity lying in the parallelogram 
or on its boundary, such that 4 (z) - c can be expressed in the form 

(z - zl)Jfl (z - . . 
( z - a l p ( z -  &)fi... G (2) 

for al1 points not outside the parallelogram; and therefore, for points in that 
region 

4 ' ( 4  = 2 MT z L +  Cr(.> 
+(z)-c T = ~ z - z ~  Z-a, G(2)' 

Hence 
-- M g  zQ'(4 - 2 k.z zG1(z) S - + -  
+(z)-c r=lz-z,. z -a ,  G(z) 

Mdr 
= Z M r +  8-- zG' (z) 

2 p r - 2 = t -  
~ = l  r = l Z  -2, r=l - ts. (2) 

Mdr = 2 -- PA . d l  ( 4  2-+- 
r = l ~ - ~ , .  Z-a, G ( z ) '  

because 2 MT= 2 p,.. 
r=1 +=1 

Integrate both sides round the boundary of the fundamental parallelogram. 
Because G (z) has no zero and no infinity in the included region and does not 
vanish along the curve, the integral 

vanishes. But the points zi and Q are enclosed in the area; and therefore 
the value of the right-hand side is 

2 ~ i  Z  MG^ - 2m-i Z pr%, 

so that 

the integral being extended round the parallelogram. 
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Denoting the subject of integration - "" ((" by f (z), we have 
!J (4 - c  

and therefore, by the Corollary to Prop. IL, the value of the foregoing 
integral is 

2w/D -(41dz-20/IB2!!??2- dz, 
A !J (2) - c A 4 ( 4  - G 

the integrals being taken along the straight lines AD and AB respectively 
(fig. 33, p. 221). 

Let w = !J (z) - c ; then, as z describes a path, w will also describe a single 
path as it is a uniform function of z. When z moves from A to D, w moves 
from #I ( A )  - c by some path to 4 (D) - c, that is, i t  returns to its initial 
position since 4 (D) = #I ( A )  ; hence, as z describes AD, w describes a simple 
closed path, the area included by which may or may not contain zeros and 
infinities of W. Now 

dw = 4' (2) dz, 

and therefore the integral I D  a d z  is equal to 
A 4 ( 4  - c 

taken in some direction round the corresponding closed path for W. This 
integral vanishes, if no w-zero or w-infinity be included within the area 
bounded by the path; i t  is + 2m'mV, if m' be the excess of the number of 
included zeros over the number of included infinities, the + or - sign being 
taken with a positive or a negative description ; hence we have 

where rn is some positive or negative integer and may be zero. Similarly 

where n is some positive or negative integer and may be zero. 

Thus 2 r i  (ZMg,. - Z/.L,.C+) = 20.2rn7i-i - 20'. 2n1ri, 

and therefore Z M A  - &vaT = 2mw - 2n0' 

r 0 (mod. 20, 20'). 

Finally, since ZMTzT &.LA whatever be the value of c, for the right-hand 
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side is independent of c, we may assign to c any value we please. Let the 
value zero be assigned ; then CM,zr becomes Zmrar, so that 

dmar ErraT (mod. 20, 20'). 

The combination of these results leads to the required theorem*, expressed 
by the congruences 

Z mrar = Z MG, - 2  CL, (mod. 20, 20'). 
r= l  r-1 r=l 

Note. Any point within the parallelogram can be represented in the 
form 2, + a 2 0  + b2w1, where a and b are real positive quantities less than 
unity. Hence 

2 Mrzr = A, 2 0  + B, 2w1 + zo2Mr ,  

where A and B are real positive quantities each less than ZM,, that is, less 
than the order of the function. 

I n  particular, for functions of the second order, we have 

where A, and Bz are positive quantities each less than 2. Similarly, if a and 
2, be the zeros, 

a + b = A , 2 ~ +  Ba2w1+2zO, 

where A, and Ba are each less than 2 ; hence, if 

then rn may have any one of the three values - 1 ,0 ,  1 and so may m', the 
simultaneous values not being necessariiy the sanie. 

Let a and p be the infinities of a function of the second class ; then 

where n and n' may each have any one of the three values - 1, 0, 1. By 
changing the origin of the fundamental parallelogram, so as to obtain a 
different set of irreducible points, we can secure that n and n' are zero, 
and then 

a + P = a + b .  

Thus, if n be 1 with an initial parallelogram, so that 

we should take either P -  2 0  = /3', or a - 2 0  = a', according to the position of 
a and p, and then have a new parallelogram such that 

The case of exception is when the function is of the first class and has a 
repeated zero. 

* The foregoing proof is suggested by Konigsberger, Theorie der elliptischen Punctionen, 
t. i, p. 342; other proofs are given by Briot and Bouquet and by Liouville, to whom the adopted 
form of the theorem is  due. The theorem is  substantially contained in one of Abel's general 
theorems in the oomparison of transcendents. 
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VIII. Let 4 ( z )  be a dozrbly-periodic function of the second order. If y 
be the one double injinity when the function is  of the jirst class, and if a and B 
be the two simple infindies when the function is of the second class, then in the 
former case 

d (2) = + @Y - 4, 
and in the latter case 9 (z)= + ( a  + p  -2). 

Since the function is of the second order, so that i t  has two irreducible 
infinities, there are two (and only two) irreducible points in a fundamental 
parallelogram at  which the function can assume any the same value: let 
them be z and 2'. 

Then, for the first class of functions, we have 

where m and n are integers ; and then, since + (2) = + (i) by definition of z 
and z', we have 

+ ( z ) =  +(2y-z$2mo+2no' )  

For the second class of functions, we have 

=a+@+2mo+2no f ;  
so that, as before, 

+ ( z ) = + ( a + P - z + 2 m o + 2 n o f )  

117. Among the functions which have the same periodicity as a given 
function +(z),  the one which is most closely related to i t  is its derivative 
( z ) .  We proceed to find the zeros and the injkities of the derivative of a 
function, in  particular, of a function of the second order. 

Since 9 (z )  is uniform, an irreducible infinity of degree n for +(z )  is an 
irreducible infinity of degree n + 1 for +' (2). Moreover 4' (z), being uniform, 
has no infinity which is not an infinity of + ( z ) ;  thus the order of +'(z) is 
2 (n  + 1) or its order is greater than that of 4 ( z )  by an integer which 
represents the number of distinct irreducible infinities of 9 (z), no account 
being taken of their degree. If, then, a function be of order m, the order of - - 
its derivative is not less than m + 1 and is not greater than 2m. 

Functions of the second order either possess one double infinity so that 
within the parallelogram they take the form 

and then 
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that is, the infinity of + (z) is the single infinity of +'(z) and i t  is of the 
third degree, so that 4' (2) is of the third order ; or they possess two simple 
infinities, so that within the parallelogram they take the form 

and then 
1 +'(z)=-C -- - 

{(z 'a*). (2 - a,>. ] + x' (zh 
that is, each of the simple infinities of + (z) is an infinity for +' (z) of the 
second degree, so that +' (z) is of the fourth order. 

I t  is of importance (as will be seen presently) to know the zeros of 
the derivative of a function of the. second order. 

For a function of the first clam, let y be the irreducible infinity of the 
second degree ; then we have 

9 (4 = 4 ( 2 ~ - ~ ) ,  
and therefore +'(z) = - +' (2y - 2). 

Now +' (2) is of the third order, having y for its irreducible infinity in the 
third degree: hence i t  has three irreducible zeros. 

In the foregoing equation, take z = y : then 

4' (Y) = - 4' (Y), 
shewing that y is either a zero or an infinity. Tt is known to be the only 
infinity of +'(z). 

Next, take z = y + o ; then 

+ ' ( y + o ) = - + ' ( v - 4  
= -+ ' (y -o+2o)  

=-+'(Y+W), 
shewing that y + o is either a zero or an infinity. I t  is known not to be an 
infinity ; hence it is a zero. 

Similarly y + o' and y + w + of are zeros. Thus three zeros are obtained, 
distinct from one another ; and only three zeros are required ; if they be not 
within the parallelogram, we take the irreducible points homologous with 
them. Hence: 

IX. The three zeros of the derivative of a function, doubly-periodic in 
20 and 20' and having y for its double (and only) irreducible inJinity, are 

y+w,  y + w i  y + w + o l .  

For a function of the second class, let a and /3 be the two simple 
irreducible infinities ; then we have 

9 (2) = 4 (a + B - z), 
and therefore +'(z)= - +'(a + /3 -2). 
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Now +'(z) is of the fourth order, having a and /3 as its irredncible 
infinities each in the second degree; hence i t  must have four irreducible 
zeros. 

In  the foregoing equation, take z = 4 (a + ,f3) ; then 

4' I8 (a + P)J = - 4' I8 (a + P>l$ 
shewing that ,l (a + P )  is either a zero or an infinity. I t  is known not to be 
an infinity; hence i t  is a zero. 

Next, take z = (a + ,f3) + o ; then 

d ' I & ( a + P ) + o ) = - + ' { $ ( a + S ) - ~ ]  
=-+ '{* (a+P) -o+2o]  

= - + ' W + P ) + 4 ,  

shewing that 4 (a + a )  + w is either a zero or an infinity. As before, it is 
a zero. 

Similarly 4 (a + P)  + o' and g (a + @) f w + w' are zeros. Four zeros are 
thus obtained, distinct from one another; and only four zeros are required. 
Hence : 

X. The four zeros o f  the derivative of a function, doubly-pel-iodic in 20  
and 20' and having a and ,f3 for  its simple (and only) irreducible injnities, are 

+(a+P) ,  * (a+P)+w,  S-(atP)+w' ,  S(a++)+w+w'. 

The verification in each of these two cases of Prop. V I L ,  that the sum of 
the zeros of the doubly-periodic function +' (z) is congruent with the sum of 
its infinities, is immediate. 

Lastly, it may be noted that, if zl and z, be the two irreducible points for 
which a doubly-periodic function of the second order assumes a given value, 
then the values of its derivative for zl and for z2 are equal and opposite. For 

+ ( ~ > = + ( ~ + P - z ) = + ( z ~ + z ~ - z ) ,  
since q + z, = a + P ; and therefore 

+' (2) = - +' (21 + 2.2 - z), 

that is, +' (21) = - $' ( ~ 2 ) ~  
which proves the statement. 

118. We now come to a different class of theorems. 

X I .  A n y  doubly-periodic function of the second order can be expressed 
algebraically in terms of a n  assigned doubly-periodic fmc t ion  of the second 
order, if the periods be the same. 

The theorem will be sufficiently illustrated and the line of proof 
suficiently indicated, if we express a function + (z) of the second class, with 
irreducible infinities a, 6 and irreducible zeros a ,  b such that a + ,8 = a  + b, in 
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terms of a function 
infinity. 

Consider a function 

FUNCTIOXS [Il 8. 

of the first class with y as its irreducible double 

A zero of (z $ h) is neither a zero nor an infinity of this function ; nor 
is an infinity of CD (z + h )  a zero or an in6nity of the function. I t  will have 
n and b for its irreducible zeros, if 

a + h = h', 

b + h + h ' = 2 y ;  

and these will be the only zeros, for @ is of the second order. I t  will have a 
and p for its irreducible infinities, if 

a+h=h",  
P+h+h"=2 . / ;  

and these will be the only infinities, for @ is of the second order. These 
equations are satisfied by 

h"=&(2ry-/3 +a) ,  

h ' = + ( 2 ~ - b + a ) ,  

h=i(2ry-ar-@)=&(Zy-a-b) .  

Hence the assigned function, with these values of h, has the same zeros 
and the same infinities as 4 (2) ;  and i t  is doubly-periodic in the same periods. 
The ratio of the two functions is therefore a constant, by Prop. IV., so that 

If the expression be required in terms of CD ( z )  alone and constants, then 
(z  + h )  inust be expressed in terms of @ (z) and constants which are values 

of ( z )  for special values of z. This will be effected later. 

The preceding proposition is a special case of a more general theorem 
which will be considered later; the following is another special case of that 
theorem : viz. : 

X I I .  A doubly-periodic fwnction with any number of simple ZnJtnities cavz 
be expressed either as a sum or as a product, of functions of the second order 
and the second class which are doubly-periodic in the same periods. 

Let a,, a,, ..., an be the irrediicible infinities of the function @, and 
suppose that the fractional part of cD ( z )  is 

A, A2 
--- + - An +...... +--- 
2-al  Z-a* z -G '  

with the condition Ai + A ,  + ...... + A,  = O. Let $ii ( z )  be a function, 
doubly-periodic in the same periods, with ai, aj as its only irreducible infinities, 
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supposed simple ; where i and j have the values 1, . . . . . ., n. Then the 
fractional parts of the functions & (z), 6, (z), . . . are 

respectively ; and therefore the fractional part of 

is A, +- A, 4- ... +-- An+ A i + & +  ...+ A,, 
z - a ,  8-Q, 8 - L l  8-% 

- Al -- An-, An + ... +-+ -- 
z - a, z - h l  z -G '  

n 
since Z Ai = O. This is the sanle as the fractional part of @ (2); and therefore 

i=l 

has no fractional part. I t  thus has no infinity within the parallelogram ; it 
is a doubly-periodic function and therefore has no infinity anywhere in the 
plane; and i t  is therefore merely a constant, Say B. Hence, changing the 
constants, we have 

@ (2) - BI +la (2)  - Ba +s (2) - . . - Bn-i +n-1, n (2) = B, 
giving an expression for @ (2) as a linear combination of functions of the 
second order and the second class. But as the assignment of the infinities is 
arbitrary, the expression is not unique. 

For the expression in the form of a product, we may denote the n 
irreducible zeros, supposed simple, by q, . . ., a,. We determine n - 2 new 
irreducible quantities c, such that 

cl=al+a,-%, 
~z fa ,+c , - a , ,  
cg F a4+c2-a3, 

'% '% 

this being possible because 2 cr, z Z aT ; and we denote by + (z ; a, ; e, f )  a 
7=1 T =l 

function of z, which is doubly-periodic in the periods of the given function, 
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has a and f? for simple irreducible infinities and has e and f for simple 
irreducible zeros. Then the function 

# ( z ;  a,, a,; %, c ~ ) + ( z ;  a,, cl;  a,, % ) a . .  # ( z ;  an, Gt-2; an-1, an) 
has neither a zero nor an infinity a t  cl, at  c,, . .., and a t  c,-,; i t  has simple 
infinities at  al, a2, ..., un, and simple zeros a t  a,, a,, ..., an-,, a,. Hence it 
has the same irreducible infinities and the same irreducible zeros in the same 
degree as the given function (2) ; and therefore, by Prop. IV., <D (2) is 
a mere constant multiple of the foregoing product. 

The theorem is thus completely proved. 

Other developments for functions, the infinities of which are not simple, 
are possible; but they are relatively unimportant in view of a theorem, 
Prop. XV., about to be proved, which expresses any periodic function in 
terms of a single function of the second order and its derivative. 

XIII. If two doubly-periodic functions have the same periods, they are 
connected by an algebraical eqwtion. 

Let u be one of the functions, having n irreducible infinities, and v be 
the other, having m irreducible infinities. 

By Prop. VI., Corollary I., there are n irreducible values of z for a value 
of u ;  and to each irreducible value of z there is a doubly-infinite series of 
values of z over the plane. The function v has the sanle value for al1 the 
points in any one series, so that a single value of v can be associated uniquely 
with each of the irreducible values of z, that is, there are n values of v for 
each value of u. Hence, (fS 99), v is a root of an algebraical equation of the 
nth degree, the coefficients of which are functions of u. 

Similarly u is a root of an algebraical equation of the mth degree, the 
coefficients of which are functions of W. 

Hence, combining these results, we have an algebraical equation between 
u and v of the nth degree in v and the rnth in u, where m and n are the 
respective orders of v and u. 

COROLLARY 1. I f  both the functions be even functions of z, then n and m 
are even integers; and the algebraical relation between u and v Zs of degree in  
in v and of degree hm in u. 

COROLLARY II. If a function u be doubly-periodic in o and of, and a 
function v be doubly-pem'odic in and fi', where 

R = mo + nw', fi' = m'w + n'o', 

m, n, m', n' being integers, then there i s  an, algebraic relation between u and v. 

119. I t  has been proved that, if a doubly-periodic function u be of order rn, 

then its derivative du/dz is doubly-periodic in the same periods and is of an 
order n, which is not less than m + 1 and not greater than 2m. Hence, by 
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Prop. XIII., there subsists between 26 and u' an algebraical equation of order m 
in u' and of order n in u ;  let i t  be arranged in powers of u' so that i t  takes 
the form 

U,u'*% + u,~'~-l + . . . + U,,ur2 + U,,uf + U, = O, 

where U,, U,, ... , U, are rational integral algebraical functions of u one at  
least of which must be of degree n. 

Because the only distinct in6nities of u' are infinities of u, i t  is impossible 
that u' shorild become infinite for finite values of u: hence U, = O can have no 
finite roots for u, that is, it is a constant and so i t  may be taken as unity. 

And because the m values of a, for which u assumes a given value, have 
their sum constant Save as to integral multiples of the periods, we have 

S Z ~ + S Z ~ +  ... + &,=O 

corresponding to a variation au; or 

dz, dz, dzm -+-+...+--=o. 
d u  d u  du 

du 
Now - is one of the values of u' corresponding to the value of u, and so for 

dz1 
the others : hence 

that is, by the foregoing equation, 

and therefore U,, vanishes. Hence : 

XIV. There is a relation, between a dou.bly-pwiodic function u of order m 
and its derivative, of the form 

dm + U1ufm-l + . . . + U,,u'= + um = O, 

where Ul, . . . , U,,, U, are rational integral algebraical functions of u, at 
least one of which must be of degree n, the order of the derivative, and n is 
not less than m + 1 and not greater than 2m. 

1 
Further, by taking v = - , which is a function of order m because it has the 

U 

m irreducible zeros of u for its infinities, and substituting, we have 

wfm - vWl vfW1 + IT' Uzv'-2 - . . . f vnn-4 Um-2v'2 T vm Um = O. 

The coefficients of this equation must be integral functions of v ;  hence the 
degree of Ur i n  u camnot be greater than 2r. 

COROLLARY. The foregoing equation becomes very simple in the case of 
doubly-periodic functions of the second order. 
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If the function have one infinity of the second degree, its derivative has 
that infinity in the third degree, and is of the third order, so that n = 3 ; and 

where h, p, Y,  p are constants. If 0 be the infinity, so that 
A 

u=+(z)=- (z - op + x (4,  

1 
where x (2) is everywhere finite in  the parallelogram, then - = f A ; and the 

X 
du 

zerosof-are O+@, 0+w', d + w + w l ;  so that 
dz 

This is the general diferential equntion of Weierstrass's ellipticfunctions. 

If the function have two simple infinities a and P, its derivative has each 
of them as an infinity of the second degree, and is of the fourth order, so that 
n = 4 ; and the equation is 

(:y = c& + 4c,u3 + 60,u2 + 4c3u + c,, 

where c,, cl, c,, c,, c4 are constants. Moreover 

u = + ( z ) = G  
1 1 (z - -) + x (2). 

where x (2) is finite everywhere in the parallelogram. Then c,= GP2; and 
du 

the zeros of are +(a+B),  h ( a + @ + o ,  & ( u t  rB)+wf, 3 (u+B)+w+w',  

so that the equation is 

x [0 (4 - 9 IHa+P>+ 4 1  [9 (2)- 4 { H a +  P)+ w + 4 1 .  
This is the general diferential equation o f  Jacobi's elliptic fziactions. 

The canonical forms of both of these equations will be obtained in Chapter 
XI., where some properties of the functions are investigated as special illustra- 
tions of the general theorems. 

Note. A11 the derivatives of a doubly-periodic function are doubly- 
periodic in the same periods, and have the same infinities as the function but 
in different degrees. I n  the case of a function of the second order, which 
must satisfy one or other of the two foregoing equations, i t  is easy to  see that 
a derivative of even rank is a rational, integral, algebraical function of u, and 
that a derivative of odd rank is the product of a rational, integral, algebraical 
function of zc by the first derivative of u. 
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I t  may be remarked that the form of these equations confirms the result 
a t  the end of 5 117, by giving two values of u' for one value of u, the two 
values being equal and opposite. 

Ex. If u be a doubly-periodic function having a single irreducible infinity of the third 
degree so as to be expressible in the form 

2 e - - + - +integral function of z 
23 22  

within the parallelogram of periods, then the differential equation of the first order which 
determines u is 

u'3 + (a + 36u) uIa = U4, 
where U4 is a quartic function of u and where a is a constant which does not vanish with 8. 

(Math. Trip., Part II, 1889.) 

XV. f ie-  doubly-periodic function can be expressed rationally in terms 
of a function of the second order, doubly-periodic in the same periods, and its 
derivative. 

Let u be a function of the second order and the second class, having the 
same two periods as v, a function of the rnth order; then, by Prop. XIII., 
there is an algebraical relation between u and v which, being of the second 
degree in v and the mth degree in u, may be taken in the form 

L u 2 - 2 M v + P = O ,  

where the quantities L, M, P are rational, integral, algebraical functions of u 
and a t  least one of them is of degree m. Taking 

L v - M = w ,  

we have wz= M2- LP, 
a rational, integral, algebraical function of u of degree not higher than 2m. 

Thus w cannot be infinite for any finite value of u : an infinite value of u 
makes w infinite, of finite multiplicity. To each value of u there correspond 
two values of w equal to one another but opposite in sign. 

Moreover w, being equal to Lv  - M, is a uniform function of z, Say F(z) ,  
while i t  is a two-valued function of u. A value of u gives two distinct - 
values of z, say z, and z, ; hence the values of w, wliich arise from an assigned 
value of u, are values of w arising as uniform functions of the two distinct - 
values of z. Hence as the two values of w are equal in magnitude and 
opposite in sign, we have 

F (2,) + F ( 2 2 )  = 0, 
that is, since z, + z, = a + p where a and /3 are the irreducible infinities of u, 

F(zi )+F(u+p-z l )  = O ,  

so that &(u + P), &(a + P)  + o, &(a -t P) + w', and &(a + 6) + o + o' are either 
zeros or infinities of W. They are known not to be infinities of u, and w is 
infinite only for infinite values of u ; hence the four points are zeros of W. 
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But these are al1 the irreducible zeros of u'; hence the zeros of u' are 
included among the zeros of W. 

Now consider the function wld.  The numerator has two values equal 
and opposite for an assigned value of u ;  so also has the denominator. Hence 
w/u' is a uniform function of u. 

This uniform function of u may become infinite for 

(i) infinities of the numerator, 

(ii) zeros of the denominator. 

But, so far as concerns (ii), we know that the four irreducible zeïos of the 
denominator are al1 simple zeros of u' and each of them is a zero of w ; hence 
wlu' does not become infinite for any of the points in (ii). And, so far as 
concerns (i), we know that al1 of them are infinities of u. Hence wlu', a 
uniform function of u, can become infinite only for an infinite value of zc, and 
its multiplicity for such a value is finite; hence it is a rational, integral, 
algebraical function of u, Say N, so that 

w = Nu'. 

Moreover, because w2 is of degree in u not higher than 2m, and is of 
the fourth degree in u, i t  follows that N is of degree not higher than nL - 2. 

We thus have Lw - M = Nu', 

where L, M, N are rational, integral, algebraical functions of u ; the degrees 
of L and M are not higher than m, and that of N is not higher than na - 2. 

Note 1. The function u; which has been considered in the preceding 
proof, is of the second order and the second class. If a function u of the 
second order and the first class, having a double irreducible infinity, be 
chosen, the course of proof is similar ; the function w has the three irreducible 
zeros of u' among its zeros and the result, as before, is 

w = Nu'. 

But, now, w2 is of degree in u not higher than 2m and ut2 is of the third 
degree in u ; hence N is of degree not higher than m - 2 and the degree of w2 
in u cannot be higher than 2m - 1. 

Hence, if L, M, P be al1 of degree m, the terms of degree 2m in L P  - M2 
disappear. If al1 of them be not of degree m, the degree of M must not be 
higher than m - 1 ; the degree of either L or P must be m, but the degree 
of the other must not be greater than m -  1, for otherwise the algebraical 
equation between u and v would not be of degree m in u. 

We thus have 
Lw2- 2Mv+P=O, Lv- M = N d ,  
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where the degree of N i n  u is not higher than rn - 2. If the degree of L be 
less than rn, the degree of M is not bigher than m - 1 and the degree of P is 
m. If the degree of L be rn, the degree of M may also be m provided that the 
degree of P be m and that the highest terms be such that the coefficient 
of um in LP - M2 vanishes. 

Note 2. The theorem expresses a function w rationally in terms of u and 
u' : but u' is an irrational function of u, so that v is not expressed rationally 
in terms of u alone. 

But, in Propositions XI. and XII., i t  was indicated that a function such as 
v could be rationally expressed in terms of a doubly-periodic function, such as 
u. The apparent contradiction is explained by the fiad that, in the earlier 
propositions, the arguments of the function zt in the rational expression and 
of the function w are not the same ; whereas, in the later proposition whereby 
v is 'expressed in general irrationally in terms of u, the arguments are the 
same. The transition from the first (which is the less useful form) to the 
second is made by expressing the functions of those different arguments in 
terms of functions of the same argument when (as d l  appear subsequently, in 
5 121, in proving the so-called addition-theorem) the irrational function of u,  
represented by the derivative u', is introduced. 

COROLLARY 1. Let 112 denote the sum of the irreducible infinities or of 
the irreducible zeros of the function u of the second order, so that f l ~  2.1 for 
functions of the first class, and i2 = a + ,él for functions of the second class. 
Let u be represented by + (z) and v by + (z), when the argument must be put 
in evidence. Then 

+(a -4= +(4, 
- # ( a - z ) =  y(z), 

so that 

Hence 

First, if 1Jr (2) = .Jr (a - z), then S = O and + (2) = R : that is, a functim + (z ) ,  
which sacisjies the equation + ( 4  =+(fi- 4 ,  
can be expressed as a rational algebraical meromorphic function of 4 (z) of the 
second ordw, doubly-periodic in the same periods and having the surn of its 
irreducible infinities congruent with a. 

Second, if + (z) = - + (112 - z), then R = O and + (z) = SC#' (2) ; that is, a 
function + (z), which satisjies the equation 

+ W = - + ( f l -  ZX 
F. 16 
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can be qressed as a rational algebraical rneromorphic function of + (z), 
multiplied by 4' (z), where C#I (2)  is doubly-periodic in the same periods, is of the 
second order, and hm the surn of its irreducible injinities congruent with a. 

Third, if +(z) have no infinities except those of u, it cannot become 
infinite for finite values of u ; hence L = O has no roots, that is, L is a constant 
which may be taken to be unity. Then +(z) a function of order m can be 
expressed in the form 

M + q' ( f i ) ,  

where, if the function C#I (2)  be of the second class, the degree of M is not 
higher than m ; but, if i t  be of the first class, the degree of M i s  not higher 
than m - 1 ; and in each case the degree of N is not higher than m - 2. 

It will be found in practice, with functions of the first class, that these 
upper limits for degrees can be coiisiderably reduced by counting the degrees 
of the infinities in 

1M + N+' (2). 

Thus, if the degree of M in u be p and of N be A, the highest degree of an 
infinity is either 2p or 2h + 3 ; so that, if the order of + (2)  be m, we should 
have 

m = 2 p  or m=2X+3, 
according as m is even or odd. 

When functions of the second class are used to represent a function $r (z) ,  
which has two infinities a and P each of degree n, then it is easy to see that 
M is of degree n and N of degree n - 2 ; and so for other cases. 

COROLLARY II. Any doubly-periodic function can be expressed ratio~ally 
in terms of any other function u of any order n, doubly-periodic in the same 
periods, and of its dm'vative ; and this ratioml expression can always be taken 
in the form 

U,+ ulu + u$P+ ... + U*lu'n-l, 

where Uo, ... , U, are algebraical, rational, rneromorphic furtctions of u. 

COROLLARY III. I f  c$ be a doubly-pen'odic function, then c$ (u + v) can be 
expressed in the form 

A + B+' (u )  + C+' (v) +Bqf (u) +'(v) 
E 9 

where IjF ZS a doubly-periodic function in the same periods and of the second 
order: each of the functions A, D, E is a symmetric function of + (u)  and + (v), 
and B Zs the same function of + (v)  and $r (u) as C is of + (u) and $r (v). 

The degrees of A and E are not greater than m in $P (u) and than m in + (v), 
where m is the order of 4 ; the degree of D is not greater than m - 2 in + (u) 
and than m - 2 in + (v) ; the degree of B is not greater than m - 2 in + (u) 
and than m in + (v), and the degree of C is not greater than m - 2 in $r (v) 
a?d than m in J!P (u). 
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CHAPTER XI. 

THE present chapter will be devoted, in illustration of the preceding 
theorems, to the establishment of some of the fundamental formulæ relating 
to doubly-periodic functions of the second order which, as has already (in 
5 119, Cor. to Prop. XIV.) been indicated, are substantially elliptic functions : 
but for any development of their properties, recourse must be had to treatises 
on elliptic functions. 

I t  may be remarked that, in dealing with doubly-periodic functions, we 
may restrict ourselves to a discussion of even functions and of odd functions. 
For, if I$ (2) be any function, then 4 {I$ (2) + + (- 2)) is an even function, and 
8 {+ (2) - 9 (-z)} is an odd function, both of them being doubly-periodic in 
the periods of +(z); and the new functions would, in general, be of order 
double that of + (2). We shall practically linlit the discussion to even 
functions and odd functions of the second order. 

120. Consider a function + (z), doubly-periodic in 20 and 2u'; and let 
it be an odd function of the second class, with a and /3 as its irreducible 
infinities, and a and b as its irreducible zeros*. 

Then we have d (2) = #J (a + f l  - 2) 

which always holds, and d (- 2) = - 9 (4 
which holds because + (z) is an odd function. Hence 

d ( ~ + P + z ) = + ( - z )  

= - 9 (4 
so that a + ,kl is not a period ; and 

+(a+P+a+B+z)=-+(a+B+z) 

= 9 (z), 

* To fix the ideas, it will be couvenient to compare it with Enz, for which 2w=4K, 2w1=2iK', 
a=iK1,  @iK'+2K,  a=O, and b=2K. 

16-2 
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244 DOUBLY-PERIODIC FUNCTIONS [120. 

whence 2 ( a  + ,û) is a period. Since a + P is not a period, we take a + /3 o, 

or - w', or = O + w';  the first two alternatives merely interchange o and o', so 
that we have either 

a + P = w ,  

And we know that, in general, 

First, for the zeros : we have 

#49=-4(-0)=-+(0),  
so that $I (O) is either zero or infinite. The choice is a t  Our disposa1 ; for 

satisfies al1 the equations which have been satisfied by +(z) and an m 
infinity of either is a zero of the other. We therefore take 

so that we have a = O, 
b = O or o + w'. 

Next, for the infinities : we have 

4(.>=- +(-4 
and therefore +(-a)=-+(a)=ai .  
The only infinities of + are a and 8, so that either 

- a - a ,  
or - a  B. 
The latter cannot hold, because it would give a + P -= O whereas a + @ r o 
or G o + of ; hence 

2a = O, 
which must be associated with a + o or with a + /3 = o + o'. 

Hence a, being a point inside the fundamental parallelogram, is either O, 
O, O, or O + o'. 

It cannot be O in any case, for that is a zero. 
If a + /3 = w, then a cannot be o, because t,hat value would give /3 = 0, 

which is a zero, not an infinity. Hence either a = o', and then P = o' + o ; 
or a = o' + o, and then = o'. These are effectively one solution ; so that, if 
a + p r o ,  we have 

a, p = op, O' + w 
and 

If a + = o + of, then a cannot be o + o', because that value would give 
= O, which is a zero, not an infinity. Hence either a = o and then /3 = o', 

or a = o' and then p= o .  These again are effectively one solution ; so that, - 

if a + / 3 r o + 0 1 ,  we have 
a, p = O, O' 

and a, b = O, o + o' 
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This combination can, by a change of fundamental parallelogram, be made 
the same as the former; for, taking as new periods 

2 ~ '  = 2 4  2n = 20 + 20', 

which give a new fundamental parallelogram, we have a + ,6 = a, and 

a, p = a', i2 - CD', that is, CO', Cl - w' + 2w' 

so that 
and 

being the same as the former with Cl instead of o. Hence it is sufficient to 
retain the first solution alone : and therefore 

Hence, by 5 116, I., we have 
z(z-O) + (2) = (2 - @') (s - - *') p(z>J 

where F (z) is finite everywhere within the parallelogram. 

Again, C#I (z + w') has z = O and z = o as its irreducible infinities, and 
it has z = w' and s = o + w' as its irreducible zeros, within the parallelogram 
of C$ (z) ; hence 

( 2 - d ) ( z - w -  + (z + w') = z(z - 0 )  4 (4, 

where E: (2) is finite everywhere within the parallelogram. Thus 

+ ( 4  + (2 + 0') = P(4 FI (4 ,  
a function which is finite everywhere within the parallelogram; since it is 
doubly-periodic, it is finite everywhere in the plane and it is therefore a 
constant and equal to the value a t  any point. Taking -?p' as the point 
(which is neither a zero nor an infinity) and remembering that + is an odd 
function, we have 

1 
+(z)+(z+ of)= - {+(go')}2=z, 

L being a constant used to represent the value of - {+ ( + I ' ) } ~ .  

Also +(z+w)=+(z+a+,6-20')  

=+(z+CI+p)=-+(z) ,  

and therefore also $I (w - z) = $I (2). 
The irreducible zeros of +'(z) were obtained in § 117, X. In  the 

present example, those points are w' + aw, w' + gw, +w, 2-w ; so that, as 
there, we have 

KI+'(z)ja = 1+(4 - + ( B 4  I+(4-+(2w)I I+(4 -+(a'+ !P)l I+(4  - +(&+2-41, 
where K is a constant. But 

+( ;m)=+(20-4w)=+( -~~)=-+(4w);  
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and 9 ( # o + U ) = + ( 2 0 + 2 0 1 - g o - o f )  

so that {+' (z)]" A 

where A is a new constant, evidently eqnal to {9'(O)ja. Now, as we know 
the periods, the irreducible zeros and the irreducible infinities of the fiinction 
9 (z), i t  is completely determinate Save as to a constant factor. To determine 
this factor we need only know the value of +(z) for any particular finite 
value of z. Let the factor be determined by the condition 

9(+)=1; 
then, since 

1 
~ ( + o ) + ( + + w ~ ) = ~  

by a preceding equation, we have 
1 

9 ( f o + m f ) = - '  k ' 

Hence, since 9 (z) is an odd function, we have 

9 ( 4  = Sn (pz). 

Evidently 2po, 2t-~w' = 4K, 2iKf, where K and K' have the ordinary signifi- 
cations. The simplest case arises when p = 1. 

121. Before proceeding to the deduction of the properties of even 
functions of z which are doubly-periodic, i t  is desirable to obtain the 
addition-theorem for +, that is, the expression of #I (y + z )  in terins of 
functions of y alone and z alone. 

When + (y + z) is regarded as a function of z, which is necessarily of the 
second order, i t  is (§ 119, XV.) of the form 

M + If$' (z) 
L ' 

where M and L are of degree in + (z) not higher than 2 and N is independent 
of z. Moreover y + z = a and y + z = f l  are the irreducible simple infinities 
of +(y + z) ; so that L, as a function of z, may be expressed in the form 

IRIS - LILLIAD - Université Lille 1 



121.1 OF THE SECOND cuss 247 

where P, Q, R, S are independent of z but they may be functions of y. Now 

and 

so that tbe denominator of the expression for + ( y  + z )  is 

Since 9 ( z )  is an odd function, +' (2) is even ; hence 

and therefore + ( y  + z )  - + ( y  - z )  = 
2Q+ ( 4  

1 ' 

{+ (z)jz - k2 19 ( y ) ] ~  

Differentiating with regard to z and then making z = O, we have 

- 
ka t+ (Y)}= 

Interchanging y and z and noting that r#~ ( y  - z )  = - 9 (z - y), we have 

which is the addition-theorem required. 

Ex. If f (u) be a doubly-periodio function of the second order with infinities b,, b,, 
and f~ (u) a doubly-periodic function of the second order with infinities a,, a, such that, 
in the vicinity of ai(for i=l, 2), we have 

the periods being the =me for both functions. Verify the theorem when the fiinctions are 
sn u and sn (u + v). (Math. Trip. Part II., 1891.) 

Prove also that, for the function 4 (u), the coefficients pl and p, are equaL (Burnside.) 

122. The preceding discussion of uneven doubly-periadic functions 
having two simple irreducible infinities is a sufficient illustration of the 
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248 DOUBLY -PERIODIC FUNCTIONS [122. 

method of procedure. That, which now follows, relates to doubly-periodic 
functivns with one irreducible infinity of the second degree; and it will be 
used to deduce some of the leading properties of Weierstrass's u-function 
(of § 57) and of functions which arise from it. 

The definition of the a-function is 
m m 5 .5= 

o(z)=zn  II {(i - ~)e" 'aa} ,  
-m-w 

where SZ = 2mw + 2rn1w', the ratio of w' : o not being purely real, and the 
infinite product is extended over al1 terms that are given by assigning to 
m and t o  m' al1 positive and negative integral values from + w to - oo, 
excepting only simultaneous zero values. I t  has been proved (and it is 
easy to verify quite independently) that, when a(z)  is regarded as the 
product of the primary factors 

the doubly-infinite product converges uniformly and unconditionally for al1 
values of z in the finite part of the plane; therefore the function which i t  
represents can, in the vicinity of any point c in the plane, be expauded in a 
converging series of positive powers of z - c, but the series will only express 
the function in the domain of c. The series, however, can be continued over 
the whole plane. 

I t  is at once evident that u (2) is not a doubly-periodic function, for i t  has 
no infinity in any finite part of the plane. 

I t  is also evident that a (2) is an odd function. For a change of sign in z 
in a primary factor only interchanges that factor with the one which has 
equal and opposite values of m and of na', so that the product of the two factors 
is unaltered. Hence the product of al1 the primary factors, being independent 
of the nature of the infinite limits, is an even function; when z is associated 
as a factor, the function becomes uneven and i t  is rn (2). 

The first derivative, ol(z), is therefore an even function; and it is not 
infinite for any point in the finite part of the plane. 

It will appear that, though cr (2) is not periodic, i t  is connected with 
functions that have 2w and 2w' for periods ; and therefore the plane will be 
divided up into parallelograms. When the whole plane is divided up, as in 
5 105, into parallelograms, the adjacent sides of which are vectorial repre- 
sentations of 20 and 2w1, the function u(z) has one, and only one, zero in 
each parallelogram; each such zero is simple, and their aggregate is given 
by z = 0. The parallelogram of reference can be chosen so that a zero 
of u (z) does not lie upon its boundary ; and, except where explicit account is 
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taken of the alternative, we shall assume that the argument of w' is greater 
than the argument of w, so that the real partY of w'liw is positive. 

123. We now proceed to obtain other expressions for O (z), and particu- 
larly, in the knowledge that i t  can be represented by a converging series in 
the vicinity of any point, to obtain a useful expression in the form of a series, 
converging in the vicinity of the origin. 

Since o (2) is represented by an infinite product that converges uniformly 
and unconditionally for al1 finite values of z, its logarithm is eqiial to the sum 
of the logarithms of its factors, so that 

where the series on the right-hand sidè extends to the same combinations of 
m and m' as the infinite product for z, and, when i t  is regarded as a sum of 

, the series converges uniformly and uncon- 

ditionally, except for points z = a. This expression is valid for log o (z) over 
the whole plane. 

Now let these additive functions be expanded, as in 5 82. In the imme- 
diate vicinity of the origin, we have 

a series which converges uniformly and unconditionally in that vicinity. 
Then the double series in the expression for log a (2) becomes 

and as this new series converges uniformly and unconditionally for points in 
the vicinity of z = O, we can, as in 3 82, take i t  in the form 

which will also, for such values of z, converge uniformly and unconditionally. 

In  5 56, i t  was proved that each of the coefficients 

- w  -00 

for r = 3, 4, .. ., is finite, and has a value independent of the nature of the 
infinite limits in the summatioa When we make the positive infinite limit 
for m numerically equal to the negative infinite limit for m, and likewise for 

* This quantity ie often denoted by W , . ( w ) 
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m', then each of these coefficients determined by an odd index r vanishes, 
and therefore i t  vanishes in general. We then have 

log a (2) = log z - aa 2zn-l - 4 9  L m +  - &9 ZLn-8 - . . ., 
a series which converges uniformly and unconditionally in the vicinity of the 
origin. 

The coeEcients, which occur, involve w and o', two independent constants. 
It is convenient to introduce two other magnitudes, y, and y,, defined by the 
equations 

g,  = 60CSiP,  y, = l40SZfl", 
so that g, and g., are evidently independent of one another; then al1 the 
remaining coefficients are functions* of y, and g,. We thus have 

1 -- 1 
~ ~ s z ' - ~ g g ~ a z b -  ... and therefore a (z) = ze 9 

where the series in the index, containing only even powers of z, converges 
uniformly and unconditionally in the vicinity of the origin. 

It is sufficiently evident that this expression for a (z) is an effective 
representation only in the vicinity of the origin ; for points in the vicinity of 
any other zero of o (z), Say G,  a similar expression in powers of z - c instead 
of in powers of z would be obtained. 

124. From the first form of the expression for log t~ (z), we have 

where the quantity in the bracket on the right-hand side is to be regarded as 
an element of summation, being derived from the primary factor in the 
product-expression for a (2). 

We write 

so that l;(z) is, by 5 122, an odd function, a result also easily derived from the 
foregoing equation ; and so 

This expression for r(z) is valid over the whole plane. 
Evidently l; (2) has simple infinities given by 

~ = n ,  

for al1 values of m and of m' between + GO and - CO, including simultaneous 
zeros. There is only one infinity in each parallelogram, and it is simple ; for 
the function is the logarithmic derivative of a (z), which has no infinity and 

* See Quart. Journ., vol. xxii., pp. 4, 5. The magnitudes g, tlnd g, are often caiied the 
invariants. 
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only one zero (a simple zero) in the parallelogram. Hence (2) is not a 
doubly-periodic function. 

For points, which are in the immediate vicinity of the origin, we have 

but, as in the case of ~ ( z ) ,  this is an effective tepresentation of c(z) only 
in the vicinity of the origin; and a different expression would be used for 
points in the vicinity of any other infinity 

We again introduce a new function p (2) defined by the equation 

Because C is an odd function, p (z) is an even function ; and 

where the quantity in the bracket is to be regarded as an element of 
summation. This expression for p (2) is valid over the whole plane. 
Evidently p (z) has infinities, each of the second degree, given by z = il, 
for al1 values of m and of m' between + oo and - oo , including simultaneous 
zeros ; and there is one, and only one, of these infinities in each parallelogram. 
One of these infinities is the origin; using the expression which repi-esents 
log a (z) in the immediate vicinity of the origin, we have 

for points z in the immediate vicinity of the origin. A corresponding 
expression exists for g (2) in the vicinity of any other infinity. 

125. The importance of the function q (2) is due to the following 
theorem :- 

The fur~ctiolz p (z) is doubly-periodic, t h  periods being 2 0  and 2w'. 

We have 

where the doubly-infinite snrnmation excludes simultaneous zero values, and 
the expression is valid over the whole plane. Hence 
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so that 

obtained by combining together the elements of the summation in p (z + 2 0 )  
and p (2). The two terms, not included in the summation, can be included, 
if we remove the numerical restriction as to non-admittance of simultaneous 
zero values for m and m'; and then 

where now the summation is for al1 values of m and of m' from + oo to - m .  

Let q  denote the infinite limit of m, and p that of m'. Then terms in the 
first fraction, for f2 = 2 (mm +m'a1), are the same as terms in the second for 
Cl = 2 ( m  - 1) o + 2rn'01 ; cancelling these, we have 

where q  is infinite. But 
*=m 1 1 -- c. -- 

n= -m (C - n ~ ) ~  sin2 G ' 
and therefore 

if p be infinitely great compared with p. This condition may be assumed for 
the present purpose, because the value of p (z) is independent of the nature 
of the infinite limits in the summation and is therefore undected by such a 
limitation. 

szi soi rrzi soi 1 -+?(q+l) ---- or (q+N 
{ z + ~ ( ~ + l ) o ~ & , ] = ~ [ e * " *  - e 20' 

oi 
The fraction 7 has a real part. I n  the exponent it is multiplied by q + 1; 

W 

that is, by an infinite quantity ; so that the real part of the index of 
the exponential is infinite, either positive or negative. Thus either the 
first term is infinite and the second zero, or vice versa; in either case, 

{z + 2 (q + 1) wl 20, is infinite, and therefore " 1 
n ) = p = v  

z; 1 
= o. m=-p=-ao { z + 2 ( q + l ) o - 2 m ' w ' j a  

Similarly for the other sum. Hence 
q ( z+  2 0 )  - $ (2) =o. 

In  the same way it may be shewn that 
p ( z +  2 0 ' ) - p ( z ) =  O ;  

therefore p (z)  is doubly-periodic in 2w and 20'. 
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Now in any parallelogram whose adjacent sides are 2 0  and 2m1, there is 
only one infinity and it is of rnultiplicity two; hence, by FJ 116, Prop. III., 
Cor. 3, 2 0  and 2w' determine a primitive parallelogram for p (2). 

We shall assume the parallelogram of reference chosen so as to include 
the origin. 

126. The function Q (2) is thus of the second order and the first class. 

Since its irreducible infinity is of the second degree, the only irreducible 
infinity of pl(z) is of the third degree, being the origin; and the function 
p' (2) is odd. 

The zeros of p' (2) are thus o, w', and (o + w') ; or, if we introduce a new 
quantity w" defined by the equation 

0'' = o + ol, 

the zeros of p' (2) are o, ol, or'. 
We take 

p(o)=el, q(wr')=e2, p(01)=e3, p(z)=p; 
and then, by 5 119, Prop. XIV., Cor., we have 

p'" A (p - el> ( q  - e2) ( q  - e3), 
where A is some constant. To determine the equation more exactly, we 
substitute the expression of q in the vicinity of the oiigin. Then 

so that 

When substitution is made, it is necessary to retain in the expansion al1 
terms up to z0 inclusive. We then have, for pl2, the expression 

When we equate coefficients in these two expressions, we find 

A = 4, 

e, + e2 + e, = O, ge, + e2e3 + wl = - $g2, e,e,e, = i g 3  ; 
therefore the differential equation satisfied by p is 

0'" 4 ((8 - 8,) (p - e2) (p - e3) 
= 4 @ - g z ~ - & .  
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Evidently p" = 6p2 - &gz, 
p"' = 1 2ppf, 

and so on ; and it is easy to verify that the 2nth derivative of p is a rational 
integral algebraical function of p  of degree n + 1 and that the (2n + 1)th 
derivative of p is the product of p' by a rational integral algebraical function 
of degree n. 

The differential equation can be otherwise obtained, by dependence on 
Cor. 2, Prop. V. of 5 116. We have, by differentiation of q', 

for points in the vicinity of the origin ; and also 

Hence p" and p2 have the same irreducible infinities in the same degree and 
their fractional parts are essentially the same: they are homoperiodic and 
therefore they are equivalent to one another. It is easy to see that p" - 6p 
is equal to a function which, being finite in the vicinity of the origin, is finite 
in the parallelogram of reference and therefore, as i t  is doubly-periodic, is 
finite over the whole plane. I t  therefore has a constant value, which can be 
obtained by taking the value a t  any point; the value of the function for 
z = O is - &g, and therefore 

pfl - 660' = - &g2, 
so that Pr? = 6~3s - 1 2 9 2  9 

the integration of which, with determination of the constant of integration, 
leads to the former equation. 

This form, involving the second derivative, is a convenient one by which 
to determine a few more terins of the expansion in the vicinity of the origin : 
and it is easy to shew that 

from which some theorems relating to the sums ZZQ-m can be deduced*. 

Ex. If en be the coefficient of 9*-2 in the expansion of @ (2) in the vicinity of the 
origin, then 

(Weierstrass.) 

We have p 'a=4~a -g@-g3 ;  

the function p' is odd and in the vicinity of the origin we have 

* See a paper by the author, Quart. Journ., vol. xxii, (1887), pp. 1-43, where other references 
are given and other applications of the general theorems are made. 
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hence, representing by - (4p3-gg -g33 that branch of the function which is 
negative for large real valuea, we have 

and therefore d~ 
Q (4p3 - 994 - 93)+ ' 

The upper limit is determined by the fact that when z = O, p = oo ; so that 

4' 
= I P ( 4 ( P - e J ( P - e z ~ ( P -  ed'. 

This is, as i t  should be, an integral with a doubly-infinite series of values. 
We have, by Ex. 6 of 5 104, 

w 

O,=@ = df? 

with the relation mrl= O + o'. 

127. We have seen that q (a) is doubly-periodic, so that 

p (2 + 20) = 4 (4 ,  

and therefore d& -t 20) - -- dS(z). 
dz dz ' 

hence integrating f(z + 2w)=r(z)+A. 

Now ( is an odd function; hence, taking a = - o which is not an infinity of c, 
we have 

A = 2C(w) = 2T, 

Say, where q denotes 5 (w) ; and therefore 

c ( 2  + 20) - t;(z) = 2% 
which is a constant. 

Similarly f ( ~ + 2 0 ' ) - 5 ( ~ ) = 2 r l ) ,  
where T'= r(wf) and is constant. 

Hence combining the results, we have 

c (Z + 2rnw + 2772;') - C (2) = 2mr) + 2m'~,', 

where m and m' are any integers. 
It is evident that q and q1 cannot be absorbed into c ;  so that is not a 

periodic function, a result confirmatory of the statement in 5 124. 
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There is, however, a pseudo-pem'odicity of the function 1:: its characteristic 
is the reproduction of the function with an added constant for an added 
period. This form is only one of several simple fornw of pseudo-periodicity 
which will be considered in the next chapter. 

128. But, though t;(z)  is not periodic, functions which are periodic can 
be constructed by its means. 

Thus,if + ( z ) = A t ; ( z - a ) + B t ; ( z - b ) + C t ; ( z - c ) +  ..., 
then + ( ~ + 2 w ) - # ~ ( z ) = ~ A ( ~ ( z - a + 2 ~ ) - ~ ( z - a ) ]  

= 2 r l ( A + B + C + . . . ) ,  

and + ( z  + 20') - + (2) = 2 4  ( A  + B + C + . . .), 
so that, subject to the condition 

A+ B + C +  ... =O, 

+ (2)  is a doubly-periodic function. 

Again, we know that, within the fundamental parallelogram, t; has a 
single irreducible infinity and that the infinity is simple; hence the irre- 
ducible infinities of the function 4 ( z )  are z = a, b, c, . . ., and each is a simple 
infinity. The condition A + B + C + . . . = O is merely the condition of Prop. 
III., 5 116, that the 'integral residue ' of the function is zero. 

Conversely, a doubly-periodic function with m assigned infinities can be 
expressed in terms of I; and its derivatives. Let a, be an irreducible infinity 
of of degree n, and suppose that the fractional part of for expansion in 
the immediate vicinity of a, is 

A, - BI + --- KI + ... + - 
z - ai ( z  - a$ (Z - al)n ' 

Then 

Kl an-l 
+(- I)%- (n - 1) ! dzW1 - t ( z -a l ) ]  

is not infinite for z = a,. 

Proceeding similady for each of the irreducible infinities, we have a 

which is not infinite for any of the points z = a,, a,, . . .. But because + (2) 
is doubly-periodic, we bave 

A,+ A, t ... +An = O, 

and therefore the function 
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is doubly-periodic. Moreover, al1 the derivatives of any order of each of the 
functions 3 are doubly-periodic; hence the foregoing function is doubly- 
periodic. 

The function has been shewn to be not infinite a t  the points a,, s, ..., 
and therefore i t  has no infinities in the fundamental parallelogram; con- 
sequently, being doubly-periodic, it has no infinities in the plane and i t  is 
a constant, say C. Hence we have 

m 
with the condition 2 A, = O, which is satisfied because @(z) is doubly- 

r=l  
periodic. 

This is the required expression * for @ (z) in terms of the function 5 and 
its derivatives; it is evidently of especial importance when the indefinite 
integral of a doubly-periodic function is required. 

129. Constants T,J and v', connected with o and w', have been introduced 
by the pseudo-periodicity of r(z) ; the relation, contained in the following 
proposition, is necessary and usefu1:- 

The constants q, T,J', o, w' are connected by the relation 

- 37'0 = + &ri, 
the + or - sign being tuken according as the real part of m ' l o i  is positive or 
negative. 

A fundamental parallelogram having an angular point at  q is either of 

the form (i) in fig. 34, in which case W (5) is 
wz 

positive ; or of the forin (ii), in which case 93 -. (3 
is negative. Evidently a description of the paral- 
lelogram ABCD in (i) will give for an integral the 
same result (but with an opposite sign) as a de- 
scription of the parallelogram in (ii) for the same 
integral in the direction ABCD in that figure. 

We choose the fundamental parallelogram, so 
that i t  may contain the origin in the included 
area. The origin is the only infinity of 5 which 
can be within the area: along the boundary 3 is 
always finite. 

Now since 

3 (z+20) -5 (2 )=21 ,  
c (z + 20') - 3 (2) = 217: 

20 

(ii) 

* See Hermite, Ann. de T o u h e ,  t. ii, (1888), C, pp. 1-12. 

F. 17 
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the integral of c (z) round ABCD in (i), fig. 34, is (5  116, Prop. II., Cor.) 

the integrals being along the lines AD and AB respectively, that is, the 
integral is 

4 (qo' - qfo). 
But as the origin is the only infinity within the parallelogram, the path of 
integration ABCDA can be deformed so as to be merely a small curve round 
the origin. In  the vicinity of the origin, we have 

and therefore, as the integrals of al1 terms except the first vanish when taken 
round this curve, we have 

Hence 
and therefore q m '  - $0 = &me. 

This is the result as derived from (i), fig. 34, that is, when 9t ?- is positive. (Y) 
When (ii), fig. 34, is taken account of, the result is the same except 

that, when the circuit passes from zo to zo+ 2o, then to zo+ 2o  + 201, 
then to zo + 20' and then to z,, i t  passes in the negative direction round the 
parallelogram. The value of the integral along the path ABCDA is the 
same as before, viz., 4 (7pf - q f ~ ) ;  when the path is deformed into a small 

cwve round the origin, the value of the integral is taken negatively, and 

therefore it is - 27ri : hence 
v701 - q'w = - +ri. 

Con~bining the results, we have 
40' - q'o = f &,Ti, 

is positive or negative. 

COROLLARY. If there be a change to any other fundamental parallelo- 
gram, determined by 2 3  and 2n1, where 

n + qol, Q' = pro + qro', 

p, q, pf, p' being integers such that pp' -p'q = I 1, and if H,  Hf denote c (a) ,  
c(flf), then 

= pq + qq', P = pfq + qfq' ; 
therefore Haf - HfsZ = + *ri, 

a according as the real part of - is positive or negative. ;a 
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130. It has been seen that r (2) is pseixdo-periodic ; there is also a pseudo- 
periodicity for u (z), but of a different kind. We have 

f;(z + 20) = r ( z )  + 2% 

that is, 

and therefore r (z + 2 0 )  = (z), 

where A is a constant. To determine A, we make z = - o, which is not a 
zero or an infinity of a ( 2 )  ; then, since a (z)  is an odd function, we have 

-Aelhlw= 1, 

so that o ( z +  2 o ) = - e Q @ + " ) u  ( z )a 

Hence a ( ~ + 4 w ) = - e Q ( ~ + ~ ~ ) a  ( z + 2 w )  
= e s  W+W 

0- (2 )  ; 
and similarly a (z + 2mw) = (- l)m eQ (mz+m'w) 0- (2)- 

Proceeding in the same way from 

r ( z  + 20') = !: ( 2 )  + 2q', 

we find a (Z + 2rn'o') = (- 1)m' eQ' (ml~+m'W 0- (2). 

Then a ( z  + 2mo + 2m'w') = (- l ) m  e s  ( ~ + m 7 m + ~ m ' ~ ' )  ( 3  + 2m'w') 
= (- l)m+m'eaZ (mq+mfq') +Qmaw+4qm'<u'+~'m'zufq 

= (- l )m+de9  (mq+mrq') (Z+m+m'ur) +!mm1 [qwl-qlw) 
Cr (4. 

But qw' - $O = + + ? r i ,  

so that z ~ '  (qml+~)  = e+7ndn-i = (- il""', 
and therefore 

r (2 + 2mo + 2rnto') = (- l)mm'+m+m'e2~mqSm.'~') (z+mw+m'w') 2 ( > J  

which is the law of change of a (z )  for increase of z by integral multiples of 
the periods. 

Evidently a ( z )  is not  a periodic function, a result confirmatory of the 
statement in CJ 122. But there is a pseudo-periodicity the characteristic of 
which is the reproduction, for an added period, of the function with an 
exponential factor the index being linear in the variable. This is another 
of the forms of pseudo-periodicity which will be considered in the next 
chapter. 

131. But though u ( z )  is not periodic, we can by its means construct 
functions which are periodic in the pseudo-periods of a (2). 

By the result in the last section, we have 
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and therefore, if 4 (z) denote 

so that + (z) is doubly-periodic in 20 and 20' provided 

2p, - Sel, = o. 
Now the zeros of #I (z), regarded as a product of U-functions, are a,, a,, ..., a, 
and the points homologous with them ; and the infinities are Pl,  P,, ... ,fi, and 
the points homologous with them. I t  may happen that the points a and ,d 
are not al1 in the parallelogram of reference; if the irreducible points 
homologous with them be a,, .... a, and b,, ..., b,, then 

Za,. E Zb, (mod. 20, 20'), 

and the new points are the irreducible zeros and the irreducible infinities of 
C#J (2). This result, we know from Prop. III., § 116, must be satisfied. 

I t  is naturally assumed that no one of the points a is the same as, or is 
homologous with, any one of the points P : the order of the doubly-periodic 
function would otherwise be diminished by 1. 

If  any a be repeated, then that point is a repeated zero of + (2); similarly 
if any ,û be repeated, then that point is a repeated infinity of 4 (2). I n  every 
case, the sum of the irreducible zeros must be congruent with the sum of the 
irreducible infinities in order that the above expression for +(z)  may be 
doubly-periodic. 

Conversely, if a doubly-periodic function + (2) be reqnired with m assigned 
irreducible zeros a and m assigned irreducible infinities b, which are subject 
to the congruence 

Za E 21 (mod. 20, 2wf), 

we first find points a and homologous with a and with b respectively such 
that 

Zci = 8p. 

Then the function 

has the same zeros and the same infinities as 4 (z), and is homoperiodic with 
it ; and therefore, by § 116, IV., 

where A is a quantity independent of z. 

Ex. 1. Consider (2). It has the origin for an infinity of the third degree and aii the 
remaining infinities are reducible to the origin ; and its three irreducible zeros are a, a', a". 
Moreover, since m''=a>'+ W, we have W+W'+CO" congruent with but not equal to  zero. 
WC therefore choose other points so that the sum of the zeros may be actually the same 
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as the sum of the iiifinities, which is zero ; the simplest choice is t o  take a, a', -a". 

Hence 
u ( z - ~ ) v ( z - a ' ) u ( z t o ' )  Q (.)=A 

a3 ( 4  
7 

where A is a constant. To determine A, consider the expansions in the immediate 
vicinity of the origin ; then "I 

Another method of arranging zero4 so that their sum is equal to  that of the infinities, 
is to take -y  -a', a"; and then we should find 

This result can, however, be deduced from the preceding form merely by changing the 
sign of z. 

Ex. 2, Consider the function 
v (u+v) v (u-v) 

u2 (u) y 

where v is  any quantity and A is independent of u. It is, quà function of u, doubly- 
periodic; and i t  has u=O as an infinity of the second degree, all the infinities being 
homologous with the origin. Hence the function is homnperiodic with p (u) and it has 
the same infinities as @ (u) : thus the two are equivalent, so that 

(u+v)u(u-VI- 
u2 (4 - BP ( 4  - C, 

where B and C are independent of u. The left-hand side vanishes if u=v;  hence 
C= B@ (v), and therefore 

A,v(u+v)v ( u - 4 -  
v2 (4 -4 ( 4 -  B (47 

where A' is a new quantity independent of u. To determine A' we consider the 
expansions in the vicinity of u=O ; we have 

so that -A1$ (v) = 1, 

and therefore 

a formula of very grcat importance. 

Ex. 3. Taking logarithmic derivatives with regard to u of the two sides of the last 
equation, we have 

((u+v)+t(u-v)-2t(u)= - 4 (4 . 4 ( 4  - P ( 4  
and, similarly, taking them with regard to v, we have 

whence 
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giving the special value of the left-hand side as ($ 128) a doubly-periodic function. It is 
also the addition-theorem, so far as  there is an addition-theorem, for the c-function. 

Ex. 4. We can, by differentiation, e t  once deduce the addition-theorem for p (u+v). 
Evidently 

which is only one of many forma : one of the most useful is 

P ( ~ + v ) =  -P(u)-P(v)+B 

which can be deduced from the preceding form. 

The result c m  be used to modify the expression for a general doubly-periodic function 
@ (z) obtained in $ 128. We have 

Each derivative of [ can be expressed either as an integral algebraical function of P (z -- q )  
or as the product of (2- a,) by such a function ; and by the use of the addition-theorem 
these can be expressed in the form 

where L, M, N are rational integral algebraical functioiis of P(z). Hence the function @(a) 
can be expressed in the same form, the simplest case being when al1 its infinities are 
simple, and then 

m 
with the condition Z A,=O. 

r=l 

Ex. 5. The function p (2) -el is an even function, doubly-periodic in 20 and 2d and 
having z=0 for an infinity of the second degree ; i t  has only a single infinity of the second 
degree in  a fundamental parallelogram. 

Again, z = o is a zero of the function; and, since @' (0) = 0 but (a) is not zero, it  is a 
double zero of $ (z) -el. Al1 the zeros are therefore reducible to z= o; and the function 
hm ouly a single zero of the second degree in a fundamental parallelogram. 

Taking then the parallelogram of reference so as  to include the points z=0 and z=o, 
we have 

(z - $ (z) -el=- 
22 Q (4, 

where Q (z) has no zero and no infinity for points within the parallelogram. 

Again, for $ (z+o) -el, the irreducible zero of the second degree witbin the parallelo- 
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gram is given by z + o  y that is, it is z=0 ; and the irreducible infinity of the second 
degree within the parallelogram is given by z +a = O, that is, i t  is z = o. Hence we have 

22 
B(z+o)-q=- Q (4, (2-a)z 

where Q, (2 )  has no zero and no infinity for points within the parallelogram. 
Hence {P (2) - 4 %' (2 +a)  - 4 = & (2) QI ( 4  

that is, i t  is a function which has no zero and no infinity for points within the 
parallelogram of reference. Being doubly-periodic, it therefore has no zero and no infinity 
anywhere in the plane ; it consequently is a constant, which is the value for any point. 
Taking the special value z = w', we have @ (a') = e,, and @ (w' + W) = e, ; and therefore 

{P (4-e1'r\Yr) (~+~)-ei)=(e3-e1)(ez-ei).  
Similarly { 8 ( z ) - e 3  $(z+d')-ed=(el-ed (e3-4, 

and { f  (2) - e3) $ (2 + 4 - e3}= (e2 - e3) (el - e3). 
It is possible to derive a t  once from these equations the values of the p-function for 

the quarter-periods. 

 vote. I n  the preceding chapter some theorems were given which indicated that 
functions, which are doubly-periodio in the s'me periods, Gan be expressed in terms of one 
another: in particular cases, care has occasionally to be exercised to be certain that the 
periods of the functions are the same, especially when transformations of the variables are 
effected. For instance, since (z) has the origin for an infinity and sn u has i t  for a zero, 
it  is natural to express the one in  terms of the other. Now @ (z) is an even function, and 
sn u is an odd function ; hence the relation to be obtained will be expected to be one 
between f(z) and sn2u. But one of the periods of sn2 u is only one-half of the correspond- 
ing period of sn u ; and so the period-parallelogram is changed. The actual relation" is 

f (z) - e3 = (e, - e,) s r 2  u, 
3 where u = (el - e,) ,z and k2= (ex - e,)/(e, - e3). 

Again, with the ordinary notation of Jacobian elliptic functions, the periods of sn z are 
4K and 2 i K  those of dn z are 2K and 4 i r ,  and those of cn z are 4K and 2K+2iK'. The 
squares of these three functions are homoperiodic in 2K and 2iK'; they are each of the 
second order, and they have the same infinities. Hence an2 z, cn2 z, dn2 z are equivalent to 
one another (4 116, V.). 

But such cases belong to the detailed development of the theory of particular classes of 
functions, rather than to what are murely illustrations of the general propositions. 

132. As a last illustration giving properties of the functions just 
considered, the derivatives of an elliptic function with regard to the periods 
will be obtained. 

Let + ( z )  be any function, doubly-periodic in 20 and 20' so that 

+ (a + 2mo + 2mfo') = 4 (z), 

the coefficients in + irnplicitly involve w. and 0'. Let +1, +=, and +' respec- 
tively denote a+/aw, a + / a ~ ' ,  a + / a ~  ; then 

4, (z  + 2rno + 2m'o') + 2m+' (z + 2mo + 2mfo') = 41 (21, 

+, (z + 2mo + 2m'wf) f 2 d + '  (z + 2mw + 2mfw') = $2 (21, 
+' (Z + 2mo + 2m'w') = 4' (2)- 

* Halphen, Fonctions Elliptiques, t. i, pp. 23-25. 
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Multiplying by CO, of, z respectively and adding, we have 

o+, (z + 2mw + 2m'o') + w'9, (z + 2mo + 2m10') 

+ (z + 2mo + 2m'w') +' (z + 2mw + 2m'w1) 

= O+~(Z) + of+, ( 4  + z q  (2). 

Hence, if f (2) = ~ $ 1  (2) + w'#h (2) + z$' (2): 

then f (z) is a function doubly-periodic in the periods of +. 
Again, multiplying by q, q', c(z), adding, and remembering that 

c (z  + 2mo + 2m'01) = S(z) + 2mq + 2mfq', 
we have 

q+i ( z  + 2mw + 2ndo') + q'c#~~ (z + 2mo + 2m10') 

+ c(z + 2mw + 2m'01) (z + 2mw + 2m'o') 

= rl+i(2) + +$a (4 + c ( 4  9' (4 .  
Hence, if g (2) = ~ $ 4  (2) + d + 2  ( 4  + c ( 4  #' ( 4  
then g (z) is a functim doubiy-periodic in the periods of 9. 

In  what precedes, the function C#I ( 2 )  is any function, doubly-periodic in 
20, 20'; one simple and useful case occurs when +(z) is taken to be the 
function p (2). Now 

and 

hence, in the vicinity of the origin, we have 

w - + w  a' ' -/+z-=-- + even integral powers of za aw am az 

since both functions are doubly-periodic and the terms independent of z 
vanish for both functions. It is easy to see that this equation merely 
expresses the fact that q, which is equal to 

is homogeneous of degree - 2 in z, o ,  w'. 

Similarly 

a@  la^ ap 2 2 
7 a; + n + c(z) = - 2 + g2 + even integral powers of z. 

But, in the vicinity of the origin, 

6 1 8 = 2 + a g 2  + even integral powers of e, 
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so that 

a@ f a4 
@ t g 2  + even integral powers of r . , z + v  &?= 

The function on the left-hand side is doubly-periodic : i t  has no infinity 
at  the origin and therefore none in the fundamental parallelogram ; it there- 
fore has no infinities in the plane. I t  is thus constant and equal to its value 
anywhere, Say a t  the origin. This value is Qg,, and therefore 

This equation, when cornbined with 

a#' a@ gives the value of - and -, . aw am 
The equations are identically satisfied. Equating the coefficients of z2 in 

the expansions, which are valid in the vicinity of the origin, we have 

and equating the coefficients of z' in the same expansions, we have 

ag3 , 29, q - + 7  -/=-ggza aw aw 
Hence for any function u, which involves w and w f  and therefore implicitly 
involves g2 and y,, we have 

Since p is such a function, we have 

34 86' 4gz-+6g3*-z-=2p, 39, ag, a~ 

being the equations which determine the Lederivatives of g tvith regard to the 
i~avariants y, and g,. 
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The latter equation, integrated twice, leads to 

a differential equation satisfied by o (z)*. 

133. The foregoing investigations give some of the properties of doubly- 
periodic functions of the second order, whether they be uneven and have two 
simple irreducible infinities, or even and have one double irreducible infinity. 

If a function U of the second order have a repeated infinity a t  a = y, then 
i t  is determined by an equation of the form 

U f z = 4 a Z [ ( U - X )  ( U -  p ) ( U -  I J ) ] ~ ,  

or, taking U - Q (h + p + +) = Q, the equation is 

&" = 4a2 [(Q - 6) ( Q  - e2) ( Q  - 4 1 t ,  
where e, + e, + e, = O. Taking account of the infinities, we have 

Q = ~ ( a z - a Y ) ;  

by Ex. 4 p. 262. The right-hand side cannot be an odd function; hence 
an odd function of the second order cunnot have a repeated inJinity. Similarly, 
by taking reciprocals of the functions, i t  follows that a n  odd function of the 
second order cannot have a repeated zero. 

I t  thus appears that the investigations in $120,121 are sufficient for the 
included range of properties of odd functions. We now proceed to obtain 
the general equations of even functions. Every such function can (by § 118, 
XIII., Cor. 1.) be expressed in the form {ap ( z )  t bj  t {cp ( z )  + d } ,  and its 
equations could thence be deduced from those of 63 ( 2 ) ;  but, partly for 
uniformity, we shall adopt the same method as in 5 120 for odd functions. 
And, as already stated (p. 251), the separate class of functioas of the second 
order that are neither even nor odd, will not be discussed. 

134. Let, then, + (2) denote an even doubly-periodic function of the 
second order (it may be either of the first class or of the second class) and let 
2 0 ,  20' be its periods ; and denote 2 0  + 20' by 20". Then 

Q ( 4  = d (- 4 ,  
since the function is even ; and since 

+ ( m + z ) = Q ( - 0 - 2 )  
= $ ( 2 0 - 0  - 2 )  

= Q (W - 4, 
* For this and other deductions from these equations, see Frobenius und Stickelberger, Crelle, 

t .  xcii, (1882), pp. 311-327; Halphen, Traité des fonctions elliptiques, t. i, (1886), chap. IX. ; 
and a memoir by the author, quoted on p. 254, note. 
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i t  follows that + ( w  + 2)-and, similarly, + (0' + z)  and + (0"  + z)  are even 
functions. 

Now + ( w  + z), an even function, has two irreducible infinities, and is 
periodic in 2w, 2w'; also + (z), an even function, has two irreducible infinities 
and is periodic in 20,  20'. There is therefore a relation between + ( z )  and 
r j ~  (w + z ) ,  which, by § 118, Prop. X I I I . ,  Cor. I., is of the first degree in + (2) and 
of the first degree in #I ( w  + z)  ; thus i t  must be included in 

B + ( z ) + ( w  + s )  - C + ( z ) -  @+(w  + z )  + A =  o. 
But + ( z )  is periodic in 20 ; hence, on writing z + 0 for z in the equation, i t  
becomes 

B + ( w  + z ) + ( z )  - c+ ( o + z ) -  C + ( z ) +  A=O;  
thus C =  C'. 

If B be zero, then C may not be zero, for the relation cannot become 
evanescent : it isof the form 

+ ( z ) + + ( w  + z ) = A r  .............................. (1 )- 

If B be not zero, then the relation is 

Treating + (w' + z )  in the same way, we find that the relation between i t  
and + ( z )  is 

F+(z)+(w'+z)-D+(z)-D+(wJ+z)+E=O, 
so that, if P be zero, the relation is of the form 

+ ( z ) + + ( O ' + z ) = E 1  ........................... Q)'? 
and, if P be not zero, the relation is of t.he form 

Four cases thus arise, viz., the coexistence of ( 1 )  with (l)', of ( 1 )  with (2)', 
of ( 2 )  with (l)', and of ( 2 )  with (2): These will be taken in order. 

1. : the coexistence of ( 1 )  with (1): From ( 1 )  we have 

+(a1+ 2 )  + +(O1'+ z ) =  A', 
so that + ( Z ) + + ( O + Z ) + + ( W ' + Z ) + + ( ~ ~ ' + Z ) = ~ A ' .  
Similarly, from (l)', 

+ ( z ) + + ( 0 1 + z ) + + ( ~ + z ) + + ( 0 1 ' + z ) = 2 E V ;  

so that A' = E, and then 
+ ( O  + z ) =  4(01+ z) ,  

whence o - o' is a period, contrary to the initial hypothesis that 2 0  and 20' 
determine a fundamental parallelogram. Hence equations ( 1 )  and (1)' cannot 
coexist. 
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II. : the coexistence of (1) with (2)'. From (1) we have 
Q ( w " + z ) =  A ' - + ( w t + z )  

- - (A% - D) + ( z )  - (A'D - E) 
F+ (4 - D , 

on substitution from (2)'. From (2)' we have 

+ (O" + 2 )  = 
D + ( m + z ) - E  
F Q ( w + z ) - D  

- - (A'D - E) - D+ ( z )  
A'F- D - F + ( z )  ' 

on substitution froni (1). The two values of + (o" + z )  rnust be the same, 
whence 

A % - D = D ,  
which relation establishes the periodicity of + ( z )  in 2oU, when i t  is considered 
as given by either of the two expressions which have been obtained. We 
thus have 

A%=2D; 
and then, by (l), we have 

D D 
+ ( ~ ) - ~ + Q ( w + z ) - - = o ;  F 

and, by (2)', we have 

If a new even function be introduced, doubly-periodic in the same periods 
having the same infinities and defined by the equation 

the equations satisfied by 6 (z)  are 

Q 1 b  + z )+Q1(z )=O 
+1 (0' + Z )  QI (z) = constant 

To the detailed properties of such functions we shall return later ; meanwhile 
i t  may be noticed that these equations are, in form, the same as those satisfied 
by an odd function of the second order. 

III. : the coexistence of (2) with (1)'. This case is similar to II., with the 
result that, if an even function be introduced, doubly-periodic in the same 
periods having the same infinities and defined by the equation 

It is, in fact, merely the previous case with the periods interchanged. 
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IV. : the coexistence of ( 2 )  with (2)'. From (2)  we have 

- - (CD - AF) + (2)  - (CE - AD) 
(BD - CF) + (2 )  - (BE - CD) ' 

on substitution from (2): Similarly from (2)" after substitution from (2 ) ,  we 
have 

+ (w" + 2) = 
(CD - BE) $ (z) + (CE - AD) 
(CF - BD) + (z) + (CD - A P )  ' 

The two values must be the same ; hence 

C D - A F = - ( C D -  BE), 
which indeed is the condition that each of the expressions for + (wt'+z) 
should give a function periodic in 20". Thus 

AP + BE = 2CD. 
One case may be at  once considered and removed, viz. if C and D vanish 

together. Then since, by the hypothesis of the existence of (2) and of (2)', 
neither B nor P vanishes, we have 

A E  
B'-P' 

so that 

and then the relations are + (w + a)  + 4 (o' + a) = 0, 
or, what is the same thing, + (z) + + (o" 4- z )  = 0 
and + (z) + (W + Z )  = constant 1 . 
This case is substantially the same as that of II. and III., arising merely 
from a modification (§ 109) of the fundamental parallelogram, into one whose 
sides are determined by 2w and 2w': 

Hence we may have (2)  coexistent with (2)' provided 
AF+BE=2CD;  

C and L) do not both vanish, and neither B nor F vanishes. 

IV. (1). Let neither C nor D vanish ; and for brevity write 

+(w+z)=+1 ,  + ( w f ' + 4 = + 2 ,  + ( o ' + z ) = + 3 ,  +(z)=+. 
Then the equations in IV. are 

B++, - C ( + + + l ) + A  = O ,  
J'++,-D(+++,)+E=O. 

Now a doubly-periodic function, with given zeros and given infinities, is 
determinate Save as to an arbitrary constant factor. We therefore introduce 
an arbitrary factor h, so that + = w, 
and then taking 
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we have 
A 

($ - C I )  (+1- 4)  = 4e- > 

The arbitrary quantity X is a t  our disposal : we introduce a new quantity c,, 
-defined by the equation 

A 
= 4  ( c z  + 4 - ~ 2 ~ 3 ,  

and therefore a t  Our disposal. But since 

AP + BE = 2CD, 

we have 

and therefore 

Hence the foregoing equations are 

(II. - 9) ($1 - 9) = (9 - cz) (cl - 4, 
($ - ($3 - ~ 3 )  = ( c B  - C I )  ( ~ 3  - ~ 2 ) .  

The equation for +,, that is c$ (w" + z), is 
L+-M 

$2 = N ~ L  ' 
where L = C D - B E = A P - C D ,  M=AD-CE,  N = C F - B D ,  
so that AN + BM = 2CL. 
As before, one particular case may be considered and removed. If N be 
zero. so that 

say, and 

then we find ++c$,= 
or taking a function x = $ - u ,  
the equation becomes x (z )  + x (o" + z) = 0. 
The other equations then become 

A 
x ( z ) ~ ( w + z ) = a z - -  B  

and therefore they are similar to those in Cases II. and III. 
If N be not zero, then i t  is easy to shew that 

N = BFh (cl - 4, 
L = BPhz (c, - c,) C,  , 
M = BBX3 (c, - c3) ( G & ~  + czc3 - c1cs) ; 
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and then the equation connecting + and 4, changes to 

are relations between +, +3Fi, q2, $>, where the quantity c, is at our disposal. - 

IV. (2). These equations have been obtained on the supposition that 
neither C nor D is zero. If either vanish, let i t  be C: then D dues not 
vanish; and the equations can be expressed in the form 

We therefore obtain the following theorem : 

I f  9 be an even function doubly-periodic in  20 and 20' and of the second 
order, and i f  al1 functions equivulent to + in  the form R9 + S (where R and 
X are constants) be regarded as the same as 4, then eithm the function satisfis 
the systern of equations 

+(z)++(w +z)=O 
+(.) + ( o ' + z ) = H  ........................ 1 m*, 
+(z)  + ( o " + z ) = - H  

where H is u constant; or it satisfis the system of equations 

where of the three constants cl, c,, c, one can be arbitrarily assigned. 

We shall now very briefly consider these in turn. 

135. So far as concerns the former class of equations satisfied by an even 
doubly-periodic function, viz., 

+(.)++(O +z)=O 
+(z)  $ ( o ' + z ) = H  1 ' 

we proceed initially as in (5 120) the case of an odd function. We have the 
further equations 

9 (4 = 4 (- 4, 

* The systems obtained by the interchange of w, w', J among one another in the equations 
are not snbstantiaily distinct from the f o m  adopted for the system 1. ; the apparent difference 
can be removed by an appropriate corresponding interchange of the periods. 
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Taking z = - *w, the first gives 

9 (iw) + 9 ( 4 4  = 0, 
so that &o is either a zero or an infinity. 

I f  +w be a zero, then 
9 ($0) = 9 (O + -Sm) = - 9 (40) by the first equation 

= O, 
so that +o and $w are zeros. And then, by the second equation, 

w1+4w, w'+#o 
are infinities. 

If +o be an infinity, then in the same way 3" is also an infinity; and 
then w' + iw, w' + #w are zeros. Since these amount merely to interchanging 
zeros and infinities, which is the same functionally as taking the reciprocal of 
the function, we may choose either arrangement. We shall take that which 
gives +w, #w as the zeros ; and a'+ +w, w' + #o as the infinities. 

The function 9 is evidently of the second class, in that it has two distinct 
simple irreducible intinities. 

Because wl+  Sw, or+ go  are the irreducible infinities of 9 (z), the four 
zeros of +(z) are, by § 117, the irreducible points homologous with w", 
0" + W, wl' + wl, W" + d l ,  that is, the irreducible zeros of 9' (z) are 0, w, w', w". 
Moreover 

+(0)+9(0)= 0, + (w') + $fJ (of/) = O, 
by the first of the equations of the system ; hence the relation between 9 (2) 
and $' (2) is 

9" ( 4  = A I9 (2) - 9 (WI {+ (2) - 4 ( 4 1  I+ (4 - Q ( 4  I9 ( 4  - 9 (w'7 
= A I9" (0) - P (41 19" ( 4  - P i41- 

Since the origin is neither a zero nor an infinity of 9 (z), let 

9 (2)  = + (0) 9 1 ( 4  
so that 9, (O) is unity and +,' (O) is zero ; then 

dl" (2) = h2 {l - $1" (4; {CL - .12 (41 
the differential equation determining 9, (2). 

The character of the function depends upon the value of p and the 
constant of integration. The function may be compared with cn u, by taking 

1 
2w, 20'= 4K, 2 K  + 2 i F ;  and with - dn u '  by taking 2w, 20' = 2K, 4iK1, 
which (5 131, note) are the periods of these (even) Jacobian elliptic functions. 

We may deal even more briefly with the even function characterised by 
the second class of equations in CJ 134. One of the quantities c,, c,, c, being 
at our disposal, we choose i t  so that 

c,+c, f  cs=O; 
and then the analogy with the equations of Weierstrass's p-function is 
coinplete (see § 133). 
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CHAPTER XII. 

136. MOST of the functions in the last two Chapters are of the type 
called doubly-periodic, that is, they are reproduced when their arguments are 
increased by integral multiples of two distinct periods. But, in 127, 130, 
functions of only a pseudo-periodic type have arisen : thiis the c-function 
satisfies the equation 

5 (Z + m20 + mf20') = (2) + n227 + m 1 2 ~ ' ,  

and the m-function the equation 
c (z + m2w + n2f20f) = (- l )m '+m+m'  e2 WW+m'?') (~+m"+m'w') 

0- ( 4 .  
These are instances of the most important classes: and the distinction 
between the two can be made even less by considering the function 
et(z) = f (z), when we have 

f (z + m2o + m'2w') = em? em'q' ,!j (z). 

In  the case of the f-function an increase of the argument by a period leads 
to the reproduction of the function multiplied by an exponential factor that 
is constant, and in the case of the u-function a similar change of the 
argument leads to the reproduction of the function multiplied by an 
exponential factor having its index of the form az + b. 

Hence, when an argument is subject to periodic increase, there are three 
simple classes of functions of that argument. 

First, if a function f (2) satisfy the equations 

f (2 + 2 w )  =f (4, f (2 + 20') =f ( 4 ,  
i t  is strictly periodic : i t  is sometimes called a doubly-periodic function of the 
j î r s t  Icznd. The general properties of such functions have already been 
considered. 

Secondly, if a function F ( z )  satisfy the equations 

F (2 + 20) = pP (z ) ,  F (z + 2wf) = /hfP (z), 

F. 18 
IRIS - LILLIAD - Université Lille 1 



274 THREE KINDS [136. 

where p and p' are constants, i t  is pseudo-periodic: i t  is called a doubly- 
periodic fmc t i on  of the second Icilzd. The first derivative of the logarithm 
of such a function is a doubly-periodic function of the first kind. 

Thirdly, if a function + ( z )  satisfy the equations 

+ ( z  + 2 0 )  = &ztb + (z) ,  + ( z  + 20') = ea'~+"' + (z),  

where a, b, a', b' are constants, i t  is pseudo-periodic: i t  is called a doubly- 
periodic f u w t i o n  of the third Icind. The second derivative of the logarithm 
of such a function is a doubly-periodic function of the first kind. 

The equations of definition for functions of the third kind can be 
modified. We have 

whence a'o - awf = - m ~ i ,  

where rn is an integer. Let a new function E ( z )  be introduced, defined by 
the equation 

E ( z )  = eh'+w $ ( z )  ; 
then X and p can be chosen so that E (2) satisfies the equations 

From the last equations, we have 

E ( z  + 2w + 2w') = eAIZ+2")+B E (2) 
= eAz+B E (z) ,  

so that 2Aw is an integral multiple of 271-i. 

Also we have E ( z  + 2 0 )  = $~Z'20)a+p(z+zo) + ( z  + 20) 
- - &w+4hwP+apo+az+b E (4, 

so that 4Xw + a=0,  

and 4Xoa + 2pw + b = O (mod. 2 7 4 .  

Similady, E ( z  + 2 4  = & ( Z + - ~ ~ + P ~ Z + W  + (Z  + 20') 

- - e4hl~'+4h&+yr~'+a'~+b' (47 
so that 4Xo' + a' = A, 
and 4Xof2 + 2pw1 + b' E B (mod. 2 7 4 .  

From the two equations, which involve h and not p, we have 

Bo = a h  - ao' 

= - m r i ,  

agreeing with the result with 2 A o  is an integral multiple of 2m'. 

And from the two equations, which involve p, we have, on the elimination 
of p and on substitution for h and A, 

b'w - bof - am' (w' - w) Bo (mod. %ri). 
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If A be zero, then E(z)  is a doubly-periodic function of the h s t  kind 
when eB is unity, and i t  is a doubly-periodic function of the second kind 
when eB is not unity. Hence A, and therefore m, may be assumed to be 
different from zero for functions of the third kind. Take a new function 
@(z) such that 

q z ) = ~ ( z - ; ) = ~ ( e + 2 ) ;  

then (z) satisfies the equations 
nani 

(z + 20) = @ (z), @ (z + 2w') = e - o z  @ (z), 
which will be taken as the canonical equatiom dejning a doubly-periodic 
function of the third kind. 

Ex. Obtain the values of h, p, A,  B for the Weierstrassian function n (2). 

We proceed to obtain some properties of these two classes of functions 
which, for brevity, d l  be called secondary-periodic functions and tertiary- 
periodic functions respectively. 

Doubly-Periodic Functions of the Second Kind. 

For the secondary-periodic functions the chief sources of information are 
Hermite, Comptes Rendus, t. Li, (1861), pp. 214-228, ib., t. IV, (1862), pp. 11-18, 

85-91 ; Sur quelques applkations des f o n c t i o ~ ~  elliptiques, §§ 1-11:, separate 
reprint (1885) from Comptes Rendus; "Note sur la théorie des fonctions ellip- 
tiques" in Lacroix, vol. ii, (6th edition, 1885), pp. 484-491 ; Cours d'Analyse, 
(4""d.), pp. 227-234. 

Mittag-Leffler, Comptes Rendus, t. xc, (1880), pp. 177-180. 
Frobenius, Crelle, t. xciii, (1882), pp. 53-68. 
Brioschi, Comptes Rendus, t. xcii, (1881), pp. 325-328. 
Halphen, Trait4 des fonctions ell+tiques, t. i, pp. 225-238,411-426, 438-442, 463. 

137. I n  the case of the periodic functions of the first kind i t  was proved 
that they can be expressed by means of functions of the second order in the 
same period-these being the simplest of such functions. I t  will now be 
proved that a similar result holds for secondary-periodic functions, defined by 
the equations 

F (Z + 2w) = pF (z), F (z + 20') = (z). 

Take a function 

then we have 

= eWataho G (z), 
and G (z + 20') = ehl'ata"w' G (2). 
The quantities a and h being unrestricted, we choose them so that 

= eqa+a"o 1(LI = eq'a+2ho' . 
7 

and then G (z), a known function, satisfies the same equation as P(z). 
18-2 
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Let u denote a quantity independent of z, and consider the function 
f (2) = F (2) G (u - 2). 

We have f ( z + 2 w ) = F ( z + 2 w ) G ( u - ~ - 2 w )  

=f (2) ; 
and similarly f (2 + 20') =f (4 ,  
so that f (z) is a doubly-periodic function of the first kind with 2 0  and 2w' 
for its periods. 

The sum of the residues off (z) is therefore zero. To express this sum, 
we must obtain the fractional part of the function for expansion in the 
vicinity of each of the (accidental) singularities off  (z), that lie within the 
parallelogram of periods. The singularities off (2) are those of G  (u - z) and 
those of F(z). 

Choosing the parallelogram of reference so that i t  may contain u, we have 
z = 91 as the only singularity of G  (u - z) and i t  is of the first order, so t,hat, 
since 

1 G (f;) = - +positive integral powers of f: c 
in the vicinity of f;= O, we have, in the vicinity of u, 

f (z) = {F (u) + positive integral powers of u - zj 
1 

{-.B + positive powers 

- - - FO + positive integral poiers of e - u ; 
2-u  

hence the residue off (z) for u is - F(u). 
Let z = c be a pole of F (z) in the parallelogram of order n + 1 ; and, in 

the vicinity of c, let 
Cl d 1 d" 1 

J7(~)=pc+c2z ('-)+ + cm+,- dzn (a - - 0) + positive integral powers. 

Then in that vicinity 
d (2 - c)"~ 

G(u-z )=G(u -c ) - ( z -6 ) -G(u -c )+ - -  G t u -  c)- ..., 
d u  2 ! du2 

and therefore the coefficient of in the expansion off (z) for points in the 
2-1: . - 

vicinity of c is 
d  da an C,G(U-c)+c*-C(U-c)+ C, - G (U -c)+ ... +cn+IznG(u-c)> 

du du2 
which is therefore the residue off (z) for c. 

This being the form of the residue off  (z) for each of the poles of F(z), 
then, since the sum of the residues is zero, we have 
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or, changing the variable, 

where the summation extends over al1 the poles of F(z) within that parallelo- 
gram of periods in which z lies. This result is due to Hermite. 

138. It has been assumed that a and h, parameters in G, are determinate, 
an assumption that requires p and p' to be general constants: their values 
are given by 

va + oh = &log p, + oJL = *log p', 

and, therefore, since - ~ ' m  = f & i ~ ,  we have 

+ira= wJlogp-wlogp 
t i d =  - T /  logp + + logp' - 3. 

Now h, may vanish without rendering G (z) a nul1 function. If a vanish (or, 
what is the same thing, be an integral combination of the periods), then G(z) 
is an exponential function multiplied by an infinite constant when h does not 
vanish, and i t  ceases to be a function when h does vanish. These cases must 
be taken separately. 

F'irst, let a and h vanish* ; then both p and p' are unity, the function P 
is doubly-periodic of the first kind ; but the expression for F i s  not determinate, 
owing to the form of G. To render it determinate, consider as zero and a 
as infinitesiinal, to be made zero ultimately. Then 

... 
- (1 + positive integral powers of a )  

= 1 + r ( z )  + positive powers of a. 
a 

Since a is infinitesimal, p and are very nearly unity. When the 
function F is given, the coefficients Cl, Ca, . . . may be affected by a, so that 
for any one we have 

Ck = b~ + ayk + higher powers of a, 
where yk is.finite; and bk is the actual value for the function which is strictly 
of the first kind, so that 

Zb, = 0, 
the summation being extended over the poles of the function. Then retaining 
only a-' and aO, we have 

* This case is discussed by Hermite (I.c., p. 275). 
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1 
where Co, equal to Ly,, is a constant and the term in - vanishes. This expres- 

a 
sion, with the condition Sb, = O, is the value of F(u)  or, changing the variables, 

with the condition Zb,  = O, a result agreeing with the one formerly (§ 128) 
obtained. 

When F i s  not given, but only its infinities are assigned arbitrarily, then 
d C  = O because F is to be a doubly-periodic function of the first kind ; the 

1 
term - d C  vanishes, and we have the sarne expression for F (2) as before. 

a 
Secondly, let a vanish* but not X, so that p and p' have the forms 

p = e2Aw p' = e2hw' 

We take a function 9 ( 4  = 2°C ( 4  ; 
then g (Z - 20) = p-leMC (Z - 2w) 

= p-leU{c(z) - 2~71 

= p-l {y ( 4  - 2vMl,  
and g (z - 2w') = (z) - 2~7'e"z}. 
Introducing a new function H (z) defined by the equation 

=F(z)g(u. -4, 
we have H (z + 20) = H (z) - 2~7e"~-~) F (z), 

and H (z + 2 w') = H (2) - 2?I'd ("-2) P (2). 
Consider a parallelogram of periods which contains the point u ; then, if O be 
the sum of the residues of H (2) for poles in this parallelogram, we have 

2-ri@ = JH (z) dz, 
the integral being taken positively round the parallelogram. But, by 5 116, 
Prop. II. Cor., this integral is 

where p is the corner of the parallelogram and each integral is taken for real 
values of t from O to 1. Each of the integrals is a constant, so far as concerns - 

u ; and therefore we may take 
o = - A P ,  

the quantity inside the above bracket being denoted by - $irA.  
The residue of H (2) for z = u, arising from the simple pole of g (u - z), is 

- F(u)  as in § 13'7. 
If z = c be an accidental singularity of F (z) of order n + 1, so that, in the - 

vicinity of z = C, 

1 
2 - C  

* This is discussed by Mittsg-Leffler, (I.c., p. 275). 
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then the residue of H ( z )  for z = c is 
d dn 

c f l ( u - c ) +  c a r g ( ~ - c ) +  -.- + C I ? l + l a G g ( ~ - ~ ) ;  
du 

and similarly for al1 the other accidental singularities of F (2). Hence 

whwe the summation extends over al1 the accidental sin.qulam'ties of F ( z )  in  a 
parallelogram of periods which contains z, and g ( z )  is the function eAz{(z). 
This result is due to Mittag-Leffler. 

Since p = &ho and 
g ( z  - c + 2 w )  = pg ( z  - c) + 2qpd""), 

we have 

pF (2) = Y (z  + 2 0 )  

+ 2qp@B (4+ C A +  ... + C,+lXn)e-XC; 
and therefore 2 (Cl + C2h + . . . + Cn+,Xn) erAC = 0, 
the summation extending over al1 the accidental singularities of F(z) .  The 
sarne equation can be derived through p% (2) = F ( z  + 20'). 

Again CC; is the sum of the residues in a parallelogram of peiiods, and 
therefore 

2.rri2C1 = SB' (2) dz, 
the integral being taken positively round it. If p be one corner, the integral 
is 

each integral being for real variables of t. 
Hermite's special form can be derived from Mittag-Leffler's by making X 

vanish. 

Note. Both Hermite and Mittag-Leffler, in their investigations, have 
used the notation of the Jacobian theory of elliptic functions, instead of 
dealing with general periodic functions. The forms of their results are as 
follows, using as far as possible the notation of the preceding articles. 

1. When the function is defined by the equations 
F ( z  + 2K) = pF (z),  F ( z  + 2iK') = (z), 

where 
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(the symbol H denoting the Jacobian H-function), and the constants o and X 
are determined by the equations 

imo -- t2UR pCl=&g, p '=e  

II. If both X and o be zero, so that P(z)  is a doubly-periodic function 
of the first kind, then 

with the condition Cb, = 0. 

III. If o be zero, but not X, then 

where 

the constants being subject to the condition 

2 (Cl + O& + . . . + en+, An) e-Ac = O, 

and the summations extending to al1 the accidental singularities of F(z) in a 
parallelogram of penods containing the variable z. 

139. Reverting now to the function F (z )  we have G (z), defined as 

when a and X are properly determined, satisfying the equations 

G(z+2o)=pG(z),  G(z+2o')=p1G(z). 

Hence a ( z )  = F(z)/G (2) is a doubly-periodic function of the first kind ; and 
therefore the riumber of its irreducible zeros is equal to the nu~nber of its 
irreducible infinities, and their sums (proper account being taken of multipli- 
city) are congruent to one another with moduli 2w and 2w1. 

Let cl, c,, . .. , cm be the set of infinities of F (z) in the parallelogram of 
periods coiitaining the point z ;  and let y,, . . . , y, be the set of zeros of F (2) in 
the same parallelogram, an infinity of order n or a zero of order n occurring 
lz times in the respective sets. The only zero of G (2) in the parallelogram is 
congruent with -a ,  and its only infinity is congruent with O, each being 
simple. Hence the m + 1 irreducible infinities of Cl (2) are congruent with 

-a ,  Ci, Ca, m . . ,  Cm, 

and its + 1 irreducible zeros are congruent with 

O,  71, y*, ..., 'Y,'; 

and therefore m + l = p + l ,  

- a + % ~ Z y .  
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From the first it follows* that the nurnber of injnities of a doubly-periodic 
function of the second kind in a paralbelogram of  periods is equal to the number 
of its zeros, and that the excess of the mm of the former over the mm of the 
latter is congruent with 

O 
f C -. log p - T'l log p' ) , 

the sign being the same as that of in 7 . 
(83 

The result just obtained renders it possible to derive another expression 
for F (z),  substantially due to Hermite. Consider a function 

where p is a constant. Evidently Fl ( z )  has the same zeros and the same 
infinities, each in the same degree, as P (2). Moreover 

FI ( z  + 2 0 )  = E: ( z )  eav (Xe-  *)+2p, 

E; ( z  + 20')  = FI ( z )  e21'('"'~)+2~'. 

If, then, we choose points c and y, such that 

~ c - X y = a ,  

and we take p = X ,  where n and X are the constants of Cl (z),  then 

P, ( z  + 2w) = pP1 (z), E; ( z  + 20') = pfF1 (2). 
The function Pl ( z ) / F ( z )  is a doubly-periodic function of the 6rst kind and by 
the construction of f i  ( z )  it has no zeros and no infinities in the finite part of 
the plane: it is therefore a constant. Henc? 

where 8c - Cr = a, and a and X are determined as for the function G (2). 

140. One of the most important applications of secondary doubly-periodic 
functions is that which leads to the solution of Lamé's equation in the cases 
when i t  can be integrated by means of uniform functions. This equation is 
subsidiary to the solution of the general equation, characteristic of the 
potential of an attracting mass a t  a point in free space; and i t  c m  be 
expressed either in the form 

or in the form 

* Frobenius, CreEle, xciii, pp. 55-68, a memou which contains developments of the properties 
of the function G (2). The result appears to have been noticed firet by Brioschi, (Comptes Rendus, 
t .  xcii, p. 325), in discussing a more limited form. 

IRIS - LILLIAD - Université Lille 1 



according to the class of elliptic functions used. I n  order that the integral 
may be uniform, the constant A must be n (n + 1), where n is a positive 
integer ; this value of A, moreover, is the value that occurs most naturally in 
the derivation of the equation. The constant B can be taken arbitrarily. 

The foregoing equation is one of a class, the properties of which have 
been established* by Picard, Floquet, and others. Without entering into 
their discussion, the following will suffice to connect them with the secondary 
periodic function. 

Let two independent special soliitions be g (2) and h (z), uniform functions 
of z ; every solution is of the form ag (z) +ph  (z), where a and f l  are constants. 
The equation is unaltered when z + 20 is substituted for z ; hence y (z + 20) 
and h (z + 20) are solutions, so that we must have 

g (z + 2o) = Ag (2) + Bh (z), h (z + 2o) = Cg (2) + Dh (z), 

where, as the functions are determinate, A, B, C, D are deterrninate constants, 
such that A D  - BC is different from zero. 

Similarly, we obtain equations of the form 

y (Z + 20') = A'g (z) + B'h (z), h (z + 2w') = C'g (z) + D'h (2). 

Using both eqiiations to obtain g (z + 2w + 2w') in the same form, we have 

BCJ=B'C, ABJ+BD'=A'B+B'D; 

and similarly, for h (z + 20 + 2 4 ,  we have 

therefore 
C C" A - D  A'-D' 
B = B ' = ~ ,  -- B - = f -  B' 

Let a solution F (2) = ag (z) + bh (2) 
be chosen, so as to give 

F ( ~ + 2 m ) = ~ F ( z ) ,  F(z+2w')=p'F(z), 

if possible. The conditions for the first are 

so tbat u/b (= f )  must satisfy the equation 
c A - D = f B - , ;  
5 

and the conditions for the second are 

* Picard, Comptes Rendus, t .  xc, (1880). W. 128-131, 293-295; Crelle, t. xc, (1880), pp. 
281-302. 

Floquet, Comptes Rendus, t .  xoviii, (1884), Pp. 82-85; Ann. de PÉC. Norm. Sup., 3me SBr., 
t. i, (1884), pp. 181-238. 
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so that must satisfy the equation 
c1 Af-Df=fB'-- .  
E 

These two equations are the same, being 

p-e%-6=0. 
Let & and be the roots of this equation which, in general, are unequal; and 
let f i ,  fi1 and f i ,  pi be the corresponding values of p, ,u'. Then two functions, 
say F, ( z )  and F, (z),  are determined : they are independent of one another, so 
therefore are g ( z )  and h ( z )  ; and therefore every solution can be expressed in 
terms of them. Hence a linear diferential equrction of the second order, having 
coejicients that are doubly-periodic functions of the Jirst Icind, can generally be 
integrated by means of doubly-periodic functions of the second In'nd. 

I t  therefore follows that Lamé's equation, which will be taken in the form 

can be integrated by means of secondary doubly-periodic functions. 

141. Let z = c be an accidental singularity of w of order rn ; then, for 
points z in the immediate vicinity of c, we have 

1 d2w - m $ ma -- 2 r n ~  + positive powers of z - c. 
ÜJ dz2 ( z  - c)' z - c 

Since this is equal to n ( n + l ) q ( z ) + B  
i t  follows that c must be congruent to zero and that rn, a positive integer, 
must be n. Moreover, p =  O.  Hence the accidental singuiam'ties of w are 
congruent to zero, and each is of order n. 

The secondary periodic function, which has no accidental singularities 
except those of order n congruent to z= 0, has n irrediicible zeros. Let them 
be - G, - a,,. . ., - a,; then the form of the function is 

Hence 

or, taking p = - Sr(a,), we have 

1 d2w 1 dw 2 
and therefore - - - - (-1 n 

dza w2 dz =%?(z)- r=1 2 q ( z + a T ) .  
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But, by Ex. 3, 5 131, we have 

by Ex. 4,s 131. Thus 

Now 

~ 3 1 )  + pf (a2) p' (al) + p' (a3) 
P (4 - p (d + p (a,) - p (a) 

+ ...= O 1 
p' (4 + p' (al) ff (4 + p' (4 + + ...= O 
!P (a2) - p ((4 p ( 4  - p (4 . . . . . . 

n equations of nhich only n - 1 are independent, because the sum of the n 
left-hand sides vanishes. Then in  the double summation the coefficient of 

each of the fractions @' - p1 is zero ; and so 
#' (2) - P (a,) 

2 y*)%(') p' ( U S )  - p' ('1 = Zn (n - 1)  p (z )  + 4 (n - 1) @ (aT), 
r = i  ,=i P (0,) - 63 (2 )  $ (a,) - p (2)  r=l 

?a 
and therefore wdza-  d*-n (n+l )p>(e )+(2n-1)  2 @(a?). 

r=l  

satisjîes Lamé's eqwtion, provided the n constants a be determined by the 
preceding equatim and by the relation 

n 
B = (2n - 1)  Z p (a,). 

T = l  
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Evidently the equation is unaltered when - z is substituted for z ;  and 
therefore 

is another solution. Every solution is of the form 

MF (2) 4- (- z), 

where M and N are arbitrary constants. 

COROLLARY. The simplest cases are when n = 1 and n = 2. 
When n = 1, the equation is 

there is only a single const,ant a determined by tlhe single equation 

B = p (a) ,  
and the general solution is 

When n = 2, the equation is 

The general solution is 

where a and b are determined by the conditions 

Rejecting the solution a+O-O, we have a and b determined by the equatioris 

q (a)  + p (b) = ;B. p (a )  y (b) = P2 - ig,. 
For a full discussion of Lamé's equation and for references to the original sources of 

information, see Halphen, Traitd des fonctions elliptiques, t. ii, chap. XII., in particular, 
pp. 495 et seq. 

Ex. When Lamb's equation has the form 

obtain the solution for n=l, in terms of the Jacobian Theta-Functions, 

where CO is determined by the equation dn'b = h - k2 ; and discuss in particular the solution 
when h has the values 1 + k2, 1, P. 

Obtain the solution for n=2 in the form 
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286 PSEUDO-PERIODIC FUNCTIONS 

where h and are given by the equations 

and a is derived from h by the relation 
h=4(l+ka)-6k2sn2a. 

Deduce the three solutions that occur when X is zero, and the two solutions that occur 
when X is infinite. (Hermite.) 

Doubly-Periodic Punctions of the Third Kind. 

142. The equations characteristic of a doubly-periodic function Q> ( z )  of 
the third kind are 

mri  

@(z+2w)=Q>(z) ,  @ ( z +  2 w ' ) = e p 7 *  @(z) ,  

where m is an integer different from zero. 

Obviously the number of zeros in a parallelogram is a constant, as well as 
the number of infinities. Let a parallelogram, chosen so that its sides 
contain no zero and no infinity of @(z) ,  have p, p+ 2w, p + 20' for three 
of its angular points; and let q, a,, ..., al be the zeros and 4, ..., cm be the 
irifinities, multiplicity of order being represented by repetitions. Then using 

d T (2) to denote - (log (z)} ,  we have, as the equations characteristic of 
d z  

and for points in the parallelogram 

where H ( z )  hm no infinity within the parallelogram. Hence 
277-i (1  - n) = J'P ( z )  dz, 

the integral being taken round the parallelogram : by iising the Corollary to 
Prop. II. in 5 116, we have 

2 7 r i ( ~ - n )  =- Y - (F) dz = z m ~ i ,  

so that Z=m+m: 

or the algebraical excess of the number of  irreducible zeros over the number of 
irreducible injinities is equal to m. 

we have 
a c Z - - Z -  

z - n  z - c  + l - n = z P ( z ) - z H ( z ) ,  
and therefore 27ri ( Z n  - Zc) = JzV (2) dz, 
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the integral being taken round the parallelogram. As before, this gives 
Pt%' mm' 

2 ~ i  ( B a  - Pc) =/ 20Y> ( z )  dz  - Itn { 2 d ~  ( z )  - - ( z  + 20') 
P w 

The former integral is 

2 0  

for the side of the parallelogram contains* no zero and no infinity of @ (2). 
The latter integral, with its own sign, is 

= 2rn7i-i ( p  + o + 20'). 
Hence 8a - Pc = m (O + 2w'), 
giving the excess of the sum of the zeros over the sum of the in$nities in any 
parallelogram chosen so as to contain the variable z and to have no one of its 
sides passing through a zero or an  in$nity of the function. 

These will be taken as the irreducible zeros and the irreducible idni t ies :  
al1 others are congruent with them. 

Al1 these results are obtained through the theorem II. of 5 116, which 
assumes that the argument of w' is greater than the argument of o or, what 
is the equivalent assumption (5 129), that 

10' - V,J'W =+ri. 

143. Taking the function, naturally suggested for the present class by 
the corresponding function for the former class, we introduce a function 

a (Z - a,) cr ( z  - a,). . .a ( z  - al) 9 (Z) = exfl+~r 
0- (2 - ci) 0- ( z  - CJ..  .O ( z  - c,) ' 

where the a's and the c's are connected by the relations 
Za-dc=rn(w+2m1),  1-n=m. 

Then + ( z )  satisfies the equations characteristic of doubly-periodic functions 
of the third kind, if 

O = 4Xw + 2mq, 
k . 2 r i  = CXw" 2mqw + 2pw + m ~ i  - 2mq (w  + 20') ; 

* Both in this integral and in the next, which contain parts of the form - , there is, as in I" 
Prop. VIL, § 116, properly an additive term of the form 2~7ri,  where K is an integer ; but, as there, 
both terms can be removed by modification of the position of the parallelogram, and this modifi- 
cation is snpposed, in the proof, to have been made. 
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Using and p to denote 

mwi - A  and t T + m ( q + 2 7 j ) ,  

which are the constants in the exponential factor common to al1 functions of 
the same class, consider a function, of positive class m with a single accidental 
singularity, in the form 

+, ($, u) )= 8 @-uP) +P I2-w 
~ ( z - b ~ ) r r ( z - b , )  ... U(Z-b,+,) 1 
U(U-bl) m(u- bz) ...cr( U -  b,+,) U(Z-u) '  

where b,, b,, ..., b, are arbitrary constants, of sum s, and 
m ( ~ + 2 m ' ) = b , + ~ + b ~ + b , +  ... b,-u 

regaxded as a function of z, it has u for its sole accidental singularity, 
evidently simple. 

The function 
1 

can be expressed in the form 
+m (2, u) 

Regarded as a function of u, i t  has z, b,, . . ., b, for zeros and z + s - m (w + 2w') 
for its sole accidental singularity, evidently simple : also 

1 
Hence owing to the values of h. and p, it follows that when re- 

+m (z,u) ' . . .  
garded as a function of u, satisfies al1 the conditions that establish a doubly- 
peiiodic function of the third kind of positive class rn, so that 

1 1 
+m(z, u+2w)=ljrm(z, u)' 

Evidently ybm(z, u) regarded as a function of t c  is of negative class m :  its 
infinities and its sole zero can a t  once be seen from the form 

Each of the infinities is simple. I n  the vicinity of u =z, the expansion of 
the function is 

- 1 
- +positive integral powers of u - z : 
U - z  

F. 19 
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and, in the vicinity of u = b,, i t  is 

9 + positive integral powers of u - br, 
u - br 

where Gr (2) denotes 

and is therefore an integral function of z of positive class m. 

Let 0 (u) be a doubly-periodic function of the third kind, of positive class 
r n ;  and let its irreducible accidental singularities, that is, those which occur 
in a parallelograin containing the point IL, be a, of order 1 +pl ,  a, of order 
1 + b, and so on. I n  the immediate vicinity of a point a,, let 

Then proceeding as in the case of the secondary doubly-periodic functions 
( 5  137), we construct a function ' 

F (u) = @ (u) +m (2, u). 

We at  once have F (u + 20) = F (u) = P(u + 20% 

so that P(u)  is a doubly-periodic function of the first kind ; hence the sum 
of its residues for al1 the poles in a parallelogram of periods is zero. 

For the infinities of F(u), which arise through the factor u), we 
have as the residue for u = z 

- @ (4 ,  

and as the residue for u = b,., where r = 1, 2, ..., m, 

@ (br) Gr (2). 

I n  the vicinity of a.,., we have 

where dashes imply differentiation of qrn (2, u) with regard to .u, after which 
u is made eqnal to a,; so that in @ (zc) S., (2, u) the residue for u = a,, where 
r= l ,  2, ..,, is 

Er (2) = AT q m  (2, CG) + & q m '  (2, 6) + Cr 'km'' (2, ar) + . . . + Mr (2, a,). 
Hence we have 

7n 

- @ (2) + r @ (b,) Gr (2) + Z E, (2) = 0, 
r=l s = l  

giving the expression of @ (2) by means of doubly-pwiodic functions of the 
third hind, which are of positive class m and have ez'ther no accidental singu- 
larity or only one and that a simple singularity. 
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The m quantities b,, ..., b, are arbitrary ; the sitnplest case which occurs 
is when the m zeros of @(z) are different and are chosen as the values 
of b,, ..., b,. The value of @ (z) is then 

where the summation extends to al1 the irreducible accidental singularities ; 
while, if there be the further simplification that al1 the accidental singularities 
are simple, then 

@(.)=A,+m(z, ~1)+A2+m(z> a,)+ a . . ,  

the summation extending to al1 the irreducible simple singularities. 

The quantity +, (2, e), which is equal to 

and is subsidiary to the construction of the function E (z), is called the 
simple element of positive class m. 

In the general case, the portion 

gives an integral function of z, and the portion 2 E, (z) gives a fractional 
s=l 

function of z. 

146. Secondly, let ln be negative and equal to - n. The equations 
satisfied by @ (z) are 

nmi 

@ (Z + 20) = @ (z), cP (z + 20') = e o  @ (z), 

and the r~umber of irreducible singularities is greater by n than the number 
of irreducible zeros. 

One expression for @ (2) is at  once obtained by forming its reciprocal, 
which satisfies the equations 

and is therefore of the class just considered: the value of - is of the 
@ (2) 

form 
2 Es (2) + Z A,G, (2). 

For purposes of expansion, however, this is not a convenient form as i t  gives 
only the reciprocal of @ (2). 

To represent the function, Appell constructed the element 

IRIS - LILLIAD - Université Lille 1 



292 TERTIARY FUNCTIONS [146. 

which, since the real part 
y, except those for which 

of m' lo i  is positive, converges for al1 values of z and 

z - y (mod. 20, 20'). 

For each of these values one term of the series, and therefore the series 
itself, becomes infinite of the first order. 

Evidently x.. (2, y + 20) = xn (2, y), 
nrryi -- 

X n  (2, y + 2 ~ ' )  = e " x n  (2, y) ; 
therefore in the present case 

a (Y) = Q, (Y) Xn (2, Y), 
regarded as a function of y, is a doubly-periodic function of the first kind. 

Hence the sum of the residues of its irreducible accidental singularities 
is zero. 

When the parallelogram is chosen, which includes z, these singularities 
are 

(i) y = z, arising through xn (2, y) ; 

(ii) the singularities of @ (y), which are a t  least lz in number, and are 
n, + Z when @ has 1 irreducible zeros. 

The expansion of X, (z, y), in powers of y -2, in the vicinity of the point 
8, is 

- 1 - +positive integral powers of y - z ; 
Y - 2  

therefore the residue of Cl (y) is 
- Q, (2). 

Let a, be any irreducible singularity, and in the vicinity of a, let (y) denote 

+positive integral powers of y-a,, 

where the series of negative powers is finite because the singularity is 
accidental; then the residue of SZ (y) is 

Ar Xn (2, %) + Br ~n' (2, t4) + Cr xn" (2, %) + . + Pr ~ n ( ~ '  (2, a,), 

where xn(" (2, a,) is the value of 

when y = a, after differentiation. Similarly for the residues of other singu- 
larities: and so, as their sum is zero, we have 

(2) = 2 (Ar ~n (2, %) + Br xn1 (2, a,) + - + Pr ~ n " '  (2, a?)], 
the summation extending over al1 the singularities. 
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The simplest case occurs when al1 the N (>n) singularities a are accidental 
and of the first order; the function CD (z) can then be expressed in the form 

The quantity xn (2, a), which is equal to 

is called the simple element for the expression of a doubly-periodic function of 
the third Icind of negative clms n. 

Ex. Deduce the result 

147. The function X, (z, y) can be used also as follows. Since X, (z, y), 
quà function of y,  satisfies the equations 

which are the same equations as are satisfied by a function of y of positive 
class m, therefore ~ , ( a ,  z), which is equal to 

being a function of z, satisfies the characteristic equations of 5 142 ; and, in 
the vicinity of z = a, 

- 1 
xm (a, 8) = -- + positive integral powers of z - a. 

2-01 

If then we take the function @ (2) of § 145, in the case when i t  has simple 
singularities a t  al,  a,, . .. and is of positive clam m, then 

is a function of positive class m without any singularities: it is therefore 
equal to an integral function of positive class m, Say to G (z), where 

Ex. As a single example, consider a function of negative class 2, and let it have no 
zero within the parallelogram of reference. Then for the function, in  the canonical 
prodiict-form of g 143, the two irreducible infinities are subject to the relation 

% - ~ + 2 q + 4 +  
and the function is (2) = Kew 

1 
u(z-cl)  u(2-c2)' 
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The simple elements to express @ (2) as a sum are 

z~at 
m -((<P-I)w'+cI] 71. 

X Z ( ~  c i ) = g q  6? " cot 20 - (2 - q - 2sof), 

7F m y{(g-~)  w'+zw+~w'-cI} 

xz (z, CS)=& % 62 cot 2w ( 2 + ~ ~ - 2 ~ - 4 ~ ' - 2 s a > ' )  

after an easy reduction, 

The residue of @ (2) for el, which is a simple singularity, is 

~ c l q ~ + 2 v + 4 V ' ) c ,  1 . 
A, = KeW 

(c1-cz) 
and for c2, also a simple singularity, it is 

Hence the expression for @ (2) as  a sum, which is 

that is, i t  is a constant multiple of 
nt -- ni 

-Cl 
e Xz (2, cl) - eu X2 (2, - cl). 

Y@- (;+Zv+4$) .z 
Again, @ (2) = ,Teiew 

1 
- 

u (2-c*) u(z+c1-20-40') 

on changing the constant factor. Hence it  is possible to determine L so that 

Taking the residues of the two sides for z=c,, we have 
VJ ni ni 

Le;c,g-a,el, e-o>C' 

and therefore îinally we have 
9 

the right-hand side of which admits of further modification if desired. 
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Many exarnples of such developments in trigonometrical series are giren by Hermite*, 
Biehlerf, Halphen f ,  Appellg, and Krausell. 

148. We shall not further develop the theory of these uniform doubly- 
periodic functions of the third kind. I t  will be found in the meinoirs of 
Appell$ to whom it is largely due; and in the treatises of HalphenSS, and 
of Rausenbergertf-. 

It need hardly be remarked that the classes of uniform functions of a 
single variable which have been discussed form only a small proportion of 
functions reproducing themselves Save as to a factor when the variable 
is subjected to homographic substitutions, of which a very special example 
is furnished by linear additive periodicity. Thus there are the various 
classes of pseudo-automorphic functions, (5 303) called Thetafuchsian by Poin- 
caré, their characteristic equation being 

for al1 the substitutions of the group determining the function: and other 
classes are investigated in the treatises which have just been quoted. 

The following examples relate to particular classes of pseudo-periodic 
functions. 

Ex. 1. Shew that, if F(z) be a iuiiform function satisfying the equations 

F(z+2o') =F(z), 

where b is a primitive mth root of unity, then F (z) can be expressed in the form 

where f (2) denotes the function 

and prove that JF(z)& can be expressed in the form of a doubly-periodic function 
together with a sum of logarithms of doubly-periodic functions with constant coefficients. 

(Goursat.) 

* Cmptes Rendus, t. IV, (1862), pp. 11-18. 
.t. Sur les developpementa en séries des fonctions doublement périodiques de troisième espèce, 

(Thèse, Paris, Gauthier-Villars, 1879). 
$ Traité des fonctions elliptiques, t. i, chap. xm. 

$ Annabs de PÉc. Norm. Sup., 3""S6r., t. i, pp. 135-164, t. ii, pp. 9-36, t. iii, pp. 9-42. 
II Math. Ann., t .  xxx, (1887), pp. 425-436, 516-534. 
** Traité des fonctions elliptiqzm, t .  i, ohap. XIV. 
rl. Lehrbuch der Them-ie der periodischen Punctionen, (Leipzig, Teubner, 1884), where further 

references are given. 
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Ex. 2. Shew that, if a pseudo-periodic function be defined by the equations 

f ( z +  2fD)=f ($)+A, 

f (z+2m1) = f (2) +Af, 

and if, in  the parallelogram of periods containing the point z, i t  have infinitias c, ... such 
that in  their imrnediate vicinity 

then f (z) can be expressed in the form 

the summation extending over al1 the inhi t ies  off (z) in the above parallelogram of periods, 
and the constants Cl, ... being subject to  the condition 

+iqr~C~=Ao'-Ah. 

Deduce an expression for a doubly-periodic function 4 (z) of 
assuming 

Ex. 3. If S(z) be a given doubly-periodic function of the 
pseudo-periodic function F(z), which satisfiea the equations 

F(z+2o)=F(z), 
nrriz - 

P ( z + 2 ~ ' ) = e  X(z) F(z), 

where n is an integer, can be expressed in the form 

where A is a constant and r (z) denotes 

the summation extending over al1 points b, and the constants Bv 
relation 

O EB,=-,. 
%a 

Explain how the constants b, G and B can be determined. 

Ex. 4. Shew that the function F(z)  defined by the equation 

for values of lzl, which are (1 ,  satisfies the equation 

F (9) = F (2) ; 

and that the function .=- 9, (x) - a F, (x) = E - .=-- $*2 (x) ' 

the third kind, by 

(Halphen.) 

fimt kind, then a 

being subject to the 

(Picard.) 

where (x) =$ - 1, and $,(x), for positive and negative values of n, denotes 9 [#J {+. . . ..$ (a)}], 
being repeated n times, and a is the positive root of a3 - a - 1 = 0 ; satisfies the equation 

FI (9-l)=Fi (x) 
for real values of the variable. 

Discuss the convergence of the series which defines the function FI (x). (Appell.) 

IRIS - LILLIAD - Université Lille 1 



CHAPTER XITI. 

149. WE may consider at this stage an interesting set* of important 
theorems, due to Weierstrass, which are a justification, if any be necessary, 
for the attention ordinarily (and naturally) paid to functions belonging to 
the three simplest classes of algebraic, simply-periodic and donbly-periodic 
functions. 

A function C# (u) is said to possess an algebraical addition theorem, when 
among the three values of the function for arguments u, v, and u + v, where ,u 
and v are general and not merely special arguments, an algebraical equation 
exists-f having its coefficients independent of u and W. 

150. I t  is easy to see, from one or two examples, that the function does 
not need to be a uniform function of the argument. The possibility of 
multiformity is established in the following proposition : 

A function dejïned by an algebraical equation, the coeflcients of which are 
uniform algebraical functions of the argument, or are uniform simply-periodic 
functions of the argument, or are u n ; f m  doubly-pem'odic functions of the 
argument, possesses an algebraical additio.n-theorem. 

* They are placed in the forefront of Schwarz's account of Weierstrass's theory of elliptic 
functions, as conteined in the Formeln und Lehrsütze zum Gebrauche der elliptischen F u n e t i m n ;  
but they are there stated ($5 1-3) without proof. The only proof that has appeared is in a 
memoir by Phragmén, Acta Math., t. vii, (1885), pp. 33-42; and there are some statemente 
(pp. 390-393) in Biermann's Theorie der analytischen Functionen relative to the theorems. The 
proof adopted in the text does not coincide with that given by Phragmén. 

t There are functions which possess a kind of algebraical addition-theorem; thus, for 
instance, the Jacobisn Theta-functions are euch that BA (r+v) 9, ( u  - v )  can be rationally ex- 

pressed in terms of the Theta-functions having u and v for their arguments. Such functions 
are, homever, naturally excluded from the class of functions indicated in the definition. 

Such functions, however, possess what may be called a n~ultiplication-theorem for multipli- 
cation of the argument by an integer, that is, the set of functions 9 (mu) can be expressed 
elgebraically in terms of the set of functions 8 (u). This is an extremely special case of a set 
of transcendentsl functions having a multiplication-theorem, which are investigated by Poincaré, 
Liouville, 4"' SEr., t. iv, (1890), pp. 313-365. 
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First, let the coefficients be algebraical functions of the argument u. If 
the function defined by t,he equation be U, we have 

Umg, (u) + Um-lgl (u) + . . . + g, (u) = O, 

where go (u), gl (u), ..., y, (u) are rational integral algebraical functions of u 
of degree, Say, not higher than n. The equation can be transformed into 

~ ~ f ~ ( U ) + u ~ - ~  f l ( U ) +  ... + fn(U)=O, 

where f o  (U), fl (U), ..., f,(U) are rational integral algebraical functions of 
U of degree not higher than m. 

If V denote the function when the argument is v, and W denote it when 
the argument is u + v, then 

~ " f ~ ( v ) + v ~ l - ~ f l ( V ) +  ...+fil(V)=O, 

and ( u + ~ > . f ~ ( W ) + ( u + ~ > . - ~ f ~ ( w ) +  ... +fn(w)=O. 

The algebraical elimination of the two quantities u and v between these 
three equations leads to an algebraical equation between the quantities 
f (U), f (V) and f (W), that is, to an algebraical equation between U, TT, W, 
say of the forrn 

G ( U ,  K W)=O, 

where G denotes an algebraical function, with coefficients independent of 
u and v. It is easy to prove that G is symmetrical in U and TT, and that 
its degree in each of the three quantities U, V, W is mn2. The equation 
Cf. = O implies that the function U possesses an algebraical addition-theorem. 

Secondly, let the coefficients* be uniform simply-periodic functions of 
the argument u. Let o denote the period: then, by § 113, each of these 

T U  
functions is a rational algebraical function of tan - . Let u' denote 

O 

Tu 
tan - ; then the equation is of the form 

o 
Umgp (u') + Um-1g1 (u') + . . . + g, (u') = O, 

where the coefficients g are rational algebraical (and can be taken as 
integral) functions of u'. If p be the highest degree of u' in any of them, 
then the equation c m  be transformed into 

u 'P fo (U)+u '~ l f l (u )+  ... + fp (U)=O, 

where f ( U), f, ( U), . . ., f, ( U) are rational integral algebraical functions of 
U of degree not higher than m. 

+ The limitation to uniformity for the coefficients hes been introduced merely to make the 
illustration simpler ; if in any case they were multiform, the equcttion would be replaoed by 
another which is equivaient to ali possible forms of the first arising through the (finite) 
multiformity of the coefficients: and the new equation would conform to the specified 
conditions. 
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T V  Let v' denote tan - , and w' denote tan- 
w 

(u + ' )  ; then the corresponding 
w 

values of the function are determined by the equations 

v~fo(v- )+v'*- ' f i (y> + a.. + f p ( V ) = O ,  
and W ' * ~ ~ ( W + W ' P ~ ~ ~ ( W ) + . . . +  f?,(W)=O. 
The relation between zc', v', w' is 

zc'u'w' + ut + v' - w' = o. 
The elimination of the three quantities u', v', w' among the four equations 
leads as before to an algebraical equation 

G(V,  v, W ) = O ,  
where G denotes an algebraical function (now of degree mp2) with coefficients 
independent of u  and v. The function U therefore possesses an algebraical 
addi tion-theorem. 

Thirdly, let the coefficients be uniform doubly-periodic functions of the 
argument u. Let w  and w' be the two periods; and let p (u), the Weier- 
strassian elliptic function in those periods, be denoted by f. Then every 
coefficient can be expressed in the form 

M + Np' (4 
L ' 

where L, M, N are rational integral algebraical functions of f of finite 
degree. Unless each of the quantities N is zero, the form of the equation 
when these values are substitute'd for the coefficients is 

so that A" B2 (4F3 - g2f - g3) ; 
and this is of the form 

umgo ( f )  + U-lgl(n + . -. + gam (5) = 0, 
where the coefficients g are rational algebraical (and can be taken as integral) 
functions of f .  I f  q be the highest degree of ,!j in any of them, the equation 
can be transformed into 

P f o ( U )  + P I f l ( 1 7 )  + .-. + f q m  = O, 
where the coefficients f are rational integral algebraical functions of U of 
degree not higher than 2m. 

Let 7  denote q (v) and r denote g~ (u + v)  ; then the corresponding values 
of the function are determined by the equations 

7q fo (8) + qq-l fl  ( V )  + ......S.. +fq( 'V)= O, 
and pfo ( W) + pfo ( W )  + ......... +fq(iC? = 0. 
By using Ex. 4, $ 131, it is easy to shew that the relation between f ,  7 ,  ç is 

~ ~ ( E + ~ + C Y ( E - ~ Y - ~ ( E + ~ I +  0 [ 4 ( ~ + 7 ? - g 2 ( 5 + 7 ) - 2 ~ 3 1  
+(4E"+ 4&+ 4q2-g2)2=0. 
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The elimination of f ,  9, from the three equations leads as before to an 
algebraical equation 

S ( U ,  V, W )  = O ,  

of finite degree and with coefficients independent of u and W. Therefore in this 
case also the function U possesses an algebraical addition-theorem. 

If, however, al1 the quantities N be zero, the equation defining U is of the 
form 

Umh, ( f )  + Um-l hl (t) + . . . + hm (5 )  = O, 

and a similar argument then leads to the inference that U possesses an 
algebraical addition-theorem. 

The proposition is thus completely established. 

151. The generalised converse of the preceding proposition now suggests 
itself : what are the classes of functions of one variable that possess an alge- 
braical addition-theorem? The solution is contained in Weierstrass's theorem:- 

An analytical function I# (u), which possesses an algebraical theorem, is  
either 

(i) an algebraical function of u ; or 

(ii) an algebraical function of e , where w is u suitably chosen 
constant; or 

(iii) an algebraical function of the elliptic function p (u), the periods-or 
the invariants ga and 9,-being suitably chosen constants. 

Let U denote I# (u). 
For a given general value of u,  the function U may have m values where, 

for functions in general, there is not a necessary limit to the value of m ;  i t  
will be proved that, when the function possesses an algebraical addition- 
theorem, the integer m must be finite. 

For a given general value of U, that is, a value of U when its argument is 
not in the immediate vicinity of a branch-point if there be branch-points, the 
variable u rnay have p values, where p may be finite or may be infinite. 

Similarly for given general values of v and of V, which will be used to 
denote I# (u). 

First, let p be finite. Then because .IL has p values for a given value of U 
and u has p values for a given value of V, and since neither set is affected by the 
value of the other function, the sum u + v has pz values because any member of 
the set u can be combined with any member of the set v ; and this number 
pa of values of u + v is derived for a given value of U and a given value of V. 

Now in forming the function $J (u + v), which will be denoted by W, we 
have m values of W for each value of 16 + v and therefore we have rnpa values 
of W for the whole set, that is, for a given value of U and a given value of V. 
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Hence the equation between U, V, W is of degree* mpa in W, necessarily 
finite when the equation is algebraical ; and therefore m is finite. 

Because m is finite, U has a finite number m of values for a given value of - 
u ; and, because p is finite, u has a finite number p of values for a given value of 
U. Hence U is deterniined in terrns of u by an algebraical equation of degree 
m, the coefficients of which. are rational integral algebraical functions of 
degree p ; and therefore U is an algebraic function of u. 

162. Next, let p be infinite ; then (see Note, p. 303) the system of values 
may be composed of (i) a single sirnply-infinite series of values or (ii) a finite 
number of simply-infinite series of values or (iii) a simply-infinite number of 
simply-infinite series of values, say, a single doubly-infinite series of values or 
(iv) a finite number of doubly-infinite series of values or (v) an infinite 
number of doubly-infinite series of values where, in (v), the infinite number 
is not restricted-to be simply-inhite. 

Taking these alternatives in order, we first consider the case where the p 
values of u for a given general value of U constitute a single sintply-infinite 
series. They may be denoted by f (u, n), where n has a simply-infinite 
series of values and the form off is such that f (u, O) = u. 

Similarly, the p values of v for a given general value of V may be denoted 
by f (v, nt), where nf has a simply-infinite series of values. Then the different 
values of the argument for the function W are the set of values given by 

f (u, n) + f (v, nf), 
for the simply-infinite series of values for n and the similar series of values 
for nf. 

The values thus obtained as arguments of W must al1 be contained in 
the series f (u + u, d'), where nff has a simply-infinite series of values ; and, 
in the present case, f (u + v, n") cannot contain other values. Hence for some 
values of n and some values of n', the total aggregate being not finite, the 
equation 

f (u, m) + f (v, nf)  = f (u + u, nff)  
must hold, for continuously varying values of u and v. 

I n  the first place, an interchange of u and v is equivalent to an interchange 
of n and n' on the left-hand side; hence n" is symmetrical in n and n'. 
Again, we have 

af (u, n) - - af(u + v, nf') 
au ~ ( u + w )  

Y(% n') =- au 
* The degree for special functions may be reduced, as in Cor. 1, Prop. XIII, 5 118; but in no 

case is it increased. Similarly modifications, in the way of finite reductions, may occur in the 
succeeding cases ; but they mil1 not be noticed, as they do not give nse to essential modification 
in the reasoning. 
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so that the form off  (u, n) is such that its first derivative with regard to u is 
independent of u. Let 8 (n) be this value, where 8 (n), independent of zi ,  may 
be dependent on n ; then, since 

$(n) being independent of u. Substituting this expression in the former 
equation, we have the equation 

u8 (n) + + (n) + v8 (n') + $ (n') = (TA + v) 8 (n") + 1JF (n"), 

which must be true for al1 values of u and v ; hence 

8 (n) = 8 (nt') = 8 (n'), 

so that B (n) is a constant and equal to its value when n = O. But when n is 
zero, f (u, 0) is u ; so that 8 (0) = 1 and + (0) = 0, and therefore 

f (., n) = u + + (n), 
where $ vanishes with n. 

The equation defining $ is 

.G. (n) + .G. (nt> = + (n") ; 
for values of n from a singly-infinite series and for values of n' from the same 
series, that series is reproduced for n". Since $ (n) vanishes with n, we take 

+ (.> = n x  (n), 
and therefore nx (n) + n'x (n') = dX (n"). 

Again, when n' vanishes, the required series of values of n" is given by taking 
d' = n ; and, when n' does not vanish, n" is symmetrical in n and n', so that 
we have 

n" = n + n' + nn'X, 

where is not infinite for zero or finite values of n or n'. Thus 

n~ (n) + nrX (n') = (n $ n' + nn'X) x (n + n' + nn'X). 

Since the left-hand side is the sum of two functions of distinct and inde- 
pendent magnitudes, the form of the equation shews that i t  can be satisfied 
only if 

X = O, so that n" = n + n' ; 

and X (n) = X (n") 

= X ( 4 ,  
so that each is a constant, Say o ; then 

f (u, n) = u + 120, 

which is the form that the series must adopt when the series f (u + v, n") is 
obtained by the addition off (u, n) and f (v, n'). 

IRIS - LILLIAD - Université Lille 1 



152.1 IN A SIMPLY-INFINITE SERIES 303 

It follows a t  once that the single series of arguments for W is obtained, 
as one simply-infinite series, of the form u + v +nuo. For each of these 
arguments we have m values of W, and the set of m values of W is 
the same for al1 the different arguments; that is, W has m values for a 
given value of U and a given value of V. Moreover, U has m values for each 
argument and likewise T; hence, as the equation between U, V, W is of 
a degree that is necessaxily finite because the equation is algebraical, the 
integer m is finite. 

I t  thus appears that the function U has a finite number m of values for 
each value of the argument u, and that for a given value of the function the 
values of the argument form a simply-periodic series represented by u + no. 

But the function tan - is such that, for a given value, the values of the (3 
argument are represented by the series u + no  ; hence for each value of 

tan (z) there are m values of U and for each value of U there is one value 

T U  
of tan -. It therefore follows, by 5s 113, 114, that between U and tan 

W 

there is an algebraical relation which is of the first degree in tan " and the 
o 

m 
mth degree in U, that is, U is an algebraic function of tan - . Hence U is 

a> * 
an algebraic function also of e . 

Note. This result is based upon the supposition that the series of argu- 
ments, for which a branch of the function has the same value, can be arranged 
in the form f (u, n), where n has a simply-infinite series of integral values. If, 
however, there were no possible law of this kind-the foregoing proof shews 
that, if there be one such law, there is only one such law, with a properly 
determined constant w-then the values woiild be represented by q, u,, . .. , u, 
with p infinite in the limit. I n  that case, there would be an infinite number of 
sets of values for u + v of the type U A  + vp, where X and ,LL might be the same 
or might be different ; each set would give a branch of the function W and then 
there would be an infinite number of values of W corresponding to one branch 
of U and one branch of l? The equation between U, V and W would be of 
infinite degree in W, that is, i t  would be transcendental and not algebraical. 
The case is excluded by the hypothesis that the addition-theorem is alge- 
braical, and therefore the equation between U, V and W is algebraical. 

153. Next, let there be a number of simply-infinite series of values of 
the argument of the function, say q, where q is greater than unity and 
may be either finite or infinite. Let %, u,, ..., u, denote typical members 
of each series. 

Then al1 the members of the series containing u, must be of the form 
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f, (u,, n.), for an infinite series of values of the integer n. Otherwise, as in the 
preceding note, the sum of the values in the series of arguments u and of 
those in the same series of arguments v would lead to an infinite number of 
distinct series of values of the argument u +  v, with a corresponding infinite 
number of values W;  and the relation between U, V, W would cease to be 
algebraical. 

I n  the same way, the members of the coi~esponding series containing v, 
must be of the form f, (v,, nt) for an infinite series of values of the integer nt. 
Among the combinations 

fi (ul, n) +fi (vl, nt) 
the simply-infinite series f, (% + v,, n") must occur for an infinitce series 
of values of n"; and therefore, as in the preceding case, 

where o, is an appropriate constant. Further, there is only one series of 
values for the combination of these two series ; i t  is represented by 

I n  the same way, the members of the series containing u, can be repre- 
sented in the form %+no,, where o, is an appropriate constant, which may 
be (but is not necessarily) the same as o, ; and the series containing u,, 
when combined with the set containing v,, leads to only a single series 
represented in the form u, + v, + do,. And so on, for al1 the series in order. 

But now since u2 + rn,o,, where m, is an integer, is a value of u for a given 
value of U, i t  follows that U(u, + m,w,) = U(%) identically, each being equal 
to U. Hence 

U (u, + + m,o,) = U (u, + m,o,) = U (u,) = U, 
and therefore u, + mlw, + m20, is also a value of u for the given value of U, 
leading to a series of arguments which must be included among the original 
series or be distributed through them. Similarly u, + xm,o,, where the 
coefficients m are integers and the constants o are properly determined, 
represents a series of values of the variable ec, included among the original 
series or distributed through them. And generally, when account is taken of 
al1 the distinct series thus obtained, the aggregate of values of the variable u 
can be represented in the form UA+ Zrn,~,, for X = 1, 2, . .., K, where K is 
some finite or infinite integer. 

Three cases arise, (a )  when the quantities o are equal to one another or 
can be expressed as integral multiples of only one quantity w ,  (b) when the 
quantities w are equivalent to two quantities fi, and Cl, (the ratio of which is 
not real), so that each quantity w can be expressed in the form 

the coefficients p,., Pzr being finite integers; (c)  when the quantities o are 
not equivalent to only two quantities, such as a, and fi2. 
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For case (a), each of the x infinite series of values u can be expressed 
in the form U A  +pw, for X = 1, 2, ..., IC and intepal values of p. 

First, let K b e  finite, so that the original integer q is finite. Then the 
values of the argument for W are of the type 

UA +Pm + VI,  f p'w, 

that is, UA + VI, + p"w, 

for al1 combinations of h and ,u and for integral values of p". There are thus 
~"eries of values, each series containing a simply-infinite number of terms 
of this type. 

For each of t he  arguments in any one of these infinite series, W has m 
values ; and the  set  of rn values is the same for al1 the arguments in one and 
the same infinite series. Hence W has mx2 values for al1 the arguments in 
al1 the series taken together, that is, for i given value of U and a given 
value of T. T h e  relation between U, V, W is therefore of degree mua, 
necessarily finite when the equation is algebraical; hence m is finite. 

I t  thus appears that the function U has a finite number m of values for 
each value of t h e  argument u, and that for a given value of the function there 
are a finite number x of distinct series of values of the argument of the form 

TU 
u+po ,  w being the same for al1 the series. But the function tan - has 

O 

one value for each value of u and the series u+po represents the series of 
m. 

values of u for a given value of tan - . I t  therefore follows that there are 
O 

TU BU 
m values of U for each value of tan - and that there are K values of tan - 

W O 

for each value of U ;  and therefore there is an algebraical relation between 
T U  U and tan -, which is of degree K in the latter and of degree m in the 
O 

e* 

former. Hence U is an cclgebraic function of tan nad therefore also of e " . 
O 

Next, let K be  infinite, so that the original integer q is infinite. Then, 
as in the Note in 5 152, the equation between U, T, W will cease to be 
algebraical unless each aggregate of values UA+PW,  for each particular 
value of p and for the infinite sequence X = 1, 2, .. . , x, can be arranged in a 
system or a set  of systems, Say a in number, each of the form f, (u +pw,  p,) 
for an infinite series of values of p,. Each of these implies a series of values 

fP (v +p'm, p,,') of the argument of V for the same series of values of p,' as of 
pP, and also a series of values f, (u + v +pno, p,,") of the argument of W for 
the same series of values ofp;. By proceeding as in § 152, it follows that 

f, (u +PO> pp) = 21 + PW + ppwp', 
where w,,' is an  appropriate constant, the ratio of which to O can be proved 

F. 20 
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(as in 5 106) to be not purely real, and p, has a simply-infinite succession of 
values. The integer u may be finite or it may be infinite. 

When o and al1 the constants w' which thus arise are linearly equivalent 
to two quantities Cll and R,, so that the terms additive to u can be expressed 
in the form slQ, + s,Q,, then the aggregate of values 21 can be expressed 
in the form 

u, +plal +pz%, 
for a simply-infinite series for p, and for p , ;  and p has a series of values 
1, 2, ..., o. This case is, in effect, the same as case (b).  

When o and al1 the constants o' are not linearly equivalent to only 
two quantities, such as Cl, and a,, we have a case which, in effect, is the 
same as case (c). 

These two cases must therefore now be considered. 
For case (b),  either as originally obtained or as derived through part 

of case (a), each of the (doubly) infinite series of values of u can be expressed 
in the form 

UA + pd-h +p,%, 
for = 1, 2, . .., a and for integral values of p, and p,. The integer u may be 
finite or infinite ; the original integer q is infinite. 

First, let u be finite. Then the values of the argument for W are of the 

type 
u* +plfi, + ~ 2 %  + v, +pilQ +pf% 

that is, UA + vp + p / a ~  + pa'a2 
for al1 combinations of X and p and for integral values of plu and p;. There 
are thus a2 series of values, each series containing adoubly-infinite number of 
terms of this type. 

For every argument there are m values of W ; and the set of m values is 
the same for al1 the arguments in one and the same infinite series. Thus W 
has maa values for al1 the arguments in al1 the series, that is, for a given value 
of U and a given value of V ;  and it follows, as before, from the consideration 
of the algebraical relation, that (rn is finite. 

The function U thus has m values for each value of the argument u ; and 
for a given value of the function there are u series of values of the argument, 
each series being of the form U A  + plfll +p&. 

Take a doubly-periodic function O having Cl, and Cl, for its periods, such* 
that for a given value of O the values of its arguments are of the foregoing 
form. Whatever be the expression of the function, it is of the order rr. 

Then U has m values for each value of 0, and 0 has one value for each 
value of U; hence there is an algebraical equation between U and 0, of 

* Al1 that is necessnry for this purpose is to construct, by the use of Prop. XII, g 118, a 
function having, ns its irreducible simple infinities, a series of points a l ,  a,, ..., a,-special 
values of y ,  y, ..., u-in the parallelogram of periods, chosen so that no two of the u points a 
coincide. 

IRIS - LILLIAD - Université Lille 1 



153.1 DOUBLP-PERIODIC FUNCTIONS 3 0 7  

the first degree in the latter and of the mth degree in U: that is, U is an 
algebraical function of O. But, by Prop. XV. 5 119 ,  O can be expressed in 
the form 

M + Np' (u) 
L ' 

where L, M, N are rational integral algebraical functions of g (u), if Cl, and Cl, 
be the periods of p (u); and q' (u) is a two-valued algebraical function of q (u), 
so that O is an algebraical function of q (u). Hence also U is an algebraical 
function of p (u), the periods of p (u) beiny properly chosen. 

This inference requires that c, the order of 8, be greater than 1. 
Because U has m values for an argument u, the symmetric function C U  
has one value for an argument u and i t  is therefore a uniform function. 
But each term of the sum hm the same value for u+p,R,+p,Cl, as for 
u ; and therefore this uniform function is doubly-periodic. The number of 
independent doubly-infinite series of values of u for a uniform doubly- 
periodic function is at  least two: and therefore there must be a t  least two 
doubly-infinite series of values of u, so that a > 1 .  Hence a function, that 
possesses an addition-theorem, cannot have only one doubly-infinite series of 
values for its argument. 

If CT be infinite, there is an infinite series of values of u of the form 
U A  +pin, + p,Cl,; an argument, similar to that in  case (a), shews that this is, 
in effect, the same as case (c). 

I t  is obvious that cases (ii), (iii) and (iv) of § 152 are now completely 
covered ; case (v) of § 1 5 2  is covered by case (c) now to be discussed in fj 154.  

154. For case (c), we have the series of values u represented by a niimber 
of series of the form 

UA + 2 %or, 
r=1 

where the quantities o are not linearly equivalent to two quantities Ln, and 
0,. The original integer q is infinite. 

Then, by 108,  110 ,  i t  follows that integers m can be chosen in an 
unlimited variety of ways so that the modulus of 

is infinitesimal, and therefore in the immediate vicinity of any point uA 
there is an infinitude of points at which the function resumes its value. 
Such a fiinction would, as in previous instances, degenerate into a mere 
constant; and therefore the combination of values which gives rise to this 
case does not occur. 

Al1 the possible cases have been considered: and the truth of Weierstrass's 
20-2 
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theorem" that a function, which has an algebraical addition-theorem, is either 
%* 

an algebraical function of I L ,  or of e " (where o is suitably chosen), or of q (u), 
where the periods of ~ ( u )  are suitably chosen, is established; and i t  has 
incidentally been established-it is, indeed, essential to the derivation of the 
theorem-that a function, which has an algebraical addition-theorem, has only 
a jnite number of values for a given argumen,t. 

I t  is easy to see that the fzrst derivative has only a $nite number of values 
for a given argument; for the elimination of U between the algebraical 
eauations 

leads to an equation in U' of the same finite degree as G in U. 
Further, it is now easy to see that if the analytical fwnction + (u), which 

possesses an algebraical addition-theorem, be uniform, then it  is  a rational 
1 3  

ficnction either of u, or of e , or of p (u) and Q' (u) ; and that any uniform 
function, which is transcendental in the sense of 5 47 and which possesses an 
algebraical addition-theorem, is either a simply-periodic function or a doubly- 
periodic function. 

The following examples will illustrate some of the inferences in regard to the number 
of values of @ (u + v) arising from series of values for u and v. 

Ex. I. Let U=U&+(~U+ l)q 
Evidently m, the number of values of U for a value of u, is 4 ; and, as the rationalised 

form of the equation is 
u2+2u(1-3U2)+(U2-1)~=0, 

the value of p, being the number of values of u for a given value of U, is 2. Thus the 
equation in W should be, by $ 151, of degree (4.22=) 16. 

8 

This equation is n{3(W2-  Uz- P)+1-2kT} =O,  
.=1 

where kT is any oue of the eight values of 

w ( z w ~ - ~ ) $ +  ~ ( 2 ~ 2 - 1 ) 4 +  v(2v2-1)& ; 

an equation, when rationalised, of the 16th degree in W. 

Ex. 2. Let U=cos u. 
Evidently m = l ;  the values of u for a given value of U are contained in the double 

series u+2rn, -u+2sn, for al1 values of n from - w to  + W .  The values of u+v are 

u+2rn+v+2nm, that is, u+v+2wp; -u+2nlz+v+2rm, that is, -u+v+2sp; 
u+2rn-v+2rm, that is, ~ - ~ + 2 r p ;  -u+2rn-v+2rm, that is, -21-v+2rp, 

* The theorem has been used by Schwarz, Ges. Werke, t. ii, pp. 26G268, in  determining al1 
the families of plane isothermic curves which are algebraical curves, an 'isothermic' eurve being 
of the form u= c, where u is a function satisfying the potential-equation 
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so that the number of series of values of u+v is four, each series being simply-infinite. 
It might thus be expected that the equation between U, V, W would be of degree 
(1.4=) 4 in  W; but it happens that 

cos(u+v)=cos(-u-v)) 

and so the degree of the equation i n  W is reduced to haif its degree. The equation is 

W2-2WUV+P+ V2-l=0. 

Ex. 3. Let U=sn u. 

Evidently m=l ;  and there are two doubly-irifiriite series of values of u determined 
by a given value of U, having the form u + 2mo + 2m10', o - u + 27no + 2mfw'. Hence the 
values of u+v are 

= u+v (mod. 20, 20') ; =a-u+v(mod. 20, 20') ; 

=w+u-v(mod. 20, 20'); = -u-v(mod. 20, 20'); 
four in number. The equation may therefore be expected to be of the fourth degree 
in W; it is 

4(1-U2)(1-  P ) ( 1 -  Wa)=(2-U2- Va- W2+laUsPW2)2. 

155. But it must not be supposed that any algebraical equation between 
U, V, W, which is symmetrical in U and TT, is one necessarily implying the 
representation of an algebraical addition-theorem. Without entering into a 
detailed investigation of the forma1 characteristics of the equations that are 
suitable, a latent test is given by implication in the following theorem, also 
due to Weierstrass :- 

If an anulytical jicnction possess an algebraical addition-theorem, an 
algelwaical equation involving the function and its 3 r d  derivative with regard 
to its argument ezists; and the coeficients in  this equation do not involve the 
argument of the function. 

The proposition might easily be derived by assuming the preceding 
proposition, and applying the known results relating t.o the algebraical 
dependence between those functions, the types of which are suited to the 
representation of the functions in question, and their derivatives; we shall, 
however, proceed more directly from the equation expressing the algebraical 
addition-theorem in the form 

G(U, V, W)=O, 

which may be regarded as a rationally irreducible equation. 

Differentiating with regard to u, we have 

and similarly, with regard to v, we have 

from which i t  follows that 
ôG a G  - au U'-- avv=O. 
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This equation* will, in general, involve W;  in order to obtain an equation 
free from W, we eliminate W between 

the elimination being possible because both equations are of finite degree ; 
and ttius in any case we have an algebraical equation independent of W and 
involving U, U', V) V'. 

Not more thati one equation can arise by assigning various values to v, a 
quantity that is independent of u ;  for we should have either inconsistent 
equations or simultaneous equations which, being consistent, determine a 
limited number of values of IJ and U' for al1 values of u, that is, only a 
number of constants. Hence there can be only one equation, obtained by 
assigning varying values to u ;  and this single equation is the algebraical 
equation between the function and its first derivative, the coefficients being 
independent of the argument of the function. 

Note. A test of suitability of an algebraical equation G = 0 between 
three variables 77, V, W to represent an addition-theorem is given by the 
condition that the elimination of W between 

aG aG G = 0  and U'-=VI- au av 
leads to only a single equation between U and U' for different values of V 
and V'. 

Ex. Consider the equation 

( 2 - C -  V -  W)'-4(1- U ) ( 1 -  v ( 1 -  W)=O. 

The deduced equation involving U' and V' is 

(2VW- v- W + U )  U 1 = ( 2 U W - U -  W + V )  V', 

BO that 

The elimination of W is simple. We have 

1- w= ( V + U - 1 ) ( U f -  V') 
(2V-1)  U' - (2U-1)  V ' ,  

and 

Neglecting 4 ( V +  U-1)=0 ,  which is an irrelevant equation, and multiplying by 
(2  V -  1) U' - (2  U- 1) V', which is not zero unless the numerator also vanish, and this 
would make both U' and V' zero, we have 

( V + U - 1 )  ( ( 1 - V )  U t - ( 1 - U ) P } ' = ( l - U ) ( 1 - V ) ( U 1 - V 1 ) { 2 V - 1 )  U t - ( 2 U - 1 )  V", 

and therefore V ( U -  V )  (1  - TT) U'Z+ U (  V -  U )  ( 1  - U) v t2=0 .  

* It  is permissible to adopt any subsidiary irrational or non-algebraical form as the equivalent 
of G = O, provided no special limitation to the eubsidiary form be implicitly adopted. Thus, if W 
can be expressed explicitly in terms of U and V, this resoluble (but irrational) equivalent of the 
equation often leads rapidly to the equation between U and its derivative. 
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When the irrelevant factor U- Vis neglected, this eqiiation gives 
U'2 -- V'2 

U ( 1 -  u)- m' 
the equation required: and this, indeed, is the necessary form in which the equation 
involving U and U' arises in general, the variables being combined in associate pairs. 
Each aide is evidently a constant, Say 4a2 ; and then we have 

UI2 = 42 U ( 1 -  U). 
Then the value of U is sin2 (uu+B), the arbitrary additive constant of integration 

being p ; by substitution in  the original equation, is easily proved to be zero. 

156. Again, if the elimination between 

aG aG G = O  and -Ut=-  V' au av 
be supposed to be performed by the ordinary algebraicnl process for findiug 

aG 
the greatest cornmon measure of G and U' - - V. aG regarded as functions a u  av9 
of W,  the final remainder is the eliminant which, equated to zero, is the 
differential equation involving U, U', V'; and the greatest conlmon measure, 
equated to zero, gives the simplest equation in virtue of which the equations 

a G aG G = 0 and - U' = - V' subsist. I t  will be of the form a u  av 
f (W,  U, v, U', V') = o. 

If the function have only one value for each value of the argument, so that i t  - 
is a uniform function, this last equation can give only one value for W ;  for al1 
the other magnitudes that occur in the equation are uniform fiinctions of - 
their respective arguments. Since i t  is linear in W, the equation can be 
expressed in the form 

W =  R(U, V, Ur, V'), 
where R denotes a rational function. Hence* :- 

A zcnqorm analytical function + (u), which possesses an algebraical 
addition-theorem, is such that 9 (u  + v) can be ezpressed rationally in terms 

Of 9 (u), +' (u), + ('u) m d  +' (v). 
I t  need hardly be pointed out that this result is not inconsistent with the 

fact that the algebraical equation between + (u + v), + (u) and 4 (v) does not, 
in general, express 4 (u + v) as a rational function of + (u) and + (v). And i t  
should be noticed that the rationality of the expression of + (u + v)  in terms 
of + (u), + (v), +' (U), +' (v) is characteristic of functions with an algebraical 
addition-theorein Instances do occur of functions such that + (u + v) can be 
expressed, not rationally, in terms of + (u), + (v), +'(u), +'(v) ; they do not 
possess an algebraical addition-theorem. Such an instance is furnished by 
5 (u) ; the expression of f (u + v), given in Ex. 3 of 5 131, can be modified so 
as to have the form indicated 

* The theorem is due to Weierstrass; see Schwarz, 5 2, 0.c. i n  note to p. 297). 
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CHAPTER XIV. 

157. IN proceeding to the discussion of multiform functions, it was 
stated (5 100) that there are two methods of special importance, one of which 
is the development of Cauchy's general theory of functions of complex vari- 
ables and the other of which is due to Riemann. The former has been 
explained in the immediately preceding chapters; we now pass to the 
consideration of Riemann's method. But, before actually entering upon it, 
there are some preliminary propositions on the connection of surfaces which 
must be established; as they do not find a place in treatises on geornetry, an 
outline will be given here but only to tliat elementary extent which is 
necessary for our present purpose. 

I n  the integration of meromorphic functions, i t  proved to be convenient 
to exclude the poles from the range of variation of the variable by means of 
infinitesimal closed simple curves, each of which was thereby constituted a 
limit of the region: the full boundary of the region was composed of the 
aggregate of these non-intersecting curves. 

Similarly, in dealing with some special cases of -multiform functions, i t  
proved convenient to exclude the branch-points by means of infinitesimal 
curves or by loops. And, in the case of the fundamental lemma of 5 16, the 
region over which integration extended was considered as one which possibly 
had several distinct curves as its complete boundary. 

These are special examples of a general class of regions, at al1 points 
within the area of which the functions considered are monogenic, finite, and 
continuous and, as the case may be, uniform or multiform. But, important 
as are the classes of functions which have been considered, i t  is necessary to 
consider wider classes of multiform fixnctions and to obtain the regions which 
are appropriate for the representation of the variation of the variable in each 
case. The most conspicuous examples of such new functions are the algebraic 
functions, adverted to in $5 94-99 ; and it is chiefly in view of their value 
and of the value of functions dependent upon them, as me11 as of the kind of 
surface on which their variable can be simply represented, that we now 
proceed to establish some of the topological properties of surfaces in general. 

158. A surface is said to be connected when, from any point of i t  to any 
other point of it, a continuous line can be drawn without passing out of the 
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surface. Thus the surface of a circle, that of a plane ring such as arises in 
Lambert's Theorem, that of a sphere, that of an anchor-ring, are connected 
surfaces. Two non-intersecting spheres, not joined or bound together in any 
manner, are not a connected surface but are two different connected surfaces. 
It is often necessary to consider surfaces, which are constituted by an 
aggregate of several sheets; but, in order that the surface may be regarded 
as connected, there must be junctions between the sheets. 

One of the simplest connected surfaces is such a plane area as is enclosed 
and completely bounded by the circumference of a circle. Al1 lines drawn in 
i t  from one interna1 point to another can be deformed into one another ; any 
simple closed line lying entirely within i t  can be deformed so as to be 
evaneicent, without in either case passing over the circumference; and any 
simple line frorn one point of the circumference to another, when regarded as 
an impassable barrier, divides the surface into two portions. Such a surface 
is called * sin~ply  connected. 

The kind of connected surface next in point of simplicity is such a plane 
area as is enclosed between and is completely bounded by the circumferences 
of two concentric circles. Al1 lines in the surface 

a----- 

from one point to another cannot necessarily be 
deformed into one another, e.g., the lines zoaz and 
z,bz; deformed a simple so as closed to be evanescent line cannot without necessarily crossing be 8 @ :a bi 

', 
the boundary, e.g., the line az,bza; and a simple *. '., 
line from a point in one part of the boundary to ,*. --. .--:!--"---/ 
a point in another and different part of the 
boundary, such as a line AB, does not divide the Fig. 35. 

surface into two portions but, set as an impassable barrier, it makes the 
surface simply connected. 

Again, on the surface of an anchor-ring, a closed line c m  be drawn in 
two essentially distinct ways, abc, ab'c', such Y 

that neither can be deformed so as to be evanes- 
cent or so as to pas  continuously into the other. 
If abc be made the only impassable bai-rier, a 
line such as aay cannot be deformed so as to be 
evanescent ; if ab'c' be made the only impassable 
barrier, the same holds of a line such as orpi'. 
In  order to make the surface simply connected, 
two impassable barriers, such as abc and ab'c', 
must be set. 

Fig. 36. 
Surfaces, like the flat ring or the anchor- 

* Sometimes the term monadelphic is used. The Oerman equivalent is einfach zusanmen- 
hangend. 
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ring, are called* m,ultiply comected; the establishment of barriers has made i t  
possible, in each case, to modify the surface into one which is siniply connected. 

159. I t  proves to be convenient to arrange surfaces in classes according 
to the character of their connection; and these few illustrations suggest that 
the classification may be made to depend, either upon the resolution of the 
surface, by the establishment of barriers, into one that is sirnply connected, 
or upon the number of what may be called independent irreducible circuits. 
The former mode-that of dependence upon the establishment of barriers- 
will be adopted, thus following Riemann? ; but whichever of the two modes 
be adopted (and they are not necessa.rily the only modes) subsequent de- 
mands require that the two be brought into relation with one another. 

The most effective way of securing the impassability of a barrier is to 
suppose the surface actually cut along the line of the barrier. Such a section 
of a surface is either a cross-cut or a loop-cut. 

I f  the section be made through the interior of the surface from one point 

of the boundary to another point of the boundary, without intersecting itself 
or meeting the boundary Save at its extremities, it is called a cross-cutf. 
Every part of it, as i t  is made, is to be regarded as boundary during the 
formation of the remainder ; and any cross-ciit, once made, is to be regarded 
as boundary during the formation of any cross-cut subsequently made. 
Illustrations are given in Fig. 37. 

The definition and explanation imply that the surface has a boundary. 
Some surfaces, such as a complete sphere and a complete anchor-ring, do not 
possess a boundary; but, as will be seen later ($ 163, 168) from the 
discussion of the evanescence of circuits, it is desirable to assign some 
boundary in order to avoid merely artificial difficulties as to the numerical 

Sometimes the term polya&lphic is used. The Germau equivalent is nwh~faeh zwantnlen- 
hangend. 

-t " Grundlagen für eine aiigemeine Theorie der Functionen einer veranderlichen complexen 
Grosse," Riemann's Gesa~icnielte We~ke, pp. 9-12 ; '' Theorie der Abel'schen Functionen," ib., 
pp. 84-89. When reference to either of these memoirs is made, it ml1 be by a citation of the 
page or pages in  the volume of Riemann's Coiiected Works. 

This is  the equivdent used for the German word Querschnitt; French writers use Section, 
and Italian mriters use Trasversale or Taglio trasversale. 
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expression of the connection. This assignment usually is made by taking for 
the boundary of a surface, which otherwise has no boundary, an infinitesimal 
closed curve, practically a point; thus in the figure of the anchor-ring 
(Fig. 36) the point a is taken as a boundary, and each of the two cross-cuts 
begins and ends in a. 

If the section be made through the interior of the surface from a point 
not on the boundary and, without meeting the boundary or crossing itself, 
return to the initial point, (so that it has the form of a simple curve lying 

entirely in the surface), i t  is called* a loop-cut. Thus a piece can be cut 
out of a bounded spherical surface by a loop-cut (Fig. 38); but it does 
not necessarily give a separate piece when made in the surface of an 
anchor-ring. 

It is evident that both a cross-cut and a loop-cut furnish a double 
boundary-edge to the whole aggregate of surface, whether consisting of two 
pieces or of only one piece after the section. 

Moreover, these sections represent the impassable barriers of the pre- 
liminary explanations ; and no specified form was assigned to those barriers. 
I t  is thus possible, within certain limits, to deform a cross-cut or a loop-cut 
continuously into a closely contiguous and equivalent position. If, for 
instance, two barriers initially coincide over any finite length, one or other 
can be slightly defornied so that finally they intersect only in a point; the 
same modification can therefore be made in the sections. 

The definitions of sinlple connection and of multiple connection will nowt  
be as follows :- 

A surface i s  simply connected, Zf it be resolved into two distinct pieces by 
every cross-cut; but i f  thcre be any cross-cut, which does not resohe it into 
distinct pieces, the surface i s  multiply connected. 

160. Some fundamental propositions, relating to the connection of 
surfaces, may now be derived. 

. * This is the equivalent used for the German word Rüekkehrschnitt ; French writers use the 
word Rétrosection. 

+ Other delkitions will be required, if the classification of surfaces be made to depend on 
methods other thm resolution by sections. 
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(ii) by effecting the system of m cross-cuts on 2 : with the same result on the 
original surface. 

After the explanation of 5 159, we may justifiably assume that the lines 
of the two systems of cross-cuts meet only in points, if a t  all: let 8 be the 
number of points of intersection of these lines. Whenever the direction of a 
cross-cut meets a boundary line, the cross-cut terminates ; and if the direction 
continue beyond that boundary line, that produced part must be regarded as 
a new cross-cut. 

Hence the new system of p cross-cuts applied to 8 is effectively equiva- 
lent to p + 6 new cross-cuts. Before these cuts were made, S was composed 
of n simply connected pieces ; hence, after they are applied, the new arrange- 
ment of the original surface is made up of n. + (p + 6 )  simply connected 
pieces. 

Similarly, the new system of m cross-cuts applied to '2 will give an 
arrangement of the original surface made up of v + (m + 6) simply connected 
pieces. These two arrangements are the same : and therefore 

so that m - n = p - v .  

I t  thus appears that, if by any system of q cross-cuts a multiply connected 
surface be resolved into a number p of pieces distinct from one another and 
al1 simply connected, the integer q - p is independent of the particular 
system of the cross-cuts and of their configuration. The integer q - p  is 
therefore essentially associated with the character of the multiple connection 
of the surface : and its invariance for a given surface enables us to arrange 
surfaces according to the value of the integer. 

No classification among the multiply connected surfaces has yet been 
made : they have merely been defined as surfaces in which cross-cuts can be 
made that do not resolve the surface into distinct pieces. 

It is natural to arrange them in classes according to the number of cross- 
cuts which are necessary to resolve the surface into one of simple connection 
or a number of pieces each of simple connection. 

For a simply connected surface, no such cross-cut is necessary : then 
q = 0, p = 1, and in general q - p  = - 1. We shall Say that the connectivity* 
is unity. Examples are furnished by the area of a plane circle, and by a 
spherical surface with one holet. 

A surface is called doubly-connected when, by one appropriate cross-cut, 
the surface is changed into a single surface of simple connection : then q = 1, 
p = 1 for this particular resolution, and therefore in general, q - p  = O. We 

* Sometimes order of connection, sometimes adelphic d e r ;  the German word, that is used, 
is Grundzahl. 

+ The hole is made to give the surface a boundary (J 163). 
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shall say that the connectivity is 2. Examples are furnished by a plane ring 
and by a spherical surface with two holes. 

A surface is called triply-connected when, by two appropriate cross-cuts, 
the surface is changed into a single surface of simple connection : then q = 2, 
p = 1 for this particular resolution and therefore, in general, q - p = 1. Mie 
shall Say that the connectivity is 3. Exatnples are furnished by the surface 
of an anchor-ring with one hole in it*, and by the siirfacest in Figure 39, the 
surface in (2) not being in one plane biit one part beneath another. 

And, in general, a surface will be said to be N-ply connected or its 
connectivity will be denoted by N, if, by N - 1 appropriate cross-cuts, i t  can 
be changed into a single surface that is simply connectedf. For this 
particular resolution q = N - 1, p = 1 : and therefore in general 

q - p = N - 2 ,  
or N = q - p + 2 .  

Let a cross-cut 1 be drawn in a surface of connectivity N. There are 
two cases to be considered, according as i t  does not or does divide the surface 
into distinct pieces. 

First, let the surface be only one piece after Z is drawn : and let its 
connectivity then be W. If in the original surface q cross-cuts (one of 
which can, after the preceding proposition, be taken to be Z) be drawn 
dividing the surface into p simply connected pieces, then 

N = q - p + 2 .  

To obtain these p simply connected pieces from the surface after the cross-cut 
1, i t  is evidently sufficient to make the q - 1 original cross-cuts other than 1 ;  
that is, the modified surface is such that by q - 1 cross-cuts i t  is resolved into 
p simply connected pieces, and therefore 

N '= (y -1 ) -p+2 .  
Hence N'= N - 1, or the connectivity of the surface is diminished by unity. 

* The hole is made to give the surface a boundary (5 163). 
f Riemann, p. 89. 
$ A few writers estimate the connectivity of such a surface as N - 1, the same as the number 

of cross-cuts which can change it into a single surface of the simplest rank of connectivity : the 
estimate in the text seems preferable. 
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Secondly, let the surface be two pieces after 1 is drawn, of connectivities 
NI and N, respectively. Let the appropriate NI - 1 cross-cuts in the former, 
and the appropriate N2 -1  in the latter, be drawn so as to make each a 
simply connected piece. Then, together, there are two simply connected 
pieces. 

To obtain these two pieces from the original surface, it will suffice to 
make in i t  the cross-cut 1, the NI - 1 cross-cuts, and the N, - 1 cross-cuts, 
that is, 1 + (NI  - 1) + (AT, - 1) or N, + N2 - 1 cross-cuts in all. Since these, 
when made in the surface of connectivity N, give two pieces, we have 

N=(Nl+N2-1) -2+2 ,  

and therefore N , + N , = N + l .  

If one of the pieces be simply connected, the connectivity of the other is N; 
so that, if a simply connected piece of surface be cut off a multiply connected 
surface, the connectivity of the remainder is unchanged. Hence : 

III. I f  a cross-cut be made in a surface of connectivity N and i f  i t  do 
not diwide it into separate pieces, the connectivity of the modijed surface is 
N -  1 ; but v i t  divide the surface into two separate pieces of connectivities N, 
and N,, then NI + N, = N + 1. 

Illustrations are shewn, in Fig. 40, of the effect of cross-cuts on the two 
surfaces in Fig. 39. 

IV. In  the samé way i t  may be proved that, if s cross-cuts be made in a 
surface of cmnectivity N und diuide i t  into r + 1 separate pieces (where r < s) 

of connectivities N,, N,, . . ., NT+, respectively, then 

N l + N s + . . . + N r + l = N + 2 r - ~ ,  

a more general result including both of the foregoing cases. 

Thus far we have been considering only cross-cuts: it is now necessary 
to consider loop-cuts, so far as they affect the connectivity of a surface in 
which they are made. 
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A loop-cut is changed into a cross-cut, if from A any point of i t  a cross-cut 
be made to any point C in a boundary-curve of the 
original surface, for CAbdA (Fig. 41) is then evi- ,/ 
dently a cross-cut of the original surface ; and CA is 
a cross-cut of the siirface, which is the modification 
of the original surface after the loop-cut has been 
made. Since, by definition, a loop-cut does not C 

meet the boundary, the cross-cut CA does not 

( 
divide the modified surface into distinct pieces; e 
hence, according as the effect of the loop-cut is, Fig. 41. 

or is not, that of making distinct pieces, so will 
the effect of the whole cross-cut be, or not be, that of making distinct pieces. 

161. Let a loop-cut be drawn in a surface of connectivity N ;  as before 
for a cross-cut, there are two cases for consideration, according as the loop-cut 
does or does not divide the surface into distinct pieces. 

First, let it divide the surface into two distinct pieces, say of connectivities 
ATl and N, respectively. Change the loop-cut into a cross-cut of the original 
surface by drawing a cross-cut in either of the pieces, say the second, from a 
point in the course of the loop-cut to some point of the original boundary. 
This cross-cut, as a section of that piece, does not divide i t  into distinct 
pieces : and therefore the connectivity is now iV,'(= N, - 1). The effect of 
the whole section, which is a single cross-cut, of the original surface is to 
divide it into two pieces, the connectivities of which are Nl and N,': hence, 
by 5 160, III., 

N,+N, '=N+l ,  
and therefore Nl + N , = N +  2. 

If the piece cut out be simply connected, say Nl = 1, then the connectivity 
of the remainder is N + 1. But such a removal of a simply connected piece 
by a loop-cut is the same as making a hole in a continuous part of the 
surface : and therefore the efect of making a simple hole in  a continuous part 
of a surface is to increase by  unity the connectivity of the surface. 

If the piece cut out be doubly connected, say Nl = 2, then the connect- 
ivity of the remainder is N ,  the same as the connectivity of the original 
surface. Such a portion would be obtained by cutting out a piece with a 
hole in i t  which, so far as concerns the original surface, would be the same as 
merely enlarging the hole-an operation that naturally would not affect 
the connectivity. 

- Secondly, let the loop-cut not divide the surface into two distinct pieces: 
and let N' be the connectivity of the modified surface. In this modified 
surface make a cross-cut lc from any point of the loop-cut to a point of the 
boundary: this does not divide it into distinct pieces and therefore the 
connectivity after this last modification is N'-  1. But the surface thus 
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finally modified is derived from the original surface by the single cross-cut, 
constituted by the combination of k with the loop-cut : this single cross-cut 
does not divide the surface into distinct pieces and therefore the connectivity 
after the modification is N - 1. Hence 

N I - l = N - 1 ,  

that is, N r = N ,  or the connectivity of a surface is  not afected by a loop-cut 
which does not divide the surface into distinct pieces. 

Both of these results are included in the following theorem :- 

V. If after awy nwmber of loop-cuts made i n  a surface of connecthity 
N, there be r + 1 distinct pieces of surface, of connectivities If1, N,, . . ., N,.,,, 
then 

Nl+N,+ ...... +Nr+,=N+2r .  
Let the number of loop-cuts be S. Each of them can be changed into a 

cross-cut of the original surface, by drawing in some one of the pieces, as may 
be convenient, a cross-cut from a point of the loop-cut to a point of a 
boundary ; this new cross-cut does not divide the piece in which it is drawn 
into distinct pieces. If k: such cross-cuts (where Ic may be zero) be drawn in 
the piece of connectivity N,, the connectivity becomes N,', where 

N,'=N,-k; 
r+l r+1 tct-1 

hence Z N d =  Z N,-2k= X N,-S. 

We now have s cross-cuts dividing the surface of connectivity N into r + 1 
distinct pieces, of connectivities N,', Ni, ..., N,', AT,.,,'; and therefore, by 
$ 160, IV., 

N i +  ...+ N,'+N,+,'= N + 2 r - s ,  
so that fli+Ns+...+~,+,= N+%. 

This result could have been obtained also by combination and repetition 
of the two results obtained for a single loop-cut. 

Thus a spherical surface with one hole in i t  is simply connected: when 
n - 1 other different holesi are made in it, the edges of the holes being 
outside one another, the connectivity of the surface is incremed by n - 1, 
that is, it becomes n. Hence a spherical surface with n holes in it  is  n-ply 
connected. 

162. Occasionally, it is necessary to consider the effect of a slit made in 
the surface. 

If the slit have neither of its extremities on a boundary (and therefore no 
point on a boundary) it can be regarded as the limiting form of a loop-cut 
which makes a hole in the surface. Such a slit therefore (§ 161) increases the 
connectivity by unity. 

* These are holes in the surface, not holes bored through the volume of the ephere ; one of 
the latter wonld give two holes in the surface. 

F. 21 
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If the slit have one extremity (but no other point) on a boundary, it can 
be regarded as the limiting form of a cross-cut, which retiirns 
on itself as in the figure, and cuts off a single simply con- 
nected piece. Such a slit therefore ($ 160, III.) leaves the 
connectivity unaltered. 

If the slit have both extremities on boundaries, it ceases 

the connectivity has been obtained. We do not regard such 
sections as slits. 

& 
to be merely a slit: i t  is a cross-cut the effect of which on Fig. 42. 

163. I n  the preceding investigations relative to cross-cuts and loop-cuts, 
reference has continually been made to the boundary of the surface con- 
sidered. 

The bozcndary of a surface consists of a line &urning to itself, or of a 
system of lines each returning to itself. Each part of such a boundary-line 
as it is drawn is considered a part of the boundary, and thus a boundary-line 
cannot cut itself and pass beyond its earlier position, for a boundary cannot 
be crossed : each bonndary-line must therefore be a simple curve*. 

Most surfaces have boundaries: an exception arises in the case of closed 
surfaces whatever be their connectivity. It was stated ( 5  159) that a 
boundary is assigned to such a surface by drawing an infinitesimal simple 
curve in i t  or, what is the same thing, by making a small hole. The 
advantage of th& c m  be seen from the simple example of a spherical 
surface. 

When a small hole is made in any surface the connectivity is increased 
by unity : the connectivity of the spherical surface after the hole is made is 
unity, and therefore the connectivity of the complete spherical surface 
must be taken to be zero. 

The mere fact that the connectivity is less than unity, being that of the 
simplest connected surfaces with which we have to deal, 
is not in itself of importance. But let us return for a 
moment to the suggested method of determining the 
connectivity by means of the evanescence of circuits -------- --.___ 
without crossing the bouridary. When the surface is 0 ----_.________.------ 
the complete spherical surface (Fig. 43), there are two 
essentially distinct ways of making a circuit C evan- 
escent, first, by making i t  collapse into the point a, Fig. 43. 

secondly by making it expand over the equator and 
then collapse into the point b. One of the two is superfluous: it introduces 
an element of doubt as to the mode of evanescence unless that mode be 
specified-a specification which in itself is tantamount to an assignment of 

* Also a line not returning to itself may be a boundary ; it can be regarded as the limit of a 
simple cuve when the ares becomes infinitesimal. 
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boundary. And in the case of multiply connected surfaces the absence of 
boundary, as above, leads to an artificial reduction of the connectivity by 
unity, arising not from the greater simplicity of the surface but from the 
possibility of carrying out in two ways the operation of reducing any circuit 
to given circuits, which is most effective when only one way is permissible. 
We shall therefore assume a boundary assigned to such closed surfaces as in 
the first instance are destitute of boundary. 

164. The relations between the number of boundaries and the connect- 
ivity of a surface are given by the following propositions. 

1. The boundary of a simply conmcted surface consists of a single line. 

When a boundary consists of separate lines, then a cross-cut can be made 
from a point of one to a point of another. By proceeding from 
P, a point on one side of the cross-eut, along the boundary 
ac ... c'a' we can by a line lying wholly in the surface reach a 
point Q on the other side of the cross-cut : hence the parts of 
the surface on opposite sides of the cross-cut are connected. 
The surface is therefore not resolved into distinct pieces by the 

bc 
cross-cut. cf 

A simply connected surface is resolved into distinct pieces Fis. 44. 

by each cross-cut made in i t  : such a cross-cut as the foregoing 
is therefore not possible, that is, there are not separate lines which make up 
its boundary. It has a boundary : the boundary therefore consists of a single 
line. 

I I .  A cross-cut either increases by unity or dimhishes by u.mity the nwmber 
of distinct boundary-Zines of  a mult+ly connected surface. 

A cross-cut is made in one of three ways: either from a point a of one 
boundary-line A to  a point b of another boundary-line B ; or from a point a 
of a boundary-line to another point a' of the same boundary-line ; or from a 
point of a boundary-line to a point in the cut itself. 

If made in the first way, a combination of one edge of the cut, the 
remainder of the. original boundary A, the other edge of the cut and the 
remainder of the original boundary B taken in succession, form a single 
piece of boundary; this replaces the two boundary-lines A and B which 
existed distinct from one another before the cross-cut was made. Hence the 
number of lines is diminished by unity. An example is furnished by a plane 
ring (ii., Fig. 37, p. 314). 

If made in the second way, the combination of one edge of the cut with 
the piece of the boundary on one side of i t  makes one boundary-line, and the 
combination of the other edge of the cut with the other piece of the boundary 
makes another boundary-line. Two boundary-lines, after the cut is made, 

21-2 
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324 NUMBER OF BOUNDARY-LINES [164. 

replace a single boundary-line, which existed before i t  was made: hence the 
number of lines is increased by unity. Examples are furnished by the cut 
surfaces in Fig. 40, p. 319. 

If made in the third way, the cross-cut may be considered as constituted 
by a loop-cut and a cut joining the loop-cut to the boundary. The boundary- 
lines may now be considered as constituted (Fig. 41, p. 320) by the closed 
curve ABD and the closed boundary abda'c'e' ... eca; that is, there are now 
two boundary-lines instead of the single boundary-line ce. ..e%'c in the uncut 
surface. Hence the number of distinct boundary-lines is increased by unity. 

COROLLARY. A Zoop-cut increases the number of distinct boundary-lines 
by two. 

This result follows a t  once from the last discussion. 

III. The number of distinct boundary-lines of a surface of connectivity N 
i s  N - 2L, where L i s  a positive integer that may be zero. 

Let m be the number of distinct boundary-lines ; and let N - 1 appro- 
priate cross-cuts be drawn, changing the surface -into a simply connected 
surface. Each of these cross-cuts increases by unity or diminishes by unity 
the number of boundary-lines; let these units of increase or of decrease be 
denoted by E,, E,, ..., EN_,. Each of the quantities E is f 1 ; let k of them be 
positive, and N- 1 - k negative. The total number of boundary-lines is 
therefore 

m+k- (N-1-k ) .  
The surface now is a single simply connected surface, and there is therefore 
only one boundary-line ; hence 

m + k - ( N - 1 -  k)=1,  
so that m = N - 2 k ;  
and evidently k: is an integer that may be zero. 

COROLLARY 1. A closed surface with a single boundary-line* i s  of odd 
conlzectivity. 

For example, the surface of an anchor-ring, when bounded, is of con- 
nectivity 3; the surface, obtained by boring two holes through the volume 
of a solid sphere, is, when bounded, of connectivity 5 .  

If the connectivity of a closed surface with a single boundary be 2p + 1, 
the surface is often sa id t  to be of class p (§ 1'78, p. 349.) 

COROLLARY 2. If the nwmber of distinct boundary lilzes of a surface of 
connectivity N be N, any loop-cut divides the surface into two distinct pieces. 

After the loop-cut is made, the number of distinct boundary-lines is 
N +  2 ; the connectivity of the whole of the cut surface is therefore not less 

See 8 159. 
t The German word is  Geschlecht; French writers use the word genre, and ltaliane genere. 
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than N +  2. I t  has been proved that a loop-cut, which does not divide the 
surface into distinct pieces, does not affect the connectivity; hence as the 
connectivity has been increased, the loop-cut must divide the surface into 
two distinct pieces. I t  is easy, by the result of 5 161, to see that, after the 
loop-cut is made, the sum of connectivities of the two pieces is N + 2 ,  so 
that the connectivity of the whole of the cut surface is equal to N + 2. 

Note. Throughout these propositions, a tacit assumption has been made, 
which is important for this particular proposition when the surface is the 
means of representing the variable. The assumption is that the surface is 
bifacial and not unz~acia;  i t  has existed implicitly throughout al1 the 
geometrical representations of variability : it found explicit expression in 
3 4 when the plane was brought into relation with the sphere: and a cut 
in a surface has been counted a single cut, occurring in one face, though it 
would have to be counted as two cuts, one on each side, were the surface 
unifacial. 

The propositions are not necessarily valid, when applied to unifacial 
surfaces. Consider a surface made out of a long rectangular slip of paper, 
which is twisted once (or any odd number of times) and then has its ends 
fastened together. This surface is of double connectivity, because one 
section can be made across it which does not divide i t  into separate pieces ; 
i t  has only a single boundary-line, so that Prop. III. just proved does not 
apply. The surface is unifacial; and it is possible, without meeting the 
boundary, to pass continiiously in the surface from a point P to another 
point Q which could be reached merely by passing through the material 
at P. 

We therefore do not retain unifacial surfaces for consideration. 

165. The following proposition, substantially due to Lhuilier*, may be 
taken in illustration of the general theory. 

I f  a closed surface of co.nnectivity 2 N +  1 (or of class N )  be divided by 
circuits into any nurnber of simply connected portions, each in the form of a 
curvilinear polygon, and i f  F be the number of polygons, E be the number of 
edges and S the number of angular points, then 

2 N = 2 +  E-F-S .  
Let the edges E be arranged in systems, a system being such that any 

line in it can be reached by passage along some other line or lines of the 
system ; let k be the number of such systemst. To resolve the surface into a 
number of simply connected pieces composed of the F polygons, the cross-cuts 
will be made along the edges ; and therefore, unless a boundary be assigned 

Gergonne, Ann. de Math., t. iii, (1813), pp. 181-186 ; see also Mobius, Ges. Werke, t .  ii, 
p. 468. A circuit is defined in 5 166. 

+ The value of k is 1 for the proposition and is greater than 1 for the Coroiiary. 
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to the surface in each system of lines, the first cut for any system will be a 
loop-cut. We therefore take k points, one in each system as a boundary ; 
the first will be taken as the natuml boundary of the surface, and the 
remaining k -  1, being the limiting forms of k - 1 infinitesimal loop-cuts, 
increase the connectivity of the surface by k - 1, that is, the connectivity now 
is 2N + E. 

The result of the cross-cuts is to leave P simply connected pieces: hence 
Q, the number of cross-cuts, is given by 

Q=Z.N+k+P-2. 

At every angular point on the uncut surface, three or more polygons are 
contiguous. Let Sm be the number of angular points, where m polygons are 
contiguous ; then 

s=s,+s,+s,+ ... 
Again, the number of edges meeting at each of the S3 points is three, a t  

each of the S, points is four, a t  ea,ch of the S, points is five, and so on ; hence, 
in taking the sum 35, + 45, + 55, + . . ., each edge has been counted twice, once 
for each extremity. Therefore 

2E=3S3+4S4+55,+ ... 
Consider the composition of the extremities of the cross-cuts ; the number 

of the extremities is 2Q, twice the number of cross-cuts. 

Each of the k points furnishes two extremities; for each snch point 
is a boundary on which the initial cross-cut for each of the systems must 
begin and must end. These points therefore furnish 2k extremities. 

The remaining extremities occur in connection with the angular points. 
I n  making a cut, the direction passes from a boundary along an edge, past 
the point along another edge and so on, until a boundary is reached ; so that 
on the first occasion when a cross-cut passes through a point, it is made along 
two of the edges meeting at  the point. Every other cross-cut passing through 
that point must begin or end there, so that each of the S, points will furnish 
one extremity (corresponding to the remaining one cross-cut through the 
point), each of the S, points will furnish two extremities (corresponding to 
the remaining two cross-cuts through the point), and so on. The total 
number of extremities thus provided is 

S;+2S4+ 35, + ... 
Hence 2Q=2k+Sa+2S4+3X,+ ... 

=2k+2E-25, 

or Q = k + E - 8 ,  

which combined with Q = 2N + k + F - 2, 

l a d s  to the relation 2N= 2 + E - F- S. 
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The simplest case is that of a sphere, when Euler's relation F +  8 = E +  2 
is obtained. The case next in simplicity is that of an anchor-ring, for which 
the relation is P+ S'= E. 

COROLLARY. If the result of malcing the cross-cuts alvng the various edges 
be to give the P polygons, not simply con,nected areas but areas of connectivities 
NI+ 1, N,+ 1, ..., NIF+ 1 respectively, then the connectivity of the original 
surface Zs given by 

166. The method of determining the connectivity of a surface by means 
of a system of cross-cuts, which resolve it into one or more simply connected 
pieces, will now be brought into relation with the other method, suggested 
in § 159, of determining the connectivity by means of irreducible circuits. 

A closed line drawn on the surface is called a circuit. 
A circuit, which can be reduced to a point by continuous deformation 

without crossing the boundary, is called reducible; a circuit, which cannot be 
so reduced, is called irreducible. 

An irreducible circuit is either (i) simple, when i t  cannot without crossing 
the boundary be deformed continuously into repetitions of one or more 
circuits; or (ii) mult+le, when i t  can without crossing the boundary be 
deformed continuously into repetitions of a single circuit ; or (iii) compound, 
when it can without crossing the boundary be deformed continuously into 
combinations of different circuits, that may be simple or multiple. #The 
distinction between simple circuits and compound circuits, that involve no 
multiple circuits in their combination, depends upon conventions adopted for 
each particular case. 

A circuit is said to be reconcileable with the system of circuits into a 
combination of which it can be continuously deformed. 

If a system of circuits be reconcileable with a reducible circuit, the 
system is said to be reducible. 

As there are two directions, one positive and the other negative, in which 
a circuit can be described, and as there are possibilities of repetitions and of 
compositions of circuits, it is clear that circuits can be represented by linea,r 
algebraical expressions involving real quantities and having merely numerical 
coefficients. 

Thus a reducible circuit can be denoted by O. 
If a simple irreducible circuit, positively described, be denoted by a, the 

same circuit, negatively described, can be denoted by -a. 
The multiple circuit, which is composed of rn positive repetitions of the 

simple irreducible circuit a, would be denoted by ma ; but if the m repetitions 
were negative, the multiple circuit would be denoted by -ma. 
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A compound circuit, reconcileable with a system of simple irreducible 
circuits a,, a,, ..., a, would be denoted by m,a, +m,a,+ ... t mnan, where 
T ,  w, ..., m, are positive or negative integers, being the net number of 
positive or negative descriptions of the respective simple irreducible circuits. 

The condition of the reducibility of a system of circuits a,, a,, ..., a,, 
each one of which is simple and irreducible, is that integers m, m,, . .., m, 
should exist such that 

%a,+ %a,+ ... +m,an=O, 
the sign of equality in this equation, m in other equations, implying that 
continuous deformation without crossing the boundary can change into one 
another the circuits, denoted by the symbols on either side of the sign. 

The representation of any compound circuit in terms of a system of 
independent irreducible circuits is unique: if there were two different 
expressions, they could be equated in the foregoing sense and this would 
imply the existence of a relation 

plal+p&+ ... +pria,= O, 
which is excluded by the fact that the system is irreducible. 

Purther, equations can be combined linearly, provided that the coefficients 
of the combinations be merely numerical. 

167. I n  order, then, to be in a position to estimate circuits on a miiltiply 
connected surface, it is necessary that an irreducible system of irreducible 
simple circuits should be known, such a system being considered complete 
when every other circuit on the surface is reconcileable with the system. 

Such a system is not necessarily unique; and i t  must be proved that, if 
more than one compiete system be obtainable, any circuit can be reconciled with 
ench system. 

First, the number of simple iweducible circuits in any complete system 
mwt be the same for  the same surface. 

Let Q, ..., a,; and b,, ..., b,; be two complete systems. Because a,, ..., 
a, constitute a complete system, every circuit of the system of circuits b is 
reconcileable with i t  ; that is, integers m, exist, such that 

b, = m,,a, + %a, -k . . . + mflP,  

for r = 1, 2, . .., n. If n were >p. then by combining linearly each equation 
after the first p equations with those p equations, and eliminating a,, ..., ap 
from the set of p + 1 equations, we could derive n -p  relatious of the form 

Mlbi+M$, + m . .  t Mnb,= 0, 

where the coefficients M, being deterininants the constituents of which are 
integers, would be integers. The system of circuits b is irreducible, and there 
are therefore no such relations ; hence n is not greater than p. 
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Similarly, by considering the reconciliation of each circuit a with the 
irreducible system of circuits b, it follows that p is not greater than n. 

Hence p and n are equal to one another. And, because each system is a 
complete system, there are integers A and B such that 

a,=A,b,+A,b,+ ...+ A,bn ( r = l ,  ..., n) 
b, = Ba% + B,,az + . . . t B,a, (s = 1, . . ., n) 1 

The determinant of the integers A is equal to f 1 ; likewise the deter- 
minant of the integers B. 

Secondly, let x be a circuit reconcileable &th the system of circuits a: it is 
reconcileable with any other cornplete system of circuits. 

Since x is reconcileable with the system a, integers ml, . . . , ma can be 
found such that 

x = mlal + . . . + m,a,,. 
Any other complete system of 1, circuits b is such that the circuits a can 

be expressed in the form 
a,=A,b,+ ...+ A d , ,  ( r = l ,  ..., n), 

where the coefficients A are integers ; and therefore 
n 

x = b , ~ m r ~  , + b , Z m r ~ m + . . . + b i i Z m ~ , n  
r=1 r = l  r= l  

= qib, Jr qzb, -i- . . + qnL, 
where the coefficients q are integers, that is, x is reconcileable with the 
complete system of circuits b. 

168. It thus appears that for the construction of any circuit on a surface, 
it is sufficient to know some one complete system of simple irreducible 
circuits. A complete system is supposed to contain the smallest possible 
number of simple circuits: any one which is reconcileable with the rest is 
omitted, so that the circuits of a system may be considered as independent. 
Such a system is indicated by the following theorems :- 

1. No irreducible simple circuit caîz be d r a m  on a simply connected 
surface*. 

If possible, let an irreducible circuit C be drawn in a simply connected 
surface with a boundary B. Make a loop-cut along C, and change i t  into a 
cross-cut by making a cross-cut A from some point of C to a point of B;  
this cross-cut divides the surface into two simply connected pieces, one of 
which is bounded by B, the two edges of A, and one edge of the cut along C, 
and the other of which is bounded entirely by the cut along C. 

The latter surface is smaller than the original surface; i t  is simply 
connected and has a single boundary. If an irreducible simple circuit c m  
be drawn on it, we proceed as before, and again obtain a still srnaller simply 
connected surface. In this way, we ultimately obtain an infinitesimal 

* AU surfaces aonsidered are supposed to be bounded. 
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element; for every cut divides the surface, in which i t  is made, into 
distinct pieces. Irreducible circuits cannot be drawn in this element; and 
therefore its boundary is reducible. This boundary is a circuit in a larger 
portion of the surface: the circuit is reducible so that, in that larger portion 
no in-educible circuit is possible and therefore its boundary is reducible. 
This boundary is a circuit in a still larger portion, and the circuit is 
reducible : so that in this still larger portion no irreducible circuit is possible 
and once more the boundary is reducible. 

Proceeding in this way, we find that no irreducible simple circuit is 
possible in the original surface. 

COROLLARY. No irreducible circuit can be drawn on a simply connected 
surface. 

II. A complete system of irreducible simple circuits for a surface of 
connectivity N contains N  - 1 simple circuits, so that every other circuit on the 
surface is reconcileable urith that system. 

Let the surface be resolved by cross-cuts into a single simply connected 
surface: N -  1 cross-cuts will be necessary. Let CD be 
any one of them: and let a and b be two points on the 
opposite edges of the cross-cut. Then since the surface is 
simply connected, a line can be drawn in the surface from 
a to b without passing out of the surface or without 

&' D 

meeting a part of the boundary, that is, without meeting 
any other cross-cut. The cross-cut CD ends either in Fig. 45. 

another cross-cut or in a boundary ; the line ae.. . fb  
surrounds that other cross-cut or that boundary as the case may be: hence, 
if the cut CD be obliterated, the line ae.. . f bu is irreducible on the surface in 
which the other N- 2 cross-cuts are made. But it meets none of those cross- 
cuts; hence, when they are al1 obliterated so as to restore the unresolved 
surface of connectivity A ,  i t  is an irreducible circuit. I t  is evidently not 
a repeated circuit; hence i t  is an irreducible simple circuit. Hence the 
liw of an irreducible simple circuit on an unresolved surface is giviven by 
a 2ine passing from a poimt on one edge of a cross-cut in the resolved 
surface to a point on the opposite edge. 

Since there are N -  1 cross-cuts, it follows that N -  1 irreducible simple 
circuits can thus be obtained: one being derived in the foregoing manner 
from each of the cross-cuts, which are necessary to render the surface simply 
connected. It is easy to see that each of the irreducible circuits on an 
unresolved surface is, by the cross-cuts, rendered impossible as a circuit on 
the resolved surface. 

But every other irreducible circuit C is reconcileable with the N -  1 
circuits, thus obtained. If there be one not reconcileable with these N -  1 
circuits, then, when al1 the cross-cuts are made, the circuit C is not rendered 
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impossible, if i t  be not reconcileable with those which are rendered impossible 
hy the cross-cuts: that is, there is on the resolved surface an irreducible 
circuit. But the resolved surface is simply connected, and therefore no 
irreducible circuit can be drawn on i t  : hence the hypothesis as to C, which 
leads to this result, is not tenable. 

Thus every other circuit is reconcileable with the system of N - 1 circuits : 
and therefore the systern is compbte*. 

This method of derivation of the circuits at once indicates how fnr a 
system is arbitrary. Eacli system of cross-cuts leads to a complete system of 
irreducible simple circuits, and vice versa; as the one system is not unique, 
so the other system is not unique. 

For the general question, Jordan's memoir, Des contours tracés ~ z u r  les surfaces, 
Liouville, 2""ér., t. xi., (1866), pp. 110-130, may be consulted. 

Ex. 1. On a doubly connected surface, one irreducible simple circuit mn be drawn. 
I t  is easily obtained by first resolving the surface into one that is simply connected- 
a single cross-cut CD is effective for this purpose-and then by drawing a curve aeb in the 

Fig. 46, (i). 

surface from one edge of the cross-cut to the other. Al1 other irreducible circuits on the 
unresolved surface are reconcileable with the circuit aeba. 

Ex. 2. On a triply-connected surface, two independent irreducible circuits can be 

Fig. 46, (ii). 

* If the nnmber of independent irreducible simple circuits be adopted as a basis for the 
definition of the connectivity of a surface, the result of the proposition would be taken as the 
definition : and the resolution of the surface into one, which is simply connected, would then be 
obtained by developing the precetiing theory in the reverse order. 
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drawn. Thus in the figure CL and Ca will form a complete system. The circuits C, and C4 
are also irreducible : they can evidently be deformed into Cl and C, and reducible circuits 
by continuous deformation : in the algebraical notation adopted, we have 

C3=C;+C2, C4=Cl-Ca. 

Ex. 3. Another example of a triply connected surface is given in Fig. 47. Two irredu- 
cible simple circuits are Cl and Ca. Another irreducible circuit is C,; this can be 

Fig. 47. 

reconciled with Cl and C2 by drawing the point a into coincidence with the intersection 
of Cl and C,, and the point c into coincidence with the same point. 

Ex. 4. As a last example, consider the surface of a solid sphere with n holes bored 
through it. The connectivity is 2n+l : hence 272 independent irreducible simple circuih 

Fig. 48. 

can be drawn on the surface. The simplest complete system is obtained by taking 2n 
curves: made up  of a set of n, each round one hole, and another set of n, each through 
one hole. 

A resolution of this surface is given hy taking cross-cuts, one round each hole (making 
the circuits through the holes no longer possible) and one through each hole (making the 
circuits round the holes no longer possible). 

The simplest case is that for which n= 1 : the surface is equiralent to the anchor-ring. 

169. Surfaces are a t  present being considered in view of their use as a 
means of representing the value of a complex variable. The foregoing inves- 
tigations imply that surfaces can be classed according to their connectivity ; 
and thus, having regard to their designed use, the question arises as to 
whether al1 surfaces of the same connectivity are equivalent to one another, 
so as to be transformable into one another. 
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Moreover, a surface can be physically deformed and still remain suitable for 
representation of the variable, provided certain conditions are satisfied. We 
thus consider geometrical transformation as well as physical deformation ; but 
we are dealing only with the general results and not with the mathematical 
relations of stretching and bending, which are discussed in treatises on 
Analytical Geometry *. 

It is evident that continuity is necessary for both: discontinuity would 
iinply discontinuity in the representation of the variable. Points that are 
contiguous (that is, separated only by small distances measured in the surface) 
must remain contiguousj-: and one point in the unchanged surface must 
correspond to only one point in the changed surface. Hence in the continuous 
deformation of a surface there rnay be stretching and there may be bending; 
but there must pe no tearing and there must be no joining. 

For instance, a single untwisted ribbon, if cut, comes to be simply connected. I f  a twist 
through 180" be then given to one end and that end be then joined t o  the other, we sliall 
have a once-twisted ribbon, which is a surface with only one face and only one edge; 
it  cannot be looked upon as a n  equivalent of the former surface. 

A spherical surface with a single hole can have the hole stretched and the surface 
flattened, 80 as tO be the same as a bounded portion of a plane: the two surfaces are 
equivalent to one another. Again, in  the spherical surface, let a large indentation be 
made : let both the outer and the inner surfaces be made spherical ; and let the mouth of 
the indentation be contracted into the form of a long, narrow hole along a part of a great 
circle. When each point of the inner surface is geometrically moved so that i t  occupies the 
position of its reflexion in the diametral plane of the hole, the final formg of the whole 
surface is that of a two-sheeted surface with a ,  junction along B line : i t  is a spherical 
winding-surface, and is equivalent to  the simply connected spherical surface. 

170. It is sufficient, for the purpose of representation, that the two 
surfaces should have a point-to-point transformation : it is not necessary 
that physical deformation, without tears or joins, should be actually possible. 
Thus a ribbon with an even number of twists would be as effective as a 
limited portion of a cylinder, or (what is the same thing) an untwisted ribbon : 
but i t  is not possible to deform the one into the other physicallyf. 

It is easy to see that either deformation or transformation of the kind 
considered will change a bifacial surface into a bifacial surface; that z't will 
not alter the connectivity, for it will not change irreducible circuits into 

See, for instance, Frost's Solid Geometry, (3rd ed.), pp. 342-352. 
t Distanoes between points must be measnred dong the surface, not throngh space; the 

distance between two points is a length which one point would traverse before reaching the 
position of the other, the motion of the point being reetricted to take place in the surface. 
Examples wiil arise later, in Riemann's surfaces, in which points that are contiguous in space 
are separated by h i t e  distances on the surface. 

5 Olifford, Coll. Math. Papers, p. 250. 
:: The difference between the two cases is that, in physical deformation, the surfaces are the 

surfaces of continuous matter and are impenetrable; while, in geometrical transformation, the 
surfaces may be regarded as penetrable withont interference with the continnity. 
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reducible circuits, and the number of independent irreducible circuits 
determines the connectivity: and that it will mot alter the number of bou,ndary 
curves, for a boundary will be changed into a boundary. These are necessary 
relations between the two forms of the surface : i t  is not difficult to see that 
they are sufficient for correspondence. For if, on each of two bifacial surfaces 
with the same number of boundaries and of the same connectivity, a complete 
system of simple irreducible circuits be drawn, then, when the members of the 
systems are made to correspond in pairs, the full transformation can be effected 
by continuous deformation of those corresponding irreducible circuits. It 
therefore follows that :- 

The necessary and suficient conditions, that two b.ifacia2 surfaces may be 
equivalent to one another for the representation of a variable, are that the two 
surfaces should be of the same connectivity and should have the same number of 
boundaries. 

As already indicated, this equivalence is a geometrical equivalence: 
deformation may be (but is not of necessity) physically possible. 

Similarly, the presence of one or of several knots in a surface makes no 
essential difference in the use of the surface for representing a variable. Thus 
a long cylindrical surface is changed into an anchor-ring when its ends are 
joined together ; but the changed surface would be equally effective for 
purposes of representation if a knot were tied in the cylindrical surface before 
the ends are joined. 

But it need hardly be pointed out that though surfaces, thus twisted or 
knotted, are equivalent for the purpose indicated, they are not equivalent for 
al1 topological enumerations. 

Seeing that bifacial surfaces, with the same connectivity and the same 
number of boundaries, are equivalent to one another, i t  is natural to adopt, as 
the surface of reference, some simple surface with those characteristics ; tbus 
for a surface of connectivity 2p + 1 with a single boundary, the surface of a 
solid sphere, bounded by a point and pierced through with p holes, could be 
adopted. 

Klein calls* such a surface of reference a Normal Surface. 

I t  has been seen that a bounded spherical surface and a bounded simply connected 
part of a plane are equivalent-they are, moreover, physically deformable into one 
another. 

An untwisted closed ribbon is equivalent to a bounded piece of a plane with one hole 
in it-they are deformable iuto one another : but if the ribbon, previous to being closed, 
have undergone an even number of twists each through 180°, they are stili equivalent 
but are not physically deformable into one another. Each of the bifacial surfaces is 
doubly corinected (for a single cross-cut renders each simply connected) and each of them 

* Ueber Riemann's Theorie der algebraischen Funetionen und ihrer Integrale, (Leipzig, 
Tenbner, 1882), p. 26. 
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has two boundarim. If however the ribbon, previous to being closed, have undergone 
an odd number of twists each through 180°, the surface thus obtained is not equivalent to 
the single-holed portion of the plane ; it  is unifacial and hae only one boundary. 

A spherical surface pierced in n + l  holes is equivalent to a bounded portion of the 
plane with TZ holes ; each is of connectivity n+  1 and has TZ + 1 boundaries. The spherical 
surface cm be deformed into the plane surface by stretching one of its holes into the form 
of the outside boundary of the plane surface. 

Es. Prove that the surface of a bounded anchor-ring can be physically deformed into 
the surface in Fig. 47, p. 332. 

For continuation and fuller development of the subjects of the present chapter, the 
following references, in addition to those which have been given, will be found useful : 

Klein, Math. Ann., t. vii, (1874), pp. 548-557; ib., t. ix, (1876), pp. 476482. 

Lippich, Math. Ann., t. vii, (1874), pp. 212-229 ; Wiener Sitzungsb., t. Ixix, (ii), 
(1874), pp. 91-99. 

Durbge, Wienw Sitzungsb., t. Ixix, (ii), (1874), pp. 115-120 ; and section 9 of his 
treatise, quoted on p. 316, note. 

Neumann, chapter vii of his treatise, quoted on p. 5, note. 

Dyck, Xath. Ann., t. xxxij (1888), pp. 457-5152> ib., t. xxxvii, (1890), pp. 273-316; 
a t  the beginning of the first part of this investigation, a valuable series of references 
is given. 

Dingeldey, TopologZsche Studien, (Leipzig, Teubner, 1890). 
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CHAPTER XV. 

171. THE method of representing a variable by assigning to i t  a position 
in a plane or on a sphere is effective when properties of uniform functions of 
that variable are discussed. But when multiform functions, or integrals of 
uniform functions occur, the method is effective only when certain parts of 
the plane are excluded, due account being subsequently taken of the effect of 
such exclusions; and this process, the extension of Cauchy's method, was 
adopted in Chapter IX. 

There is another method, referred to in 5 100 as due to Riemann, of an 
entirely different character. I n  Riemann's representation, the region, in 
which the variable z exists, no longer consists of a single plane but of a 
number of planes ; they are distinct from one another in geometrical concep- 
tion, yet, in order to preserve a representation in which the value of the 
variable is obvious on inspection, the planes are infinitesimally close to one 
another. The number of planes, often called sheets, is the same as the - 
number of distinct values (or branches) of the function w for a general 
argument z and, unless otherwise stated, will be assunled finite; each sheet 
is associated with one branch of the function, and changes from one branch 
of the function to another are effected by making the z-variable change 
froin one sheet to another, so that, to secure the possibility of change 
of sheet, i t  is necessary to have means of passage from one sheet to another. 
The aggregate of al1 the sheets is a surface, often called a Riemcmn's 
Surface. 

For example, consider the fimction 

zu=d+(z-l)-h, 

the cube roots being independent of one another. It  is evidently a nine-valued function ; 
the number of sheets in the appropriate Riemann's surface is therefore nine. 

The branch-points are z=0, z=1, z=m.  Let o and a denote a cube-root of unity, 
independently of one another ; then the values of zt cm be represented in the form 
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23, W.&, o d  ; and the values of (2- 1)-A can be represented in the form (z- 1)-8 

a2 (z - 1) - a (z - 1) - 8 The nine values of w can be symbolically expreased as  follows :- 

where the symbols opposite to w give the coefficients of zh and of (2- 1)-4 respectively. 

Now when z describes a small simple circuit positively round the origin, the groups 
in cyclical order are w,, w,, w,; w,, w,, w,; w7, w8, w,. And therefore, in the immediate 
vicinity of the origin, there must be means of passage to enable 
the z-point t o  make the corresponding changes from sheet to x - 1 B 
sheet. Taking a section of the whole surface near the origin 
so as  to indicate the passages and regarding the right-hand -1 
sides as  the part from which the z-variable moves when it  =xzi 
describes a circuit positively, the passages must be in character as Fig. 49. 
indicated in Fig. 49. And i t  is evident that the further descrip- 
tion of small simple circuits round the origin will, with these passages, lead to the proper 
values: thus w,, which after the single description is the value of ~c,, becomes q after 
another description and it  is evident that a point in  the w6 sheet passes into the w, sheet. 

When z describes a small simple circuit positively round the point 1, the groups in cyclical 
order are w,, w4, w,; w,, w,, w,; w,, w,, w,: and therefore, 
in  the immediate vicinity of the point 1, there must be 
means of passage to render possible the correaponding changw 
of z from sheet to  sheet. Taking a section as  before near the 
point 1 and with similar convention as to the positive direc- 

qfq 
tion of the z-path, the passages must be in  character as Fig. 50. 

indicated in Fig. 50. 

Similarly for infinitely large values of a 

If  then the sheets can be so joined as to  give these possibilities of passage and also 
give combinations of them corresponding to combinations of the simple paths indicated, 
then there will be a surface to  any point of which will correspond one and only one value 
of w : and when the value of w is given for a point z in an ordinary plane of variation, 
then that value of w will determine the sheet of the surface in which the point z is to 
be taken. A surface will then have been constmcted such that the function w, which is 
multiform for the single-plane representation of the variable, is uniform for variations 
in the rnany-sheeted surface. 

Again, for the simple example arising from the two-valued function, d e h e d  by 
the equation 

au=C(~-a) (2-6) (z-c)}-', 

the branch-points are a, b, c, w ; and a small simple circuit round any one of these 
four points interchanges the two values. The Riemann's surface is two-sheeted and 
there must be means of passage between the two sheets in the vicinity of a, that of b, 
that of c and a t  the infinite part of the plane. , 

These examples are siifficient to indicate the main problem. It is the 
construction of a surface in which the independent variable can move so 
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that, for variations of z in that surface, the multiformity of the function is 
changed to uniforniity. From the nature of the case, the character of the 
surface will depend on the character of the function : and thus, though al1 the 
functions are uniform within their appropriate surfaces, these surfaces are 
widely various. Evidently for uniform functions of z the appropriate surface 
on the above method is the single plane already adopted. 

172. The simplest classes of functions for which a Riemann's surface is 
useful are (i) those called (5 94) algebraic functions, that is, multiform functions 
of the independent variable defined by an algebraical equation of the form 

f (w, 2) = 0, 
which is of finite degree, Say n, in w ;  and (ii) those usually called Abelinn 
functions, which arise through integrals connected with algebraic functions. 

Of such an algebraic function there are, in general, n distinct values ; but 
for the special values of z, that are the branch-points, two or more of the 
values coincide. The appropriate Riemann's surface is composed of n sheets ; 
one branch, and only one branch, of w is asso'ciated with a sheet. The 
variable z, in its relation to the function, is determined not merely by its 
modulus and argument but also by its sheet ; that is, in the language of the 
earlier method, we take account of the path by mhich z acquires a value. The 
particular sheet in which z lies determines the particular branch of the 
function. Variations of B, which occur within a sheet and do not coincide 
with points lying i n  regions of passage between the sheets, lead to variations 
in the value of the branch of w associated with the sheet ; a return to an 
initial value of z, by a path that nowhere lies within a region of passage, 
leaves the z-point in the same sheet as at  first and so leads to the initial 
branch (and to the initial value of the branch) of W. But a return to an 
initial value of z by a path, which, in the former method of representation, 
would enclose a branch-point, iinplies a change of the branch of the function 
according to the definite order prescribed by the branch-point. Hence the 
final value of the variable z on the Riemann's surface must lie in a sheet that 
is different from that of the initial (and algebraically equal) value ; and 
therefore the sheets must be so connected that, in the immediate vicinity of 
bi-anch-points, there are means of passage from one sheet to another, securing 
the proper interchanges of the branches of the function as defined by the 
equation. 

173. The first necessity is therefore the consideration of the mode in 
which the sheets of a Riemann's surface are joined : the mode is indicated by 
the theorem that sheets of a Riemann's surface are joined along lines. 

The junction might be made either at  a point, as with two spheres in 
contact, or by a common portion of a surface, as with one prism lying on 
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another, or along lines ; but whatever the character of the junction be, it 
must be such that a single passage across i t  (thereby implying entrance to 
the junction and exit from it) nmst change the sheet of the variable. 

If the junction were at  a point, then the z-variable could change from one 
sheet into another sheet, only if its path passed through that point: any 
other closed path would leave the z-variable in its original sheet. A small 
closed curve, infinitesimally near the point and enclosing i t  and no other 
branch-point, is one which ought to transfer the variable to another sheet 
because it encloses a branch-point : and this is impossible with a point-junction 
when the path does not pass through the point. Hence a junction at a point 
only is insufficient to provide the proper means of passage from sheet to 
sheet. 

If the junction were effected by a common portion - 

of surface, then a passage through i t  (implying an - 
_,--_ .a 

entrance into that portion and an exit from it) ought to -, : - 
,' ,: 

change the sheet. But, in such a case, closed contours L----. 

can be constructed which make such a passage without ~ i g .  51. 

enclosing the branch-point a :  thus the junction would cause a change of 
sheet for certain circuits the description of which ought to leave the 
z-variable in the original sheet. Hence a junction by a continzcozcs arsa of 
swface does not provide proper means of passage from sheet to sheet. 

The only possible junction which remains is a line. 
The objection in the last case does not apply to a closed a ,.--.. 

A . .  

, 0 ,' , 
;*s--/ contour which does not contain the branch-point ; for the 

line cuts the curve twice and there are therefore two Fig. 52. 

crossings ; the second of them makes the variable return to the sheet which 
the first crossing compelled i t  t o  leave. 

Hence the junction between any two sheets takes place along a line. 

Such a line is called* a branch-line. The branch-points of a multiforni 
function lie on the branch-lines, after the foregoing explanations; and a 
branch-line can be crossed by the variable only if the variable change its 
sheet a t  crossing, in the sequence prescribed by the branch-point of the 
function which lies on the line. Also, the sequence is reversed when the 
branch-line is crossed in the reversed direction. 

Thus, if two sheets of a surface be connected along a branch-line, a point which 
crosses the line from the first sheet must pass into the second and a point whieh crosses 
the line from the second sheet must pass into the  first. 

Again, if, along a common direction of branch-line, the first sheet of a surface 
be connected with the second, the second with the third, and the third with 

* Sometimes cross-line, sometimes branch-section. The German title is Verzweigungachnitt; 
the French is ligne de passage; see also the note on the equivalents of branch-point, p. 15. 

22-2 
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the first, a point which crosses the line frorn the first sheet in one direction must pass 
into the second sheet, but if it crow the line in the other direction it must pass into 
the third sheet. 

A branch-point does not necessarily affect al1 the branches of a function : 
when i t  affects only some of them, the corresponding property of the Riemann's 
surface is in evidence as follows. Let z=a determine a branch-point affecting, 
Say, only r branches. Take n points a, one in each of the sheets ; and through 
thein draw n lines cab, having the same geometrical position in the respective 
sheets. Then in the vicinity of the point a in each of the n sheets, associated 
with the r affected branches, there must be means of passage from each one 
to al1 the rest of theni ; and the lines cab can conceivably be the branch-lines 
with a properly established sequence. The point a does not affect the other 
n - r  branches: there is therefore no necessity for means of passage in the 
vicinity of a among the remaining n- r sheets. I n  each of these remaining 
sheets, the point a and the line cab belong to their respective sheets alone : 
for thetn, the point a is not a branch-point and the line cab is not a branch- 
line. 

174. Several essential properties of the branch-lines are immediate 
inferences from these conditions. 

1. A free end of a brunch-line in  a surface is a branch-poiwt. 
Let a simple circuit be drawn round the free end so small as to enclose no 

branch-point (except the free end, if i t  be a branch-point). The circuit meets 
the branch-line once, and the sheet is changed because the branch-line is 
crossed; hence the circuit includes a branch-point which therefore can be 
only the free end of the line. 

Note. A branch-line may terminate in the boundary of the surface, 
and then the extremity need not be a branch-point. 

II. When a branch-line extends beyond a branch-point lying in. its course, 
the sequence of interchange i s  not the same on the two sides of the point. 

If the sequence of interchange be the same on the two sides of the branch- 
point, a srnall circuit round the point would first cross one part of the branch- 
line and therefore involve a change of sheet and then, in its course, would 
cross the ot,her part of the branch-line in the other direction which, on the 
supposition of unaltered sequence, would cause a return to the initia.1 sheet. 
In  that case, a circuit round the branch-point would fail to secure the proper 
change of sheet. Hence the sequence of interchange caused by the branch- 
line cannot be the same on the two sides of the point. 

III. If two branch-hines with diferent sepuences of interchange have a 
common extremity, that point w either a branch-point or an extremity of at 
least one other branch-lime. 
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If the point be not a branch-point, then a simple curve enclosing it, taken 
so small as to include no branch-point, must 
leave the variable in its initial sheet. Let A 
be such a point, AB and AC be two branch- 
lines having A for a common extremity; let 

c\ --.,,; 
i*.; r 

the sequence be as in the figure, taken for a 
Fig. 53. 

simple case; and suppose that the variable 
initially is in the r th  sheet. A passage across AB makes the variable 
pass into the sth sheet. If there be no branch-line between AB and AC 
having an extremity at A, and if neither n nor m be s, then the passage 
across AC makes no change in the sheet of the variable and, therefore, in 
order to restore before AB, at  least one branch-line must lie in the angle 
between AC and AB, estimated in the positive trigonometrical sense. 

If either n or m, say n, be s, then after passage across AC, the point is in 
the n ~ t h  sheet ; then, since the sequences are not the same, nz is not r and 
there must be some branch-line between AG and AB to make the point 
return to the r th  sheet on the completion of the circuit. 

If then the point A be not a branch-point, there must be at  least one 
other branch-line having its extremity at A. This proves the proposition. 

COROLLARY 1. If both of two branch-lines extend beyond a point of intw- 
section, which is not a branch-point, no sheet of the surface hm both of them for 
branch-lines. 

COROLLARY 2. If a change of sequence occur ut any point of a branch- 
line, then either that point is a branch-point o r  i t  lies a h  on some other 
branch-line. 

COROLLARY 3. NO part of a branch-line with mly one branch-point on it 
can be a closed curue. 

It is evidently superfluous to have a branch-line without any branch-point 
on it. 

175. On the basis of these properties, we can obtain a system of branch- 
lines satisfying the requisite conditions ahich are :- 

(i) the proper sequences of change from sheet to sheet must be 
secured by a description of a simple circuit round a branch- 
point: if this be satisfied for each of the branch-points, it 
will evidently be satisfied for any combination of simple circuits, 
that is, for any path whatever enclosing one or more branch- 
points. 

(ii) the sheet, in which the variable re-assumes its initial value after 
describing a circuit that encloses no branch-point, must be the 
initial sheet. 
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In the z-plane of Cauchy's method, let lines be drawn from any point 1 ,  not 
a branch-point in the first instance, to each of the branch-points, as in fig. 19, 
p. 156, so that the joining lines do not meet except at  1: and suppose the 
n-sheeted Riemann's surface to have branch-lines coinciding geometrically 
with these lines, as in f~ 1'73, and having the seqiience of interchange for 
passage across each the same as the order in the cycle of functional values 
for a small circuit round the branch-point a t  its free end. No line (or part 
of a line) can be a closed curve; the lines need not be straight, but they 
will be supposed drawn as direct as possible to the points in angular 
succession. 

The first of the above requisite conditions is satisfied by the establish- 
ment of the sequence of interchange. 

To consider the second of the conditions, i t  is convenient to divide 
circuits into two kinds, (a) those which exclude 1, (P) those which include 1 ,  
no one of either kind (for Our present purpose) including a branch-point. 

A closed circuit, excluding 1 and al1 the branch-points, must intersect a - 

branch-line an even number of times, if 
it intersect the line in real points. Let 
the figure (fig. 54) represent such a case : 
then the crossings a t  A and B counter- 
act one another and so the part be- 
tween A and B may without effect be B 

transferred across IB, so as not to cut 
the branch-line a t  all. Similarly for 
the points C and D: and a similar 
transference of the part now between 
C and D may be made across the 
branch-line without effect: that is, the Fig. 54. 
circuit can, without effect, be changed 
so as not to cut the branch-line IB, at  all. A similar change can be made 
for each of the branch-lines : and so the circuit can, without effect, be changed 
into one which meets no branch-line and therefore, on its completion, leaves 
the sheet unchanged. 

A closed circuit, including 1 but no branch-point, must meet each branch- 
line an odd number of times. A change similar in character to that in 
the previous case may be made for each branch-line : and without affecting 
the result, the circuit can be changed so that i t  meets each branch-line only 
once. Now the effect produced by a branch-line on the function is the same 
as the description of a simple hop round the branch-point which with I 
determines the branch-line: and therefore the effect of the circuit a t  present 
contemplated is, after the transformation which does not affect the result, the 
same as that of a circuit, in the previously adopted mode of representation, 
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enclosing al1 the branch-points. But, by Cor. III. of 5 90, the effect of a 
circuit which encloses al1 the branch-points (including a = a, if it be a 
branch-point) is to restore the value of the function which i t  had at  the 
beginning of the circuit: and therefore in the present case the effect is to 
make the point return to the sheet in which i t  lay initially. 

It follows therefore that, for both k h d s  of a closed circuit containing no 
branch-point, the effect is to make the z-variable return to its initial sheet 
on resuming its initial value at the close of the circuit. 

Next, let the point 1 be a branch-point; and let i t  be joined by lines, 
as direct* as possible, to each of the other branch-points in angular succes- 
sion. These lines will be regarded as the branch-lines ; and the sequence of 
interchange for passage across any one is made that of the interchange pre- 
scribed by the branch-point at  its free extremity. 

The proper sequence of change is secured for a description of a simple 
closed circuit round each of the branch-points other than 1. Let a small 
circuit be described round 1 ;  it meets each of the branch-lines once and 
therefore its effect is the same as, in the language of the earlier method of 
representing variation of z, that of a circuit enclosing al1 the branch-points 
except 1. Such a circuit, when taken on the Neumann's sphere, as in Cor. 
III., § 90 and Ex. 2, § 104, may be regarded in two ways, according as one or 
other of the portions, into which i t  divides the area of the sphere, isregarded 
as the included area; in  one way, i t  is a circuit enclosing al1 the branch- 
points except I ,  in the other it is a circuit enclosing I alone and no other 
branch-point. Without making any modification in the final value of tu, i t  
can (by $ 90) be deformed, either into a succession of loops round al1 the 
branch-points save one, or into a loop round that one ; the effect of these two 
deformations is therefore the same. Hence the effect of the small closed 
circuit round 1 meeting al1 the branch-lines is the same as, in the other mode 
of representation, that of a small curce round 1 enclosing no other branch- 
point; and therefore the adopted set of branch-lines secures the proper 
sequence of change of value for description of a circuit round 1. 

The h s t  of the two necessary conditions is therefore satisfied by the 
present arrangement of branch-lines. 

The proof, that the second of the two necessary conditions is also satisfied 
by the present arrangement of branch-lines, is similar to that in the preceding 
case, save that only the first kind of circuit of the earlier proof is possible. 

It thus appears that a system of branch-lines can be obtained which 
secures the proper changes of sheet for a multiform function : and therefore 
Riemann's surfaces can be constructed for such a function, the essential 
property being that over its appropriate surface an otherwise multiform 
function of the variable is a uniform function. 

* The reason for this will appear in 8 183, 184. 
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The multipartite character of the function has its influence preserved by 
the character of the surface to which the function is referred: the surface, 
consisting of a number of sheets joined to one another, may be a miiltiply 
connected surface. 

In  thus proving the general existence of appropriate surfaces, there has 
remained a large arbitrary element in their actual construction : moreover, 
in particular cases, there are methods of obtaining varied configurations of 
branch-lines. Thus the assignment of the n branches to the n sheets has 
been left unspecified, and is therefore so far arbitrary: the point I, if not a 
branch-point, is arbitrarily chosen and so there is a certain arbitrariness of 
position in the branch-lines. Naturally, what is desired is the simplest 
appropriate surface : the particiilarisation of the preceding arbitrary qualities 
is used to derive a canonical form of the surface. 

176. The discussion of one or two simple cases will help to illustrate the 
mode of junction between the sheets, made by branch-lines. 

The simplest case of al1 is that in which the surface has only a single 
sheet: i t  does not require discussion. 

The case next in simplicity is that in which the surface is two-sheeted: 
the fiinction is therefore two-valued . and is consequently defined by a 
quadratic equation of the form 

Lua + +Mu + N =  O, 
where L and M are uniform functions of z. When a new variable w is 
introduced, defined by Lu + M= w, so that values of w and of u correspond 
uniquely, the equation is 

wa= @- LN= P (2). 

I t  is evident that  every branch-point of u is a branch-point of w, and 
vice versa; hence the Riemann's surface is the same for the two equations. 
Now any root of P (2) of odd degree is a branch-point of W. If then 

P (2) = &2 (2) R (4, 
where R (z)  is a product of only simple factors, every factor of R (z )  leads to 
a branch-point. I f  the degree of R ( z )  be even, the number of branch-points 
for finite values of the variable is even and z = or, is not a branch-point ; if the 
degree of R ( z )  be odd, the number of branch-points for finite values of the 
variable is odd and z = ço is a branch-point : in either case, the nuinber of 
branch-points is even. 

There are only two values of w, and the Riemann's surface is two-sheeted: 
crossing a branch-line therefore merely causes a change of sheet. The free 
ends of branch-lines are branch-points; a small circuit round any branch- 
point causes an interchange of the branches w, and a circuit round any two 
branch-points restores the initial value of w a t  the end and therefore leaves 
the variable in the same sheet as a t  the beginning. These are the essential 
requirements in the present case; al1 of them are satisfied by taking each 
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Irranch-line as a line connecting two (and only two) of the branch-poh~ts. The 
ends of al1 the branch-lines are free: and their number, in this inethod, is 
one-half that of the (even) number of branch-points. A small circuit round 
a branch-point meets a branch-line once and causes a change of sheet; a 
circuit round two (and not more than two) branch-points causes either no 
crossing of branch-line or an even number of crossings and therefore restores 
the variable to the initial sheet. 

A branch-line is, in this case, usually drawn in the form of a straight line 
when the surface is plane: but this form is not essential and al1 that is 
desirable is to prevent intersections of the branch-lines. 

Note. Junction between the sheets along a branch-line is easily secured. 
The two sheets to be joined are cut along the branch-line. One edge of'the 
cut in the upper sheet, eay its right edge looking along the section, is joined 
to the left edge of the cut in the lower sheet ; and the left edge in the upper 
sheet is joined to the right edge in the lower. 

A few simple examples will illustrate these remarks as to the sheets : illustrations of 
closed circuits will arise later, in the consideration of integrals of multiform functions. 

Ex. 1. Let w2=A (2-a) (2-b), 

so that a and 6 are the only branch-points.. The surface is two-sheeted : the line ab may 
be made the branch-line. I n  Fig. 55 only part of the upper sheet is shewn*, as likewise 
only part of the lower sheet. Continuous lines imply what is  visible ; and dotted lines 
what is invisible, on the supposition that the sheets are opaque. 

The circuit, closed in the surface and passing round O, is made up of OJK in the upper 
sheet: the point crosses the branch-line and then passes into the lower sheet, where it 
describes the dotted line KLH: i t  then meets and crosses the branch-line a t  H, passes 
into the upper sheet and in that sheet returns to  O. Similarly of the line ABC, the part 
AB lies in the lower sheet, the part BC in the upper : of the line DG the part BE lies in 
the upper sheet, the part EFG in the lower, the piece FG of this part being there visible 
beyond the boundary of the retained portion of the upper surface. 

Ex. 2. Let Xwz=z3 - a3. 

The branch-points (Fig. 56) are A (=a), B (=aa), C(=aa2), where a is a primitive cube 
root of unity, and z=m. The branch-lines can be made by BC, Aco ; and the two- 
sheeted surface will be a surface over which w is uniform. Only a part of each sheet 
is shewn in the figure; a section also is  made a t  dl across the surface, cutting the branch- 
line Am.  

Ex. 3. Let wm=Zn, 
where n and m are prime to each other. The branch-points are z=0 and z=co ; and the 
branch-line extends from O to m. There are m sheets ; if we associate them in order with 
the branches w,, where 

n (d+Zsn)i 

w,=rme II" 

for 8=l, 2, ..., m, then the first s h e t  is connected with the second forwards, the second 
with the third forwards, and so on ; the mth being connected with the first forwards. 

The form of the three figures in the plate opposite p. 346 is suggested by Hokmüller, Ein- 
führung in die Theorie der isogonalen Verwandachuften und der confwmen Abbilàungen, (Leipzig, 
Teubner, 1882), in which several illustrations are given. 
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The surface is sometimes also called a whnding-su~face; and a branch-point such as  
z=0  on the surface, where a number m of sheets pass ints  one another in  succession, is 
also called a .winding-po2nt of order na- 1 (see p. 15, note). An illustration of the surface 
for rn= 3 is given in Fig: 57, the branch-line being cut so as to shew the branching : what 
is visible is indicated by continuous lines ; what is in the second sheet, but is invisible, is  
indicated by the thickly dotted line; what is in  the third sheet, but is invisible, is indic- 
ated by the thinly dotted line. 

Ex. 4. Consider a three-sheeted surface having four branch-points a t  u, b, c, d ; and 
let each point interchange two branches, say, WZ, w3 a t  a ; ml, w3 a t  b ; vu,, w3 at  c ; w,, w, 

Fig. 68. 

a t  d;  the points being as in Fig. 58. It is easy to verify that  these branch-points 
satisfy the condition that a circuit, enclosing them all, restores the initial value of W. 

The branching of the sheets may be made as in the figure, the integers on the two sides 
of the line indicating the  sheets that are to be joined along the line. 

A canonical form for such a surface can be derived from the more general case given 
later (in $$ 186-189). 

Ex. 5. Shew that, if the equation 

f (w, 4=0 
be of degree n in w and be irreducible, all the n sheets of the surface are connected, that 
is, i t  is possible by an appmpriate path to pass from any sheet to any other sheet. 

177. I t  is not necessary to limit the surface repre~ent~ing the variable to 
a set of planes; and, indeed, as with uniforin functions, there is a convenience 
in using the sphere for the purpose. 

We take n spheres, each of diameter unity, touching the Riemann's plane 
surface at  a point A ; each sphere is regarded as the stereographic projection 
of a plane sheet, with regard t o  the other extremity A' of the spherical 
diameter through A. Then, the sequence of these spherical sheets being 
the sarne as the sequence of the plane sheets, branch-points in the plane 
surface project into branch-points on the spherical surface : branch-lines be- 
tween the plane sheets project into branch-lines between the spherical sheets 
and are terminated by corresponding points ; and if a branch-line extend in 
the plane surface to z= oo, the corresponding branch-line in the spherical 
surface is terminated at  A'. 

A surface will thus be obtained consisting of n spherical sheets; like 
the plane Riemann's surface, it is one over which the n-valued function is a 
uniform function of the position of the variable point. 
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Fig. 55 

Fig. 56. 

Fig.57. 
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177.1 CONNECTIVITY OF A RIEMANN'S SURFACE 347 

But also the connectivity of the n-sheeted spherical surface is  the same as 
that of the n-sheeted plane surface with which it is associated. . 

In fact, the plane surface can be mechanically changed into the spherical 
surface without tenring, or repairing, or any change except bending and 
compression: al1 that needs to be done is that the n plane sheets shall be 
bent, without rnaking any change in their sequence, each into a spherical 
form, and that the boundaries a t  infinity (if any) in the plane-sheet shall 
be compressed into an infinitesimal point, being the South pole of the 'cor- 
responding spherical sheet or sheets. Any junctions between the plane 
sheets extending to infinity are junctions terminated at  the South pole. As 
the plane surface has a boundary, which, if a t  infinity on one of the sheets, is 
therefore not a branch-line for that sheet, so the spherical surface has a 
boundary which, if a t  the South pole, cannot be the extremity of a branch- 
line. 

178. We proceed to obtain the connectivity of a Riemann's surface: i t  
is determined by the following theorern :- 

Let the total number of luranch-points in a Riemann's n-sheeted surface be 
r ;  and let the number of branches of the function interchanging at the Jirst 
poiat be m,, the number interchanging at the second Oe m, and so on. Then 
the connectivity of the surface is  

Ln- 2n+3, 

where i2 denotes m, + m, + . . . + m,. - r. 
Take* the surface in the bounded spherical fonn, the connectivity N of 

which is the same as that of the plane surface: and let the boundary be a 
small hole A in the outer sheet. By means of cross-cuts and loop-cuts, the 
surface can be resolved into a number of distinct simply connected pieces. 

First, make a slice bodily through the sphere, the edge in the 
outside sheet meeting A and the direction of the 
slice through A being chosen so that none of the 
branch-p0int.s lie in any of the pieces cut off. Then n 
parts, one from each sheet and each simply connected, 
are taken away. The remainder of the surface has a 
cup-like form; let the connectivity of this remainder 
be M. 

This slice has implied a number of cuts. 

The cut made in the outside sheet is a cross-cut, 
because it begins and ends in the boundary A. I t  

0 Fig. 59. 

divides the surface into two distinct pieces, one being 
the portion of the outside sheet cut off, and this piece is simply connected; 

* The proof is fonnded on Nenmann's, pp. 168-172. 
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348 CONNECTIVITY OF A SURFACE [178.  

hence, by Prop. III. of 5 160, the remainder has its connectivity still repre- 
sented by N. 

The cuts in al1 the other sheets, caused by the slice, are al1 loop-cuts, 
because they do not anywhere meet the boundary. There are n-  1 loop- 
cuts, and each cuts off a simply connected piece ; and the remaining surface 
is of connectivity M. Hence, by Prop. V. of 5 161, 

and therefore M = N + n - 1 .  

I n  this remainder, of connectivity M, make r -  1 cuts, each of which 
begins in the rim and returns to the rim, and is to be made through the n 
sheets together ; and choose the directions of these cuts so that each of the 
r  resulting portions of the surface contains one (and only one) of the branch- 
points. 

Consider the portion of the surface which contains the branch-point 
where m, sheets of the surface are connected. The m, connected sheets 
constitute a piece of a winding-surface round the winding-point of order 
rn, - 1 ; the remaining sheets are unaffected by the winding-point, and 
therefore the parts of them are n -ml distinct simply connected pieces. 
The piece of winding-surface is simply connected; because a circuit, that 
does not contain the winding-point, is reducible without passing over the 
winding-point, and a circuit, that does contain the winding-point, is reducible 
to the. winding-point, so that no irreducible circuit can be drawn. Hence 
the portion of the surface under consideration consists of n - ml + 1 distinct 
simply connected pieces. 

Similarly for the other portions. Hence the total number of distinct 
simply connected pieces is 

r 
2 (n -m,+ l )  

q = l  
'r 

= n r -  2 m q + r  
q=l  

= nr - a. 
But in the portion of connectivity M each of the r - 1 cuts causes, in 

each of the sheets, a cut passing from the boundary and returning to the 
boundary, that is, a cross-cut. Hence there are n cross-cuts from each of the 
r - 1 cuts, and therefore n (r - 1) cross-cuts altogether, made in the portion of 
surface of connectivity M. 

The effect of these n(r-1)  cross-cuts is to resolve the portion of con- 
nectivity M into nr - LI distinct simply connected pieces ; hence, by $ 160, 

M = n ( r - 1 ) - ( n r - f l ) + 2 ,  
and therefore N = M - ( n - 1 )  = n - 2 n + 3 ,  

the connectivity of the Riemann's surface. 
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178.1 CLASS OF A SURFACE 349 

9' 

The quantity 1(2, having the value Z (mp - 1), may be called the rami- 
o=l 

Jication of the surface, as indicating the aggregate sum of the orders of 
the different branch-points. 

Note. The surface just considered is a closed surface to which a point 
has been assigned for boundary; hence, by Cor. I., Prop. III., 5 164, its 
connectivity is an odd integer. Let i t  be denoted by 2p + 1 ; then 

and 2p is the nurnber of cross-cuts which change the Riemann's surface into 
one that is sirnply connected. 

The integer p is often called (Cor. I., Prop. III., § 164) the clsass of the 
Riemann's surface ; and the equwtion 

f (w, z ) = 0  

is ssaid to be of class p, when p is the clnss of the ussociated Riemam's 
surface. 

Ex. 1. When the equation is 

wz=A (z-a) (z-b), 

we have a two-sheeted surface, n=2. There are two hranch-points, z=a and z= b ; but 
z=a> is not a hranch-point; so that r=2. A t  each of the branch-point3 the two values are 
interchanged, so that ml= 2, rn,=2 ; thus 0 = 2. Hence the connectivity =2 - 4+3= 1, 
that is, the surface is simply connected. 

The surface can be deformed, as in the example in $ 169, into a sphere. 

Ex. 2. When the equation is 

= 4 (2 - el) (z - e,) (2 - e,), 
we have n= 2. There are four branch-points, viz., el, e,, e,, ai, so that  r= 4 ; and a t  each 
of them the two valuea of w are interchanged, so that nz,=2 (for s= l ,2 ,  3, 4), and therefore 
Q = 8 - 4 = 4. Hence the connectivity is 4 - 4 +3, that is, 3 ; and the value of p is unity. 

Similarly, the surface associated with the equation 

202= U(z) ,  

where U(z) is a rational, integral, algebraical function of degree 2m- 1 or of degree 2m, 
is of connectivity 2m + 1 ; so that  p = m. The equation 

is  of class p= 1. The case next in importance is  that of the algebraical equation leading to 
the hyperelliptic functions, when U i s  either a quintic or a sextic; and then p=2. 

Ex. 3. Obtain the connectivity of the Riemann's surface associated with the equation 

d+z3-3awz=l, 

where a is a constant, (i) when a is zero, (ii) when a is different from zero. 
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Ex. 4. Shew that, if the surface associated with the equatiou 

f (w ,4=0 ,  

have p boundary-lines instead of one, and if the equation have the same branch-points 
as in the foregoing proposition, the connectivity is 0 - 2n +p + 2. 

179. The consideration of irreducible circuits on the surface a t  once 
reveals the multiple connection of the surface, the numerical measiire of 
which has been obtained. I n  a Riemann's surface, a simple 
closed c.ircuit cannot be deforrned over a branch-poi~t. Let 
A be a branch-point, and let AE ... be the branch-line -.-.--- -q' :A 

having a free end a t  A. Take a curve . ..CED.. . crossing ci' D' 

the branch-line a t  E and passing into a sheet different Fig. 60. 
from that which contains the portion CE;  and, if possible, 
let a slight deformation of the curve be made so as to transfer the portion 
CE across the branch-point A. In  the deformed position, the curve 
. . . C%'B1.. . does not meet the branch-line ; there is, consequently, no 
change of sheet in its course near A and therefore ED' ..., which is the 
continuation of ... CE', cannot be regarded as the deformed position of ED. 
The two paths are essentially distinct; and thus the original path cannot be 
deformed over the branch-point. 

I t  therefore follows that continuous deformation of a circuit over a 
branch-point on a Riemann's surface is a geometrical impossibility. 

Ex. Trace the variation of the curve GED, as the point E moves up to A and then 
returns along the other side of the branch-line. 

Hence a circuit containing two or inore of the branch-points is irreducible ; 
but a circuit containing al1 the branch-points is equivalent to a circuit that 
contains none of them, and i t  is therefore reducible. 

If a circuit contain only one branch-point, i t  can be continuously deformed 
so as to coincide with the point on each sheet and therefore, being deformable 
into a point, it is a reducible circuit. An illustration has already occurred in 
the case of a portion of winding-surface containing a single winding-point 
(p. 348); al1 circuits drawn on i t  are reducible. 

It follows from the preceding results that the Riemann's surface associated 
with a multiform function is generally one of multiple connection ; we shall 
find it convenient to know how i t  can be resolved, by means of cross-cuts, into 
a simply connected surface. The representative surface will be supposed a 
closed surface with a single boundary ; its connectivity, necessarily odd, being 
2p + 1, the number of cross-cuts necessary to resolve the surface into one 
that is simply connected is 2p ; when these cuts have been made, the simply 
connected surface then obtained will have its boundary composed of a single 
closed curve. 
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One or two simple examples of resolution of special Riemann's surfaces wili be u s e f ~ ~ l  
in leading up to the general explanation; in the examples it will be shewn how, in 
conformity with $ 168, the resolving cross-cuts render irreducible circuits impossible. 

Ex. 1. Let the equation be 

+ = A  (z-a)@-b) (z-c)(z-d), 

where a, b, c, d are four distinct points, al1 of finite modulus. The surface is two-sheeted; 
each of the points a, b, O, d is a branch-point where the two values of w interchange ; and 
so the surface, aasumed to have a single boundary, is triply connected, the value of p 
being unity. The branch-lines are two, each connecting a pair of branch-points ; let them 
be ab and cd. 

Two cross-cuts are necessary and sufficient to resolve the surface into one that is 
simply connected. We first make a cross-cut, 
beginning a t  the boundary B, (say it is in the 
upper sheet), continuing in that  shed and re- 
turning t o  B, so that its course encloses the 
branch-line ab (but not cd) and meets no branch- 
line. I t  is a cross-out, and not a loop-cut, for it 
begins and ends in the boundary ; it is evidently 
a cut in the upper sheet alone, and does not 
divide the surface into distinct portions ; and, 
once made, i t  is to be regarded as boundary for 
the partially cut surface. 

The surface in its present condition is con- B 
nected : and therefore it is possible to pass from one edge to the other of the cut just 
made. Let P be a point on it ; a curve that passes from one edge to the other is  indicated 
by the line PQR in the upper sheet, RS  in the lower, and XP in the upper. Along this 
line make a cut, beginning at  P and returning to P ; i t  is a cross-cut, partly in the 
upper sheet and partly in the lower, and it  does not divide the surface into distinct 
portions. 

Two cross-cuts in  the triply connected surface have now been made ; neither of them, 
as made, divides the surface into distinct portions, and each of them when made reduces 
the coniiectivity by one unit ; hence the surface is now simply connected. It is easy to 
see that  the boundary consists of a single line not intersecting itself; for beginning 
a t  P, we have the outer edge of PBT, then the inner edge of PQRSP, then the inner 
edge of PTB, and then the outer edge of PSRQP, returning to P. 

The required resolution has been effected. 

Before the surface was resolved, a number of irreducible circuits codd be drawn ; a 
complete system of irreducible circuits is composed of two, by $ 168. Such a system may 
be taken in various ways ; let it be composed of a simple c ime  C lying in the upper sheet 
and containing the points a and b, and a simple c m e  D, lying partly in the upper 
and partly in  the lower sheet and containing the points a and c ;  each of these curves 
is irreducible, because it  encloses two branch-points. Every other irreducible circuit 
is reconcileable with these two ; the actual reconciliation in particular cases is effected 
m a t  simply when the surface is taken in a spherical form. 

The irreducible circuit C on the unresolved siirface is impossible on the resolved 
surface owing to the cross-cut SPQBS; and the irreducible circuit D on the unresolved 
surface is impossible on the resolved surface owing to the cross-cut PTB. It is easy 
to verify that no irreducible circuit can be drawn on the resolved surface. 
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In practice, it is conveniently effective to select a complete system of irreducible 
simple circuits and then to make the cross-cuts so that each of them renders one circuit 
of the system impossible on the resolved surface. 

Ex. 2. If the equation be 

W2=423-g,+g, 

= 4 (z - el) (z - e,) (z - e,), 
the branch-points are el, e,, e, and a. When the two-sheeted surface is spherioal, and the 
branch-lines are taken to be (i) a line joining e,, e,; and (ii) a line joining e, to the South 
pole, the discussion of the surface is similar in detail to that in the preceding example. 

Ex. 3. Let the equation be 

w2=AZ(1 -2) (K-2) (A-Z)(p-2), 

and for simplicity suppose that K,  A, p are real quantities subject to the inequalities 

The associated surface is two-sheeted and has a boundary assigned to it ; assuming 
that its sheets are planes, we shall take some point in the finite part of the upper sheet, 
not being a braiich-point, as the boundary. There are six branch-points, vie., O, 1, K,  

A, p, w a t  each of which the two values of w intcrchange ; and so the connectivity of the 
surface is 5 and its class, p, is 2. The branch-lines can be taken as threc, this being 
the simplest arrangement ; let them be the lines joining O, 1 ; K, A ; p, m. 

Four cross-cuts are necessary to resolve the surface into one that is simply connected 
and has a single boundary. They may be obtained as follows. 

Beginning at the boundary L, let a cut LHA be made entirely in the upper sheet 
along a line which, when complete, encloses the points O and 1 but no other branch-points; 
let the cut return to L. This is a cross-cut and i t  does not divide the surface into 
distinct pieces ; hence, after it is made, the connectivity of the modified surface is 4, and 
there are two boundary lines, being the two edges of the cut LHA. 

Beginning a t  a point A in LaA, make a cut along ABC in the upper sheet until 
it meets the branch-line Pm, then in the lower sheet along CSD until it  meets the 
branch-line 01, and then in the upper sheet from D returning to the initial point A. 
This is a cross-cut and it does not divide the surface into distinct pieces ; hence, after i t  
is made, the connectivity of the modified surface is 3, and it is easy to see that there 
is only one boundary edge, similar to the single boundary in Ex. 1 when the surface 
in that example hm been completely resolved. 

Make a loop-cut EPG along a line, enclosing the points K and X b ~ i t  no other branch- 
points ; and change it into a cross-cut by making a cut from E to some point B of the 
boundary. This cruss-cut can be regarded as BEli%E, ending at a point in its own 
earlier course. As it does not divide the surface into distinct pieces, the connectivity is 
reduced to 2 ;  and there are two boundary lines. 
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Beginning a t  a point B make another cross-cut GQPRG, as in the figure, enclosing 
the two branch-points X and p and lying partly in the upper sheet and partly in  the lower. 
It does not divide the surface into distinct pieces : the connectivity is reduced to unity 
and there is a single boundary line. 

Four cross-cuts have been made ; and the surface has been resolved into one that is 
simply connected. 

It is easy to  verify : 

(i) that neither in the upper sheet, nor in the lower sheet, nor partly in the 
upper sheet and partly in the lower, can an irreducible circuit be drawn in the resolved 
surface ; and 

(ii) that, owing to the cross-cuts, the simplest irreduciblc circuits in the unresolved 
surface-viz. those which enclose' O, 1 ; 1, K ; K, X ; X, p ; respectively-are rendered 
impossible in the resolved surface. 

The equation in the present example, and the Riemann's surface associateci with it, 
lead to the theory of hyperelliptic functionsX 

180. The last example suggests a method of resolving any two-sheeted 
surface into a surface that is simply connected. 

The number of its branch-points is necessarily even, Say 2p + 2. The 
branch-lines can be made to join these points in pairs, so that there will be 
p + 1 of them. To determine the connectivity (5 1'181, we have n = 2 and, 
since two values are interchanged at  every branch-point, il= 213 + 2 ; so 
that the connectivity is 2p + 1. Then 2p cross-cuts are necessary for the 
required resolution of the surface. 

We make cuts round p of the branch-lines, that is, round al1 of them but 
one ; each cut is made to enclose two branch-points, and each lies entirely in 
the upper sheet. These are cuts corresponding to the cuts LHA and EE% 
in fig. 62 ; and, as there, the cut round the first branch-line begins and ends 
in the boundary, so that i t  is a cross-eut. Al1 the rernaining cuts are loop- 
cuts a t  present. The system o f p  ciits we denote by (s, G, ..., a,. 

We make other p cuts, one passing from the inner edge of each of the p 
cuts a already made to the branch-line which i t  siirrounds, then in the lower 
sheet to the ( p  + 1)th branch-line, and then in the upper sheet returning to 
the point of the outer edge of the cut a a t  which i t  began. This system of 
cuts corresponds to the cuts ADSCBA and GQPRG in fig. 62. Each of them 
can be taken so as to meet no one of the cuts a except the one in which i t  
begins and ends; and they can be taken so as not to meet one another. 
This system of p cuts we denote by b,, b,, ..., b,, where b, is the cut which 
begins and ends in a,. Al1 these cuts are cross-cuts, because they begin and 
end in boundary-lines. 

Lastly, we make other p  - 1 cuts from a, to b,,, for r = 2, 3, ..., p, al1 in 

* One of the most direct discussions of the theory from this point of view is given by Prym, 
Neue Theorie der ultraelliptischen Functionen, (Berlin, Mayer and Müller, 2nd ed., 1885). 
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the upper sheet ; no one of them, except a t  its initial and its final points, 
meets any of the cuts already made. This system of p - 1 cuts we denote 
by Cs, c3, ."' cp. 

Because b,, is a cross-eut, the cross-cut c, changes a, (hitherto a loop- 
cut) into a cross-cut when c, and a, are combined into a single cut. 

I t  is evident that no one of these cuts divides the surface into distinct 
pieces; and thus we have a system of 2p cross-cuts resolving the two-sheeted 
surface of connectivity 2p + 1 into a surface that is simply connected. The 
cross-cuts in order* are 

q, b,, C, and a,, b,, c, and a,, b,, ..., c, and a,, b,. 

181. This resolution of a general two-sheeted surface suggests-f- Rie- 
mann's general resolution of a surface with any (finite) number of sheets. 

As before, we assume that the surface is closed and has a single boundary 
and that its class is p, so that 2p cross-cuts are necessary for its resolution 
irito one that is simply connected. 

Make a cut in the surface such as not to divide i t  into distinct pieces; 
and let i t  begin and end in the boundary. I t  is a cross-cut, Say a,; i t  
changes the number of boundary-lines to 2 and it reduces the connectivity 
of the cut surface to 2p. 

Since the surface is connected, we can pass in the surface along a 
continuous line from one edge of the eut a, to the opposite edge. Along 
this line make a cut b,: i t  is a cross-eut, because i t  begins and ends in 
the boundary. It passes from one edge of a, to  the other, that is, from one 
boundary-line to another. Hence, as in Prop. II. of § 164, i t  does not divide 
the surface into distinct pieces; it changes the number of boundaries to 1 
and i t  reduces the connectivity to 2p - 1. 

The problem is now the same as a t  first, except that now only 
2p - 2 cross-cuts are necessary for the required resolution. We make a 
loop-cut a,, not resolving the surface into distinct pieces, and a cross-ciit 
c, from a point of a, to a point on the boundary a t  b,; then cl and a,, taken 
together, constitute a cross-cut that does not resolve the surface into distinct 
pieces. It therefore reduces the connectivity to 2p - 2 and leaves two pieces 
of boundary. 

The surface being connected, we can pass in the surface along a continuous 
line from one edge of a, to the opposite edge. Along this h i e  we make a cut 
b,, evidently a cross-eut, passing, like b, in the earlier case, from one 
boundary-line to the other. Hence i t  does not divide the surface into 

See Neumann, pp. 178-182; Prym, ZUT !i'i~orie de7 Functionen in einer zweibiüttrigen 
FCiche, (1866). 

t Riemann, Ges. Werke, pp. 122, 123; Neumann, pp. 182-185. 
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distinct pieces; it changes the number of boundaries to 1 and it reduces 
the connectivity to 2p - 3. 

Proceeding in p stages, each of two cross-cuts, we ultimately obtain a 
simply connected surface with a single boundary ; and the general effect on 
the original unresolved surface is to have a system of cross-cuts somewhat of 
the form 

The foregoing resolution is called the cano~z2cal resolution of a Riemann's 
surface. 

Ex. 1. Construct the Riemann's surface for the equation 

ws+zS-3awz=l, 

both for a=O and for a different from zero; and resolve it  by cross-cuts into a simply 
connected surface with a single boundary, shewing a complete system of irreducible simple 
circuits on the unresolved surface. 

Es. 2. Shew that the Riemann's surface for the equation 

(2-a) (z- b) d= 
( 2 - C )  (2-d) 

is of class p=2 ; indicate the possible systems of branch-lines, and, for each system, 
resolve the surface by cross-cuts into a simply connected surface with a single boundary. 

(Buniside.) 

182. Among algebraical equations with their associated Riemann's 
surfaces, two general cases of great in~portance and comparative simplicity 
distinguish themselves. The first is that in which the surface is two- 
sheeted; round each branch-point the two branches interchange. The 
second is that in which, while the surface has a finite number of sheets 
greater than two, al1 the branch-points are of the first order, that ig, are 
such that round each of them only two branches of the function interchange. 
The former has already been considered, in 00 far as concerns the surface; 
we now proceed to the consideration of the latter. 

The equation is f (w, 4 = 0, 
of degree in w ;  and, for our present purpose, i t  is convenient to regard 
f = O as an equation corresponding to a generalised plane curve of degree n, 
so that rio term in f is of dimensions higher than n. 

The total number of branch-points has been proved, in 5 98, to be 
n ( n - 1 ) - 2 8 - 2 ~ ,  

23-2 
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where 6 is the number of points which are the generalisation of double 
points on the curve with non-coincident tangents and K is the number 
of double points on the curve with coincident tangents. Round each of 
these branch-pointa, two branches of w interchange and only two, so that 
al1 the numbers mq of 5 178 are equal to 2 ;  hence the ramification 
Cl is 

2 ( n ( n - 1 ) - 2 8 - 2 ~ }  -{n(n-1)-26-2x1, 

that is, = ~ a ( n - 1 ) - 2 8 - 2 ~ .  

The connectivity of the surface is therefore 

and therefore the class p of the surface is 

Now this integer is known* as the deJiciency of the curve; and therefore it 
appears that the dejciency of the curve is  the same as the class of the Riemann 
surface associatecl with i ts  equaticm, and also i s  the sarne as the class o f  its 
equatim. 

Moreover, the number of branch-points of the original equation is Cl, that 
is, 

= 2 p + 2 n - 2  

Note. The equality of these numbers, representing the deficiency and 
the class, is one arnong many reasons that lead to the close association of 
algebraic functions (and of functions dependent on them) with the theory of 
plane algebraic curves, in the investigations of Nother, Brill, Clebsch and 
others, referred to in $ 191, 242. 

183. With a view to the construction of a cnnonical form of Riemann's 
surface of class p for the equation under consideration, i t  is necessary to 
consider in some detail the relations between the branches of the functions 
as they are affected by the branch-pointu. 

The effect produced on any value of the function by the description of a 
small circuit, enclosing one branch-point (and only one), is known. But 
when the small circuit is part of a loop, the effect on the value of the 
function with which the loop begins to be described depends upon the form 
of the loop; and various results (eg. Ex. 1, § 104) are obtained by taking 
different loops. In the first form (§ 1'15) in which the branch-lines were 
established as junctions between sheets, what was done was the equivalent 

* Salmon's HigRer Plane Cumes, 55 44, 83;  Clebsch's Vorlesungen über Gemnetrie, (edited 
by Lindemann), t. i, pp. 351-429, the German word used instead of defioiency being Geschlecht. 
The name 'deficiency' was introduced by Cayley in 1865: see Proe. Lond. Math. Soc., vol. i . ,  
" @n the transformation of plane curves." 
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of drawing a number of straight loops, which had one extremity common to 
al1 and the other free, and of assigning the law of junction according to the 
law of interchange determined by the description of the loop. As, however, 
there is no necessary limitation to the forms of branch-lines, we may draw 
them in other forms, always, of course, having branch-points a t  theiï free 
extremities ; and according to the variation in the form of the branch-line, 
(that is, according to the variation in the form of the corresponding loop 
or, in other words, according to the deformation of the loop over other 
branch-points from some form of reference), there will be variation in the law 
of junction along the branch-lines. 

There is thus a large amount of arbitrary character in the forms of the 
branch-lines, and consequently in the laws of junction along the branch-lines, 
of the sheets of a Riemann's surface. Moreover, the assignment of the n 
branches of the function to the n sheets is arbitrary. Hence a consider- 
able amount of arbitrary variation in the configuration of a Riemann's 
surface is possible within the limits imposed by the invariance of its 
connectivity. The canonical form will be established by making these 
arbitrary elements definite. 

184. After the preceding explanation and always under the hypothesis 
that the branch-points are simple, we shall revert temporarily to the use of 
loops and shall ultimately combine them into branch-lines. 

When, with an ordinary point as origin, we construct a loop round a 
branch-point, two and only two of the values of the function are affected 
by that particular loop ; they are interchanged by it ; but a different form of 
loop, from the same origin round the same branch-point, might affect some 
other pair of values of the function. 

To indicate the law of interchange, a symbol will be convenient. If the 
two values interchanged by a given loop be wi and w,, the loop will be 
denoted by im ; and i and m will be called the numbers of the symbol of that 
loop. 

For the initial configuration of the loops, we shall (as in 5 175) take an 
ordinary point O : we shall make loops beginning a t  O, forming them in the 
sequence of angular succession of the branch-points round O and drawing the 
double linear part of the loop as direct as possible from O to its branch-point : 
and, in this configuration, we shall take the law of interchange by a loop to 
be the law of interchange by the branch-point in the loop. 

In  any other configuration, the symbol of a loop round any branch-point 
depends upon its form, that is, depends upon the deformation over other 
branch-points which the loop has suffered in passing from its initial form. 
The effect of such deformation must first be obtained: i t  is determined by 
the following lemma :- 
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When one loop is deformed over another, the symbol of the deformed loop is 
unaltered, if neither of its numbers o r  if both of its numbers occur in th.e 
symbol of the unmoved loop; but if, before deformation, the symbols have one 
number common, the new symbol of the deformed loop is obtained from the old 
symbol by substituting, for the common number, the other number in the symbol 
of the unmoved loop. 

The sufficient test, to which al1 such changes must be subject, is that 
the effect on the values of the function at  any point of a contour enclosing 
both branch-points is the same a t  that point for al1 deformations into two 
loops. Moreover, a complete circuit of al1 the loops is the same as a contour 
enclosing al1 the branch-points; it therefore (Cor. III. 5 90) restores the initial 
value with which the circuit began to be described. 

Obviously there are three cases. 

First, when the symbols have no number common: let them be ma, rs. 
The branch-point in the loop rs does not affect w, or w,: i t  is thus effectively 
not a branch-point for either of the values w, and w,; and therefore ( 5  91) 
the loop rnn can be deformed across the point, that is, it can be deformed 
across the loop mn. 

Secondly, when the symbols are the same: the symbol of the deformed 
loop must be unaltered, in order that the contour embracing only the two 
branch-points may, as it should, restore after its complete description each of 
the values affected. 

Thirdly, when the symbols have one number common: let O be any 
point and let the loops be OA, OB in any given position such as (i), Fig. 64, 
with symbols mr; nr  respectively. Then OB may be deformed over OA as 
in (ii), or OA over OB as in (iii). 

A 
'& 

Fig. 64. 

The effect a t  O of a closed circuit, including the points A and B and 
described positively beginning at  O, ie, in (i) which is the initial configura- 
tion, to change w, into w,, w, into w,,, w, into w,,; this effect on the 
values at  O, unaltered, must govern the deformation of the loops. 

The two alternative deformations (ii) and (iii) d l  be considered separately. 

When, as in (ii), OB is deformed over OA, then OA is unmoved and 
therefore unaltered : i t  is still mr. Now, beginning at  O with w,, the loop 
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OA changes w, into w,: the whole circuit changes w, into w,, so that OB 
must now leave w, unaltered. Again, beginning with w,, it is unaltered by 
OA, and the whole circuit changes w, into w,: hence OB must change wn 
into w,, that is, the symbol of OB must be mn. And, this being so, an 
initial w, at  O is changed by the whole circuit into w,, as it should be. 
Hence the new symbol rnn of the deformed loop OB in (ii) is obtained from 
the old symbol by substituting, for the common number r, the other number 
m in the symbol of the unmoved loop OA. 

We may proceed similarly for the deformation in (iii) ; or the new symbol 
may be obtained as follows. The loop O d  in (iii) may be deformed to the 
form in (iv) without crossing any branch-point and ,  therefore without 
changing its symbol. When this form of the loop is described in the 
positive direction, w, initially a.t O is changed into w, after the first loop 
OB, for this loop has the position of OB in (i), then i t  is changed into w, 
after the loop 08, for this loop has the position of OA in (i), and then w, is 
unchanged after the second (and inner) loop OB. Thus wn is changed into 
w,, so that the symbol is mn, a symbol which is easily proved to give the 
proper results with an initial value w, or w, for the whole contour. This 
change is as stated in the theorem, which is therefore proved. 

Ex. If the deformation from (i) to (ii) be called superior, and that from (i) to  (iii) 
inferior, then G successive superior deformations give the same loop-configuration, in 
symbols and relative order for positive description, as 6 - x successive inferior deform- 
ations. 

COROLLARY. A Zoop can be passed unchanged over two Zoops that have the 
sarne symbol. 

Let the common symbol of the unmoved loops be mn. If neither number 
of the deformed loop be m or n,, passage over each of the loops mn makes no 
difference, after the lemma ; likewise, if its symbol be mn. If only one of its 
numbers, Say n, be in rnn, its symbol is nr, where r is different from m. When 
the loop nr is deformed over the first loop mn, its new symbol is mr ; when 
this loop nrr is deformed over the second loop mn, its new symbol is nr, that 
is, the final symbol is the same as the initial symbol, or the loop is unchanged. 

185. The initial configuration of the loops is used by Clebsch and 
Gordan to establish their simple cycles and thence to deduce the periodi- 
city of the Abelian integrals connected with the equation f (w, z) = 0, 
without reference to the Riemann's surface; and this method of treating 
the functions that arise through the equation, always supposed to have 
merely simple branch-points, has been used by Casorati* and Lürotht.  

We can pass from any value of w a t  the initial point O to any other 

* dnnnli di Matemt ica ,  2" Ser., t. iii, (1870), pP. 1-27. 
t Abh. d. K. bay. Akad. t. xvi, i Abth., (1887), pp. 199-241. 
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value by a suitable series of loops; because, were i t  possible to inter- 
change the values of only some of the branches, an equation could be 
constructed which had those branches for its roots. The fundamental 
equation could then be resolved into this equation and an  equation having 
the rest of the branches for its roots: that is, the fundamental equation 
would cease to be irreducible. 

We begin then with any loop, Say one connecting wl with w,. There 
will be a loop, connecting the value w, with either w, or w,; there will 
be a loop, connecting the value w, with either w,, w,, or w,; and so on, 
until we select a loop, connecting the last value w, with one of the other 
values. Such a set of loops, n. - 1 in number, is called fundamental. 

A passage round the set will not a t  the end restore the branch with 
which the description began. When we begin with any value, any other 
value can be obtained after the description of properly chosen loops of the 
set. 

Any other loop, when combined with a set of fundamental loops, gives 
a system the description of suitably chosen loops of which restores some 
initial value ; only two values can be restored by the description of loops 
of the combined system. Thus if the loops in order be 12, 13, 14, . . . , l n  
and a loop qr be combined with them, the value wq is changed into w1 by 
ly,  into w, by Ir, into w, by qr ; and similarly for w,. Such a combination 
of n loops is called a simple cycle. 

The total number of branch-points, and therefore of loops, is (5 182) 

2 IP + ( n  - I l ;  
and therefore the total number of simple cycles is 2p + n - 1. But these 
simple cycles are not independent of one another. 

I n  the description of any cycle, the loops Vary in their operation 
according to the initial value of w : and, for two different initial values of 
w, no loop is operative in the sarne way. For otherwise al1 the preceding 
and al1 the succeeding loops would operate in the sanle way and would 
lead, on reversal, to the same initial value of W. Hence a loop of a given 
cycle can be operative in only two descriptions, once when it changes, Say, wi 
into wj, and the other when i t  changes wj into wi. 

Now consider the circuit made up of al1 the loops. When w, is taken as 
the initial value, it is restored at  the end : and in the description only a 
certain number of.loops have been operative : the cycle made up of these loops 
can be resolved into the operative parts of simple cycles, that is, into simple 
cycles: hence one relation among the simple cycles is given by the considera- 
tion of the operative loops when the whole system of the loops is described 
with an initial value. 

Similarly when any other initial value is taken ; so that apparently there 
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are n relations, one arising from each initial value. These 11 relations are not 
independent : for a simultaneous combination of the operations of al1 the 
loops in al1 the circuits leads to an identically nul1 effect (but no smaller 
combination would be effective), for each loop is operative twice (and only 
twice) with opposite effects, shewing that one and only one of the relations is 
derivable from the remainder. Hence there are n - 1 indepeudent relations 
and thereforeU the number of independent simple cycles is 213. 

186. We now proceed to obtain a typical form of the Riemann's surface 
by deforming the initial configuration of the loops into a typical configu- 
ration?. The final arrangement of the loops is indicated by the two 
theorems :- 

1. The loops can be made in pairs in  which al1 loop-symbols are of the 
form (m, m + 1), for m = 1,2, ... , n - 1. (With this configuration, w, can be 
changed by a loop only into w,, w, by a loop only into w,, and so on in 
succession, each change being effected by an even number of loops.) This 
theorem is due to Lüroth. 

II. The loops can be made so that there is only one pair 12, only one 
pair 23, . .. , only one pair (n - 2, n - l) ,  and the remaining p + 1 pairs are 
(n - 1, n). This theorem is due to Clebsch. 

187. We proceed to prove Lüroth's theorem, assuming that the loops 
have the initial configuration of 5 184. 

Take any loop 12, Say 0 8  : beginning it with w,, describe loops positively 
and in succession ; then as the value w, is restored sooner or later, for it 
must be restored by the circuit of al1 the loops, let i t  be restored first by a 
loop OB, the symbol of OB necessarily containing the number 1. Between OA 
and OB there may be loops whose symbols contain 1 but which have been 
inoperative. Let each of these in turn be deformed so as to pass back over 
al1 the loops betweeii its initial position and 0 A  ; and the6 finally over OA. 
Before passing over 08 its symbol must contain 1, for there i u  no loop over 
which it has passed that, having 1 in its symbol, could make it drop 1 in the 
passage; but i t  cannot contain 2, for, if it did, the effect of 08 and the 
deformed loop would be to restore 1, an effect that would have been 
caused in the original position, contrary to the hypothesis that OB is the 
first loop that restores 1. Hence after it has passed over 08 its symbol 
no longer contains 1. * 

* Clebsch und Uordan, Theorie der Abel'schen Punctiouen, p. 86. 
t The investigation is based npon the following memoirs :- 

Lüroth, "Note über Verzweigungsschnitte und Querschnitte in einer Riemann'schen Flache," 
Math. Ann., t. iv, (1871), pp. 181-184; "Ueber die kanonischen Perioden der Abel'scken 
Integrale," Abh. d. K. bay. Akad., t. xv, ii Abth., (1885), pp. 329-366. 

Clebsch, "Zur Theorie der Riemann'schen Flichen," Math. dm., t. vi, (1873), pp. 216-230. 
Clifiord, '' On the canonical form and dissection of a Riemann's Surfaae," Lond. Xath. Soc. 

Proc., VOL viii, (1877), pp. 292-304. 
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Next, pass OB over the loops between its initial position and 08 but not 
over 08 : its symbol must be 12  in the deformed position since w, is restored 
by the loop OB. Then OA and the deformed loop OB are each 1 2  ; hence each 
of the loops, betmeen the new position and the old position of OB, can be passed 
over OA and the new loop OB without sny change in its symbol. There are 
therefore, behind OA, a series of loops that do not affect w,. Thus the loops 
are 

(a) loops behind 08 not affecting w,, (b) OB, OB each 12, 
(c) other loops beyond the initial position of OB. 

Begin now with w, a t  the loop OB and again describe loops positively 
and in succession: then w, niust be restored sooner or later. I t  may be 
only after 08 is described, so that there has been a complete circuit of 
al1 the loops ; or i t  may first be by an intermediate loop, Say OC. 

For the former case, when OA is the first loop by which w, is restored, 
we deform as follows. Deform al1 loops affecting w,, which lie between 
OB and OA, in the positive direction from OB back over other loops and 
over OB. The symbol of each just before its deformation contains 1 but 
not 2, and therefore after its deformation it does not contain 1. Jiloreover 
just after OB is described, w, is the value, and just befo.re 08 is described, 
w, is the value; hence the intermediate loops, which have affected w,, 
must be even in number. Let OG be the first after OB which affects w,, 
and let the symbol of OG be Ir. Then beginning OG with w,, the value 
w, must be restored by a complete circuit of al1 the loops, that is, it 
must be restored by OB; and therefore the value must be w, when 
beginning 08, or w, must be restored before OA. Let O H  be the first 
loop after OG to restore w,; then, by proceeding as above, we can deform 
al1 the loops between OG and O H  over OG, with the result that no such 
deformed loop affects w, and that OG and O H  are both Ir. Hence al1 
the loops affecting w, can be arranged in pairs having the same symbol. 

Since OG and OH are a pair with the same symbol, every loop between 
OB and OG can be passed unchanged over O@ and O H  together. When 
this is done, pass OG over OB so that it becomes 2r, and then O H  over 
OB so that it also is 2r. Thus these deformed loops OG, OH are a pair 
2 r ;  and therefore OA can, without change, be deformed over both BO as 
to be next to OB. Let this be done with al1 the pairs; then, finally, we 
have 

(a)  loops not affecting w,, ( b )  a pair with the symbol 12, 
(c) pairs affecting w, and not w,, (d) loops not affecting w,. 

We thus have a pair 1 2  and loops not affecting w,, so that such a change 
has been effected as to n:ake al1 the loops affecting w, possess the symbol 12. 

For the second case, when OC is the first loop to restore w,, the 
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value with which the loop QB whose symbol is 12 began to be described, we 
treat the loops between OB and OC in a manner similar to that adopted in 
the former case for loops between OA and OB; so that, remembering that 
now w, instead of the former w, is the value dealt with in the recurrence, we 
can deform these loops into 

(a )  loops behind OB which change but not w,, 

(6) OB and OC, the symbol of each of which is 12. 

Now OB was next to OA ; hence the set (a)  are now next to OA. Each of 
them when passed over 0 A  drops the number 1 from its symbol and so the 
whole system now consists of 

( a )  loops behind 08 not affecting w,, (b) OA, OB, OC each of which 
is 12, (c) other loops. 

Begin again with the value w, before OA. Before OC the value is w,; 
and the whole circuit of the loops must restore w,, which must therefore 
occur before OA. Let OD be the first loop by which w, is restored. Then 
treating the loops between OC and OD, as formerly tliose between the initial 
positions of OA and OB were treated, we shall have 

(a) loops behind 08  not affecting w,, (b) 08, OB each being 12, 
(c)  loops between OB and OC not affecting w,, ( d )  OC, OD each 

being 12, (e) other loops. 

Except that fewer loops affecting w, have to be reckoned with, the con- 
figuration is now in the same condition as a t  the end of the first stage. 
Proceeding therefore as before, we can arrange that al1 the loops affecting w, 
occur in pairs with the symbol 12. Moreover, each of the loopç; i n  the set 
(c) can be passed unchanged over 08 and OB; so that, finally, we have 

(a) pairs of loops with the symbol 12, (b') loops not affecting w,. 

We keep (a)  in pairs, so that any desired deformation of loops in (b') over 
them can be made without causing any change; and we treat the set (b') in 
the same manner as before, with the result that the set (b') is replaced by 

(b) pairs i f  loops with the symbol 23, (c') loops not affecting tu, or w,. 

And so on, with the ultimate result that the loops can be made in pairs in  
which each symbol is of the form (m, m + 1) for m = 1, . . . , n - 1. 

188. We now corne to Clebsch's Theorem that the loops thus made can 
be so deformed that there is only one pair 12, only one pair 23, and so on, 
until the last symbol (n - 1, n), which is the common symbol of p + 1 pairs. 

This can be easily proved after the establishment of the lemrna that, iy 
there be two pairs 12 and one pair 23, the loops can be deformed into one pair 
12 und two pairs 23. 
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190. The class of the foregoing surface is p ; and i t  was remarked, in 
FJ 170, that a convenient surface of reference of the same class .is that of a 
solid sphere with p holes bored through it. I t  is, therefore, proper to in- 
dicate the geometrical deformation of a Riemann's surface of this canonical 
form into a p-holed sphere. 

The Riemann's surface consists of n sheets connected chainwise each with 
a single branch-line to the sheet on either side of it, except that the first is 
connected only with the second and that the last two have p + 1 branch- 
lines. We may also consider the whole surface as spherical and the sequence 
of the sheets from the inside outwards: and the outrnost sheet can be con- 
sidered as bounded. 

Let the branch-line between the first and the second sheets be made to 
lie along part of a great circle. Let the first sheet of the Riemann's surface 
be reflected in the plane of this great circle: the line becomes a long 
narrow hole along the great circle, and the reflected sheet becomes a large 
indentation in the second sheet. Reversing the process of § 169, we can 
change the new form of the second sheet, so that i t  is spherical again : it is 
now the inmost of the n. - 1 sheets of the surface, the connectivity and the 
ramification of which are unaltered by the operation. 

Let this process be applied to each surviving inner sheet in succession. 
Then, after n. - 2 operations, there will be left a two-sheeted surface; the 
outer sheet is bounded and the two sheets are joined by p +l branch- 
lines; so that the connectivity is still 2p + 1. Let tbese branch-lines be 
made to lie along a great circle: and let the inner surface be reflected 
in the plane of this circle. Then, after the reflexion, each of the branch-lines 
becomes a long narrow hole along the great circle; and there are two 
spherical surfaces which pass continuously into one another a t  these holes, 
the outer of the surfaces being bounded. By stretching one of the holes 
and flattening the two surfaces, the new form is that of a bifacial flat 
surface: each of the p holes then becomes a hole through the body 
bounded by that surface; the stretched hole gives the extreme geo- 
metrical limits of the extension of the surface, and the original boundary of 
the outer surface becomes a boundary hole existing in only one face. The 
body can now be disterided until i t  takes the form of a sphere, and the final 
form is that of the surface of a solid sphere with p holes bored through i t  
and having a single boundary. 

This is the normal surface of reference (§ 170) of connectivity 2p + 1. 

As a last ground of comparison between the Riemann's surface in its 
canonical form and the surface of the bored sphere, we may consider the 
system of cross-cuts necessary to transform each of them into a simply 
connected surface. 

We begin with the spherical surface. The simplest irreducible circuits 
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are of two classes, (i) those which go round a hole, (ii) those which go through 
a hole; the cross-cuts, 2p in number, which make the surface sin~ply con- 
nected, must be such as to prevent these irreducible circuits. 

Round each of the holes we make a cut a, the first of them beginning 
and ending in the boundary: these cuts prevent circuits through the holes. 
Through each hole we make a eut b, beginning and ending a t  a point in the 
corresponding cut a :  we then make from the first b a cut c, to the second a, 
from the second b a cut c, to the third a, and so on. Thc! surface is then 
simply connected: a, is a cross-cut, b, is a cross-eut, 4 + a, is a cross-cut, 
bz is a cross-cut, c,+a, is a cross-cut, and so on. The total number is 
evidently 2p, the number proper for the reduction ; and i t  is easy to verify 
that there is a single boundary. 

To compare this dissection with the resolution of a Riemann's surface by 
cross-cuts, Say of a two-sheeted surface (the n-sheeted surface was trans- 
formed into a two-sheeted surface), i t  must be borne in mind that only p of 
the p + 1 branch-lines were changed into holes and the remaining one, which, 
after the partial deformation, was a hole of the Riemann's surface, was 
stretched out so as to give the boundary. 

It thus appears that the direction of a cut a round a hole in the normal 
surface of reference is a cut round a branch-line in one sheet, that is, i t  is a 
cut a as in the resolution (5 180) of the Riemann's surface into one that is 
simply connected. 

Again, a cut b is a cut from a point in the boundary across a cut a and 
through the hole back to the initial point ; hence, in the Riemann's surface, 
i t  is a cut from some one assigned branch-line across a cut a,, meeting the 
branch-line surrounded by a,, passing into the second sheet and, without 
meeting any other cut or branch-line in that surface, returning to the initial 
point on the assigned branch-line. I t  is a cut b as in the resolution of the 
Riemann's surface. 

Lastly, a cut c is made from a cut b to a cut a. I t  is the same as in the 
resolution of the Riemann's surface, and the purpose of each of these cuts is 
to change each of the loop-ci& a (after the first) into cross-cuts. 

A simple illustration arises in the case of a two-sheeted Riemann's surface, of classp= 2. 
The various forms are : 

(i) the surface of a two-holed sphere, with the directions of cross-cuts that resolve it 
into a simply connected surface; as in (i), Fig. 65, B, K being a t  opposite edges of 
the cut cl where i t  m e t s  a,: H, C at  opposite edges where it  meets bl: and so on; 

(ii) the spherical surface, resolved into a simply connected surface, bent, stretched, 
and flattened out ; as in (ii), Fig. 65; 

(iii) the plane Riemann's surface, resolved by the cross-cuts ; as in Fig. 63, p. 355. 

Numerous illustrations of transformations of Riemann's surfaces are given by 
Hofmann, Nethodik der stet<qen Deformation von zwa'blCttrigen Riemann'schen FliMen, 
(Halle a. S., Nebert, 1888). 
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191. We have seen that a bifacial surface with a single boundary c m  be 
deformed, a t  least geometrically, into any other bifacial surface with a single 
boundary, provided the two surfaces have the same connectivity ; and the 
result is otherwise independent of the constitution of the surface, in regard 
to sheets and to form or position of branch-lines. Further, in al1 the geo- 
metrical deformations adopted, the characteristic property is the uniform 
correspondence of points on the surfaces. 

Now with every Riemann's surface, in its initial form, an algebraical 
equation f (w, a)=O is associated; biit when deformations of the surface 
are made, the relations that establish uniform correspondence between 
different forms, practically by means of conforma1 representation, are often 
of a transcendental character (Chap. XX.). Hence, when two surfaces me 
thus equivalent to one another, and when points on the surfaces are 
deterniined solely by the variables in the respective algebraical equations, 
no relations other than algebraical being taken into consideration, the 
uniforin correspondence of points can only be seciired by assigning a new 
condition that there be uniform transformation between the variables w and 
z of one surface and the variables w' and z' of the other surface. And, when 
this condition is satisfied, the equations are such that the deficiencies of the 
two (generalised) curves represented by the equations are the same, because 
they are equal to the comnion connectivity. I t  may therefore be expected 
that, when the variables in an equation are subjected to uniform transfor- 
mation, the class of the equation is unaltered; or in other words that the 
deficiency of a curve is an invariant for uniform transformation. 

This inference is correct: the actual proof is more directly connected 
with geometry and the theory of Abelian functions, and must be sought 
elsewhere*. The result is of importance in justifying the adoption of a 
simple normal surface of the same clam as a surface of reference. 

* Clebsch's Vorlesungen über Geornet~ie, t. i, p. 459, where other referencea are given; Salmon's 
Higher Plane Cu~ves ,  pp. 93, 319; Clebsch und Gordan, Theorie der Abel'schen Functionen, 
Section 3 ;  Brili, Math. A m . ,  t. vi, pp. 33-65. 
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CHAPTER XVI. 

AL~EBRAIC FUNCTIONS AND THEIR INTEGRALS. 

192. IN the preceding chapter sufficient indications have been given as 
to the character of the Riemann's surface on which the n-branched function 
w,  determined by the equation 

f (tu, 2) = 0, 

can be represented as a uniform function of the position of the variable. It 
is unnecessary to consider algebraically multiform functions of position on 
the surface, for such multiformity would merely lead to another surface of 
the same kind, on which the algebraically multiform functions would be 
uniform functions of position; transcendentally multiform functions of 
position will arise later, through the integrals of algebraic functions. It 
therefore remains, a t  the present stage, only to consider the most general 
uniform function of position on the Riemann's Surface. 

On the other hand, it is evident that a Riemann's Surface of any number 
of sheets can be constructed, with arbitrary branch-points and assigned 
sequence of junction; the elements of the surface being subject merely to 
general laws, which give a necessary relation between the number of sheets, 
the ramification and the connectivity, and which require the restoration of 
any value of the function after the description of sorne properly chosen 
irreducible circuit. The essent,ial elernents of the arbitrary surface, and the 
merely general laws indicated, are independent of any previous knowledge 
of an algebraical equation associated with the surface ; and a question arises 
whether, when a Riemann's surface is given, an associated algebraical equa- 
tion necessarily exists. 

Two distinct subjects of investigation, therefore, aise. The first is the 
most general uniform function of position on a surface associated mith a given 
algebraical equation, and its integral; the second is the discussion of the 
existence of functions of position on a surface that is given independently 
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of an algebraical equation. Both of them lead, as a matter of fact, to the 
theory of transcendental (that is, non-algebraical) functions of the most 
general type, commonly called Abelian transcendents. But the first is, 
naturally, the more direct, in that the algebraical equation is initially given : 
whereas, in the seoond, the prime necessity is the establishment of the so- 
called Existence-Theorem-that such functions, algebraical and transcen- 
dental, exist. 

193. Taking the subjects of investigation in the assiped order, we 
suppose the fundamental equation to be irreducible, and algebraical as 
regards both the dependent and the independent variable ; the general form 
is therefore 

wnQ0 (2) + wn-lGI (z) + . . . + wGn-I (z) + Gn (z) = O, 

the coefficients Go (z), G, (z), . . ., G, (z) being rational, integral, algebraical 
functions. 

The infinities of w are, ' by 5 95, the zeros of Go (z) and, possibly, z = oo . 
But, for our present purpose, no special interest attaches to the infinity of a 
function, as such ; we therefore take wG, (z) as a new dependent variable, 
and the equation then is 

f (w, Z ) = W ~ + W * ' ~ ~ ( Z ) +  +wgn-l(z) +gn(z)=O, 

in which the functions y (2) are rational, integral, algebraical functions 
of 2. 

The distribution of the branches for a value of z which is an ordinary 
point, and the determination of the branch-points together with the cyclical 
grouping of the branches round a branch-point, may be supposed known. 
When the corresponding n.-sheeted Riemann's surface (say of connectivity 
2p + 1) is constructed, then w is a uniform function of position on the 
surface. 

Now not merely w, but every rational function of w and z, is a uniforin 
function of position on the surface; and its branch-points (though not 
necesmrily its infinities) are the satne as that of the function W. 

Conversely, every uniform function of positàon on the Riemann's mrface, 
hawing accidental singularities and injnities olzly of jnite order, is an 
algebraical rationul fundion of w and z. The proof* of this proposition, 
to which we now proceed, leads to the canonical expression for the most 
general uniform function of position on the surface, an expression which is 
used in Abel's Theorem in transcendental integrals. 

Let w' denote the general uniform function, and let w,', w,', . . ., w i  denote 
the branches of this function for the points on the n sheets determined by 

The proof edopted followe Prym, Creüe, t. Ixxxiii, (1877), pp. 251-261; see also Klein, 
Ueber Riemann's Theorie der aigebraischen Funetionen und ihrer Integrale, p. 57- 

F. 24 
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.... the algebraical magnitude z ; and let vuzu,, w,, w, be the corresponding 
branches of w for the magnitude z. Then the quantity 

where s is any positive integer, is a symmetric function of the possible values 
of w8w'; i t  has the same value in whatever sheet z may lie and by whatever 
path z inay have attained its position in that sheet ; the said quantity is there- 
fore a uniform function of z. Moreover, al1 its singularities are accidental in 
character, by the initial hypothesis as to w' and the known properties of 
w ;  they are finite in number; and therefore the uniform function of z is 
algebraical. Let i t  be denoted by ha, (z), which is an integral function only 
when the singularities are for infinite values of z ;  then 

an equation which is valid for any positive integer s, there being of course 
the suitable changes among the rational integral algebraical functions h (z)  for 
changes in S. I t  is unnecessary to take s 2 n, when the equations for the 
values 0, 1, ..., n - 1 of s are retained : for the equations corresponding to 
values of s > n  can be derived, from the n equations that are retained, by 
using the fundamental equation determining W. 

Solving the eqixations 

w;+w;+ ... + w/=h,(z), 

... wlwll + w2w; + + wnw/ = F? (z), 

..................................... 
... wp-l,w; + + w~*lw/ = h,, (z), 

to determine w;, we have 

The right-hand side is evidently divisible by the product of the differences 
of w,, w,, ..., w,; and this product is a factor of the coefficient of w,'. 
Then, if 

where & is unity, we have, on removing the common factor, 

w; = 1, 1, ..., 1 

wl, w2, .a., wn 

wla, ~ , 2 ,  .. ,, wne 
..........................< 

wln-l, wan-l, ..., wnn-l 

ho@), 1 ,..., 1 

hl(z)> w27 ..., wTZ 

h, (z), ~ 2 ,  -, ~2 
.............................. 
h,, (z), wZn+, ... , wnn-l 
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ON A RIEMANN'S SURFACE 193.1 

But 
so that 

. f(w,z)=(w-wl)(w-wJ ...( w-wn), 

Ic, = Wl + 91 (4 ,  
Tc, = w1Z + W l Y l ( 4  + Y 2  (z), 

. . . S . . . . . . . .  . . . . . . , . . a . . .  

An = win-' + wln-'y1 (2) + . . . + g,+ (2). 
When these expressions for Ic are substituted in  the numerator of the ex- 
pression for w,', it takes the form of a rational integral algebraical function 
of w of degree n - 1 and of z, say 

ho (2) ww,"-' + Hi (2) w,"a + . . + H-2 (2) ~1 + Hn-i(z). 
The denominator is evidently ôf/awl, when w is replaced by wl after differen- 
tiation, so that we now have 

ho (2) wIn-l + . . . + H,, (z) w; = 
afPw1 

The corresponding form holds for each of the branches of w': and therefore we 
have 

, ho (2) wn-1 + Hl (2) wn4 + . . . + H+l (z) 
W = 

af/aw 
- - ho (z) wr-l + Hl (z) wn-2 + . . . + (z) 

nwn+ + (n - 1) wnagl (2) + . . . + gn-l(z) ' 
so that w' is a rational, algebraical, function of w and z. The proposition is 
therefore proved. 

By eliminating w between f (w, z) = O and the equation which expresses 
w' in terms of w and z, or by the use of 5 99, it follows that w' satisfies an 
algebraical equation 

P(w', z)=O, 
where Pis of order n in w' ; the equations f (w, z) = O and F (w', z )  = O have 
the same Riemann's surface associated with them*. 

194. It thus appears that there are uniform functions of position on 
the Riemann's surface just as there are uniform functions of position in 
a plane. The preceding proposition is limited to the case in which the 
infinities, whether a t  branch-points or not, are merely accidental ; had the 
function possessed essential singularities, the general argument would still 
be valid, but the forms of the unifornl functions h (z) would no longer be 
algebraical. I n  fact, taking account of the difference in the form of the 
surface on which the independent variable is represented, we can extend 
to multiform functions, which are uniform on a Riemann's surface, those 
propositions for uniform functions which relate to expansion near an ordinary 
point or a singularity or, by using the substitution of § 93, a branch 
singularity, those which relate to continuation of functions, and so on; 

See 5 191. Functions releted to one another, ee w and d are, are called gkichvmzweigt, 
Riemann, p. 93. 

24-2 
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and their validity is not liniited, as in Cor. VI., 5 90, to a portion of the 
surface in which there are no branch-points. 

Thus we have the theorem that a uniforrn algebraical function of position 
on the Riemann's surface has as many zeros as it has in$nities. 

This theorem may be proved as follows. 
The function is a rational algebraical function of w and z. If i t  be also integral, 

let i t  be w'= U(w, z), where U is integraL 

Then the number of the zeros of w' on the surface is the number of simultaneous roots 
common to the two equations U (w, z) =O, f (w, z) =O. If uA and fp denote the aggregates 
of the k r m s  of highest dimensions in  these equations-say of dimensions A and p respec- 
tively-then Ap is the number of common roots, that is, the number of zeros of w'. 

The number of points, where d assumes a value A, is the number of simultaneous 
roots common to the equations U (w, z) = A, f (w, 2)  =O, that  is, it is Xp as before. Hence 
there are as many points where w' assumes a given value as there are zeros of 20'; and 
therefore the number of the infinities is the same as  the number of eeros. The number 
of infinities Gan also be obtained by considering them as simultaneous roob common to 
uA=o, f,=O. 

If the function be not integral, it oan (9 193) be exprewed in the form ut'= " (a where 
v (w, 4 

U and V are integral, rational algebraical functions. The zeros of w' are the wros of U 
and the infinities of V, the numbers of which, by what precedes, are re,spectively the same 
as  the infinities of iY and the zeros of V. The latter are the infinities of w'; and therefore 
20' hm as many zeros as it has infinities. 

Note. When the numerator and the denominator of a uniform fractional 
function of z have a common zero, we divide both of them by their greatest 
common measure; and the point is no longer a common zero of their new 
forms. But when the numerator U ( w ,  z)  and the tlenominator P(w,  z )  of a 
uniform function of position on a Riemann's surface have a common zero, so 
that there are sin~ultaneous values of w and z for which both vanish, U and V 
do not necessarily possess a rational common factor; and then the common 
zero cannot be removed. 

It is not difficult to shew that this possibility does not affect the preceding theorem. 

195. I n  the case of uniform functions i t  was seen that, as soon as their 
integrals were considered, deviations from unifor~nity entered. Special inves- 
tigations indicated the character of the deviations and the limitations to 
their extent. Incidentally, special classes of functions were introduced, 
such as many-valued functions, the values differing by multiples of a 
constant ; and thence, by inversion, simply-periodic functions were deduced. 

So, too, when miiltiform functions defined by an algebraical equation are 
considered, it is necessary to take into special account the deviations from 
uniformity of value on the Riemann's surface which may be introduced by 
processes of integration. I t  is, of course, in connexion with the branch- 
points that difficulties arise ; but, as the present rnethod of representing the 
variation of the variable is distinct from that adopted in the case of uniform 
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functions, it is desirable to indicate hdw we deal with, not merely branch- 
points, but also singularities of functions when the integrals of such functions 
are under consideration. I n  order to render the ideas familiar and to avoid 
prolixity in the explanations relating to general integrals, we shall, after 
one or two propositions, discuss again some of the instances given in 
Chapter IX., taking the opportunity of stating general results as occasion 
may arise. 

One or two propositions already proved must be restated : the difference 
from the earlier forms is solely in the mode of statement, and therefore the 
reasoning which led to their establishment need not be repeated. 

1. The path of integration betwem any two points on a Riemann's surface 
c m ,  without afecting the vul,ue of the integral, be deformed in any possible 
continuous rnunner that does not make the path puss over any discoatinuity of 
the subject of integration. 

This proposition is established in 5 100. 

II. A simple closed curve on a Riemann's surface, which is  a p d h  of 
integration, can, without afecting the value of the integral, be deformed in 
wny possible continuous mann,er that does not malce the curve pass over any 
discontinuity of the subject of integration. 

Since the curve on the surface is closed, the initial and the final points 
are the same; the initial branch of the function is therefore restored after 
the description of the curve. This proposition is established in Corollary II., 
g 100. 

III.  I f  the path of integration be a curve between two points on d i f i e n t  
sheets, determined by the same algeluraical value of z, the curve is not a closed 
curve; i t  must be regarded as a path between the two points; its deformation 
is subject to Proposition 1. 

No restatement, from Chapter IX., of the value of an integral, along 
a path which encloses a branch-point, is necessary. The method of dealing 
with the point when that value is infinite will be the same as the method of 
dealing with other infinities of the function. 

196. We have already obtained some instances of multiple-valued 
functions, in the few particular integrals in Chapter IX. ; the differences in 
the values of the functions, arising as integrals, consist solely of multiples of 
constants. The way in which these constants enter in Riemann's method is 
as follows. 

When the surface is simply connected, there is no substantial difference 
£rom the previous theory for uniform functions ; we therefore proceed to the 
consideration of multiply connected surfaces. 

On a general surface, of any connectivity, take any two points z, and z. 
As the surface is one of multiple connection, there will be at  least two 
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essentially distinct paths between z, and z, that is, paths which cannot be 
reduced to one another; one of these paths can be deformed so as to be 
made equivalent to a combination of the other with some irreducible circuit. 
Let z, denote the extremity of the first path, and let z, denote the same point 
when regarded as the extremity of the second; then the difference of the 
tmo paths is an irreducible circuit passing from z, to z,. When this circuit 
is made impossible by a cross-cut C passing through the point z, then z, 
and z, may be regarded as points on the opPosite' edges of the cross-cut : and 
the .h-reducible circuit on the unresolved surface becomes a path on the 
partialIy resolved surface passing from one edge of the cross-cut to the other. 

When the surface is resolved by means of the proper nurnber of cross-cuts 
into a simply connected surface, there is still a path in the surface from 
z, to z, on opposite edges of the cross-cut C: and al1 paths between z, and 
z, in the resolved surface are reconcileable with one another. One such path 
will be taken as the canonical path from z, to 2,; i t  evidently does not meet 
any of the cross-cuts, so that we consider only those paths which do not 
intersect any cross-cut. 

If then Z be the function of position on the surface to be integrated, the 
value of the integral for the first path from z, to z, is 

and for the second path i t  is 

or, by the assigned deformation of the second path, it is 

the second integral being taken along the canonical path from z, to z, in the 
surface, that is, along the irreducible circuit of canonical form, which would be 
possible in the otherwise resolved surface were the cross-cut 6' obliterated. 

The difference of the values of the integral is evidently 

which is therefore the change made in the value of the integral 

when the upper limit passes from one edge of the cross-cut to the other ; let 
i t  be denoted by 1. As the curve is, in general, an irreducible circuit, this 
integral 1 may not, in general, be supposed zero. 

We can arbitrarily assip the positive and the negative edges of some one 
cross-cut, say 8. The edges of a cross-cut B that meets A are defined to be 
positive and negative as follows : when a point nioves from one edge of B to 
the other, by describing the positive edge of A in a direction that is to the 
right of the negative edge of A, the edge of B on which the point initially 
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lies is called its positive edge, and the edge of B on which the point finally 
lies is called its negative edge. And so on with the cross-cuts in succession. 

The lower limit of the integral determining the modulus for a cross-cut 
is taken to lie on the negative edge, and the upper on the positive edge. 

Regarding a point 5 on the cross-eut as defining two points z, and z, on 
opposite edges which geometrically are coincident, we now prove that fo r  all  
points on the cross-cut tuhich can be reached from c zuithout passing over an.y 
other cross-cut, when the surface is resolaed into one that is sim.ply connected, 
the integral 1 is a constant. For, if 5' be such a point, defining a,' and z,' on 
opposite edges, then z,z+21zIIz, is a circuit on the simply connected surface, 
which can be made evanescent ; and i t  will be assumed that no infinities of Z 
lie in the surface within the circuit, an assumption which will be taken into 
account in $ 19'7, 199. Therefore the integral of Z, taken round the circuit, 
is zero. Hence 

lZ: Zdz + Zdz + lS: Zdz + jS:: Zdz = 0, 

that is, 1: Zdz - jsy Zdz = 1:. Zdi - 1; Zdz. 

Along the direction of the cross-cut, the function Z is uniform: and - 
therefore Zdz is the same for each element of the two edges, so long as the 
cross-cut is not met by any other. Hence the sums of the elements on the - - 
two edges are the satne for al1 points on the cross-eut that can be reached 
from c without meeting a new cross-cut. The two integrale on the right- 
hand side of the foregoing equation are equal to one another, and thereforc 
also those on the left-hand side, that is, 

j: Zdz = lS: zdz, 

which shews that the integral 1 w constant for dzyerent points on a portion of 
cross-cut thut is not met by any other cross-cut. 

If however the cross-cut be met by another cross-cut G', two cases arise 
according as C' has only one extrernity, or h a  both extremities, on C. 

First, let C' have only one extremity O on C. By what precedes, the 
integral is constant along OP, and it is constant 
along O&; but we cannot infer that it is the same 
constant for the two parts. The preceding proof 
fails in this case; the distance zg,' in the resolved 

P1 surface is not infinitesimal, and therefore there is Q' 

no element Zdz for z ~ a  to be the same as the Q Z; O z, P 

element for z,z;. Let 1, be the constant for OP, Il Fig 66. 

that for Q0;  and let QP be the negative edge. Then 
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Let 1' be the constant value for the cross-cut OR, and let OB be the 
iiegative edge ; then 

It = fi zdz. 
J %z 

I n  the completely resolved surface, a possible path from 2, to 2; is 2, to z,, zl 
to z,', z,' to 2,' ; i t  therefore is the canonical path, so that 

But I y ~ d z  is an intepal of a uniform finite function along an infinitesimal 

arc z,Oz,', and it is zero in the limit when we take z, and z,' as coincident. 
Thus 

1': Il -12, 
or the constant for the cross-cut OR is the excess of the constant for the part of 
PQ at the positive edge of OR over the constant for the part of PQ at the 
negative edge. 

Secondly, let C' have both extremities on C, close to one another so that 
they may be brought together as in the figure: i t  
is effectively the case of the directions of two cross- 
cuts intersecting one another, s a j  at  O. Let I l ,  I,, 
13, I, be the constants for the portions &O, OP, OR, 
S O  of the cross-cuts respectively, and let z.g2 be 
the positive edge of &OP; then z,z, is the positive 

+ :IL * 
edge of SOR. Then if O (2) denote the value of 

the integral /E:Zdz at  O, yhich is definite because 5 R,. 

the surface is simply connected and no discontinuities of Z lie within the 
paths of integration, we have 

and 1 3  = Zdz = O (2,) - O (z,), 1, = Zdz = @ (&) - (z,) ; II 1," 
so that I1 - I2=I3 - I4 ,  
or the excess of the constant for the portion of a cross-cut on the positive edge, 
over the constant for the portion on the negative edge, of anothe~ cross-cut is 
equal to the emess, similarly estinzated, for that other cross-cut. 

Ex. Consider the constants for the varioiis portion? of the cross-cuts in the canonical 
resolution ($$ 180, 181) of a Riemann's surface. Let the constants for the two portions 
of a, be A,, A,.'; and the constants for the two portions of b, be B,, B,'; and let the 
constant for c, be C,. 
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When the limit of (z - c) Z is a uniform zero a t  c, no such exclusion 
is necessary: the order of the infinity for Z is easily seen to be a proper 
fraction and the point to be a branch-point. 

Similarly, if the limit of zZ  for z =  co be not zero and the path which 
determines a modulus can be deformec! so as to become infinitely large, i t  is 
convenient to exclude the part of the surface at  infinity from the range of 
variation of the variable, proper account being taken of the exclusion. The 
reason is that the value of the intepal  for a path entirely a t  infinity (or 
for a point-path on Neumann's sphere) is not zero; s= co is either a 
logarithmic or an algebraic infinity of the function. But, if the limit of zZ 
be zero for z = ai, the exclusion of the part of the surface a t  infinity is 
unnecessary. 

198. When, then, the region of variation of the variable is properly 
bounded, and the resolution of the surface into one that is simply connected 
has been made, each cross-cut or each portion of cross-cut, that is marked off 
either by the natural boundary or by termination in another cross-cut, 
determines a modulus of periodicity. The various moduli, for a given 
resolution, are therefore equal, in number, to the various portions of the 
cïoss-cuts. Again, a system of cross-cuts is susceptible of g-reat variation, 
not n~erely as to the form of individual members of the system (which does 
not affect the value of the modulus), but in their relations to one another. 
The total number of cross-cuts, by which the surface can be resolved into one 
that is simply connected, is a constant for the surface and is independent of 
their configuration: but the number of distinct pieces, defined as above, is 
not independent of the configuration. Now each piece of cross-cut furnishes 
a modulus of periodicity ; a question therefore arises as to the number of 
independent moduli of periodicity. 

Let the connectivity of the surface be N +  1, due regard being had to the 
exclusioi-is, if any, of individual points in the surface : in order that account 
may be taken of infinite values of the variable, the surface will be assumed 
spherical. The number of cross-cuts necessary to resolve i t  into a surface 
that is simply connected is N; whatever be the number of portions of the 
cross-cuts, the number of these portions is not less than N. 

When a cross-cut terminates in another, the modulus for the former and 
the moduli fur the two portions of the latter are connected by a relation 

so that the modulus for any portion can be expressed linearly in terms of 
the modulus for the earlier portion and of the modulus for the dividing 
cross-cut. 
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Similarly, when the directions of two cross-cuts intersect, the moduli of 
the four portions are connected by a relation 

ol- m l 1 =  rd,.-0;; 

and by passing along one or other of the cross-cuts, some relation is obtainable 
between o, and o,' or between o, and o,', so that, again, the modulus of ariy 
portion can be expressed linearly in terins of the modulus for the earlier 
portion and of moduli independent of the intersection. 

Hence i t  appears that a single constant must be associated with each 
cross-cut as an independent modular constant; and then the constants 
for the various portions can be linearly expressed in terms of these inde- 
pendent constants. There are therefore N l inearly independent moduli  o f  
periodicity: but no system of moduli is unique, and any system can be 
modified partially or wholly, if any number of the inoduli of the system be 
replaced by the same number of independent linear combinations of members 
of the system. These results are the analytical equivalent of geometrical 
results, which have already been proved, viz., that the number of independent 
simple irreducible circuits in a complete system is N, that no complete 
system of circuits is unique, and that the circuits can be replaced by 
independent combinations reconcileable with them. 

199. If, then, the moduli of periodicity of a function U a t  the cross-cuts 
.in a resolved surface be Il, I,, ..., IN, al1 the values of the function a t  
any point on the unresolved surface are included in the form 

U + nzlI, + mJ, + . . . + mJ,, 
where ml, m,, ..., m, are integers. 

Some special examples, treated by the present method, will be usefui in leading up to 
the consideration of integrals of the most geiieral functions of position on a Riemann's 
surface. 

Ex. 1. Consider the integral p. 
The subject of integration is uniform, so that the surface is one-sheeted. The origin 

is an accidental singularity and gives a logarithmic infinity for the integral ; it iri therefore 
excluded by a s m d  circle round it. Moreover, the value of the integral round a circle 
of infinitely large radius is not zero: and therefore z= cn is excluded from the range of 
variation. The boundary of the single spherical sheet can be taken to be the point 
z= w ; and the bounded sheet is of connectivity 2, owing to the small circle a t  the origin. 
The surface cari be resolved into one that is simply connected by a single cross-cut drawn 
from the boundary a t  z= w to  the circumference of the small circle. 

I f  a plane surface be used, this cross-cut is, in effect, a section (O 103) of the plane 
made from the origin to the point z= W .  

There is only one modulus of periodicity : ita value is svideotly E, taken round the 

origin, that is, the modulus ia 2 r i .  Hence whenever the B 
path of variation from a given point to  a point z passes :-.=:=--'Z-'-IX:': 30 
from A to B, the value of the integral increases by 2n-i ; but 

A 

if the path pass from B to A, the value of the integral mg. 69. 
decreases by 2ai. Thus A is the negative edge, and B the positive edge of the cross-cut. 
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If, then, any one value of /: f be denoted by m, al1 values a t  the point in the 

unresolved surface are of the fo& w + 2 m i ,  where m is a n  integer ; when z is regarded 
a s  a function of w, i t  is a simply-periodic function, having 2mi for its period. 

Ex. 2. Consider \ z&2. The subject of integration is uniform, so that the surface 

consists of a single sheet. There are two infinities +_a, each of the first order, because 
(zTa) Z is finite a t  these two points : they must be excluded by small circles. The limit, 
when z= a>, of z / ( 9  - a2) is zero, so that the point z= a> does not need to be excluded. We 
can thus regard one of the small circles as the boundary of the surface, which is then 
doubly connected : a single cross-cut from the other circle to the boundary, that is, in 
effect, a cross-cut joining the two points a and -a, resolves the surface into one that is 
simply connected. 

It is easy to see that the modulus of periodicity is" : that A is the negative edge and 
a 

B the positive edge of the cross-cut : and that, if w be 
a value of the integral in the unresolved surface at  any -a 6 3 a 
point, al1 the values a t  that point are included in the A 

f o m  Fig. 70. 
ri 

W + n a ,  

where n is a n  integer. 

Ex. 3. Consider J (az-zz)-'dz. The subject of integration is two-valued, so that the 
surface is two-sheeted. The branch-points are +a, and a, is not a branch-point, so that 
the single branch-line between the sheets may be taken as the straight line joining a 

and -a. The infinities are +_a ; but as ( z 7  a) (a2- 9)-' vanishes a t  the points, they do 

not need to be excluded. As the limit of z (a"z2)-', for z= m , is not sero, we exclude 
z=w by small curves in  each of the sheets. 

Taking the surface in the spherical form, we assign as the boundary the small c u v e  
round the point z=co in  one of the sheets. The connectivity of the surface, through its 
dependence on branch-lines and branch-points, is unity : owing to the exclusion of the point 
z= co by the small curve in the other sheet, the connectivity is increased by one unit : the 
surface is therefore doubly connected. A single cross-out will resolve the surface into one 
that is simply connected : and this cross-cut must pas8 from the boiindary at  z= w which 
is in one sheet to the excluded point z= a. 

Since the (single) modulus of periodicity is the value of the integral dong a circuit in 
the reaolved surface from one edge of the cross-out to ---:::-;::.- 
the other, this circuit oan be taken so that in the un- ~,p-- --:. 
d v e d  surface it c l u d e s  the two branch-poinb ; c a ~ ' !  
a.nd then, by II. of 3 195, the circuit can be deformed , , 

Q P I ,  , , 
until i t  is practically a double straight line in the upper ,'/ , , , # 

sheet on either side of the branch line, together with two 9 ,  , . ,;'.' 
small circles round a and - a  respectively. Let P be the - * -:.- ,+- 
origin, practically the middle point of these straight lines. -:.-. 

Consider the branch (a2 - 9)-' belonging to the upper Pig. 71. 
sheet. Ita integral from P to a is 

From a to -a the branch is - (az-z2)-'; the point R is contiguous in the surface, 
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not to P, but (aa in 8 189) to the point in  the second sheet beneath P at  which the branch is 

- (a2-9)-', the other branch having been adopted for the upper aheet. Hence, from a 
to - a  by R, the integral is 

- (a2 - 2-z. 

From - a to Q, the branch is + (a2- 9)-', the same branch as a t  P : hence from - a  to Q, 
the integral is 

The integral, along the small arcs round a and round a' respectively, vanishes for each. 
Hence the modulus of periodicity is 

This value can be obtained otherwise thus. The modulus is the %me for al1 poiuts 
on the crosu-cut ; hence its value, taken a t  O' where z= a,, is 

~ ( a x  z2))-& dz, 
passing from one edge of the cross-cut a t  (7 to the other, that is, round a curve in the 
plane everywhere a t  infinity. This gives 

2ri ~t z(a9-22)-'= %=29r, 
z=m 2 

the same value as  before. 

The latter curve round Q, from edge to edge, can easily be deformed into the former 
curve round a and -a from edge t o  edge of the cross-cut. 

Again, let w, be a value of the integral for a point zl in one sheet and w, be a value for 
a point z, in the other sheet with the same algebraical value as z,: take zero as  the 
common lower limit of the integral, being the same zero 
for the two integrals. This zero may be taken in either ',; 
sheet, let i t  be in that  in which z, lies : and then -a 

tul = (a2 - 9)-* dx Fig. 72. 

To pasls from O to zz for w2, ariy path can be justifiably deformed into the following: 
(i) a path round either branch-point, say a, so as to return to the point under O in the 
second sheet, say to O,, (ii) any nurnber m of irreducible circuits round a and -a, always 
returning to Oz in  the second sheet, (iii) a path from O2 to z, lying exactly under the path 
from O to zl for wl. The parts contributed by these paths respectively to the integral wz 
are seen to be 

(i) a qoentity +- arising from (az- zZ)-&dr +/: - (as- i ~ ~ d z ,  for reawns 
similar to those above ; 

(ii) a quantity m 2 ~ ,  where m is an integer positive or negative; 

(iii) a quantity - (a2 - E)* dz. LJ% 
In the last quantity the minus sign is prefixed, because the subject of integration is 
everywhere in the second sheet. Now zz=z,, and therefore the quantity in (iii) is 

- (a, - zz)-& dz, 

that is, it is -wl ; hence .lu,=(2m+l)?r-w,. 
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If then we take w= jaz-z2)-* dz, the integral extending along some defined curve from rn . - 
an assigned origin, say along a straight line, the values of w belonging to the same 
algebraical value of z are Z w + w  or ( 2 m + l )  n- tu ; and the inversion of the functional 
relation gives 

$ (w)=z=$ {(2nr+w) 

=4 ((Sm+ 1) r- w], 
where m and n are any integem. 

. 4. Consider 
dz , assurning Ici >la 1. The surface is two-sheeted, 

(z - c) (a2 - z2p . . .  
with branch-points a t  k a  but not.at o, : hence the line joining a and -a is the sole 
branch-line. The infinities of the subject of integration are a, -a, and c. Of these a 
and -a need not be excluded, for the same reason that 
their exclusion was not required in the last example. But 
c must be excluded; and it must be excluded i n  both 
sheets, because a=c makes the subject of integration 
infinite in both sheets. There are thus two points of 
accidental singularity of the subject of integration; in ' 
the ricinity of these points, the two branches of the 
subject of integration are 

Fig. 73. 

the relation between the coefficienk of (z - c)-1 in  them being a special case of a more 
general proposition (5 210). And since a/{(z- c) (a2 -z2)$} when z= a, is zero, co does not 
need to be excluded. 

The surface taken plane is doubly connected, a s  in the last example, one of the cun7es 
surrounding c, Say that  in the upper sheet, being taken as the boundav of the surface. 
A single cross-cut will suffice t o  make it simply connected : the direction of the cross-ciit 
must p s s  from the c-curve in  the lower sheet to the branch-line and thence to the 
boundary in the upper sheet. 

There is only a single modulus of periodicity, being the constant for the single cross-cut. 
This modulus can be obtained by means of the curve AB in the first sheet; and, on 
contraction of the curve (by II, 5 195) so as  to be infinitesimally near c, i t  is easily seen to be 

2?ri (a2 - $4, or say 2s (9- a 3 1  But the modulus can be obtained also by means of 
the curve CD; and when the curve is contracted, as in the previous example, so as  
practically to be a loop round a and a loop round -a, the value of the integral is 

which is easily proved to be 2~ (c2-a2)-4 

As in Ex. 4, a curve in the upper sheet which encloses the branch-points and the 
branch-lines can be deformed into the curve AB. 

Ex. 5. Consider 10 = ~ ( 4 2 ~  -g22 - g3)-* dz =J&z. 

The subjed of integration is two-valued, and therefore the Riemann's surface is two- 
sheeted. The branch-points are z = m ,  el, e,, es where el, e,, es are the roots of 

4z3-g$-g,=O; 

and no one of them needs to be excluded from the range of variation of the variable. 
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The connectivity of the surface is 3, so that two cross-cuts are necessary to  resolve 
the surface into one that is simply connected. The configurations of the branch-lines and 

m 

Fig 74. 
of the cross-cuts admit of some variety; two illustrations of branch-lines are given in 
Fig. 74, and a point on Q, in each diagram is taken as  boundary. 

The modulus for the cross-cut &,-Say from the inside to the outside-can be obtained 
in two different ways. First, from P, a point on QI, draw a line t o  e, in the first sheet, 
then across the branch-line, then in the second sheet to e3 and across the branch-line, 
then in the first sheet round e3 and back to P : the circuit is represented by the double 
line between e2 and e3. The value of the integral is 

[ u d z + î ( - u ) d 8 ,  es that is, 2 r u d z .  es 

Again, it can be obtained by a line from P', another point on QI, to  m , round the branch- 
point there and across the branch-line, then in the second sheet to  e, and round e,, then 
across the branch-line and back to P: the value of the 
integral is 

Co e2'.., 

E~ = 2 je, udz. 

But the modulus is the same for P a,q for P' : hence \\ 1 '. 
E,-2 1: &=e ?.adz. 

8% 

This relation can be espressed in a different form. The e 2.------------ ----------- m 
path from e, t o  e3 c m  be stretched into another form 
towards z=m in the first sheet, and similarly for the 
path in the second sheet, without dect ing the value of 

.r/ e3 .-*- 

the integral. Moreover as the integral is zero for z=m, Fig. 75. 
we can, without affecting the value, add the small part 
necessary t o  complete the circuits from e, to m and from e3 to 03. The directions of these 
circuits being given by the arrows, we have 

or, if 4 = 2 / l u a ~ ,  

for ?,=il 2, 3, we have* E , = ~ ~ u ~ z = E , - E ~ ,  

saY 4=4 +E3; 
and El is the modulus of periodicity for the cross-cut &. 

See Ex. 6, g 104. 
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I n  the same way the modulus of periodicity for Q, is found to be 
aD 

4 - 2  1 udz and t o  be 2 udz, 
es 0% 

the equivalence of which can be established as before. 

Hence i t  appears that, if w be the value of the integral a t  any point in the surface, 
the general value is of the form w+mEl+nE,, where m and n are integers. As the 
integral is gero at  infinity (and for other reasons which have already appeared), it is 
convenient to  take the fixed limit 2, so as  to  define w by the relation 

Now corresponding to a given algebraical value of z, there are two points in the surface 
and two values of w:  i t  ia important to know the relation to one another of these two 
values. Let z' denote the value in the lower sheet : then the path from d t o  30 can be 
made up of 

(i) a path from d to a, '; (ii) any number of irreducible circuits from co ' to co '; and 
(iii) across the branch-line and round its extremity to m .  

These parts respectively contribud to the integral 

- , O - ia ; (ii) a quantity mEl +nE3, 

where nz and n are integers; (iii) a quantity zero, since the integral vanishes 

a t  infinity : so that w1=mE1+nE3- W. 

If now we regard z as a function of WJ, Say z = Q  ( w ) ,  we have 

P(w)=z=@(mE1+nE3+w), @(.rcl)=d. 

But zl=z algebraically, so that we have 

as the function expressing z in terms of W. 

Similarly it c m  be proved that 

Q ( w ) =  +-6" (.mE1+n&f 4, 
the upper and the lower signa being taken together. Now @(tu ) ,  by itself, determines a 
value of z, that is, i t  determines two points on the surface : and p (w) hm different values 
for these two points. Hence a point cm the surface is unique& determined by @(w) and p(w) .  

Ex. 6. Consider w=L ((1 -9) (1 - k2z2)lf dz= udz. The subject of integration is j 
1 

two-valued, so that the surface is two-sheeted. The branch-points are f 1, 2- but k 
not a,; no one of the branch-points need be excluded, nor need infinity. 

The connectivity is 3, so that two cross-cuts will render the surface simply connected : 
let the branch-lines and the cross-cuts be taken as in the figure. 

The details of the argument follow the same course as in the previous case. 

The modulus of periodicity for Qs is 2 y-, UZ"= 4 1 2 i d i = 4 ~ ,  in the ordinary 

notation. 

The modulus of periodicit~ for Q, is 2 udz=2iK1, as  before. f 
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Hence, if w be a value of the integral for a point z in the 
value for that point is w +m4K+n%iK1. 

385 

fimt sheet, a more general 

second sheet, where $ is 

Q 1 

Let w' be a value of the integral for a point z' in the 
algebraically equal to z-the point in the 
fiAt sheet a t  which the value of the integral 
is w; then 1 -- 

w1=2K+ m4K +,n2iKf- w, 

so that, if we invert the functional relation 
and take z= sn w, we have Fig. 76. 

snw=r=sn (w+4mK+2niK1) 

=sn {(49n+2) K+ 2niB - w}. 

Ex. 7. Consider the integral w= /(, - 2) where u = ((1 - 9) (1 - k'?~~)}~. 

As in the last case, the surface is two-sheeted : the branch-points are & 1, + ' but no -k 
one of them need be excluded, nor need r=m. But the point r=c must be excluded in 
both sheets; for expanding the subject of integration for points in the first sheet in the 
vicinity of r=c, we have 

1 - {(1 -c" (1 -k2c2)}-)+..., 
2 - C  

and for points in the second sheet in the vicinity of z=c, we have 

-- l {(l-t)(l-k2t))-t-..., 
2 - 0  

in ench case givirig rise to a logarithmic infinity for r=c. 

We take the small curves excluding z=c in both sheets as the boundaries of the 
surface. Then, by Ex. 4 $ 178, (or because one of these curves may be regarded as a 

- 
Fig. 77. 

boundary of the surface in the last example, and the curve excluding the infinity in the 
other sheet is the equivalent of a loop-cut which (9 161) increases the connectivity by 
unity), the connectivity is 4. The cross-cuts necessary to make the surface simply 
connected are three. They may be taken as in the figure; Q, is drawn from the boundary 

1 
in one sheet to a branch-line and thence round - to the boundary in the other sheet : Q, 

k 
beginning and ending at a point in QI, and Q, beginning and ending at a point in Q2. 

The moduli of periodicity are :- 
for QI, the quantity (nl=)27ri {(l - c2) (1 - k2c2)}> obtained by taking a small curve 

round c in the upper sheet : 

obtained by taking a circuit round 1 Q,, the quantitg ( < i = ) 2 f l w u ,  
1 

and passi~ig from one edge of Q, to the other at F: 
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1 

k- Q3, the quantity (Q,=) 2 /:- dz obtained by taking a circuit round - 1 
1 (2-c)uY 

1 and - - , patising from one edge of Q, to the other a t  G: k 
so that, if any value of the integral a t  a point be w, the general value a t  the point is  

w+m,Q,+mzQ,+~Q,, 
where ml, m,, m, are integers. 

Conversely, z is a triply-periodic function of w; but the function of w is not uniform 
(§ 108). 

Ex. 8. As a last illiistration for the present, consider 

The surface is two-sheeted ; its connectivity is 3, the br.mch-points being + 1 + but not ' - k  
z= CO. No one of the branch-points need be excluded, for the integral is finite round each 

1 
of them. To consider the integral a t  infinity, we substitute z = - ,  and then z' 

dz' k'" 
= -j&- y "'+ ... ) 

giving for the function a t  infinity an accidental singularity of the first order in each 
sheet. 

The point z= w must therefore be excluded from each sheet : but the form of w, for 
infinitely large values of z, shews that  the modulus for the cross-cut, which passes from 
one of the points (regarded as a boundary) to the other, is zero. 

The figure in Ex. 6 can be used to determine the remaining moduli. The modulus 
for Q, is  

=4 p 1 - k29 
dx 

O {(1 - 02) (1 - kzxz)}) 
= 4E, 

with the notation of Jacobian elliptic functions. The modulus for Ql is 

on transforming by the relation k29+KZy2= 1 : the last expression can a t  once be changed 
into the form 2i (Kt- Et), with the same notation as before. 

If then w be any value of the integral a t  a point on the surface, the general value 
there is 

w + 4mE+ 2ni (Kt - Et), 
mhere rn and n are integers. 
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200. After these illustrations in connection with simple cases, we may 
proceed with the consideration of the integral of the most general function 
w' of position on a general Riemann surface, constructed in connection with 
the algebraical equation 

where the functions y (z) are rational, integral and algebraical. Subsidiary 
explanations, which are merely generalised from those inserted in the 
preceding particular discussions, will now be taken for granted. 

Taking w' in the form of 5 193, we have 

1 k, (z) wWa + . . . + h,+ (z) 1 
w'=- h0(z) + u (w, 2) =-ho@)+ - 

T )  n a f  ' 

so that in taking the integral of w' we shall have a term 
n 

ho (2) is a rational algebraical function. This kind of integral has been 
discussed in Chapter II.; as it has no essential importance for the present 
investigation, it will be omitted, so that, without loss of generality merely 
for the present purpose*, we may assume ho (z) to vanish; and then the 
numerator of w' is of degree not higher than n - 2 .in W. 

The value of z is insufficient to specify a point on the surface : the values 
of w and z must be given for this purpose, a requisite that was unnecessary 
in the preceding examples because the point z was spoken of as being in the 
upper or the lower of the two sheets of the various surfaces. Corresponding 
to a value a of z, there will be n points: they may be taken in the form 
(a,, a,), (a,, G), ..., (a,, G), where q, ..., a, are each algebraically equal to a, 
and a,, ..., a,, are the appropriately arranged roots of the equation 

f (w, a )  = O. 
U(w 2) The function w' to be integrated is of the form -, where U is of y 

aw 
degree n - 2 in w, but though algebraical and rational it is not necessarily 
integral in z. 

An ordinary point of w', which is neither an infinity nor a branch-point, 
is evidently an ordinary point of the integral. 

The infinities of the subject of integration are of prime importance. 
They are: 

(i) the infinities of the numerator, 

(ii) the zeros of the denominator. 
The former are constituted by (a), the poles of the coefficients of powers of w 

See 5 207, where ho ( 2 )  is retained. 

25-2 
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in U (w, z), and (P), z = cu : this value is included, because the only infinities 
of w, as determined by the fundamental equation, arise for infinite values of 
z, and infinite values of w and of z may make the numerator U(w, z) 
infinite. 

So far as concerns the infinities of w' which arise when z = GO (and there- 
fore w = GO), i t  is not proposed to investigate the geaeral conditions that the 
integral should vanish there. The test is of course that the limit, for z = a,, 

') should vanish for each of the n values of W. af 
aul 

But the establishment of the general conditions is hardly worth the 
labour involved ; i t  can easily be made in special cases, and it will be 
rendered unnecessary for the general case by subsequent investigations. 

201. The simplest of the instances, less special than the examples 
already discussed, are two. 

The first, which is really that of most frequent occurrence and is of very 
great fmctional importance, is that in which f (w, z) = O has the form 

2Uz -S(z)  = O, 

where S (z) is of order 2m - 1 or 2m and al1 its roots are simple : then 

af = 2w = 2 m ) .  In order that the lirnit of rnay be zero when 
aw af - 

aw 
z = a,, we see (bearing in mind that U, in the present case, is independent of 
w) that the excess of the degree of the numerator of U over its denominator 
may not be greater than rn - 2. In particular, if U be an integral function 
of z, a form of U which would leave Jw'dz zero a t  z = GO is 

As regards the other infinities of U/dS(z), they are merely the roots of 
S(z)=O or they are the branch-points, each of the first order, of the 
equation 

wa- X(z)= o. 
By the results of § 101, the integral vanishes round each of these points ; and 
each of the points is a branch-point of the integral function. The integral is 
finite everywhere on the surface: and the total number of such integrals, 
essentially difermt from one anothw, is the ltumber of arbitrary coejicients 
in U, thut is, i t  is m - 1, the same as the class of the Riemann's surface 
associated &th the equation. 

202. The other important instance is that in which the fundamental 
equation is, so to speak, a generalised equation of a plane curve, so that g, (2) 
is an integral algebraical function of z of degree s: then i t  is easy to see that, 
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af a t  z = 00, each branch w a z, so that - a zn-l : hence U (w, z) can Vary only 
aw 

as 2%-8, in order that the condition may be satisfied. If then U(w, z) be an 
integral function of z, it is evident that i t  can a t  most take a form which 
makes U= O the generalised equation of a curve of degree n. - 3; while, if i t  be 

( w ~  ') , then V(w, E), supposed integral in z, c m  at  most take a form which 
2-I: 

makes V= O the generalised equation of a curve of degree n - 2. 
Other forms are easily obtainable for accidental singularities of coefficients 

of w in U (w, z )  that are of other orders. 
As regards the other possible infinities of the integral, let c be an  acci- 

dental singularity of a coefficient of some power of w in U(w, 2); i t  may be 

af assumed not to be a zero of - Denote the n points on the surface by 
aw' 

(cl, kl), ( c ~ ,  kZ), ..., (cn, k,), where 6, c,, ..., c, are algebraically equal to c. 
In  the vicinity of each of these points let w' be expanded : then, near (c,, k,) 
we have a set of terms of the type 

Am,, Am+, r A , ,  A1 T + ... + - 
(2 - c,)" + (Z - c , ) ~  

+ - + P (z - c,), 
(2 - c,)a Z - C r  

where P ( z  - c,) is a converging series of positive integral powers of z- C, 

A corresponding expansion exists for every one of the n points. 
The integral of w' will therefore have a logarithmic infinity a t  (c,, k,), 

unless A , ,  is zero ; and i t  will have an algebraical infinity, unless al1 the 
coefficients A,, ,, ......, A,, , are zero. 

The simplest cases are 

(i) that in which the integral has a logarithmic infinity but no 
algebraical infinity ; and 

(ii) that in which the integral has no logarithmic infinity. 

For the former, w' is of the form ( w ~  and therefore in the vicinity of or 7' (2 - c )  - 
aw 

we have 

the value of A,,, being IP ("J ', and W is an integral function of k,., of 
af 
Zr 

degree not higher than n - 2. Hence 
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since c is the common algebraical value of the quantities c,, c,, ..., cw New 
h, k,, ..., FG, are the roots of 

f (w, c) = O, 

an equation of degree n, while W is of degree not higher than n - 2 ; hence, 
by a known theorem*, 

so that 
n 

Z A , .  = O.  
r = l  

The validity of the result is not affected if some of the coefficients A vanish. 
But it is evident that a single coefficient A cannot be the only non-vanishing 
coefficient ; and that, if al1 but two vanish, those two are equal and opposite. 

This result applies to al1 those accidental singularities of coefficients of 
powers of w in the numerator of w' which, being of the first order, give rise 
solely to logarithmic infinities in the integral of w'. I t  is of great importance 
in regard to moduli of periodicity of the integral. 

(ii) The other simple case is that in which each of the coefficients 
A, , ,  vanishes, so that the integral of w' has only an algebraical infinity a t  
the point c,, which is then an accidental singularity of order less by unity 
than its order for w'. 

I n  particular, if in the vicinity of c,, the form of w' be 

the integral has an accidental singularity of the first order. 

It is easy to prove that 
n 

2 &,.=O, 
r=l 

so that a single coefficient A cannot be the only non-vanishing coefficient; 
but the result is of less importance than in the preceding case, for al1 the 
moduli of periodicity of the integral a t  the cross-cuts for these points vanish. 
And it must be remembered that in order to obtain the subject of integration 
in this form, some terms have been removed in 3 200, the integral of which 
woiild give rise to infinities for either finite or infinite values of z. 

It may happen that al1 the coefficients of powers of w in the numerator 
of w' are integral functions of z. Then z=  co is their only accidental 
singularity; this value has already been taken into account. 

* Burnside and Panton, Theory of Equations, (3rd ed.), p. 319. 
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203. The remaining source of infinities of w', as giving rise to possible 
infinities of the integral, is constituted by the aggregate of the zeros of 

af = O.  Such points are the simultaneous roots of the equations 
aw 

af & = O ,  f (w, z)=O. 

In addition to the assumption already made that f = O is the equation of a 
generalised curve of the nth order, we shall make the further assumptions 
that al1 the singular points on i t  are simple, that is, such that there are only 
two tangents a t  the point, either distinct or coincident, and that al1 the 
branch-points are simple. 

The results of 5 98 may now be used. The total number of the points 
given as simultaneous roots is n (n - 1) : the form of the integral in the 
immediate vicinity of each of the points must be investigated. 

Let (c, y) be one of these points on the Riemann's surface, and let 
(c + & y + V )  be any point in its immediate vicinity. 

1. If ') do not vanish a t  the point, then (c, y) is a branch-point a~ 
for the function W. We then have 

f (w, z) = A'f: + B'u" quantities of higher dimensions, 

for points in the vicinity of (c, so that v s f:' when 1 cl is sufficiently small. 
Then 

= 2B'u + quantities of higher dimensions aw 
oc p, 

when 1 cl is sufficiently small. Hence, for such values, the subject of integra- 
tion is a constant multiple of 

U (y, c) + positive integral powers of u and c 
cf + powers of c wiih index > 4 

that is, of f:-*, when 151 is sufficiently small. The intepal  is therefore a 

constant multiple of c' when 1 c 1 is sufficiently small ; and its value is there- 
fore zero round the point, which is a branch-point for the function repre- 
sented by the integral. 

II. If af - ') vanish a t  the point, we have (with the as~urnptions 
a2 

of § 9% 
f (w, z) = A? + 2Bcu t OuZ + tertns of the third and higher degrees; 

and there are two cases. 

(i) If B2 Z AC, the point is not a branch-point, and we have 
Cu + B~J' = c(B2 - AC)$ + integral powers e, p, . . . 
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as the relation between v and Ç deduced from f = O. Then 

3 = 2 (BÇ + Cu) + terms of second and higher degrees 
aw 

= hc + higher powers of c. 
I n  the vicinity of (c, Y), the subject of integration is 

U (y, c) + Dv + Ef; + positive integral powers 
hf; + higher powers of c 

Hence when it is integrated, the first term is U(^/, log f;, and thé remain- 
X 

ing terms are positive integral powers of Ç: that is, such a point is a 
logarithmic infinity for the integral, unless U (y, c) vanish. 

If, then, we seek integrals which have not the point for a logarithmic 
infinity and we begin with U as the most general function possible, we can 
prevent the point from being a logarithmic infinity by choosing among the 
arbitrary constants in U a relation such that 

U(y, c ) = O .  
There are 6 such points (§ 98); and therefore 6 relations among the 

constants in the coefficients of U must be chosen, in order to prevent the 
integral 

from having a logarithmic infinity a t  these points, which are then ordinary 
points of the integraL 

(ii) If Ba = AC, the point is a branch-point ; we have 

B Ç + C ~ = + L ~ ; % + M ~ + N ~ !  +... 
as the relation between f and v deduced from f = O. I n  that case, 

3 = 2 (BÇ + Cu) + terrns of the second and higher degrees 
aw 

= LfB + powers of Ç having indices > a. 
I n  the vicinity of (c, y), the subject of integi-ation is 

U (y, c) + Dv +Et + higher powers 

~ f ; '  + higher powers of 

Hence when i t  is integrated, the first term is - 2 - cp! and i t  can be L 
proved that there is no logarithmic term; the point is an infinity for the 
integral, unless U (y, c) vanish. 

If, however, ainong the arbitrary constants in U we choose a relation such 
that 

u (Y, c) = O ,  
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then the numerator of the subject of integration 

= Du + ES + higher positive powers 

= X'3 + $3' + higher powers of & 
on substituting from the relation between v and 3 derived from the funda- 
mental equation. The subject of integration then is 

that is, 

the integral of which is 
X' 

2 - rt + positive powers. L 
The integral therefore vanishes a t  the point : and the point is a branch-point 
for the integral. I t  therefore follows that we can prevent the point from 
being an in6nity for the function by choosing among the arbitrary constants 
in O a relation such that 

U (./, c) = o. 
There are n such points (3 98): and therefore K relations ainong the 

constants in the coefficients of U must be chosen in order to prevent the 
integral from becoming infinite at  these points. Each of the points is a 
branch-point of the integral. 

204. Al1 the possible sources of infinite values of the subject of integra- - 

tion w', = u(w' '), have now been considered. A summary of the preceding 
af 
a; 

results leads to the following conclusions relative to Jw'dz: 

(i) an ordinary point of w' is an ordinary point of the integral : 

(ii) for infinite values of z, the integral vanishes if we assign proper 
limitations to the form of U (w, z) : 

(iii) accidental singularities of the coefficients of powers of w in 
U(w, z) are infinities, either algebraical or logarithmic or both 
algebraical and logarithmic, of the integral : 

(iv) if the coefficients of powers of w in U(w, z) have no accidental 
singularities except for z = a, then the integral is finite for 
infinite values of z (and of w) when U (w, z) is the most general 
rational integral algebraical function of w and z of degree lz - 3; 
but, if the coefficients of powers of w in U(w, z) have an 
accidental singularity of order p, then the integral will be finite 
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for infinite values of z (and of w) when U(w, e) is the most 
general rational integral algebraical function of w and z, the 
degree in w being not greater than n - 2 and the dimensions 
in w and z combined being not greater than rn + p - 3 : 

(v) those points, a t  which ôf/aw vanishes and which are not branch- 
points of the function, can be made ordinary points of the 
integral, if we assign proper relations among the constants 
occurring in U (w, z) : 

(vi) those points, a t  which af/aw vanishes and which are branch- 
points of the function, can, if necessary, be made to furnish 
zero values of the integral by assigning limitations to the 
form of U(w, z); each such point is a branch-point of the 
integral in any case. 

These conclusions enable us to select the simpleet and most important 
classes of integrals of uniform fiinctions of position on a Riemann's surface. 

205. The first class consists of those integrals which do not acquire* 
an infinite value a t  any point; they are called integrals of the jm t  kindj-. 

The integrals, considered in the preceding investigations, can give rise to 
integrals of the first kind, if the numerator U(w, z) of the subject of integra- 
tion satisfy various conditions. The function U(w, z) must be an integral 
function of dimensions not higher than n - 3 in w and z, in order that the 
integral may be finite for infinite values of z and for al1 finite values of z 
not specially connected with the equation f (w, z) = 0 ; for certain points 
specially connected with the fundamental equation, being 6 + IC in number, 
the value of U(w, z) must vanish, so that there must be 6 + IC relations 
among its coefficients. But when these conditions are satisfied, then the 
integral function is everywhere finite, i t  being remembered that certain 
limitations on the nature off  (w, z) = 0 have been made. 

Usually these oonditions do not determine U(w, z) uniquely Save as to a 
constant factor; and therefore in the most general integral of the first kind a 
number of independent arbitrary constants will occur, left undetermined by 
the conditions to which U is subjected. Each of these constants multiplies an 
integral which, everywhere finite, is different from the other integrals so 
multiplied; and therefore the number of different integrals of the first kind 
is equal to the number of arbitrary independent constants, left undetermined 
in U. It is evident that any linear combination of these integrals, with 

* They will be seen to be multiform funetions even on the multiply connected Riemann's 
surface, and they do not therefore give rise to any violation of the theorem of 5 40. 

t The German title is erster Gattung; and similarly for the integrals of the second kind and 
the third kind. 
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constant coefficients, is also an integral of the first kind ; and therefore a 
certain amount of modification of fornl among the integrals, after they have 
been obtained, is possible. 

The number of these integrals, linearly independent of one another, is 
easily found. Because U is an integral algebraical function of w and z of 
dimensions n - 3, it contains i(n - 1) (n - 2) terms in its most general form ; 
but its coefficients satisfy 6 + K relations, and these are al1 the relations that 
they need satisfy. Hence the number of undetermined and independent 
constants which it contains is 

&(n-  i ) (n  -2)- 6 - K,  

which, by 5 182, is the class p of the Riemann's surface ; and therefore, for the 
present case, the number of integrals, which are $nite everywhere on the surface 
and are linearly independent of one anoth,er, is equal to the class of the 
Riemann's surface. 

Moreover, the integral of the first kind has the same branch-points as the 
function W. Though the integral is finite everywhere on the surface, yet its 
derivative w' is not so : the infinities of w' are the branch-points. 

The result has been obtained on the original suppositions of § 98, which 
were, that al1 the singular points of the generalised curve f (w, z) = 0 are 
simple, that is, only two tangents (distinct or coincident) to the curve can 
be drawn at  each such point, and that al1 the branch-points are simple. 
Other special cases could be similarly investigated. But i t  is superfluous to 
carry out the investigation for a series of cases, because the result just 
obtained, and the result of 5 201, are merely particular instances of a general 
theorem which will be proved in Chapter XVIII., viz., that, associated with 
a Riemann's surface of connectivity 2 p  + 1, there are p linearly independent 
integrals of the first kind which are jnite everywhere on the surface. 

206. The functions, which thus arise out of the integral of an algebraical 
function and are finite everywhere, are not uniform functions of position on 
the unresolved surface. If the surface be resolved by 2p cross-cuts into one 
that is simply connected, then the function is finite, continuous and uniform 
everywhere in that resolved surface, which is limited by the cross-cuts as a 
single boundar~. But a t  any point on a cross-cut, the integral, a t  the two 
points on opposite edges, has values that differ by any integral multiple of 
the modulus of the function for that cross-cut (and possibly also by integral 
multiples of the moduli of the function for the other cross-cuts). 

Let the cross-cuts be taken as in 3 181 ; and for an integral of the first 
kind, Say W, let the moduli of periodicity for the cross-cuts be 
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respectively ; the moduli for the portions of cross-cuts c,, c,, . . ., c, have been 
proved to be zero. 

Some of these inoduli may vanish ; but it will be proved later (5 231) that 
al1 the moduli for the cross-cuts a, or al1 the moduli for the cross-cuts b, cannot 
vanish unless the integral is a mere constant. I n  the general case, with which 
we are concerned, we may assume that they do not vanish; and so it follows 
that, .if W be a value of an integral of the Jirst Ickd at any point on the 
Riemann's surface, al1 its values ut that point are of the form 

r=l 

where the coeficients m are integers. 

The foregoing functions, arising through integrals that are finite every- 
where on the surface, will be found the most important from the point of 
view of Abelian transcendents: but other classes arise, having infinities on 
the surface, and i t  is important to indicate their general nature before passing 
to the proof of the Existence-Theorem. 

207. First, consider an integral which has algebraical, but not logarithmic, 
infinities. Taking the subject of integration, as in the preceding case, to be 
the most general possible, so that arbitrary coefficients enter, we cm, by 
assigning suitable relations among these coefficients, prevent any of the 

- - aj- 
points, given as zeros of = O ,  from being infinities of the integral. I t  

aw 
follows that then the only infinities of the integral will be the points that are 
accidental singularities of coefficients of powers of w in the numerator of the 
general expression for w'. These singularities must each be of the second 
order a t  least : and, in the expansion of w' in the vicinity of each of them, 
there must be no term of index - 1, the index that leads, on integration, to a 
logarithm. 

Such integrals are called integrals of the second knd. 

The simplest integral of the second kind has an infinity for only a single 
point on the surface, and the infinity is of the first order only : the integral 
is then called an elementary integral of the second End. After what has 
been proved in 3 202 (ii), i t  is evident that an elementary integral of the 
second kind cannot occur in connection with the equation f (w, z) = O, unless 
the term h,,(z) of 3 200 be retained in the expression for w'. 

Ex. 1. Adopting the subject of integration obtained in $ 200, me have 

where U is  of the character considered in the precedirig sections, vis., it is of degree n- 2 
in w ; various forms of w' lead to various forms of ho (2 )  and of U (w, 2). 
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1 - 1 
If  - ho (z) = --- and if c 

n (2- c)2' 
in  U, i t  is then evident that 

OF THE SECOND KIND 397 

be not a singularity of the coefficient of any power of zu 

and the integral on the right-hand side can by choice among the constants be made an 
integral of the first kind. The integral is not, however, an elementary integral of the 
second kind, because z=c is an infinity in each sheet. 

Ex. 2. A apecial integral of the second kind occurs, when we take a n  accidental 
singularity, say z=c, of the coefficient of some power of zo in U(w, Z) and we neglect ho (2); 
so that, in effect, the subject of integratiou w' is limited to the form 

CT being of degree not higher than lz- 2 in W. To the value z=c, there correspond npoints 
in the various sheets; if, in the immediate vicinity of any one of the points, w' be of the 
fonn 

- Ar +Pt  (z - cJ, 
- 

in that vicinity the integral is  of the form 

For such an integral the sum of the coefficients A, is zero: the simplest case arises 
when al1 but two, Say Al and A2, of these vanish. The integral is then of the form 

in the vicinity of q, and of the form 

in the vicinity of c,. But the integral is not an elementary integral of the second kind. 

208. To find the general value of an integral of the second kind, 
al1 the algebraically infinite points would be excluded from the Riemann's 
surface by small curves: and the surface would be resolved into one that is 
simply connected. The cross-cuts necessary for this purpose would consist of 
the set of 21, cross-cuts, necessary to resolve the surface as for an integral of 
the first kind, and of the 13 additional cross-cuts in relation with the curves 
excluding the algebraically infinite points. 

Let the moduli for the former cross-cuts be 

el, ez, ... , E,, for the cuts a,, a-, ..., a,, 
ep+l , e p + ~  - . . , ezp for the cuts b,, b,, . . . , b,, respectively : 

the moduli for the cuts c are zero. I t  is evident from the form of the 
integral in the vicinity of any infinite point that, as the integral has only an 
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algebraical infinity, the modulus for each of the k cross-cuts, obtained by a 
curve from one edge to the othw round the point, is zero. Hence if one 
value of the integral of the second kind at  a point on the surface be E ( z ) ,  
al1 its values at that point are included in the form 

ZP 

E (2) + Z m,%, 
r=l  

where q, n,, ..., n, are integers. 

The importance of the elementary integral of the second kind, inde- 
pendently of its simplicity, is that i t  is  determined by its infinity, save as to a,n 

additive integral of the Jirst kind. 

Let E, (2) and E, (2) be two elementary integrals of the second kind, 
having their single infinity common, and let a be the value of z at this point ; 
then in its vicinity we have 

A, 
El (2 )  = --- + P, (z - a), z - a  

A 2 E2 (2 )  =- + P, (z - a), z - a  

and therefore A,E,(z) - A2E,(z) is finite at z =a. This new function is 
therefore finite over the whole Riemann's surface : hence it is an integral of 
the first kind, the moduli of periodicity of which depend upon those of El (2) 
and E, (2). 

Ex. It may similarly be proved that for the special case in Ex. 2, 4 207, when the 
integral of the second kind has two simple infinities for the same algebraical value of z in 
different sheeh, the integral is determinate save a s  to  an additive integral of the first kind. 

Let a, and a2 be the two points for the algebraical value a of z ; and let F(z)  and G ( z )  
be two integrals of the second kind above indicated having simple infinities a t  a, and a, 
and nowhere else. 

Then in the vicinity of a, we have 

A B 
F ( 4  =B_,I + Pl (z -al), G (4 = z_,: QI (2 - 4, 

so that BF(z)- AG(z) is finite in the vicinity of a,. 

Again, in the vicinity of a,, we have, by 202, 

ao that BF ( z )  - A G  ( z )  is finite in the vicinity of a, also. Hence BF  (a)  - AG (z )  is finite 
over the whole surface, and i t  is therefore an integral of the first kind; which proves the 
statement. 

It therefore appears that, if F(z )  be any such integral, every other integrd of the same 
nature at  those points is of the form F(z)+ W, where W is an integral of the first kind. 
Now there are p linearly independent integrah of the first kind: it  therefore follows that 
there are p+l  linearly independent integrals of the second kind, having simple infinities 
with equal and opposite residues a t  two points, (and a t  only two points), determined by 
one algebraical value of z. 
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From the property that an elementary integral of the second kind is 
determined by its infinity Save as to an additive integral of the first kind, we 
infer that thwe are p + 1 linearly independent elementav-y integrah o f  the 
seco~ld kind with the same single injnity on the Riemann's surface. 

This result can be established in connection with f (w, z)=0 a.~ follows. The subject 
of integration is 

"-.a?, (z- a)2 - aw 
where for simplicity it  is assumed that a is neither a branch-point of the function 
nor a singular point of the curve f (w, z)=0, and in the present case U is of degree 
n - 1 in  W. To ensure that the integral vanishes for z = m , the dimensions of U (w, z) 
niay not be p a t e r  than n-  1. Hence U(w, z), in its most general form, is an integral, 
rational, algebraical function of w and z of degree n- 1 ; the total number of terms is 
therefore Sn (n+l),  which is also the total number of arbitrary constants. 

In order that the integral may not be infinite a t  each of the B + K  singularities of the 
curve f (w, Z) =O, a relation U(y,  c) = O  must be satisfied a t  each of them; hence, on this 
score, there are % + K  relations among the arbitrary constants. 

Let the points on the surface given by the algebraical value a of z be (a,, a,), (a,, a,), 
. ( a ,  a ) .  The integral is to be infinite at only one of them; so that we must have 

zr(aî> *)=O, 
for r=2 ,  3, ..., n; and n -  1 is the greatest number of such points for which U can vanish, 
unless it vanish for all, and then there would be no algebraical infinity. Hence, on this 
score, there are n - 1 relations among the arbitrary constants in W. 

In  the vicinity of z=a, w=a,  let 

then we have 

af af af 
a, aw aa 

af where - is the value of - and - that of - , for z = a  and fu=a. For sufficiently small az 
values of 1 v 1 and 1 cl, we may take 

a f  af 
O = V - + ~ ~ .  a, 

For such points we have 
au au 

U(W, z)=U(a, a ) + v - + I a a +  ... aa 

L a( f ,  U)+..., =U(a,  a )+  - --- af a (a, a )  aa 

and 

Then unless 

for (a,, a,), and 
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1 
for (a,, a,), (a,, a,), ..., (a,, a,,), there will be terms in - in the expansion of the subject of 

C 
integration in the vicinity of the respective points, and consequently there will be 
logarithmic infinities in the integral. Siich infinities are to be excluded; and therefore 
their coefficients, being the residues, must vanish, so that, on this score, there appear to 
be n relations among the arbitrary constants in U. But, as in $ 210, the sum of the 
residues for any point is zero: and therefore, when n-  1 of them vanish, the remaining 
residne also vanishes. Hence, from this cause, there are only n - 1 relations among the 
arbitrary constants in U. 

The tale of independent arbitrary constants in U ( w ,  z) ,  remaining after al1 the 
conditions are satisfied, is 

+ n ( n + l ) - ( B + K ) - ( n - 1 ) - ( n - 1 )  

as each constant determines an integral, the inference is that there are p+l linearly 
independent elementary integrals of the second kind with a common infinity. 

209. Next, consider integrals which have logarithmic infinities, inde- 
pendently of or as well as algebraical infinities. They are called integrals of 
the third Icind. As in the case of integrals of the first kind and the second 
kind, we take the subject of integration to be as general as possible so that it 
contains arbitrary coefficients; and we assign suitable relations among the 
coefficients to prevent any of the points, given as zeros of ôf/ûw, from becoming 
infinities of the integral. It follows that the only infinities of the integral 
are accidental singularities of coefficients of powers of w in the numerator 
of the general expression for w'; and that, when w' is expanded for points in 
the immediate vicinity of such an expression, the term with index - 1 must 
occur. 

To find the general value of an integral of the third kind, we should 
first exclude from the Riemann's surface al1 the infinite points, say 

L L - . .  , Zlr,  

by small curves ; the surface would then be resolved into one that is simply 
connected. The cross-cuts necessary for this purpose would consist of the 
set of 2p cross-cuts, necessary to resolve the surface for an integral of the 
first kind, and of the additional cross-cuts, p in number and drawn from the 
boundary (taken at  some ordinary point of the integral) to the small curves 
that surround the infinities of the function. 

The moduli for the former set may be denoted by 

ml, m2, ...,  ET^ for the cuts %, h, ..., a,, 

and mp+,, mp+,, . . . , mzp for the cuts b,, b,, . . . , b, respectively ; 

they are zero for the cuts c. Taking the integral from one edge to the other 
of any one of the remaining cross-cuts 1,, l,, ..., Z,, (where 1, is the cross-cut 
drawn from the curve surrounding 1, to the boundary), its value is given by 
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the value of the integral round the small curve and therefore i t  is 2rzXq, 
where the expansion of the subject of integration in the immediate vicinity 
of z = 1, is 

A2 A, +--+P(z-1,). +(r-1q)2 2- 

Then, if II be any value of the integral of the third kind at  a point on the 
unresolved Riemann's surface, al1 its values a t  the point are included in the 
form 

2P n+ z mvwr+ 2 r i E  %,A,, 
r=l q = l  

where the coefficients m,, ..., mp, n,, ..., a, are integers. 

210. I t  can be proved that the quantities A, are subject to the relation 

Let the surface be resolved by the complete system of 2p + ,u cross-cuts : the 
resolved surface is simply connected and has only a single boundary. The 
subject of integration, wf, is uniform and continuous over this resolved surface: 
i t  has no infinities in the surface, for its infinities have been excluded ; hence 

when the integral is taken round the complete boundary of the resolved 
surface. 

This boundary consists of the double edges of the cross-cuts a, b, c, L, 
and the small curves round the p points 1 ;  the two edges of the same cross- 
cut being described in opposite directions in every instance. 

Since the integral is zero and the function is finite everywhere along the 
boundary, the parts contributed by the portions of the boundary may be con- 
sidered separately. 

First, for any cross-cut, say aq : let O be the point where i t  is crossed by bq, 
and let the positive dirèction of description of the whole boundary be indicated 
by the arrows (fig. 81, p. 438). Then, for the portion Ca ... E, the part of the 

E 
integral is lc wfdz, or, if Ca.. . E be the negative edge (as in § 196), the part of 

the integral may be denoted by 

The part of the integral for the portion 

edge of the cross-cut, is w'dz, which may be 

course and the range for the latter part are 

F. 

F...aD, being the positive 

denoted by -lF ddz .  The 
D 

the same as those for the 
26 
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Ex. 4. Shew that, in connection with the fundamental equation 

d + Z = l  

any integral of the first kind is a constant multiple of 

that an integral of the second kind, of the class considered in Ex. 2, $ 207, is given by 

and that an elementary integral of the third kind is given by 

Ex. 5. An elementary (Jacobian) elliptic integral of the third kind occurs in Ex. 7, 
p. 385; and a (Jacobian) elliptic integral of the second kind occurs in Ex. 8, p. 386. 

Shew that an elementary (elliptic) integral of the second kind, associated with the 
equation 

w2=4z3-g,z-y,, 

and having its infinity a t  (el, Y,), is 

and that an elementary (elliptic) integral of the third kind, associated with the same 
equation and having its two infinities a t  (cl ,  (c*, y2), is 

A sufficient number of particular examples, and also of examples with 
a limited generality, have been adduced to indicate some of the properties 
of functions arising, in the first instance, as integrals of multiform functions 
of a variable z (or as integrals of uniform functions of position on a 
Riemann's surface). The succeeding investigation establishes, from the most 
general point of view, the existence of such functions on a Riemann's 
surface: they will no longer be regarded as defined by integrals of multi- 
form functions. 
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CHAPTER XVII. 

212. THE investigations in the preceding chapter were based on 
the supposition that a fundamental equation was given, the appropriate 
Riemann's surface being associated with it. The general expression of 
uniform functions af position on the surface was constructed, and the 
integrals of such functions were considered. These integrals in general 
were multiform on the surface, the deviation from uniformity consistiug 
in the property that the difference between any two of the infinite number of 
values could be expressed as a linear combination of integral multiples of 
certain constants associated with the function. Infinities of the functions 
defiued by the integrals, and the classification of the functions according to 
their infinities, were also considered. 

But al1 these investigations were made either in connection with 
very particular forms of the fundamental equation, or with a form of not 
unlimited generality : and, for the latter case, assumptions were made, 
justified by the analysis so far as i t  was carried, but not established generally. 

I n  order to render the consideration of the propositions complete, it must 
be made without any limitations upon the general form of fundamental 
equation. 

Moreover, the second question of FJ 192, viz., the existence of functions 
(both uniform and multiform) of position on a surface given independently of 
any algebraical equation, is as yet unconsidered. 

The two questions, in their generality, can be treated together. I n  the 
former case, with the fundamental equation there is associated a Riemann's 
surface, the branching of which is determined by that fundamental equation ; 
in the latter case, the Riemann's surface with assigned branching is supposed 
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given*. We shall take the surface as having one boundary and being other- 
wise closed ; the connectivity is therefore an uneven integer, and i t  will be 
denoted by 2p + 1. 

213. The problem can be limited initially, so as to prevent unnecessary 
complications. Al1 the functions to be discussed, whether they be algebraical 
functions or integrals of algebraical functions, can be expressed in the form 
u + iv, where u and v are two real functions of two independent real variables 
x and y. It has already (5 10) been proved that both u. and v satisfy the 
equation 

and that, if either u. or v be known, the other can be derived by a quadra- 
ture a t  most, and is determinate save as to an additive arbitrary constant. 
Since therefore w is determined by u, save as to an additive constant, we 
shall, in the first place, consider the properties of the real function u only. 

The result is valid so long as v can be determined, that is, so long as the 
function u has differential coefficients. It will appear, in the course of the 
present chapter, that no conditions are attached to the derivatives of u along 
the boundary of an area, so that the determination of v along such a boundary 
seems open to question. 

It has been ($ 36) proved, in a theorem due to Schwarz, that, if w a 
function of z be defined for a half-plane and if it have real finite continuous - 

values along any portion of the axis of x, i t  can be symmetrically continued 
across that portion of the axis. The continuation is therefore possible for the 
real part u of the function w ; and the values of u are the real finite continuous 
values of w along that portion of the axis. 

It will be seen, in Chapters XIX., XX. that, by changing the independent 
variables, the axis of x can be changed into a circle or other analytical line 
($221) ; so that a function u, defined for an  interior and having real finite con- 
tinuous values along any portion of the boundary, can be continued across that 
portion of the boundary, which is therefore not the limit of existence? of u. 

+ The surface is supposed given ; we are not concerned with the quite distinct question as to 
how far a Riemann's surface is determinate by the assignment of its number of sheets, its 
branch-points (and consequently of its connectivity), and of its brauch-lines. This question is 
discussed by Hurmitz, Math. Ann., t. xxxix, (1891), pp. 1-61. He shews that, if fi denote the 
ramification (5 179) of the surface which, necessarily an even integer, is defined as the sum of 
the orders of its branoh-points, a two-sheeted surface ie made uniquely determinate by assigned 
branch-points; the number of essentially distinct three-sheeted surfaces, made determinate by 
assigned branch-points, is 9 (351-2 - 1); and so on. It is easy to verify that the number of 
distinct three-sheeted surfaces, with 4 assigned points as simple branch-points, is 4:  an example 
suggested to me bg Mr Burnside. 

1- The continuation indicated wili be carried out for the present case by means of the com- 
bination of areas (5 222), and without further reference to the transformation indicated or to 
Schwarz's theorem on symmetrical continuation. 
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The derivatives of u can then be obtained in the extended space and so v can 
be determined for the boundary*. 

And, what is more important, i t  will be found that, under conditions to be 
assigned, the number of functions u that are determined is double the number 
of functions w that are determined ; the complete set of functions u lead to al1 
the parts u and v of the functions w ( 5  234, note). 

214. The infinities of u a t  any point are given by the real parts of the 
ternls which indicate the infinities of W. Conversely, when the infinities of u 
are assigned in functional form, those of w can be deduced, the form of the 
associated infinities of v first being constructed by quadratures. 

The periods of w, being the moduli at  the cross-cuts, lead to real constants 
as differences of u at  opposite edges of cross-cuts, or, if we choose, as constant 
differences of values of u a t  points on definite curves, conveniently taken for 
reference as lines of possible cross-cuts. Conversely, a real constant modulus 
for u is the real part? of the corresponding modulus of W. 

Hence a function, w, of position on a Riemann's surface is, except as to an 
additive constant, determined by a real function u of x and y (where x + Zy is 
the independent variable for the surface), if u be subject to the conditions :- 

(i) i t  satisfies the equation V% = O a t  al1 points on the surface where 
its derivatives are not infinite : 

(ii) if i t  be multiforrn, its values a t  any point on the surface differ by 
linear combinations of integral multiples of real constants : otherwise, it is 
uniform : 

(iii) it may have specified infinities, of given form in the vicinity of 
assigned points on the surface. 

I n  addition to these general conditions imposed upon the function u, i t  is 
convenient to admit as a further possible condition, for portions of the surface, 
that the function u shall assume, along a closed curve, values which are 
always finite. But it must be understood that this condition is used only for 
subsidiary purposes : it will be seen that it causes no linlitation on the final 
result, all that is essential in its limitations being merged in the three 
dominant conditions. 

The questions for discussion are therefore (i), the existence of functions: 
satisfying the above conditions in connection with a given Riemann's 

See Phragmén, Acta Math., t. xiv, (1890), pp. 225-227, for some remarks upon this 
question. 

+ The imaginary parts of the moduli of w are determinate with the imaginary part of w : see 
remark at end of f 213, and the further reference there given. 

f The functions u (and also v )  are of great importance in mathematical physics for two- 
dimenaional phenornena in branches such as gravitational attraction, electricity, hydrodynamics 
and heat. In all of them, the fnnction represents a potentid; and, conseqnently, in the general 
theory of functions, it is often calied a potential function. 
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surface, the connectivity of which is 2p + 1 as dependent upon its branchiug 
and the number of its sheets; and (ii), assuming that the functions exist, 
their determination by the assigned conditions. 

215. There are many methods for the discussion of these questions. The 
potential function, both for two and for three dimensions in space, first arose in 
investigations connected with mathematical physics : and, so far as concerns 
such subjects, its theory was developed by Poisson, Green, Gauss, Stokes, 
Thomson, Maxwell and others. Their investigations have reference to appli- 
cations to mathematical physics, and they do not tend towards the solution of 
the questions just propounded in  relation to the general theory of functions. 

Klein uses considerations drawn from mathematical and experimental 
physics to establish the existence of potential functions under the assigned 
conditions. The proof that will be adopted brings the stages of the investi- 
gation into closer relations with the preceding and the succeeding parts of the 
subject than is possible if Klein's method be followed*. 

To establish the existence of the functions under the assigned conditions, 
Riemann+ uses the so-called Dirichlet's Principlet; but as Riemann's proof 
of the principle is inadequate, his proof of the existence-theorem cannot be 
considered complete. 

There are two other principal, and independent, methods of importance, 
each of which effectively establishes the existence of the functions, due to 
Neumann and to Schwarz respectively ; each of them avowedly dispenses5 
with the use of Dirichlet's Principle. 

The courses of the methods have considerable similarity. Both begin 
with the construction of the function for a circular area. Neumann uses 
what is commonly called the method of the arithmetic mean, for gradua1 
approximation to the value of the potential function for a region bounded 
by a convex curve: Schwarz uses the method of conforma1 representation, 
to deduce from results previously obtained, the potential function for 
regions bounded by analytical curves ; and both authors use certain 
methods for combination of areas, for each of which the potential function 
has been constructedll. 

Klein's proof occurs in his tract, already quoted, Ueber Riemann's Thgorie der algebraischen 
Functionen und ihrer Integrale, (Leipzig, Teubner, 1882), and it is modilied in his memoir " Neue 
Beitrke s u  Riemann'schen Functionentheorie," Math. dnn. ,  t. xxi, (1883), pp. 141-218, 
particularly pp. 1 6 6 1 6 2 .  

I. Ges. FVwke, pp. 35-39, pp. 96-98. 
$ Riemann enunciates it, (l.c.), pp. 34, 92. 
5 Neumann, V o r k m g e n  über Riemann's Theorie der Abel'sehen Integrale, (2nd ed., 1884), 

p. 238; Schwarz, G a .  Werke, ii, p. 171. 
II Neumann's investigations are contained in various memoirs, Nath. Ann., t. iii, (1871), 

pp. 335-349; ib., t. xi, (1877), pp. 558-566; ib., t. xiii, (1878), pp. 255-300; ib., t. x 6  
(1880), pp. 409-431; and the methods are developed in detail and amplified in his treatise 
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What follows in the present chapter is based upon Schwarz's investi- 
gat ions:  the n e x t  chapter is based u p o n  the invest igat ions of both Schwarz 
and Neumann, and, of course, upon  Riemann's  memoirs. 

The following summary of the general argument d l  serve to indicate the main line of 
the proof of the establishment of potential functions satisfylng assigned conditions. 

1. A potential function u is uniquely determined by the conditions: that it, as  

(which satisfy the equation Vau=()), shall be well as  its derivatives - a d  3' G1 @ 
uniform, finite and continuous, for al1 points within the area of a circle; and that, aloiig 
the circiimference of the circle, the function shall assume assigned values that are always 
finite, uniform and, except a t  a limited number of isolated points where there is a sudden 
(finite) change of value, continuous. (5s 216-220.) 

II. By using the principle of conforma1 representation, areas bounded by curves other 
than circles-say by analytical curves-are obtained, over which the potential function is 
uniquely determined by general conditions within the area and assigned values along its 
boundary. (§ 221.) 

III. The method of combination of areaa, dependent upon an alternating procws, 
l a d s  to the result that a function exists for a given region, satisfying the general conditions 
in that region and acquiring assigned finite values along the boundary, when the region 
can be obtained by combinations of areas that can be conformally represented upon the 
area of a circle. (3 222.) 

IV. The theorem is still valid when the region (supposed simply connected) contains 
a branch-point ; the winding-surface is transformed by a relation 

z - c= R Z m  
into a single-sheeted surface, for which the theorem has already been established. 

When the surface is rnultiply connected, we resolve i t  by cross-cuts into one that is 
simply connected, before discussing the function. (§ 223.) 

V. Real functions exist on a Riemann's surface, which axe everywhere h i t e  and 

Ueber dus logarithmisehe und Newton'sche Potential (Leipzig, Teubner, 1877) and in his treatise 
quoted in the preceding note. In this connection, as well as in relation to Schwarz's investi- 
gations, and also in view of some independence of treatuient, Harnack's treatise, Die Grundlagen 
 de^ Theone des bgarithmisehen Potentiales und der eindeutigen Potentialfunction i n  de+ Ebene 
(Leipzig, Teubner, 1887), and a memoir by Harnack, Math. Ann., t. xxxv, (1890), pp. 19-40, 
may be consulted. 

A modification of Neumann's proof, due to Klein, is given in the f is t  volume (pp. 508-522) 
of the treatise cited on p. 403, note. 

Schwarz's investigations are contained in various memoirs occurring in the second volume 
of his Gesanamelte Werke, pp. 108-132, 133-143, 144-171, 175-210, 303-306 : their various 
dates and places of publication are there stated. A simple and interesting general statement 
of the gist of his results will be found in a critical notice of the two volumes of his collected 
works, written by Henriei in Nature (Feb. 5 ,  12, 1891, pp. 321423, 349-352). There is a 
comprehensive memoir by Ascoli, based upon Sohwarz's method, " Integration der Differential- 
gleichung V%=O in einer beliebigen Riemann'schen Flache," (Bih. t .  kongl. Svenska Vet. Akad. 
Hundl., bd. xüi, 1887, Afd. 1, n. 2 ;  83 pp.); a thesis by Jules Riemann, SUT le pobleme de 
Dirichlet, (Thèse, Gauthier-Villars, Paris, 1888), diseusses a number of Schwarz's theorems 
(see, however, Schwarz, Ges. Werke, t. ii, pp. 356358) ; and an independent memoir by Prym, 
Crelle, t. Ixxiii, (1871), pp. 340-364, may be consulted. 

The literature of this part of the subject is very wide in extent : many other references are 
given by the authors already quoted. 
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uniquely determinate by arbitrarily aasigned r e d  moduli of periodicity a t  the cross-cuts. 
($3 224-227.) 

VI. Functions exist, satisfying the conditions in (V) escept that they rnay have a t  
isolated points on the surface, infinities of an assigned form. ($ 229.) 

216. We shall, in the first place, treat of potential functions that have 
no infinities, either algebraical or logarithmic, over some continuous area on 
the surface limited by a simple closed boundary, or by a number of non-inter- 
secting simple closed curves constituting the boundary ; for the present, the 
area thus enclosed will be supposed to lie in one and the same sheet, so that 
we may regard the area as lying in a simple plane. 

At al1 points within the area and on its boundary, the function u is finite 
and will be supposed uniform and continuous ; for al1 points within the area 
(but not necessarily for points on the boundary), the derivatives 

are uniform, finite and continuous and they satisfy the equation V2u= 0. 
These may be called the general conditions. 

Two cases occur according as the character of the derivatives at points in 
the area is or is not assigned for points on the boundary ; if the character be 
assigned, there will then be what may be called boundary conditions. The 
two cases therefore are : 

( A )  When a function u is required to satisfy the general conditions, 
and its derivatives are required to satisfy the boundary conditions : 

(B)  When the only requirement is that the function shall satisfy the 
general conditions. 

Before proceeding to the establishment of what is the fundamental 
proposition in Schwarz's method, it is convenient to prove three lemmas 
and to deduce some inferences that will be useful. 

LEMMA 1. I f  two fumti0n.s 21, and u, satisfy the general conditions for two 
regions Tl and T, respectively, which have a common portion T that .is more than 
a point or a line, and if u . ~  and u, be the same for the common portion T, then 
they dejtne a single function for the whole region composed of Tl and T,. 

This proposition can be made to depend upon the continuation of 
analytical functions*, whether in a plane ($ 34) or, in view of a subsequent 
transformation (§ 223), on a Riemann's surface. 

The real function u, defines a function w1 of the complex variable z, for any 
point in the region Tl; and for points within this region, the function w, is 
uniquely determined by means of its own value and the values of its deriva- 
tives at  any point within Tl, obtained, if necessary, by a succession of elements 

* For other proofs, see Schwarz, ii, pp. 201, 202 and references there given. 
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in continuation. Hence the value of w, and its derivatives at  any point 
within T defines a function existing over the whole of Tl. 

Similarly the real function u, defines a function w, within T,, and this 
function is uniquely determined over the whole of Tg by its value and the 
value of its derivatives at  any point within T. 

Now the values of u, and u, are the same a t  al1 points in T, and therefore 
the values of w, and w, are the same a t  al1 points in Y', except possibly for an  
additive (imaginary) constant, say ia, so that 

w, = w, + ia. 
Hence for al1 points in T, (supposed not to be a point, so that we may have 
derivatives in every direction (5 8): and not to be a line, so that we may 
have derivatives in al1 directions from a point on the line), the derivatives 
of w, agree with those of w, ; and therefore the quantities necessary to define 
the continuation of w, from T over T, agree with the quantities necessary to 
define the continuation of w, from T over Tz, except only that w, and w2 
differ by an iinaginary constant. Hence, having regard to the form of the 
elements, w, and w, can be continued over the region composed of Tl and T,, 
and their values differ (possibly) by the imaginary constant. When we take 
the real parts of the functions, we have zc, and u, defining a single function 
existing over the whole region occupied by the combination of T, and T,. 

The other two lemmas relate to integrals connected with potential 
functions. 

LEMMA II. Let u be a function required to satisfy the general conditions, 
and let its derivatives be required to satisfy the boumdary conditions, for an 
area S bounded by simple non-intersecting curves : then 

where the inte,qrd is extended round the whole boundary i n  the direction thut is 
positive with regard to the bounded area 8 ;  and dn is an element of the normal 
to a boundary-line drawn towards the interior of the space enclosed by that 
boundary-line regarded merely as a simple closed curve *. 

Let P and & be any two functions, which, as well as their first and second 
derivatives with regard t~ x and to y, are uniform finite and continuous for 
al1 points within S and on its boundary. Then, proceeding as in fi 16 and 
taking account of the conditions to which P and & are subject, we have 

* The element dn of the normal is, by this definition, measured inwards to, or outwards 
from, the area S according as the purticnlar boundary-line is described in the positive, or in the 
negative, trigonometrical sense. Thus, if S be the space between two concentric circles, the 
element dn at each circumference is drawn towards its centre; the directions of integration are 
as in $2 .  
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a= a2 
where V2 denotes - + -- , the double integrals extend over the area of S, and a~ ay2 
the single integral is taken round the whole boundary of S in the direction 
that is positive for the bounded area S. 

Let ds be an element PT of arc of the boundary at a point (x, y), and dn be 
an element TQ of the normal a t  T drawn to the 
interior of the space included by the boundary- 
line regarded as a simple closed curve ; and let + 
be the inclination of the tangent at T. Then in 6 Q$ 

(i), as TQ is drawn to the interior of the area in- P P 
cluded by the curve, the direction of integration Fig. 78. 

being indicated by the arrow (so that S lies within the curve), we have 
dx=dscos+-dnsin*, dy=dssin++dlzcos+; 

and therefore it follows that, for any function R, 

Now for variations along the boundary we have dn = O, so that 

And in (ii), as TQ is drawn to the interior of the area included by the curve, 
the direction of integration being indicated by the arrow (so that S lies 
without the curve), we have 

dx = (- ds) cos + + dn sin +, dy = (- ds) sin + - dn cos +, 
and therefore 

so that, as before, for variations along the boundary, 

Hence, with the conventions as t o  the measurement of dn and ds, we have 

both integrals being taken round the whole boundary of S in a direction that 
is positive as regards X. Therefore 

In  the same way, we obtain the equation 

- QVaP) dxdy = 
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where the double integral extends over the whole of 8, and the single 
integral is taken round the whole boundary of S in the direction that is 
positive for the bounded area S. 

Now let u be a potential function defined as in the lemma; then u 
satisfies al1 the conditions imposed on P, as well as the condition Vzu= O 
tliroughout the area and on the boiindary. Let Q = 1 ; so that Va& = O ,  

3 = O. Each element of the left-hand side is zero, and there is no dis- 
am 
continuity in the valiies of P and Q ; the double integral therefore vanishes, 
and we have 

the result which was to be proved. 

But if the derivatives of u are not required to satisfy the boundary 
conditions, the foregoing equation may not be inferred; we then have the 
following proposition. 

LEMMA III. Let u be a function, which is only required to satbfy the 
general conditions for an area S ;  and let u' be any other function, which 
is required to satisfy the general conditions for that area and may or may 
not be required to satisfy the boundary conditions, Let A be an area entirely 
enclosed in  S and such that no point of its whole boundary lies on any part of 
the whole boundary of S ;  tlzm 

where the Zntegral is taken round the whole boundary of A in a direction 
which is positive with regard to the bounded area A, and the elen~ent dn of 
the normal to a boundary-line is  drawn towards the interior of tl~e space 
enclosed by that boundary-line, regarded rnerely as a simple closed cuwe. 

The area A is one over which the functions u and u' satisfy the general 
conditions. The derivatives of these functions satisfy the boundary-conditions 
for A, because they are uniform, finite and continuous for al1 points inside S, 
and the boundary of A is limited to lie entirely within S. Hence 

the integrals respectively refei~ing to the area of A and its boundary in a 
direction positive as regards A. But, for every point of the area, V% = 0, 
Vb' = O ; and u and u' are finite. Hence the double integral vanishes, and 
therefore 

taken round the whole boundary of A in the positive direction 
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One of the most effective modes of choosing a region A of the above 
character is as follows. Let a simple curve Cl be drawn lying entirely within 
the area S, so that it does not meet the boundary of S; and let another 
simple curve C, be drawn lying entirely within Cl, so that i t  does not meet 
Cl and that the space between Cl and Ca lies in S. This space is an area of 
the character of A, and it is such that for al1 interna1 points, as well as for 
al1 points on the whole of its boundary (which is constituted by Cl and C,), 
the conditions of the preceding lemma apply. The curve Ca in the above 
integration is described positively relative to the area which it includes : the 
curve C, is described, as in § 2, negatively relative to the area which it 
includes. Hence, for such a space, the above equation is 

if the integrals be now extended round the two curves in a direction that is 
positive relative to the area enclosed by each, and if in each case the normal 
element dn be drawn from the curve towards the interior. 

217. We now proceed to prove that a function u, required to satisfy the 
general conditions for an area Êncluded within a circle, Ês uniquely determiwd 
by the series of values assigned to u along the circumference of the circle. 

Let the circle X be of radius R and centre the origin. Take an inteinal 
point zo = rdi ,  and its inverse 2,' = r'e+i (such that rr' = Ra) : so that z,' is 
external to the circle. Then the curves determined by 

for real values of h, are circles which do not meet one another. The boundary 
of S is determined by h = 1, and h = O gives the point z, as a limiting circle : 
and the whole area of S is obtained by making the real parameter h 
change continuously from O to 1. 

Lemma III. may be applied. We choose, as the ring-space, the area 
included between the two circles determined by hl and &, where 

1 > x 1 > x * > o ;  
and then we have 

where the integrals are taken round the two circumferences in the trigono- 
inetrically positive direction (dn being in each case a normal element drawn 
towards the centre of its own circle), and the function u' satisfies the general 
and the boundary conditions for the ring-area considered. Moreover, the 
area between the circles, determined by hl and &, is one for which u satisfies 
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217.1 DETERMINED FOR A CIRCLE 415 

the general conditions, and its derivatives certainly satisfy the boundary 
conditions : hence 

Now the function u' is at our disposal, subject to the general conditions 
for the area between the two h-circles and the boundary conditions for each 
of those circles. Al1 these conditions are satisfied by taking u' as the real 

z - 2, 
part of log that is, in the present case, 

z -2, 

For al1 points on the outer circle d is equal to the constant log 

that 

and similarly for al1 points on the inner circle u' is equal to the constant 

log (i h) , so that 

Again, for a point z on the outer circle, whose angular coordinate is +, 
aut 

the value of - for an inward drawn normal is ($11) afi 
- (Ra - 

h,R (R" P) {R2 - 2Rrh  cos (+ - +) + rXa]  ' 
and because the radius of that outer circle is &R (R2 - S)/(R2- r2Ala), we 
have 

ds, = AIR (RB - y') dS. 
R2 - rahls 

Denoting by f (h, iJr) the value of u at this point + on the circle determined 
by x,, we have 

Similarly for the inner circle, the normal element again being drawn towards 
its centre, we have 

Combining these results, we have 
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In the analysis which has established this equation, X, and Xz can have al1 
values between 1 and 0: the limiting value O is excluded because then u,' 

is not finite, and the limiting value 1 is excluded because no supposition has 
been made as to the character of the derivatives of u a t  the circumference 
of S. 

The equation which has been obtained involves only the values of u 
but not the values of its derivatives. Since the values of u are finite both 
for = O and h = 1, and the integrals are finite, the exclusion of the limiting 
values of need not be applied to the equation, although the exclusion was 
necessary during the proof, owing to the presence of quantities that have 
since disappeared. Hence the equation is valid when we take h, = 1, h, = 0. 

When X, = 0, the corresponding circle collapses to the point z, : the value 
of f (X,, 9 )  is then the value of u a t  2, Say ~ ( r ,  +); and the integral 
connected with the second circle is 2rru (r, +). 

When 1, = 1, the corresponding circle is the circle of radius R ; the value 
of f (A,, +) is then the assigned value of u a t  the point $ on the circum- 
ference, Say the fiinction f (+). Substituting these values, we have 

R Z - S  
($) RJ- 2Rr cos ($ - +) + ra d$J 

the integral being taken positively round the circumference of the circle S. 

It therefore appears that the function u, subjected to the general 
conditions for the area of the circle, is uniquely determined by the values 
assigned to i t  along the circumference of the circle. 

The general conditions for u imply certain restrictions on the boundar~ 
values. These values must be finite, continuous and uniform: and therefore 
f (+), as a function of 9 ,  must be finite, continuous, uniform and periodic in 
+ of period 27r. 

218. It is easy to verify that, when the boundary values f(+) are not 
otherwise restricted, al1 the conditions attaching to u are satisfied by the 
function which the integral represents. 

Since the real part of (Re* + z)/(Re$i - z) is the fraction 

(Ra -P)/{R" 2Rr cos (+ - +) + T'}, 

it follows that u is the real part of the function F (z), defined by the equation 

For al1 values of z such that lz l< R, the fraction can be expanded in a series 
of positive integral powers of z, which converges unconditionally and uni- 
fonnly; and therefore P(z)  is a uniform, continuous, analytical function, 
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everywhere finite for such values of z. Hence al1 its derivatives are uniform, 
continuous, analytical functions, finite for those values of z ;  and these 
properties are possessed by the real and the imaginary parts of such 

am+n 
derivatives. Now - axmayn is the real part of Q dm+n (") ; and therefore, dzm+n 
for al1 integers m and n positive or zero, i t  is a uniform, finite and continuous 
function for points such that Jz l<  R, that is, for points within the circle. 
Moreover, since u. is the real part of a function of z, and has its differential 
coefficients uniform, finite and continuous, i t  satisfies the differential equation 
V2u = o. 

To infer the continuity of approach of u(r ,  +) to f (+) as r is made equal 
to R, we change the integral expression for u(r ,  +) into 

Moreover for al1 values of r < R (but not for r = R), we have 
R2 - r2 de=' [tan-] {* tan b ~ } ] e " - 4  = 1 ; 

R2-2RrcosB+r2 w R - r  -6 

1 2"-9 Ra - r2 
= - ~ ( 0  + +) - f ( + ) ~  ~2 - 2 ~ 9 -  cos e + 7' de. 27r -+ 

Let O denote the subject of integration in the last integral. Then, as r 
is made to approach indefinitely near to R in value, O becomes infinitesimal 
for al1 values of 8 except those which are extremely small, Say for values of 9 
between - 6 and + 6. Dividing the integral into the corresponding parts, 
we have 

Let M be the greatest value o f f  (+) for points along the circle. Then the 
first integral and the second integral are less than 

Ra  - r2 2 ~ - 8 - 4  R2- rZ 
2 2M 2Rr (1 - cos 6) and 2 a  2M (R-r)1+2Rr(l-cosB) 

respectively ; by taking r indefinitely near to R in value, these quantities 
can be made as small as we please. For the third integral, let Ic be the 
greatest value off (+ + 8) - f (4) for values of 0 between 6 and - 6 : then the 
third integral is lees than 

2k 
that is, i t  is less than -tan+ ; so that, when r is made nearly 

%- 

equal to R, the third integral is less than k. 
F. 
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If then k be infinitesimal, as is the case when f (+) is everywhere finite 
and continuous, the quantity I can be diminished indefinitely ; hence u (r ,  +) 
continuously changes into the function f  ( 4 )  as r is made equal to R. The 
verification that the function, defined bÿ the integral, does satisfy the general 
conditions for the area of the circle and assumes the assigned values along 
the circumference is thus complete. 

Ex. Shew that, if dl denote the maximum value (supposed positive) off (+) for points 
along the circumference of the circle and if u (O) denote the value of the function at  the 
centre, then 

4 I ~ ( T ,  + ) - u ( ~ ) ~ < - ~ s i n - l T  ; 
a R 

also that, if u (0) vanish, then 
4 

u (r, +) < - ~ t m - 1  
R' (Schwarz.) 

?r 

219. But in view of subsequent investigations, i t  is important to consider 
the function represented by the integral when the periodic function f (+) 
which occurs therein is not continuous, though still finite, for al1 points on 
the circumference. The contemplated modification in the continuity is that 
which is caused by a sudden change in value of f  (+) as + passes through a 
value a  : we shall have 

f (a+ê) -  f ( a - € ) = A ,  
when e is ultimately zero. Then the following proposition holds: 

Let a function f (4) be periodic i n  21r, Jinite everywhere along the circle, 
and continuous Save at a n  assigned point a where i t  undergoes a sudden increase 
in value: a function u can be obtained, which satisJies the general conditions 
for the circle mcept at such a point of discontinuity in the value o f f  (+), and 
acqullires the values o f f  (+) along the circmfwence.  

Let p be a quantity < R : then along the circumference of a circle of radius 
p, the general conditions are everywhere satisfied for the function u, so that, if 
~ ( p ,  +) be the value a t  any point of its circumference, the value of u at  any 
interna1 point is given by 

NOW p can be gradually increased towards R, because the general conditions 
are satisfied; but, when p is actually equal to R, the continuity of 
u(p, -#) is affected at  the point a. We therefore divide the integral into 
three parts, viz., O to a - e, a - E to a + e, and a + e to 2 ~ ,  when p is very 
nearly equal to B. For the first and the third of these parts, p can, as in the 
preceding investigation, be changed continuously into R without affecting 
the value of the integral. If  we denote by p the integral 

where the range of integration does not include the part from a  - ê to a  + ê, 
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and where the values f ( a  - E), f ( a  + E )  are assigned to u' (R, a - E), d ( R ,  a + e), 
respectively ; the sum of the integrals for the first and the third intervals is 
p + A, where A is a quantity that vanishes with R - p, because the subject of 
integration is everywhere finite. For the second interval, the integral is 
equal to q + A', where 

and A' is a quantity vanishing with R - p because the subject of integration 
is everywhere finite. So far as concerns q, let M be the greatest value of 

a quantity which, because M is finite (but only if M be finite), can be made 
infinitesimal with e, provided r is never actually equal to R. If then, an 
infinitesimal arc from a - e to a + e be drawn so as, except at  its assigned 
extremities, to lie within the area of the circle, the last proviso is satisfied: 
and the effect is practically to exclude the point a from the region of 
variation of u. as a point for which the function is not precisely defined. 
With this convention, we therefore have 

so that, by making p ultimately equal to R and e as small as we please, the 
difference between u ( r ,  +) and the integral defined as above can be made zero. 
Hence the integral is, a s  before, equnl to the fu.n,ction u ( r ,  +), provided that 
the point a be excluded from the range of integration, the value f (a - e )  just 
before +=a and the value f (a+c) just after $=a being assigned to d(R ,  +). 

I t  therefore appears that discontinuities may occur in the boundary 
values when the change is a finite change a t  a point, provided that al1 
the values assigned to the boundary function be finite. 

COROLLARY. The boundary value m a y  have any  Eimited number of points 
of discontinuity, provided t i ~ a t  no value of the function 6e in jn i te  and that at  
al1 points other than those of discontinuity the pmiodic function be uniform, 
Jinite and continuous : and the integral will then represent a potential function 
satisfying the gmeral conditions. 

The above analysis indicates why discontinuities, in the form of infinite 
values at the boundary, must be excluded: for, in the vicinity of such a 
point, the quantity M can have an infinite value and the corresponding 
integral does not then necessarily vanish. Hence, for example, the real 
part of 1 pi- aeag 

is not a function that, under the assigned conditions, can be made a boundary 
value for the function u. 

2'1-2 
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It is easy to construct a function with permissible discontinuities. We know (§ 3) 
that the argument of a point experiences a sudden change by 
n when the path of the point passes through the origin. Let 
a point P on a circle be considered relative to A : the inclina- .----- 
tion of A P  to the normal, drawn inwards a t  A, is -+(a - $), 

and of A& to the same line is - - + (a - #) , so that there 1 O 
Fig. 79. 

is a sudden change by r in  thatlnclination. Now, taking a function 

and lirniting the angle, defined by the inverse function, so that it lies between - Sn 
and +gr ,  as may be done in the above case and as is justifiable with an argument 
determined inversely by its tangent, the function g ($) undergoes a sudden change A as $ 
incresses through the value a. Moreover, al1 the values of g (+) are finite : hence g (+) is 
a function which can be made a boundary value for the function u. Let the function 
therice determined be denoted by u, 

By means of the functions ua, we can express the value of a function u whose boundary 
value f (+) has a limited number of permissible discontinuities. Let the increases in value 
be A,, ... , A, a t  the points a,, a,, ... , a, respectively : then, if gn(+) denote 

An tan-' tan - *(an- $)}], n -- [ 6 
we have gn (% t E) -9, (%- E) =An, when r is infinitesimal. Hence 

f (an+f)-f (an-c)-{gn(%+€)-qn(an-f)} 
has no dimntinuity a t  a,, that is, f (4) -gn(+) has no discontinuity at %. 

m 
Hence also f (4)- E gn(4) has no discontinuity a t  al, ... , %, and therefore it is 

n=l 
uniform, finite, and continuous everywhere along the circle; and it  is periodic in 2n. 
By § 218, it  determines a function U which satisfies the general conditions. 

Each of the furictions gn ($) determines a function un satisfying the general conditions : 
hence, as u is determined by f ($), we have 

.." 
u- C Un= U, 

n=i 

which givw an expression for u in terms of the simpler functions un and of a function U 
determined by simpler conditions as in 5 218. 

Ex. Shew that, if f (+) =l from -+r t o  ++r and = O  from +&a to gr ,  then u is the 
real part of the function 

The general inference from the investigation therefore is, that a function 
of two real variables s and y is uniquely determined for al1 points within a 
circle by the following conditions : 

(i) a t  al1 points within the circle, the function u and its derivatives 
au  au azu a% 
ai' 5' G' aya must be uniform, finite and continuous, and 

must satisfy the equation Vau = 0 : 

(ii) if f (4) denote a function, which is periodic in 4 of period 2a, is 
finite everywhere as the point + moves along the circumference, 
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is continuous and uniform a t  al1 except a limited number of 
isolated points on the circle, and at  those excepted points 
undergoes a sudden prescribed (finite) change of value, then 
to u is assigned the value f ($) at  al1 points on the circumference 
except at  the limited number of points of discontinuity of that 
boundary function. 

And an analytical expression has been obtained, the function represented by 
which has been verified to satisfy the above conditions. 

220. We now proceed to obtain some important results relating to a 
function u, defined by the preceding conditions. 

1. The value of u at the centre of the circle is the arithmetic mean of its 
values alo~zg the circumfermce. 

For, by taking r = O, we have 

the right-hand side being the arithmetic mean along the circumference. 

II. I f  the function be a uniforrn constant along the circumference, i t  is 
equal to that con.stalzt everywhere i n  the interior. 

For, let C denote the uniform constant ; then 

for al1 values of r less than R, that is, everywhere in the interior. 

But if the function, though not varying continuously along the circum- 
ference, should have different constant values in different finite parts, as, for 
instance, in the example in Ej 219, then the inference can no longer be drawn. 

III. I f  the function be unziforrn, jfilzite and continuous everyuhere in the 
plane, it is a constant. t 

Since the function is everywhere uniform, finite and continuous, the 
radius R of the circle of definition can be made infinitely large: then, as 
the limit of the fraction (B2 - P)/(R2 - 2Rr COS (+ - +) + P} is unity, we 
have 

the integral being taken round a circle of infiuite radius whose centre is the 
origin. But, by (1) above, the right-hand integral is u (O), the value at  the 
centre of the circle ; so that 

(r, 4) = (O), 
and therefore u has the same value everywhere. 

This is practically a verification of the proposition in $ 40, that a uniform, 
finite and continuous function w, which has no infinity anywhere, is a constant. 
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IV. A uniform,jnite and continuous function u cannot have a nmximum 
value or a minimum value' at any point in the interior of a region over which, 
subject to the general conditions as to the diferentiul coeficients, it satisfies the 
diferential equation V% = 0. 

If there be any such point not on the boundary, i t  can be surrounded by 
an infinitesimal circle for the interior of which, as well as for the circum- 
ference of which, u satisfies both the general and the boundary conditions; hence 

the integral being taken round the circumference. But in the immediate 
au 

vicinity of such a point, - has everywhere the same sign, so that the 
an 

integral cannot vanish : hence there is no such point in the interior. 

I n  the same way, i t  may be proved that there cannot be a line of 
maximum value or a line of minimum value within the surface: and that 
there cannot be an area of maximum value or an area of minimum value 
within the surface. 

V. I t  therefore follows that the maximum values for any region are to be 
found on its bounday : and so also are the minimum values. 

If M be the maximum value, and if m be the minimum value of the 
function for points along the boundary, then the value of the function for an 
interior point is < M and is > m and can therefore be represented in the form 
Mp + rn (1 - p), where p is a real positive proper fraction, varying from point 
to point. 

In  particular, let a function have the value zero for a part of the 
boundary and have the value unity for the rest: the value that i t  has for 
points along a line in the interior is always positive and has an upper limit 
q, a proper fraction. But q will vary from one line to another. If the region 
be a circle and q be the proper fraction for a line in the circle, then the value 
along that line of a function u, which is still zero over the former part of the 
boundar~ but has a varying positive value < p along the remainder, is 
evidently < qp. This fraction q may be called the fractional factor for the 
line in the supposed distribution of boundary values. 

VI. I t  may be noted that the second of these propositions can now 
be deduced for any simply connected surface. For when a function is 
constant along the boundary, its maximum value and its minimum value 
are the same, Say A :  then its value at any point in the interior is 
Ap + h (1 -p), that is, X, the same as at  the boundary. Consequently if 
two functions u, and u, satisfy the general conditions over any region, and 
if they have the same value at  al1 points along the boundary, then they 
are the same for al1 points of the region. For their difference sa.tisfies 
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the general conditions : it is zero everywhere along the boundary : hence 
i t  is zero over the whole of the bounded region. 

Ij then, a function u satisfy the general conditions for any region, it is 
unique for  assigned boundary values that are everywhere finite, uniform, and 
continuous except ut isolated points. 

221. The explicit expression of u with boundary values, that are 
arbitrary mithin the assigned liinits, has been determined for the area 
enclosed by a circle : the determination being partially dependent upon the 
form assumed in § 217 for the subsidiary function u'. The assumption of 
other forms for u', leading to other curves dependent upon a parametric 
constant, would lead by a similar process to the determination of zc for the 
area limited by such families of curves. 

But without entering into the details of such alternative forms for u', we 
can determine the value of u, under corresponding conditions, for curves 
derivable from the circle by the principle of conforma1 representation*. 
Suppose that, by means of a relation 

= @ ( 5 ) = @ ( F + % ) ,  
or, say + i y = p ( E ,  rl)+i~.(E,:>rl), 
where p and q are real functions of t and 7, the area contained within the 
circle is transformed, point by point, into the area contained within another 
curve which is the transformation of the circle: then the function u (fi, y) 
becomes, after substitution for x and y in t,erms of E and II, a function, Say U, 
off and 77. 

Owing to the character of the geometrical transformation, p and q (and 
their derivatives with regard to f and 7) are uniform, finite and continuous 
within corresponding areas. Hence 

U ( 5  7) = "A ($9 Y) ; 

and 

so that the function U satisfies the general conditions for the new area 
bounded by the new curve. 

Moreover, u has assigned values along the circular boundary which is 
transformed, point by point, into the new boundary; hence U has those 
assigned values at the corresponding points along the new boundary. Thus 
the function U is uniquely determined for the new area by conditions which 
are exactly simi1a.r to those that determine u for a circle : and therefore the 

* The general idea of the principle, and some illustrations of it, as expounded in 
Chapters XIX and XX, will be assurned known in the argument which follows: me especially 
@ 265, 266. 
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potential function is unipuely deterrnined for any area, tuhich can. be con- 
formally represented on the area of a circle, by the general conditions of 
§ 216 and the assignment of values that are finite and, except at  a limited 
number of isolated points where they may suffer sudden (finite) changes of 
value, uniform and continuous a t  al1 points along the boundary of the area. 

One or two examples of very special cases are given, merely by way of 
illustration. The general theory of the transformation of a circle or an 
infinite straight line into an analytical curve will be considered in Chapter 
XX. But, meanwhile, it is sufficient to indicate that, by the principle of 
conforma1 representation, we can pass from the circle to more general curves 
as the boundary of an area within which the potential function is defined by 
conditions similar to those for a circle : in particular that, by assuming the 
result of $ 265, 266, we can pass from the circle to  an analytical curve as the 
boundary of such an area. 

Ex. 1. A function u satisfying the general conditions for a circle of radius unity and 
centre the origin, and having assigned values f (+) along the circumference, is determined a t  
any interna1 point bg the equation 

Now the circle and its interior are transformed by the equation 

into a parabola and the excluded area (Ex. 7, 5 257) : so that, if R, 8 be polar coordinates 
of any point in that excluded area, we have 

Corresponding to the circle r=l, we have the parabola 
Rcos2*8=1 ; 

if EI determine the point on the parabola, which corresponds to JI on the circle, we have 
cos+=?icos~ge-  1, 

or +-8. 

Hence the function U(R,  8 )  assumes the values f (8) along the boundary of the 
parabola. 

Also 
4 

~ - G = - ( R *  R C O S + ~ - ~ ) ,  

and therefore we have the following result : 

A function which satis&s the general conditiwm for the area bounded by and Zying on the 
c0nve.c side of the parabola R cos2 fr B = 1 and 29 required to assume the value f (8) ut points 
along the parabola, is dejned uniquely for a point (r, 8) external to the parabola by the 

r*cos&e- 1 
de. 

1 - 2r~cos@cos + ( e  +8) +rcosZ $8 

The function f (8) may suffer finite discontinuities in  value a t  isolated points : elsewhere 
it must be finite, continuous and uniform. 
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B.. 2. Obtain an expression for u a t  points within the area of the same parabola, by 
using 

z=tanz (as[*) 
as the equation of transformation of areas (5 257). 

Ex. 3. When the equation 
i- < z=- 
i+S 

is used, then, if z=x  f iy and c= X+iY,  we have 
1 - X 2 -  Y 2 + i 2 X  

$+;y= 
x2+(1+Y)2  - 

If the point [ describe the whole length of the axis of X from -a, to +a,, so that we 
may take [= X=tan $J with $I increasing from - B r  to ++T, we have c=cos 24,  
y=sin 26; and z describes the whole circumference of a circle, centre the origin and 
radius unity, in  a trigonometrically positive direction beginning a t  the point ( - 1, O). We 
easily find 

TCOSB ~ s i n B  -=-- @ 1 
1-RB 2 ~ c o s 8 - 1 - 2 ~ s i n 8 + ~ ~ = 1 + 2 R s i n e + R ~ '  

where E= R cos e, 7 = R sin e. Moreover, for variations along the circumference, we 
have JI=2$J ; whence, substituting and denoting by F(x),  = f ( 2  tan' s), the value of 
the potential a t  a point on the axis of real quantities whose abscissa is x, we ultimately 
h d  

as the value of the potential-function u a t  a point (R, 8) in the upper hdf of the plane, 
when it has assigned values F(x)  a t  points along the axis of real variables. 

222. The function u has now been determined, by means of the general - 
conditions within an area and the assigned boundary values, for each space 
obtained by the method indicated in 5 221. But the determination is 
unique and distinct for each space thus derived ; and, if two such spaces 
have a common part, there are distinct functions u. We now proceed to 
shew that when two spaces, for each of which alone a function u can be 
determined, have a common part which is not merely a point or a line, 
then the function u is uniquely determined for the combined area by the 
assignment of jnite, uniform and colztinuous values (or partially discontinuous 
values, as in 5 219) along the boundary of the combined area. 

Let the spaces be Tl and T2 having a 
common part T, so that the whole space 
can be taken in the forin Tl+ T2 - T. Let 
the part of the boundary of T, without T2 
be L,, and the part within T, be L,: and 
similarly, for the boundary of T,, let L, de- 
note the part within Tl and A, the part 
without it. Then the boundary of 

Fig. 80. 
Tl + T2 - T 

is made up of L, and L,: the boundary of T is made up of L, and L,. 
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With an assigiiment of zero value along L, and unit value along L,, 
let the fractional factor (5 220, V), for the line L1 in the region ir, be p l ;  
and with an assignment of zero value along L, and unit value along L,, let 
the fractional factor along the line L, in the region T2 be q2. Then q, and q, 
are positive proper fractions. 

Let any series of values be assigned along L, and L, subject to the 
conditions of being uniform, finite everywhere, and discontinuous, if at all, 
only a t  a limited number of isolated points; these values are the boundary 
values of the function u to be determined for the whole area, and will be 
called the assig&d values. Let the maximum of the values be M and the 
minimum be m ; and denote M - m by p, so that p is positive. 

Assume, for a boundary value along L,, the minimum m of the assigned 
values for the function along L, and L,. Let the function, which is uniquely 
determined for the regioii Tl by the general conditions for the area and by 
values along the boundary, constituted by the assigned values along L, and 
the assumed value na along L,, be denoted by u,. The values assumed by u, 
along the line Ll in this region are uniform, finite and continuons ; and they 
may be denoted by rn +pp, where p is a positive proper fraction varying from 
point to point along the line. 

Let the function, which is uniquely determined for the region T, by the 
general conditions for the area and by values along the boundary, constituted 
by the assiped values along L, and by the values of u, along L,, be denoted 
by %. Then the uniform, finite, continuous values which i t  assumes along 
L2 are of the form rn + qp, where p is a positive proper fraction varying from 
point to point along the line; let the greatest of these values be m +  Qp, 
where Q lies between O and 1. 

For the region Tl determine a function* u, by means of boundary values, 
consisting of the assigned values along L, and the values of u,, viz., m + Qp, 
along L,. Then the function u, - u, satisfies the general conditions ; its 
value along the part L, of the boundary is zero, and its value along the 
other part L, of the boundary is < Q,u and is greater than zero. Hence u,-21, 
is always positive within Tl, and along L, we have u, - u, < qlQp. 

For the region T, determine a function u., by means of boundary values, 
consisting of the assigned values along L, and the values of u, along L,. 
Then the function .u, - u, satisfies the general conditions ; its value is zero 
along L, ; and its value along L, is that of u, - u,, that is, a positive quantity 
which is not greater than qIQp Hence uA - u, is always positive within T,, 
and along L, we have u4 - u, < q,q,Qp. 

* Al1 the siicceeding functions will be determined subject to the general conditions for 
the respective areas; the speoific mention of the general conditions d l  be omitted. 
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For the region Tl determine a function u5 by means of boundary valiles, 
consisting of the assigned values along L, and the values of u, along L,. 
Then the function u5-u, satisfies the general conditions; its value is zero 
along L, ; and its value along L, is that of u, - u,, that is, a positive quantity 
which is not greater than q,qlQp. Hence u, - u, is always positive within Tl, 
and along L, we have u, - u, < qzq:Qp. 

Proceeding in  this manner for the regions alternately, we obtain functions 
u,+, for the region Tl, such that u,,+, has the assigned values along L, and 
the values of u,, along L,; and functions zc, for the region T,, such that G, 
has the assigned values along L, and the values of u,,-, along Ll. And the 
functions are such that 

ZL,+= - +, > O in Tl and < qInqzn-l Qp along Ll ; and 

%,+, - u,, > O in T, and < qlnq,12 Q p  along L,. 

Hence, both for functions with an uneven suffix and for functions with an 
even suffix, there are limits to which the functions approach along L, and L, 
respectively ; let these limits be u' and u". 

Both of these limits are finite ; for along Al, we have 

uf=u,+(u,- y)  +(u,-u,) + ... ad inf. 

< m + q1Qp + q?q,Qp + q13q?Qp + - . . 

so that this expression, which is finite, is an upper limit and m is a lower 
limit for d. And, along L,, we have 

l f l  = % + (% - %) + (uB - u4) + . . . ad in f. 

< m+ QP +qlq2Qp+ q,"q,2Qp + ... 

so that this expression, which is finite, is an upper limit and m is a lower 
limit for u". Hence both u' and u" are finite. 

Now in determining u' for Tl and regarding it as the limit of u,+,, we 
have its values along L, as the values of u,, that is, of u" in the limit ; and 
in determining un for T, and regarding i t  as the limit of um+,, we have its 
values along L, as the values of u,,+,, that is, of u' in the limit. Hence over 
the whole boundary of T, the region common to Tl and T,, we have u' = u"; 
and therefore (by § 220, VI) we have uf= u" over the whole area of the 
common region T. 

Lastly, let a function u. be determined for the region Tl, having the 
assigned values along L, and the values of u' along L,. Then the function 
u - U' satisfies the general conditions; it has zero values round the whole 
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boundary of Tl, and therefore (by 5 220, VI)  it is zero over the whole region 
Tl. Hence d is the function for Tl. 

Similarly, determining a function u for T,, having the assigned values 
along L, and the values of u" along L,, we have u = u" everywhere in T,, so 
that u" is the function for Tl. 

The functions u' and u!' satisfy the general conditions for Tl and T, 
respectively; and theee two regions have a common portion T over which 
u' and u" have been proved to be tlhe same. Hence, by Lemma 1. of 5 216, 
they determine one and the same function for the whole region combined of 
Tl and T,; this function u satisfies the general conditions and, along the 
boundary of the whole region, assumes values that are assigned arbitrarily 
subject only to the general limitations of being everywhere finite and, 
except for finite discontinuities a t  isolated points, uniform and continuous. 
The proposition is therefore established. 

This method of combination, dependent upon the alternating process 
whereby a function determined separately for two given regions liaving a 
common part is determined for the combination of the regions, is capable of 
repeated application. Hence it follows that a function exists, subject to the 
general conditions within a given region and acquiring assigned Jinite values 
along the boundary o f  the region, when the region can be obtained by 
combinations of areas that can be conformally represented upon the area of a 
circle. 

Note. Let A, B, G be three non-intersecting simple closed curves, such 
that C lies within B and B within A. The area bounded by the curves A and 
C cm, by a similar method, be combined with the whole area enclosed by B ; 
and we can make the same inference as above, as to the existence of a function 
u for the whole area enclosed by A, when i t  exists for the areas that are 
combined. 

223. At the beginning of the discussion it was assumed that the areas, 
in which the existence of the function is to be proved, lie in a single sheet 
(§ 216) or, in other words, that no branch-point occurs within the area. 

I t  is now necessary to take the alternative possibility into consideration : 
a simple example will shew that the theorem just proved is valid for an area 
containing a branch-point except in one unessential particular. 

Let the area be a winding surface consisting of m sheets: the region in 
each sheet will be taken circular in form, and the centre c of the circles will 
be the winding-point, of order m - 1. Such a surface is simply connected 
(3 178) ; and its boundary consists of the m successive circumferences which, 
owing to the connection, form a single simple closed curve. Using the 
substitution 

2-c=RZ", 
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we have a new 2-surface which consists of a circle, centre the 2-origin and 
radius unity : i t  lies in one sheet in the 2-region and has no branch-points; 
its circumference is described once for a single description of the complete 
boundary of the winding-surface. The correspondence between the two 
regions is point-to-point : and therefore the assigned values along the bound- 
ary of the winding-surface lead to assigned values along the 2-circumference. 
Any function w of z changes into a function W of 2: hence u changes 
into a real function U satisfying the general conditions in the 2-region ; 
and conversely. 

But a function U, satisfying the general conditions over the area of a 
plane circle and acquiring assigned finite values along the circuinference, is 
uniquely determinate; and hence the function u is uniquely determined on 
the circular winding-surface by satisfying the general conditions over the area 
and by assuming assigned values aloug its boundary. 

I t  is thus obvious that the multiplicity of sheets, connected through 
branch-lines terminated at  branch-points and (where necessary) on the single 
boundary of the surface consisting of the sheets, does not affect the validity 
of the result obtained earlier for the simpler one-sheeted area; and therefore 
the function u, acquiring assigned vahes dong the boundary of the simpiy 
connected surface and satisfying the general conditions th,roughout the area 
of the swfuce which may cons& of more than a single sheet is uniquely deter- 
minate. 

There is, as already remarked, one unessential particular in which 
deviation from the theorem occurs when the region contains a branch-point. 
At a branch-point a function may be finite*, but al1 its 'derivatives are not 
necessarily finite; and therefore at  such a point a possible exception to the 
general conditions arises as to the finiteness of value of the derivatives 
and the consequent satisfying of the equation V2u = 0 : no exception, of 
course, arises as regards the uniforinity of the derivatives on the Riemann's 
surface. The exception does not necessarily occur ; but, when it does occur, 
it is only at  isolated points, and its nature does not interfere with the validity 
of the proposition. We shall therefore assume that, in speaking of the 
general conditions through the area, the exception (if necessary) from the 
general conditions, of finiteness of value of the derivatives at  a branch-point, is 
tacitly implied. 

Hence we infer, by taking combinations of circles in a manner some- 
what similar to the process adopted for successive circles of convergence 
in the continuation of a function in 5 34, that a function u exists, subject to the 
general conditions within any simply connected sur-ixce and acquiring assigned 
Jinite values along the boundary of the surface. 

* Infinities of the function itself at a branch-point will fa11 under the general head of infinities 
of the function, diacussed afterwards (in § 229). 
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224 The functions which have been disciissed so far in the present 
connection are functions which have no infinities and, except possibly a t  
points on the boundaries of the regions considered, no discontinuities : they 
are uniform functions. And the regions have, hitherto, been supposed simply 
connected parts of a Riemann's surface, or siinply connected surfaces. When 
the surface is multiply connected, we resolve it by a canonical system 
(§ 181) of cross-cuts and proceed as follows. 

We now proceed ta introduce the cross-cut constants, and so to consider 
the existence of functions which have the multiform character of the integrals 
of uniform functions of position on the Riemann's surface. The functions 
will still be considered to be uniform, finite and continuous except a t  the 
cross-cuts : their derivatives will be supposed uniform, finite, and continuous 
everywhere in the region, and subject to the equation V k  = 0 : and boundary 
values will be assigned of the same character as in the previous cases. As 
moduli of periodicity are to be introduced, the unresolved surface is no longer 
one of simple connection : we shall begin with a doubly connected surface. 

Let such a surface T be resolved, in two different ways, into a simply 
connected surface : Say into Tl by a cross-cut Q,, and into T2 by a cross- 
cut Q,. Mark on Tl and on T, the directions of &, and of Ql respectively : the 

Fig. 81. 

notations of the boundaries are indicated in the figures, and T' is the 
region between the lines of Q, and Q,. 

I t  will be shewn that a function u exists, determined uniquely by the 
following conditions : 

(i) The first and the second derivatives are throughout T to be 
uniform, finite and continuous, and to satisfy V%= O : but no conditions 
for them are assigned at points on the boundary : 

(ii) The (single) modulus of periodicity is to be K, which will be 
taken as an arbitrary, real, positive constant : the valiie of any branch of u at  
a point on the positive edge is therefore to be greater by K than its value at 
the opposite point on the negative edge : 

(iii) Some selected branch of u is to assume assigned values along 
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a' and b', typically represented by H, and assigned values along a and b, 
typically represented by G. These boundary values are to be finite every- 
where, though they may be discontinuous a t  a finite number of isolated points 
on the boundary; such discontinuity will arise through the modulus. 

In Tl, for zero values along a, b, a', b' and for unit values along Ql- 
and Q,+, let the fractional factor for the line Q, be ql : and similarly in T,, 
for zero values along a, b, a', b' and for unit values along Q,- and Q,+, 
let the fractional factor for the line QI be q,, where q, and q, are positive 
proper fractions. 

For the simply connected region* Tl determine a function q, satiseing the 
general conditions and having as its boundary values, H along a' and b', G 
along a and b, arbitrarily assumed values represented by 8 (the maximum 
value being M, and the minimum value being m,) along QI- and values 
O +  K along QI+: the function so obtained is unique. Let the values 
along the line Q, in Tl be denoted by u,'. 

For the region T, determine a function u,, satisfying the general 
conditions and having as its boundary values, H along a' and b', G - K 
along a and b, 2s'- K along Q,- and w' along Q,+: the function so ob- 
tained is unique. Let its values along the line QI in T, be denoted by 
u,', the maximum value being M, and the minimum value being m,. 

For the region Tl determine a function u,, satisfying the general conditions 
and having as its boundary values, H along a' and b', G along a and b, u,' 
along QI- and %' i- K along Q1+ : the function so obtained is unique. Let its 
values along the line Q, in Tl be denoted by u,'. Then the function u, - 3 
satisfies the general conditions in Tl ; i t  is zero along a' and b', a and b :  it is 
u,' - 8 along QI- and also along QI+, and u,' - 8 < M, - m, and 2 m, - Ml. 

225. A difference of limits for u,' -2s' arises according to  the relative 
values of M, and q, of m, and M l ;  evidently M, - m, > m, - Ml.  

(i) If m, - Ml be positive, then M2 - ml is positive and equal, Say, to 
A ;  the boundary values for u3-u, may range from O to X and we have 
u: - 4 > O < qlX along Q;. 

(ii) If m, - Ml be negative and equal to - e, then M2 - m, is either 
positive or negative. 

(a) If M, -3 be negative, then the boundary values for u, -zc, 
may range from O to - 6, that is, boundary values for u, - u3 may range from O to 
s and we have ui - u,' > O < pl€ along Q,, which may be expressed in the form 

1%' - 3'1 < qlc, 
where e is the greatest modulus of values along the boundary. 

* In the special case, when Tl is bounded by concentric circles and the cross-cut is made along 
a diameter, the region cm be represented conformally on the ares of a circle : see a paper by the 
author, Quart. Journ. Math., VOL xxvi, (1892), pp. 145-148. 
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(b). If M, - m, be positive, let its value be denoted by r )  : then the 
boundary values for u, - u, may range from r)  to - c. The boundary values for 
y - u., + e may range from O to 77 + E, aud it is a function satisfying al1 the 
internal conditions : hence u, - u, + e < q, (7 + e), and therefore 

u3 - u1< q19 - (1 - qd e e q17. 
Again, the boundary values of ul - u, + r)  may range from r )  + e to 0, and i t  is 
a function satisf~ing al1 the internal conditions : hence u, - u, + r )  < y, ( r )  + e), 
and therefore 

u1 - ZL3 < qlf - (1 - 91) 77 < q1c. 
Hence a t  points where zc, > q, so that u, - u, is positive, we have u, - u, < qlq ; 
and a t  points where u, < u,, so that u, - u, is positive, we have u, - u, < Q,E. 

Every case can be included in the following result* : If p be t,he greatest 
inodulus of the values of %'- 8 along the tmo edges of Q, in Tl ,  then 

1%' - %'l e qlp, 
along Q,, so that qlp is certainly the greatest modulus of u,'- q' dong Q,. 

226. For the region T, determine a function u,, satisfying the general 
conditions and having as its boundary values, H along a' and b', CS - K along 
a and b, u,'- K along Q,- and u; along Q,+ : the function 80 obtained is 
unique. Let its values along the line Ql be denoted by u,'. Then the 
function zr, - 21, satisfies the general conditions in T2 : it is zero along a' and b', 
a and b : it is u,' - ui along Q2- and also along Q2+, and dong Q, we have 

1%' - %'le q1p. 
Hence, after the preceding explanations, we have along Ql in T, 

1%' - UP 1 < q2q1p. 
Proceeding in this way for the regions alternately, we have for Tl a function 
u,,,,, the boundary values of which are, H along a' and b', G along a and b, 
h' along Q 1  and h' + K along Q,+ : and along Q, 

I %+l' - u,' 1 < q1" qzn-lp ; 
and for T,, a function u,,+,, the boundary values of which are, H along a' and 
b', G -  K along a and b, u,+,' - K along Q,- and u,+i along Q,+ : and 
along Ql 

I um+2' - u2n' 1 < pln qzn p. 
Thus both the function %+, along Q2 and the function u, dong Q, 

approach limiting values ; let them be u' and ur' respectively. 

These limit,ing values are finite. For 

Another method of proceeding, different from the method in the text, depends upon the 
introduction of another fraetional factor for Q,, having the same relation to minimum values 
as  q, to maximum values; but it is more cumbersome, as it requires the continuous consideration 
of the separate cases indicated. 
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in the limit, when n is infinitely large, the sum.of the moduli of the terms of 
the series a t  points along Q, 

< (Ml + K )  + qlp + q,2 q2p + q13qzZp + - 
91P . < M l + K + -  

1 - qiqa ' 
so that the series converges and the limit of u,+,, viz. u', is finite. Similarly 
for u". 

Now consider the functions in the portions T- T' and T of the 
region T. 

For T- T' we have u,, (that is, u" in the limit), with values H 
along a' and b', uf along Q,+: and also u,,,, (that is, u' in the limit), 
with values H along a' and b' and u" along QI-: thus u' and u" have 
the same values over the whole boundary of T - T' and, therefore, through- 
out that portion we have u' = d'. 

For T' we have G, (that is, u" in the limit), with values G- K along 
a and b and u'- K along Q,- : and also u,+,, (that is, u' in the limit), with 
values G along a and b and u" + K along QI+. Thus over the whole boundary 
of T' we have u' - ut' = K: and therefore within the portion T' we have 

u'=uU+K. 
Lastly, for the whole region T we take u =IL'. In  the portion T - T' we 

have u = u' = u", and in the portion T' we have u = u' = u" + K; that is, the 
function is such that i n  the region Tl the value changes from u" at  Ql- to ut' + K 
at QI+, or the modulus of periodicity is K. 

Hence the function is uniquely determined for a doubly connected surface 
by the general conditions, by the assigned boundary values and by the 
arbitrarily assumed real modulus of periodicity. 

227. We now consider the determination of the function, when the 
surface S is triply connected and has a single boundary. 

Let S be resolved, in two different ways, into a doubly connected surface. 
Let Ql be a cross-cnt, which changes the surface into one of double 
connectivity and gives two pieces of boundary : and let Q, be another 
cross-cut, not meeting the direction of Q, anywhere but continuously 
deformable into Q,, so that it also changes the surface into one of double 
connectivity with two pieces of boundary. Then, in each of these doubly 
connected surfaces, any number of functions can be uniquely determined 
which satisfy the general conditions, each of which assumes assigned 
boundary values, that is, along the boundary of X and the new boundary, 
and possesses an arbitrarily assigned modulus of periodicity. 

The combination of these functions, by an alternate process similar bo 
that for the preceding case, leads to a unique function which ha8 an 
assigned modulus of periodicity for the cross-cut Q,. The conditions 
which determine i t  are : (i), the general conditions : (ii), the values along 

F. 28 
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the boundary of the given surface, (iii) the value of the modulus of 
periodicity for the cross-cut, which resolves the surface into one of double 
connectivity, and the modulus of periodicity for the cross-cut, which 
resolves the latter into a simply connected surface, that is, by assigned 
moduli of periodicity for the two cross-cuts necessary to resolve the 
original surface S into one that is simply connected. 

Proceeding in this synthetic fashion, we ultimately obtain the result 
that a real fiinction u exists for a surface of connectivity 2p + 1 with a single 
boundary, uniquely determined by the following conditions :- 

(i) its derivatives within the surface are everywhere uniform, finite 
and continuous, and they satisfy the equation V2u = O ; 

(ii) i t  assumes, along the boundary of the surface, assigned values 
which are always finite but may be discontinuous at  a limited 
number of isolated points on the boundary ; 

(iii) the function within the surface is everywhere finite and, except at 
the positions of cross-cuts, is everywhere uniform and continuous : 
the discontinuities in value in passing from one edge to another 
of the cross-cuts are arbitrarily assigned real quantities. 

Now the surfaces under consideration are of odd connectivity : the func- 
tion thus determinate is everywhere finite, so that no points need to be 
excluded from the range of variation of the independent variable ; the single 
boundary of the closed surface can be made a point. The boundary value 
is then a value assigned to the function a t  this point* ; it may be depen- 
dent upon a value assigned to w at  some point, in order to obtain the 
arbitrary additive imaginary constant in w subject to which i t  is dependent 
upon u. Hence we infer that real functions exist on a Riemann's surface, 
Jilzite everywhere on the surface and uniquely determined by their moduli of 
periodicity at the cross-cuts,. which szoduli are arbitrarily assigned real 
quantities. It will be proved that the moduli cannot al1 be zero (§ 231). 

228. The following important proposition may now be deduced :- 
Of the real functions, which satisfy the general conditions and are Jinite 

everywhere on the Riemann's surface, and are determined by arbitrarily 
assigned moduli of periodicity, there are 2p and no more that are linearly 
independent of one another; and every other such function can be expressed, 
except as to an additive constant, as a linear combination of multiples of these 
fundions with constant coeficients. 

Taking into account only real functions, which satisfy the general 
conditions and are everywhere finite, we can obtain an infinite number of 
functions by assigning arbitrary moduli of periodicity. 

* Or, if we please, the constant value along the circumference of a small circle round the 
point; in the absence of the conditions of nniformity and continuity, the proposition VI. of 
§ 220 does not apply to this case. 
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When one function u, has been obtained, with o,,,, o,,,, ..., o,,, as its 
arbitrarily assigned moduli, another function u, can be obtained with 

*2,1> 02,2> o.., 02,2p 

as its arbitrarily assigned moduli of periodicity, which are not the moduli of 
L,u,, where Ic, is a constant. A third function u, can then be obtained, with 

o ,,, ... , o,, as its arbitrarily assigned moduli of periodicity, which are 
not the moduli of k,u, + Ic2u,, where L, and k2 are constants ; and so on, provided 
that the number of functions obtained, Say q, is less than 213. When q < 2p, 
another function can be obtained whose moduli of periodicity are different 

P 
from those of Z LTuT. But when q=2p,  so that 2p definite functions, 

c=1 . 
linearly independe& 8f one another, have been obtained, i t  is possible to 
determine constants k,, L,, ..., L,, so that 

(for m = 1, 2,. .. , 2p), where Cl,, Cl,, . .. , a,, are arbitrary constants. 
Let U be the potential function, which satisfies the general conditions 

and is finite everywhere on the surface and is determined by the arbitrarily 
assigned constants Cl,, a,, . . . , Cl2, ; then the function 

r=ï 

has al1 its moduli of periodicity zero, i t  is everywhere finite and, because its 
inoduli are zero, i t  is uniform and continuous everywhere on the surface. It 
is therefore, by 5 220, a constant; and therefore 

&J 
u= S k,u,,+ A,  

r=1 
proving the proposition. 

229. The only remaining condition of § 214 to be considered is the 
possible possession, by the function u, of infinities of assigned forms, a t  
assigned positions on the surface. 

Let the infinity a t  a point on the surface, where z is equal to c,, be 
represented by the real part of +(z, c,), where 

- Ar,m + A, -1 A r ,  
( C )  = - (z - ;,)m-l + .. .. .. + ---- z - C ,  + B, log (Z - c,), 

and let this real part be denoted* by !Il+ (2, c,); then u- !JI+ (2, c,) has no 
infinity a t  z = c,. Proceeding in the same manner with the other assigned 
infinities at al1 the assigned points, we have a function 

u= u - Z %+(z, c,), 
r=1 

The form of @ (8, c,) implies that the series giving the infinite terms has negative integral 
exponents; the case, in which the exponents are proper fractions so that the point ie a branch- 
point, is covered by the transformation of 5 223 when the modified form of $ explicitly satisfies 
the tacit implication as to form. 

28-2 
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CHAPTER XVIII. 

APPLICATIONS OF THE EXISTENCE-THEOREM. 

230. WE proceed to make some applications of the existence-theorem as 
established in the preceding chapter in connection with any Riemann's surface, 
that is supposed given geometrically in an arbitrary way ; and we shall first 
consider it in relation with the functions usually known as Abelian trans- 
cendent~. 

The existerice of various classes of functions of position has been established. 
Let functions which, satisfying the general conditions, are finite everywhere on 
the Riemann's surface and have assigned moduli of periodicity a t  the 2p 
cross-cuts, be called fundions of the Jirst kind, in analogy with the nomen- 
clature of 205-211 ; let functions which, satisfying the general conditions, 
have assigned algebraical infinities on the Riemann's surface and have 
assigned moduli of periodicity a t  the 2p cross-cuts, be called functions of 
the second kind; and let functions which, satisfying the general conditions, 
have assigned logarithmic and algebraical infinities * and have assigned moduli 
of periodicity at  the 2p cross-cuts as well as the proper moduli in connection 
with the logarithmic infinities, be called functions of the third kind. These 
classes of functions evidently contain the integrals of the respective kinds 
which arise through algebraical functions. 

First, let P and Q be two functions of x and y, the derivatives of which 
are finite, uniform and continuous at  al1 points (except possibly branch-points) 
on the given Riemann's surface and satisfy the equation V u =  0. Let the 
functions themselves be finite and, except a t  cross-cuts, uniform and 
continuous on the surface : and let their moduli of periodicity be A,, ..., 
A,, BI, .. ., B,; A,', ..., A,', B,', ..., B,', for the cross-cuts a,, ..., a,, b,, ..., b, 
respectively, the moduli for the cross-cuts c being zero. (If P and Q should 
have infinities on the surface, as will be the case in later applications, so that - - 
in their vicinity portions of the surface are excluded, thereby requiring other 
cross-cuts for the resolution of the surface into one that is simply connected, 
other moduli will be required; but, in the first instance, P and Q have 
merely the 2p assigned moduli.) 

When the surface is resolved by the 2p cross-cuts into one that is simply 

* The logarithmic infinities must be at least two in number, by $ 210. 
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connected, the functions P and Q are uniform, finite and continuous over 
that resolved surface. Proceeding as in § 16 and 5 216, we have 

where the double integrals extend over the whole area of the resolved 
surface, and the single integrals extend positively round 
the whole boundary. This boundary is composed of a 
single curve, composed of both edges of each of the 
cross-cuts ; and the positive directions of the description 
are indicated in the figure, at a point of intersection of 
two cross-cuts. 

As explained in 5 196, the negative edge of the cross- 
cut a, is CE and the positive edge is DF;  the negative Fig. 82. 

edge of the cross-cut b, is EF and the positive edge is CD. Then we have 
P D - P F = P c - P R = B , ,  P F - P z = P B - P , = A , ;  

and similarly for the function Q. 
Consider the integral JPdQ, taken along the two edges of the cross-cut 

a,: let P- and P+ denote the functions along the negative and the positive 
edges respectively, so that P+ - P- = A,. The value of the integral for the 
two edges is 

1: p+dQ, taken in the direction E.. . D 

+ /:PA&, taken in the direction C.. . E 

= /:(P+ - P-) dQ, taken in the direction F.. .D 

Similarly, when the value of the integral for the two edges of the cross-cut b, 
is taken, we have 

/:P+~Q, taken in the direction D. ..C 

+ \:P-~Q, taken in the direction E.. .F 

=j:(~+ - P-) dQ, takeo in the direction D.. .C 
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And the value of the integral for the combination of the two edges of any 
cross-cut c is zero. 

Hence summing for the whole boundary of the resolved surface, we have 

subject to the assigned conditions. 

This theorem is of considerable importance: and the conditions, subject 
to which i t  is valid, permit P and Q (or either of them) to be real or complex 
potential functions of x and y or to be a function of z. 

231. As a first application, let P and Q be real potential functions such 
that P+ iQ is a function of z, Say w, evidentl~ a function of the first kind. 
Let its moduli for the cross-cuts be 

w,+iv,  a t  a,, for s = l :  2, ..., p; 

and o,'+iv,' a t  b,, for s = l ,  2, ...,p. 

Since P + iQ is a function of x + iy, we have, by §$ '1, 8, 

The double integral then becomes 

which cannot be negative, because P is real ; i t  is a quantity that is positive 
except only when P (and therefore w)*is a constant everywhere. In  the 
present case 

AT = w,, Bg = O,' ; A i  = vr, B i =  v;, 
2, 

so that Z (o,v,' - w jv,) is always positive. Hence : 
r=l  

If a function w, everywhereJinite on a Riemann's surface, have o, + iv, a t  
a , ( f o r s = l ,  2, ..., p) and w i + i v , l  a t  b, (for s=1, 2, ..., p) as its moduli, 
the cross-cuts a and b being the 2p cross-mts necessary to resolve the surface 
into one that is simply connected, then 

P 
C (0,vj - wTlur) 

r=l  

is always positive, unless w is a constant: and then i t  is zero. 

This proposition has the following corollaries. 

COROLLARY 1. A function of z of the jîrst Tcind ca~znot have its rnoduli of 
periodicity for a,, ..., a, al1 zero. 
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For if al1 these inoduli were to vanish, then each of the quautities w, and 
P 

each of the quantities u, would be zero : the sum 2 (w,u,' - o,'u,) would 
r=ï 

then vanish, which cannot occur unless w be a constant. 

COROLLARY II. A funetion of z of the$& kind cannot have its moduli of 
periodicity for b,, ..., b, all zero; it cannot have its moduli of periodicity al2 
purely real, or all pureZy imagina-, or some zero and ail the rest either 
purely real or purely imaginary. 

The different cases can be proved as in the preceding Corollary. 

Note. One important inference can at once be derived, relative to 
functions of the first kind that have only two moduli of periodicity, 
Cl, and Cl,. 

Neither of the moduli may vanish; for if one, Say a,, were to vanish, 
then wlfl, would be a function having one modulus zero and the other unity. 

The ratio of the moduli may not be real. If i t  were real, then wla, would 
be a function having one modulus unity and the other real. Both of these 
inferences are contrary to Corollary II. ; and therefore the ratio of the two 
moduli is a complex constant, the real part of which may vanish but not the 
imaginary part. 

The association of this result with the doubly-periodic functions is 
immediate. 

Ex. Shew that, if two functions of the first kind have the same moduli of periodicity, 
their difference is a constant: and that, if If' be a value, a t  any point of the surface, 
of a function of the first kind with moduli o,, o,, ... , w,,, al1 the functiona of the first 
kind, which have those moduli, are included in the form 

ZP 
W+ Z m,.m,+A, 

1'1 

where the coefficients m are integers and A is a constant. 

232. As a second application, let P be a function of z and Q also a 
function of z;  evidently, with the restriction of the proposition, P and Q 
inust be functions of the first kind, when no part of the surface is excluded 
from the range of variation of z. Then 

so that at  every point on the surface we have 

Consequently the double integral 
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and therefore, if a function of the jrst kind have moduli A,, ..., A,, BI, . .., B,, 
and if any otl~er function of the j r s t  lcind have moduli A,', ..., A,', B,', ..., B,' 
at the cross-cuts a and b respectively, then 

233. Next, let Q be a function of z of the first kind, as in the preceding 
case; but now let P be a function of z of the second kind, so that al1 its 
infinities are algebraical. The points where the function is infinite must be 
excluded from the surface: a corresponding number of cross-cuts will be 
neeessary for the resolution of the surface into one that is simply connected. 
The modulus of periodicity of P for each of these cross-cuts is zero, (as in Ex. 8' 
of 5 199, which is an instance of a function of this kind), no additional 
modulus being necessary with an algebraical infinity. 

Then over the resolved surface, thus modified, the functions P(a) and 
Q ( z )  are everywhere uniforni, finite and continuous : and therefore, as 
before 

the double integral extending over the whole of the resolved surface and the 
single integral extending round its whole boundary. But, a t  al1 points in 
the reaolved surface, we have 

and therefore, as before, the double integral vanishes. Hence JPdQ, taken 
round the whole boundary, vanishes. 

The boundary is made up of the double edges of al1 the cross-cuts a, b, 
and those, Say 1, which are introduced through the infinities, and of the small 
curves round the infinities. 

As in § 230, the value of the integral for the two edges of a, is A,B,'; 
and its value for the two edges of b, is - B,A,.'. The value of the integral 
for the two edges of any cross-cut 2 is zero, because the subject of integration 
is the same along the edges which are described in opposite directions. 

To find the value round one of the small curves, say that which encloses 
an infinity represented analytically by a value c, of z, a e  take, in the imme- 
diate vicinity of c,, 

where p (a - c,) is a converging series of positive integral powers of z - c,. I n  
that vicinity, let 

Q = Qs + (Z  - cs) Q i  + higher powers of z - c,, 
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so that Q,' is dQ/dz for z = c, ; thus 

d& = (Q,' + positive powers of e - c,) dz. 
Hence along the small curve 

dz 
Pd& = HsQ,' - 

z - c, + q (z  - c,) dz, 

where q (z - c,) is a converging series of positive integral powers of z - 6,. 
The value of the integral round the curve is 2niH8Q,'. 

Summing these various parts of the integral and rernembering that the 
whole integral is zero, we have 

there being as many terms in the last suinmation as there are simple 
infinities of P. 

The equation 

is the relation which mbsists between the moduli A', B' of a fimctioqt Q (2) of 
the Jirst kind and the moduli A, B of a functiom P ( z )  of the second kind, 
al1 the injinities of which are simple. 

The simpleat illustration ,is furnished by the integrals that were considered in Ex. 6 
and Ex. 8 of 5 199. 

Let P be the function of Ex. 8, usually denoted by E(z), being the elliptic integral 
of the second kind; i t  is infinite for z=m in eaüh sheet. In the upper sheet we have, 
for large values of Izl, 

1 +positive integral powers of 

and for the same in the lower, we have 

1 +positive integral powers of 

Let Q be the function of Ex. 6, usually denoted by F(z), being the elliptic integral 
of the first kind, finite everywhere. We easily find, for large values of lzl in the upper 
sheet, that 

1 +positive integral powers of 

and, for large values of lzl in the lower, that 

dQ=dF(z)= -- 2' ( 1 +positive integral powers of 

Then for large values of 121 in the upper sheet, we have 

1 +positive integral powers of 
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where zz'= 1 ; and we may consider the Riemann's surface spherical. Hence the value 
round the excluding ciirve in the upper sheet is - 2ri. 

Similarly the value round the excluding curve in the lower sheet is - 2n-i 

Now A, and B,, the moduli of P, are 4E and 2i (K' - if') respectively ; A,' and B,', the 
moduli of Q, are 4K and 2iKf respectively. Hence 

4E. 2iEf - 4 K .  2i (Kt - E )  - 4ri=0, 

leading to the Legendrian equation 

EKf+E'K-  KKf=$n.  

234. Before proceeding to the relations affecting the moduli of periodicity 
of functions of the third kind, we shall make some inferences from the 
preceding propositions. 

It has been proved that functions of the first kind, special examples of 
which arose as integrals of algebraic functions, exist on a Riemann's surface. 
They are everywhere finite and, except for additive multiples of the moduli, 
they are uniform and continuous ; and when, in addition to these properties, 
the real parts of their moduli of periodicity are arbitrarily assigned, the 
functions are uniquely determinate. Hence the number of such functions is 
unlimited : they are, however, subject to the following proposition :- 

The number of linearly independent functions of the first In'nd, that e&t on 
a givea Riemann's surface, is equal to p ; where 2p + 1 is the connectivity of 
the surface. And every function of the j r s t  Icz'nd on that surface is of the 

P 
fornt C + Z cgwq, where C is a constant, the coeficients cl, ..., cp are constants, 

u=1 

and w,, . . ., w, are p linearly independent fwtions. 

Let q series of linearly independent real quantities, each series containing 
2p non-vanishing constants, be arbitrarily assigned as the real parts of the 
moduli of periodicity of functions of the first kind, which are thence uniquely - .  

determined. Let the functions be w,, w,, . . ., w, ; and let the real parts of 
theil moduli be (w,,,, ml,,, . . ., ml, w), (o,,,, os,,, . . ., . . ., ( ~ ~ ~ 1 ~  . . ., 
The modulus of w, a t  the cross-cut Cm has its real part denoted by o,,: 
when the modulus is divided into real and imaginary parts, let i t  be 

If any set of q arbitrary complex constants be denoted by cl, . . ., cg, where 
c, is of the form a, + ip,, then, at  the cross-cut Cm, the real part of the 

Q 4 
modulus of C crw, is the real part of 2 c, (w,,, + io:,,), that is, i t  is equal to 

r=l r=l 

holding for m = 1, 2, . . ., 2p and therefore giving 2p expressions in all. 

Now let a series of real arbitrary quantities A,, A,, ..., Aw be assigned as 
the real parts of the moduli of periodicity of a function of the first kind, 
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which is uniquely determined by them ; and consider the equations 

First, let q < p :  the 2q constants a and j3 can be determined so as to make 
the right-hand sides respectively equal to 2q arbitrarily assigned constants A. 
The right-hand sides of the remaining equations are then determinate con- 
stants; and therefore the remaining equations will not be satisfied when the 
remaining constants A are arbitrarily assigned. 

The function determined by the moduli A has sonle of its moduli different 
from those of the function Ccw, when q < p ; hence, when q functions w,, . . . 
..., w,, where q <p,  have been obtained, we cari obtain another function, and 
so on ; until q =p.  

But, when p = p ,  then the foregoing 2p equations determine the quantities 
a and fi, whatever be the quantities A. Let W be the function of the first 
kind, determined by the constants A as the arbitrarily assigned real parts of 
its moduli of periodicity : then 

P w - C c,wa, 
s=l 

where the coefficients c are coustants, has the real parts of al1 its moduli 
of periodicity zero: i t  is therefore, by Cor. II. 5 231, a constant, so that 

where C is a constant. Therefore the number of linearly independent 
functions of the first kind is p ;  and every function of the first kind is of 
the form 

It has been assumed in what precedes that the determinant of the quanti- 
ties o and o' does not vanish. This possibility is not excluded merely by the 
arbitrary choice of the quantities o ; because the quantities w' are determined 
for w, and w is dependent on W. If, however, the determinant should vanish, 
then, by taking the quantities a and f i  proportional to the rninors of w and o' 
respectively in the determinant, al1 the quantities 

can be made to vanish. These quantities are the real parts of the moduli of 
P 

periodicity of 2 c,w, which, because they al1 vanish, is a constant, that is, the 
s=1 

quantities w, are not linearly independent of one another-an inference 
contrary to their construction. Hence the determinant of the quantities w does 
not vanish. 
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Note. It may be remarked, in passing, that each function w, being of the 
first kind, gives rise to two real potentinl functions, which are everywhere 
finite and have moduli of periodicity a t  the cross-cuts: one of the functions 
being the real part of w, the other arising from its imaginary part. 
Hence from the p linearly independent functions of the first kind, there are 
altogether 2p linearly independent real potential functions. This number is 
the same as the total number of real potential functions considered in CJ 228: 
hence each of them can be expressed as a linear function of the members of 
that former system, save possibly as to an additive constant. Conversely, it 
follows that linear cornbinations of the members of that former system can be 
taken in pairs, so as to furnish p (and not more than p) linearly independent 
functions of z of the first kind. 

235. The functions so far obtained are very general : i t  is convenient to 
have a set of functions of the first kind in normal forms. The foregoing 
analysis indicates that linear combinations of constant niultiples of the 
functions, being themselves functions of the first kind, are conveniently 
considered from the point of view of their moduli of periodicity: and the 
simpler the aggregate of these moduli is, the simpler will be the functions 
determined by them. Some conditions have been shewn (5 231) to attach 
to the aggregate of the moduli for any one fiinction of the first kind, and a 
condition (5 232) for the moduli of different functions; these are the con- 
ditions that limit the choice of linear combinations. 

Let ~ w ,  + ... + c,w, be a linear combination of the functions w,, ..., w, 
which have o,.,, .... o, (r = 1, .... p) a s t h e  moduli of periodicity for the 
cross-cuts 4, ..., a,. Then A, where A is the determinant 

I wpi, %m ....... OPP 

cannot vanish : for otherwise by taking constants cl, ..., cp proportional to the 
P 

first minors, nre should obtain a function d c8w,, having al1 its moduli for the 
0=1 

.... cross-cuts s, a, zero and therefore, by 5 231, merely a constant, so that 
w,, ..., wp would not be linearly independent. Hence A does not vanish. 

Next, we can choose constants c so that the moduli of periodicity 
P 

vanish for the function Z c8w8 at  al1 the cross-cuts a, except at  one, say a,., 
s=1 

and that there i t  has any assigned value, Say n-2. For, solving the 
equations, 
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the determinant of the right-hand side does not vanish, and the constants c, 
... say c,.,,, c,.,~, .... c,.,~, are determinate. The function c,,wl + c,,w, + + c,,,wP, 

..., ..., say TV,, then has its moduli zero for a,, a,-,, a,+,, up : i t  has the 
modulus n-i for a,; it has moduli, say B ,,,, ..., B,,p a t  b,, ..., bp respectively. 
And the function is determinate save as to an additive constant. 

This combination can be effected for each of the values 1, ..., p of r : 
and thus p new functions will be obtained. These p functions are lineurly 
independent : for, if there were a relation of the form 

Cl W, + Ca Wz + ...... + Cp Wp = constant, 

2, 

the modulus of the function 2 C,W, at the cross-cut a, should be zero 
r=1 

because the function is a constant ; and i t  is Cg i ,  so that al1 the coefficients 
C would be zero. 

The functions W, thus obtained, have the moduli :- 

These functions are called normal functi0n.s of the jrst kind: they are a 
complete system linearly independent of one nnother, and are such that every 
function of the first kind is, except as to an additive constant, a linear com- 
bination of constant multiples of thern. 

The quantities B are not completely independent of one another. Since 
Wj, Wg are functions of the first kind we have, by § 232, 

which, for the normal functions, takes the form 

that is, Bjit = Bjy. Hence the moduli B with the same integers for sufix are 
equal to one another. 

This is a first relation a.mong the moduli. Another is given by the 
following theorem :- 
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Let Bm,, = pm,, + igm,n, (80 that pm, , = p , , ,  and o,,, = o,,) : then, if 
c l ,  .. . , cp be any real quantities, the expression 

i s  negative, unless the quantities c vanish together. 

The function c, W, + C, W2 + . . . + cp Wp + C is a function of the first kind 
with moduli (say) or + iv, a t  a,, where T = 1, .. . , p, and moduli w,' + iv,' at  b,, 

P 
where s = 1, . . . , p. Then, by § 231, the sum 2 (wrv,' - w,'v,) is positive, 

r=1 

except when the function is a constant, that is, except when cl, . .. , c, al1 
vanish. But 

O, + i v ,  = c,&, 
so that or = O, v, = TC, ; and 

P 2' 
is positive and therefore the sum Z 2 p,c,c, is negative. This (with the 

r=l s=l 

property pmn = pnm) is the required result. 

These properties of the periods, al1 due to Riemann, are useful in the 
construction of the Theta-Functions. 

For the ordinary Jacobian elliptic functions in which p = 1, there is only one 
integral which is everywhere finite : its periods are 4K, 2iK'. To express i t  
in the normal form, we take cF(z), choosing c so that the period at  a, is 

Ti 
pnrely imaginary and =ri ; hence c = - , and the normal integral is 

4 K  

The other period of this function is - g, which, when k is real and less than 
2K 

unity, is a negative quantity ; i t  is the value of p,, and satisfies the condition 
that p1,cla is negative for al1 real quantities c. 

236. It has been proved that functions exist on a Riemann's surface, 
having assigned algebraical infinities and assigned real parts of its moduli 
of periodicity, but otherwise uniform, f i ~ i t e  and continuous. The simplest 
instance of these functions of the second kind occurs when the infinity is an 
accidental singularity of the first order. 

Let the single infinity on the surface be represented by z = c : let E, (2) 
be the function having z= c as its algebraical infinity, and having the real 
parts of its moduli of periodicity assigned. If E,'(z) be any other function 
with that single infinity and the real parts of its moduli the same, then 
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E, (z) - E,' (z) is a function al1 the real parts of whose moduli are zero ; it 
does not have c for an infinity and therefore i t  is everywhere finite : by Ij 231, i t  
is a constant. Hence an elementamj function of the seco?zd lcind is detemined, 
save as to an additive constant, by its injinity and the real parts of its moddi. 

Again, i t  can be proved, as for the special case in § 208, that an elementary 
function of the second kind is determined, Save as to an additive function of 
the first kind, by its infinity alone : hence, if E (2) be any elementary function, 
having its infinity represented by z = c, we have 

E(z)=Ee(z)  +X,Wl+ ... +X,Wp+A,  
where hl, ... , A,, A are constants, the values of which depend on the special 
function chosen. Let E, (2) have piCl, . . . , &Cp for its moduli at  the cross- 
cuts a,, . . . , ap respectively : and let the function E (2) be chosen so as to have 
al1 its moduli a t  G, ...: a, equal to zero: then X, = - Cr and E (z) is given by 

E,(z)- CIW, - ... - CpWp+ A. 
The special function of the second kind, which has al1 its moduli a t  the cross- 
cuts a,, . . . , a, equal to zero, is called the normal function of the second kind. 
It is custoinary to take unity as the coeficient of the infinite terni, that is, 
the residue of the normal function. 

This normal function is determined, Save as to an additive constant, byits 
infinity alone. For if E(z)  and E ( z )  be two such normal functions, the function 

E (2) - E' (2) 
is finite everywhere ; its rnoduli are zero at  a,, . . ., a, ; hence (5 231) it is a 
constant. 

Normal functions of the second kind will be used later (5 241) in the 
construction of functions with any number of simple infinities on the surface. 

Let the moduli of this normal function E (2) of the second kind be B,, . .. , 
Bp for the cross-cuts b,, . .. , b,. Then applying the proposition of 5 233 and 
considering the integral JEd W,, we have A, = . . . = A, = O ; also 

A,' = . . . = A'+, = A',+, = . . . =Apt = 0, 

and A,' = ri .  The relation therefore is 

where, in the immediate vicinity of z = c, 

1 
E(z)  = -+p (2 - c), 

8 - 0  

p being a converging series of positive powers. Thus 

x=c 

d Wr or, as -- is an algebraical function (fj 241) on the surface, the p&o& of a 
dz 
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normal function o f  the second kind at the cross-mts b are algebraical functions 
of its single injinity. 

In the case of the Jacobian elliptic integrals, the integral of the second kind has at 
z= a an infinity of the first order in each sheet (Ex. 8, 5 199). The moduli of this integral, 
denoted by E (z), are 4E and 2i ( K t -  Et) for a, and bl respectively ; hence the normal 
integral of the second kind is 

E 
E (4 - F (4, 

P ( z )  being the (one) integral of the first kind. This is the function Z(z); its modulus is 
zero for a,, and for bl it is 

E 
2i (K' - E') - - 2iKf, K 

2 i  
which is - (KK1-E'K- EK'), that is, it is -5 K K ' 

237. The other simple class of function which exists on a Riemann's 
surface with assigned infinities and assigned real parts of it's moduli is that 
which is represented by the elementary integral of the third kind. It has 
two points of logarithmic infinity on the surfaceo, say Pl and P,; let these 
be represented by the values cl and c, of z. On division by a proper constant, 
the function, which may be denoted by II,,, takes the forms 

in the immediate vicinities of P l  and of P, respectively, where pl and p, are 
converging series of positive integral powers. 

The points Pl and P, can be taken aa boundaries of the surface, as in 
Ex. 7 in § 199. A cross-cut from P, to Pl is then necessary for the resolution 
of the surface: and the period for the cross-cut is 27i,  being the increase of the 
function in passing from the negative to the positive edge of the cross-cut. 

Then with this assignment of infinities and with the real parts of the 
moduli a t  t,he cross-cuts a,, ... , a,, b,, ... , bp arbitrarily assigned, functions TIl2 
exist on the Riemann's surface. 

As in the case of the function of the second kind, it is easy to prove that 
a function II, of the third kind is determined, save as to an additive constant, 
by its two infinities and the assignment of its moduli: and that it is deter- 
mined, Save as to an additive function of the first kind, by its infinities alone. 

Among the infinitude of elementary functions of the third kind, having 
the same logarithmic infinities, a normal form can be chosen in the same 
manner as for the functions of the second kind. Let II,, be an elementary 
function of the third kind, having Pl and P ,  for its logarithmic infinities : let 
its moduli of periodicity be 27ri for the cross-cut P,P, ; r i C l ,  .. . , r iCP for 
a,, . . . , a, respectively ; and other quantities for bl , . . . , b, respectively. Then 

mlz=nl~-c lWl -  ... - cpwp 
The representation of a single point on the Riemann's surface by means solely of the value of 

z at the point will henceforward be adopted, without further explanation, in instances when it can- 
not give rise to ambiguity. Otherwise, the representation in full detail of statement wiil be adopted. 

F. 29 
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is an elementary function of the third kind, having zero as its modulus of 
periodicity a t  each of the cross-cuts q, . . . , a,. This function is the normal 
form of the elementary function of the third Icind. 

If ml,' and P,, be two normal elementary functions of the third kind with 
the same logarithmic infinities and the same period 2ai at  the cross-cut 
PlP2, then 

1 
ml2 - =12 

is a function without infinities on the surface ; its modulus for PlP, is zero, 
and its inodulus for each of the cross-cuts q, . . . , a, is zero ; and therefore it 
is a constant. Hence a normal elementary function of the third lcind is, save 
as to an additive constant, determined by its injinities alone. 

Ex. The sum of three normal elementary functions of the third kind, having as 
their logarithmic infinities the respective pairs that can be selected from three points, 
is a constant. 

238. A relation among the modiili of an elementary function of the third 
kind can be constructed in the same way as, in § 233, for the function of the 
second kind. 

Let the surface be resolved by the 2p cross-cuts a,, . .. , a,, b, ,  . . . , b, and by 
the cross-cut EP,, joining the excluded infinities of an elementary function 
II,, of the third kind. Let w be any function of the first kind ; then over the 
resolved surface, we have 

an,, aw an,, aw 
ax a~ ay ax 

everywhere zero ; and therefore JIIl,dw round the whole boundary of the 
resolved surface is zero, as in 5 233. 

Let the moduli of II,, be A,, ..., A,, BI ,  ... , B,, and those of w be 
A;, ... , Apf, B,', ... , B i  for the 2p cross-cuts a and b respectively. 

The whole boundary is made iip of the two edges of the cross-cuts a, the 
two edges of the cross-cuts b, the two edges of the cross-cut P,P, and the 
small curves round Pl and Pz. 

The sum of the parts contributed to JIIl,dw by the edges of al1 the cross- 
cnts a and b is, as in preceding instances, 

P 
2 (ASB,' - A,'Bs). 
s=1 

The direction of integration along PlP2 that is positive relative to the area 
in the resolved surface is indicated by the arrows ; the 
portion of JII,, dw along the two edges of the cut is 

1: II1: dw + 11,;dw 
6% y Fig. 83. 
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Lastly, the portion of the integral for the infinitesimal curve round Pl is zero, 
dw 

by 1. of 5 24, because the limit of (z - cl) TI,, - for z = c, vanishes, Pl being 
dz 

assumed not to be a branch-point; and similarly for the portion of the 
integral contributed by the infinitesimal curve round Pz. 

As the integral /II,, dw vanishes, we therefore have 

P 
Z (A,B,' - A,'B,) -t 2 k  {W (c,) - w (cl)) = O, 
s=l 

which is the relation required. 

The most important instance is that in which TI,, is the normal elementary 
function of the third kind (and then A,,  A,, . .. , A, al1 vanish), and w is a 
normal function of the first kind, Say W,. (and then 

Hence, if Br be the modulus a t  b, of the normal elementary integral ml,, we 
have 

Br = 2 { Wr ( 4  - Wr (cl)}, 

so that the moduli of the normal elementary ficnction of the third End  can be 
expressed in  terms of normal functions, of the Jirst Icind, of its logarithmic 
discontinurities. 

The important property of functions of the third kind, known as the 
Znterchange of argwment and parameter, can be deduced by a similar process. 

Let II,, be an  elementary function with logarithmic discontinuities at  
cl and c,, with 27ri as its modulus for the cross-cut c,c,, and with 

A i , . . . ,  Ap, Bl, S . . ,  Bp 
as its moduli for the cross-cuts %, ..., ap, b,, ... , b,; and let Ti, be another 
elementary function with logarithmic discontinuities a t  c, and c,, with 27~i as 
its rnodulus for the cross-cut c,c,, and with A,', ..., A,', B,', . .., B,' as its 
moduli for the cross-cuts q, ... , a,, b,, ..., b,. 
Then when the infinities are excluded and the 
surface is resolved so that both II,, and TI, 
are uniform finite and continuous throughout 
the whole surface, we have 

Fig. 84. 
II 

everywhere in the resolved surface; and therefore, as in the preceding 
instances, JIIl,dn, round the whole boundary vanishes. 

The whole boundary is made up of the double edges of the cross-cuts a 
and the cross-cuts b, and of the configuration of cross-cuts and small curves 
round the points. The modulus of both ril2 and of II, for the cut AG is 

29-2 
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zero ; the modulus of I I ,  for the cut c,c4 is zero, and that of I I ,  for the cut 
clc2 is zero. 

The part contributed to jII,dII, by the nggregate of the edges of the 
P 

cross-cuts a and b is Z (A&' - A,'B,), as in preceding cases. 
8= 1 

The part contributed by the small curve round cl is zero, because the 
d I L  limit, for z = c,, of ( z  - cl) II,, -- is zero ; sirnilarly the part contributed by d z  

the small curve round c, is zero. 

The part contributed by the two edges of the cross-cut clc, is 

= 2 7 r i I :  an, = 2, {na (CJ - n, (cl)}. 

The part contributed by the two edges of the cross-cut A0 is 

the subject of integration does not change in crossing from one edge to the 
other, and therefore this part is zero. 

For points on the small curve round c,, we have 

where p is a converging series of integral powers of z - c,: and therefore for 
points on that curve 

II,dII,=- nA)dz+g(z-cJdz, z  - cS 

where q ( z  - c,) i u  a converging series of positive integral powers of z - c,. 
Hence the part contributed to jII,, d I I ,  by the small curve round c, in the 
direction of the arrow, which is the negative direction for integration relative 
to c,, is 27riIi,,(c,). 

Again, for points on the small curve round c,, we have 

proceeding as for c,, we find the part contributed to JII , ,dII ,  by the small 
curve round c,, which is negatively described, to be - 27riII,, (c,). 

Lastly, the sum of the parts contributed by the two edges of the cross-cut 
c3c4 is 

d Irs- 
= !: II,. (F - -) dz dz. 
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But though II, has a modulus for the cross-cut c,c,, its derivative has not a 
modulus for that cross-cut : we have dII,+/dz= dIl,/dz, and therefore the 
last part contributed to JTI,, dIT,, vanishes. 

The integral along the whole boundary vanishes ; and therefore 
P 
2 (A,B,I - ABB,) + 2 r i  III, (c,) - TI, (c,)} + 2.rriII1, (c,) - 27rilT, (cd) = O, 
s=l 

a relation between the moduli of two elementary functions of the third kind. 
The most important case is that in which both of the functions are normal 

elementary functions. We have A,, . . . , A, zero for ml,, and A,', . .. , A,' zero 
for a,; and the relation then is 

-54 ( 4  - (4 = ml2 (~4) - ml2 

which is often expressed in the form 

the paths of integration in the unresolved surface being the directions of 
cross-cuts necessary to complete the resolution for the respective cases. 
Hence the normal elenmtary integral qf the third kind is umltmed in value 
by the interchange of its linzits and its Eogarithmic injnities. 

239. From the simple examples, discussed in § 199 and elsewhere, it has 
appeared that when a function w is defined as the integral of some function 
of z, the integral being uniform except in regard to moduli of periodicity, a 
process of inversion is sometimes possible whereby z becomes a function of w, 
either uniforin or multiform. But in al1 the cases, in which z thus proves to be 
a uniform function, the number of periods possessed by w is not greater than 
two ; and it follows, from 5 110, that, when w possesses more than two periods, 
z can no longer be regarded as a function of W. I n  fact, w then loses its 
property of being uniforin by dependence upon a single variable. 

A question therefore arises as to the form, if any, of functional inversion, 
when w has more than two independent periods and when there are more 
functions w than one. 

Taking the most general case of a Riemann's surface of class p, let 
w,, w,, ..., w denote the p functions of the first kind. Let there be q inde- P 
pendent variables z,, . . . , zq, where q is not, of initial necessity, equal to p ; 
and, by means of any y of the functions of the first kind, Say w,, . .. , wq, form 
y new functions, evidently also of the first kind and defined by the equations 

vr  = w r  (21) + Wr (22) + - .' + WT (zq), 
where r = 1, 2, . . . , q. We make the evident limitation that q is not greater 
than p ,  which is justifiable from the point of view of functional inversion. 
Then the functions v, are multiform on the surface with constant moduli of 
periodicity ; they have the same periods as w,, Say w,,,, o,,, ..., 

The various values of w, (2,) differ by multiples of the periods : so that, if 
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w, (2,) be the value for an exactly specified zm-path (as in 5 1 IO), the value 
for any other zm-path is 

Wr (zm) + nm,~ WTJ + nm,a %,a + - - - + mm,% Wr,zp. 

This being true for each of the integers m = 1, 2, . . . , q, it follows that, if 

P 
and if v, be the value of 2 w, (2,) for the exactly specified paths for z, , . . . , zq, 

rn=l  
then the general value of v, for any other set of paths for the variables is 

Vr+Wwr,if '%or,,+ +wwr,zp, 
holding for r = 1, 2, . .., q. The integers n ,,,, and therefore the integers m8, 
are evidently the same for al1 the functions v. 

The reason which, in the earlier case (5 110), prevented the function w frorn 
being determinate as a function of z alone was, that integers coiild be deter- 
mined so as to make the additive part of w, dependent upon the periods, an 
infinitesimal quantity. It is necessary to secure that this possibility be 
excliided. 

Let W A , ~  = a,,, + iBA,,, where the quantities a and B are real : then we 
have to prevent the possibility of the additive portions for al1 the functions v 
being infinitesimal. I n  order to reduce the additive part to an  infinitesimal 
value for each of the functions v, i t  would be necessary to determine integers 
T ,  m,, . . . , m, so that the 2q quantities 

ml %,l+ m2 %,2+ + . - a  

m&,i + mnPr,, + . . . + mzpPr,zp 
for r = l., . . ., q al1 become infinitesimal. 

If q be less than p, the 2p integers can be so determined. I n  that case, 
the general possibility of functional inversion between the q functions v and 
the p variables z would require that the quantities z are so dependent upon 
the quantities v that infinitesimal changes in the latter, carried out in an 
infinite variety of ways and capable of indefinite repetition, would leave the 
quantities z unchanged. The position, save that we have q variables instead 
of only one, is similar to that in 5 110: we do not regard the functions v as 
having determinate values for assigned values of z,, . . . , zq, but the values of 
v,, ... , vq are determinate, only when the paths by which the independent 
variables acqnire their values are specified. And, as before, the inversion is 
not possible. 

If p be not less than p, so that it must in the present circumstances be 
equal t op ,  then the 2p integers cannot be determined so that the 2p quanti- 
ties al1 become infinitesimal. They can be determined so as to make any 
21) - 1 of the quantities become infinitesimal ; but the remaining quantity is 
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finite as, indeed, should be expected, because the determinant of the constants 
a and B is different from zero*. 

If then there be p variables z,, . . . , zp, and p functions v,, . . . , vp defined by 
the equations 

v, = w, (21) + w, (22) + . . . + w, (zp), 
for r = 1, 2, . . . , p, then the values of the functions v for assigned values of the 
variables z, whatever be the paths by which the variables attain these values, 
are of the form 

v, + ml or,, + 'm2%,, + . + mzp w,,, 

for r = 1, 2, . . . , p ; and i t  has been proved that the 2p integers m cannot be 
determined so that al1 the additive parts, dependent upon the periods, become 
infinitesimal. Hence the functions v,, ... , vp are, except as to additive 
multiples of the periods (the numerical coefficients in these multiples being 
the same for al1 the functions), uniform functions of the variables z,, . . . , zp ; 
and they are finite for al1 values of the variables. Conversely, we may regard 
the quantities z as functions of the quantities v,, . . . , v,, which have 2p sets of 
simiiltaneous periods ml,,, w%,, . .. , wp+ for s = 1, 2, . .. , 2p : that is, the 
variables z are 2p-ply periodic functions of p variables v,, . . . , v,. This resiilt 
is commonly called the inversion-problem for the Abelian transcendents. 

In  effecting the inversion of the equations 

du, = w,' (2,) dz, + w,' (2,) dz, + . . . + w,' (2,) dz, 
......................................................... Y 

dup = wp' (2,) dz1 + wp'(z2) dzn + . . . + %' (4 ~ Z P  1 
the actual form, which is adopted, expresses al1 symmetric functions of the 
quantities z,, ..., z, as uniform functions of the variables, so that, if z,, z,, ... , 
zp be the roots of the equation 

+(z>=ZP+PlZp-1+P,Zp-9+ ... f Pp=O, 
t h e n t  P l ,  ..., Pp are uniform multiply-periodic functions of the variables 
v,, ..., vp. Consequently, al1 rational syinmetric functions of z,, ..., zp are 
uniform multiply periodic functions of v,, . . . , vp. 

Frequent reference has been made to the functions determined by the equation 
w a - R ( z ) = d - ( $ - a 0 )  (z-al )  ...( Z-aZp)=O. 

I t  has been proved that an integral of the form 1%' dz is an integral of the first 

kind, provided U(z) be an integral algebraical function of degree not higher than p- 1, and 
that the otherwise arbitrary character of U ( z )  makes it possible to secure the necessary 
p integrals by allowing the suitable choice of the coefficients. Weierstrass takes the 
equations, which leaù to the inversion, in the following form$:- 

* The 2p potential-functions, arising from the p functions w ,  would otherwise not be linearly 
independent. 

+ For further considerations see Clebsch und Goidan, Theorie der Abel'sehen Funetionen, 
Section vi. 

f Equivalent to that given in C ~ e l l e ,  t. lii, (1856), pp. 285 et seq.; it is slightly different ïrom 
the form adopted by him in Grelle, t. xlvii, (1854), p. 289. 
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The constants a are different from one another and can have any values: and it  is 
convenient to take 

P(x)=(x-al) (x-a3) ...( x-a2,-J, 

4? (x)=(x-a,)(x-a,) ... (x-a,,-,)(x-a2,), 
so that P (3) Q (x)=R(z). I f  the coefficients a be real, i t  is assumed that 

ao>al>a,> ... >a,,. 
The equations which give the new variables are 

du, = 
P (21) dz1 

+ 
P (22) dz2 + + ...... 

(21 - a31 dm (22 - a31 IIR (82.1 

du, = p (z,)dz~ + P (22) p (2 dz, ...... - + +pP--- 

(21- a2p-1) 4%) (22 -a2p-1) IIR (22) (zp - "2, - 1) JE (~p)  
and when integration takes place, the arbitrary constants are defined by the equations 

.... u1, uz, up= O (with periods for moduli), 
when zl, z2,. ... zp=al, a3 ...., a2p-1 respedively. 
The p variables z are the mots of an algebraical eqiiation of degree p, the coefficients in 
which are (multiply-periodic) uniform functions of the variables u. The functions, arising 
out of the equations in this form, are discussed* in Weierstrass's two memoirs, just 
quoted. 

Note 1. The results thus far established in this chapter are the basis of the theory of 
Abelian f~mctions. The development of that theory is beyond the range of the present 
trentise. 

So far as  concerns the general theory, recourse must be had to the fundamental 
memoirs of Abel, Jacobi, Hermite, Riemann and Klein, and to treatises, in addition to 
those by Neumann and by Clebsch and Gordan already cited, by Pym,  Kraxer, Konigs- 
berger and Briot. 

Moreover, as our propositions have for the most part dealt with functions of only 
a single variable, i t  is important in connection wit,h the Abelian functions to  take account 
of Weierstrass's memoir t on functions of several variables. 

Note 2. We have discussed only very limited forms of integrals on the Riemann's 
surface: and any pmfessedly complete discussion would include the theorem that Jw'dz, 
where w' is a general function of position on the surface, can be expressed as the sum of 
some or al1 of the following parts :- 

(i) algebraical and logarithmic functions ; 

(ii) Abelian transcendents of the three kinds; 

(iii) derivatives of these transcendents with regard to parameters; 
but such a discussion is omitted as appertaining to the investigations relative to Ahlian 
transoendenta 

For the particular case in which the integral jw'dz is an algebraical function of z, see 
Briot e t  Bouquet, Théorie des ,fonctions elliptiques, (2" éd.), pp. 218-221; Stickelberger, 
Crelle, t. lxxxii, (1877), pp. 45, 46; and Humbert, Acta Math., t. x, (1887), pp. 281-298, 
by whom further references are given. 

* Some of the results are obtained, somewhat differently, in a memoir by the author, Phil. 
Tram., (1883), pp. 323-368. 

+ First published in 1886 ; Abhandlungen aux der Functionedehre, pp. 105-164. 
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240. There are functions belonging to class (B) in 5 229, other than 
those already considered. In  particular, there are functions with assigned 
infinities on the surface and with the real parts of al1 their moduli of 
periodicity for the canonical system of cross-cuts equal to zero. But i t  
does not therefore follow that al1 the moduli of periodicity vanish ; in order 
that their imaginary parts may vanish, so as to make the moduli of 
periodicity zero, certain conditions would require to be satisfied. 

We shall limit the ensuing discussion to some sets of these functions 
with zero moduli, and shall assign the conditions necessary to secure that 
the moduli shall be zero. We shall assume that al1 their infinities are 
algebraical; the functions are then uniform everywhere on the surface, 
and, except a t  a limited number of isolated points where they have only 
algebraical infinities, are finite and continuous. They are, in fact, algebraical 
functions of z. 

Two classes of these functions are evidently simpler than any others. 
The first class consists of those which have a limited number, sny m, of 
isolated accidental singularities each of the first order and which are not 
infinite a t  any of the branch-points ; the other class consists of those which 
have no infinities except at the branch-points. These two classes will be 
briefly discussed in order. 

Let w be a uniform function having accidental singularities, each of the 
first order, a t  the points c,, ..., cm and no other infinities; and let the normal 
function of the second kind, having c, for its sole infiriity, be 2,. Then 

P l 4  + B A  + . . + PmZm, 
where pl, . . . , Pm are constants a t  Our disposal, is a function, having infinities 
of the same class and at  the same points as w has ; the function is otherwise 
finite everywhere on the surface and therefore, by properly choosing the 
constants p, we have the function 

w -(Pl&+ . - a  +lem&) 
finite everywhere on the surface, so that i t  is a function of the first kind. 

Now because its modulus vanishes a t  each of the cross-cuts a in the 
resolved surface, it is a constant, so that 

w=PlZ,+ a. .  +PmZni,+ Po. 
d WT The modulus of w is to vanish a t  each of the cross-cuts b,. Let +,(B) = - , dz 

so that +,(z) is an algebraical function on the surface: then assigning the 
condition that the modulus of w at  the cross-cut b, shall vanish, we have 

Pl+r (cl) + P24r ( ~ 2 )  + -. - + Pm& (cm) = 0, 
an equation which rnust hold for al1 the values r = 1, . . . , p. 

When the quantities c represent quite arbitrary points, there must be 
at least p + 1 .  of them; otherwise, as the equations are independent of one 
another, they can be satisfied only by zero values of the constants P, a result 
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The most general way in which the preceding forms cease to be definite 
is by the dependence of some of the equations 

PI$r (ci) + P2$r ( ~ 2 )  + ... + Bm+r (cm) = 0 
on the remainder. Let q of them, Say those given bp r = 1, ..., q, be de- 
pendent on the remaining p - q, so that q > O < p : then the conditions of 
dependeuce can be expressed by equations of the form 

br (cn) = Ai,r$q+i (cn) + Aa,r # q + ~  (cm) + - + Ap-q,r$p (cm) 
for r =  1, 2, ..., q and n =1, 2, ..., m. 

The functions of the first kind W, through which the functions $ are 
derived, are a complete set of normal functions : wlien any number of them 
is replaced by the same number of independent linear combinations of some 
or all, the first derivatives are still algebraical functions. We therefore 
replace the functions Wl, W,, ..., W, by w,, w,, ..., w,, mhere 

wr= Wr-AI,rWq+i -Aa,rWq+a- -Ap-,vWp 
for r = 1, 2, .... q, so that, for al1 values of z, 

@r (2) = $r (2) - Ai,T$q+i (2) - A2,r+p+2 (z) - - Ap-q, r $p (2). 

Hence the functions @,, Q ,  ..., vanish at  each of the points c,, c,, ..., cm. 

which renders the uniform function evanescent. If m > p ,  the equations 
determine p of the coefficients @ linearly in terms of the remaining m - p  : 
when these values are substituted, the resulting expression for w contains 
m - p  + 1 constants, viz., the remaining m - p  constants @, and the constant 
. The coefficient of each of the m-p constants ,8 is a function of z, which 
has p + 1 accidental singularities of the first order, p of which are common 
to al1 the functions, so that w then is an arbitrary linear combination of 
constant multiples of m - p  functions, each of which possesses p + 1 
accidental singularities and can be expressed in the forni 

The original system of p equations in $,, .... $,, $,+,, ..., $p, when 
made a system of equations in @,, .... @,, $,+,, ..., $p is equivalent to 

Plar ( 4  + P,@T ( 4  + ... + P m %  (cm) = 0 
P1+8  (ci) +&+s (CS) + + Brn+s(~m) = O  1 

for r = 1, .... q and s = q + 1, .... p. The first q of these are evanescent ; and 
therefore their form is the same as if we had initially assumed that each of 

Ar (2) = 

When the quantities c are not coinpletely arbitrary, but are such that 
relations among them can be satisfied so as no longer to permit the preceding 
forms to be definite, we proceed as follows. 

....... z l ,  z, ,  zp, zp+, 
$1 (cl), $1 (CA, - .. - .. , $1 ( cP), $1 (cP+T) 

$2 (CI), $2 (~21, -. . - . > $a (cp), $2 (cp+r) 
............................................. 
&(ci), $p(ca)> .-..- > +p(~p)i $p (cp+r) 

. 
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the functions $,, ..., 4, vanished for each of the points z = cl ,  .... cm, the two 
assumptions being in essence equivalent to one another on account of the 
property of linear combination characteristic of functions of the first kind. 

Suppose, then, that q of the functions 4, derived through functions 
of the  first kind, vanish a t  each of the points cl, ..., c,~; the number of 
surviving equations of the form 

Pi$, (cl)  + P&r (cd + -. . + (cm) = 0 
is p -  q, and they involve m arbitrary constants ,û. Hence they determine 
p-  q of these constants, linearly and homogeneously, in terms of the other 
m - p  +p. When account is taken of the additive constant fi,, then* the 
function w contains m - p  + q +  1 arbitrary constants; and it is a linear 
combinution of arbitrary muZt+les of m - p  + q functions, each hawilzgp - q + 1 
accidental singularities of the Jirst order, p - q of which are cornrnon to al1 
the functions in the combination. 

The functions under consideration, being linear combinations of normal 
functions Z of the second kind, have no infinities except a t  the accidental 
singularities ; the branch-points of the surface are not infinities. And it 
appears, from the theorem just proved, that there are functions having 
only p - q + 1 accidental singularities, each of the first order, so that the total 
nurnber is less than p+ 1. A question therefore arises as to what is the 
inferior limit to the number of accidental singularities that can be possessed 
by a funetaion which is uniform on the Riemann's surface and, except at  these 
accidental singularities, is everywhere finite and continuous on the surface. 

Let i t  be denoted by p ;  then the p equations 

PiQr (ci) + . -. + Pc$r ( C F )  = 0, 
for r = 1,2,  ..., p, must determine p- 1 of the constants P in terms of the 
remaining constant ,û, Say, B; and the function thence inferred contains two 
constants, viz., the surviving constant fi and the additive constant, its form 

* This is usually known as Riemann-Roch's Theorem. It is due partly to Riemann and 
partly to Roch; see references in $ 242. 
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for r = 0, 1, . . . , p - p, must be satisfied, that is, p - p + 1  relations must be 
satisfied*. 

Since there are p  points c among which p - p + 1 relations are satisfied it 
follows that the number of surviving arbitrary constants c is, in general, equal 
to p - ( p  - p + l), that is, to 2p - p  - 1. These occur as arbitrary constants 
in the inferred function, independently of the two constants A and B : so that 
the number of arbitrary constants, in the function with p  accidental singu- 
larities, is 2 p - p  - 1 + 2, that is, 2p - p  + 1. 

Again, the number of infinities of a uniform function of position on a 
Riemann's surface is equal to the number of its zeros (5 194), and also to the 
number of points where it assumes an assigned value; and al1 these pro- 
perties are possessed by any function, with which w is connected by any 
lineo-linear relation. If u be one such function, then another is 

where a, b, d are arbitrary constants; and therefore w contains at  least 
three arbitrary constants, when i t  is taken in the most general form that 
possesses the assigned properties. 

But i t  has been shewn that the number of independent arbitrary con- 
stants in the general form of w is 2p-p  + 1. This number has just been 
proved to be at  least three, and therefore 

2 p - p + 1 2 3 ,  

or p Z l + $ p .  

Thus the integer equal to, or next greater than, 1 + Sp is the smallest number 
of isolated accidental singularities that an algebraical function can have on, a 
Riemann's surface, on the supposition that it  has no injnities at the branch- 
points+. 

241. The other simple class of uniform functions on a Riemann's 
surface consists of those which have no infinities except at the branch- 
points of the surface. 

They will not be considered in any detail: we shall only briefly advert 
to those which consist of the jrst  derivatives of functions of the first End. 
This set is characterised by the theorem:- 

These functions + (2) are injinite only at branch-points of the su~face, and 

This result implies that the relations are independent of one another, which is the case 
in general : but it is  conceivable that special relations might exist among the branch-points, which 
wouid a e a t  al1 these numbers. 

f- This resuit applies only to a completely general surface of class p. And, for special forma 
of surface of class p, a lower limit for p ean be obtained; thus, in the case of a two-sheeted 
surface, the l i i i t  is  2. (See Klein-Fricke, i, p. 556.) 
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the total number of inzfinities is 2p - 2 + 2n. For, let w (z) be the most 
general integral of the first kind, and let 

Near an ordinary point a on the surface we have 
w (z)= ~ ( a )  +@-a)  P(z-a) ,  

where P is a converging series that may, in general, be assumed not to vanish 
for z = a ; hence 

+ (z )=P(z  - a ) +  (z -a) P'(z-a); 

that is, 4 (z) is finite a t  an  ordinary point. 

Near z =  ai (supposed not to be a branch-point) we have, if K be the 
value of w there, 

. . 

may, in general, be assumed not to vanish for z = cm ; so that 

and therefore + (z) has a zero of the second order at  z = ai. 

Near a branch-point 7, where rn sheets of the surface are connected, we 
have 1 1 

tu (2) - w (y) = (z - y)" P {(z - y)m}, 
where P may, in general, be assumed not to vanish for z = y : hence 

so that r$ (z) is irifinite a t  z = y, and the infinity is of order m - 1. 
Hence the total number of infinities is 8 (m - l), where nz is the number 

of sheets connected at  a branch-point and the summation extends over al1 
the r branch-points. But 2p + 1 = 2 (WL - 1 )  - 2n + 3, and therefore the 
number of infinities is 2p - 2 + 2n. 

We can now prove that the number of zeros of + (z) in the finite part  
of the surface is 21, - 2, of which p - 1 can be arb i t radg  assigned. 

The total number of zeros is 2p - 2 + 2n, being equal to the number of 
infinities because + (2)  is an algebraical function. But + (z) has been proved 
to have a zero of the second order when z= oo and this occurs in each of the 
n sheets, so that 2n (and no more) of the infinities of + (z) are given by 
z = a. There thus remain 2p - 2 zeros, distributed in the finite part of the 
surface. 

Moreover, the most general function + (z) of the present kind is of the 
form 

r$ (2) = ci#i (2) + 442 (2) + - + cp+p (z), 
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where 41 (z), . . ., #p (z) are derived through the normal functions of the first 
kind. The p - 1 ratios of the constants C can be chosen so as to make + (2) 

vanish for p - 1 arbitrarily assigned points. Hence, except as to a constant 
factor, an algebraical function arising as the derivative of a n  integral of the 
Jirst kind is determined, save as to a constant factor, by the assignment of p - 1 
of its zeros in the jlzite part of the plane. 

Note*. I t  may happen that the assumptions as to the forms of the 
series in the vicinity of a particular point a, of oo , and of y are not justified. 

If 4 ( a )  vanish, we may regard a as one of the 2p - 2 zeros. 

If z =  ca on one sheet be a zero of + ( z )  of order higher than two, say 
2 + s, we may consider that s of the 2p - 2 zeros are removed from the finite 
part of the surface to coincide with z = oo . 

1 

If P {(z - vanish for z =.y, the order of the infinity for + ( z )  is 
reduced from m - 1 to, say, m - s - 1 ; we may then consider that s of the 
2 p -  2 zeros coincide with the branch-point. 

242. The existence of functions that are uniform on the surface and, 
except a t  points where they have assigned algebraical infinities, are finite 
and continuous, has now been proved ; we proceed, as in 5 99, to shew how 
algebraical functions imply the existence of a fundamental equation, now to 
be associated with the given surface. 

The assigned algebraical infinities may be either at  the branch-points, or 
a t  ordinary points which are singularities only of the branch associated with 
the sheet in which the ordinary points lie, or both at  branch-points and 
a t  ordinary points. 

Let the surface have n sheets ; on the surface let the points cl, c,, . . . , cm 
be ordinary infinities of orders pl, q,, . . . , q, respectively-we shall restrict 
ourselves to the more special case in which q,, q,, . . . , q, are finite integers, 
t.hus excluding (merely for the present purpose) the case of isolated essential 
singularities ; and let the branch-points q, a,, . . . be of orders p,, p2, . . . as 
infinities? and of orders r, - 1, r, - 1, . .. as winding-points. 

Let w,, w,, ..., w, be the n values of the function for one and the same 
algebraical value of z ; and consider the function (w - w,) (w - w,) . . . (w - w,). 
The coefficients of w are symmetrical functions of the values w,, . .. , w, of the 
assigned function. 

An ordinary point for al1 the branches w is an ordinary point for each of 
the coefficients. 

* See Klein-Pricke, vol. i ,  p. 545. 
1- A branch-point a is said to be an i n h i t y  of order p and a winding-point of order r -  1, 

P 1 
when the affected branches in its vicinity can be expressed in the form (z - a)-FP { ( z  - a)+} ,  where 
P is finite when z=a. 
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242.1 FUNDAMENTAL EQUATION FOR THE SURFACE 463 

An ordinary singularity of order q for any branch, which can occur only 
for one branch, is an ordinary singularity of the same order for each of the 
symmetric functions ; and therefore, merely on the score of al1 the ordinary 
singularities, each of these symmetric functions can be expressed as a mero- 
morphic function the denoininator of which is the same rational integral 

m ..- 
algebraical function of degree Z q., in z. 

s=l 

In the vicinity of the branch-point 4, there are r, branches obtained from 

1 

(where P is finite when z = a,), by assigning to (z - %)E its r, various values. 
Then, as in 5 99, the point a, is no longer a branch-point of any of the 
symmetric functions; and for some of the symmetric functions the point 
a, is an accidental singularity of order pl, but for no one of them is i t  a 
singularity of higher order. Hence, merely on the score of the infinities a t  
branch-points, each of the symmetric functions can be expressed as a mero- 
morphic function the denominator of which is the same rational algebraical 
meromorphic function of degree Zp, in z. 

No other points on the surface need be taken into account. If, then, P ( 2 )  

be the denominator of the coefficients arising through the isolated algebraical 
m 

singularities, so that P(z)  is of degree C q, in z, and if Q (z) be the de- 
a = l  

nominator of the coefficients arising through the infinities a t  the branch- 
points, then 

P (z )  Q(z)(w-wl)(w-wa) ... (w-w,) 
is a rational integral uniform algebraical function of w and z ;  Say f (w, z), 

m 
which is evidently of degree .n in w and of degree Z q, + xp in z. 

a = l  

I t s  only roots are w = w,, . . . , w, ; that is, the function w on the Riemann's 
surface is determined as the root of the equation f (w, z) = 0 ; and therefore 
the equation f (w, z) = O is a fundamental equation, to 'be associated with 
the surface. 

Ex. 1. Shew that a fundamental equation for a three-sheeted surface, having $m"i (for 
m=O, 1, ... , 5) for branch-points each of the first order, is 

d - 3 w z 2 + 2 = 0 ;  
and that a fundamental equation for a four-sheeted surface having the same branch-points 
each of the same order is 

w4- (6+3$Sza) d- 4$4T$'5wz=3+t/2~2-$gt/;J.8. (Thorna.) 

Every algebraical function on the surface requires its own fundamental 
equation; but, as the branch-points are the same for any surface, no 
fundamerital equation can be regarded as unique. Having now obtained 
one fundamental equation for algebraical functions on the surface, al1 the 
investigations in chap. XVI. may be applied. 
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The preceding sketch, in 240-242, of algebraical functions is intended only as an 
introduction ; the developments are closely connected with the theory of Abelian functions 
and of cuves. The propositions actiially given are based upon 

Riemann, Thwrie der Abel'schen Function, Bes. Werke, pp. 100-102 ; 

Roch, Crelle, t. lxiv, (1865), pp. 372-376; 

Klein's Vorlesungen $ber die TheorZe der elliptischen Modulfunctionen, (Fricke), vol. i, 
pp. 540-549 ; 

for further information reference should be made to the following sources :- 
Brill und Noether, Math. Am., t. vii, (1874), pp. 269-310; 
Lindemann, Untersuchunyen über den Riemann-RochJschen Satz, (Leipzig, Teubner, 

1879), 40 pp. ; 
Brill, Hdh. Ann., t. xxxi, (1888), pp. 374-409; ib., t. xxxvi, (1890), pp. 321-360. 

Ex. 2. Prove that the algebraical equation which subsists (8 118) between two 
functions u and u of a variable z, doubly-periodic in the same periods, is of class either 
zero or unity; that i t  is of class unity, if only one incongruent value of z correspond to 
given values of u and v; and that it is of class zero, if more than one incongruent value of 
z correspond to given values of u and v. (Humbert, Günther.) 

Ex. 3. If between two uniform analytical functions P and Q, which have a n  isolated 
point for their essential singularity, there exist an algebraical relation, then, when either 
is regarded as the independent variable, the connectivity of the Riemann's surface for the 
representation of the other is not greater than three. (Picard.) 

243. We now pass to the consideration of another class of functions 
associated with a Riemann's surface. 

The classes of pseudo-periodic functions, which have been discussed, 
originally occurred in connection with the functions that are doubly-periodic 
functions of the first kind; and it may, therefore, be expected that, in a 
discussion of functions which are multiply-periodic, similar pseudo-perindic 
functions will occur. 

These functions, in particular such as are the generalisation of doubly- 
periodic functions of the second kind, have been considered in great detail by 
Appell* ; they may be called factorial funct ionst .  

But the essential difference between the former classes of functions and 
the present class is that now the argument of the function is a variable of 
position on the Riemann's surface and not, as before, an integral of the first 
kind. I t  is only in subsequent developments of the theory of these functions 
that the corresponding modification of argument takes place ; and a factorial 
function then becomes a pseudo-periodic function of those integrals of the 
first kind. 

'l Sur les intégrales des fonctions $ multiplicateurs ... " (MQm. Cour.), Acta Math., t. xiii, 
(1890), 174 pp. This volume is prefaced by an interesting report, due to Hermite, on Appell's 
memoir. 

They are also discussed in Neumann's Abel'schen Functionen, pp. 273-278 ; in Briot's Theorie 
des fonctions Abéliennes; in a memoir by Appell, Liouville, Bme Sér., t. ix, pp. 5-24 ; and they 
occur in a memoir by Prym, C~elle, t. Ixx, (1869), pp. 354-362. 

t Fonctions à multiplicateurs, by Appell. 
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We consider a Riemann's surface of connectivity 2p + 1, reduced to simple 
connectivity by 2p cross-cuts taken, as in § 181, to be a,, bl,  c,+a,, b,, ..., 
c, + a,, bp. The functions already considered are such that their values 
at  points on opposite edges of a cross-cut differ by additive constants, 
which are integral linear combinations of the cross-cut constants, necessarily 
zero for the portions c in the case of al1 the functions; the values of the 
constants for the cuts a and the cuts b depend upon the character of the 
functions and are simultaneously zero only when the function is a uniform 
function of position on the Riemann's surface, that is, is a rational function of 
w and z when the surface is associated with the fundamental equation 

P(w, 2)  = o. 
A factorial function is defined as a uniform function of position on the 

resolved Riemann's surface, finite a t  the branch-points no one of which is a t  
infinity; al1 its infinities are accidental singularities, so that it has no 
logarithmic infinities : and a t  two (practically coincident) points on opposite 
edges of a cross-cut the quotient of its values is independent of the point, 
being a factor (or multiplier) that is the same along the cut for al1 parts which 
can be reached without crossing another cut. 

Then for any pwrtion c thefactor is unity, for  any cut a it is the same along 
its whole lmgth, and for  any cut b i t  is the same along its whole lmgth. 

I n  order to consider the effect of passage over another cross-cut on the con- 
stant factor, we take the figures of $196, 
230. Where a, and b, intersect, we have 

F (21) = m, B' ( 4 ,  F (2,) = mr ' r  (28) ; 
F (4) = r '  F 1 F (28) = nr J" (22) ; 

where m,, m i ;  n,., n,.' are the constants 
for the portions of the cuts a, and b,. 
From these eqiiations i t  follows that 

nr' 1 =-, or the multiplier 1, for is + ,, 

whence 
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Now a, is met only by bl and by no cut c : so that 7% = m,'. Hence nl = q', 
and therefore 1, = 1. Hence m, = ma ; n, = ni and therefore 1, = 1 ; and so on, 
so that 

1,+1=1, m,.'=m,, 12,1=nr, 

the results necessary to establish the proposition. 

We shall therefore take the factor along a, to be m,, and the factor along 
b, to be .n,, for r = 1, ..., p :  and, by reference to 5 196, the function at  the 
positive edge is equal to the function a t  the negative edge multiplied by the 
factor of the eut. 

244. Before passing on to obtain expressions for factorial functions in 
terms of functions tllready known, we may shew that al1 factorial functions 
with assigned factors are of the form 

where @ (2) is a factorial function with the assigned factors and R (w, z) is a 
function of w and z, uniform on the Riemann's surface. For if Y! (z) and 
a (z) be factorial functions with the same factors, then T (z) + (z) has its 
factors unity a t  al1 the cross-cuts, so that it is a uniform function of position 
on the surface and is therefore* of the form R (w, z). It is therefore sufficient 
a t  present to obtain some one factorial function with assigned factors 

mi, a . .  , mp, %, -,., ",. 
Let w, (z), wz (z), . . ., tup (z) be the p  normal functions of the first kind 

connected with a Riemann's surface, with their periods as given in 5 235. 

Let .rrl (z), instead of a,, of 5 237, denote an elementary normal function 
of the third kind, having logarithmic infinities a t  a, and ,8, such that, in the 
vicinities of these points, the respective expressions for T, (2) are 

and 
- log (z - al) + P (z - a,), 

+ 1% (2 - Pl) + Q (z - A) ; 
then the period of r l (z)  for the cross-cut a, is zero, and the period for the 
cross-cut b, is 

2 (wr (Pl) - WP (al)} 
for r = 1, 2, . . ., p. I t  therefore follows that a, (z), where 

QI (z) = eTl(q, 

is uniform on the resolved Riemann's surface : it has a single zero (of the first 
order) at  ,BI and a single accidental singularity (of the first order) at  a, ; its 
factor for the cross-cut a, is unity and its factor for the cross-cut b, is 

It may be pointed out that this result is  an illustration of the remark, at the beginning of 
5 243, that the factorial functions have a uniform function of position on the surface for their 
argument and not the integrals of the fwst kind, of which that variable of position is a multiply- 
periodic function. 
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The function cP,(z) may therefore be regarded as an element for the repre- 
sentation of a factorial function. 

Let 4? (2) be a factorial function on the Riemann's surface with given 
multipliers m and n ; and let it have a number p of zeros ,8,, P,, . .. , Bq, each 
of the first order, and the same number q of simple accidental singularities 
al, a,, ... , a,, each of the first order, and no others. Then @'(z)/+ (2) has 2q 
accidental singularities ; in the vicinity of the q points P, i t  is of the form 

and in the vicinity of the q points a i t  is of the form 

hence -- ( z )  3 77: (2) a(.) s=1 

is finite in the vieinitg of al1 the singularities of 9 Thus 
( 2 )  ' 

has no logarithmic infinities on the surface : neither log @ ( z )  nor any one 
of the functions ~ ( z )  has infinities of any other kind; and therefore the 
foregoing function is finite everywhere on the surface. It is thus an integral 
of the first kind and is expressible in the form 

2X,w, (2) + 2h2w, (2) + . . . + 2 % ~ ~  (2) + constant. 

Hence 
where A is a constant. 

The function represented by the right-hand side evidently has the q 
points p as simple zeros and the q points a as simple accidental infinities, 
and no others. Higher order of a zero or an infinity is permitted by repeti- 
tions in the respective assigned series. 

In order that i t  may acquire the factor rn, on passing from the negative 
edge to the positive edge of the cross-eut a,, we have 

mr =  na. 
and that i t  may acquire the factor n, in passing from the negative edge to 
the positive edge of the cross-cut b,, we have 

The former equations determine the constants X, in the form 
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for r = 1, 2, . . . , p ; and then the latter equations give 

for r = l ,  2 ,...,p. 
Apparently, 1, is determinate save as to an additive integer, Say MT ; and 

the value of +log n, is determinate save as to an additive quantity, Say NTm', 
where N, is an integer. The left-hand side of the derived set of equations 
being definite, these integers 3, and M, must be subject to the equations 

k = l  

for r = 1, 2, . . . , p ; and therefore, equating the real parts (5  235), we have 

so that 

which, by § 235, can be satisfied only if al1 the integers M, vanish and there- 
fore also the integers N,. 

Hence when the foregoing equations connecting the quantities a, P, log n, 
log m are satisfied; as they must be, for one set of values of log n and log m, 
that set may be taken as the definite set of values; and the only way in 
which variation can enter is through the multiplicity in value of the functions 
w,, . . . , w,, which may be supposed definitely assigned. 

The expression for the function cP (z)  is therefore 

the q zeros and the q simple potes a being subject to the equations 

COROLLARY 1. The function @ (2) is a rational function of position on 
the surface, that is, of w and z, if al1 the factors n and m be unity. Such a 
function has been proved (5  194) to have as many infinities as zeros; and 
therefore integers N,', . . . , N,', M,', . . . , M,' exist such that, between the zeros and 
the inJinities of a rational algebraical f u n c t h  of w and z, the p equations 

for r = 1, 2, . .., p, subsist*. 

The function (2) then corresponds to a rational algebraical function, 
when regarded as a product of simple factors, in the same way as the expres- 
sion (5 241) in terms of normal elementary functions of the second kind 
corresponds to the function, when regarded as a sum of simple fractions. 

* Neumann, p. 275. 
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COROLLARY II. Every factorial function has as  many zeros as  i t  has 
infinities. 

For if a special function CD (z), with the given factors and possessing q zeros 
and q infinities, be formed, every other function with those factors is included 
in the form 

J' (2) = @ (4 R (w, 9 ,  
where R (w, z) is a rational algebraical function of w and z. But R (w, z) has 
as tnany zeros as it has infinities ; and therefore the property holds of F(z). 

Further, i t  is easy to see that the equations of relation between the zeros, 
the infinities and the multipliers are satisfied for F (2). For among the zeros 
and the infinities of @(z), the relations 

are satisfied; and among the zeros and the infinities of R (w, z) the relations 
P 

Z w, ( P i )  - wr (a;) = riN,' - Z (BbMA 
e=l k=l 

are satisfied, where N,.' and the coeEcients M' are integers. Hence, ainong 
the zeros and the infinities of P (z), the relations 

1 p {w, (zero) - w, (m )} = 4 (log n, + N,.' %ri) - -. Z {Bk,. (log mk + 2Mn'~i)} 
2 m  k = l  

are satisfied, giving the same rnultipliers n, and nz, as for the special function 

@ ( 4  

COROLLARY III. I t  is possible to have factorial functions without zeros 
and therefore without injnities: but the rnultipliers cawnot be arbitrarz'ly 
assigned. 

Such a function is evidently given by 
e28hkWk (2)  

derived from (2) by dropping from the exponential the terms dependent 
upon the functions ~ ( z ) .  The relations between the factors are easily 
obtained. 

245. The effect of the p relations 

subsisting between the factors, the zeros and the infinities of the factorial 
function, varies according to the magnitude of p. 

If q be equal to or be greater than p, it is evident that al1 the infinities a 
and q - p  of the zeros 6 can be assumed at  will and that the above relations 
determine the p remaining zeros. The function therefore involves 2q - p  
arbitrary elements, in addition to the unessential constant A. 
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I n  particular, when q is equal t op ,  the infinities a can be chosen at  will 
and the zeros ,û are then determined by the relations. It therefore appears 
that a factomal function, which has only p injnities, is determined by its 
injnities and its cross-cut factors. 

When q is greater than p, say = p  + r ,  then the q infinities and r zeros 
may be chosen a t  will. By assigning various sets of r zeros with a given set 
of infinities, various functions @, (z), @, (z), . . . will be obtained al1 having the 
same infinities and the same cross-cut factors. Let s such functions have 
been obtained ; consider the function 

a? ( 2 )  = p1@1(z) + pS'2 (2) + . . . + ps@g (2) : 
it will evidently have the assigned infinities and the assigned cross-cut 
factors. Then s - 1 ratios of the quantities p can be chosen so as to cause 
@ (2) to acquire s - 1 arbitrary zeros. The greatest number of arbitrary 
zeros that can be assigned to a function is r, which is therefore the greatest 
value of s - 1. Hence it follows that r + 1 linearly independent factorial 
functions BI (z), . . . , a,+, (2) k t  hauing assigned cross-cut factors and p + r 
assigned injnities; mnd every other factorial function with those in$nities and 
cross-cut factors can be expressed in the form 

/4Q ( 4  + p2-h ( 4  + .. . + P?+l@r+l(z)I 
where p, , . . . , p,+, are constants whose ratios can be used to assign r arbitrary 
zeros to the function. 

These factorial functions are used by Appel1 to construct new classes of functions in a 
manner similar to that in which Riemann constructs the Abelian transcendents. Their 
properties are developed on the basis of algebraical functions; but as only the introduction 
t o  the theory can be given hem, recourse must be had to Appell's iuteresting mernoir, 
already cited. 

246. Various examples of functions defined by differential equations of 
the first order have occurred, al1 the equations being of the form 

dw 
where P is a rational, integral, algebraical function of w and -. This is a 

dz 
special form of the more general equation 

of the first order : the theorem, that such an equation determines a function, 
and the discussion of the characteristics of the function so determined, belong 
to the theory of differential equations. In this place we shall consider* the 
special form of differential equation, not in its generality but only in the 
limited instances in which the fur~ction, determined by it, is a uniform functiwn 
of z. 

* The foiiowing investigation has been placed here and not earlier, in order to avoid inter- 
rupting the development of the preceding theory. 
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d w  
Let the equation be of the mth degree in -- 

dz ' supposed irreducible ; 

when arranged in powers of the derivative, i t  takes the form 

Because w is a uniform function of z, i t  has, quà function of z, no branch- 
dw 

points ; and - has, quà function of z, no branch-points. Hence infinities of 
dz 

dw d w  w are infinities of -- and vice versa ; and therefore - cannot become infinite 
dz dz 

for a finite value of W. I t  follows that the coeffiçientsf, (w), f, (w), . . . of the 
varioils powers of the derivative are integral functions of w ; they are known, 
by the character of the equation, to be rational and algebraical. 

Moreover al1 the general properties possessed by w are possessed by its 
1 

reciprocal u = - . When u is made the dependent variable, we have 
W 

du 
as the equation determining u. Now - cannot become infinite except for 

dz 
i d n i t e  values of u, for TL  is a uniforrn function of z ; hence the coefficients of 

du powers of - must be rational integral algebraical functions of u. This con- 
dz 

dition can be satisfied only if f,(w) be of degree in w not higher than 2s. 

dw du 
Hence, denoting - by W and - by U, we have the theorem :- dz dz 

1. The diferential equation 

P(W,  w)= wm+ W+lfi(w)+ Wm+f2(w)+ ... = O  

cannot determine w CM a un2forrn function of z, unless the coe&ients 

f&% f . ( W ) ,  .b(w),... 
are rational integral algebraical functions of w of degrees not higher than 
2, 4, 6 ,  . . . re.spectively : and when this condition. is satisjed, it  is satisjed also 
for the equation. 

un% - Um-1 uz x (3 + u-u4 f.  (i) - ... =O, 

which determines u, the reciprocal of W.  

247. The equation, in the first instance, determines W as a function 
of w ; and values of w may be ordinary points or may be branch-points 
for W, quà function of W. In the vicinity of such points, it is necessary 
to secure that w, as depending upon z, shall be uniform. 
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First, consider finite values for w: let w = y. For points in the 
immediate vicinity of that value, the values of W axe not infinite: they 
may be 

(i) distinct from one another, and no one of them zero at  the 
point; or 

(ii) distinct from one another and at  least one of them zero a t  the 
point; or 

(iii) not distinct from one another, so that w = y is then a branch- 
point of the function. 

(i) Let any value r, a constant different from zero, be the value of 
W for w = y. Then in the vicinity we have 

and therefore r d z  = 
dw 

1 +X(w-y)+p(w-  yy+  ... 
={1 +2X1(w-y)+3pf(w-y)"+. . .}dw,  

where A', p', . . . are constants. Hence if z, be the value of z when w = y, 
we have 

r ( Z - z o ) = w - y + ~ ~ ( W - y ) a + p ~ ( W  -y)3+ ..., 
and the inversion of this equation gives 

w - y = r (Z - ZJ + P (Z - z,), 
that is, w is then a uniforrn function of z in the vicinity of 2,. No new 
condition, attaching to the original equation, arises. 

(ii) Since the values are distinct from one another, and a t  least one 
of them is zero for w = y, we must have 

for a t  least one of the values of W, n being an integer. Now as y is not a 
branch-point, it follows from 5 97 that n is equal either to 1 or to 2. 

First, if n be unity, we have 

dw 
- 11 + b'(w- y ) + ~ ' ( w - y ) ~ +  ...} =adz,  
w-Y 

so that log(w - y ) + Y  (w- y)=az,  
the constant of integration being absorbed in P (w -y). Thus 

(W - y) ePW-~) = ew, 

and therefore, inverting the functional relation, 
w - y = eu& (ea?, 

that is, w is a uniform function in the vicinity of its own value y, but it can 
acquire this value only for logarithmically infinite values of z. No new 
condition, attaching to the original equation, arises. 

IRIS - LILLIAD - Université Lille 1 
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Secondly, if ?z be 2, so that 

then, proceeding as before, we have 

1 -- - b log(w - y)+ Q ( w -  y)= az. 
w-'-Y 

If b be different from zero, then, as on pp. 474, 475, i t  can be proved that w 
is not uniform in the vicinity of z = a,. Hence b must be zero, so that 

giving w as a uniform function of z in the vicinity of its own value y. In 
this case w can acquire the value y only for algebraically infinite values of z. 
The new condition, attaching to the original equation, will be included in a 
subsequent case (III., 3 248). 

(iii) If w = y be a branch-point, then two cases arise according as W 
is not, or is, zero: i t  cannot be infinite, because y is not infinite. 

If W be not zero, we have the value of W in the form 
1 e 

W = a { 1 + b ( ~ - ~ r ) " + c ( ~ - ~ ) ~ +  ...], 

where p is a positive integer. The integral of this equation is of the form 

and this makes w uniform in the vicinity of z = a, only if powers of w - y 
with non-integral indices be absent from the last equation and therefore 
also from the former. When the fractional powers are absent from the 
former, the implication is that w = y is really not a branch-point for W, 
quà function of w, but only that more than one of its values are equal to 
a ;  then w is a uniform function of z, and therefore W is a uniform function 
of w, and vice versa. 

If however W be zero a t  the branch-point, then its value in the 
vicinity takes the form 

'2 P+l q+2 

W=a(w-y ) i j+b(w-y )  P + c ( w - y )  P +...; 
ànd, as W cannot be infinite for a finite value of w, the fraction q/p is 
positive. It may be less than 1, equal to 1, or greater than 1. Hence :- 

II. I f  any finite value y of w be a branch-point of W regarded as a 
functiolz of w, then, in order that w muy Be uniforru, al1 the values of W 
affected by the point must be zero for w = y .  
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248. If q/p < 1, the integration of the equation leads to a relation of the 
form 

P Z  P-9+1 
z-a=n'(w-y) P + b'(w -y)  P + ..-... 

in which al1 the indices are positive. The inversion of this relation 
makes w uniform in the vicinity of z =a, only if p - q be unity, that is, 

1 if the zero of W as a fundon of w be. of degree 1 --, when the degree is 
P 

less than unity; and the value of z is finite. 

If q/p = 1, then we have 
1 

1+- 
2 

W = a ( w -  y)+b(w-y)  p + ~ ( w - y ) l + p +  ... 
dw 1 2 

and therefore a dz = - {1 +.'(tu-y)"@ (w-y)G+ ...] 
20-9' 

1 2 

so that az=log(w- ./)+aJ'(w - ./)p + b"(w- ./)P+ .... 
!E 

Let w - y = vP, Z= ep ; then this equation beconles 
p l o g Z = p  logv+aJ'v+ b"va+ ..., 

that is, 2 = v&v+va+- = vp (v) ; 

whence, by inversion, we have a relation of the form 

= ZQ (Z), 

so that 

shewing that w is uniform for values in the vicinity of w = y :  it is simply- 
2 p r i  periodic in that vicinity, the period being --, and i t  can acquire the value 

a 
y only for (logarithmically) infinite values of z. 

If q/p > 1, let q = p  + n, where n and p are prime to one another ; then we 
have 

so that 

n -- n-1 

or z = a ( ~ - ~ )  ~ + p ( w - ~ ) - p +  ... 
1 1 

+ S(W - y ) - ~ + f l ~ ~ ( w - ~ ) +  P {(w-~)&}. 

Hence w can acquire its value y only for (algebraically) infinite values of z. 

As a first condition for uniformity, the coefficient 6 must vanish, that is, i n  
dz 1 

the expansion of - in pourers of (w - y)i, there must be no term involving 
dw 

(w - y)-1. For let 
z=Z-, w-y =vp, 
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so that vn = Zn {a + pv + . . . + Svn-1-1- evn log v + vnP (v)). 
Then, if w = uZ, 
we have un = Q (uZ) + eunZn (log u + log Z), 
where Q is a series of integral powers of uZ  converging for sufficiently small 
values of ( uZ 1. 

Since z is infinitely large for sufficiently small values of IW - yI, we have 
Z infiriitesimally small. When Z = 0, the value of Zn log Z is zero ; but for 
values of Z that are not zero, the quantity has an infinite nuinber of different 
values of the form 

Zn (Log Z + 2 m 4 ,  
and there will then be an infinite number of distinct equations determining 
u, one corresponding to each of the values of m. Hence u (and therefore v, 
and therefore also w - y), in that case, has an infinite number of distinct 
branches in the vicinity of Z = 0 ; then w is not uniform in the vicinity of 
Z = O. As a first condition for uniformity, we must therefore have e = 0. 

We take e = O : then the equation between z and v, where w - y = vp, is 
z=v+{a+,&+ yv2+ ...}, 

the inversion of which can give v (and therefore can give w - y) as a uniform 
function of z, only if n = 1. When n = 1, we have w -y  uniform ; and w can 
obtain its value y only for algebraically infinite values of z. 

Combining these results, we have the theorem : 

III. Ij for a $nite value y of w, which is a branch-point of W, the 
equation in W hm a zero for p branches, then, in order that w may be uniforrn, 

1 1 
the degree of that zero is of one of the fwms 1 - - , 1, and 1 + ;  and .if it be 

P P 
l 

of the form* 1 + - , the term in (w - y)-l must be absent from the expression of 
r )  
1 

dz 
- in powers of w - y. 
dw 

249. Only finite values of w have been considered. For the consideration 
of infinite values of w, we pass to the equation in u : and only zero values of 
u need be taken into account. If w be uniform, u also is uniform and vice 
versa ; hence :- 

IV. In order that the function w may be unifom when its value tends to 
become injnitely large, the conditions in II. and III. must apply to the equation 
.Dz u for the value u = 0. 

The branch-points of W,  regarded as a function of w, as well as points 
where the roots though equal are distinct as in II., are (in addition possibly 
to u = 0) the common roots of the equations 

The case p= l occure in (ii), g 247 : i t  will now be included in III. 
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If, then, the conditions in  I I .  and I I I .  be satisjed for al1 these poin.ts, and if 
the conditirms in IV. be satisjad for u = O, that is, for injnite values of w, then 
the integral of the equation 

is a uniform function of z. 

250. The classes of uniform functions of z can be obtained as follows. 

The function, inverse to w, is given by the equation 

and therefore 

Let the Riemann's surface for the algebraical equation 

f ( K  w)=O, 
regarded as an equation between a dependent variable W and an independent 
variable w capable of assuming al1 values, be constructed; and let its con- 

nectivity be 2P+ 1. Then - is the integral of a uniform function of I" 
position on the surface; and if w, be a value a t  any point, then al1 other 
values a t  that point differ from w, by integral multiples of 

(i) the moduli of the integral a t  the 2P cross-cuts, 

(ii) the moduli of the integral at  such other cross-cuts as may be necess- 
ary on account of the expression of the siibject of integration 
as a function of W. 

Hence the argument of w, a uniform function of Z, is of the form z + Zmn, 
where the coefficients m are integers and the quantities Q are constant. 

It has already been proved that uniform functions of z with more than 
two linearly independent periods cannot exist ; hence there are a t  the utrnost 
two moduli, and therefore, taking account of the results of $ 235-242, i t  
follows that the uniform fmction of z is  either 

(i) a doubly-periodic fiinction of z ;  or 
(ii) a simply-pem'odic function. of z; or 
(iii) a rational function of z. 

Further*, the class of the Riemann's szLrface for the equation f ( W, w) = O is 
either unity or zero; for in what precedes, the value of P is not greater than 
unity, when the limitations as to the possible number of periods are assigned. 

I t  is now easy to assign the criteria determining the class of functions to 

This result is due to Hermite, and is stated by him in a letter to Cayley, Lond. Math. Soc., 
t. iv, (1873), pp. 343445. The limitation of the class to zero or unity is  not, in itself, suffioient 
to ensure thet w is a uniform fuuction of z. 
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250.1 DEFINEU BY DIFFERENTIAL EQUATIONS 477 

which w belongs, when it is known to be a uniform function of z satisfying the 
differential equation. 

(i) Let w be a uniform doubly-periodic function. Take any parallelogram 
of periods in the finite part of the plane : al1 values of z within the parallelo- 
gram are finite, and al1 possible values of w are acquired within the parallelo- 
gram. 

Let y be a finite value of w for a point z = c; then, since the function is 
uniform, we have 

W -  y = ( ~ - c ) ~ P ( z - c ) ,  

where m is an integer and P (z - c) does not vanish for z = c : and, by inversion, 
we also have 

where Q is finite but does not vanish for w =y. 

Now 
1 1 

= (w - d -; QI {(w - dmj, 
where Q, does not vaaish for w =y. 

dw 
If m = 1, then y is an ordinary point for - 

dz ' 
If m > 1, then y is a zero branch-point for W, of index-degree equal to 

If, in the vicinity of z = b, w be infinitely large of order q, then z = b is a 
zero of u of order q, so that we have 

u=(z-b)QPl(z-b); 
as in the first of these cases, i t  follows that 

where P, does not vanish for 26 = 0. 

Hence it follows that if, for finite or for infinite values of w, al1 the branch- 
poiuts for W be zeros and each of them have its degree less than unity, the 

1 
index of the degree being of the form 1 --, where p is the niimber of 

P 
branches of W affected, then the uniform function w is doubly-periodic. 

(ii) Let w be a uniform simply-periodic function, of period o ; then i t  is 
known ( 5  113) that w c m  be expressed in the form 

2* 

w=f(eU )=f(Z). 
Take any strip in the z-plane as for a simply-periodic function, bounded by 
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lines whose inclination to the axis of real quantity is S.rr + arg. w, as in 5 111 : 
in this strip the function acquires al1 its values. The variable Z is finite in 
the strip except at  the infinite limits; a t  one infinite limit we have z = lciw, 
where Ic is positive and infinitely great, and then Z= e-hk= 0, and at the 
other we can take z = - Ino and then Z =  e2rk = CO ; so that Z = O and a, at  
the infinite limits. 

2ITn 

Let y  be a finite value of w for a finite point z = c and let C = ew : then 
we have 

w - Y =f (2) -f ( 0  
= ( Z -  C)qg(Z- q, 

where g ( 2  - C) does not vanish for Z =  C  and q is a positive integer. 

When q = 1, we have 
Z - C = ( W - y ) G ( w - y ) ,  

where G does not vanish for w = y  ; and then 

where H does not vanish for w = y ;  the point w = y  is an ordinary 
dw 

point for - 
dz 

When q > 1, we have 
1 1 

z-  c=(w-  G { ( w - ~ ) ~ } ,  
where Q does not vanish for w = y  ; and then 

1 1 

= (w - yf-q h {(w - 
where h does not vanish for w = y. Such a point is a branch-zero for q branches 

1 
of W, and its index-degree is 1 - - . 

q 
If t.he value of w be infinite for the finite point z = c, then we have 

= (2- C)qg(Z- C). 
du If q = 1, the point is an ordinary point for - ; if q > 1, i t  is a branch-zero 
dz 

du 1 
for q branches of - and its index-degree is 1 - - . 

dz 4 
When z = CO, then Z= O or Z =  C O .  The value of the function w for 

infinite values of z is either finite or infinite. 

Let w be a finite quantity y, for infinitely large values of z. When Z is 
very small, we have 

w - y = Zq f (Z), 
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where q is a positive integer and f does not vanish for Z = O ; and then 
1 1 

z = (w - y)% I(w - y>q, 

where g does not vanish for ac = y. Then 

dw 2m' - ZZW Iqf (a + 2s (QI di3 O 

= Zqh (Z), 
where h does not vanish when Z = 0 ; and therefore 

dw or the point w = 7 is a branch-zero of q branches of - and its index-degree 
dz 

is unity. And when Z is very large, we have 

where q is a positive integer and f, is finite and not zero for Z =  m. As 
before, it is easy to see that 

dw 
or the point w = y is a branch-zero of q branches of - and its index-degree 

dz 
is unity. 

If, however, the value of w be infinite for infinitely large values of z, then 
we have 

u = ZPfi (2) 

when Z is very small, and u = Z-9f. (i) 
when Z is very large. As before, the point u = O is then, in each case, a 

du branch-zero of q branches - , and its index-degree is unity. 
dz 

Hence i t  follows that if al1 the branch-points of W be zeros, if one of them 
have its degree equal to unity, and if al1 the other branch-zeros are of index- 

1 degree less than unity, the index of the degree being of the form 1 - - 
P ' 

where p is the number of branches of W affected, then the uniform function 
w determined by the equation f ( W, w) = O is simply-periodic. 

(iii) Let w be a rational function of z ;  then it can be expressed 
in the form 

where f, and f ,  are rational, integral functions of z. 
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Finite values of w can arise from values of z in the vicinity of (a) a zero of 
fi (z), Say z = C, or (b )  an infinity off, (2). For the former, we have, if y denote 
the value of z, 

w-y=(z -~ )mF(z -c ) ,  

where F does not vanish for z = c :  and then, inverting the functional 
relation, 

1 

2-c=(w-y)"P(w-y), 

where m is a positive integer which may be 1 or greater than 1. 

Now dw 
- = (Z-C)-~ {mF(z- c) +(z-  c )P ' (z -  c)], 
dz 

dw so that, if m = 1, we have - = Q (w - y), da 

where Q does not vanish when w = y ;  and, if m > 1, we have 

where Q, does not 
point for W or a 

degree of the zero 

vanish when w = y. Hence w = y is either an ordinary 
branch-point at  which m branches vanish, the index- 

1 
being 1 - - . 

m 

For an infinity of f, (z) we must have z = ûo ; and therefore, for 
infinitely large values of z, we have 

where F does not 

where does not 
a case which hm 

vanish when z = m. Proceeding as before, we have 

dw 1 
1+- 1_ 

- = (w - Y) "1 ((w - y)", dz 

vanish when w = y. If X = 1, w = y is an ordinary point, 
been considered ; if X > 1, w = is a branch-point for 

1 

W, at  which branches vanish, and the index-degree of the zero is 1 +: 
X' 

Infinite values of w can mise from values of z that are infinitely 
large-in connection with f, @)-or from values of z that are zeros of the 
denominator. For the former, we have 

where X is a positive integer and F does not vanish for z =  oa ; and then 
proceeding as before, we have 
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so that, if X = 1, u = O is an ordinary point, a case of which account has 
already been taken ; and if h > 1, u = O (that is, w = co ) is a branch-point 

1 
for U a t  which X branches vanish, and the index-degree of the zero is 1 + - 

h ' 
Moreover, as w is e rational function, we do not have both w = y  and u = O  

for infinite values of z, unless (possibly) z= co is an essential singularity of 
the function. 

I t  thus appears that, when w is a rational algebraical function, there is 
only one value of w which, being a branch-point for W, gives m branches 

1 
vanishing, the index of the degree of the zero being 1 + - ; al1 other branch- 

m 
points of W give zeros that are of degree-index less than unity, each being of 

1 
the form 1 - - where n is the number of branches that vanish a t  the point. 

n J  

251. The following is a summary of the results that have been ob- 
tained :- 

1. I n  order that an irreducible differential equation of the first order 
may have a uniform function for its integral, it must be of the form 

where f, (w), f, (w), . . ., f, (w) are rational, integral, algebraical functions of w 
of degrees not higher than 2, 4, 6, . . ., 2rn respectively : and this condition as 
to degree is then satisfied for the equation 

II. If any finite value of w be a branch-point of W when regarded 
as a function of w determined by the equation P(W,  w)=O, then al1 the 
affected values of W must be zero for that value of w ; and likewise for the 
value u = O in connection with the equation 

G(U,u)=O. 

III. If for a value of w, which is a branch-point of W when regardedas 
a function of w, there be a multiple root of F ( W ,  w) = O  which is zero for TL 

branches, the index-degree for each of those branches is of one of the forrns 
1 1 

1 - - , 1, 1 + - ; and likewise for the value u = O in connection with the 
n n 

equation G (U, u) = O. 

IV. The class of the equation P(W, w) = 0, and therefore the class of 
the Riemann's surface associated with the equation, is either zero or unity. 

F. 3 1 
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V. If al1 the multiple zero-roots of W, for finite values or for an 
infinite value of w, be of index-degree less than unity, each of them being of 

the form 1 - ! then w is a uniform doubly-periodic function of z. 
12' 

VI. If, for some value of w, there be a single set of m multiple zero- 
roots of index-degree equal to unity, and if, for finite values or for an 
i n h i t e  value of w, al1 the other sets of multiple zero-roots have their 

1 
respective index-degrees less than unitg and of the form 1 --, then w is 

f i  

a uniform singly-periodic function of z. 

VIL If, for some value of w, there be a single set of m multiple zero- 
1 

roots the index-degree of which is equal to 1 +-, and if, for other values 
rn 

of w, al1 the other sets of multiple zero-roots have their respective index- 
1 

degrees less than unity and of the forms 1 -- then w is a rational 
n ' 

algebraical function of z. 
I n  al1 other cases the equation, supposed irreducible, cannot have a 

uniform functiou of z for its integral. If the equation have a uniform 
function of z for its integral, and the preceding conditions in V., VI. or VII., 
be not satisfied, the equation is reducible*, that is, it can be replaced by 
rational equations of lower degree to which the criteria apply. 

Note. The preceding method may be considered as essentially due to Briot and 
Bouquet. 

There is another method of proceeding, which leads to the same result. It is based 
upon Hermite's theorem (5 250), proved independently ; and its development will be found 
in memoirs by Fuchst and Raffyz. A reference to the memoirs which have been quoted 
shews that the equation P( W, w)=O, when it is satisfied by a uniform functioii of z, can be 
associated with the theory of unicursal curves and of bicursal curves. 

252. The preceding general results will now be applied to the particular 
equation 

where f is a rational, integral, algebraical function of degree not greater 
than 2s. 

Let f (w) = Xvw - a)l (W - b)m..  ., 
* This investigation is based upon two memoirs by Briot et Bouquet, Joum. de l'Éc. Poly- 

technique, t. xxi, Cah. xxxvi, (1856), pp. 134-198, 199-254 ; and upon their T ~ a i l é  des fonctions 
slliptiques, pp. 341-350, 376-392. A memoir by Cayley, PTOC. Lond. Math. Soc., vol. xviii, 
(1887), pp. 314-324, may also be consulted. 

+ Comptes Rendus, t. xoiii, (1881), pp. 1063-1065 ; Sitzungsbe~. d .  Akad. d. WGs. zu Berlin, 
1884, (ii), pp. 709, 710. 

$ Annales de 1'Ec. Nom. ,  2me Sér., t. xii, (1883), pp. 105-190 ; ib., 3rne SBr., t. ii, (1885), 
pp. 99-112. 
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where k, a, b, ... are constants and 1, m, ... are integers, and 
1+m+ ... e2s. 

du . 
The equation in u = - and - 1s ( 3  dz 

dw du 
thus the values of - and - are respectively 

dz dz 

Because the integral of the equation must be uniform, each of the indices 
l m  2 - - - - -  I m . . ., - - 1 1 ,... must be of one of the forms 1--, 1, or 1 + - ;  
8 S .  S' S P P 

and p may be 1, but the point is then not a branch-point. Then the 
smallest value of p is 2 and the least index is therefore a; hence, as 

there cannot be more t han four distinct (that is, non-repeated) factors in f (w). 
Hence 

(a) if 

(6) if 

l m  one of the indices - - 
s' S ' "" be greater than 1, each of the 

other indices must be less than 1, uriless i t  be 2 when al1 
the others are zero ; 

t? na 
one of the indices -, -, . . ., be equal to 1, then either each of 

S S 

the other indices must be less than 1, or one other is equal to  
1, and then there is no remaining index ; 

1 m l m  
( c )  if each of the indices - - be less than 1, then 2  - - - - - 

S' S ' "" ... 
S S 

may be less than 1, or equal to 1, or greater than 1. 
These cases, associated with the possible numbers of factors, will be taken 

in order. 

1. Let there be a single factor; the equation is 

and therefore (- $y = h8u'C1 (1 - au)l. 

1 1 1 Now -, not being 2, is either 1 - - 1, 1 + - ; and these forms cover 
S s ' S 

1 
also the possible forms of 2 - -. 

S 
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1 
If Z = s - 1, then one index (for w = a) is equal to 1 - - , and the other 

S 
1 

(for u = O) is equal to 1 + - : the function w is rational and algebraical in z, 
S 

and z is infinite only when w = UJ : hence the integral w is a rational, integral, 
algebraical function of z. 

I f  1 = s + 1, the reasoning is similar ; and the integral is a rational, 
algebraical, meromorphic function of z. 

If 2=s, the indices are each equal to unity: the integral is a sirnply- 
periodic function of z. The equation is reducible. 

I f  2 = 2s, the equation is reducible ; the integral is algebraical. 

The equations in the respective cases are 

(2) = X (w - a )  ...........................( S. P.), 

where (A.) implies that the uniform integral is an  algebraical function of z, 
and (S. P.) implies that i t  is a simply-periodic function; the letters (D. P.) 
will be used to imply that the uniform integral is a doubly-periodic function. 

II. Let there be two distinct factors ; then the equation is 

. . 
dw 1 Pirst, let one of the indices in the expression for - be greater than 1, say - . 
dz s 

I t  is not necessaril~ in its lowest terms ; when reduced to its lowest terms, let 

m 
Then - must be less than 1 ; when reduced to its lowest terms, let 

S 

l m  
which is the necessary form. And 2 - - - - ... must be less than 1, and i t  

8 -  S 
1 

must be expressible in the form 1 - - : hence 
7 
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and therefore 
1 1 1  1 + - = - + - ,  
P U T  

where p and u are each greater than unity. If T > 1, the right-hand side is 
manifestly less than the left ; and therefore we must have r = 1, p = a ; and 
the common value of p and a is S. The integral is then a rational algebraical 
function of z. 

dw 
Secondly, let one of the indices in the expression for - be equal to 1, say 

dz 
m .  1 

1 = S. Then - 1s either 1 or of the form 1 -- . 
s a 

172 du . 
If - = 1, the exponent of u in the expression for - 1s zero: the equa- 

s dz 
tion is 

which is reducible ; i t  has a simply-periodic function for its integral. 
m 1 d u .  1 If - = 1 - - , the exponent of u in the expression for - 1s - . This must 
S u dz u 

1 
be of the form 1 - - so that 

P 

hence, as u and p are each greater than 1, each must be 2. The equation is 

which is reducible ; and the integral is a simply-periodic function. 

dw Thirdly, let each of the indices in the expression for - be less than 1 ; as 
dz 

z 1 m 1 
they are not necessarily in their lomest terme, let - = 1 - - , - = 1 - - . Then 

S P s u 
du. 1 1 

the index of u in the expression for - is - + - . because p and cr are each 
dz p  a' 

greater than 1, this index cannot be greater than 1. 
1 1  

If  - + - = 1, the only possible values are p  = 2, a = 2 ; the equation is 
P a 

which is reducible ; the integral is a simply-periodic function of z. 

1 1  
If - + - be less than 1, then, as it is the index of u in the expression for 

P 0 

du 1 
&' i t  must be of the form 1 - -, where T is greater than 1 : thus 

7 
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dw du 
and then al1 the indices in the expressions for - and - are less than 1. dz dz 
Hence for such equations as exist, the integrals will be doubly-periodic 
functions. 

In this equation the interchange of p and o gives no essentially new 
arrangement. We rniist have T > 1 : the solutions for values of T greater 
than 1 are :- 

1 1 1  
(a) r = 2 ;  t hen -+  -=-,  so t h a t p = 3 ,  o = 6 ;  p = 4 ,  u = 4 .  

P U 2  
1 1 2  

(b) ~ = 3 ;  then-+-=- ,  so that p = 2 ,  a = 6 ;  p=3,  u=3 .  
P U 3  
1 1  3 

(c)  7 = 4 ;  t h e n - + - = - ,  so t h a t p = 2 ,  a = 4 .  
P U 4  

(d )  7 = 5 gives no solution. 

1 1 5  
( e )  r = 6 ;  t h e n - + - = - ,  so t h a t p = 2 , a = 3 .  

P U 6  
And no higher value of T gives solutions. 

Hence the whole system of equations, satisfied by a uniform function 
of z and having two distinct factors in f (w), is:- 

......... ($y = h4 (tu - a ) ~  (w - b). (D. P.), (5 ) ,  
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III.  Let there be three distinct factors : then the equation is 

and therefore 

dw Z 1  If  one of the indices in the expression for - be greater than 1, say -= 1 + -, a2 S P 

m ,n 1  1  then - , - must be of the form 1 -- , 1 - - , where o and T are each greater 
s s g r 

than 1. 

d u  1 1  1 The index of u in the expression for - is then - + - - - - 1, a quantity 
d z  g T P  

which is necessarily negative, for p is finite; and the index should either 
1 Z m n  

be zero or be of a form 1  - - . Hence no one of the indices - - , - can be 
tL S '  S S 

greater than 1. 
dw 

Secondly, let one of the indices in the expression for - be equal to 1, say 
d z  

1 =S. Then since nz + n < s, only one of the indices is unity ; and therefore 
m n 1 1  - - are of the form 1  - -, 1 - - , where p and u are each greater than 1. 
S '  S P CT 

d u  1 1  The index of u in the expression for - is then - + - - 1, and i t  cannot be 
d z  P 

negative ; hence the only possible valiies are p = 2 = u, and they make the 
index zero. There is thus one index equal to 1, and the others are less than 
1  : the integral of the equation is a simply-periodic function of z. 

d w  
Thirdly, let al1 the indices in the expression for - be less than 1 : then 

d z  
1 1  1 

they are of the forms 1  - -, 1 - -, 1  - -, where p, o, r are greater than 1  ; 
P = 7- 

d u  1 1 1  and the index of u in the expression for - is - + - + - - 1. Because the 
d z  p u r  

smallest value of p, a, r is 2, this last index is not greater than a; hence it 
1 

mufit be 1 - - , where, because this quantity is the index of u, p is equal to 1 
P 

or to 2. I n  either case, al1 the indices are less than 1 ; and therefore the 
integrals of the corresponding equations are doubly-periodic functions of z. 

1 1 1 3  
so that - + - + - = - , the only possible solution is 

p a r 2  
p, CT, r = 2, 2, 2. 
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1 1 1  
If - + - + - = 1, the only possible solutions are 

P U 7  
p,  a, 7 = 2, 3, 6 ; 

2, 4, 4 ; 

3, 3, 3. 

Hence the whole system of equations, satisfied by a uniforrn function of z and 
having three distinct factors in f (w), is :- 

( g y = h 2 ( w - o p ( ~ - b )  ( w - O )  ......... (S. p.), 

......... (gy = AG (W - ay (w  - b)< (w - cy (D. P.), (s), 

......... = h3 (W - a ) ~  (W - by (W - CY (D.  P.), (10). 

IV. Let there be four distinct factors; then the equation is 

(gy = h8 (tu - a)' (w - b)m (w - CY (w  - d)P. 

E n z n p  1 
Since - , , -, - are each of a form 1 - - , and their sum is not greater than 

S S  S S  P 
Z n z n p l  

2, i t  is easy to see that the only possible solution is given by - = - = - = - = - . 
S S S S 2 '  

each index is less than 1, and the integral is a doubly-periodic function. 

Hence the single equation, satisfied by a uniform function of z and having 
four distinct factors in f (w), is 

( ~ ) ' ) ' = A , ~ ( W - ~ )  (w-b)  ( tu-O) ( w - d )  ......... (D. P.), (11). 

Those of the complete system of equations, which have their integrals either rational 
algebraic functions or simply-periodic functiom of z, are easily integrated. The remainder, 
which have uniform doubly-periodic functions of z for their integrals, are most easily 
integrated by first determining the irreducible infinities of the functions and their orders : 
and then, by the results of Chapters X. and XI., the integral can be constructed. 

du 
The irreducible infinities can be determined as  f0110ws. I n  the equation for - , let the 

dz 
1 

index of u be 1 -- ; and let s=up. Then the equation which determines u is 
P 
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so that for very small values of u, we have 

1 

{%-'+i+ ...} dU=ù4 

where a is a primitive sth root of unity. Hence 

and therefore 
1 
w -= ~ = a ~ h ~ ( z - c ) ~ + . . .  . 

It thus appears that the accidental singularity of w a t  z = c  is of order p ; and, as there 
are LT distinct values of $, there are ir distinct accidental singularities to be associated 
with the respective values. 

Applying these t o  the equations which, having doubly-periodic functions for the 
integrals, are numbered (1) to (Il), we have the following results, where u is the number 
of distinct irreducible accidental singularities and p is the order of each of these 
singularities : 

Al1 the binomial equations, which have uniform functions of z for their integrals, have 
been obtained. The general results, summarised in $ 251, can be applied to other equa- 
tions; the application to trinomial equations wi11 be found in the treatise by Briot and 
Bouquet (cited p. 482, note). 

number of equation 

number of singularities = o 

order of singularity = p 

Note. The binomial equations can be treated otherwise, by forming the equation 

but, as indicated a t  the beginning of $ 252, the method in the text is adopted in order to 
illustrate the general results of $ 251. (See also Note, $ 251.) 

(1) 
-- 
3 
-- 

2 

Ex. 1. Prove that the integral of the equation 

(2) 

2 

2 

is a rational function of z ;  that the integral of 

dWz-4w2-27Uï1=0 (2) )- (H) 
is a simply-periodic function of z ;  and that the integral of 

is a doubly-periodic function of z. 

Find the infinities of each of the functions : and integrate the equations. 
(Briot e t  Bouquet.) 
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Ex. 2. Shew that, if an irreducible trinomial equation of the form 

have a uniform integral, then m may not be greater than 5 ;  and that, if m be 4 or 5, 
the uniform integral is a doubly-periodio function. 

Apply this result to the discussion of the equation 

44 ( )  - 1 -  56 ~ 2 ( ~ 2 - 1 ) 4 = 0 .  

(Briot et Bouquet.) 
Ex. 3. Shew that the integral of the equation 

is a two-valued doubly-periodic function of z. (Schwarz.) 

Ex. 4. Shew that, if a function w be determined by a differential equation 

dw dw 
where F i s  a rational integral algebraical function of w and - , of degree în in - , and 

dz dz 
does not contain z explicitly, then t o  each value of w there correspond m series of values 
of z, the terms in each series differing from one another by multiples of periods. 

Prove further that, if the integral w have only a limited number of values for each value 
of z, then it is determined by an algebraical relation between w and u, where u may be z, 

2& 

or e , or 4 (2). (Briot et Bouquet.) 

These results shodd be compared with the results obtained in Chapter XIII. relative 
to  functions which possess an algebraical addition-theorem. 
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CHAPTER XIX. 

253. IN 5 9 i t  was proved that a functional relation between two 
complex variables w and z can be represented geometrically as a copy of part 
of the z-plane made on part of the w-plane. A t  various stages in the theory 
of functions, particularly in connection with their developments in the 
vicinity of critical points, considerable use has been made of the geometrical 
representation of the analytical relation ; but i t  has been used in such a way 
that, when the equations of transformation define multiform functions, the 
branches of the function used are uniform in the represented areas. 

The characteristic property of the copy is that angles are preserved, and 
that no change is made in the relative positions and (save as to a uniform 
magnification) no change is made in the relative distances of points that lie 
in the immediate vicinity of a given point in the z-plane. The leading 
feature of this property is maintained over the whole copy for every sniall 
element of area: but the magnification, which is uniform for each element, 
is not uniform over the whole of the copy. 

Two planes or parts of two planes, thus related, have been said to be 
conformally represented, each upon the other. 

Now conformal representation of this character is essential to the con- 
stitution of a geographical map, made as perfect as possible : and a question 
is thus suggested whether the foregoing functional relation is substantially 
the only form that leads to what may be called geographical similarity. In  
this form, the question raises a converse more general than is implied by the 
converse of the functional relation, inasmuch as i t  implies the possibility that 
the property can be associated with curved surfaces and not merely with 
planes. But a little consideration will shew that the generalisation is a 
priori not unjustifiable, because, except at  singular points, the elements of the 
curved surface can, in this regard, be treated as elements of successive 
planes. We therefore have* to determine the most general form of analytical 
relation between parts of two surfaces which establishes the property of 
conformal similarity between the elen~ents of the surfaces. 

* The following investigation is due to Gauss : for references, see p. 500, note. 
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Let x, y, z be the coordinates of a point R of one surface with t, u for its 
parameters, so that s, y, z c m  be expressed in terms of t, u ; and let X, Y, Z 
be the coordinates of an associated point R' of the other surface with T, U 
for its parameters, so that X, Y, Z can be expressed in terms of T, U. Then 
the analytical problem presented is the determination of the niost general 
relations which, by expressing T and U in terms of t and u, establish the 
conforma1 similarity of the surfaces. 

Suppose that G and H are any points on the first surface in the imme- 
diate proximity of R, and that CS' and H' are the corresponding points on the 
second surface in the immediate proximity of R': then the conformal 
similarity requires, and is established by, the conditions: (i), that the ratio 
of an arc RG to the corresponding arc R'G' is the same for al1 infinitesimal 
arcs conterminous in  R and R' respectively; and, (ii), that the inclination of 
any two directions RG and RH is the same as the inclination of the cor- 
responding directions R'G' and R'H'. Let the coordinates of B and of H 
relative to R be dx, dy, dz and 6x, 6y, 6z respectively ; and those of C' and 
of Hf relative to R' be dX, dY, d Z  and SX, 6Y, SZ respectively. Let ds 
denote the length of R B  and dS that of R'C'; let m be the magnification of 
ds into dS, so that 

d S  = mds, 

a relation which holds for every corresponding pair of infinitesimal arcs 
a t  R and K. 

By the expressions of x, y, z in terms of t and u, we have equations of 
the form 

dx = adt + a'du, dy = bdt + b'du, dz = cdt + c'du, 

where the quantities a, b, c, a', b', c' are finite. Let there be some relations, 
which must evidently be equivalent to two independent algebraical equations, 
expressing T and U as functions of t and u ; then we have equations of the 
form 

d X  = Adt + A'du, dY = Bdt + B'du, dZ=  Cdt + C'du, 

where the quantities A, B, C, A', B', C' are finite and are dependent partly 
upon the known equations of the surface and partly upon the unknown 
equations of relation between T, U and t, u. Then 

dsz = (a2 + b2 + cZ) dt2 + 2 (aa' + bb' + cc') dt du + (a'2 + + cla) duz, 

dS2 = (AZ + B2 + Ca) dt2 + 2 (AA'+ BB' + CC') d t d ~  + (Al2 + Z2 + C 2 j  dua. 

Since the magnification is to be the same for al1 corresponding arcs, it 
must be independent of particular relations between dt and  du ; and there- 
fore 

A z + R + O  - AA'+BB'+CCf A ' 9 E 2 + C ' a  - - - 
a2+b2+cz  aa'+bb'+ccf a ' a+b ' z+~ 'B '  

each of these fractions being equal to ma. 
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253.1 OF CONFORMAL REPRESENTATION 493 

Again, since the inclinations of the two directions RG, RH; and RG', 
RH' ; are given by 

ds Ss cos G R H  
= (a2 + b3 + cP) dt St + (aa' + bb' + cc') (dt Su t 6t du) + ( d a  + b'" da) du Su, 

dS  6 s  cos G'R'H' 
=(Aa+Ba+p)dt8t+(AA'+BB'+CC')(dtSu+ Stdu)+(A'2+B'2+C'2)d&, 

we have, in consequence of the preceding relations, 

m2ds Ss cos GRH = dS SS cos G'R'H'. 

But d S  = mds, SS = m6s; and therefore the angle G R H  is equal to the 
angle G'R'H'. It thus appears that the two conditions, which make the 
mamification a t  R the same in al1 directions, are sufficient to make the - 
inclinations of corresponding arcs the same; and therefore they are two 
equations to determine relations which establish the conformal similarity 
of the two surfaces. 

These two equations are the conditions that the ratio dS/ds may be 
independent of relations between dt and du;  it is therefore sufficient, for 
the iresent purpose, to assign the conditions-that dS/ds be independent of 
values (or the ratio) of differential elements dt and du. 

Now dsZ is essentially positive and it is a real quadratic homogeneous 
function of these elements; hence, when resolved into factors linear in the 
differential elements, i t  takes the form 

ds2 = n (dp + idq) (dp - idq), 

where n is a finite and real function of t and u, and dp, dq are real linear 
combinations of dt and du. Similarly, we have 

where, again, N is a finite and real function of t and u or of T and U, and 
dl', dQ are real linear combinations of d t  and du or of d T  and du. Thus 

N ( d P +  id&) (dP- id&) mz=- 
?t ( d p  + idq) (dp - idy) ' 

I t  has been seen that the value of m is to be independent of the values and 
of the ratio of the differential eleinents. 

Now taking 
aa' + bb' + cc' 

O =  ~ ~ ' ~ + b ' ~ + c ' ~  
a2+b2+c2 ' +=  , + , Z + ~ S  9 

so that B and 4 are, by the two equations of condition, the same for ds and 

d S ,  and denoting by + the real quantity (+ - Oz)*, we have 

ds2 = (a2 + 6" c2) [dt + du (8 + iJr)} {dt + du (O - iq)}, 

and d S k  ((A + B + 0) {dt + du (0 -t i#)} {dt + du (8 - i#)]. 
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Then, except as to factors which do not involve infinitesimals, the factors of 
ds2 and of dS2 are the same. Hence, except as to the former factors, the 
numerator of the fraction for ma is, quà function of the infinitesimal 
elements, substantially the same as the denominator; and therefore either 

+ idQ and -idQ are finite quantities simultaneously ; (d dp + i d q  dp - idq 

( f i )  dP dp - + idQ idq  and - idQ axe finite quantities sirnultaneously. 
dp + i d q  

Either of these pairs of conditions ensures the required form of m, and so 
ensures the conformal similarity of the surfaces. 

Ex. Shew that both p and q satisfy the partial differential equation 

Consider (a) first. Since (dP  + idQ) / (dp  + i d q )  is a finite quantity, the 
differentials dP + i d& and dp + idq  vanish together and therefore the quan- 
tities P + i Q  and p + i q  are constant together. Now P and Q are functions 
of the variables which enter into the expressions for p and q ; hence P + iQ 
and p + iq ,  in themselves variable quantities, can be constant together only if 

P + i Q  = f ( p  t iq),  
where f denotes some functional form. This equation inlplies two independent 
relations, because the real parts, and the coefficients of the imaginary parts, 
on the two sides of the equation must separately be equal to one another; 
and from these two relations we infer that 

P - i Q = f , ( p - i q ) ,  
where f, (p - i q )  is the function which results frorn changing i into - i 
throughout f ( p  + iq )  and is equal to f ( p  - iq ) ,  if i enter into f only through 
its occurrence in p + iq. From this equation, it follows that 

dP - idQ -- 
dp  - i d q  

is finite, and therefore a necessary and sufficient condition for the satisfaction 
of ( a )  is that P, Q and p, q be connected by an equation of the form 

P + i Q  = f ( p  + iq). 
Moreover, the function f is arbitrary so far as required by the preceding 
analysis ; and so the conditions will be satisfied, either if special forms off be 
assumed or if other (not inconsistelit) conditions be assigned so as to deter- 
mine the form of the function. 

Next, consider (P). We easily see that similar reasoning leads to the 
conclusion that the conditions are satisfied, when P, Q and p, q are connected 
by an equation of the form 

P + i Q = g ( p - i q ) ;  
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and similar inferences as t o  the use of the undetermined functional form of g 
may be drawn. Hence we have the theorem :- 

Parts of two surfaces may be made to correspond, point by point, in such 
a way that their elementa are sz'milar to one another, by assigning any 
relation between their parameters, of either of the forms 

P + i Q = f ( p + i q ) ,  P + i Q = g ( p - i q ) ;  
and every such correspondence between two given surfaces is obtained by the 
nssignment of the proper functionalform in one or other of these equations. 

254. Suppose now that there is a third surface, any point on which 
is determined by parameters X and p ; then i t  will have conforma1 similarity 
to the first surface, if there be any functional relation of the form 

X+ip=h(p+iq) .  
But if h+ be the inverse of the function h, then we have a relation 

P + iQ = f {h-l ( X  + ip)} 
= P (X + ip), 

which is the necessary and sufficient condition for the conforma1 siniilarity 
of the second and the third surfaces. 

This similarity to one another of two surfaces, each of which can be made 
to correspond to a third surface so as to be conformally similar to it, is an 
immediate inference from the geometry. I t  has an important bearing, in the 
following manner. If the third surface be one of simple form, so that its 
parameters are easily obtainable, there will be a convenience in making i t  
correspond to one of the first two surfaces so as to have conforma1 similarity, 
and then in making the second of the given surfaces correspond, in conforma1 
similarity, to the third surface which has already been made conformally 
similar to the first of them. 

Now the simplest of al1 surfaces, from the point of view of parametric 
expression of points lying on it, is the plane : the parameters are taken to 
be the Cartesian coordinates of the point. Hence, in order to map out two 
surfaces so that they may be conformally similar, i t  is sufficient to map 
out a plane in conforma1 similasity to one of them and then to map out 
the other in conforma1 similarity to the mapped plane: that is to Say, we 
may, without loss of generality, make one of the surfaces a plane, and al1 
that is then necessary is the determination of a law of conformation. 

We therefore take P = X, Q = Y, N = 1 : and then 
P + i Q = X + i Y = Z ,  

where Z is the complex variable of a point in the plane ; and the equations 
which establish the conformation of the surface with the plane are 

d? = n (dpa + dqz) I 
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where f ,  (p - iq) is the form off (p + iq) when, in the latter, the sign of i is 
changed throughout. 

As yet, only the form P + iQ = f  (p + iq) has been taken into account. 
T t  is sufficient for our present purpose, in regard to the alternative form 
P + iQ = g ( p  - iq), to note that, by the introduction of a plane as an inter- 
mediate surface, there is no essential distinction between the cases*. For 
rn P = X,  Q = Y, we have 

X + i Y = g ( p - i q ) ,  

and therefore X - i Y =  g l ( p +  iq), 
which maps out the surface on the plane in a copy differing from the copy 
determined by X + i Y = g i ( p i -  iq) 

only in being a reflexion of that former copy in the axis of X.  I t  is therefore 
sufficient to consider only the general relation 

X + i Y =  f ( p  +iq) .  

Ex. We have an immediate proof that the form of relation between two planes, as 
considered in 8 9, is the most general form possible. For in the case in which the 
second surface is  a plane, we have ds2 = dx2+ dy2, so that n= 1, p = x, q = y  : hence the 
most general law is X+ iY=f(x+iy),  

that is, w =f (2) 

in  the earlier notation. Some illustrations arising out of particular forms of the function 
f will be considered later (5 257). 

255. I n  the case of a surface of revolution, i t  is convenient t o  take + as 
the orientation of a meridian through any point, that is, the longitude of the 
point, a as the distance along the meridian from the pole, and q as the 
perpendicular distance from the axis; there will then be some relation 
between a and q, equivalent to the equation of the meridian curve. Then 

ds" dm2 + q"#? 
= q2 ( d p  + do3), 

du mhere d0 = - , so that 8  is a function of only one variable, the parameter of 
P 

the point regarded as a point on the meridian curve. Here n = q2; and so 
the relation, which establishes the law of conformation between the plane 
and the surface in the most general form, is 

+ i y =  f ( + + i 0 ) ;  

and the magnification rn is given by 

m2q2= f' (+ + i9) fi'(+ - id) .  

Evidently the lines on the plane, which correspond to meridians of 

A disoussion is given by Gauss, Ges. TVerke, t. iv, pp. 211-216, of the corresponding result 
when neither of the surfacee is plane. 
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longitude, are given by the elimination of 8, and the lines on the plane, 
which correspond to parallels of latitude, are given by the elimination of +, 
between the equations 

Ex. 1. On the surface of revolution, let 
JI = - 4i Jm2yd., 

where m, y, IJ have the significations in the text ; shew that C#I and + satisfy the equation 

where z,, z, are the conjugate complexes x+iy  in the plane. (Korkine.) 

Ex. 2. Prove that, in a plane map of a surface of revolution, the curvature of a 

meridian at  a point 0 is and the curvature of a parallel of latitude a t  a point C#I 

. Hence shew that, if the meridians and the parallels of latitude become 

circles on the plane map given by 
z=f($+i0), 

the function f and the conjugate function f, must satisfy the relation 

If, ++.;s)={f1, +-;et, 
where {f, p} is the Schwarzian derivative. (Lagrange.) 

Ex. 3. A plane map is made of a surface of revolution so that the meridians and the 
parallels of latitude are circles. Shew that, if (T, a)  be the polar coordinates of a point on 
the map determined by the point (0, +) on the surface, then 

sin a -= 2ac {aeZCe sin 2 (cc$ +g) + b sin Cg+ A)) ,  
T 

where a, b, c, g, h are constants. 

Prove also that the centres of al1 the meridians lie on one straight line and that the 
centres of al1 the parallels of latitude lie on a perpendicular straight line. (Lagrange.) 

256. The surfaces of revolution which occur most frequently in this 
connection are the sphere and the prolate spheroid. 

In  the case of the sphere, the natural parameter of a point on a great- 
circle meridian is the latitude k. We then have du = udh, where a is the 
radius ; and q = a cos 1, so that 

ds2 = a2 dX2 + a2 cos2 X d+2 
= aZ cosZh (dp  + dY), 

where sech 9 = cos h. Hence we have 

X + i Y = f  (++a%); 

and the magnification m is given by 

ma cos h = If' (4 + a%) f ,' (+ - ~%)}f. 
F.  
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There are two forms off which are of special importance in representations 
of spherical surfaces. 

First, let f = Icp, where Ic is a real constant ; thcn 

X+iY=Ic(++z%), 

and therefore X = Ic+, Y = Ic% = Ic sech-' (cos X) ; 

that is, the meridians and the parallels of latitude are straight lines, 
necessarily perpendicular to each other, .because angles me preserved. The 
meridians are equidistant from one another; the distance between two 
parallels of latitude, lying on the same side of the equator and having 
a given difference of latitude, increases frorn the equator. We have 
f '  (+ + 29) = lc = f ,' (+ - i9)  ; and therefore 

k 
m = - sec X, 

a 

or the rnap is uniformly magnified along a parallel of latitude with a 
inagnification which increases very rapidly towards the pole. This map is 
known as Mercator's Projection. 

Secondly, let f (p) = Icekp, where ic and c are real constants ; then 

and therefore X = Ice"If cos c+ and Y = ke@ sin c$. 

For the magnification, we have 

f' (4 + 6) = ic/ceW+W and f,' (+ - &) = - i&-"(+-"')), 

so that ma cos h = clce-G" 

clc m = .-e+s ck (1 - sin X)$("-') 
secX=- 

a a (1 + sin X)HC+l) ' 

The most frequent case is that in which c = 1. Then the meridians are 
represented by the concurrent straight lines 

Y = X t a n + ;  

the parallels of latitude are represented by the concentric circles 

1 - sin X Xz + y2 = ,&-z% = - 
1 +sinX' 

the common centre of the circles being the point of concurrence of the 
lines; and the magnification is 

This map is known as the stereographic projection : the South pole being the 
pole of projection. 

It is convenient to take the equatorial plane for the plane of z :  the 
direction which, in that plane, is usually positive for the meaurement of 
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longitude, is negative for ordinary measurement of trigonometrical angles. If 
we project on the equatorial plane, we have 

= kei lm+&> 

which gives a stereographic projection. 

Ex. 1. Prove that, if x, y, z be the coordinates of any point on a sphere of radius a and 
centre the origin, every plane representation of the sphere is included in the quat ion 

x+iy ~ + " = f  (,) , 
for varying forms of the function f. 

Ex. 2. Shew that rhumb-lines (loxodromes) on a sphere become straight lines in 
Mercator's projection and equiangular spirds in a stereographic projection. 

Ex. 3. A great circle cuts the meridian of reference (4 =O) in latitude a at an angle a; 
shew that the corresponding curve in  the stereographic projection is the circle 

(X + k tan a)2 + (Y+ k cot a sec a)2= k2 sec2 a cosec2 a 

Ex. 4. A small cirûle of angular radius r on the sphere has its centre in latitude c and 
longitude a ;  shew that the corresponding curve in  the stereographic projection is the 
circle 

k cos c cos a kcoscsin a a k2sin21. 
(x+cosr + sinc)s+(yçcosl+sinc) =(cosr+sinc)~.  

The less frequent case is that in which the constant c is allowed to remain 
in the function for the purpose of satisfying some useful condition. One 
soch condition is assigned by making the magnification the same a t  the 
points of highest and of lowest latitude on the map. If these latitudes be 
h, , 1,. then 

so that 
1 - sin A, 1 +sinhl - 

log (1 - sin $ - log (1 + sin$ 

This representation is used for star-maps: i t  has the advantage of leaving 
the magnification almost symmetrical with respect to the centre of the map. 

Ex. Prove that the magnification is a minimum a t  points in latitude arc sin c. 

Shew that, if the map be that of a belt between latitudes 30" and 60", the magnification 
is a minimum in latitude 45" 40' 5û"; and find the .ratio of the greatest and the least 
magnifications. 

Note. Of the memoirs which treat of the constiuction of maps of surfaces 
as a special question, the most important are those of Lagrange* and 

Nouv. Mém. de Z'Acad. Rq. de Berlin (1779). There are two memoirs : they occur in his 
collected works, t. iv, pp. 635-692. 

32- 2 
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Gauss*. Lagrange, after stating the contributions of Lambert and of Euler, 
obtains a solution, which can be applied to any surface of revolution; and 
he inakes important applications to the sphere and the spheroid. Gauss 
discusses the question in a more general manner and solves the question 
for the conforma1 representation of any two surfaces upon each other, but 
without giving a single reference to Lagrange's work : the solution is worked 
out for some particular problems and it is applied, in subsequent memoirst, 
to geodesy. Other papers which may be consulted are those of Bonnet:, 
Jacobis, Korkinell, and Von der MühllB; and there is also a treatise by 
Herz*+. 

But after the appearance of Riemann's dissertationtt, the question 
ceased to have the special application originally assigned to i t  ; i t  has 
gradually become a part of the theory of functions. The general development 
will be discussed in the next chapter, the remainder of the present chapter 
being devoted to some special instances of functional relations between w and 
z and their geometrical representations. 

The following three examples give the conforma1 representation of three surfaces upon 
a plane. 

Ex. 1. A point on an oblate spheroid is determined by its longitude 1 and its 
geographical latitude p. Shew that the surface will be conformally represented upon a 
phne by the equatiori 

for any form of the function f ;  where sech $=cosp, and e is the eccentricity of the 
meridian. 

Also shew that, if the function f be taken in the form f (u)=keicu, the meridians in 
the map are concurrent straight lines, and the parallels of latitude concentric circles ; and 
that the magnification is stationary a t  points in geographical latitude arc sin c. (Gauss.) 

Ex. 2. Let the semi-axes of an ellipsoid be dennted by p, -- b2)> ( p 2 - ~ 2 ) '  in 
descending order of magnitude. Shew that the surface will be cor~formally represented 
upon a plane by the equation 

8 ( u + a ) 8  (&+a) 
û ( u - a ) 8  (iu-a) 

for any form of the function f ;  where u and v are expressed in terms of the elliptic 
coordinates pl, pz of a point on the surface by the equations 

Schumacher's Astr. Abh. (1825) ; Ges. Werke, t. iv, pp. 189-216. 
t Gott. Abh., t. ii, (1844), ib., t. iii, (1847) ; Ges. Werke, t. iv, pp. 259-340. 
$ Liouville, t. xvii, (1852), pp. 301-340. 
5 Grelle, t. lix, (1861), pp. 74-88 ; Ges. Werke, t. ii, pp. 399-416. 
II Math. Ann., t. xxxv, (1890), pp. 588-604. 
TI Crelle, t. lxix, (1868), pp. 264-285. 
** Lehrbuch der Landkartenprojectionm,, (Leipzig, Teubner, 1885). 
++ Grundlagen fiir eine aiigemeine Theorie der Fnnctionen einer veranderlichen complexen 

Grosse," Gottingen, 1851 ; Ges. Werke, pp. 3-45, especially 5 21. 
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256.1 EXAMPLES 

the modulus is - (0'- - b2)i the constant a is given by 
c b2 

b=cdna ,  

and the value of the constant h is tn a dn a -  Z(a) .  (Jacobi.) 

Ex. 3. The circular section of an anchor-ring by a plane through the axis subtends an 
angle n - 2 ~  a t  the' centre of the ring, and the position of any point on such a section is 
determined by 1, the longitude of the section, and by X, the angle between the radius from 
the centre of the section to the poiut and the line from the centre of the section to the 
centre of the ring. 

Show that, by means of the equations 

1 = 2rx, 

tan @=tan +c tan ( q y  tan E ) ,  

the surface of the anchor-ring is conformally represented on the area of a rectangle whose 
sides are 1 and cot c. (Klein.) 

257. I t  was pointed out that the conformation of surfaces is obtained by 
a relation 

P +iQ= f ( p  + iq), 
and therefore that the conformation of planes is obtained by a relation 

W = f (4, 
whatever be the form of the functionf, or by a relation 

+ (w, 4 = O ,  
whatever be the form of the function +. Some examples of this conformal 
representation of planes will now be considered; in each of them the 
representation is such that one point of one area corresponds to one (and 
only one) point of the other. 

Ex. 1. Consider the correspondence of the two planes represented bg 

(a-  b) w2-2zw+(a+b)=O, 

that is, 

Let T and B be the coordinates of any point in  the w-plane : and x, y the coordinates of 
any point in the z-plane : then 

Hence the z-curves, corresponding to circles in  the w-plane having the origin for their 
common centre, are confocal ellipses, 2c being the distance between the foci, where 
c2 = a2 - b2 : and the z-curves, corresponding to straight lines in the w-plane passing 
through the origin, are the confocal hyperbolas, a result to be expected, because the 
orthogonal intersections mwt be maintained. 

Evidently the interior of a w-circle, of radius unity and centre the origin, is, by the 
above relation, transformed into the part of the z-plane which lies outside the ellipse 
IC2/aZ+y2/b2=1, the w-circumference being transformed into the z-ellipse. 

Ex. 2. Consider the correspondence implied by the relation 

2K 
=and, where d+Zyr=d=-z, 

7r 
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502 RECTANGLE AND CIRCLE 

with the mual notation of elliptic functions. Taking w=X+iY,  we have 

k-) ( ~ + i ~ ) = s n  (xl++') 

- - sn x' cn iy' dn  iyl+sn iy' cn x' dn x' 
1 - k2 sn2 x' sn2 iy' 

l + k  a n d  i cnx'dnx'  
k - ) ( x + i ~ ) = -  ,+* l+ksn2z"$ï-; 

X= ( l+k)snx '  cnx'dnx' 
l+ksnazd 9 Y= +- - l+ksn2x"  

and therefore Xe+ Yz= 1, 

which is the curve in the tu-plane corresponding to the lines y'= f 4K' in  the z'-plane, 
sK.' 

that is, to  the lines y = f - in the z-plane. 4K 
rh" When y=  + 4R and d lies between K and - K, that is, x lies between &T and - in ,  then 

Y is positiveand X varies from 1 to - 1 ; so that the actual curve corresponding to the 
TE' . 

line y=- 1s the half of the circumference on the positive side of the axis of X. Simi- 
4R 

sK' . 
lady the actual curve corresponding to the line y= - - 1s the hdf of the circumference 

4K 
on the negative side of that axis. 

The curve hereby suggested for the z-plane is a rectangle, with aides x=+Sn, 
s K' 

To obtain the w-curve corresponding to x=&, that ie, to d=K,  we have 

cn iy' 
k-& (X+iY)  =- 

dn iy' ' 
so that 

1 cn iy' Y=O and X=kS- 
dn zy' ' 

Now y' varies from +Kt through O to - +Kt : hence X varies from 1 to k* and back 

from k* to  1. Similarly, the curve corresponding to x =  -+a, 

that is, to x'= - K, is part of the axis of X repeated from 

- 1 to -kt and back from -ka to - 1. 

Hence the area in  the w-plane, corresponding to the rect- 
angle in the z-plane, is  a circle of radius unity with two diamctral 

slits from the circumference cut inwards, each to a distance k* 
from the centre. 

The bonndary of this simply conneded area is the homo- 
logue of the boundary of the z-rectangle given by x= +&, 

?rH' 
y= +_--: the analysis shews that the two interiors corre- Fig. 86. 

4K 
spond*. And the sudden change in the direction of motion of the w-point a t  the inner 
extremity of each slit, while z nioves continuously along a side of the rectangle, is due to 
the fact that dwldz vanishes tliere, so that the inference of 4 9 cannot be made at  this 
point. (See also Ex. 10.) 

For details of corresponding curves in the interiors of the two areas, see Siebeck, Crellc, t. 
lvii, (1860), pp. 359-370; ib., t. lix, (1861), pp. 173-184 : Holzmüller, treatise cited (p. 2, note), 

pp. 256-263: Cayley, C m b .  Phil. Tram., vol. xiv, (1889), pp. 484-494. 
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Corollay. We pass a t  once from the rectangle to a square, by assuming K 1 = 2 K ;  then 

k= (& - 1): and the corresponding modifications are easily made. 

Ex. 3. Shew that, if z=sn2(Sw, k) where w=u+iv, then the curves u=constant, 
v=constant, are confocal Cartesian ovals whose equations may be written in the form 

r, - r dn (u, k) = cn (u, k), r, +r dn (vi, k') = cn (vi, V), 
where r and r, denote the distances from the foci z=0 and z= 1. 

1 
If r, denote the distance of a point from the third focus z= - , find the corresponding k 

equations connecting r, r,; and r,, r,. 

Shew that the curves u= K, v =  K' are circles, and that the outer and the inner branches 
of an oval are given by u and SR-u, or by v and 211'- v. (Math. Trip. Part II, 1891.) 

Ex. 4. The w-plane is conformally represented on the z-plane by the equation 

where h and c are r e d  positive constants. 

Xhew that, if an area be chosen in the w-plane included within a circle, centre the 
origin and radius unity, and otherwise bounded by two circles centres 1 and - 1 (so that 
its whole boundary consists of four circular arcs), then the corresponding area in the 
z-plane is a portion of a ring, bounded by two circles, of radii ceh and ce-h and centre the 
origin, and by two lines each passing from one circle to  the other. 

Prove that, when the semi-circles in the w-plane are very small, so as merely t o  
exclude the points 1 and - 1 from the circular area and boundary, the corresponding 
z-figure is the ring with a single slit along the axis of mal quantjties*. 

Ex. 5. Consider the correspondence implied by the relation 

z=csinw. 
Taking w= X + i Y ,  we have 

x + i y = c s i n ( X + i q  
=c sin X cosh Y+ iic cos X sinh Y, 

so that x=csinXcoshY, y=ccosXsinhY. 

When Y is constant, then z describes the curves 

mhich, for different values of Y, are confocal ellipses. 

Now take a rectangle Iying between X= +_Sn, Y= +A. For all values of X, 
cos X is positive: hence when Y= +h, y 
is positive and x varies from c coshh to 
- c cosh A, thnt is, the half of the ellipse on 
the positive side of the axis of y is covered. 

Let X= - 3~ : then B A 

y=O and x= -ccosh Y. 
As Y varies from + X throiigh O to - X 
along the side of the rectangle, x passes 
from B to If (the focus) and back from B 
to  B. Fig. 87. 

* See reference, p. 431, note. 
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When Y= -h ,  then z describes the half of the ellipse on the negative side of the avis of 
y :  when X= +Sr, then y=O, x=ccoshY, so that z passes from A to S (a focus) and 
back from S to A. 

Hence the z-curve corresponding to the contour of the w-rectangle is the ellipse 
with two d i t s  from the extremities of the major axis each to the nearer focus: the 
analytical relations shew that the two interiors correspond. 

Ex. 6. Consider the correspondence implied by the relation 

From Ex. 2, i t  follows that the interior of a w-circle, centre the origin and radius 
nK' 

unity, corresponds to  the interior of the [-rectangle bounded by x= +#n, y =  +-, 
4K 

provided two diametral slits be made in the w-circle along the axis of x to distances 
1 -k* from the circumference ; and, from Ex. 5, it  follows that the same [-rectangle is 
transformed into the interior of the z-ellipse 

,K' TK' where a =  c cosh - and b = c sinh - , provided two slits be made in the elliptical area 
4K 4K 

along the major axis from the curve each to the nearer focus. 

Thus, by means of the rectangle, the interiors of the slit w-circle and the slit 2-ellipse 
are shewn to be conforma1 areaa 

But the lines of the two slita are conformally equivalent by the above equation. For 
the elliptical slit on the positive side of the axiv of x extends from x=c to lü=ccarihÀ, 

sh-' 
where A==, and i t  h m  been described in both directions : we thus have 

z=ccoshj3, 

where /3 passes from 0 to h and back from A to O. Hence 

sin-1 c=sin-1 (cosh f i )  =gn+ij3, 
C 

so that the corresponding w-curve is given by 

Then, when P assumes its values, w passes from 1 to k* and back from kt to 1, that is, 
w describes the circular slit on the positive side of the axis of X. 

Similarly for the two slits on the negative side of the axis of real quantities. Thus 
the two slits may be obliterated : and the whole interior of the w-circle c m  be represented 
on the interior of the z-ellipse. 

From the equations defining a and b, i t  follows that 

in the Jacobian notation; and C ? = ~ Z -  bz. 
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Combining the  results of Ex. 1 and Ex. 6 we have the theorem* :- 

The part of the z-plane, which lies out&& the ellipse a?/a2+y2/b2=1, ia tramformed 
into the interior of a w-circle, of radius unity and centre the origin, by the relation 

( a - b )  w2-2zw+(a+b)=O ; 

and t h  part of the z-plane, which lies inside the same ellipse, is tramfomned into the hterior 
of the sa9ne w-circle by the relation 

where the Jacobian constant q which determines the constants of the elliptic functions, is 
given by 

Es. 7. Consider the  correspondence implied by the  relation 

( ~ + l ) ~ z = 4 .  

W h e n  w describes a circle, o f  radius unity and centre the  origin, then w=e9': so that,  
if r and 0 be the  coordinates of z, we have 

4 (cos 0 - i sin 0 )  = (1 + e6i)2, 

Hence 

that is, 
e r cos2 --1 
2- ' 

shewing that z then describes a parabola, having its focus at  the  origin and i ts  latus 
rectum equal t o  4. 

Take curves outside the  parabola given by 

0 
~ = ~ 2 s e $  - 

2'  
where p is a constant 2 1. T h e n  

1 

so that w+l=-e 2 -be i -2  -- -5e 
Jr 

cos +e ; 
B 

therefore 
e 1 x+i=- c0s2-p=-  COS^), 
P B 

1 Y= -- sin 0, 
B 

so that 

a series o f  circles touching at  the  point X= - 1, Y=O, and (for p varying from 1 to a: ) 
covering the  whole of the interior o f  the w-circle, centre the  origin and radius unity. 

* Schwarz, Ges. Werke, t. ii, pp. 77, 78, 102-107, 141. 
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Hence, by means of the relation (w+ l)2 2=4, the exterior of the z-space bounded by 
the parabola is transformed into the interior of the w-space bounded by the circle. 

Ex. 8. Consider the correspondence implied by the relation 

w = tana (p7~a*). 
1-w 

We have - = cos (kz*) = COS (&& 89, 
1 +w 

so that, if w+ 1 =Ree" u=+* cos 80, e=+rr*sin &O, then 

2R-1 cos 8 .- 1 =cos u cosh v, 

2R-1 sin 8 =sin u sinh v. 

The w-curves, corresponding to the confocal parabolas in the z-plane, are 

(2 cos 8 - 4 sin2 8 
- R2. 

cos2 u sin2 u 

If u < $ ~ ,  then 2 R 1  cos 8>1, that is, R<2 cos 8; while, if u>+T, we have R>2 cos 8. 

It thus appears that the z-space lying within the parabola u=&, that is, r cos2 $4 = 1, 
is transformed into the interior of a w-circle, centre the origin and radius unity, by means 
of the relation 

w = tan2 (&d). 
By the two relations* in En. 7 and Ex. 8, the spaces within and without the parabola 

are conformally represented on the interior of a circle. 

Ex. 9. Consider the relation 
i - w  

2 = -  ' 
i + w  ' 

then, if z = x + i y  and w=X+iY, we have 

When w describes the whole of the axis of X from - co to +a, so that we can take 
D 'lr X= tan @, Y =O, where @ varies from - - to + - , we have x = cos 2+, y = sin 2@ ; and z 
2 2 

describes the whole circumference of a circle, centre the origin and radius 1. For interna1 
points of this circle 1 - x2-~2 is positive : it is equal to 4Yf {X2+(1 + Y)2}, and there- 
fore the positive half of the w-plane is the area conforma1 with the interior of the circle, 
of radius unity and centre the origin, in  the z-plane. 

Ex. 10. Again, consider a relation 

We have 

so that 

Let $=O,  so that Y=O : then 

* Schwarz, Ges. IVerke, t. ii, p. 146. 
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As 2 passes from A to B (where 08 =OB=c), then y changes from -c to +c, and X 
changes continuously from +a> to O. 

I ZI 
Let xa+yz-cz=O, so that Y=O ; then 

- 4x2 x= -- '-y_ -tanZ$e, 
(2c + 2y)2 - - cTy - 

where y=ccos 8. Hence, as z describes the semi-circular 
arc BCA, the angle 8 varies from O to w and X changes 
from O to -cc. 

(The whole axis of X is the equivalent of AOBCA; and 
a t  the w-origin, corresponding to B, there is no sudden 
change of direction through h. The result is apparently 
in contradiction to 5 9 : the explanation is due to the Fig. 88. 

d70 
f a d  that -=O a t  B, and the inference of Zj 9 cannot be made. Similarly for A where 

dz 

@ is infinite. See also Ex. 2.) 
dz 

For any point lying within the z-semi-circle, both x and c2-a+-y2 are positive, so 
that Y is positive. Hence by the relation 

the interior of the z-semi-circle is conformally represented on the positive half of the 
20-plane. 

I t  is easy to infer that the positive half of the w-plane is the conforma1 equivalent 
of 

(i) the interior of the semi-circle ACBA by the relation w = (yJ: - 

(ii) .......................................... CBDC. ...................... 

........................ .......................................... (iv) DACD 

And, by combination with the result of Ex. 9, i t  follows that the relation 

conformally represents the interior of the z-semi-circle ACBA on the interior of the 
w-circle, radius unity and centre the origin. 

Similarly for the other cases. 

Ex. 1 1  Find a figure in the z-plane, the wea of which is conformally represented on 
the positive half of the w-plane hy 

(i) W = P ,  (ii) w=fsC)". 
Ex. 12. Consider the relation 

m=a& : 

then X= ,-a COS x, Y= a 0  sin x. 
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The curves corresponding t o  y = constant are concentric circumferences ; those corre- 
sponding to x=constant are concurrent straight lines. 

As x ranges from O to  &IT, both X and Y are positive; for a given value of x between 
these limits, each of them ra.nges from O to m , as y ranges from m to  - CO. As x ranges 
from + to s, X is negative and Y is positive; for n given value of x between these 
limits, - X and Y range from O to w , as y ranges from w to - m. 

Hence the portion of the z-plane lying between y= -a,, y= a,, x=0, x = s ,  that is, a 
rectangiilar strip of finite breadth and infinite length, is conformally represented by the 
relation 

w = aeiQ 

on the positive half of the w-plane. Cornbining this result with that in Ex. 9, we see that 
the same strip is conforrnally represented on the area of a w-circle, centre the origin and 
radius a, by means of the relation 

Note. It may be convenient to restate the various instances of areas in  the z-plane, 
bounded by simple curves, which can be conformally represented on the area of a 
circle in the w-plane : 

(9 
(ii) 

(iii) 

(iv) 

( 4  
(vii) 

(viii) 

Ex. 13. 

The positive half of the z-plane ; Ex. 9. 

An infinite strip of finite breadth; Ex. 9, Ex. 12. 

Area without a n  ellipse ; Ex. 1. 

Area within an ellipse ; Ex. 6. 
Area without a parabola ; Ex. 7 .  
Area within a parabola ; Ex. 8. 

Area within a rectangle ; Ex. 2. 
As will be seen, in 5 258, any circle changes into itself by a proper homo- 

graphie relation. 

Consider the correspondence implied by the relation 

Then we have two values of w3, Say w13, w2, where 

1-,a w13= - w2 , - l+z* . 
1 +z.' 1 - 2 %  

Let z describe the axis of x, so that z=x. 
. , When O<x<l, then w,3 is real and less than 

unity and w , ~  is real and greater than unity. Hence 
drawing a circle in the w-plane, centre the origin 
and radius 1, and six lines as diameters making angles 
of SB with one another, and denoting a cube root of Fig. 89. 

1 by a, then, as z passes from O to  1 along the axis of x, 

w, passes from A to O, 
............ w2 A to A' (at infinity), 

aw, ............ C to O, 

aw2 ............ C to CV (at infinity), 
a$ ............ E t 0  O, 
a2w2 ............ E to Er (at infinity). 
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When l<x<a?,  then w,3 is a real quantity changing coiitinuously from O to - 1, and 
w,3 is a real quantity changing continuously from - m to  - 1. As z passes from 1 to w 

along the positive part of axis of X, 

w, passes from O to F, 

............ w, B' (at infinity) to B, 

............ aw2 D' (at infinity) to  D, 

azw, ............ O to D, 

............ azw, 3" (at infinity) to F. 

Hence, as z describes the whole of the positive part of the axis of x, the branches of w 
descrilie the whole of the three lines A'D', B'E', CF'. 

When x is  negative, we can take x =  - tan2$, so that $ varies from O to &. Theii 

so that, as z passes from O to - CO, w, describes the arc of the circle from A to F, aw, the 
arc from G to  B, and a2w, the arc from E to D. And then 

?oz3 = e y ,  

cio that uq2 doscribes the arc of the circle from A to B, cm, the arc from G to D, and C ~ W ,  

the arc from E to F. Hence, as  z describes the whole of the negative p r t  of the axis of x, 
the branches of w describe the whole of the circumference. 

As z describes a line parallel to the axis of x and very near it on the positive side, the 
paths traced by the branches are the dotted lines in the figures; the six divisions, in 
which the symbole are placed, are the conforma1 representations by the six branches 
of w of the positive half of the a-plane*. 

Ex. 14. When the variables are connectedt by a relation 

where +, is the function which in coefficients is conjugate to $, then the z-circumference, 
centre the origin and radius c, is transformed into the w-circumference, centre the 
origin and radius c. 

Taking wo and zo as the conjugate variables, we have 

so that 

Now if z describe the circumference of a circle, centre the origin and radius c, we have 
- 

z=ceBi, q,=ce Oi, zz,,=c2, 

so that wwo = Ca, 

shewing that w describes the circumference of a circle, centre the origin and radius c. 

* Cayley, Camb. Phil. Tram., vol. xiii, (1880), pp. 30, 31. 
+ Cayley, Crelle, t. cvii, (1891), pp. 262-277. 
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To determine whether the interna1 area of the z-circumference corresponds to the in- 
ternal area of the w-circurnference, we take 2i0=@-e, where r is small. Then 

therefore 

so that the interior of the z-circumference finds its conformal correspondent in  the 
interior or in  the esterior of the w-circumference according as 

9' (2) V (zo) nz<or>z-+z,-- + (4  9 (20) ' 
taken along the circumference. 

The simpleut case is that in  which $ (z) is of dcgree na, so that i t  can be resolved 
into rn factors, Say + (8) = A  (2- a) (Z - P).  ..(z - 8) : then 

and 

But the converse of the result obtained-that to the w-circumference there corresponds 
the z-circumference-is not complete unless the correspondence is (1, 1). Other curves 
which are real-they may be, but are not necessarily, circles-and imaginary cimes enter 
into the complete analytical representation on the z-plane corresponding to the w-circum- 
ference, of centre the origin and radius c on the w-plane. 

Ex. 15. Discuss the z-curves corresponding to 1 w l = l ,  determined by 

z(z-dz> w= ---- . 
1 -Ji& 

Es. 16. Consider the relation 
4 (~2-2+1)3 

'W=- 
27 (z2-z)~ ' 

We have 

The function on the right-hand side, being conuected with the expressions for the six 
anharmonic ratios of four poiuts in  terms of any one ratio, vanishes for 

4 (2-zo)(zzo-1) (z+zo-l){z(zo-1)-zo)(zzo-zo+l){z(zo-1)+1} 
80 that w - w - 

0 - 2 7  (9 - 2)2 (22 - zoy 
Hence, taking w=X+iY ,  z=x+iy, 

4 22'y ($2 +y= - 1) (23 - 1) (x2 + y2 - 2s) {(xZ + y2 - z + 1)2 + y2) 
we have %Y= - 

27 ( 9  + ~ 2 ) ~  (99 + y2 - 23 + 1y 
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Heuce i t  appears that, when IT=O, so that w traces the axis of real quantities in its 
own plaiie, the z-variable traces the curvcs 

I 

that is, two straight lines and two circles in its 
own plane. 

In  order to determine the parts of the z-plane 
that correspond to the positive part of the w-plane, 
it is siûhient to take Y equal to  a sniall positive 
quantity and determine the corresponding sign of 
y. Let 

y=pY, 
where Y (and therefore y) is small: then, to a first 

I 
Fig. 90. 

approximation, 
27 $(x- 1)s 

p=T(2x-1)  (x+l ) (x-2) (22-~+1) '~ '  

and the sign of p determines whether the part on the positive or negative side of the asis 
of x is to be taken. 

When x <  - 1, p is negatire; z lies below the agis of x. When x is in AO, so that 
x> - 1<0, p is positive ; z liefi above. When x is in OB, so that x>O<+, p is negative ; 
z lies below. When x is in BO, so that x>S<l, p is positive ; z liev above. When x is 
in CB, so that z> 1<2, p is negative ; z l ies  below. And, lastly, when x is beyond D, so 
that x>2, p is positive and z lies above the axis of real quantities. The parts are indicated 
by the shading in fig. 90. 

I t  is easy to  see that w=0, for z=P, Q ; that w=l ,  for z=A, B, D ; and that  w=co,  
for z= 0, C. The zero value of w is of triple occurrence for each of the points P and Q ;  
the unit-value and the infinite value are of double occurrence for their respective points%. 

Note. I t  is easy to see that figures 89 and 90 are two different stereographic projections 
of the sanie configuration of lines on a sphere (§ 277, 1, n=3), so that the relations in  
Ex. 13 and Ex. 16 may be regarded as equivalent. 

Ex. 17. Find, in the same way, the curves in the z-plane, which are the conforma1 
representation of the axis of X in 6he w-plane by the relation+ 

w =  
(zl + r4+ 14)3 

108 ( ~ ~ + + - 2 ) ~ '  

Ex. 18. Shew thet, by the relation 

the lines, x=constant in the z-plane, are transformed into a series of confocal lemnis- 
cates in the w-plane; and that, by the relation 

z2(cZ+wZ- l)=CwS, 

where c is a real positive constant greater t h w  unity, the interior of a z-circle, centre 
the origin and radius unity, is transformed into the interior of the lemniscate RR1=c2 
in the w-plane, where R and Ri are the distances of a point from the foci (1, 0) and 
( - 4 0)- (Weber.) 

* See Klein-Fricke, vol. i, p. 70. t See Klein-Fricke, vol. i ,  p. 75. 
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258. The preceding examples* may be sufficient to indicate the kind of 
correlation bet,ween two planes or assigned portions of two planes that is 
provided in the conforma1 representation determined by a relation + (w, z) = O 
connecting the complex variables of the planes. We shall consider only one 
more instance ; i t  is a t  once the simplest and fmctionally the most important 
of allt .  The equation, which characterises it,, is linear in both variables ; and 
so i t  can be .brought into the form 

a z + b  w=- 
c z + d '  

where a, b, c, d are constants : i t  is called a homographic transformation, some- 
times a homographic or a linear substitution. 

Taking first the more limited form 

and writing w = Reie, z =reie, p = Ic2eavi, we have 

&=Ica, @ + 8 = 2 y ,  that is, @ - y =  y-8,  

and therefore the new w-locus will be obtained from the old z-locus by 
turning the plane through two right angles round the line y through the 
origin, and inverting the displaced locus relative to the origin. The first 
of these processes is a reflexion in the line y ; and therefore the geometrical 
change represented by wz = p is a combination of reflexion and inversion. 

A straight line not through the origin and a circle through the origin are 
corresponding inverses; a circle not through the origin inverts into another 
circle not through the origin and i t  may invert into itself; and so on. 

Taking now the general form, we have 

a d 
or transforming the origins to the points - and - - in the w- and the z-planes 

c C 

ad  - bc 
respectively, and denoting - - by p, we have WZ= p, that is, the former 

c2 
case. Hence, to find the w-locus which is obtained through the transforma- 

d 
tion of a z-locus by the general relation, we must transfer the origin to --, 

C 

turn the plane through two right angles round a line through the new origin 

* Many others will be found in Holzmüiler's treatise, already cited, which contains ample 
references to the literature of the subject. 
i. For the succeeding properties, see Klein, Math. Ann., t. xiv, pp. 120-124, ib., t .  xxi, 

pp. 170-173; Poincaré, Acta Math., t. i, pp. 1-6; Klein-Fricke, Elliptische Modulficnetiom, 
vol. i, pp. 163 et seq. They are developed geometrically by Mobius, Ga. Wwke, t .  ii, pp. 189-204, 
205-217. 243-314. 
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whose angular coordinate is 4 arg. (bc - iad), invert the locus in the displaeed 

position with a constant of inversion equal to 1 bc - ad 1, and then displace the 

a 
origin to the point --. Hence a circle will be changed into a circle by a 

C 

homographic transformation unless i t  be changed into a straight line; and 
a straight line will be changed into a circle by a hornographic transformation 
unless i t  be changed into a straight line. 

The result can also be obtained analytically as follows; the formulæ 
relating to the circle will be useful subsequently. 

A circle, whose centre is the point (a, p )  and whose radius is r, can be 
expressed in the form 

( z  - h - ,823 (z ,  - ci + Pi) = 9, 

where - 8 = a - Bi, - 8, = a + pi, y = 88, - P. Conversely, this eqiiation 
represents a circle, when e and 6, are conjugate imaginaries and y is real; its 
centre is a t  the point - 4 ( 6  + e,), Bi  ( 6  - do), and its radius is (68, - 7)$. 

W hen the circle is subjected to the hornographic transformation 

az+b w=- 
cz+d '  

- d w + b  we have z=- 
- d , ~ ,  + bo and therefore z, = 

C W - a  CO% - a0 

Substituting these values, the relation between w and wo is 

~ W W , + ~ W + ~ , , ~ W , + ~ ~ = ~ ,  

where = ad, - daco - e,cd, + ycc,, 

8' = - b,d + 6a,d + eocbo - yca,, 

dof = - bd, + ecob + Boado - yc,a, 

y' = bb, - Ba,b - &,ab, + yaa, : 

here 6' and are real, and 8' and O,' are conjugate imaginaries ; therefore the 
equation between w and w, represents a circle. 

Ex. A circle, of radius r and centre a t  the point (e, f ), in the z-plane is transformed 
into a circle in the w-plane, by the homographic substitution 

shew that the radius of the new circle is 

r ad-bc 
n 17 9 

where A = ( ~ c o s ~ + e ) ~ + ( t r s i n f l + f ) ~ - @ ,  

IRIS - LILLIAD - Université Lille 1 



514 CANONICAL FORM 1258. 

d 
and a, p are the modulus aud the argument respectively of -. Find the coordinates of 

the centre of the w-circle. 

Moreover, since there are three independent constants in the general 
homographic transformation, they may be chosen so as to transform any three 
assigned z-points into any three assigned w-points. And three points on a 
circle uniquely determine a circle: hence any circle cun be trunsfomed into 
any other circle (or into i t se l f )  by a properly chosen hornographic transfo?-ma- 
tion. The choice of transformation can be made in an infinite number of ways : 
for three points on the circle can be chosen in an infinite number of ways. 

A relation which changes the three points zl, z,, z, into the three points 
w,, w,, w, is evidently 

Hence this equation, or any one of the other five fornm of changing the three 
points zl, z,, z3 into the three points w,, w,, w, in any ordei of correspondence, 
is a homographic transformation changing the circle through z,, z,, z, into the 
circle through w,, w,, w,. 

It haa been seen that a transformation of the form w = f (z) doès not 
affect angles: so that two circles cutting a t  any angle are transformed by 

az+  b 
w=- into two others cutting at  the same angle. Hence* a plane crescent, 

c z + d  
of any angle, can be transformed into any other crescent, of the surne angle. 

The expression of hornographic transformations can be modified, so as to 
exhibit a form which is important for such transformations as are periodic. 

If we assume that w and z are two points in the sarne plane, then there 
will in general be two different points which are unaltered by the transfor- 
mation; they are called the fixed (or double) points of the transformation. 
These fixed points are evidently given by the quadratic equation 

that is, c d - ( a - d ) u - b = 0 .  

Let the points be a and & and let M denote (d - a)2 + 4bc ; then 

2ca=a-d+M*, %$=a-d-M*. 

If, then, the points be distinct, we have 

w-a  - (z-a)(a-ca) z - a  = K  - 
W p B ( z - @ ) ( a - @ )  Z - P '  

* Kirchhoff, Vorlesungen über mathematische Physik, i, p. 286. 
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where 

and therefore 

a -ca  a + d - M +  K=--- 
a - c p k a + d + M * '  

The quantity K is called the multiplier of the substitution. 

If there be a z-curve in the plane passing through a, the w-curve which 
arises from it through the linear substitution also passes through a. To find 
the angle a t  which the z-curve and the w-curve intersect, we have w = a  + 6w, 
z = a + 6.2 : and then 

6w =Kaz, 

so that the inclination of the tangents at  the point is the argument of K. 
Similarly, if a z-curve pass through P, the angle between the tangents to the 
w curve and the z-curve is supplementary to the argument of K. 

The form of the substitution now obtained evidently admits of reapplica- 
tion; if zn be the variable after the substitution has been applied TZ times, (so 
that z, = z, z1 = w), we have 

The condition that the transformation should be periodic of the nth order 
is that zn = z and therefore that Kn = 1 ; hence 

S'Ir 
(a + d>2 = 4 (ad - bc) cosZ-, 

n 

where s is any integer different from zero and prime to n ;  K cannot be 
purely real, and, in general, M is not a real positive quantity. The 
various substitutions that arise through different values of s are so related 
that, if points z,, z2, ..., z, be given by the continued application of one 
substitution through its period, the same points are given in a different 
cyclical order by the continued application of the other substitution through 
its period. 

Ex. 1. The value of z, hm been given by Cayley in the form 

obtain this expression. 

Ex. 2. Periodic substitutions can be applied, in connection with Kirchhoffs result 
that a plane crescent can be transformed into another plane crescent of the sarne angle ; 
the plane can be divided into a limited number of regions when the angle of the crescent 
is commensurable with a. 

Let ACBDA be a circle of radius unity, having its centre a t  the origin: draw the 
diarneter AB along the axis of y. Then the semi-circle ACB can be regarded a s  a plane 

33-2 
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crescent, of angle +r ; and the semi-circle ABD as another, of the same angle. Hence 
they c m  be transformed into one another. 

Fig. 91. 

We can effect the transformation most simply by taking A (=i) and B ( =  -i) as the 
fixed points of the substitution, which then has the form 

w-i  a - i  
w+i=K-. . 

a+% 

The line AB for the w-curve is transformed from the z-circular arc ACB:  these curves 
cut a t  an angle frr, which is therefore the argument of K. Considerations of symmetry 
shew that the z-poiut C on the axis of x can be transformed into the w-origin, so that 

-1-i -1-g- 
- i+i9 

whence K=i, so that the substitution is 

w - i  . z - i  -- 
w + i - ' z i i '  

It is periodic of order 4, as might be expected : when simplified, it  takes the form 

The above figure shews the effect of repeated application of the substitution through 
a period. The first application changes the interior of ACBA into the interior of ABBA: 
by a second application, the latter area is transformed into the area on the positive side of 
the axis of y lying without the semi-circle ADB ; by a third application, the latter arert is 
transformed into the area on the negative side of the axis of y lyiug without the semi- 
circle ACB; and by a fourth application, completing the period, the latter area is 
transformed into the interior of ACBB, the initial area. 

The other lines in the figure correspond in the respective areas. 
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Ex. 3. Shew that, if the plane crescent of the preceding example have an angle 
1 .  of -r instead of &r but still have + i  and - i for its angular points, then the substitution 
n 

where t denotes tan z, is a periodic substitution of order 2n which, by repeated appli- 
2n 

cation through a period to the area of the crescent, divides the plane into 2n regions, al1 
but two of which must be crescent in form. Under what circumstances will all the 2n 
regions be crescent in form 1 

Note. The formula in the text may be regarded as giving the nth power of a substi- 
tution. The form of the substitution obteined is equally effective for giving the nth root 
of a substitution : al1 that is necessary is to express li in the form peei, and the nth 
root is then 

II 

259. Homographic substitutions are divided into various classes, according 
t o  the fixed points and the value of the multiplier. As the quantities a, b, 
c, d can be modified, by the association of an arbitrary factor with each of 
them without altering the substitution, we may assume that ad  - bc = 1 ; 
we shall suppose that al1 substitutions are taken in such a form that their 
coefficients satisfy this relation. Figures which, by them, are transformed 
into one another are called congruent figures. 

If the fixed points of the substitution coincide, i t  is called* a parabolic 
substitution. 

There are three classes of substitiitions, which have distinct fixed points. 

If the multiplier be a real positive quantity, the substitution is called 
hyperbolic. 

If the multiplier have its modulus equal to unity and its argument 
different from zero, i t  is called elliptic. 

If the multiplier have its niodulus different from unity and its argument 
different from zero, i t  is called Eozodromic. 

These definitions apply to al1 substitutions, whether their coefficients be 
real or be complex constants; when we consider only those substitutions, 
which have real coefficients, only the first three classes occur. Such sub- 
stitutions are often called real. 

The quadratic equation, which determines the common points of a real 
substitution, has its coefficients real ; according as the roots of the quadratic 
are imaginary, equal, or real, the real substitution will be proved to be 
elliptic, purabolic, or hyperbolic respectively. For al1 of these, we take 

Al1 these names are due to Klein : 1. c., p. 512, note. 
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which imply a transference of the respective origins along the respective axes 
of real quantity; and then 

ad- bc 1 X + i y = - -  --- 
cZ x + iy 

- x - ;y -- -- 
cyxa + y" ' 

so that 

The axes of x  and of X have been unaltered by any of the changes made in 
the substitution; and Y, y have the same sign and vanish together ; hence 
the effect of a real transformation is to conserve the axis of real quantities, by 
transforming the half of the z-plane above the axis of x into the half of the 
w-plane above the axis of X. 

A real transformation, which changes z into w, also changes z, into w, 
(these being conjugate complexes). A circle, having its centre on the 
axis of x and passing through a, /3, passes through cc,, /3, also: hence a 
transformation, which changes a circle through cc, /3 with its centre on 
the axis of x into one through y, 8  with its centre on the axis of X ,  is 

z -a  @-a, w-y 8-y ,  - - =- --- 
z - a 0 ' / 3 - a  w - y O a 8 - y  ' 

Ex. 1. Shew that, if this circle, through a, ,B, a,, ,Bo, cut the axis of x in h and k, 
a-h 8-k  where h lies in p& and k in aa,, and if [ap] denote -- -- a real quantity greater than a-k'B-h' 

Ex. 2. Prove that the magnification at any point, by a real substitution, is Y/y. 
(Poincaré.) 

Ex. 3. Any z-circle, having its centre on the axis of x, is transformed by a real 
substitution into a w-circle, having its centre on the axis of X. 

Let the classes of real substitutions be considered in order. 

(i) For real parabolic substitutions, the quadratic has equal roots : let 
their common value be a, necessarily a real quantity, so that the fixed points 
of the substitution coalesce into one on the axis of x. The quantity M is 
then zero, so that (d + a)2 = 4. We may, without loss of generality, take 
d + a = 2. If both origins be removed to the point a, then, in the new 
fonn, zero is a repeated root of the quadratic, so that b = 0, and n - d = 0. 
Hence a = d = 1, and the real substitution is 

that is,* 

1 1  
If the origins be not removed to the point a, the form is - = - + c.  

w - a  2-a 
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The equations of transformat'ion of real coordinates are 

Ex. 1 A z-circle passing through the origin is transformed, by a ml parabolic substi- 
tution having the origin for its common point, into a w-circle, passing through the origin 
and touching the z-circle : and a z-circle, touching the axis of x a t  the origin, is trans- 
formed into itself. 

Ex. 2. Let A be a circle touching the axis of x a t  the origin : and let c, be the 
extremity of ita diameter through the origin. Let a real parabolic substitution, having 
the origin for its common point, transform c, into c,, c, into c,, c, into c,, and so on : al1 
these points being on the circumference of A. 

Prove that the radii of the successive circlaa, which have their centres on the axis of x 
and pass through the origin and cl, the origin and c,, ... respectively, are in harmonio 
progression, and that, if these circles be denoted by Cl, CA, ..., then Gk is the locus of al1 
points q arising through different initial circumferences A. 

Ex. 3. What is the effect of the inverse substitution, applied as  in  Ex. 2 1 

Ex. 4. Shew that, if a c u v e  of finite length be drawn BO as  to  be nowhere i n h i -  
tesimally near the axis of x, it can cut only a finite number of the circles C in Ex. 2. 

(Note. Al1 these results are due to Poincaré.) 

(ii) For real elliptic substitutions, a and P are conjugate complexes; 
hence M is negative, so that 

(d-a)"+Bbc<O, 

or ( d + a ) " < 4 ( a d - b c ) < 4 .  

The value of K, by using the relation ad - bc = 1, is 
K=+[(a+d)" -2 - i (a+d){4- (a+d)"]$] .  

I t  is easy to see that \KI = 1 and that its argument is cos-' {& (a + - 11, so 
that, if this angle be denoted by u, we have 

K = e> 
shewing that the substitution is elliptic. 

I t  is evident that, if z describe a circle through a and P, its centre being 
therefore on the axis of x, then w also describes a circle through a and P 
cutting the z-circle a t  an angle u. The two curves together make a plane 
crescent of angle u having a, ,k? for its angular points. 

Ex. Shew that a real elliptic substitution transforms into itself any circumference, 
which has its centre on ab produced and cuta the line a@ harmonically. (Poincaré.) 

(iii) For real hyperbolic substitutions, the roots of the quadratic are real 
and different ; hence the fixed points of the substitution are two (different) 
points on the axis of x. The quantity M i s  positive, so that . 

(a+d)">4: 
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we rnay evidently take a + d > 2. Moreover K is real and positive, shewing 
that the substitution is hyperbolic. 

Taking one of the fixed points for origiii and denoting by f the distance 
of the other, we have O and f as the roots of 

au+b u=- 
c u + d 9  

with the conditions ad - bc = 1, a + d > 2. Hence b = 0, a - d = cf, ad = 1, 
a Ii = - ; then K is greater or is less than 1 according as cf is positive or is 
d 

negative. We shall take K>1 as the normal case ; and then the sub- 
stitution is 

ET. 1. A 2-curve is drawn through either of the fixed pointa of a real hyperbolic 
substitution : shew that the w-curve, into which it  is changed by the substitution, touchw 
the r-curve. Hence shew that any r-circle through the two fixed points of the substi- 
tution is transformed into itself. 

Ex. 2. Let A be a circle through the origin and the point f ;  and let c,, be the other 
extremity of its diameter through f. Let a real hyperbolic substitution, having the origin 
and f for its fixed points, transform c,, into cl, cl into G, c, into c,, and so on : al1 these 
points being on the circumference of A.. 

Shew that the radius of a circle C,, having its centre on the axis of x and passing 
through cn and the origin, is 

an 
if 1 

so that C, is the locus of al1 the points c, arising through different initial circumferences 
A. What is the limit towards which Cm tends as  n becomes infinitely great 1 

Ex. 3. Apply the inverse substitution, as in Ex. 2, to obtain the corresponding result 
and the corresponding limit. 

Ex. 4. Prove that a curve of finite length will meet an infinite number, or only a 
finite number, of the circles Cm, according as i t  meets or does not meet the circle having 
the line joining the common points of the substitution for diameter. 

(1Vote. Al1 these results are due to Poincaré.) 

I t  follows from what precedes that no real substitution can be loxodrornic; 
for, when the multiplier of a real substitution is not real, its modulus is 
unit y. 

I t  is not difficiilt to prove that when a substitution, with complex 
coefficients a, b, c, d, is parabolic, elliptic, or hyperbolic, then a + d is 
either purely real or piirely imaginary. In al1 other cases, the substitution 
is loxodromic. 
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Any loxodrornic substitution cau be expressed in the form 

w-u  Z-u*  
2-p. s-~=~- 

the coefficients of the quadratic determining a and P are generally not real, 
and the multiplier K,  defined by 

2K=(a+d)B-2-(a+d){(a+d>a-4}*, 

is a coniplex quantity such that, if 

K = eiw, P 

where p and o are real, then p is not equal to unity and w is not zero. 

260. Further, i t  is important to notice one property, possessed by elliptic 
substitutions and not by those of the other classes: viz. an elliptic substitution 
is either periodic o r  inJinitesimal. 

Any elliptic substitution of which a and B are the distinct fixed points, 
(they are conjugate imaginaries), can be put into the form 

where 1 K 1 = 1 : let K = eei. Then the mth power of the substitution is 

Now if O be commensurable with 2 ~ ,  so that 

opT = A / ~ ,  
then, taking m = p, we have 

wP-a  z -u  -- -- 
W I " - p  2-@' 

that is, w, = z, 
or the substitution is periodic. 

But if B be not commensurable with 27r, then, by pi-oper choice of m, the 
argument rn0 can be made to differ from an integral multiple of 27r by a very 
small quantity. For we expand 8 / 2 ~  as an infinite continued fraction: let 
plq, p'lq' be two consecutive convergents, so that p'q -pql = f 1. We have 
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where 7, being real, is numerically less than 7.. Hence, taking m= q, we 
have 

2 2  
w q - a  z - a  = e q  =- "-" [1+ 2yi+ ....], 
wq-P 2 - P  2-6 

where, by making q large, we can neglect al1 terms of the expansion after the 
second. Then 

that is, by taking a series of values of q sufficiently large, we can, for every 
value of z find a value of w differing only by an infinitesimal amount from the 
value of z. Such a substitution is called injinitesimab ; and thus the proposi- 
tion is established. 

But no parabolic and no hyperbolic substitution is infinitesimal in the 
sense of the definition. For in the case of a parabolic substitution we have 

1 -- 1 
- - + qc, wq-a  z - a  

which does not, by a proper choice of q, give wq nearly equal to z for every 
value of z : and a parabolic substitution is not substitutionally periodic, that 
is, it does not reproduce the variable after a certain number of applications. 
But it may lead to periodic functions of variables: thus (z, z +  o) is a 
parabolic substitution. And in the case of a hyperbolic substitution, we 
have 

where h is a real quantity which differs from 1. No value of g gives wq 
nearly equal t o  z for every value of z :  hence the substitution is not infini- 
tesimal. And it is not substitutionally periodic. 

Similarly, a loxodromic substitution is not periodic, and is not infini- 
tesimal. 

Hence it follows that, in dealing with groups of substitutions of the kind 
above indicated, -viz. discontinuous, ab1 the elliptic trumformations which occur 
must be substitutionally periodic: for al1 other elliptic transformations are 
infinitesimal. I t  is easy to see, from the above equations, that the effect of 
an unlimited repetition of a parabolic substitution is to make the variable 
ultimately coincide with the fixed point of the substitution; and that the 
effect of an unlimited repetition of a hyperbolic substitution is to make the 
variable ultimately coincide with one of the fixed points of the substi- 
tution. These common points are called the essential singularities of the 
respective substitutions. 
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261. I t  has been proved (§ 258) that a linear relation between two 
variables can be geometrically represented as an inversion with regard to a 
circle, followed by a reflexion a t  a straight line. The linear relation can be 
associated with a double inversion by the following proposition*, due to 
Poincaré :- 

When the inverse of a point P with regard to a circle is inverted with 
regard to another circle into a point Q, the complex variables of P and Q are 
connected by a lineo-linear relation. 

Let z be the variable of P, u that of its inverse with regard to the first 
circle of centre f and radius r ; let w be the variable of Q, and let tbe second 
circle have its centre at  g and its radius S. Then, since inversion leaves the 
vectorial angles unaltered, we have 

(U - f  ) (20  - f  0 )  = r2 
for the first inversion, and 

(w - g) (uo - go) = s2 

for the second. From the former, it follows that 

and therefore 
r2 -- sa 

+- =fo-go, 
2-f W - y  

leading to 

where, when US - p y  = 1, we have 

m a  =g(fo-go)+$, 

r s p = g r a - p -  fg(  fo-go), 

rsy =fo -go, 

rsS = - f ( f , -y ,)  +,P. 

This proves the proposition. 

Moreover, as the quantities f, y, r,  s are limited by no relations, and as, 
on account of the relation a6 - @y = 1, there are substantially only three 
equations to determine them in terms of a, p ,  y, 8, i t  follows a t  once that the 
lineo-linear relation can be obtained in  an in$nite number of ways by a pair of 
inversions, and therefore in a'rt injnite number of ways by an even number of 
inversions. 

Again, taking the two circles used in the above proof, we have 

rs(u+6 + 2 ) = ( r +  ~ ) ~ - ( f  -Y) (fo-90) 

= ( r  + 5)"-d2, 

Acta Math., t. iii, (1883), p. 51. 
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where d is the distance between the centres of the circles. Hence a+6 

is real, and the substitution cannot be loxodromic. Moreover, if the circles 
touch, the substitution is parabolic; if they intersect, i t  is elliptic; if they 
do not intersect, it is hyperbolic. 

Eliminating r and s between the equations which determine a, 8, y, 6, we 
find 

so that, when one centre is chosen arbitrarily, the other centre is connected 
with i t  by the linear substitution*. 

Ex. 1. Shew that, if f and g lie on the agis of real quantities, so that the substitution 
is real, then 

r2=(f-A) (f-CL), ~ ~ = ( q - A ) @ - d ,  
where h and p are the fixed points of the substitution. 

Hence prove that, if two real aubstitutions be given, it  is generally possible to 
determine three circles 1, 2, 3 such that the aubstitutions are equivalent to successive 
inversions a t  1 and 2 and a t  1 and 3 respectivtily. Discuss the reality of these circles. 

(Burnside.) 

Ex. 2. Shew that, if a loxodromic substitution be represented in the preceding 
geometrical manner, a t  least four inversions are necessary. (Burnside.) 

This geometrical aspect of the lineo-linear relation as a double inversion 
will be found convenient, when the relation is generalised frorn a connection 
between the variables of two points in a plane into a connection between the 
variables of two points in space. 

* Burnside, 11Iesess. of Math., vol. xx, (1891), pp. 163-166. 
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CHAPTER XX. 

262. IN Gauss's solution of the problem of the conforma1 representation 
of surfaces, there is a want of determinateness. On the one hand, there is an 
element arbitrary in character, viz., the form of the function; on the other 
hand, no limitation to any part of either surface, as an area to be represented, 
has been assigned. And when, in particular, the solution is applied to two 
planes, then, corresponding to any curve given in one of the planes, a curve 
or curves in the other can be obtained, partially dependent on the form 
of functional relation assumed, different curves being obtained for different 
forms of functional relation. 

But now a converse question suggests itself. Suppose a curve given in 
the second plane : can a function be determined, so that this curve corresponds 
to the given curve in the first plane and a t  the same time the conformal 
~inîilarity of the bounded areas is preserved, with unique correspondence 
of points within the respective areas? in fact, does the conformal corre- 
spondence of two arbitrarily assigned areas lead to conditions which can 
be satisfied by the possibilities contained in the arbitrariness of a functional 
relation ? And, if the solution be possible, how far is it determinate ? 

An initial simplification can be made. If the areas in the planes, 
conformally similar, be T and R, and if there be an area S in a third plane 
conformally similar to T, then S and R are also conformally similar to one 
another, whatever S may be. Hence, choosing some form for S, i t  will 
be sufficient to investigate the question for T and that chosen form. The 
simplest of closed curves is the circle, which will therefore be taken as S: 
and the natural point within a circle to be taken as a point of reference is its 
centre. 

Two further limitations will be made. I t  will be assumed that the plane 
surfaces are simply connected* and one-sheeted. And i t  will be assumed 

The conformal representation of multiply connected plane surfaces is considered by 
Schottky, Crelle, t. Ixxxiii, (1877), pp. 300-351. 
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that the boundary of the area T is either an analytical curve* or is made up 
of portions of a finite nurnber of analytical curves-a limitation that arises in 
connection with the proof of the existence-theorem. This limitation, initially 
assumed by Schwarz in his early investigations -f. on conforma1 representation 
of plane surfaces, is not necessary: and Schwarz himself has shewnf 
that the problem can be solved when the boundary of the area T is any 
closed convex curve in one sheet. The question is, however, sufficiently 
general for our purpose in the form adopted. 

Then, wi%h these limitations and assumptions, Riemann's theoreni5 
on the conformation of a given curve with some other curve is effectively 
as follows :- 

Any simply connected part of a plane bounded by a curve T can always be 
conformally represented on the area of a circle, the two areas having their 
elements similar to one another; the centre of the circle cun be made the 
homologue of any point O,, within T, and any point on the circumference of the 
circle can be made the homologue of any point O' on the boundary of T ;  the 
conformal representation is then uniqwly a ~ ~ d  compZetely determimate. 

263. We may evidently take the radius of the circle to be unity, for a 
circle of any other radius can be obtained with similar properties merely by 
constant magnification. Let w be the variable for the plane of the circle, z 
the variable for the plane of the curve T; and let 

Evidently n will be determined by m (save as to an additive constant), for 
m +ni is a function of z: and therefore we need only to consider m. 

At the centre of the circle the modulus of w is zero, that is, em is zero: 
hence m must be - m for the centre of the circle, that is, for (say) z = z, in T. 

A t  the boundary of the circle the modulus of w is unity, that is, em is 
unity : hence rn must be O along the circunzference o f  the circle, that is, along 
the boundary of T. 

Moreover, the correspondence of points is, by hypothesis, unique for the 
areas considered : and therefore, as em and n are the polar coordinates of the 
point in the copy and as m is entirely real, m is a one-valued function, 
which within T is to be everywhere finite and continuous except only at  
the point 2,. Hence, so far as concerns m, the conditions are :- 

(i) nz must be the real part of some function of z :  

(ii) m miist be - oo at  some arbitrary point 2,: 

A aurve is said to be an analytical curve (§ 265) when the coordinates of any point on it 
eau be expressed as an analytical function (5 34) of a real parameter. 

-1- Crelle, t. lxx, (1869), pp. 105-180. 
$ Ges. Werke, t .  ii, pp. 108-132. 

Ges. Werke, p. 40. 
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263.1 ON CONFORMAL REPRESENTATION 527 

(iii) m must be O dong the boundary of T: 

(iv) for al1 points, except zo, within T, m must be one-valued, finite and 
continuous. 

Now since m + ni = log w = log R + iO, the negatively infinite value of m 

at z, arises through the logarithm of a vanishing quantity ; and therefore, in 
the vicinity of z,, the condition (ii) will be satisfied by having some constant 
multiple of log (z - z,) as the most important term in m + ni ;  and the rest of 
the expansion in the vicinity of zo can be expressed in the form y (z - z,), an 
integral rational series of positive powers of z - zo, because m is to  be finite 
and continuous. Hence, in the vicinity of zo, we have 

where X is sonie constant. This includes the most general form: for the 
form of any other function for lm + n i  is 

where g is any function not vanishing when z =  z, : and t h i ~  form is easily 
expressed in the form adopted. Hence 

Since w is one-valued, we must have X the reciprocal of an integer ; and 
since the area bounded by T is simply connected and one-sheeted we must 
have z - zo a one-valued function of W. Hence h = 1 ; and therefore, in the 
vicinity of zo, 

w = (z - zo) #@-a, 

a form which is not necessarily valid beyond the immediate vicinity of zo, 
for p (z - zo) might be a diverging series at  the boundary. Thus, assuming 
that p (z - zo) is 1 when z =zo, we have, in the iminediate vicinity of zo, 

m + ni  = log (z - z,), 
a form which mtisfies the second of the above conditions. 

It now appears that the quantity rn must be determined by the con- 
ditions : 

(i) it must be the real part of a function of z, that is, i t  must satisfy 
the equation Vam = O : 

(ii) along the boundary of the curve T, it must have the value zero : 

(iii) a t  al1 points, except zo, in the area bounded by T, m must be 
uniform, finite and continuous: and, for points z in the 
immediate vicinity of zo, i t  must be of the form log r, where 
r is the distailce from z to 2,. 
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When m is obtained, subject to these conditions, the variable w is thence 
determinate, being dependent on z in such a way as to make the area 
bounded by T conformally represented on the circle in the w-plane. 

264. The investigations, connected with the proof of the existence- 
theorem, shewed that a function exists for any simply connected bounded 
area, if i t  satisfy the conditions, (1) of acquiring assigned values along the 
boundary, (2) of acquiring assigned infinities a t  specified points within the 
area, (3) of being everywhere, except at these specified points, uniform, finite, 
and continuous, together with its differential coefficients of the first and the 
second order, (4) of satisfying V% = O  everywhere in the interior, except at 
the infinities. Such a function is uniquely determinate. 

But the preceding conditions assigned to sn are precisely the conditions 
which determine uniquely the existence of the function : hence the function 
m exists and is uniquely determinate. And thence the function w is 
determinate. 

I t  thus appears that any simply connected bounded area can be confornzcclly 
represented on the area of a circle, with a unique correspondeme of points in 
the areas, so that the centre of the circle can be made the homologue of an. 
interna1 point of the bownded area. 

An assumption was made, in passing from the equation 

w = (Z - z,) d'('-a) 

to the equation which determines the infinity of m, viz. that, when z =  z,, 
the value of p(z-z,) is 1. If the value of p (z -2,) when z =zo be some 
other constant, then there is no substantial change in the conditions: 
instead of having the infinity of m actually equal to loglz- zol, the new 
condition is that m is infinite in the same way as log lz- z,l, and then a 
constant factor must be associated with W. A constant factor may also arise 
through the circumstance that n is determined by m, Save as to an additive 
constant, Say y : hence the form of w = em+nhi l l  be 

Since displacement in the plane makes no essential change, we may take 
a form w = A u  + B, where now the conforma1 transformation given by w is 
over any circle in its plane, the one given by u being over a particular circle, 
centre the origin and radius unity. 

The conformation for w is derived from that for u by three operations: 

(i) displacement of the origin to the point - B / A  : 

(ii) magnification equal to A': 

(iii) rotation of the circle round its centre through an angle y : 
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264.1 DERIVATIVE FUNCTIONS REQUIRED 529 

these operations evidently make no essential change in the conformation. 
If the limitation to the particular circle, centre the origin and radius 1, 
be made, evidently B = O, A' = 1, but y is left arbitrary. This constant 
can be determined by assigning a condition that, as the curve C has its 
homologue in the circle, one particular point of C has one particular point of 
the circumference for its homologue : the equation of transformation is then 
comple tely determined. 

This determination of A', B, y is a determination by very special con- 
ditions, which are not of the essence of the conformal representation: and 
therefore the apparent generality for the present case should arise in the 
analysis. Now, if w = Au + B, we have 

which is the same for the two forms; and therefore the functiolz to be 

when the area Zncluded by C Zs to be represented on a circle so that a givm 
point internal to C shall have the centre of the circle as its homologue. 
The arbitrary constants, that arise when w is thence determined, are given - 
by special conditions as above. 

Again, if the conformation be merely desired as a representation of the 
z-area bounded by the analytical curve C on the area of a circle in the 
w-plane (without the specification of an internal point being the homologue 
of the centre), there will be a further apparent generality in the form of the 
function. From what was proved in $258, a circle in the u-plane is trans- 
formed into a circle in the w-plane by a substitution of the form 

so that, if u be a special function, w will be the more general function giving 
a desired conforma1 representation; and, without loss of this generality, we 
may assume AD - BC = 1. Using {w, a} to denote 

that is, w"' w" a a -&) J 

called the Schwarzian derivative by Cayley*, we have 

* Camb. Phil. Trams., vol. xiii, (1879), p. 5; for its properties, see Cayley's memoir jnst qnoted, 
pp. 8, 9, and my Treatise on Diferential Epuations, pp. 92, 93. 

F. 34 
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which is the same for the two forms: and therefore the function to be 
so ught is 

{w, 4 ,  
when the area included 6y the analytical curve C is to be confomally repre- 
sented on a circle. The (three) arbitrary constants, that arise when w is 
thence determined, are obtained by special conditions. 

These two remarks will be usefiil when the transforming equation is 
being derived for particular cases, because they indicate the character of the 
initial equation to be obtained: but the importance of the investigation is 
the general inference that the conforma1 representation of an area bounded 
by an analytical curve on the area of a circle is possible, though, as the proof 
depends on the existence-theorem, no indication is given of the form of 
the function that secures the representation. 

Further, i t  may be remarked that it is often convenient to represent a 
z-area on a w-half-plane instead of on a w-circle as the space of reference. 
This is, of course, justifiable, because there is an equation of unique transfor- 
mation between the circular area and the half-plane ; i t  has been given (Ex. 9, 

au + b 5 257). Moreover, a further change, given by TL) = --- is still possible: for, 
c u + d '  

when a, b, c, d are real, this transformation changes the half-plane into itself, 
and these real constants can be obtained by making points p, q, r on the 
axis change into three points, say 0, 1, oo , respectively-the transformation 
then being 

, u - p  q - r  u = -  - 
u - T  q -p '  

265. Before discussing the particular forms just indicated, we shall 
indicate a method for the derivation of a relation that secures conformal 
representation of an area bounded by a given curve C. 

Let* the curve C be an analytical curve, in the sense that the coordinates 
x and y can be expressed as functions of a real parameter, say of u, so that 
we have x = p  (u), y = q (u) ; then 

z = x + i y = p + i q = + ( u ) .  
If for u we substitute w = u +iv, we have 

z=+(w>;  
and the curve C is described by z, when w moves along the axis of real 
quantities in its plane. 

When the equation x + i y  = + (u + iv) is resolved into two equations 
involving real quantities only, of the form x = h (u, v), y = p (u, v), then the 
eliminations of v and of u respectively lead to curves of the form 

* Beltrami, Ann. di Mat., Ser., t. i, (1867), pp. 329-366 ; Cayley, Quart. J O W ~  Math., 
vol. xxv, (1891), pp. 203-226; Schwarz, Ges. Werke, t. ii, p. 150. 
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which are orthogonal trajectories of one another when u and v are treated as 
parameters. Evidently x (x, y, 0) = 0 is the equation of C: also 

h(u,O)=p,  p(%O)=q. 

So far as the representation of the area bounded by C on a half-plane is 
concerned, we can replace w by an arbitrary function of Z(= X +  iY) with 
real coefficients : for then, when Y = O, we have w = f (X) and 

a =  P (f (-QI> Y = q If (X)L 
which lead to the equation of C as before, for al1 values off.  This arbi- 
trariness in character is merely a repetition of the arbitrariness left in 
Gauss's solution of the original problem. 

Now let the w-plane be divided into infinitesimal squares with sides 
parallel a ~ d  perpendicular to the axis of real quantities. Then the area 
bounded by C is similarly divided, though, as the magnification is not every- 
where the same, the squares into which the area is divided are not equal to 
one another. The successive lines parallel to the axis of IL are homologous 
with successive curves in the area, the one nearest to that axis being the 
curve consecutive to C. Similarly, if the 2-plane be divided. 

Conversely, if a curve consecutive to 0, say C, be arbitrarily chosen, then 
the space of infinitesimal breadth between C and C can be divided up into 
infinitesimal squares. Suppose the normal to C at a point L meet C in L': 
along G take LM= LL', and let the normal to C at  M meet C" in W ;  along 
C take MN = MM', and let the normal to C a t  N meet C" in N' : and so on. 
Proceeding from C with L'Mr, M'N', . . . as sides of infinitesimal squares, we 
can obtain the next consecutive curve Cr, and so on ; the whole area bounded 
by C may then be divided up into an infinitude of squares. I t  thus appears 
that the arbitrary choice of a curve consecutive to C cornpletely determines 
the division of the whole area into infinitesimal squares, that is, i t  is a 
geornetrical equivalent of the analytical assomption of a functional form 
which, once made, determines the whole division. 

Next, we shall shew how the form f of the function can be determined 
so as to make the curve consecutive to C a given curve. As above, the 
curve C is given by the elimination of a (real) parameter between 

.=p(.>, y = q ( , u ) ;  

and the representation is obtained by taking 

X + ~ Y  = z = p  (w) + iq (w) = P  If ( 4 1  +iq If (Z)l. 
Let the arbitrarily assumed curve C', consecutive to C, be given by the 
elimination of a (real) parameter 8 between 

~ = p + d ' ,  y = q + e Q ,  
where p, P, g, Q  are functions with real coefficients, and e is an infinitesimal 

34-2 
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constant : the form off has to be determined so that the curve corresponding 
to an infinitesimal value of Y is the curve C. Taking u =  f (X), where 
u and X are real, we have, for the infinitesimal value of Y, 

x + ;Y = P if (ZN + iq if (-QI 

so that 

dashes denoting differentiation with regard to u. This is to be the same 
as the curve C, given by the equations 

x = p + e P ,  y = q + e Q .  
Hence the (real) parameter B in the latter differs from u only by an infini- 
tesimal quantity : let it be u - p, so that we have 

x = p - p p l + e P ,  ~ = q - ~ q ~ + e Q ,  
the terms involving products of e and p being neglected, because they are of 
a t  least the second order. Hence 

du - p p f + 8 P = -  Y - d ,  du 
dX 

- r q f + ~ Q = Y -  p f ;  dX 
whence P (P'" +? = 6 (Pp f  + &gr), 

du 
and e(p'Q-q'P)= Y -(jP+q'a)+. 

d X  
Now e is a real infinitesimal constant, as is also Y for the present purpose: 
so that we may take e = AY, where A is a finite real constant : and A may 
have any value assigned to it, because variations in the assumed value 
merely correspond to constant magnification of the 2-plane, which makes no 
difference to the division of the area bounded by C. Thus 

and therefore 

the inversion of which gives u = f ( X )  and therefore w = f (Z), the form 
required. 

Also we have 

shewing that, if the point x = p + el', y = q + eQ on Cf  lie on the normal to C 
a t  x =p,  y=q ,  the parameters in the two pairs of equations are the same; 
the more general case is, of course, that in which the typical point on C f  is in 

Beltrami obtains this result more directly from the geometry by assigning as a oondition 
that the normal distance between the curves ie equal to the aro given by du : l.o., (p. 530, note), 
p. 343. 
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265.1 BOUNDED BY ANALYTICAL CURVE 533 

the vicinity of C. And it is easy to prove that the normal distance between 
the curves at  the point in consideration is 

as 
Y - ,  d X  

where ds is an arc measured along the curve C. 

Ex. 1 As an illustration*, let C be an ellipse xZ/az+ya/b2= 1 and let C' be an interior 
confocal ellipse of semi-axes a-  a, b - 8, where a and 8 are infiriitesimally small ; so that, 

C 
we have aa = b@ =Cr say ; then the serni-axes of C' are a- C, b - - E. We have 

a b  

so that 

ab 
or, taking A = - , we have X= 21 and therefore Z= W. Hence the equation of transfor- 

mation is 
z=x+iy=acosZ+ibsinZ;  

or, if a = c  coah Y,, b=c sinh Y,, and if Y' denote Po - P, the equation is 

z=ccos (X+EY')=ccosZ'. 

The curves, corresponding to parallek to the axes, are the double system of confocal 
conics. 

Ex. 2. When the curve C is a parabola, with the origin as focus and the axis of real 
quantities as its axis, and C' is an external confocal coaxial parabola, the relation is 

z= a (Z+*JZ ; 

substantially the same relation as  in Ex. 7, $ 257. 

Ex. 3. When C is a circle with its centre on the axis of real quantities and C is 
an interior circle, haring its centre also on the axis but not coinciding with that of 0, the 
circles being such that the axis of imaginary quantities is their radical axis, the relation 
can be taken in the form 

z=ctan Z. (Beltrami ; Cayley.) 

Note. Although, in the examples just considered, the successive curves C 
ultimately converge to a curve of zero area (either a point or a line), so that 
the whole of the included area is transformed, yet this convergence is not 
always a possibility, when a consecutive to C is assigned arbitrarily. There 
will then be a limit to the ultimate curve of the series, so that the repre- 
sentation ceases to be effective beyond that limit. The limitation may 

dz 
arise, either through the occurrence of zero or of infinite values of - for 

dZ 
areas and not merely for isolated points, or through the occurrence of 
branch-points for the transforming function. I n  either case, the iiniqueness 
of the representation ceases. 

* Beltrami, ].a., (p. 530, note), p. 344 ; Cayley, (ib.), p. 206. 
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Ex. 4. Consider the area, bounded by the cardioid 

r = 2 a  (l+cos 8) ; 
then we can take 

where evidently u = 8  along the curve. Let the consecutive curve be given by 
2 = - a ~ + 2 a ( 1 + ~ ) ( 1 + ~ 0 s ~ ' ) ~ 0 s u ' ,  y=2a(l+r)(l+cosu')sinu', 

so that, to determine X, we assume P= - a + 2 a  (1 +cm u) cos u, Q=2a (1 +cos u) sin u, 
for u'- u = - p a s m d  quantity. 

We have pf2 +pla = Maa cosa &L, 

q'P -plQ = 12a2 cos2 &, 
plP+q'Q= -2aasinu ; 

and then, proceeding as  hefore and choosing A of the text as equal to - 3, (which implies 
that 6 is negative and therefore that the interior area is taken), we find 

X= u, 
p g Y  tan 424; 

therefore Z=w. Thus the cardioid itself and the consecutive curves are given by 

~ = ~ + i ~ = 2 a ( 1 + c o s ~ ) e ~ ~ .  

To trace the curves, corresponding to lines parallel to the axes of X and Y, we have 

Hence, multiplying, we have 

r = 4aeë y (COS +TCOS +ZO) 
= 2 a ë  Y(cosh P+cosX); 

and, dividing, we have 
$8- m c o s + Z  

e -e  -- 
cos +ZO ' 

that is, ei (x- B)- COS *Xcosh +Y+ is in  +X sinh +Y - 
cos +X cosh +Y- i sin + X  sinh 4 Y' 

and therefore t an+(X-8)=tan iBtanh+Y.  

Moreover, we have 
dz 
- dZ =2aieU(i -1-23, 

which vanishes when Z= r (2n+ 1), that is, a t  the point X=(2n + 1) T, Y=O ; whence the 
c w p  of the cardioid is a singularity in the representation. 

When Y=O, then X= 8 and r = 2 a  (1 +cos 4, which is the cardioid ; when Y is very 
smaii and is expressed in circular measure, then 

t a n i  (X-8)=&Ytan &X, 

or X = 8 +  Ytan+8, 
so that r = 2a (1 +cos 8) - 4a Y. 
It is easy to verify that 8=uf+QYtan  Sa', 
agreeing with the former result. 

The relation may be taken in the form 

(zla)) = 2 cos & ~ e ' ~ = d ~ +  1, 

which shews that z = a  is a branch-point for .Z Two different paths from any point to a 
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point P, which together enclose a, give different values of Z at  P. Hence the representa- 
tion ceases to be effective for any area that includes the point a. 

Consider a strip of the 2-plane between the lines Y=O, Y= + m , X= - *r, X =  + j w .  

First, when Z=+r+iY, we have X=&, so that 

tan (+-+8)=tanh+. Y ;  

and therefore tan $8 = e- y, 

2a 
whence F=- 

l+cosB' 

a part of a parabola. And when Y varies from m to O, B varies from O to b. 
Secondly, when Z=X, so that Y=O, we have X=8, and then 

~ = 2 a  (1 +cos 8) : 

and, when X varies from to -h, B varies from + to -&T. 
Thirdly, when Z= -&+iY, we have X =  -Sr, so that 

tan (an + $8) = tanh S Y, 

whence tan&?= -e-=,  

so that, as Y varies from O to m, B varies from -% to O. And then 

another part of the same parabola as before. 

Lastly, when Y is infinite and X varies from -; to + i, we have 

so that 8=0 ;  and then r=a, in effect the point of the z-plane corresponding to the 
point a t  infinity in the 2-plane. 

We thus obtain a figure in the z-plane ABCDA corresponding to the strip in the 
2-plane : the boundary is partly a parabola DAB, of focus O and axis OA, and partly 
a cardioid with O for cusp-the inverse of the parabola with regard to a circle on the 
latus rectum BB as diameter : the angles a t  B and D are right. 

Fig. 92. 

To trace the division of the space between the axes of the cardioid and of the parabola 
corresponding to the division of the plane strip into small squares, we can proceed as 
follows. 
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Let e-==c : then we have 

;=. ( ~ + c ) + 2 c c o s x ,  

or, if R= ap, then p = l + ~ 2 + 2 ~ ~ o s X ;  

and 1 - c  
tan+(X-O)=- 1 + O  t a n i x ,  

so that 
sinS-B . 

c= 
sin (X - @) ' 

and therefore 
cos&B sin@ 1 

l + c c o s x = c x X = & '  

so that c cos ~ = ~ c o ~ $ B -  1, c sin  sin@, 
from which the curves, corresponding to c=constant and to X=constant, are a t  once 
obtained. They are exhibited in the figure, the wliole of the interna1 space being 
divisible. 

By combination with the transformation, which (Ex. 12, § 257) represents a strip of 
the foregoing kind on a circle, the relation can be obtained, leading to the representation 
of the figure on a circle. 

Ex. 5. Shew that, if a straight line be drawn from the cusp to the point r=a ,  8=0, so 
as to  prevent z from paqsing round z=O or z=a, then the area bounded by the cardioid 
and this line can be represented, on a strip of the w-plane given by Y=O, P=co,  
x= - a, X= +a, by the equation 

iw =log {(z/a)* - 1). (Burnside.) 

Ex. 6. I n  the same way, treating the curve (the Cissoid of Diocles) (2r-x)y2=9, 
and taking the equations 

sin3 u 
x=2rsinZu, y=2r-, 

COS u 

as deiîning the points on the curve, we may assume the consecutive curve defined by the 
equations 

sin3 u, 
x=c+(2r-o)sinZu, y=(2r-6)- 

COS ZC1 ' 
another cissoid with the same asymptote. Proceeding as before we find the value of X 
to be tan u + tan3 u, on taking A = - gr. 

The relation, which changes the cissoidal arc into 
cissoidal arc into a line parallel to  the axis of X a t  
is then 

the axis of X and a consecutive 
an infinitesimal distance from it, 

sin" 
z=Zr- 

COS w 
eh, 

where the relation between w and Z is 

Note. The method is applicable to any curve, whose equation can be expressed in the 
form r=f(B) : a fimt transformation is 

z = f (w) ew! 

The determination of w in terms of Z depends upon the character of the consecutive 
curve chosen; this curve also determines the details of the conformation. 
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266. It has been pointed out (5  265, Note) that, though a curve and its 
consecutive in the z-plane correspond with a curve and its consecutive in the 
w-plane, the conformation is only effective for parts of the included areas, 
in which the magnification, if it is not uniform, becomes zero or infinite only 
at isolated points, and in which no branch-points of the tmnsforming relation 
occur. The immediate vicinity of a curve C is conformable with the 
immediate vicinity of a corresponding curve S, arbitrarily chosen limits 
being assigned for the vicinity. 

But, as remarked by Cayley*, when a curve is given, then the con- 
secutive curve can be so chosen that the whole included area is conformable 
with the whole corresponding area in the 2-plane. For a circle can be thus 
represented, the ultimate limit of the squares when consecutive curves are 
constructed being then a point: this can be expressed by saying that the 
area can be contracted into a point. For instance, the relation 

transforms the z-half-plane into the area included by a w-circle of radius 
unity. The lines parallel to the axis of x are internal circles al1 touching 
one another a t  the point (- 1, 0): and the lines parallel to the axis of y are 
circles orthogonal to these, having their centres on a line parallel to the axis 
of Y and al1 touching at the point (- 1, O). Siniilarly for the contraction of 
any circle, by making i t  one of two systems of orthogonal circles : the form of 
the necessary equation is obtained as above by taking the next circle of the 
same ~ystem as the consecutive curve: and a circle can thus be contracted to 
its centre (the infinitesimal squares being bounded by concentric circles and 
by radii) when the w-circle is derived from a strip of the z-half-plane by the 
relation w = e". Such a contraction of a circle is unique. 

But, by Riemann's theorem, i t  is known that the area of a given analy- 
iical curve can be conformally represented on the area of a given circle, so 
that a given internal point is the homologue of the centre and a given point 
on the curve is the homologue of a given point on the circurnference of the 
circle: and that the representation is unique. Hence i t  follows that, when 
an analytical curve C is given, a consecutive curve C' can be chosen in such a 
manner as to secure that the construction of the whole series of consecutive 
curves by infinitesimal squares will make the curve C contract into an 
assigned point f-. 

267. The areas, already considered in special examples, have been 
bounded by one or by two analytical curves: we shall now consider two 
special forms of areas bounded by a number of portions of analytical curves. 
These areas are (i) the area included within a convex rectilinear polygon, 
(ii) the area bounded by any number of circular arcs, and especially the area 

* 1.c. (p. 530, note), pp. 213, 214. 
-1 For further developments, see Cayley's mernoir cited p. 530, note. 
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538 RECTILINEAR POLYGON 1267. 

bounded by three circular arcs. For the sake of analytical simplicity, the 
former will be conformally represented on the half-plane, the transformation 
to the circle being immediat.e by means of the results of § 257. 

In  regard to the representation* of the rectilinear polygon, convex in 
the sense that its sides do not cross, we shall take the case corresponding 
to the first of the two forms of 5 264; i t  will be assumed that the origin in 
the w-plane is left unspecified and that the magnification is subject to an 
unspecified increase, constant over the plane. Our purpose, therefore, is to 
represent the w-area included by a polygon on the half of the z-plane ; the 
boundary of the polygonal area in the w-plane is to be transforrned into the 
axis of real quantities in the z-plane. 

I t  follows from Schwarz's continuation-theorem (5 36), that a function 
defined for a region in the positive half of a plane and acquiring continuous 
real values for continuous real values of the argument can be continued across 
the axis of real quantities: and the continuation is such that conjugate 
values of the function correspond to conjugate values of the variable. More- 
over, the function, for real values of the variable, can be expanded in a 
converging series of powers, so that 

where P is a series of positive, integral powers with real coefficients that does 
not vanish when c is the value of the real variable x. 

Suppose a convex polygon given in the w-plane, the area included by 
which is to be represented on the z-plane, and the contour of which is to be 
represented along the axis of x by means of a relation between w and z. 

First, consider a point Say on the side A,,A, which is not an angular 
point. Then, if 6 denote the inclination of A,,A, to 
the axis of u, the function 

(, - p)  e+W+@) 

is real when w lies on the side A,, A, : i t  changes sign 
when w passes through b :  and for d l  other points w, 
lying either in the interior or on the other sides of the 
polygon, i t  has the same properties as W. Hence, if O be 4' A,-, 

a (purely real) value of z corresponding to w = f i  we have Fig. 93. 

(W - p) e-i(r+@ = (Z - b) P (Z - b), 

* I n  oonnection with the succeeding investigations the following authorities may b e .  
consulted : 

Schwarz, Ges. Werke, t. ii, pp. 65-83 ; Christoffel, Ann. di  Mat., 2da Ser., t. i, (18671, 
pp. 95-103, ib., t. iv, (1871), pp. 1-9; Schlifli, Crelle, t. lxxviii, (1873), pp. 63-80; 
Darboux, Théorie généraze des surfaces, t .  i, pp. 176-180 ; Phragmén, Acta Math., t. xiv, 
(1890), PP. 229-231. 
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for points in the vicinity of p : the series P ( z  - b)  does not vanish for z = b ; 
and, when w lies on the side A,A,,, then z = x, 

Next, consider the vicinity of an angulm point of the polygon. Let y be 
the coordinate of A,, let pa be the interna1 angle of the polygon, and let + be 
the inclination of A,A,+, to the axis of u :  and consider the function 

(w - y )  e-ii.+4. 

When w lies on the side A,A, at  a distance d from A,, then 

w - ,-y = dei(r+e) 

so that the function is then real and positive. 

When w lies in the interior of the polygon, the function has the same 
properties as w, and its argument is negative. 

When w lies on the side A,A,+, at a distance d' from A,, then w -y = d'ei*, 
so that the function is d'e-i(r+&9), that is, d'e-Gr. Hence 

1 
{(w - e-i lu+@) 

is real and positive along the side A,A,, and is real and negative along 
the side A,A,.+,. If then z =  c be the value corresponding to w = y, we 
can expand this function in the form (z - c) Q' (z  - c )  : and therefore 

(W - y )  e-;@+@ = (z - c)' R (z - c), 

where R (= Q'p) does not vanish for z = c. 

These forms assume that neither b nor c is infinite. The point on the 
boundary of the polygon (if there be one), corresponding to x = CO, can be 
obtained as follows. We form a new representation of the z-plane given by 

Z r = -  1, 

which conformally represents the upper half of the z-plane on itself: and 
then, on the assumption that such point at infinity does not correspond 
to an angular point of the polygon, we have c= O corresponding to an 
ordinary point of the boundary, so that 

1 1  
(W - ,û') e-i(r+ff) = (Q (c) = 8 Q (;) , 

where Q does not vanish when z = a,. 

Al1 kinds of points on the boundary of the w-polygon have been considered, 
corresponding to points on the axis of x. 

We now consider points in the interior. If w' be such an interior point 
and z' be the corresponding z-point, then 

w-w'=(z-z')S(z-z'), 

dw 
where S does not vanish for z = z' because a t  every point - must be different 

dz 
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from zero: for otherwise the magnification from a part of the z-plane to a 
part in the interior of the polygon would be zero and the representation 
would be ineffective. 

Now in the present case, just as in the first case suggested in 5 264, i t  is 
manifest that, if a particular function 71 give a required representation, then 
Au + B, where lAl= 1, will give the same w-polygon displaced to a new 
origin and turned through an angle = arg. A, that is, no change will be made 
in the size or in the shape of the polygon, its position and orientation in the 
w-plane not being essential. Hence the function to be obtained may be 
expected to occur in the form w =Au + B, so that, in representing a jigure 
bounded by straight lines, the f unc t im  to be obtained i s  

Now in the vicinity of a boundary-point P, not being an angular point 
and corresponding to a finite value of z, we have 

having z = b for an ordinary (non-zero) point. 

For a boundary-point /3', not being an angular point and corresponding to 
an infinite value of z on the real axis, we have 

and therefore 

where Q, is finite for z = oo . Thus Z vanishes for such a point. 

In the vicinity of an angular point y, we have 

w- y=ei(*+@ (2-c)'R(z- c), 

and therefore Z=&+R,(Z-c), 
2 - c  

where R, has z = c for an ordinary point. 

Lastly, for a point w' in the interior of the polygon, we have 

W-W' =(z-el)S(z-z'), 

and therefore Z=  S, (z - fi'), 

having a = .d for an ordinary point. 

Hence 2, considered as a function of z, has the following properties :- 

It is an analytical function of z, real for al1 real values of its argument, 
and zero when 8 is infinite : 
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I t  has a finite number of accidental singularities each of the first order 
and al1 of them isolated points on the axis of x :  and at  al1 other 
points on one side of the plane it is uniform, finite and continuous, 
having (except at  the singularities) real continuous values for real 
continuous values of its argument. 

The function Z can therefore be continued across the axis of x, conjugate 
values of the function corresponding to conjugate values of the variable : and 
its properties make it, by § 48, a rational, algebraical, meromorphic function 
of z. 

Let a, b, c, . . ., 1 be the points (al1 in the finite part of the plane) on the 
axis of s corresponding to the angular points of the polygon, and let 

a r ,  Br, yr ,  ..., AT 

be the internal angles of the polygon at  the respective points : then (by 5 48) 
a - 1  p-1  z= - h - 1  + --- + ... +- z - a  z-b 2 - 1  ' 

no additive constant being required because 2 has been proved to vanish for 
infinite values of z. 

Moreover, because alr, Br,  .. ., X?r are the internal angles of the polygon, 
we have z (lr - UT) = 27r, 

so that Z (a - 1) = - 2, 

a relation among the constants a, @, ..., in the equation 

a - 1  h - 1 
dz z - a  

and each of the quantities a, 18, ..., h is less than 2. This equation*, when 
integrated, gives 

w = CJ(z - a>.-' (Z - b)P+ . . . (Z - l)A-l dz + C', 
where C and C' are arbitrary constants, determinable from the position of the 
polygon t. 

268. It may be remarked, first, that any three of the real quantities 
a, b, c, . . ., b can be chosen arbitrarily, subject to the restrictions that the 
points a, b, c, . . ., 1 follow in the same &der ;long the axis of z as the angular 
points of the polygon and that no one of the remaining points passes to 
infinity. For if three definite points, Say a, b, c, have been chosen, they can, 
by a real substitution 

* This relation, as is possible with many relations in conformal representation of areas, is 
made the basis of someinteresting applications in hydrodynamics, by Michell, Phil. Tram., (1890), 
pp. 389-431 ; and in conduction of heat, by Christoffel, l.c., p. 538, note. 

t This result was obtained independently by Christoffel and by Schwarz : I.G., p. 538, note. 
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where p, qJ r, s are real quantities satisfying ps - qr 1, be changed into 
other three, say a', b', c': and then, substituting 

and using the relation 2 (a - 1) = - 2, 

we have w = r j ( c -  a'Pp1(f;- b1)B-l .,. (f;-ll)A-idf:+C', 
where l? is a new constant. By the real substitution, the axis of real 
quantities is preserved : and thus the new form equally effects the conforma1 
representation of the polygon. 

But, secondly, i t  is to be remarked that when three of the points on the 
axis of x are thils chosen, the remainder are then determinate in terms of 
them and of the constants of the polygon. 

Note. The z-point at infinity has been excluded from being the homo- 
logue of one of the angular points of the w-polygon : but the exclusion is not  
necessary. 

If z = a, be the homologue of an angular point u, a t  which the interna1 
angle is prr, then proceeding as before, we have 

for points in the vicinity of u ; and therefore 
. l  1 + terms in >, z,,.... 

Let a, b, c, ..., k: be the homologues of the other vertices where the angles 
are a.rr, ,Br, . . . , n r  : then the function 

a - 1  p-1 K - 1  
dz ... z-k 

1 
is finite a t  a, b, . . ., 7c. The term in - in the fractional part is 

Z 

But p - 1 + 2 (a - 1) = - 2, so that the term is -. Hence the fuoction 
Z 

1 
for infinite values of z begins with - , and therefore i t  vanishes at  that point. 

z2 
It ha8 thus no infinities for any value of x :  being a uniform function, it is 
therefore a constant, which (owing to the value of the function for z = co ) is 
evidently zero : so that 

Hence, if one of the angular points of the polygon be made to correspond 
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to an infinite value of z, the equation which determines the conforma1 
representation is 

w = A J ( z  -a>.-l(z- b)@- l ... (Z-k)ï-ldz+B, 

where a - 1  +b- 1 +  ...+ K - l = - l + p ,  

pm- (usually equal to zero) being the interna1 angle a t  the vertex which has 
its homologue a t  infinity. 

269. The sirnplest example is that of a triangle of angles am-, Pm-, yn-, so 
that 

a + P + y = l .  

Then a particular function determining the conforma1 representation of this 
w-triangle on the half z-plane is 

so that 
dz 
- = (Z - ( Z  - b)'+ (Z - 
dw 

a differential equation of the class partially discussed in $ 246-252. 

For general values of a, P, y the integral-function w is an Abelian 
transcendent of some class which is greater than 1 : and then, after $ 110, 
239, z is no longer a definite function of w, and the path of integration must 
be specified for complete definition of the function. 

If a = 0, the only instance when the integral is a uniform function of w 
is when B = A, y = 8 : and then the function is singly-periodic (§ 252, III.). 
In such a case the w-figure is a strip of the plane of finite breadth, extending 
in one direction to infinity and terminated in the finite part of the plane by 
a straight line perpendicular to the direction of infinite extension. 

If no one of the quantities a, /3 ,~  be zero, then on account of the condition 
a + /3 + y = 1, the only cases when the integral gives z as a uniform function 
of w are as follows. I n  each case the function is doubly-periodic. 

(5 252, III., 10). . . (A)  : a=;, ,k? = $, y = 9 : an equilateral triangle. 

(ib., 9). . .(B) : a = 3, P = 4, y = 4 : an isosceles right-angled triangle. 

(ib., 8). . .(G) : a=+, 6 = 4, y = 6 : a right-angled triangle with one 
angle equal to hm-. 

The integral expressions for these cases have been given by Love*, who has 
also discussed a further case, (due to Schwarz, Ex. 3, § 252), in which z occurs 
as a two-valued doubly-periodic function of w ; the triangle is then isosceles 
with an angle of gm-, the values of a, B, y being a = 3 ,  P = 6 ,  y = #. 

Amer. Journ. of Math., vol. xi (1839), pp. 158-171. 
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The example next in point of simplicity is furnished by a quadrilateral, 
in particular by a rectangle : then 

a = P = r y = S = l -  2 - 
and the general form is 

w = J {(z - a)  (z - b) (z - c) ( z  - d))-4 dz, 

so that z is a doubly-periodic function of W. 

First, let it be a square: and choose oo , 1, O as points on the axis of 8 

corresponding to three of the angular points in order. The symmetry of the 
w-figure then enables us to choose - 1 as the remaining angular point. 

In  the vicinity of z = ic, we have 

a finite quantity, where x = 0, 1, - 1 in turn. 

For infinite values of z, we have 

where T is finite for z = ai : hence 

Hence the function 

is finite for z = 0, z = 1, z = - 1 : it is zero for z = oa : i t  is not infinite for 
any other point in the plane. It is a uniform function of z :  it is therefore a 
constant, equal to its value at  any point, say, a t  z= oa where it is zero: and so 

whence 

C a,nd C' being dependent upon the position and the magnitude of the 
w-square. 

Again, the half z-plane is transformed into the interior of a Z-circle, of 
radius 1 and centre the origin, by the relation 

a - z  Z=-. 
a+z 

Then except as to a constant factor, which can be absorbed in C, the integral 
in w changes to 
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so that, by the relation 

the interior of a 2-circle, centre the origin and radiiis 1, is the conforma1 
representation of the interior of some 
s&are in the W-plane. ~ e n o t i n ~  by 

L the integral A 
O (1 - dxP):' so that 2. c @ a  

is the length of a diagonal, the angular 
points of the square are D, A, B, C 
on the axes of reference: and these 

Fig. 94. 
become d, a, b, c on the circumference 
of the circle. They correspond to - 1, 0, 2 ,  co on the axis of ~ç in the 
representation on the half-plane. 

Ex. Shew that the area outside q square in the w-plane can be conformally repre- 
sented on the interior of a circle in the z-plane, centre the origin and radius unity, by the 
equation 

w=L; (1 +z4)&dz, 

the z-origin corresponding to  the infinitely distant part of the w-plane. (Schwarz.) 

Secondly, let the rectangle have uneyual sides. Then the symmetry of 
1 1 

the figure justifies the choice of -, 1, - 1, - - as four points on the axis of x k k 
corresponding to the angular points of the rectangle when i t  is represented 
on the half-plane. We thus have 

If the rectangle be taken so that its angular points are a, a + 2bi,  - a + 2bi, 
1 1  - a in order, these corresponding to 1, - - - - 1 respectively, then we have k '  k' 

O = a', 
a = CK, 

a+ 2bi =C(K+ZK1) ;  
so that the relation is 

and then 

whence 

where q is the usual Jacobian constant : this equation determines the relation 
between the shape of the rectangle and the magnitude of k. 

F. 35 
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In  the particular case when the rectangle is a square, we have b = a  and 
K' 1 so q = e-Zu, or - = 2 : and therefore* k. = 3 - d\/8 or - = 3 + dg. The differ- K Ic 

ence from the preceding representation of the square is that, there, the point 
z =  i was the homologue of the centre of the square, whereas now, as may 
easily be proved, the point z = i (dS + 1) is the homologue of the centre. 

But in the case of a quadrilateral in which such symmetrical forms are 
obviously not possible and, in the case of any convex polygon, only three points 
can be taken arbitrarily on the axis of x : the most natural three points to tske 
are O, 1, cri for three successive points. The values for the remaining points 
must be determined before the representation can be considered definite. 

Thus in the case of a quadrilateral, taking GO, 0, 1 as the homologues of 
1 D, A, R respectively and - as the homologue of C, 
P 

(where p < 1), the equation for conforma1 representation 
is 

W = Cu + C', 

If the w-origin be taken a t  A, and the real axis along AB, we have 
O = C', 

- 

beiT@+)= c l r  Xdz + C', 
1 

being the equations for the four angular points. They determine only three 
quantities Cl C: p, so that they coexist in virtue of a relation, which is in 
effect the relation between the sides and the angles of a quadrilateral. 

An equation to determine p is 
1 . p a x  = de".. 1 Xdx; 

O O 

the second equation serves to determine Cl becaiise C = 0. 
The equation determining p can be modified as followst, so as to  be expressed 

in terms of the hypergeometric series. 

* This is derived at once by means of the quadric transformation in elliptic functions. 
t For the analytical relations in reference ta the definite integrais, see Goursat, 'LSur 

l'équ?tion différentielle linbaire qui admet pour intégrale la série hypergéométrique," Ann. 
de CEc. Nom. Sup., 2- Sér., t. x, (1881), Suppl., pp. 3-142; and for the relations between the 
hypergeometric series, see my Treatise on Dimential Equations, pp. 192-201, 232, 233, the 
notation of which is here adopted. 
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Let deiua=X, so that the equation is 
a 

Now to compare. these integrals with the definite integrals which are the solution 
the differential equation of the hypergeometric series, we take 

a'=l-y, @=a, y1=a+8, 

so that x = g ' - l ( l  -x)~'-@'-l (l -p)-a'. 

And a1>O<1, y'-@>O, a t + l -  yr=2-y-a-fi=6>0, 

so that, as  p<l ,  the definite intcgral is finite a t  al1 the critical points. 

We have 

Xdx = r (p? r (Y' - 8') F (a,, ,,y, y>, r (Y') 
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and the coefficient of Y, can be proved* equal to  

so that Fa - -- Pb, l -a ,y+8,d  . 
Y4 F{y,l-a,Y+P,1-d' 

and therefore an equation to determine p is 

Es. A regular polygon of n sides, in the lu-plane, has its centre a t  the origin and one 
angular point on the axis of real quantities a t  a distance unity from the origin. Shew that 
its interior is conformally repreaented on the interior of a circle, of radius unity and centre 
the origin, in the z-plane by means of the relation 

270. I t  is natural to consider the form which the relation assumes when 
we pass from the convex polygon to a convex curve, by making the number 
of sides of the polygon increase without limit. The external angle between 
two consecutive tangents being denoted by d+, and the interna1 angle of the 
polygon at  the point of intersection of the tangents being fn-, we have 

,i-- En- =d+, 

so that 

Let x be the point on the axis of real quantities, which corresponds to this 
angular point of the polygon ; then the limiting form of the relation 

a - 1  - log- =z- 
dz(  3 z - a  

where x is the point on the real axis in the z-plane corresponding to the 
point on the w-curve a t  which the tangent makes an angle lJF with some 
fixed line, and the integral extends round the curve, which is supposed to be 
simple (that is, without singular points) and everywhere convex. 

The disadvantage of the form is that x is not known as a function of 1JF, 
and its chief use is to  construct curves such that the contour is conformally 
represented, according to any assigned law, along the axis of real quantities 

In reducing the coefficients to these forma, limiting cases (such as p + y = 1) of the quadri- 
lateral are excluded. 
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in the z-plane. The utility of the form is thus limited: the relation is not 
available for the construction of a fiinction by which a given convex area in 
the w-plane c m  be conformally represented on the half of the z-plane? 

Ex. Let x=tan ++ : then taking the integral from - s to  + r, we have 

The integral on the right-hand side is 

and therefore 

which, on further integration, leada to the ordinary expression for a circle on a half- 
plane. 

271. I n  regard to the conforma1 representation on the half of the z-plane 
of figures in the w-plane bounded by circular arcs, we proceedt in a manner 
sirnilar to that adopted for the conforma1 representation of rectilinear polygons. 

I t  is manifest that, if u = f (z) determine a conforma1 representation on 
the z-plane of a w-polygon bounded by circular arcs and having assigned 
angles, then 

where A, B, C, D may be taken subject to the condition AD - BC= 1, will 
represent on the half z-plane another such polygon with the same assigned 

* See Christoffel, GBtt. Nachr., (1870), pp. 283-298. 
t For the succeeding investigations the foliowing authorities may be consulted :-- 

Schwarz, Ges. Werke, t. ii, pp. 78-80, 221-259. 

Cayley, Camb. Phil. Tram.,  vol. xiii, (1879), pp. 5-35. 
Klein, Vorlesungen über dm Ikosaeder, Section I., and partioularly pp. 77, 78. 
Darboux, Théorie générale des surfaces, t .  i, pp. 180-192. 
nein-Fricke, Theorie der elliptischen Modtilfunctionea, t. i, pp. 93-114. 
Goursat, I.c., p. 546, note. 

IRIS - LILLIAD - Université Lille 1 



550 SCHWARZIAN DERIVATIVE [271. 

angles : for the hornographic transformation, preserving angles unchanged, 
changes circles into circles or occasionally into straight lines. Hence, as 
in 5 264, when the transforming function iFi being obtained, i t  is to be expected 
that i t  will be such as to admit of this apparent generality : and therefore, 
since 

Iw, z} = {u., 4, 
where {w, z} is the Schwarzian derivative, 'it follows that, in. obtaining the 
conforma1 representation of a jigure bounded by circular arcs, the function to 
be constructed is  

w'" 
S= {w, z}  =- -. . 

w ' 
We.proceed as in the case of the rectilinear polygon and find'the form of 

the appropriate function in the vicinity of points of various 
kinds. But one immediate simplification is possible, which B 

enables us to use some of the earlier results. - - L C  
Let C be an angular point, CA and CB two circular 

arcs, one of which may be a straight line: if both were 
A 

straight lines, the modification would be unnecessary. In- Fig. 96. 

vert the figure with regard to the other point of intersection 
of CA and CB: the two circles invert into straight lines cutting a t  the same - - 
angle PT. Take the reflexion of the inverted figure in the axis of imaginary 
quantities: and make any displacement parallel to the axis of real quantities: 
if W be the new variable, the relation between w and W is of the form 

where ad - bc = 1 ; and therefore 

{ w, z) = 1% z}. 
Consider the function for the W-plane. Let l? be the point corresponding 

to C, an angular point of the polygon, having z = c as its homologue on the 
axis of x, account being taken of the possibility of having c = co ; let P be any 
point on either of the straight lines corresponding to a point on the contour 
of the polygon not an angular point, having z  = b as its homologue on the 
axis of x. If a contour point not an angular point have z=oo as its 
homologue on the axis, denote i t  by B'. 

Then for the vicinity of P, we have (as in 5 267) a relation of the form 
W-p=&+@ ( z -  b)  P ( z -  6 ) :  

dW log - = const. + log Pl (2 - b),  
dz 

where P, is an integral function of z  -b, converging for sufficiently small 
values of lz - b 1. 
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For the vicinity of @, we have similarly 

and therefore 
Q ( )  tQ?(') 

{W,z)=,  --- 
QI (i) Q: (A) '1 :l 

where Q, does not vanish for z = m. 

In  the vicinity of the angular point r, having a finite point on the axis of 
x for its homologue, we have 

W - r = ei"+@ (Z - c)' R (z  - c), 

and, proceeding as before, we find that 

where Co depends on the coefficients in the series R (z - c). 

But if the angular point I' have the point at  infinity on the axis of x for 
its homologue, we have 

then, proceeding as before, we find that 

where ir, - does not vanish when z = oo . (3 
Lastly, for a point W' in the interior having its homologrie at  z = z', we 

have 
W- W'=(z-z')S(z-z'), 

and then { W, z )  = S, (z - 2'). 
Hence { W, zj, considered as a function of z, has the following properties :- 

(i) It is an analytical function of z, real for al1 real values of the 
argument z ; and if LE = oo do not correspond to an angular 
point of the polygon, then for very large values of z 

where Q, is finite when z =  m. 
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(ii) It has a finite number of accidental singularities, al1 of them 
isolated points on the axis of x :  and at al1 other points on one 
side of the plane i t  is uniform finite and continuous, having 
(except at  the accidental singularities) real continuous values 
for real continuous values of its argument. I t s  form near the 
singularities, and its form for infinitely large values of z, if 
z = oo be the homologue of an angular point, are given above. 

Hence {W, z} can be continued across the axis of x, conjugate values of 
( W, a} corresponding to conjugate values of z : and thus its properties make 
it an algebraical rational meromorphic function of z. 

Two cases have to be considered. 

First, let the angular points of the polygon have their homologues at  
finite distances from the z-origin, say, a t  a, b, ..., 1 : and let UT, BT, ..., XT be 
the internal angles of the polygon at  the vertices. Then 

A 1 - a2 
{W,z}-2--42--- 

z - a  (Z - a)2 

has no infinity in the plane ; i t  is a uniform analytical function of z, and 
must therefore be a constant, which, by the value a t  z =  w , is seen to be 
zero. Hence 

A, 1 - a4 (W, z}  = 2 -- - 2 J(z  j, 
Z - a  +'am -- 

the summation being for the homologues of al1 the angular points of the 
polygon. But when z is very large, we have, in this case 

1 
so that, expanding 2 J ( z )  in powers of - and comparing with the latter form, 

Z 

we have, on equating coefficients of z-l, @, z-3, 

O=CAo, 

O = d A , a + + I :  ( 1  - a2), 

O = CAoa2 + Ca (1 - a2), 

relations among the constants of the problem. 

Secondly, let one angular point, say a, of the polygon have its homologue 
on the axis of x at  infinity, and let MT be the internal angle a t  a : and let the 
homologues of the others be b, ... ,k, 1, the internal angles of the polygon 
being PT, ..., KT, XT. Then the function 

Bo {W,z}-2---  1-P" 
z -b  t r n ( p j i  
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has no infinity in the plane: it is a uniform analytkal function of z, and 
must therefore be a constant, Say M ;  thus 

But, when z is very large, we have 

because x = co is the homologue of the vertex a of the polygon, the angle 

there being a 9  : and T - does not vanish when z = m.  Hence, expanding ci  
l in powers of - and comparing coefficients, we have 
z 

M = O ,  

ZB, = 0, 

+Z(l-/32)+ZB,b=&(1-a2), 

so that Bo 1 - {W,.z)=Z- , ~ - b + ~ ' m  = 2 1  (z), 

where the suinmation is for the homologues of al1 the angular points other 
than a, and the constants are subject to the two conditions 

ZB, = 0, 

ZBob=4(1-a2)-&Z(l-@).  

The form of the function [TV, z)  is thus obtained for the two cases, the 
latter being somewhat more simple than the former: and the exact expansion 
of W in the vicinity of a singular point can be obtained with coefficients 
expressed in terrns of the constants. 

272. In  either case the equation which determines W is of the third 
order: but the determination can be simplified by using a well-known 
property of linear differential equations*. If y, and y, be two solutions 
of the equation 

the quotient of which is equal to the quotient of two solutions of 

dP where I =  & - - - P, being the invariant of the equation for linear trans- 
dx 

formation of the dependent variable, and where Y/y = esPdx, then the equation 
satistied by 6, = y,/y,, is 

is, a] = 21. 

" See my Treatise on Diferenlia1 Equations, pp. 89-93. 
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Hence for the present case, if we can determine two independent solutions 
2, and 2, of the equation 

for the first case, or two independent solutions of the equation 

for the second case, then 
A2, + sz2 

W =  Qzl+ 0 2 2  

is the general solution of the equation 

{W, Z} = 2J(z) or 21(2), 

and therefore is the function by which the curvilinear w-polygon is conform- 
ally represented on the z-half-plane. 

273. As a first example, consider the w-area between two circular arcs 
which cut a t  an angle kn-. The z-origin can be conveniently taken as the 
homologue of one of the angular points : and the z-point at  infinity along the 
axis of x as the homologue of the other. Then we have J 

provided A=O, A.O=+(l-k2)-&(1-X2), 

both of which conditions are satisfied by A = 0 ; and so 

The linear diffèrential equation is 

and therefore the general solution for W is 

The (three) arbitrary constants can be determined by making z = 0 and 
z = oo correspond to the angular points of the crescent, and the direction of 
the line z = z, (which is the axis of x) correspond to one of the circles, the 
other of the circles being then determinate. 

If the w-circles intersect in - i (the homologue of the z-origin) and + i  
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273.1 CURVILINEAR TRIANGLE 555 

(the homologue of x = ca), and if the centre of one of the circles be a t  
the point (cot a, O), then the relation is 

where c is an arbitraiy constant, equivalent to the possible constant magnifi- 
cation of the z-plane without affecting the conforma1 representation: it can 
be determined by fixing homologous points on the contour of the crescent. 

More generally, if the w-circles intersect in wl and w,, respectively homo- 
logous to z = O and z = oo , then 

w-w, z"=K - 
w-w, 

is the form of the relation. 

Evidently a segment of a circle is a special case. 

274. Next, consider a triangle in the w-plane formed by three circular 
arcs and let the interna1 angles be h ~ ,  PT,  VT.  The homo- 
logue of one of the angular points, sa7 of that a t  PT, can be 
taken a t  z  = ao ; of one, Say of that a t  XT, at the z-origin ; and of 
the other, say of that a t  U T ,  at  a z  = 1 : al1 on the axis 
of x. Then we have 0 v ?r B C l - h a  1-va 

2 ~ = -  z + - + f  2 - 1  +arn,  Fig. 97. 

where the constants B and C are subject to the relations 

so that - B = G = + ( h 2 - p 2 + ~ 2 -  l ) ,  
and therefore 

1-X2 1 - v a  h 2 - p 2 + v 2 - 1  
1 (2)  = f - 

z2 +$- + f  ( z - 1  . 
But I ( z )  is the invariant of the differential equation of the hypergeometric 
series* 

provided h2 = ( 1  - y>", pa = ( a  - p)2, va = (ry - a - p)a ; 
80 that, if 2, and 2, be two particular solutions of this equation, the function 
which gives the conforma1 representation of the w-triangle on the z-half- 
plane is 

* Différentia1 Equations, p. 188. 
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The transforming function thus depends upon the solution of the differential 
equation of the hypergeometric series, and for general values of )L, v 
which are > O < 1 we shall obtain merely general values of a, p, y; hence 
the transforming function will be obtained as a quotient of two particular 
solutions of the equation of the series. Now according to the magnitude of 
121, these solutions, which are in the form of infinite series, change : and thus 
we have w equal to an analytical function of z, which has different branches 
in different parts of the plane. 

The distribution of the values z = 0, 1, 03 as the homologues of the three 
angular points was an arbitrary selection of one among six possible arrange- 
ments, which change into one another by the following scheme :- 

The quantities in the first row are the hornographic substitutions, conserving 
the positive half-plane and interchanging the arrangements. 

These substitutions are the functions of z subsidiary to the derivation of 
Kummer's set of 24 particular solutions of the equation of the hypergeometric 
series. 

Ex. Take the case when two of the angles of the triangle are right, say II=&, p=S, 
1 

X = - .  Then, when n is finite*, a transforrning relation is 

and, when n is infinite, a transforming relation is 

obtainable either as a limiting form of the above, or by means of the solutions P (O, a y, z )  

and P(u, 8, a + 8 - y + 1, 1 - z) of the differential equation of the hypergeometric series. 
In the respective cases the general relations, establishing the conformal representation, are 

and 
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The three circles, arcs of which form the triangle, divide the whole of the 
w-plane into eight triangles which can be arranged 
in four pairs, each pair having angles of the sarne 
magnitude. Thus 

D, D' have angles hi-, ~ I T ,  VIT, 
8 , A '  B, B' ............ h r , ( l - p ) r , ( l - v ) ~ ,  @ h+ O,.-. 

............ (1 - X) r ,  (1 - v) IT, 
and C, C' ............ (1-X)T, (1 -/L)T, UT; B' 
and when any one of the triangles is given, i t  
determines the remaining seven. It is convenient Fig. 98. 

then to choose that one which has the sum of its angles the least, Say the 
triangle of reference : let i t  be D. Unless X, p, v, each of which is > O < 1, be 
each = &, then h + p + v < 4. 

We have already, in part, considered the case in which h + p + v = 1. 
For, when this equation holds, inversion with the other point having XT for 
its angle as centre of inversion, changes* D into a triangle bounded by 
straight lines and having k r ,  ,UT, VIT as its angles; and therefore, in that 
case, the problem is merely a special instance of the representation of a 
w-rectilinear polygon on the z-half-plane. 

But there is a very import,ant difference between the cases for which 
h + p + v < 1 and those for which 1 + p + v > 1 : in the former, the ortho- 
gonal circle (having its centre a t  the radical centre of the three circles) is real, 
and in the latter it is imaginary. The cases must be treated separately. 

275. First, we take X + p + v < 1. Then of the two triangles, which 
have the same angles, one lies entirely within the orthogonal circle and the 
other entirely without it ; and each is the inverse of the ot,her with regard to 
the orthogonal circlef-. Let inversion with regard to the angular point hrr in 
A take place: then the new triangle is bounded by two straight lines cutting 
at  an angle h~ and by a circular arc cutting them at  
angles p r  and VT respectively, the convex side of the 
arc being turned toivards the straight angle. The 
new orthogonal circle is the inverse of the old and its Ac 
centre is A,  the angular point at  AT; its radius is the 
tangent from A to the arc CB, and therefore i t  com- A B 

pletely inclildes the triangle ABC. Fig. 99. 

The homologue of A is, as before, taken to be the z-origin 0, that of C to 
be the point z = 1, say c, and that of B to be z = KI on the axis of x, Say b for 
+ KI and b' for - KI . 

* The figure in the text doea not apply to this case, becanse, as may easily be proved, the three 
&les mnat meet in a point. 

t For the general propertiea of such ayatems of circles, see Lachlan, Q w i ~ t .  Journ. Math., vol. 
xxi, (1886), pp. 1-59. 
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Suppose that we have a representation of the triangle on the positive 
half-plane of z. The function {w, z}  can be continued across the axis of x 
into a negative half-plane, if the passage be over a part of that axis, where 
the function is real and continuous, that is, if the passage be over Oc, or over 
cb, or over b'O ; and theïefore w is defined for the whole plane by lw, z] = 21(2), 
its branch-points being O, c, 6. Any branch on the other side, say w,, will 
give, on the negative half-plane, a representation of a triangle having the 
same angles, bounded by circular arcs orthogonal to the sarne circle, and 
having O, c, b for the homologues of its angular points. Thus if the con- 
tinuation be over cb, the new w-triangle has CB common with the old, and 
the angular point A' lies beyond CB from A. 

To obtain the new triangle A'CB geometrically, i t  is sufficient to invert 
the triangle ACB, with regard to the centre of the circular arc CB. This 
inversion leaves CB unaltered; it gives a circular arc CA' instead of CA 
and a circular arc BA' instead of BA : the angles of A'CB are the same as 
those of ACB. Since the orthogonal circle of ACB cuts CB a t  right angles 
and CB is inverted into itself, the orthogonal circle is inverted into itself; 
therefore the triangle A'CB has the same orthogonal circle as the triangle 
A CB. 

The branch w,, by passing back across the axis round a branch-point into 
the positive half-plane, leads to a new branch w,, which gives in that half-plane 
a representation of a triangle, again having the angles AT, pi-, UT and having 
O, c, b for the homologues of its angular points. Thus if the passage be 
over Oc, the new w-triangle has A'C common with A'CB and the angular 
point B" lies on the side of CA' remote from B :  but  if the passage be 
over cb, then we merely revert to the original triangle CAB. The new 
triangle has, as before, the same orthogonal circle as A'CB. 

Proceeding in this way by alternate passages from one side of the 
axis of x to the other, we obtain each time a new w-triangle, having one side 
common with the preceding triangle and obtained by inversion with respect 
to the centre of that common side: and for each triangle we obtain a new 
branch of the function w, the branch-points being O, 1, m. If, by means of 
sections such as Hermite's (§ 103), we exclude al1 the axis of x except the part 
between two branch-points, the function is uniform over the whole plane thus 
bounded. 

Al1 these triangles lie within the orthogonal eircle, and they gradually 
approach its circumference: but as the centres of inversion always turn that 
circle into itself, while the sides of the triangle are orthogonal to it, they do 
not actually reach the circumference. The orthogonal circle forms a natural 
limd (5 81) to the part of the w-plane thus obtained. 
Ex. Shew that all the inversions, necessary to obtain the complete system of triangles, 

can be obtained by combinations of inversions in the three circles of the original triangle. 
(Buniside.) 

IRIS - LILLIAD - Université Lille 1 



275.1 FOR CURVILINEAR TRIANGLE 559 

Each of the triangles, thus formed in successive alternation, gives a 
w-region conformally represented on one half or on the other of the z-plane. 
If, then, the original triangle be combined with the first triangle that is 
conformally represented on the negative half-plane, eveq  other similar 
combination may be regarded as a symmetrical repetition of that initial 
combination: each of them can be conformally represented upon t,he whole 
of the z-plane, with appropriate barriers along the axis of x. 

The number of the triangles is infinite, and with each of them a branch 
of the function w is associated: hcnce the integral relation between w 
and z which is equivalent to the differential relation {w, z) = 2 1  (z), when 
h + p + v c 1, is transcendental in W. 

In the construction of the successive triangles, the successive sides passing 
through any point, such as C, make the same angle each with its predecessor: 
and therefore the repetition of the operation will give rise to a number of 
triangles at  C each having the same angle XT. 

If be incommensiirable, then no finite nuinber of operations will lead to 
the initial triangle : each operation gives a new position for the homologous 
side and ultimately the w-plane in this vicinity is covered an infinite number 
of times, that is, we can régard the w-surface as made up of an infinite 
number of connected sheets. 

If be commensurable, let i t  be equal to 1/2', where 1 and 1' are integers, 
prime to each other. When 1 is odd, 21' triangles will fill up the w-space 
immediately round C, and the (21' + 1)th triangle is the saine as the first : but 
the space hm been covered 1 times since %'AT = 2 1 ~ ,  that is, in the vicinity of 
C we can regard the w-surface as made up of 1 connected sheets. When 1 is 
even (and therefore l' odd), 2' triangles will fill up the space round C corn- 
pletely, but the (Z'+ l ) th triangle is not the same as the first : i t  is necessary 
to fil1 up the space round C again, and the (21' + 1)th triangle is the same as 
at first ; the space has then been covered Z times, so that again the w-surface 
can be regarded as made up of 1 connected sheets. The simplest case is 
evidently that, in which h is the reciprocal of an integer, so that 1 = 1 ; 
and the w-surface inust then be regarded as single-sheeted. 

Similar considerations arise according to the values of p and of v. 

If then either A, p, or v be incommensurable, the number of w-sheets is 
unlimited, that is, z as a function of w has an infinite number of values, or the 
equation between z and w is transcendental in z. Hence, when h + p + v < 1 
and either h or p or v is incommensurable, the integral relation between w and 
z, which is equiualent to the diferential relation {w, z )  = 2 1  (z), is transcend- 
enta1 both in w and in z. 

If al1 the quantities X, p, v be~commensurable and have the forms 1/1', 
mlm', nln', fractions in their lowest terms, and if N be the least common 
multiple of 1, m, a, then the number of w-sheets is N, that is, z as a function 
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of w has N values and therefore the equation between z and w is algebraical 
in z, of degree N. Hence, when h + + v < 1  and 5 p, v have the forms of 
fractions in their lowest terms, and i f N  be the least common mz~ltiple of their 
~zumerators, the integral relation between w and z equivalent to the diferenticil 
relation 

{w, z}  = 21 (2) 
i s  an algebraical equation of degree N in z, the coe$îcients of which are 
transcendental functions of W. 

The simplest case of al1 arises when h, p, v are the reciprocals of integers: 
for then N =  1  and z is a uniform transcendental function of w, satisfying 
the equation 

{w, z}  = 2r (2) ; 
or, making z the dependent and w the independent variable, we have the 
result :- 

A function z that satisjies the equation 

1 1 1  
where 1,7n, n are integers, such that - + - + - < 1, is a uniforrn transcendentd 

l m n  
function of W. 

Restricting ourselves to the la& caee, merely for simplicity of explanation, 
i t  is easy to see that the whole of the space within the orthogonal circle is 
divided up into triangles, with angles AT, PT, UT bounded by circular arcs 
which cut that circle orthogonally : and, by the inversion which connects the 
space external to the circle with the interna1 space, the whole of the outside 
space is similarly divided. Moreover, it has been seen that every triangle 

a w + b ,  can be obtained from any one by some substitution of the form w, =1-. 
c,w + d, ' 

therefore the division of the interior of the circle into triangles is that 
which is considered, in the next chapter, for the more general case of division 
into polygons, the orthogonal circle of the present case being then the 
' fundamental ' circle. The uniforrn transcendental function of w is therefore 
automorphic : the infinite group of substitutions is that which serves to 
transform a single triangle into the infinite number of triangles within the 
circle *. 

One or two special cases need merely be mentioned. 
I f  any one of the three quantities X, p, v be zero and if X+ p + v is 

not equal to unity, the triangle can be included under the general case 
just treated. For let h = 0, and suppose that p + v is not greater than unity : 

The figure for the example v = + ,  pz: ,  A=: is given by Bchwarz, Ges. Werke, t. ii, p. 240 ; 
and the figure for the exarnple v =  i, p=Q, X= j is given in Klein-Fricke (p. 370) ; both of course 
satisfying the conditions A + p + v <  1. 
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if p + v were greater than unity, the triangle would be a particular instance 
of the class about to be discussed. The division of the area within the 
(real) orthogonal circle is of the same general character as before: a 
particular illustration is provided by the division appropriate to the 
elliptic modular-functions, for which = a, v = 5 (5 284). When two 
triangles, one of which is obtained from the other by continuation in the 
z-plane across the axis of real variables, are combined, they give a w-space 
(corresponding to the whole of the z-plane) for which X = O, = $, v =&. 
Since the orthogonal circle is real, i t  forms a natural limit to these spaces; 
when i t  is transformed into the axis of real variables in the w-plane by 
a homographie substitution, the positive half of the w-plane is divided as 
in figure 108 (p. 590). 

The extreme case of the present class, for which X + p + v is less than 
unity, ia given by h  = O ,  = 0, v = O : the triangle is then the area between 
three circles which touch one another. Reverting to the differential equa- 
tion of the hypergeometric series, we have y = 1, a = P = 4 ; the equation is 

which is the differential equation of the Jacobian quarter-periods in elliptic 
fixnctions with modulus equal to zt. If 

or, more generally, 

a relation between w and z which gives the conforma1 representation of the 
w-t,riangle upon the z-half-plane. 

276. We now pass to the consideration of the case in which the triangle 
with angles AT, PT, UT has no real orthogonal circle: the other associated 
triangles have therefore not a real orthogonal circle. In  this case, the sum of 
the angles of the triangle is greater than T, so that we have 

h .+p+v> l  from the pair D and D', 

-h+p+v<  1 from the pair A and A', 

h-p+v< 1  from the pair B and B', 

X + p - Y < 1  from the pair C and C', 

as the conditions which attach to the quantities h, p, v. As before, we invert 

F. 3 6 
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with respect to the angular point XT in A : then the new triangle D is 
bounded by two straight lines and a circle, the 
intersection of the lines being in the interior of the 
circle, because the orthogonal circle is imaginary. 
Let d be distance of L from the centre of the 
circle, B the angle OLN, r the radius of the circle : 
then 

ds inû=- rcosvr ,  ds in(Xr-O)=-rcosp~,  

which determine d and 8. Let R? = 9 -da, so that 
ZR is the radius of the (imaginary) orthogonal circle. 

@' 
Fig. 100. 

With L as centre and radius equal to R describe a sphere: let P be 
the extremity of the radius through L perpendicular to the plane. Then P 
can be taken as the centre for projecting the plane on the sphere stereo- 
graphically*; so that, if Q be a point on the plane, Q' its projection 
on the sphere, PQ. PQ' = ZR? The projection of LN is a great circle 
through P ,  the projection of LM is another great circle through P in- 
clined at  A r  to the former: and since P O  is equal to the radius of the 
plane circle, so that its diameter subtends a right angle at P, the stereo- 
graphic projection of that plane circle is a great circle on the sphere, 
making angles UT and PTT with the former great circles. There is thus, 
on the sphere, a triangle bounded by arcs of great circles, that is, a 
spherical triangle in the ordinary sense, whose angles are XT, PT, UT: and 
this spherical triangle is conformally represented on the z-half-plane, its 
angular points L, N, M finding their homologues in z = 0, 1, ca respectively. 

Just as in the former case, the successive passages, backwards 
and forwards across the z-axis, give in the w-plane new triangles with 
angles XT, PT, PT, a11 with the same imaginary orthogonal circle of 
radius ZR and centre L :  each of these, when stereographically projected 
on the sphere with P as the centre, becomes a spherical triangle of angles 
XT, PT, UT bounded by arcs of great circles, every triangle having one side 
common with its predecessor : and the triangles are equal in area. 

Moreover, the triangles thus obtained correspond alternately to the 
positive half and the negative half of the z-plane : and it is convenient to 
consider two such contiguous triangles, connected with the variable w, 
as a single combination for the purposes of division of the spherical 
surface, each combination corresponding to the whole of the z-plane. 

The repetition of the analytical process leads to the distribution of the 
surface of the sphere into such triangles: and the nature of the analytical 
relation between w and z depends on the nature of this distribution. 

If X, p, or v be incommensurable, then the number of triangles is 
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infinite, so that the relation is transcendental in w :  and the surface of 
the sphere is covered an infinite number of times; that is, corresponding 
to z there is an infinite number of sheets, so that the relation is trans- 
cendental in z. Thus, when X + p + v is greater than 1 and any one of 
the three quantities XI p, v is incommensurable, the integral relation 
between w and z, which is equivalent to 

{w, z} = 2 1  ( 4 ,  
is transcendental both in w and in z. 

If the quantities A, p, v be commensurable, the simplest possible 
cases arise in connection with the division of the surface by the central 
planes associated with the inscribed regular solids. These planes give the 
divisions into triangles, which are equiangular with one another. 

First, suppose that the spherical surface is divided completely and 
covered only once by the two sets of triangles, corresponding to the upper 
half and the lower half of the z-plane respectively. One of the sets, say 
N in number, will occupy one half of the surface in the aggregate: and 
similarly for the other set, also N in number. Hence 

R2 (A + p + v - 1) T = the area of a triangle 

- (area of a hemisphere), -z 
so that 

2 
X + p + v - 1 = -  N' 

Then, in passing round an angular point, Say AT, the triangles will 
alternately correspond to the upper and the lower halves: hence, of the 
whole angle 27r, one half will belong to one set of triangles and the 
other half to the other set. Hence rr + hn- is an integer, that is, X is the 

1 
reciprocal of an integer, say -. Similarly for p, which must be of the form 

1 
1 1 -. and for v, which must be of the form -; where rn and n are integers. 
172' 12 

The only possible solutions of this equation are 

(I.)* A = + ,  p = + ,  n=anyinteger, N = 2 n ;  

(II.) A = & ,  p = $ ,  v = $  , N = 1 2 ;  
(IV.) A=*, p = $ ,  v = l  4 , N = 2 4 ;  
(VI.) A = * ,  p = & ,  v = +  , N =  6 0 .  

277. I n  each of these cases there is a finite number of triangles : with 
each triangle a branch of w is associated, so that there is only a finite number 

The reason for the adoption of these nnmbers to distinguish the cases will appear later, in 
$279. 

36-2 
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of branches of ,w : the sphere i~ covered only once, and therefore there is only 
a single z-sheet. Hence the integral relation between w and z is of the first 
degree in z : and i t  is algebraical in w, of degrees 211, 12, 24, 60 respectively. 

The regular solids, with which these sets of triangles are respectively 
associated, are easily discerned. 

1 1. We have X, p, v = +, a, -. The solid is a double pyramid, having 
n 

its summits a t  the two poles of the sphere: the 
conimon base is an equatorial polygon of 2n sides : 
the sides of the various triangles, in the division of 
the sphere, are made by the half-meridiaus of longi- 
tude, through the angular points of the polygon 
from the respective poles to the equator, and by arcs 
of the equator subtended by the sides of the polygon. 

II. We have X, p, v = a, &, Q. The solid is the 
tetrahedron; and the division of the surface of the Fig. 101. 
sphere, by the p h e s  of symmetry of the solid, into 
24 triangles, 12 of each set, is indicated, in fig. 102, on the (visible) half of 
the sphere, the other (invisible) half of the sphere being the retlexion, through 
the plane of the paper, of the visible half 

The angular summits of the tetrahedron are T, the middle points of its 
edges are S, the centres of its faces are F: al1 

S 
projected on the siirface of the sphere from 
the centre. If desired, the suminits of the 
tetrahedron may be taken a t  P: the centres 
of the faces are then T. 

Each of the angles at  T is @ : each of the 
angles a t  P is g r :  each of the angles a t  S 
is 4 ~ .  

The shaded triangle8 (only six of which 
are visible, being half of the aggregate) corre- 
spond to one half of the z-plane; and the un- 
shaded triangles correspond to the other half s 

of the z-plane. Fig. 102. 

IV. We have A, p, v = +, &, 4. The solid is the cube or the octahedron. 
These two solids can be placed so as to have the same planes of symmetry, by 
making the centres of the eight faces of the octahedron to be the summits of 
the cube. In the figure (fig. 103), the points O are the summits of the 
octahedron : the points C are the summits of the cube and the centres of the 
faces of the octahedron : and the points S are the middle points of the edges : 
al1 projected from the centre of the sphere. 
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The shaded triangles (the visible twelve being one half of the aggregate) 
correspond to one half of the z-plane; the unshaded triangles correspond to 
the other half of the z-plane. 

n 

O 
Fig. 103. 

Each of the angles at O is Ir: each of the angles at C' is +T : each of the 
angles a t  S is BIT ; and it may be noted that the triangles COQ are the 
triangles in the tetrahedral division of the spherical surface, the point O in 
the present triangle COC being the point S in a triangle STF and the 
two points C being the points F and T in the former figure (fig. 102). 

VI. We h a v e ~ , p , ~ = & ,  4,;. 

112 

Fig. 104. 
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The solid is the iwsahedron or the dodecahedron. These two solids can 
be placed so as to have the same planes of symmetry, by making the centres 
of the twenty faces of the icosahedron the vertices of the dodecahedron. In 
the figure (fig. 104) the vertices of the icosahedron are the points 1: those 
of the dodecahedron are the points D : and the niiddle points of the edges are 
the points S. The shaded triangles (the visible thirty, six in each lune 
through a vertex of the icosahedron, being one half of their aggregate) 
correspond to one half of the z-plane: the unshaded triangles, equal in 
number and similarly distributed, correspond to the other half of the z-plane. 
The angles a t  the vertices I of the icosahedron are &T; those at the vertices 
D of the dodecahedron are 3%-; and those a t  the middle points X of the edges 
(the same for both solids) are 4%-. 

278. Having obtained the division of the surface, we now proceed to 
determine the functions, which establish the conforma1 representation. 

I n  al1 these cases, z is a uniform algebraical function of w : therefore - 
when we know the zeros and the infinities of z as a function of w, each in its 
proper degree, we have the function determined Save as to a constant factor. 
This factor can be determined from the value of w when z= 1. 

The variable w belongs to the stereographic projection of the point of the 
spherical surface on the equatorial plane, the south pole being the pole of 
projection. If X, Y, Z be the coordinates of the point on the spherical 
surface, the radius being unity, then 

X+ZY 
&y=- 

1 + Z  ' 
For a point in longitude 1 and latitude +T- 6, we have X = cos 1 sin 8, 
Y= sin 1 sin 6,Z= cos 6 : so that, if preferable, another form for w is 

w=eiz taniS. 
I n  Our preceding investigation, the angle at  Xrr was made to correspond 

with z = O, that at  UT with z = 1, that a t  prr with z = m. 

2%- 47r 
For the angular points p%- we have 6 = 4%- ; 1 = O - - , . . . , each point 

' 1 2 '  n 
belonging to two triangles of the same set, that is, triangles represented on 
the same half of the plane: thus the various w-points in the plane are 

2%-i -+ 
e n  , 

for r = 0, 1, . . ., n - 1, each occurring twice. Hence z = ca , when the function 
s-1 Z r i  
Il (W- enr), 

r=o 

vanishes, that is, z =  a;, when (wn - 1)2 vanishes. 
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.rr 3m- 57r For the angular points UT, we have 6 = ?p ; 1 = - - - , . . ., each 
n ' n ' n  

point belonging to two triangles of the same set : thus the various w-points in 
the plane are 

for r =O,  1, . . ., n - 1, each occurring twice. Hence z = 1, when the function 

vanishes, that is, z = 1, when (wn + 1)a vanishes. 

Now e is a uniform function of w : hence we can take 

where K is a constant, easily seen to be unity : because, when w = O (corre- 
sponding to the common vertex hrr at  the North pole) and when w = oa (corre- 
sponding to the common vertex h7r at  the South pole), z vanishes, as required 
The relation is often expressed in the eqiiivalent form 

z : z - 1 :  1 = - 4 ~ ~ : - ( w " + l ) ~ : ( w ~ - l ) a ,  

which gives the conformation on the half z-plane of a w-triangle bounded by 
5- 

circular arcs, the angles being -, &T, +rr. The simplest case is that in 
n 

which the triangle is a sector of a circle with an angle a t  the centre. 
.n 

The preceding relation is a solution of the equation 

1 If we choose h = +, p = +, v = - ; so that z = O, when (wn + 1)2 vanishes, 
n 

z = ai , when (wn - l )a  vanishes, and z = 1, when wn vanishes, the relation 
establishing the conforma1 represeutation will be 

z : z - 1 :  l = ( ~ n + 1 ) ~ : 4 w ~ : ( w ~ - l ) a :  

this relation is a solution of the equation 

Case II. We take h = 4 ; so that z = 0 must give the points S, each of 
them twice, since there are two triangles of the same set at  S:  p = $  (and 
these are taken at  T), so that z= a, must give the points Y', each of them 
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thrice : and v = + (and these are taken a t  P), so that z = 1 must give the 
points F, each of them thrice. . 

Taking the plane of the paper as the meridian fi-om which longitudes are 
measured, the coordinates of the four w- oints in the plane, corresponding to 
T by stereographic projection, are 

say w,, w2, w,, w,. Then z= r+i gives each of these points thrice : that is, 
z = a ,  when {(w - wl). ..(w - w4)}3 vanishes, or z = a , when 

(UP - 2w2 i\/3 - l ) a  
vanishes. 

The coordinates of the four points corresponding to F, are 

@ d2 a J2 -42 -- 
d3 J3 - - - - % ~ 3  

1 ' 1 '  1 ' -- 1 
l+a l + ~ 3  l - -  d3 

1-- 
d3 

Hence z = 1, when 
(UP+2w2d%ly 

vanishes. 
(2r+ï) 2 

The coordinates of the six points corresponding to S are 0, e (for 
r = 0 ,1 ,2 ,  3) and co : hence z = O, when 

w2 (ZU4 + 1y 
vanishes. 

Moreover, z is a uniforrn function of w : and therefore 

the constant niultiplier on the right-hand side being determined as unity by 
the relation between the points S and the value z = 0. 

The relation is often expressed in the equivalent form 

i t  gives the conformation on the z-half-plane of a triangle in the w-plane, 
bounded by circular arcs, the angles of the triangle 
being &T, $7, &T. 

.' -.,* *- ,- -0 The simplest case is that of a portion cut out I. 
,' 

of a sector of a circle of central angle 30°, by the ,,./ 
arc and two lines a t  right angles to one another /'--------------------------- 
symmetrical with respect to the arc. Fig. 105. 
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It has been asuumed that the plane of the paper is the meridian. 
Another convenient meridian to take is one which passes through a point 
S on the equator : in that case, the preceding analysis applies if a rotation 
throiigh an angle $T be made. The effect of this rotation is to give the new 
variable W for any point in the form 

ia 

W = we2, 

so that wa = - i W2. The relation then takes the form 

z : z - 1 : 1  

= 1 2 2 / - 3  ~ ~ ( w 4 - 1 ) a :  ( ~ 4 + 2 w z d ~ 3 + 1 ) 3 : - ( ~ 4 - 2 ~ 2 1 / 3 + + 1 ) 3 ;  

but there is no essential difference between the two relations. 

The lines by which the w-plane is divided int,o triangles, each conformally 
represented on one or other half of the z-plane, are determined by z  =z,, 
that is, by 

The figure is the stereographic projection of the division of the sphere, and 
i t  can be obtained as in 5 25'7 (Ex. 13, Ex. 16). 

Case IV. We take h = g, so that z = O must give the eight points C; 
each is given three times, because a t  C there are three triangles of the same 
set : we take ZJ = 3, so that z = 1 must give the six points O, each four times : 
and p = 9, so that z  = m must give the twelve points S, each of them twice. 

We take the plane of the paper as the meridian. The points O are 0, 1,  
i, - 1, -4, m ; each four times. Hence z = 1, when the function 

{W ( ~ 4  - 1)14 
vanishes. 

+ l + i  The points C are the eight points - . . the product of the eight 
+d3-1 

corresponding factors is 
w8+14UP+1 : 

and each occurs thrice, so that z = O, when the function 

(W8 + 14w4 + 1)s 
vanishes. 

The points S are (i) the four points in the plane of the paper, 
& A-1 

giving a corresponding product 
w 4 -  6 w a + l :  

+ i  
(ii) the four points - in the meridian plane, perpendicular to the 

+ f i - 1  
plane of the paper, giving a corresponding product 

w4$6U12+l : 
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m' -(fr+l) 
and (iii) the four points e4 , (for r = 0, 1, 2, 3), in the equator, giving a 
corresponding product 

w4+1. 

Each of these pointsi occurs twice : and therefore z = CO, when the function 

{(w' + 1) (W" - 6w" 1) (w4 + 6wa + l)}', 
that is, when the function 

(w12 - 33ws - 33w4 + 1y 
vanishes. 

z =  
(WB + 14w4 + 1)$ 

Hence 
(wl2 - 33wg - 33w4 + l y  ' 

the constant multiplier k i n g  determined as unity, by taking account of the 
value unity for z : and 

1 - z = -  108w4 (w4 - 
(wl2 - 33wa - 33W4 + 1)2 ' 

The relation can be expressed in the equivalent form 

: 2 - 1  : l=(W8+14~' '+1)3: 108W4(W4-1)4: ( ~ ' ~ - 3 3 ~ ~ - 3 3 ~ ' + 1 ) ~ ;  
it gives the conformation on half of the z-plane of a tu-triangle bounded by 
circular arcs and having its angles equal to +a, &r, 47i- respectively. 

The lines, by which the w-plane is divided into the triangles, are given by 

Fig. 106. 
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The division is indicated in Fig. 106, being the stereographic projection of the 
divided spherical surface of Fig. 103, with respect to the south pole, taken 
to be diametrically opposite to the central point O. 

CYase VI. We take X = 4, so that z = 0 must give the twenty points D, 
each of them thrice ; v = 4, so that z = 1 must give the twelve points 1, each 
of them five times ; and p = 4, so that z = CO must glve the thirty points 8, 
each of them twice. 

Let an edge of the icosahedron subtend an angle 0 at  the centre of the 
sphere: then its length is 27- sin+B. Also, five edges are the sides of a 
pentagon inscribed in a small circle, distant 8 from a summit : hence the 
radius of this circle is r sin 8 and the length of the edge is 2r sin 0 sin +r, so 
that 

2 sin 40 = 2 sin 0 sin +r, 

whence tan 40 = + (4% - 1), cot &8 = 4 (d5  + 1). 
2 ,  

Let u denote e1O. Then the value of w corresponding to the north pole I 
is 0 ; the values of w for the projections on the equatorial plane of the five 
points 1 nearest the north pole are 

the values of w for the projections on the equatorial plane of the five points I 
nearest the south pole are 

and for projection of the south pole the value of w is infinity. The product 
of the corresponding factors is 

after substitution. Each point I occurs five times ; and therefore z = 1, when 
the fiinction 

w5 (wlo + 11w5 - 1y 
vanishes. 

The points D lie by fives on four small circles with the diameter through 
the north pole and the south pole for axis. The polar distance of the small 
circle nearest the north pole is tan 6 = 3 - d5, and of the circle next to i t  is 
tan 6' = 3 + 45, so that 

tan 36 = 
--1 , tan@'= 

J 1 5 + s 4 5 -  1 
3 - 4 3  3 + 4 5  . 
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The function corresponding to the projections of the five points nearest the 
north pole is 

w6 + tan5 48, 

and to the projections of the five nearest the south pole is 

w5 - cot5 48 ; 

while, for the projections of the other two sets of five, the products are 

wb + tan6 SA' 
and w" cot5 48' 

respectively. Each occurs tbrice. Hence z = O, when the function 

[(w" + tan5 48) (w5 - cot5 @) (W5 + tan6 46') (w5 - cot5 &8')j3, 
that is, when ( ~ 2 0  - 228w15 + 494w1° + 228w6 + 1)3, 

which is the reduced form of the preceding product, vanishes. 

Fig. 107. 
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The points S lie by tens on the equator, by fives on four small circles 
having the polar axis for their axis. Proceeding in the same way with the 
products for their projections, i t  is found that z = ca , when the function 

{wm + 1 + 522w6 (wm - 1) - lOO05wlo (w10 + l)}' 
vanishes. 

the constant factor being found to be unity, through the value of 1 - 2  
l'728w5 (w1° $ l lw5  - l ) O  

which is 1 - z = 
{&O + 1 + 5222US (wZ0 - 1) - 10005w1° (w1° + 1)J2 ' 

These relations give the conforma1 representation on half of the z-plane of a 
w-triangle, bounded by circular arcs and having angles ?p, QT, in: 

The lines, by which the w-plane is divided into the triangles, are given 
by z = z,, that is, by 
(w"- 228wi6 + 494wio + 228w5 + 1)3 - (w:) - 2 2 8 ~ : ~  + 494~:" 2%3w,6 + 1)3 - 

w6 (w1° + i iw6 - i l5 W: (W:O + 11~~': - 1y 
The division is indicated in figure 107, which is the stereographic projection* of 
the divided spherical surface of figure 104, with II, as the pole of projection. 

279. The preceding are al1 the cases, in which simultaneously z is a uni- 
form function of w, and w is an algebraical function of z :  they arise when 
the surface of the sphere hm been completely covered once with the two sets 
of triangles corresponding to the upper half and the lower half of the z-plane. 

But an inspection of the figures a t  once shews that they are not the only 
cases to be considered, if the surface of the sphere may be covered more than 
once. 

I n  the configuration arising through the double-pyramid, the surface of 
the sphere will be covered completely and exactly m times, if the angles at  
the poles be 2m.rr/n, where m is prime to n. The comesponding relation 
between w and z is obtained from the simpler form by changing rn into nlm. 

I n  the tetrahedral configuration (fig. 102) the surface of the sphere will be 
exactly and completely covered twice by triangles FPT (or by triangles TTC 
it being evident that these give substantially the same division'of the surface). 
The relation between w and z will then be of the same degree, 12, as before 
in w, for the number of different triangles in the two w-sheets is still twelve 
of each kind: because there are two w-sheets corresponding to the single 
z-plane, that relation will be of the second degree in z. The values of the 
angles are determined by 

1 (III.) A, P, v = g, 4, B. 
* In regard to al1 the configurations thus obtained as stereographic projections of a spherical 

surface, divided by the planes of symmetry of a regnlar solid, Mobius's LLTheone der Symmetr- 
ischen Figuren," (Ges. R'erke, t. ii, espeaially pp. 642-699) may be consulted with advantage; 
and Klein-Fricke, ElliptZscL Modulficnctionen, vol. it pp. 102-106. 
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Again, in the octahedral configuration, the surface of the sphere will be 
exactly and completely covered twice by triangles OCO. The relation 
between w and z  will be of degree 24 in w and degree 2 in z :  and the values 
of the angles are determined by 

P . )  A, f i  v = $7 4, a. 
Similady, a number of cases are obtainable from the icosahedral configu- 

ration, in the following forms : 

(VIL) h, p, Y = & i, 4 with triangles such as IIDID,; 

(VIII.) A, p, v = 3, i, ........................... DlIl12 ; 

(IX.) X, p, v = a, 3, ; ........................... s1r,r3 ; 
........................... (X.) A , p ,  v = $ , + , +  DlIL13; 

(XI.) X, p, v = $, ;, $ ..............-.m.......... IJJ~ ; 
(XII.) X, p, Y = 3, 9, + ........................... flD,D13; 

@III.) A, p, v = 2, i, + ........................... III&, ; 

(XIV.) h, p, v = *, 3, Q ........................... I,S,D, ; 

(xv.) A, p> v = $,%, $ ...............S..........s I ~ I ~ ~ '  

Other cases appear to arise: but they can be included in the foregoing, by 
taking that supplemental triangle which has the smallest area. Thus, 
apparently, IIDII,, would be a suitable triangle, with A, p, v = 3 1 2 5,  1: 6 it is 
replaced by I,,D,I,,, an example of case (X.) above. 

These, with the preceding cases numbered* (I.), (II.), (IV.), (VI.), form the 
complete set of distinct ways of appropriate division of the surface of the 
sphere. 

It is not proposed to consider these cases here: full discussion will be 
found in the references already given. The nature, however, of the relation, 
which is always of the form 

f (4 = F ( 4 ,  
where f and F are rational functions, nzay be obtained for any particular case 
without difficulty. Thus, for (III.), we have 

These numbers are the niimbers originally assigned by Schwarz, Ges. Werke, t. ii, p. 246, 
and used by Cayley, Camb. Phil. T ~ a w . ,  vol. xiii, pp. 14, 15. 
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a special case of 5 278, I., by taking .n = 1, then 

Hence 

so that X = Q, v = 8, p = $. Hence the relation 

(Z+  1)a : -42 : (Z- 1)a 

=-122/3w2(w4+1)2: ( & + 2 w ~ 2 / 3 - 1 ) ~ :  (~14-2w2&-1)S 

gives the conformation of triangles bounded by circular arcs and having 
angles QT, gr, gr. 

The foregoing are the only cases, for X + p + v >1, in which the integral 
relation between w and z is algebraical both in w and in z. 

I n  al1 other cases in which h, p, u are commensurable, this integral 
relation is algebraical in z and transcendental in W. 

I t  is to be noticed, in anticipation of Chapter XXII., that, since every 
triangle in any of the divisions of the spherical surface, or of the plane, 
can be transformed into another triangle, the functions which occur in 
these integral relations are functions characterised by a group of substi- 
tutions. When the functions are algebraical, the groups are finite, and 
the functions are then the polyhedral fuwctions: when the functions are 
transcendental, the groups are infinite and the functions are then of the 
general automorphic type. 

The case in which X + p + v = 1 has already been considered: the spherical 
representation is no longer effective, for the radius of the sphere becomes 
infinite and the triangle is a plane rectilinear triangle. The equation may 
still be used in the form 

{w, 2) = 2 1  (2) 

with the condition + p + v = 1. A special solution of the equation is then 
given by 

leadiig to the result of 5 268, the homologue of the angular point p r  being 
at z=m.  

280. I t  is often possible by the preceding methods to obtain a relation 
between complex variables that will represent a given curve in one plane on 
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an assigned curve in the other : there is no indication of the character of the 
relation for an arbitrary curve or a family of curves. But in one case, at any 
rate, it is possible to give an indication of the limitations on the functional 
form of the relation. 

Let there be a family of plane algebraical curves, determined as potential 
curves by a variable parameter* : and let their equation be 

where u is the variable parameter, which, when it is expressed in terms of x 
and y by means of the equation, satisfies the potential-equation 

Since u is a potential, it is the real part of a function w of x + iy : and the 
lines u = constant are parallel straight lines in the w-plane. It therefore 
appears that the functional relation between w and z must represent the 
w-plane conformally on the z-plane, so that the series of parallel lines in the 
one plane is represented by a family of algebraical curves in the other: let 
the relation, which effects this transformation, be 

x (2, TU)  = o. 
Let the algebraical curve, which corresponds to some particular value of u, 
say u = O, be 

J' (8, y, 0) = f (x, y) = 0, 
which in general is not a straight line. Let a new complex (be  determined 
by the equation 

this equation is algebraical, and therefore ( can be regarded as a function of 
w, Say Ijr (wj, between which and z, regarded as a function of w, Say c$ (w), 
there is an algebraical equation. 

Now when u = 0, z describes the curve 

f (x, Y> = 0 : 

hence at least one branch of the function r, defined by 

* Such curves are often called isothermal, after Lamé. The discussion of the possible 
functional relations, that lead to algebraical isothermal curves, is  due to Schwarz, Ces. Werke, 
t. ii, pp. 260-268 : see dao Hans Meyer, Ueber die von geraden Linien und von Kegelschnitten 
gebildeten Schaaren von Isothermen; so wie über einige von specidien Curven dritter Ordnung 
gebildete Schaaren von Isothermen," (a G6ttingen dissertation, Zürich, Zürcher and Furrer, 
1879) ; Cayley, Quart. Journ. Math., vol. xxv, pp. 208-214 ; and the memoir by Von der Mühll, 
cited p. 500. 
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can be taken as equal to x when u=  O, that is, there is one branch of the 
fmction 1: which is purely real when w is purely imaginary. 

The curves in t.he z-plane are algebraical : when this plane is conformally 
represerited on the (-plane by the foregoing branch, which is an algebraical 
fimction of z, the new curves in the 5-plane are algebraical curves, also 
determined as potential curves by the variable parameter u. And the 5-curve 
corresponding to u = O is (the whole or a part of) the axis of real quantities. 
In order that the conforma1 representntion may be effected by the functions, 
they inust allow of continuous variation: hence lines on opposite sides of 
u = O  correspond to lines on opposite sides of the axis of real quantities. The 
functional relation between y= E + iq and w = u + iv is therefore smh that 

8 + iq = + (u + iv), 
f - iq=+(-u+").  

The equation of the 5-curves, which are obtained from varying values of 
u, is algebraical: and therefore, when we substitute in i t  for 5 and q their 
values in terms of 9 (u + iv) and + (- u + iv), we obtain an algebraical 
equation between + (zc + iv) and + (- u + iv), the coefficients of which are 
functions of u though not necessarily algebraical functions of u. Let 
8 = - 2u ; and let +,, q3 denote + (w), + (W + 8) respectively ; then the 
equation can be represented in the form 

y ($4, +t> 8) = 0, 
algebraical and rational in +, and Sr,, but not necessarily algebraical in 8. 

Because the functions allow continuous variation, we can expand +, in 
powers of 8 : hence 

When this equation, which is satisfied for al1 values of w and of 8, where 
w and 8 are independent of one another, is arranged in powers of 8, the 
coefficients of the various powers of 8 must vanish separately. The coefficient 
independent of 8, when equated to zero, can only lead to an identity, for i t  
will obviously involve only q2: any non-evanescent equation would determine 
9, as a constant. Similarly, the coefficient of every power of 8, which 
involves none of the derivatives of &, must vanish identically. The co- 
efficient of the lowest power of 8, which does not vanish identically, involves 

d+a 
+z' dw 

and constants: but, because the equation q3, 8) = 0 is 

algebraical in +,, the second and higher derivatives of +,, associated with 
the second and higher powers of 8 in the expansion of +,, cannot enter into 
the coefficient of this power of 8. Hence we have 
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d+ an algebraical equation between +, and 2, the coefficients of which are 
dw 

constants. 

d2+ The coefficient of the next power of O will involve -', and so on for the 
dw a 

powers in succession. Instead of using the equations, obtained by making 
these coefficients vanish, to deduce an algebraical equation between +, 
and any one of its derivatives, we use h = O. Thus for , the equation 

dw2 
would be obtained by eliminating +: between the (algebraical) equations 

h ($2, +4) = 0, 
and so for others. 

Eeturning now to the equation 

y (+2, $3, 0) = O, 

in which, as i t  is algebraical in +, and +,, only a limited number of co- 
efficients, say Tc, are functions of 0, we can remove these coefficients as 
follows. Let Ic - 1 differentiations with regard to w be effected : the resulting 
equations, with g = 0, are sufficient to determine these Tc coeficients alge- 
braically in terms of +,, +, and their derivatives. But the coefficients are 
functions of O only and do not depend upon w : hence the values obtained for 
them must be the same whatever value be assigned to W. Let, then, a zero 
value be assigned: +, and its derivatives become constants; +, becomes 
+ (e), say +,, and al1 its derivatives become derivatives of +, ; so that the 
coefficients can be algebraically expressed in terms of +, and its derivatives. 
When these values are substituted in g = O, i t  takes the form 

algebraical in each of the quantities involved. But between +, and each 
of its derivatives there subsists an algebraical equation with constant co- 
efficients: by means of these equations, al1 the derivatives of 1Fr, c m  be 
eliminated from g, = 0, and the final form is then an algebraical equation 

G ($2, +,, +,) = O, 

involving only constant coefficients. But 

+l=+(e), + 2 = + ( ~ ) ,  + , = + ( ~ + e ) ;  
and therefore the function + (w)  possesses an algebraical addition-theorem. 

Now + (w) and + (w) are connected by the algebraical equation 

therefore + (w) possesses an algebraical addition-theorem. But, by § 151, 
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when a function +(w) possesses an algebraical addition-theorem, i t  is an 
algebraical function either of w, or of e*w, or of an elliptic function of w, the 
various constants that arise being properly chosen: and hence the only 

which cal& give families of algebraicd curves i n  the z-plane as the conformal 
equivalent of the parallel lines, u = constant, in the w-plane, are such that z 
is cmnected by an algebraical epuatiolz either with w, or with a simply-pem'odic 
fimction of w, or with a doubly-periodic function of W.  

There are three sets of fundamental systems, as Schwarz calls them, of 
algebraical curves determined as potential curves by a variable parameter : 
they are curves such that al1 the others can be derived from them solely by 
algebraical functions. 

The first set is fundamental for the case when z is an algebraical function 
of w : i t  is given by 

u = constant, 

being a series of parallel straight lines. 

The second set is fundamental for the case when z is an algebraical 
function of epQ; if W denote ePw, then z is an algebraical function of W, and 
al1 the aasociated curves in the z-plane are conformal representations of the 
algebraical curves in the W- lan ne. If p = a + Pi, where a and B are real, 
then 

Y 
(c?+,@)u=~alog(XZ+ Ya)+Ptan-lX, 

a relation which can lead to algebraical curves in the W-plane only if a or 
p be zero. If a be zero, then p is a pure imaginary, and the W-curves are 
straight lines, concurrent in the origin: if f i  be zero, then p is real, and the 
W-curves are circles with the origin for a common centre. Hence the set 
of fundamental systems for the case, when z is an algebraical function of epw, 
consists of an infinite series of concurrent straight lines and an infinite series 
of concentric circles, having for their common centre the point of concurrence 
of the straight lines. 

The third set is fundamental for the case when z is an algebraical function 
of a doubly-periodic function, Say, of sn (pw). 

Ex. Prove that either the modulus k is real or that an algebraical transformation of 
argument to  another elliptic function having a real modulus is possible : and shew that the 
set of fundamental curves are quartics, which are the stereographic projection of confocal 
sphero-conics. (Schwarz, Siebeck, Cayley.) 

We thus infer that al1 families of algebraical Cumes, determined as 
potatial curves by a variable parameter, are conforma1 representations of 

37-2 
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one or other of these sets of fundamental systems, by equations which are 
algebraical. 

But though i t  is thus proved that the relation between z and w must 
express z as an algebraical function either of w, or of epw, or of sn p u ,  i n  
order that a groiip of algebraical curves may be the conforma1 representation 
in the z-plane of the lines u =  constant in the w-plane, the same limitation 
does not apply, if we take a single algebraical curve in the z-plane as the 
conformal representation of a single line in the w-plane. 

then the lines in the W-plane, which correspond to the Let w = - 
l + W .  . 

parallel lines, tt =constant, in the w-plane, are the system of circles 

Now consider a relation 

where Z is as yet some unspecified function of 

Hence 

so that, if W describe the circle corresponding to u = O, we have 

whence 

If Z = sin-' z, and therefore Zo = s i r 1  zo, then 

in-K' 
2 s = z + z 0 = 2  sin ~ ( Z + Z , )  cos- = (*-*+ q:) s i n i  (z+ Zo), 4K 

so that 

an ellipse, agreeing with the result in 5 257, Ex. 6. 
the relation 

This is obtained from 
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which is not included in the general forrns of relation obtained in the 
p c e d i n g  investigation. 

But the equation 

does not lead to an algebraical relation between x and y for a general (non- 
zero) value of u. Neither the conditions of the proposition nor its limita- 
tions apply to this case. 

The problem of determining the kinds of functional relation which will 
represent a single algebraical curve in the z-plane upon a single line of the 
w-plane is wider than that which has just been discussed: i t  is, as yet, 
unsolved. 
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CHAPTER XXI. 

281. TEE properties of the linear substitution 
a z + b  w=- 
cz + d' 

considered in Chap. XIX. as bearing iipon the conformal representation of two 
planes, were discussed solely in connection with the geometrical relations of 
the conformation : but the applications of these properties have a significance, 
which is wider than their geometrical aspect. 

The essential characteristic of singly-periodic functions and of doubly- 
periodic functions, each with additive periodicity, is the reproduction of the 
function when its argument is modified by the addition of a constant quantity. 
This modification of argument, uniforrn and uniquely reversible, is only a 
special case of a more general modification which is uniform and uniquely 
reversible, viz., of the foregoing linear substitution. This substitution may 
therefore be regarded as the most general expression of linear periodicity, 
in a wider sense: and al1 functions, characterised by the property in the 
general form or in special forms, rnay be called automorphic. 

Our imuiediate purpose is the consideration of al1 the points in the 
plane, which can be derived from a given point z and from one another by 
making z subject to a set of linear substitutions. The set inay be either - 
finite or infinite in number; i t  is supposed to contain every substitution 
which can be forrned by combining two or more substitutions. Such a set 
is called a group. 

The substitution is often denoted by S(z), or by 

(2, ;%) ; 
i t  is said to be in its normal form, when the real part of a (if a be a complex 
constant) is positive and ad - bc = 1. 

The ideas of the theory of groups of substitutions are necessary for a proper considera- 
tion of the properties of automorphic functions. What is contained in the present chapter 
is merely sufficierit for this requirement, being strictly limited to such details as arise in 
connection with these special functions. Information on the fuller development of the 
theory of groups, which owes its origin as a distinct branch of mathematics to Galois, 

IRIS - LILLIAD - Université Lille 1 



281.1 FUNDAMENTAL SUBSTITUTIONS 583 

will be found in appropriate treatises such as those of Serret *, Jordant, Nettof, and 
Klein§: and in memoirs by Kleinll, Poincaré*, Dyck++, and Boizall. The account of 
the properties of groupa contained in the present chapter is based upon the works of 
Klein and Poiucar6 just quoted. 

A substitution can be repeated; a convenient symbol for representing 
the substitution, that arises from rL repetitions of S, is Sn. Hence the various 
integral powers of iJ, considered in 5 258, are substitutions, indicated by the 
symbols P, S3, S4,. . .. 

But we have negative powers of S also. The definition of So(z) is 
given by 

SSO (2) = S (z), 
so that So(z) = z  and i t  is often called the dentical substitution: the 
definition of S-'(2) is given by 

ss-l(z) = so (2)  = 2, 
a z + b  

so that S-l (z) is a substitution the inverse of S ; in fact, if tu = S (2) = - 
c z + d '  

- 
then z = S-l w = dw+ '. And then, fmrn S-le; by repetition we obtain 

CW-a 
sa, 8-4,. ... 

If some of al1 the substitutions to which a variable z is subject be 
not included in S and its integral powers, then we have a new substitution 
T and its integral powers, positive and negative. The variable is then 
subject to combinations of these substitutions: and, as two general linear 
substitutions are not interchangeable, that is, we do not have T(Sz) = S (Tz) 
in general, therefore among the substitutions to which z is subject there 
must occur al1 those of the form 

. . . SaT49TB. . . , 
where a, ,8, y, 6, . . . are positive or negative integers. 

If, again, there be other substitutioris affecting z, that are not included 
among the foregoing set, let such an one be U: then there are also powers 
of U and combinations of S, T, U (with integral indices) operating in any 
order : and so on. The substitutions S, T, U, . . . are called fwzdamedal: 
the sum of the moduli of a, /3, y, 8, . . . of any substitution, compounded from 
the fundamental substitutions, is called the index of that substitution; and 
the aggregate of al1 the substitutions, fundamental and composite, is the 
group. 

* Cours d'Algèbre Supérieure, t. ii, Sect. iv, (Paris, Gauthier-Villars). 
+ Traité des substitutions, (ib., 1870). 
$ Substitutionentheorie und ihre dnwendung auf die dlgebra, (Leipzig, Teubner, 1882). 
3 Vorlesungen über das Ikosaedcr, (ib., 1884). 
II Math. Ann., t. xxi, (1883), pp. 141-218, where references to earlier memoirs by Klein are 

given. 
* * Acta Math., t. i, (1882), pp. 1-62, pp. 193-294; ib., t. iii, (1883), pp. 49-92. 
tt Math. dnn., t. xx, (1882), pp. 1-44, ib., t. xxii, (1883), pp. 70-108. 
$2 Amer. J o u z .  of Math., vol. xiii, (1890), pp. 59-144. 
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There rnay however be relations among the substitutions of the group, 
depending on the fundamental substitutions ; they are, ultimately, relations 
among the fundamental substitutions, though they are not necessarily the 
simplest forms of those relations. Hence, as we rnay have a relation of 
the form 

... sa.. . Tb.. . Uc.. .(z) = 2, 

the index of a composite substitution is not a determinate quantity, being 
subject to additions or subtractions of integral multiples of quantities of the 
form (a) + (b) t (c) + . . . , there being one such quantity for every relation : 
we shall assume the index to be the smallest positive integer thus obtainable. 

282. There are certain classifications which rnay initially be associated 
with such groups, in view of the fact that the arguments are the arguments 
of uniform automorphic functions satisfying the equation 

f (8.4 =f (2): 
i n  this connection, the existence of such functions will be assumed until their 
explicit expressions have been obtained. 

Thus a group rnay contain only a fiuite number of substitutions, that is, 
the fundamental substitutions rnay lead, by repetitions and combinations, only 
to a finite number of substitutions. Hence the fundamental substitutions, 
and al1 their combinations, are periodio in the sense of 5 260, that is, they 
reproduce the variables after a finite number of repetitions. 

Or a group rnay contain an infinite number of substitutions: these rnay 
arise either from a finite nimber of fundamental substitutions, or from an 
infinite number. The latter class of infinite groups will not be considered 
in the present connection, for a reason that will be apparent (p. 598, note) 
when we come to the graphical representations. It will therefore be 
assumed that the infinite groups, which occur, arise through a finite 
number of fundamental substitutions. 

A group rnay be such as to have an inJinitesima2 substitution, that is, 
az + b 

there may be a substitution - which gives a point infinitesimally near 
c z + d 7  

to z for every value of z. It is evident there will then be other infinitesimal 
substitutions in the group; such a group is said to be continuous. If there 
be no infinitesimal substitution, then the group is said to be discontinuous, 
or discrete. 

But among discontinuous groups a division must be made. The definition 
of group-discontinuity implies that there is no substitution, which gives an 
infinitesimal displacement for every value of z :  but there rnay be a number 
of special points in the plane for regions in the immediate vicinity of which 
there are infinitesimal displacements. Such groups are called improperly 
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discontinuous in the vicinity of such points: al1 other groups are called 
properly discontin.uo.rcs. For instance, with the group of real substitutions 

a z + p  
y z + 6 '  

where a, B, y, 8, are integers such that a6 -@y = 1, i t  is easy to see that, when 
q and z, are real, we can make the numerical magnitude of 

as small a non-evanescent quantity as we please by proper choice of a, @, y, 6 : 
thus the group is improperly discontinuous, because for real values of the 
variable i t  admits infinitesimal transformations. But such infinitesimal 
transformations are not possible, when z does not lie on the axis of real 
qiiantities, that is, when z is complex : so that, for al1 complex values of 
z, the group is properly discontinuous. 

The various points, derived from a single point by linear substitutions, 
will, in subsequent investigations, be found to be arguments of a uniform 
function. continuous groups would give a succession of points infinitely 
close t,ogether; that is, for these points, we should have f ( z )  unaltered in 
value for a line or a small area of points and therefore constant everywhere. 
We shall therefore consider only discontinuous groups. 

A group containing only a finite number of substitutions is easily seen to 
be discontinuous : hence the groups which are to be considered in the present 
connection are the discontinuous groups which arise from a finite nuinber of 
fundamental substitutions*. 

az+b The constants of al1 linear substitutions of the form -- cz + d  are SUP- 

posed subject to the relation ad - bc = 1. This condition holds for al1 
combinations, if i t  hold for the components of the combination. For let 

whence A D -  BC=(a8 -&)(ad-bc)=l .  

I t  is easy to see that ST (=  U) and TS (=  V )  are of the same class, that 
is, they are elliptic, parabolic, hyperbolic or loxodroniic together : but there is 
no limitation on the class arising from the character of the component sub- 
stitutions. 

* These discontinuous, or discrete, groups will be considered from the point of view of auto- 
morphio functions. But the theory of such groups, which has many and wide applications quite 
outside the range of the subject of this treatise, can be applied to other parts of Our subjeot. 
Thus it has been connected with the discussion of Riemann's surfaces by Dyck, Math. Ann., 
t. xvii, (1880), pp. 473-509, and by Hurwit~ ( lx. ,  p. 406, note). 

IRIS - LILLIAD - Université Lille 1 



686 FINITE CROUPS 

Moreover, if U = V, so that S and T are interchangeable, then 

a - d  c b 
a - 6 -  B' 

that is, S and T have the same fixed points. They can be applied in any 
order ; and, for any given number of occurrences of X and a given number of 
occurrences of T, the composite substitution will give the same point. Thus 
if S = z + o, then T= z + o' ; if S = kz, then T = k'z. The class of func- 
tions, which have the3  argument subject to interchangeable substitutions 
of the former category, have already been considered: they are the periodic 
functions with additive periodicity. The group is PP, (=z + mm + rn'o'), 
for al1 integral values of rn and of rn'. 

The latter class of functions have what may be called a factorial 
periodicity, that is, they resume their value when the argument is mul- 
tiplied by a constant*. 

283: Some examples have already been given of groups containing a 
finite number of substitutionsf-, in the case of certain periodic elliptic 
substitutions. The effect of such substitutions is (p. 514) to change a 
crescent-shaped part of the plane having its angles at the (conjugate) fixed 
points of the substitution into consecutive crescent-shaped parts : and so to 
cover the whole plane in the passage of a substitution through the elements 
constituting its period. They form the simplest discontinuous group-in 
that they have only one fundamental substitution and only a finite number 
of derived substitutions. 

The groups which are next in point of simplicity are those with only 
two substitutions that are fundamental and only a finite number that 
are composite. Both of the fundamental substitutions must be periodic, 
and therefore elliptic, by 5 260. Taking one of these groups as an example, 
one of its fundaineutal substitutions has + 1 as its fixed points and it is 
periodic of the second order: i t  is evidently 

1 
The other has - and w as its fixed points, and i t  is periodic of the second 

2 
order : i t  is evidently 

w = T z = l - 2 .  

* Functions having this property are discussed in Rausenberger's Theorie der periodischen 
Functionen, (Leipzig, Teubner, 1884) : in particular, in Section VI. 

+ The complete theory of finite groups of linear substitutions ia discussed, partly in ita 
geometrical relation with polyhedral functions, by Klein, Math. Ann., t. ix, (1876), pp. 183-188, 
and, in its algebraical aspect, by Gordan, Math. Ann., t. xii, (1877), pp. 23-46. A reference to 
these memoim miIl shem tbat the previous chapter contains al1 the essentially distinct finite 
groups of linear substitutions. 
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Evidently Bz = z, Tzz = z, (S = 8-1, T = Pl), so that we have already al1 the 
powers of the fundamental substitutions taken separately. 

1 
But i t  is necessary to combine them. We have Uz = STz = - a new 1-2 '  

substitution : and then 
E - 1  U2z = - , U3z = z, 

Z 

so that U is periodic of the third order. Again 

2-1  Vz  = TSZ= - 
Z ' 

which is not a new substitution, for Pz = Uzz : and i t  is easy to see that there 
is only one other substitution, which may be taken to be either TUz or S V z :  
i t  gives 

Z 
TUz=rSVz=- 2-1' 

again periodic of the second order. 

Hence the group consists of the six substitutions for z given by 

taking account of the identical substitution. 

These finite discontinuous groups are of importance in the theory of 
polyhedral functions : to some of their properties we shall return later. 

Next, and as the last special illustration for the present, we form a 
discontinuous group with two fundamental substitutions but containing an 
infinite number of composite* substitutions. As one of the two that are 
fundamental, we take 

1 w = T Z = - -  
z ' 

which is elliptic and periodic of the second order. As the other, we take 

w = S z = z + l ,  
which is parabolic and not periodic. Al1 the substitutions are real. 

Evidently Taz  = z, so that T = 2L' : and Smz = z + m, where m is any 
integer. Then al1 the composite substitutions, are either of the form 
... SPTSnTPz or of the form ... SPTSnTSmTz, both of these being included 

a z + b  
in - where a, b, c, d are integers, such that ad - bc = 1. 

c z + d '  
az+ b Ex. Prove the  converse-that t he  substitution -- 
cz+d Y 

where a, b, c, a! are  integers 

such tha t  ad- bc= 1, is compounded of the substitutions S and T. 

* One such group has already ooourred: its fundamental (parabolic) substitutions were 

w = S z = z + w ,  w = T z = e + w f .  
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This group, again, is of the utmost importance : i t  arises in the theory of 
the elliptic modular-functions. As with the polyhedral groups, the general 
discussion of the properties will be deferred : but i t  is advantageous to 
discu~s one of its properties now, because it forms a convenient introduction 
to, and illustration of, the coi~esponding part of the theory of groups of 
general substitutions. 

284. In  the discussion of the functions with additive periodicity, i t  was 
found convenient to divide the plane into an infinite number of regions such 
that a region was changed irito some other region when to every point of the 
former was applied a transformation of the form z + mm + m'w', that is, a . 
substitution : and the regions were so chosen that no two homologous points, 
that is, points connected by a substitution. were within one region, and each 
region contained one point homologoiis with an assigned point in nny region 
of reference. 

Similarly, in the case when the variable is subject to the substitutions of 
an infinite group, i t  is convenient to divide the plane into an infinite number 
of regions ; each region is to be associated with a substitution which, applied to 
the points of a region of reference, gives al1 the points of the region, and each 
region is to contain one and onlÿ one point derived from a given point by 
the substitutions of the group. I t  is a condition that the coniplete plane is 
to be covered once and only once by the aggregate of the regions. 

When the discontinuous group has only the two fundamental substitutions, 
1 Sz = z + 1 and Tz = - -, the division of the plane is e&y : the difficulty of 
Z 

determining an initial region of reference is slight, relatively to that which 
has to be overcome in more general groups*. 

The ordinates of z and w (= Sz) are positive together or negative together ; 
and similarly for the ordinates of z and w ( = Tz) : so that i t  will sufice to 
divide the half-plane on the positive side of the axis of real quantities. 

For the repetitions of the substitution S, i t  is evidently sufficient to divide 
the plane into a series of strips, bounded by straight lines parallel to the axis 
of y a t  unit distance apart. 

For the application of the substitution T, we have to invert with regard 
to a circle of radius 1 and centre the origin and to take the reflexion of the 
inversion in the axis of y. 

In  these circumstances, we can choose as an initial region of reference, the 
space bounded by the conditions 

* In addition to the referenoes already given, a memoir by Hurwitz, Math. Ann., t. xviii, 
(1881), pp. 531-544, may be oonsulted for this group. 
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It is sufficient to prove that any point in this region when subjected to a 
az + b 

substitution of the group, necessarily of the form - where a, b, c, d  are 
CZ+ d '  

integers such that ad- bc= 1, is transformed to some point without the 
region, and that the aggregate of the regions covers the half-plane. 

If c be O, then a = 1 = d and the transformation is only some power of S, 
which transforrns the point out of the region. 

If c be + 1, then, since ad - bc = 1, we have 
1  w-a=--- 

z + d '  
a and d  being integers. For any point z  within the region, lz + dl,  which is 
the distance of the point from some point O, f 1, f 2,. . . on the axis of a, is 
> 1 : hence 

) w - a l <  1, 
that is, the distance of w  from some point O, & 1, f 2, ... on the axis is < 1, 
and therefore the transformed point is without the region. 

Similarly, if c be - 1. 

If I C I  be > 1, then a 1 1  w - - = - -  
C c a d -  

z + -  
C 

As z is within the region, 

so that 

Hence the distance of UJ from some point of the axis is c & 43, that is, the 
transformed point is without the region. 

The exceptions are points on the boundary of the region. The boundary 
x = - 4 is transformed by S to x = + 3 : the boundary x2 + y2 = 1 is trans- 
formed by T into itself: but al1 other points are transformed into others 
without the region. 

We now apply the substitutions S and T ho this region and to the 
resiilting regions. Each substitution is uniform and is reversible: so that 
to a given point in the initial region there is one, and only one, point in each 
other region. 

The accompanying diagram (Fig. 108) gives part of the division of the 
plane into regions, the substitutions associated with each region being 
placed in the region in the figure; i t  is easy to see that the aggregate of 
regions completely covers the half-plane. Al1 the linear boundaries of Sn, 
for different integral values of n, are changed by the substitution T into 
circles having their centres on the axis of z and touching at  A : thus the 
boundary between S and S'L is transforrned into the boundary between 
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TS and TS2. Al1 the lines which bound the regions are circles having 
their centres on the axis of x or are straight lines perpendicular to that 
axis; and the configuration of each strip is the same throughout the 
diagram. 

Fig. 108. 

I t  will be noticed that in one region there are two symbols, viz., S-'TS-' 
and TST: the region can be constructed either by S-l applied to TSsl or by 
T applied to ST. I t  therefore follows that 

TST = SplTSP. 
Hence S .  TST.S=S.S-lTS-l.  S =  T, 
or, since Ta = 1; we have STSTST = 1 = TSTS TS, 
a relation among the fundamental substitutions. Thus the symbol of any 
region is not unique : and, as a matter of fact, if we pass clockwise in a small 
circuit round O from the initial region, we find the regions to be 1, T, TS, TST, 
TSTS, TSTST, TSTSTS, the seventh being the same as the first and giving 
the above relation. 

By means of tbis relation i t  will be found possible to identify the non- 
unique significations of the various regions. At each point there are six 
regions thus circulating always, either in the form OS, OST, OSTS, . . . or in 
the form OT, OTS, OTST, .... And by successive transformations, the space 
towards the axis of x is distributed into regions. 

The decision of the region to which a boundary should be assigned will 
be made later in the general investigation; it will prove a convenient step 
towards the grouping of edges of a region in conjugate pairs. 
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Note. It may be proved in the same way that, for any di~continuous 
group of substitutions, the plsne of the variable can be divided into regions 
of a similar character. As will subsequently appear, there is considerable 
freedom of choice of an initial region of reference, which may be called a 
fundamental region. 

285. We pass now to the consideration of the more general discontinuous 
groups, bssed on the composition of a finite number of fundamental substitii- 
tions. By means of these groups and in connection with them, the plane of 
the variable can be divided into regions, one corresponding to each substitu- 
tion of the group. The regions are said to be congrumt to one another: 
the infinite series of points, one in each of the congruent regions, which arise 
from z when al1 the substitutions of the group are applied to z, are said to 
be corresponding or hornologous points: and the point in R, of the series is 
the Zrreducible point of the series. As remarked before, the correspondence 
between two regions is uniform : interiors transform to interiors, boundaries 
to boundaries. 

Two regions are saidi to be contiguous, when a part of their boundaries is 
common to both. Each region, lying entirely in the finite part of the plane, 
is closed: the boundary is made up of a succession of lines which may for 
convenience be called edges, and the meeting-point of two edges may for con- 
venience be called a corner. 

Such a group, when al1 the substitutions are real, is calledf Fuchsian, 
by PoincarB ; the preceding example will furnish a simple illustration, useful 
for occasional reference. A11 the substitutions are of the form 

a&4 + b, a' 
which form will be denoted by f,(z). We shall suppose that an infinite 
group of real substitutions is given, and that i t  is known independently to 
be a discontinuous group: we proceed to consider the characteristic properties 
of the associated division of the plane, which is to be covered once and only 
once by the aggregate of the regions. The fundamentnl region is denoted 
by R,: the region, which results when the substitution f,(z) is applied 
to the points of R,, will be denoted by R,. 

So long as we deal with real substitutions, it is sufficient to divide the 
half-plane above the axis of ~r: into regions : and this axis may be looked upon 
as a boundary of the plane. Since the group is infinite, the division into 
regions must extend in al1 directions in the plane to its finite or infinite 
boundaries : for we should otherwise have infinitesimal transformations. Thus 

* Poincare uses the term limitrophes. 
I. Math. Ann., t. xix, p. 554, t. xx, pp. 52, 53: Acta Math., t. i, p. 62. The same term is 

applied to a leas limited class of groups; see p. 606, note. 
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the edge of a region is either the edge of a contiguous region, and then i t  is 
said to be of thejirst kiwi; or it is a part of the boundary of the plane, that 
is, in the present case it is a part of the axis of x :  and then i t  is said to be of 
the seco~d kind. Since al1 real substitutions transform a point above the axis 
of x into another point above the axis of x, i t  follows that al1 edges congruent 
with an edge of the first kind (an edge lying off the axis of x) themselves 
lie off the axis of x, that is, are of the first kind : and similarly al1 edges con- 
gruent with an edge of the second kind are themselves of the second kind. 

The corners, being the extremities of the edges, are of three categories. 
If a corner be an extremity of two edges of the first kind and not on the 
axis of x, then it is of the Jirst category : and the infinite series of corners 
homologous with it are of the first category. If i t  be common to two 
edges of the first kind and lie on the axis of x, then i t  is of the secon,d 
category: and the infinite series of corners homologous with i t  are of the 
second category. If it be cornmon to two edges, one of the first and one of 
the second kind, i t  is of the third category; of course i t  lies on the axis of 
x and the infinite series of corners hoinologous with i t  are of the third 
category. We do not consider two edges of the second kind as meeting: 
they would, in such a case, be regarded as a single edge. 

Each edge of the first kind belongs to two regions. We do not assign 
such an edge to either of the regions, but we use this cornmunity of 
region to range edges as follows. Let the edge be E,, common to R, 
and R p ;  then, making the substitution inverse to fp(z), Say f,-'(z), l I p  
becomes R,, R, becomes R,, and E, becomes f,-' (E,), which is necessarily 
an edge of the first kind and is common to the new regions R, and R,, 
that is, it is an edge of R,. Let i t  be 23,': then Ep and Epl rnay be 
the same or they may be different. 

If E, and E i b e  different, then we have a pair of edges congruent to 
one auother : two such congruent edges of the same region are said to be 
cmjugate. Since the substitutions are of the linear type, the correspondence 
being uniform, not more than one edge of a region ca,n be conjugate with 
a given edge of that region. 

If Ep and E,' be the same, then the substitution transforms Ep into 
itself : hence some point on E, must be transformed into itself. As the edge 
is of the first kind so that the point is above the axis of X, the substitution 
is elliptic and has this point as the fixed point of the substitution in 
the positive half-plane. The two parts of Ep can be regarded as two 
edges: and the common point as the corner, evidently of the first category. 
Because the directions of the edges measured away from the point are 
inclined a t  an angle T, i t  follows that the multiplier of the elliptic sub- 
stitution is eln, or - 1. An illustration of this occurs in the special 
example of § 284, where the circular boundary of the initial region of 
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reference is changed into itself by the fundamental substitution wz = - 1, 

that is, 
w-i z-i -- - - - 
w+i z+i' 

Hence the edges of the jirst kind are e v a  i n  nwmber and can be arranged 
in  conjzigate pairs. 

Further, a point on an edge of the first kind is transformed into a 
point on the conjugate edge-uniquely, unless the point be a corner, when 
it belongs to two edges. Hence points on edges of the jirst Innd other than 
corners correspond i n  pairs. 

An edge of the second kind is transformed into one of the second kind, 
but belonging to a different polygon: there is no correspondence between 
points on edges of the second kind belonging to the same polygon. 

Each corner, as the point common to two edges, belongs to a t  least three 
regions. As a point of one edge, it will have as its homologue an extremity 
of the conjugate edge : as a point of another edge, i t  will have as its homologue 
an extrernity of the edge conjugate to that other : and these homologues may 
be the same or they may be different. Hence several corners of a given 
region may be homologous : the set of homologous corners of a given region is 
called a cycle. Since points of a series homologous with a given point al1 
belong to one category, it is convenient to arrange the cycles i n  connection 
with the categories of the cmponent points. 

The number of edges of the first kind is even, say 2n: and they can be 
arranged in pairs of conjugates, say El, En+, ; E,, En+, ; . . . . Then since En+, 
is the conjugate of E,, and f,+, (2) is the substitution which changes R, into 
Rn+,, f,+, (z) is a substitution changing E,, into En+p. After the preceding 
explanation, fp-1 (z)  is also a substitution changing E, into its conjugate En+, : 
hence we have 

fn+, (4 =fP1 (2). 
Hence for a division of the plane, each region of which hm 2n edges of the 
$rst Lind, the group contains n fundamental substitutions: the remaining n 
substitutions, necessary to construct the remaining contiguous regions, are 
obtained by taking the first inverses of the fundamental substitutions. 

The edge Ep h& been taken as the edge'common to R, and R,, the region 
derived from R, by the substitution f,(z). Every region will have an edge 
congruent to 23,: if Ri be one such region, then the region, on the other side 
of that line and having that line for an edge (the edge is, for that other 
region, the congruent of the conjugate of E,), is obtainable from R, by the 
substitution f i { fp(z) / .  We thus have an easy method of determining the 
substitution to be associated with the region, by considering the edges which 
are crossed in passing to the region : and, conversely, when the substitutions 
are associated with the regions, the correspondence of the edges is known. 

As in the special example, there are relations among the fundamental 
substitutions. The simplest mode of determining them is to describe a small 
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circuit round each corner of Ro in succession : in the description of the circuit, 
the symbol of each new region can be derived by a knowledge of the edge last 
crossed and when the circuit is closed the last symbol is the symbol also of R,, 
so that a relation is obtained. 

286. The only limitations as yet assigned to the initial region (and there- 
fore to each of the regions) of the plane are (i) that i t  contains only one point 
homologous with z, and (ii) that the even number of edges of the first kind 
can be arranged in congruent conjugate pairs. But now, 

E 
without detracting from the generality of the division, we 

cwD can modify the initial region in such a way that al1 the ; G ; 
edges of the first kind are arcs of circles with their centres / 
on the axis of x. For let C.. .AFB. ..DGC be a region with \ 
CGD and AFB for conjugate edges; join CD by an arc of 
a circle CED with its centre on the axis of x :  and apply to 1-i3 

C E D  the substitution inverse to that which gives the region F 
Fig. 109. 

in which E lies: let AHB be the result, being also (3 258) 
an arc of a circle with its centre on the axis of x. Then the part AFBHA, 
Say S,, is transforrned to CGDEC, say S,', by the substitution which causes a 
passage from R, across CGD into another region: every point in S, has a 
homologue in 8,' : and there is, by the hypothesis that Ro is the initial region, 
no homologue in R, of a point in S, except the point itself If, then, we take 
away S, from R, and add S,', we have a new region 

R,'=Ro+S,'-8,. 
I t  satisfies al1 the conditions which apply to the regions so far obtained : there 
is no point in R,' homologous with a point in it, and the conjugate edges 
CGD and AFB are replaced by conjugate edges CED, AHB congruent 
by the same substitution as the former pair. And the new conjugate 
edges are circles having their centres on the axis of x, 

Proceeding in  this way with each pair of conjugate edges that are not 
arcs of circles having their centres on the axis of x, and replacing it by a pair 
of conjugate edges congruent by the same substitution and consisting of 
arcs of circles having their centres on the axis of x, we ultimately obtain a 
region in which al1 the edges of the first kind are arcs of circles having their 
centres on the axis of x. These can, of course, be arranged in conjugate pairs, 
congruent by the assigned fundamental substitutions. Straight lines perpen- 
dicular to the axis of x count as circles with centres a t  x = co on that 
axis : al1 other straight lines, not being parts of the axis of x, can be replaced 
by circles. 

The edges of the second kind are left unaltered. 
A region, thus bounded, is called a normal polygon. 
Further, this normal polygon may be taken convex, that is, edges do not 

cross one another. If the preceding rediiction of a region to the form of 
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a normal polygon should lead to a cross polygon, then, as is usual in 
dealing with the area of such cross figures, part of the area is to be 
considered negative: and therefore, for every point in this negative part, 
there must be two points in the positive part. Hence, 
in the positive part, there are /\ 

(i) points, none of which has a homologue in 
the negative part, or in the positive 
part except itself : their aggregate gives 
a normal polygon Q : 

(ii) two sets of points, each set of which consists 
of the homologues of points in the nega- 
tive part, and makes up a positive normal 
polygon ; let the polygons be Tl and T,. Fig. 110.. 

The negative part is a normal polygon T, to which T, and T2 are each congruent. 

We now change R by adding a normal polygon T and subtracting a 
normal polygon Tl : thus for the new region we have a positive (that is, a 
convex) polygon Q, and a positive (convex) polygon T.. No point in Q has a 
homologue in T2: hence T2 and Q together make up a segion snch that 
homologues of al1 points within it lie outside: this region is a normal 
polygon, and it is convex. Hence we nlay take as the initial region of 
reference a normal convex polygon, that is, a convex polygon bounded by arcs of 
circles having their centres on the axis of x, or by portions of the axis of x: the 
number of arc-edges is evea, and they c m  be arranged in conjugate pairs. 

Simplicity is obtained by securing that the curves, which compose the 
boundary, are as like one another in character as possible. The substitutions 
are linear and they change boundaries into boundaries: the whole plane is to 
be covered: and there are no gaps between a bounding edge and the homo- 
logue of the conjugate bounding edge. The only curves, which satisfy this 
condition of leaving no gaps, and which are of the same character after any 
number of linear transformations, are circles and straight lines. 

287. We have seen that two (or more than two) corners of a convex 
polygon may be homologous: i t  is 
now necessary to arrange al1 the rB D - 
corners in their cycles. Let AB and A E 

ED be two conjugate edges of a 
a2 + b 

normal polygon, and let - 
cz + d 

be 
- 

the substitution which changes AB c O' 

into E D  ; then, as usual, we have Fig. 111. 

a ad-bc 1 w--=-- 1 1  = - -  - 
c c2 d c2 d '  

a + c  z + -  
C 
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so that arg. (w - :) + arg. ( z  + t) = m 

a d 
This a t  once shews that, whatever be the value of - and of -, the points A, 

C c 
E are homologous, and likewise the points B, D. Hence to obtain a corner 
homologous to a given corner we start from the corner, describe the edge of 
the polygon beginning there, then describe in the same direction* the conju- 
gate edge : the extremity of that edge is a homologous corner. 

The process may now be reapplied, beginning with the last point ; and i t  
can be continued, each stage adding one point to the cycle, until we either 
return to the initial point or until we are met by an edge of the second kind. 
In the former case we have a completed cycle, which may be regarded as a 
closed cycle. I n  the latter case we can proceed no further, a3 edges of the 
second kind are not ranged in conjugate pairs; but, resuming a t  the initial 
point we apply the process with a description in the reverse direction until 
we again arrive at  an edge of the second kind: again we have a cycle, which 
may be regarded as an open cycle. 

In  the case of a closed cycle, if one of the included points be of the first 
category, then al1 the points are of the first category : the cycle itself is then 
said to be of the first category. If one of the points be of the second category, 
then since no edge of the second kind is met in the description, al1 the edges 
inet are of the first kind ; and therefore al1 the points, lying on the axis of x 
and being the intersections of edges of the first kind, are of the second 
category: the cycle itself is then said to be of the second category. 

Open cycles will contain points of the third category : they may also 
contain points of the second category for points both of the second and of 
the third categories lie on the axis of x, and hornology of the points does not . 
imply conjugacy of al1 edges of which they are extremities. Such cycles are 
said to be of the third category. 

I t  thus appears that the cycles can be derived when the arrangement in 
conjugate pairs of edges of the first kind is given ; and it is easy to see that 
the number of open cycles is equal to the number of edges of the second 
kind. 

We may take one or two examples. For a quadrilateral, in which 
the conjugate pairs are 1, 4 ; 2, 3-the numbers being 
as in the figure-we have by the above process A, AB, 
DA, A : that is, A is a cycle by itself. Then B, BC, CD, 
D, DA, AB, B : that is, B and D form a cycle ; and then A 

O, CD, BC, C, that is, C is a cycle by itself. The cycles 
13. B 

are therefhe three, narnely, A ; B, D ; C. Fig. 112. 

This is necessary: the direction is easily settled for a complete polygon the sides of whioh 
are described in positive or in negative direction throughout. 
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For a hexagon, in which the conjugate pairs are 1, 5 ;  2 , 4 ;  3, 6, the 
cycles are two, namely, A, F, D, C and B, E. If the conjugate pairs be 

1, 6 ;  2, 5 ;  3, 4, the 
conjugate pairs be 1, 
R, D, E: 

Fig. 113. 

cycles are four, namely, A ; B, F ;  C, E ;  D. If the 
4 ;  2, 5 ; 3, 6 the cycles are two, namely, A, C, E; 

For a pentagon, with one edge of the second kind as in the figure and 

Fig. 114. 

having 1, 3;  4, 5 as the conjugate pairs, the cycles are three, namely, 
E ;  A, D; B, C;  the last being open and of the third category. 

For a quadrilateral as in the figure, having three corners on the axis of x 
and 1, 2 ; 3, 4 as the arrangement of its conjugate 
pairs, the cycles are D ; A, C ;  B ; the last two 
being of the second category. 

We have now to consider the angles of the 
polygons taken internally. I t  is evident that a t  
anÿ corner of the second category, the angle is A k-V-4 B c 
zero, for it is the angle between two circles meeting 

Fig. 116. 
on their line of centres ; and that a t  any corner of 
the third category the angle ,is right. There therefore remain only the 
angles at corners of the first category. Let A,, A,, ..., A, be the corners 
in a cycle of the first category and denote the angles by the same letters. 
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Since A, and A, are hoinologous corners, they are extremities of conjugate 
edges. Apply to the plane, in the vicinity of A,, the substitution which 
changes the edge ending in A, to its conjugate ending in A , :  then the 
point A, is transferred to the point A,;  one edge at  A, coincides with its 
conjugate a t  A, and the other edge at  A, makes an angle 
A, with it, because of the substitution which conserves 
angles. The latter edge was the edge which followed A, w 
in the cycle for the derivation of A,: we take its conju- 
gate ending in A,, and treat these and the points A, and Fig. 116. 

A, as before for A, and A, and their conjugate edges, namely, by using the 
substitutions transforming conjugate edges and passing from A, to A,  and 
then those frorn A, to A,. 

Proceeding in this way round the cycle, we shall have 

(1) a series of lines a t  the point, each line between two angles being 
one of the conjugate edges on which the two corners lie : 

(2) the angles correspondin; to the corners taken in cyclical order. 

Hence after n. such operations we shall again reach an angle A,. If the edge 
do not coincide with the first edge, we repeat the set of TL operations : and 
so on. 

Now al1 these substitutions lead to the construction of the various regions 
meeting in A, which are to occupy al1 the plane round A, and no two of 
which are to contain a point which does not lie on an edge. Hence 
after the completion of some set of operations, Say the p th  set, the 
edges of A, will coincide with their edges of the first angle A,;  and 
therefore 

p ( A , + A , +  ... +A,)=%, 

so that 

Hence the sum of the angles at the corners, in a cycle o f  the Jirst category, 
is a subrnultiple of 2 ~ .  

Further, if q be the number of polygons a t  A, we have 

COHOLLARY 1. J'or a cycle of the second category-it is a closed cycle- 
both p and q are inJinite. 

The cycle contains only a finite number of corners, because the polygon 
has only a 6nite number* of edges: as each corner is of the second category, 

* If the number be infinite, the edges must be infinitesimal in length unless the perimeter of 
each of the polygons is infinite : each of these alternatives is excluded. 

The reason for finiteness (1 282) in the number of fundamental substitutions in the group 
is now obvious: their number is one-half of the number of edges of the first kind. 
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the angle is zero: and therefore the repetition of the set of operations can be 
effected without liinit. Hence p is infinite ; and, as n polygons a t  a corner 
are given by each set of operations, the number q of polygons is infinite. 

COROLLARY 2. Corresponding to every cycle of the Jirst category, there 2s 
a relation arnong the fundarnental szhstitutions of the group. 

Letf,, be the substitution interchanging the conjugate edges through A, 
and A , ;  f,, the substitution interchanging the conjugate edges through A, 
and A, ; and so on. Let U denote 

fia .f2. fa-'... .fW,n1 ( 4  ; 

then Up (z) = z. 

For U is the substitution which reproduces the polygon with the angle 
A, at A, ; and this substitution is easiry seen, after the preceding explanation, 
to be periodic of order p. Moreover, this substitution U is elliptic. 

288. The following characteristics of the fundamental region have now 
been obtained : 

(i) It is a convex polygon, the edges of which are either arcs 
of circles with their centres on the axis of LZ or are portions 
of the axis of x:  

(ii) The edges of the former kind are even in number and can be 
arranged in conjugate pairs: there is a substitution for which 
the edges of a conjugate pair are congruent; if this sub- 
stitution change one edge a of the pair into a', it changes 
the given region into the region on the other side of a': 

(iii) The corners of the polygon can be arranged in cycles of one or  
other of three categories : 

(iv) The angles at  coiners in a cycle of the second category are zero : 
each of the angles at corners in a cycle of the third category 
is right: the sum of the angles at  corners in a cycle of the 
first category is a submultiple of 27r. 

Let there be an infinite discontinuous group of substitutions, such that its 
fundaniental substitutions are characterised by the occurrence of the fore- 
going properties in the edges and the angles of the geometrically associated 
region: and let the whole group of substitutions be applied to the region. 

Then the half-plane on the positive side of the axis of x is covered: no 
part is covered more than once, and no part is unassigned to regions. I t  is 
easy to see in a general way how this given condition is satisfied by the 
various properties of the regions. Since the edges of the first kind in 
the initial region can be arranged in conjugate pairs, it is so with those 
edges in every region: and the substitution, which makes them congruent, 
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makes one of them to coincide with the homologue of the other for the 
neighbouring region, so that no part is iinassigned. No part is covered 
twice, for the initial region is a normal convex polygon and therefore every 
region is a normal convex polygon: the edges are homologous from region to 
region, and form a common boundary. The angle of intersection with a 
given arc is sufficient to fix the edge of the consecutive polygon: for an arc 
of a circle, making on one side an assigned angle with a given arc and having 
its centre on the axis, is unique. At every corner of any polygon, there will 
be a number of polygons : the corners which coincide there are, for the 
different polygons, the corners homologous with a cycle in the original 
region: and the angles belonging to those corners fi11 up, eitheï alone or 
after an exact number of repetitions, the full angle round the point. 

We have seen that the substitution, which passes from a polygon at  a 
point to the same polygon, after n polygons, reproduces the angular point 
a t  the same time as it reproduces the polygon; the point is a fixed point 
of an elliptic substitution. Similarly, if the point belong to a cycle of the 
second category, n is infinite and the substitution does not change the point, 
which is therefore a fixed point of the substitution ; as the fixed point is on 
the axis, the substitution is parabolic (§ 292). 

The preceding are the essential properties of the regions, which are 
sufficient for the division of the half-plane when a group is given, and 
therefore by reflexion through the axis of x, they are sufficient for the 
division of the other half-plane. 

The position of corners of the first category, and the orientation of edges 
meeting in those corners, are determinate when the group is supposed 
given: within certain limits, half of the corners of the third category can 
be arbitrarily chosen. 

289. In  the preceding investigation, the group has been supposed given: 
the problem was the appropriate division of the plane. The converse problem 
occurs when a fundamental region, with properties appropriate for the 
division of the half-plane, is given: i t  is the determination of the group. 
The fundxmental substitutions of the group are those which transform an 
edge into its conjugate, and they are to be real-conditions which, by 
5 258, are sufficient for their construction. The whole group of substitu- 
tions is obtained by combining those that are fundamental. The complete 
division of the half-plane is effected, by applying to each polygon in suc- 
cession the series of fundamental substitutions and of their first inverses. 

It is evident that a given division of the plane into regions determines 
the group uniquely: but, as has already been seen in the general ex- 
planation, the existence of a group with the requisite properties does not 
imply a unique division of the plane. 
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As an example, let the fundamental substitutions be required when a quadrilateral as 
in Fig. 112, having 1, 2; 3, 4 for the conjugate pairs of edges, is given as  a fundamental 
regio~. The cycles of the corners are B ; D; A, C ;  so that 

2n 2 r  2 r  B=- D=-, A+C=-, 
1 '  m n 

where 1, m, n are integers. 

The simplest case hau already been treated, S 284 : there, E = 2, m= CO, n= 3, A = C ; the 
region is a triangle, really a quadrilateral with two 
edges as conterminous arcs of the same circle. We 1 D 
shhl therefore suppose this case excluded ; we take the 
case next in point of simplicity, vis. E = 2, A = C. Then 
AB and BG are conterminous arcs of one circle : we 
shall take the centre of this circle to  be the origin, ï t s  
radius unity and B on the axis of y ;  then B is a fixed 
point of the substitution, which changes AB into BG. 
The substitution is 

1 W =  -- ' 
z ' 

Fig. 117. 
i t  is one of the two fundamental substitutions. 

n a 
Evidently A=- ,  ADB= - . Let E be the centre of the circle AD, and p i ts radius : 

12 m 
7T 1F n 

then OAE= -, ODE=- - -, and so 
n 2 m 

whence 

the negative sign of the radical corresponding to the case when D lies below ABC. The 
radius p must be real and therefore 

1 1  
;Si<*: 

we omit the case of m=m,  and therefore n>2. 

The fundamental substitution, which changes AD into CD, has D and the complex con- 
a 

jugate to  D for its fixed points: these points are kipsin-. The argument of the 
m 

277 
multiplier is - , being the angle ADC: hence the substitution is 

m 

n ?r - I 

w+ip sin - z+ip sin - 
rn m 

which reduces to 

a r 
z cos - + p  sin2 - 

m nt 
w= 

i r '  -<+cos- 
P m 

where p has the value given by the above equation. 
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1 
This substitution, and the substitution w= '-, are the fundamental substitutions of 

the group. The special illustration in 8 284 gives 

the special form therefore is 
w=z+l. 

a r Taking cos - =a, cos -= b, A=(ae+ b2- l ) f ,  we have p (1 -a2)= b + ~ ;  the second fun- 
m n 

damental substitution is 

It is easy to see that 
T2=1, P=l, (TS)'=l, 

1 
where Ta= -- the complete figure caii be constructed as in 8 284. 

z '  

An interesthg figure occurs for rn= 4, n=6. 

I n  the same way it  may be proved that, if an elliptic substitution hdve reesi for its 
common points and 2 8  for the argument of its multiplier, i ts expression is 

sin (0 - e) sin 8 
where A= - 1 sin 8 B = r - ,  C=--- LI= sin (6' + 8) 

sin 8 '  SI^ 0 r sin 8 sin 0 

2 r  2 r  2 r  Taking now the more general case where B= -, D =  -, A+C=- ,  let B (in 
Z m n 

figure 112) be the point bepi, and A the point aeal Then the substitution which transform~ 

AB into BCis the above, when 8=P, r=b, e=B, so that, if C be ceuZ, 

yi- asin@-B)eai+bsinB 
ce - 9 

a .  
- - sin ~ e ' ~  +sin (B + B) 

b 

giving two relations among the constants. 

Similarly two more relations will ilrise out of the siibstitution which transforms CD 
into DA. And three relations are given by the conditions that the siim of the angles at 
A and C is an aliquot part of 2 ~ ,  and that each of the angles B and D is an aliquot part 
of 2r. 

290. Al1 the siibstitiitions hitherto considered have been real : we now 
pass to the consideration of those which have complex coefficients. Let 

be such an one, supposed discontinuous: then the effect on a point is obtained 
by displacing the origin, inverting with respect to the new position, reflecting 
through a line inclined to the axis of x at  some angle, and again displacing 
the origin. The displacements of the origins do not alter the character of 
relations of points, lines and curves: so that the essential parts of the 
transformation are an inversion and a refiexion. 
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Let a group of real substitiitions of the character considered in the 
preceding sections be transformed by the foregoing single complex substitu- 
tion : a new group 

will thus be derived. The geometrical representation is obtained through 
transforming the old geoinetrical representation by the substitution 

so that the new group is discontinuous. 

The original group left the axis of x unchanged, that is, the line z = zo 
was unchanged; hence the substitutions 

will leave unchanged the line which is congruent with z=z ,  by the 

substitution (5, .z). This line is 
'YZ + 6  

or i t  may be taken in the form 
- 6 z + b - ,  imaginary part of - - 

yz-  a 

It is a circle, being the inverse of a line ; it is unaltered by the substitutions 
of the new group, and i t  is therefore called* the fundamental circle of this 
group. The group is still called Fuchsian (p. 606, note). 

The half-planes on the two sides of the axis of x are transformed into the 
two parts of the plane which lie within and without the fundarnental circle 
respectively : let the positive half-plane be transformed into the part within 
the circle. 

With the group of real substitutions, points lying above the axis of x 
are transformed into points also lying above the axis of x, and points below 
into points below : hence hi th the new group, points within the fundarnental 
circle are transformed into points also within the circle, and points without 
into points without. 

* Klein uses the word Hauptkreis. 
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The division of the half-plane into curvilinear polygons is changed into a 
division of the part within the circle into curvilinear polygons. The sides of 
the polygons either are circles having their centres on the axis of x, that is, 
cutting the axis orthogonally, or they are parts of the axis of x :  hence the 
sides of the polygons in the division of the circle either are arcs of circles 
cutting the fundamental circle orthogonally or they are arcs of the funda- 
mental circle. 

The division of the part of the plane without the circle is the trans- 
formation of the balf-plane below the axis of B. which is a mere reflexion 
in the axis of x of the half-plane above: thus the division is characterised by 
the same properties as characterise the division of the part within the 
fundamental circle. But when the division of the part within the circle 
is given, the actual division of the part without it can be more easily 
obtained by inversion with the centre of the fundamental circle as centre 
and its radius as radius of inversion. 

This process is justified by the proposition that conjugate complexes are 

transformed by the substitution !??@ z into points which are the in- 
(VZ + 8 . ) 

verses of one another with regard to the fundamental circle. For a system 
of circles can be drawn through two conjugate complexes, cutting the real 
axis orthogonally : when the transformation is applied, we have a systern of 
circles, orthogonal to the fundamental circle and passing through the two 
corresponding points. The latter are therefore inverses with regard to 
the fundamental circle. 

This proposition can also be proved in the following elementary manner. 

Let OC, the axis of x, be inverted, with A as the centre of inversion, into a circle : 
P and Q be two conjugate complexes, and 
let  AP cut axis of x in C: let CQ cut the 
diameter of the circle in R. Since OC bisects 
PQ, i t  bisects AR; end therefore the centre 
of the circle is the inverse of R. 

Let p and q be the inverses of P and Q : 
joinpy, qr. Theri theanglepqQ= CPQ= CQP, 
and Ayr = CE0 : thus pqr is a straight line. 
&O 

QR AP Ar = -  
Aq A R - A R  Ap' 

so that rp.  rp=A+. 

I 
Fig. 118. 

Thusp  and q are inverses of each other, relative to r and with the radiiis of the funda- 
mental circle as radius. Transference of origin and reflexion in a straight line do not alter 
these properties : and therefure p and y, the transformations of the  conjugate P and Q, are 
inverses of one another with regard to the fundamental circle. 
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Hence with the present group, constructed from an i d n i t e  discontinuous 
group of real substitutions transformed by a single complex substitution, the 
fundamental circle has the same importance as the axis of real quantities 
in the group of real substitutions. I t  is of finite radius, which will be taken 
to be unity : its centre will be taken to be the origin. The area within i t  is 
divided into regions congruent with one another by the substitutions of the 
group: the whole of the area is covered by the polygons, but no part is 
covered more than once. 

Al1 the points, homologous with a given point z within the circle, lie 
within the circle : each polygon contains only one of such a set of homologous 
points. 

The angular points of a polygon can be arranged in cycles which are 
of three categories. The sum of the angles at  points in a cycle of the first 
category is unchanged by the substitution ; i t  is equal to an aliquot part of 
27~. At points in a cycle of the second category each angle is zero : a t  points 
in a cycle of the third category each angle is right. 

In  fact, al1 the properties obtained fur the division of the plane into 
polygons now hold for the division of the circle into polygons associated 
with the group 

provided we make the changes that are consequent on the transformation of 
the axis of x into the fundamental circle. 

The form of the substitution 

which secures that the fundamental circle in the w-plane shall be of radius unity and 
centre the origin, is easily obtained. 

I t  has been proved that inverse points with respect to  the circle correspond to conjugate 
complexes ; hence w=O and w= cr> correspond to two conjugate complexes, Say h and A,, 
and therefore 

2-1 
W=K - 

2 -  A,' 
where J K ~  = 1 beoause the radius of the fundamental circle is to be unity. The presence of 
this factor K is equivalent to a rotation of the w-plane about the origin. As the origin 
is the centre of the fundamental circle, the circle is unal terd by such a change: 
and therefore, without affecting the generality of the substitution, we may take ~ = l ,  
so that now 

where A is an arbitrary complex constant. The substitution is not in its canonical form, 
which however can a t  once be deduced. 

291. It has been seen, in Ej 260, that, when any real substitution is para- 
bolic or hyperbolic, then practically an infinite number of points coincide with 
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the fixed point of the substitution when it is repeated indefinitely, whatever 
be the point z initially subjected to the transformation ; this fixed point lies 
on the axis of x, and is called an essential singularity of the substitution. 
When we consider such points in reference to automorphic functions, which 
are such as to resume their value when their argument is subjected to 
the linear substitutions of the group, then a t  such a point the function 
resumes the value which i t  had a t  the point initially transformed; that is, 
in the immediate vicinity of such a fixed point of the substitution, the 
function acquires any number of different values : such a point is an essential 
singularity of the function. Hence the essential singularities of the group 
are the essential singularities of the corresponding function. 

Now al1 the essential singularities of a discontinuous group lie on the 
axis of x when the group is real; the line may be or may not be a con- 
tinuous line of essential singularity. If, for example, x be any such point 
for the group of $ 283, 284 which is characteristic of elliptic modular- 
functions, then al1 the others for that group are given by 

where a, b, c, d are integers, subject to the condition ad - bc = 1 : and 
therefore al1 the essential singularities are given by rational linear trans- 
formations. For points on the real axis, this group is improperly dis- 
continuous: and therefore for this group the axis of ~t. is a continuous line 
of essen tial singularity. 

Hence when we use the transformation to deduce the division 

of the fundamental circle into regions, the essential singularities of the new 
group are points on the circumference of the fundamental circle: the cir- 
cutnference is or is not a continuous line of essential singularity for the 
function or the group*, according as the group is properly or improperly 
discontinuous for the circle. 

292. It is convenient to divide the groups into families, the discrimin- 
ation adopted by Poincaré being made according to the categories of cycles of 
angular points in the polygons into which the group divides the plane. The 
group is of the 

1st family, if the polygon have cycles of the 1st category only, 
2nd ................................................ 2nd ..............., 
3rd ................................................... 3rd ..............., 
4th ....................... ...... ................... 2nd and 3rd .. ............., 
* Poincarb calls the group Fuchsian, both when al1 the coefficients are real and when they 

mise from the transformation of snch an infinite group by a single substitution that has imaginary 
coefficients. A convenient resumé of his results is given by him in a paper, Math. Ann., t. xix, 
(1882), Pp. 553-564. 
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5th family, if the polygon have cycles of the 1st and 3rd categories only, 
............ .................... 6th ............................ .:. 1st and 2nd ..., 

7th ............................................. al1 three categories. 
Thus in the polygons, associated with groups of the lst,  the 2nd) and the 6th 
faniilies, al1 the edges are of the first kind ; in the polygons associated with 
groups of the remaining families, edges of the second kind occur. 

A subdivision of some of the families is possible. I t  has been proved that 
the suin of the angles in a cycle of the first category is a submultiple of 27~. 
If the sum is actually 27r, the cycle is said to belong to the first sub-category: 
if it be less than 27r (being necessarily a submultiple), the cycle is said to 
belong to the second sub-category. And then, if al1 the cycles of the polygon 
belong to the first sub-category, the group is said to belong to the first order 
in the first family : if the polygon have any cycle belonging to the second 
sub-category, the group is said to belong to the second order in the first 
fauiily. 

It has been proved in 5 288 that a corner belonging to a cycle of the 
second category is not changed by the substitution which gives the conti- 
guous polygons in si~ccession ; the corner is a fixed point of the substitution, 
so that the substitution is either parabolic or hyperbolic. I n  his arrange- 
ment of families, Poincard divided the cycles of the second category into 
cycles of two sub-categories, according as the substitution is parabolic or 
hyperbolic: but Klein has proved* that there are no cycles for hyperbolic 
substitutions, and therefore the division is unnecessary. The families of 
groups, the polygons associated with which have cycles of the second 
category, are the second, the fourth, the fifth and the seventh. - 

There is one very marked difference between the set of families, con- 
sisting of the first, the second and the sixth, and the set conütituted by 
the remainder. 

No polygon associated with a real group in the former set has an edge of 
the second kind : and therefore the only points on the axis taken account of 
in the division of the plane are the essential singularities of the group. 
The domain of any ordinary point on the axis in the vicinity of each of the 
essential singularities is infinitesimal: and therefore the axis of x is taken 
account of in the division of the plane only in so far as it contains essential 
singularities of the group and the functions. This, of course, applies equally 
to the transformed configuration in which the conserved line is the funda- 
mental circle: and therefore, in the division of the area of the circle, i ts 
circumference is taken account of only in so far as i t  contains essential 
singularities of the groups and the functions. 

But each polygon associated with a real group in the second set of 
families has an edge of the second kind: the groups still have al1 their 

Math. Ann., t. xi, (1892), p. 132. 
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essential singularities on the axis of x (or on the fundamental circle) 
and at least some of them are isolated points; so that the domain of an 
ordinary point on the axis is not idnitesimal. Hence parts of the axis of 
x (or of the circumference of the fundamental circle) fa11 into the diviflion of 
the bounded space. 

293. There is a method of ranging groups which is of importance in 
connection with the automorphic functions determined by them. 

The upper half of the plane of representation has been divided into 
curvilinear polygons; i t  is evident that the reflexion of the division, in the 
axis of real quantities, is the division of the lower half of the plane. Let the 
polygon of reference in the upper half be R, and in the lower half be R,', 
obtained from R, by reflexion in the axis of real 'cpantities. Then, if the 
group belong to the set, which includes the first, the second and the sixth 
families, R, and R,' do not meet except a t  those isolated points, which are 
polygonal corners of the second category. But if the group belong to the 
set which includes the remaining families, then R, and Ro are contiguous 
along al1 edges of the second kind, and they may be contiguous also at 
isolated points as before. 

In  the former case R, and R,' may be regarded as distinct spaces, 
each fundamental for its own half-plane. Let R, have 2n edges which can 
be arranged in 72 conjugate pairs, and let q be the number of cycles al1 
of which are closed ; each point in one edge corresponds to a single point in 
the conjugate edge. Let the surface included by the polygon R, be deformed 
and stretched in such a manner that conjugate edges are made to coincide by 
the coincidence of corresponding points. A closed surface is obtained. For 
each pair of edges in the polygon there is a line on the surface, and for each 
cycle in the polygon there is a point on the surface in which lines meet; and 
the lines make up a single curvilinear polygon occupying the whole surface. 
The process is reversible ; and therefore the connectivity of the surface is an 
integer which may properly be associated with the fundamental polygon. 

When two consecutive edges are conjugate, their common corner is a 
cycle by itself. The line, made up of these two edges after the deformation, 
ends in the common corner which has become an isolated point; this line 
can be obliterated without changing the connectivity. The obliteration 
annuls two edges and one cycle of the original polygon : that is, it diminishes 
.n by unity and q by unity. Let there be r such pairs of consecutive edges. 
The deformed surface is now occupied by a single polygon, with n - r sides 
and q - r  angular points; so that, if its connectivity be 2N+ 1, we have 

(5 16;) 
2 N = 2 + ( n - r ) - 1 - ( q - r )  

= n + l - p .  
The group may be said to be of class N. 
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In  the latter case, the combination of R, and Ro may be regarded as 
a single region, fuodamental for the whole plane. Let R, have 2n edges of 
the first kind and rn of the second kind, and let q be the number of closed 
cycles: the number of open cycles is m. Then R,' has 2n edges of the first 
kind and q closed cycles; i t  has, in common with R,, the m edges of t h e  
second kind and the m open cycles. The correspondence of points on t h e  
edges of the first kind is as before. Let the surface incliided by Ro and 
R,' taken together be deformed and stretched in such a manner that con- 
jugate edges coincide by the coincidence of corresponding points on those 
edges. A closed surface is obtained. As the process is reversible, t h e  
connectivity of the surface thus obtained is an integer which may properly 
be associated with the fundamental polygon. 

This integer is determined as before. For each pair of edges of the first 
kind in eitber polygon, a line is obtained on the surface; so that 2n lines are 
thns obtained, n from Ro and TZ from R,,'. Each of the common edges of t he  
second kind is a line on the surface, so that m. lines are thus obtained. T h e  
total number of lines is therefore 2n + m. For each of the closed cycles 
there is a point on the surface in which lines, obtained through the defor- 
mation of edges of the first kind, meet: their number is 2q, each of the  
polygons providing q of them. For each of the open cycles there is a point 
on the surface in which one of the rn lines divides one of the n, lines arising 
through R, from the corresponding line arising through R,': the number of 
these points is m. The total number of points is therefore 2p + m. 

The total number of polygons on the surface is 2. Hence, if the con- 
nectivity be 2N + 1, we have (§ 165) 

2 N = 2 + 2 n + m - ( 2 q + m ) - 2  

= 2n - 2q. 

The group may be said to be of class N. 

Thus for the generating quadrilateral in figure 112 (p. 596), the class of 
the group is zero when the arrangement of the conjugate pairs is 1 , 2  ; 3,4 : 
and it is unity when the arrangement of the pairs is 1, 3 ;  2, 4. For the 
generating hexagon in figure 113 (p. 597), the class of the group is zero when 
the arrangement of the conjugate pairs is 1, 6 ; 2, 5 ; 3, 4 : and i t  is unity 
when the arrangement of the pairs is 1, 4 ;  2, 5 ; 3, 6. For the generating 
pentagon in figure 114 (p. 597), the class of the group is zero when the 
arrangement of the conjugate pairs is 1, 3 ;  4, 5:  and i t  is two, when the  
arrangement of the pairs is 1, 4 ;  3, 5. For a generating polygon, bounded 
by 2n semi-circles each without al1 the others and by the portions of the 
axis of x, the number of closed cycles is zero : hence IV= TL 

294 In al1 the groups, which lead to a division of a half-plane or of a, 

F. 39 
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circle into polygons, the substitutions have real coefficients or are composed 
of real substitutions and a single substitution with complex coefficients: 
and thus the variation in the complex part of the coefficients in the group is 
strictly limited. We now proceed to consider groups of substitutions 

in which the coefficients are complex in the most general manner: such 
groups, when properly discontinuous, are called Kleinian, by Poincaré. 

The Fuchsian groups conserve a line, the axis of 8, or a circle, the funda- 
mental circle : the Kleinian groups do not conserve such a line or circle, 
.cornmon to the group. Every substitution can be resolved into two dis- 
placements of origin, an inversion and a reflexion, as in § 2.58. The inversion 
has for its centre the point - being the origin after the first displace- 
ment ; the reflexion is in the line through this point making with the real 
axis an angle rr - 2 arg. y. The only line left unaltered by these processes is 
one which makes an angle &r -arg. y with the real axis and passes through 
the point ; and the final displacement to the point aly will in general displace 
this line. Moreover, arg. y is not the same for al1 substitutions; there is 
therefore no straight line thus conserved common to the group. 

Similar considerations shew that there is no fundamental circle for the 
group, persisting untransformed through al1 the substitutions. 

Hence the Kleinian groups conserve no fundamental line and no funda- 
mental circle : when they are used to divide the plane, the result cannot be 
similar to that secured by the Fuchsian groups. As will now be proved, 
they can be used to give relations between positions in space, as well as 
relations between positions merely in a plane. 

The lineo-linear relation between two complex variables, expressed as a 
linear substitution, has been proved (5 261) to be the algebraical equivalent 
of any even number of inversions with regard to circles in the plane of the 
variables : this analytical relation, when developed in its geometrical aspect, 
can be made subservient to the correlation of points in space. 

Let spheres be constructed which have, as their equatorial circles, the 
circles in the system of inversions just indicated; let inversions be now carried 
out with regard to these spheres, instead of merely with regard to their 
equatorial circles. It is evident that the consequent relations between points 
in the plane of the variable z are the same as when inversion is carried out 
with regard to the circles: but now there is a unique transformation of points 
that do not lie in the plane. Moreover, the transformation possesses the 
character of conformal representation, for i t  conserves angles and i t  secures 
the similarity of infinitesimal figures: points lying above the plane of z 
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invert into points lying above the plane of s, so that the plane of z is 
common to al1 these spherical inversions and therefore common to the sub- 
stitutions, the analytical expression of which is to be associated with the 
geometrical operation ; and a sphere, having its centre in the plane of the 
complex z is transformed into another sphere, having its centre in that plane, 
so that the equatorial circles correspond to one another. 

Through any point P in space, let an  arbitrary sphere be drawn, having 
its centre in the plane of the complex variable, Say, that of the coordinates 
E, q. It will be transformed, by the various inversions indicated, into another 
sphere, having its centre also in the plane of f ,  q and passing through the 
point Q obtained from P a s  the result of al1 the inversions; and the equatorial 
planes will correspond to one another. 

Let the sphere through Q be 

Hence, if Q be determined by 

this equation is P ' ~  + hod i hz; + k = O, 

where - h, -ho = a + ib, a - i b  respectively. The equatorial circle of this 
sphere is evidently given by 3' = O, so that its equation is 

this circle can be obtained from the equatorial circle of the sphere through P 
m+P by the substitution z' =- vz + a . Hence the latter circle, by § 258, is given by 

and therefore the equation of the sphere through P is 

The quantities h, ho, k are arbitrary quantities, subject to only the single 
condition that the sphere passes through the point Q: there is no other 
relation that connects them. Hence the equation of the sphere through P 
must, as a condition attaching to the quantities h, ho, k, be substantially the 
equivalent of the former condition given by the equation of the sphere 
through Q. I n  order that thesc two equations may be the same for h, ho, k, 
the variables P'~, z', z,' of the point Q and those of P, being pz, z, zo, must give 

39-2 
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practically the same coefficients of h, &, k in the two equations, and therefore 

These are evidently the equations which express the variables of a point Q in 
space in terms of the variables of the point P, when it is derived from P by 
the generalisation of the linear substitution 

they may be called the equations of the substitution. l t  is easy to deduce 
that 

f"- - 
1 

r - p2yy0 + zoy08 + zyaO + 68, ' 
which may be combined with the preceding equations of the substitution. 

Also, the magnification for a single inversion is ds,/ds, or rl/r, where r, 
and r are the distances of the arcs from the centre of the sphere relative to 
which the inversion is effected. But r,/r = cl/c where cl and c are the 
heights of the arcs above the equatorial plane; hence the magnification is 
&/c, for a single inversion. For the next inversion it is c2/g1, and therefore i t  
is c2/:,/r for the two together; and so on. Hence the final magnification m 
for the whole transformation is 

a quantity that diminishes as the region recedes from the equatorial plane. 

I t  is justifiable to regard the equations obtained as merely the generalisa- 
tion of the substitution : they actually include the substitution in its original 
application to plane variables. When the variables are restricted to the plane 
of 4; 11, we have pz = ZZ,, and therefore 

on the removal of the factor yozo + a0 common to the numerator and the 
denominator; and r vanishes when r= O. The uniqueness of the result is 
an a posteriori justification of the initial assumption that one and the same 
point Q is derived from P, whatever be the inversions that are equivalent to 
the linear substitution. 
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Ex. 1. Let an elliptic substitution have u and v as its ûxed points. 

Draw two circles in the plane, passing through u and v and intersecting at an angle 
equal to half the argument of the multiplier. The transformation of the plane, caused by 
the substitution, is eqiuvalent to inversions at these circles ; the corresponding transforma- 
tion of the space above the plane is equivalent to inversions at the spheres, having these 
circles as equatorial circles. I t  therefore follows that every point on the line of intersection 
of the sphores remains unchanged: hence when a Kleinian substitution is ell@tic, e v e y  
point on the circle, i n  a plane perpendicular to the plane of x, y and hamng t h  line joining 
the common points of the substitution as its diameter, w unchanged by the substitution. 
Foincar6 calls this circle C the double (or jtxed) circle of the elliptic substitution. 

Ex. 2. Prove that, when a Kleinian substitution is hyperbolic, the only points in space, 
which are unchanged by it, are its double points in the plane of x, y y; and shew that 
it changes any circle through those points into itself and also any sphere through those 
points into itself. 

Ex. 3. Prove that, when the substitution is loxodromic, the circle C, in a plane 
perpendicular to the plane x, y and having as its diameter the line joining the cominon 
points of the substitution, is transformed into itself, but that the only points on the 
circumference left unchanged are the common points. 

Ex. 4. Obtain the corresponding properties of the substitution when i t  is parabolic. 

(Al1 these results are due to PoincarB.) 

295. The process of obtaining the division of the z-plane b y  means of 
Kleinian groups is similar to that adopted for Fuchsian groups, except 
that now there is no axis of real quantities or no fundamental circle 
conserved in that plane during the substitutions: and thus the whole 
plane is distributed. The polygons will be bounded by arcs of circles ax 
before : but a polygon will not necessarily be simply connected. Multiple 
connectivity has already arisen in connection with real groups of the third 
family by taking the plane on both sides of the axis. 

As there are no edges of the second kind for polygons determined by 
Kleinian groups, the ouly cycles of corners of polygons are closed cycles ; 
let A,, A,, ..., A, in order be such a cycle in a polygon Ra. Round A, 
describe a small curve, and let the successive polygons along this curve be 
R ,  R ,  . R ,  R , . .  The corner A, belongs to each of these polygons: 
when considered as belonging to B,, i t  will in that polygon be the homologue 
of A ,  as belonging to R,, if rn< n ; but, as belonging to &, it will, in that 
polygon, be the homologue of A, as belonging to R,. Hence the substitution, 
which changes R, into Rn, has A, for a fixed point. 

This substitution may be either elliptic or parabolic, (but not hyperbolic, 
$ 292): that i t  cannot be loxodrornic may be seen as follows. Let peio be 
the multiplier, where (5 259) p is not unity and w is not zero: and let 
2, denote the aggregate of polygons fi,,, R I ,  ..., Rn-,, 2, the aggregate 
Rn, ..., R,,, and so on. Then 2, is changed to %, 2, to Z,, and so onj 
by the substitution. Let p be an integer such that po 2 2 7 ~ ;  then, when 
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the substitution has been applied p times, the aggregate of the polygons 
is Zp, and i t  ail1 cover the whole or part of one of the aggregates Co, Cl, .... 
But, because pP is not unity, % does not coincide with that aggregate or the 
part of that aggregate : the substitution is not then properly discontinuous, 
contrary to the definition of the group. Hence there is no loxodrornic 
substitution in the group. If the substitution be elliptic, the sum of the 
angles of the cycle must be a submultiple of 2n- ; when i t  is parabolic, each 
angle of the cycle is zero. 

In the generalised equations whereby points of space are transformed 
into one another, the plane of x, y is conserved throughout: it is 
natural therefore to consider the division of space on the positive side of 
this plane into regions Po, Pl, . . . , such that Po is changed into al1 the 
other regions in turn by the application to i t  of the generalised equations. 
The following results can be obtained by considerations similar to those 
before adduced in the division of a plane". 

The boundaries of regions are either portions of spheres, having their 
centres in the plane of x, y, or they are portions of that plane: the 
regions are called polyhedral, and such boundaries are called faces. If the 
face is spherical, it is said to be of the j î r s t  kind: if i t  is a portion of 
the plane of x, y, i t  is said to be of the second kind. Faces of the 
second kind, being in the plane of x, y and transformed into one another, 
are polygons bounded by arcs of circles. 

The intersections of faces are edges. Again, an edge is of the Jirst 
kind, when i t  is the intersection of two faces of the first kind : it is of 
the second &nd, when i t  is the intersection of a face of the first kind 
with one of the second kind. An edge of the second kind is a circular 
arc in the plane of x, y :  an edge of the first kind, being the intersection 
of two spheres with their centres in the plane of x, y, is a circular arc, 
which lies in a plane perpendicular to the plane of x, y and has its 
centre in that plane. 

The extremities of the edges are corners of the polyhedra. They are 
of three categories : 

(i) those which are above the plane of x, y and are the common 
extremities of at least three edges of the first kind: 

(ii) those which lie in the plane of x, y and are the common extremities 
of a t  least three edges of the first kind: 

(iii) those which lie in the plane of x, y and are the common extremities 
of at  least one edge of the first kind and of a t  least two edges of 
the second kind. 

' 

See, in particular, Poincaré, Acta Math., t. iii, pp. 66 et seq. 
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Moreover, points a t  which two faces touch can be regarded as isolated corners, 
the edges of which they are the intersections not being in evidence. 

Faces of a polyhedron, which are of the first kind, are conjugate in paiw : 
two conjiigate faces are congruent by a fundamental substitution of the group. 

Edges of the first kind, being the limits of the faces, arrange themselves 
in cycles, in the same way as the angles of a polygon in the division of the 
plane. If E,, El, . . ., En, be the n. edges in a cycle, the number of regions 
which have an edge in E,, is a multiple of n:  and the sum of the dihedral 
angles at the edges in a cycle (the dihedral angle at  an edge being the 
constant angle between the faces, which intersect dong the edge) i~ a 
submultiple of 27~. 

The relation between the polyhedral divisions of space and the polygonal 
divisions of the plane is as follows. Let the group be such as to cause the 
fundamental polyhedron Po t o  possess n faces of the second kind, Say Fol, 
Fm, . . Every congruent polyhedron will then have ?t faces of the 
second kind; let those of P, be Pd,, F8/',,, ..., Fm Every point in the plane 
of x, y belongs to some one of the complete set of faces of the second kind: 
and, except for certain singular points and certain singular lines, no point 
belongs to more than one face, for the proper discontinuity of the group 
requires that no point of space belongs to more than one polyhedron. 

Then the plane of x, y is divided into n regions, Say D,, D,, . .., Dm ; each 
of these regions is composed of an infinite number of polygons, consisting of 
the polygonal faces E. Thus D, is composed of E",, Kr, Fw, ... ; and these 
polygonal areas are such that the substitution S, transforms Fm into Fm. 
Hence it appears that, by a Kleinian group, the whole plane is divided into 
a finite number of regions; and that each region is divided into an infinite 
number of polygons, which are congruent to one another by the substitutions 
of the group. 

296. The preceding groups of substitutions, that have complex co- 
efficients, have been assumed to be properly discontinuous. 
Ex. Prove that, if any group of substitutions with complex coefficients be improperly 

discontin~o&~ i t  is improperly discontinuous only for points in the plane of x, y. 
(PoincarB.) 

One of the simplest and most important of the improperly discontinuous 
groups of substitutions, is that compounded from the three fundamental 
substitutions 

z'=Sz=z+l, z'=Tz=-- l I=Vz=z+i, 
8 ' 

where i has the ordinary meaning. Al1 the substitutions are easily proved to 
be of the form 

az+P 
"/z+6' 
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where a8 - /3y = 1, and a, B, y, 6 are complex integers, that is, are represented 
by rn + ni, where m and lz are integers. This is the evident generalisation of 
the modular-function group: consequently there is at  once a suggested 
generalisation to a polyhedron of reference, bounded by 

+2%52-4, % > T l > - + ,  p + q z + r " L  
which will thus have one spherical and four (accidentally) plane faces. 

The following method of consideration of the points included by the 
polyhedron of reference differs from that which was adopted for the polygon 
of reference in the plane. 

If possible, let a point (f ,  q, f3 lying within the above region be transformed 
by the equations generalised from some one substitution of the group, say 

from - eiz+B into another point of the region, say 5>, q', r. Then we have 
y z + 6 '  a > e - - + ,  $>.1>-+, 5"+q"+r">l. 

1 
From the last, i t  follows that Y >  -: and similarly for r, y', by the 

d2 
hypothesis that the point is in the region. Now 

1 
Hence, as f: and are both > -, we have 1 < 2 : so that, because y is 

de 
a complex integer, we have 

y=0 ,  f 1, I i  
as the only possible cases. 

If y =  O, then since a8 - = 1, we have a8 = 1 and a, 6 are complex 
integers : thus either 

For the first of these sub-cases we have, from the equations of the substitu- . 

tion, 
z f = z + @ ,  

where /3 is a complex integer: if the new point lie within t,he region, then 
,f? = 0, and we have 

d=z,  c '=t  
which is merely an identity. 

For the second, we have z' = z - ,û : leading to the same result. 

For the third, we have, since 6, = i, 
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But as Ir[, 17'1, [FI, 171 are al1 Iess than 4, we have B = 0, and so 
t'=-Es 7 '=-7;  and r=c 

For the fourth case, we have 

zl=-z-ip,  

leading to the same result as the third. Hence, if y = 0, the only point lying 
within the region is given by 

r=-E) qJ=-q, y=c:  

determined by the substitution d = which is TVT-1V-lTV. - i' 
If Iyl = 1, that is, yyo = 1, then 

(. 

Of the two quantities Ç and r, one will be not greater than the other: we 
choose Ç to be that one and consider the accordingly associated substitution*: 
thus c/r e 1, pZ > 1, and so 

~ 0 ~ 0 6  + ~ $ 0  + < O, 

6 
Now Iyl= 1, so that - is of the form p + iq, where p and q are integers : thus 

Y 
we have 

pa+ q" 2pF+ 247 < 0, 
which is impossible because 2.5 < 1, 27 < 1. 

Hence it follows that within the region there are only two equivalent 
points, derived by the generalised equations from the substitution 

and that al1 points within the region can be arranged in equivalent pairs 

E, 7, f: and - t ,  - q, f:. 
If the region be symmetrically divided into two, so that the boundaries of 

a new region are 

4 2 f 2 0 ,  4 2 7 2 - 9 ,  p + q 2 + p 2 1 ,  g=-O, 
then no point within the new region is equivalent to any other point in the 
regiont. As in the division of the plane by the modular group,'it is easy 
to see that the whole space above the plane of f,  7 is divided by the group : 
therefore the region is a polyhedron of reference for the group composed of the 
fundamental substitutions S, T, 7. 

* Were it b', al1 that would be necessary would be to take the inverse substitution. 
t Bianchi, Math. Ann., t. xxxviii, (1891), pp. 313-324, t. XI, (18923, pp. 332-412; Picard, ib., 

t. xxxix, (1891), pp. 142-144; Mathews, Quart. Jouirt. Math., vol. xxv, (1891), pp. 289-296. 
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The preceding substitutions, with complex integers for coefficients, are of use in appli- 
cations to the discussion of binary quadratic forms in the theory of numbers. The special 
division of al1 space corresponds, of course, to the character of the coefficients in the 
substitutions : other divisions for similar groupa are possible, as is proved in Poincaré's 
memoir already quoted. 

These divisions al1 presuppose that the group is infinite : but similar divisions for only 
finite groups (and therefore mith only a finite number of regions) are possible. These are 
considered in detail in an interesting memoir by Goursat*; the transformations conserve 
an imaginary sphere instead of a real plane a s  in PoincarB's theory. 

Ex. Shew that, for the infinite group composed of the fundamental substitutions 

where is a primitive cube root of unity, a fundamental region for the division of space 
above the plane of z, corresponding to the generalised equations of the group, is a sym- 
metrical third of the polyhedron extending to infinity above the sphere 

E 2 + 9 2 + / 2 = l ,  

and bounded by the sphere and the six planes 

2[= 11, 6 + 9 J 3 =  +_1 ,  [ - 9 J 3 =  21.  (Bianchi.) 

* "Sur les substitutions orthogonales et les divisions regulihres de l'espace," Ann. de l'fie. 
Nom. Sup., 3"" Sér., t. vi, (1889), pp. 9-102. See also Schinflies, Math. Ann., t. xxxiv, (1889), 
pp. 172-203 : other referenoes are given in these papers. 
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297. AS was stated in the course of the preceding chapter, we are 
seeking the most general form of the arguments of functions which secures 
the property of periodicity. The transformation of the arguments of trigo- 
nometrical and of elliptic functions, which secures this property, is merely a 
special case of a linear substitution : and thus the automorphic functions to 
be discusved are such as identically satisfy the equation 

Y(Si2) = f (z), 
where Si is any one of an assigned group of linear substitutions of which only 
a finite number are fimdamental. 

Various references to  authorities will be given in the present chapter, in connection 
with illustrative examples of automoipbic functions : but it  is, of course, beyond the scope 
of the present treatise, dealing only with the generalities of the theory of fimctions, to 
enter into any detailed development of the properties of special classes of automorphic 
functions such as, for instance, those comrnonly called polyhedral and those commonly 
called elliptic-modular. Automorphic functions, of types less special than those just men- 
tioned, are called FuchsZam functwns by Poincaré, when they are determined in association 
with a Fuchsiaii group of substitutions, and KleZnkn funetion3, when they are determined 
in association with a Kleinian group : as our purpose is to provide only an introduction 
to the theory, the more general term autommphic will be adopted. 

The establishment of the general classes of automorphic functions is effected by 
Poincaré in his memoirs in the early volumes of the Acta Mathernatica, and by Klein in his 
memoir in the 21st volume of the Mathematische Annalen: these have been already quoted 
(p. 583 note) : m d  Poincaré gives various historical notes" on the earlier scattered occur- 
rences of automorphic functions and discontinuous groups. Other memoira that may be 
consulted with advantage are those of Von Mangoldtt, Weberl, Schottky$, Stahlll, 

* Acta Math., t. i, pp. 61, 62, 293 : ib., t. iii, p. 92. Poincaré's memoirs occur in the jîrst, 
third, fourth and fifth volumee of this journal : a great part of the later memoirs is devoted to 
their application to linear differential equations. 

f GGtt. Nachr., (1885), pp. 313-319; ib., (1886), pp. 1-29. 
S GGtt. Nachr., (1886), pp. 359-370. 
§ Crelle, t. ci, (1887), pp. 227-272. 
II Math. A m . ,  t .  xxxiii, (1889), pp. 291-309. 
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Schlesinger* and Rittert : and there are two by BurnsideS, of special interest and 
importance in connection with the third of the seven families of groups ( 8  292). 

298. We shall first consider functions associated with finite discrete 
groups of linear substitutions. 

There is a group of six substitutions 

1 
which (5 283) is complete. Forming expressions z - x, z - - z - (1 - x), 

lx ' 
1 8 - 1  

2- - Z-- x 
,z--  and multiplying them together, we can express 

1 -x' x x - 1  
their product in the form 

(z2-z+1y ( X " - ~ + l y }  
(2" zy' - 

(z2 - q2 (X" - xy ' 

so that 

is a function of z which is unaltered by any of the transformations of its 
variable given by the six substitutions of the group. The function is well 
known, being connected with the six anharmonic ratios of four points in a 
line which can al1 be expressed in terms of any one of them by means of the 
substitutions. 

Another illustration of a finite discrete group has already been furnished 
in the periodic elliptic transformation of 5 258, whereby a crescent of 
the plane with its angle a submultiple of 2~ was successively transformed, 
ultimately returning to itself : so that the whole plane is divided into portions 
equal in number to the periodic order of the substitution; 

If a stereographic projection of the plane be made with regard to any 
external point, we shall have the whole sphere divided into a number of 
triangles, each boiinded by two small circles and cutting at  the same angle. 
By choice of centre of projection, the common corners of the crescents can be 
projected into the extremities of a diameter of the sphere: and then each of 
the crescents is projected into a lune. The effect of a substitution on the 
crescent is changed into ri, rotation round the diameter joining the vertices 
of a lune through an angle equal to the angle of the lune. 

299. This is merely one particular illustration of a general correspondence 
between spherical rotations and plane homographies, as we now proceed to 
shew. The general correspondence is based upon the following proposition 
due to Cayley:- 

* Crelle, t. cv, (1889), pp. 181-232. 
1. Math. Ann., t. xli, (1892), pp. 1-82. 
$ L o d .  Nath. Soc. PTOC., vol. xxiii, (1892), PP. 48-88, ib., pp. 281-295. 
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When a sphere is displuced by a rotation rownd a diameter, the variables of 
the stereographic projections of any point in its origina.1 position and in its dis- 
placed position are connected by the relation 

whwe a, b, c, d are real quantities. 

Rotation about a given diameter through an assigned angle gives a 
unique position for the displaced point : and stereographic projection, which 
is a conforma1 operation in that it preserves angles, also gives a unique point 
as the projection of a given point. Hence taking the stereographic projec- 
tion on a plane of the original position and the displaced position of a point 
on the sphere, they will be uniquely related: that is, their complex variables 
are connected by a lineo-linear relation, which thus leads to a linear substitu- 
tion for the plane-transformation correspondiag to the spherical rotation. 

Now the extremities of the axis are unaltered by the rotation ; hence the 
projections of these points are the fixed points of the substitution. If the 
points be k; q, (and - f ,  -q, - (, on a sphere of radius unity, and if the 
origin of projection be the north pole of the sphere, the fixed points of the 
substitution are 

so that the substitution is of the form 

To determine the multiplier K, we take a point P very near C, one extremity 
of the axis : let P' be the position after the rotation, so that CP' = C'P. Then, 
in the stereographic projection, the small arcs which correspond to CP and 
CP' are equal in length, and they are inclined at  an angle a. Hence the 

F +  .i.l multiplier K is eh : for when z, and therefore z', is nearly equal to - -- 
l + r a  

fixed point of the substitution, the magnification is lKl and the angular 
displacement is the argument of K, which is a. 

Inserting the value of K, solving for k and using the condition 
g + 7 7 a + g 2 = l ,  we have 

z' = (d + ic ) z -  (b - ia)  
(b +ia) z + ( d -  ic)' 

where a = t s i n $ a ,  b=qsin$a, c=fsin+cr, d=cos+a, 

so that a a + b a + c a + - d 2 = l ,  

the equivalent of the usual condition to which the four coefficients in any 
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linear substitution are subject : i t  is evident that the substitution is elliptic. 
The proposition * is thus proved. 

When the axis of rotation is the diameter perpendicular to the plane, we 
have, by 5 256, 

z=ke-9+i+, z'=ke-g+i(b+> 
so that d = zeiy 
agreeing with the above result by taking ,!j = O = q, c= 1 so that a = O  = b, 
c = sin $a, d = cos Ba. 

It should be noted that the formula gives two different sets of coefhients 
for a single rotation: for the effect of t h e  rotation is unaltered wheri it is 
increased by 27~) a change in a which leads to the other signs for al1 the 
constants a, b, c, d. 

It thus appears that the rotation of a sphere about a diameter interchanges 
pairs of points on the surface, the stereographic projections of which on the 
plane of the equator are connected by an elliptic linear substitution : hence, 
in the on; case as  in the other, the substitution is periodic when a, the 
argument of the multiplier and the angle of rotation, is a submultiple of 2 . ~ .  

I n  the discussion of functions related in their arguments to these linear - 
substitutions, it proves to be convenient to den1 with homogeneous variables, 
so that the algebraical forms which arise can be connected with the theory of 
invariants. We take zz,= z,: the for mi il^ of transformation may then be 
represented by the equations 

zl' = K (UZ, + PZ,), z,l= K (yz1 + 82,) 
for the substitution z' = (az + P)/(ryz + 8). As we are about to deal with 
invariantive functions of position dependent upon rotations, i t  is important 
to have the determinant of homogeneous transformation equal to unity. 
This can be secured only if IC = + 1 or if K = - 1 : the two values correspond 
to the two sets of coefficients obtained in connection with the rotation. 
Hence, in the present case, the formula: of homogeneous transformation are 

z,l=(d+ic)z,-(b-iu)z,, z,'=(b+ia)z,+(d-ic)z2, 
where a2 + ba +- c2 + da, being the determinant of the substitution, = 1 ; every 
rotation leads to two pairs of these homogeneous equations?. Each pair of 
equations will be regarded as giving a homogeneous substitution. 

Moreover, rotations can be compounded: and this composition is, in the 
analytical expression of stereographically projected points, subject to the same 
algebraical laws as is the composition of linear substitutions. If, then, there 

* Cayley, Math. Ann., t. xv, (1879), pp. 238-240; Klein's Vorlesungen über  d m  Ikosaebr ,  
pp. 32-34. 

f The succeeding eccount of the polyhedral functions are based on Klein's investigations, 
whicli are collected in the 6 r s t  section of his Vwrlesungen über d m  ïkosaeder (Leipzig, Teubner, 
1884) : see also Cayley, Can~b .  Phil. T ~ a n s . ,  vol. xiu, pp. 4-68. 

It will be seen that the resnlts are intimately related to the results obtained in §§ 271-279, 
relative to the conformal representation of figures, bounded by ciroular arcs, on a half-plane. 
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be a complete group of rotations, that is, a group such that the composition 
of ang two rotations (including repetitions) leads to a rotation incliided in the 
group, then there will be associated with it a complete group of linear 
homogeneous substitutions. The groups are finite together, the number of 
niembers in the group of homogeneous substitutions being double of the 
number in the group of rotations: and the substitutions can be arranged in 
pairs so that each pair is associated with one rotation. 

300. Such groups of rotations arise in connection with the'regular solids. 
Let the sphere, which circumscribes such a solid, be of radius unity : and let 
the edges of the solid be projected from the centre of the sphere into arcs of 
great circles on the surface. Then the faces of the polyhedron will be repre- 
sented on the surface of the sphere by closed curvilinear figures, the angular 
points of which are summits of the polyhedron. There are rotations, of proper 
magnitude, about diameters properly chosen, which displace the polyhedron 
into coincidence (but not identity) with itself, and so reproduce the above- 
mentioned division of the surface of the sphere : when al1 siich rotations have 
been determined, they form a group which may be called the group of the 
solid. Each such rotation gives rise to two homogeneous substitutions, so 
that there will thence be derived a finite group of discrete substitutions: 
and as these are connected with the stereographic projection of the sphere, 
they are evidently the group of substitutions which transforrn into one 
another the divisions of the plane obtained by taking the stereographic 
projection of the corresponding division of the surface of the sphere. For 
the construction of such groups of substitutions, it will therefore be sufficient 
to obtain the groups of rotations, considered in reference to the surface of 
the sphere. 

1. The Dihedral Group. The simplest case is that in which the solid, 
hardly a proper solid, is composed of a couple of coincident regular polygons 
of n sides* : a reference has already been made to this case. We suppose the 
polygons to lie in the equator, so that their corners divide the equator into 
a equal parts: one polygon becomes the upper half of the spherical surface, 
the other the lower half. The two poles of the equator, and the middle 
points of the n arcs of the eqnator, are the corners of the corresponding solid. 

Then the axes, rotations about which can bring the surface into such 
coincidence with itself that its partition of the spherical surface is topo- 
graphically the same in the new position as in the ola, are 

(i) the polar axis, 

(ii) a diameter through each summit on the equator, 
(iii) a diameter through each middle point of an edge : 

the last two are the same or are different accwding as n is odd or is even. 

+ The solid may &O be regarded as a double pyramid. 
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For the polar axis, the necessary angle of rotation is an integral multiple 
2 s  

of - . Thus we have 5 = O = q, c= 1 and therefore 
n 

the substitutions are 
i ~ v  b r  - - 

z;=enzi ,  z,'=e "z,, 

for the same values of r. These are included in the set 
irr - inr -- 

~ , ' = e n ~ , ,  z,'=e ?a z,, 
for r = 0, 1, 2, . . . , 2n - 1, being 2n in number : the identical substitution is 
included for the same reason as before, when we associated a region of 
reference in the z-plane with the identical substitution. 

For each of the axes lying in the equator, the angle of rotation is 
evidently T. Let an angular point of the polygon lie on the axis of & say at 
1: = 1 , ~  = 0, c= O. Then so far as concerns (ii) in the above set, if we take 

2 r s  . 2mr 
the axis through the ( r  + 1)th angular point, we have 5 = cos - , q =  sin - , 

n n 
c= 0 ; hence, as a is equal to s ,  we have, for the corresponding substitutions, 

B r n i  Zmrri . +y -- 
~ ; = t e  zz, z,'=ie n z , ,  

for r = 0 ,  1 ,..., n-1, and 
Zrni -- 

z l - - i e + y Z , ,  1 - z;=- ie 1E z,, 

for the same values of r. 

And so far as concerns (iii) in the above set, if we take an axis through 
the middle point of the r th side, that is, the side which joins the r th and the 

(27- - 1) s . (gr- 1) s 
(r + 1)th points, then = cos , 7,~ =sm , c= O : hence as a 

n ~t . - 
is equal to s, we have, for the corresponding substitutions, 

+(Zr -1) r i  . - (2r -1)m -- 
~ ; = t e  '1 z2, z i = i e  21, 

for r = 0, 1, ... , n - 1, and 
+(Sr -1) rs' (Zr-1)m -- 

ql=-ze ?a zz, z i = - i e  21, 

for the same values of r. 
If n be even, the set of substitutions associated with (ii) are the same in 

pairs, and likewise the set associated with (iii) ; if n be odd, the set associated 
with (ii) is the same as the set associated with (iii). Thus in either case there 
are 2n substitutions : and they are al1 included in the form 

d c  irr -- 
z,'=ien z,, z l = i e  *z,, 

for r=O,  1, ..., 2n- 1. 

IRIS - LILLIAD - Université Lille 1 



300.1 TETRAHEDRAL GROUP 625 

Thus the whole group of 4n sztbstitutions, in their homogeneous form, is 

for r = 0,1, . . . , 2 n  - 1 : and in the non-homogeneous form, the group is 

where r = O, 1, . . . , n - 1 for each of them. The non-homogeneous expres- 
sions are not in their normal form in which the determinant of the coefficients 
in the numerator and denominator is unity. Each expression gives two 
homogeneous substitutions. 

I t  is easy geometrically to see that al1 the axes have been retained: and 
that they forrn a group, that is, composition of rotations about any two of the 
axes is a rotation about one of the axes. The period foi each of the equatorial 

27rr 
axes is 2 ; the penod for a rotation - about the polar axis depends on the 

n 
r 

reducibility of - . 
n 

Before passing to the construction of the functions which are unaltered 
for the dihedral group of substitutions, we shall obtain the tetrahedral group 
and construct the tetrahedral functions, for the explanations in regard to the 
dihedral functions arise more naturally in the less simple case. 

II. The Tetrahedral Group. We take a regular cube as in the figure: 
then ABCD is a tetrahedron, A'B'C'D' is the polar tetrahedron. 

Fig. 119. 

It is easy to see that the axes of rotation for the tetrahedron are 

(i) the four diagonals of the cube AA', BB', CC', DD'; 
F. 40 
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(ii) the three lines joining the middle points of the opposite edges of 
the tetrahedron. 

The latter pass through the centre of the cube and are perpendicular to 
pairs of opposite faces. When the sphere circumscribing the cube is drawn, 
the three axes in (ii) intersect the sphere in six points which are the angles 
of a regular octahedron. Thus, though the axes of rotation for the three 
solids are not the same, the tetrahedron, the cube, and the octahedron may 
be consideied together: in fact, in the present arrangement whereby the 
surface of the sphere is considered, the cube is merely the combination of the 
tetrahedron and its polar. 

For each of the diagonals of the cube, the necessary angle of rotation 
for the tetrahedron is O or +r or +T: the first of these gives identity, and 
the others give two rotations for each of the four diagonals of the cube, so 
that there are eight in all. 

For each of the diagonals of the octahedron, the angle of rotation for 
the tetrahedron is rr : there are thus three rotations. 

With these we associate identity. Hence the number of rotations for the 
tetrahedron is (8 + 3 + 1 =) 12 in all. 

There are two sets of expressions for the tetrahedron according to the 
position of the coordinate axes of the sphere. One set arises when these are 
taken dong Os, Oy, Oz, the diagonals of the octahedron; the other arises, 
when a coordinate plane is made to coincide with a plane of symmetry of the 
tetrahedron such as B'DBD'. 

Let the axes be the diagonals of the octahedron. The results are 
obtainable just as before, and so may now merely be stated: 

1 
For OB', f = q = = - ; when a = Z r ,  the substitution is 

d3 
z + i  zf= - 
z-i' 

and when a = gr, the substitution is 

1 
For OA, 5 = - q = { = - ; when a = gr ,  the substitution is 

d3 

and when a =  $rr, the substitution i~l 

z - i  $= - 
z + i '  
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1  
For OC, - E = q = c= - ; when a = i r r ,  the substitution is 

J3 

and when a = $rr, the substitution is 
z + i  

d=--. 
2 - 2  

For OD', - f:= - 7 = f;=L; when a= f ~ ,  the substitution is 
4 3  

zl-  z - 2  
z + i J  

and when a = &r, the substitution is 
. z -  1 zf=-2- 
z+ 1 '  

For Ox, f: = 1 , ~  = O, f;= O and a = rr : the substitution is 

For Oy, f: = 0' q = 1, c= O, and u = rr : the substitution is 

z  =-- 
z ' 

For Oz, f: = O ,  17 = O, 5= 1 and a = T : the substitution is 

And identity is z' = z. 

Hence the group of tetrahedral non-homogeneous substitutions is  

1  2 - 1  z + l  z - i  z f i  
z r = f z ,  5- t i -  5 i- + --- 

z' - z + l '  2 - 1 '  f s + i p  - z - i '  

when the mes  of refermce in the sphere are the diameters bisecting opposite 
edges of the tetrahedron. Each of these substitutions gives rise to two homo- 
geneous substitutions, malcing 24 i n  all. 

To obtain the transformations in the case when the plane of xz is a plane 
of syrnmetry of the tetrahedron passing through one edge and bisecting the 
opposite edge, such as B'DBD' in the figure, it is sufficient to rotate the 
preceding configuration through an angle arr about the preceding Oz-axis, 
and then to construct the corresponding changes in the preceding formule. 

For this rotation we have, with the preceding notation of § 299, f:= O = q, 
[=1, a=&i - :  then a=O=b, c=sin&r, d=cos&r, so that df ic=e*i :  
and therefore the r of the displaced point in the stereographic projection is 
connected with the r of the undisplaced point in the stereographic projection 
by the equation 

d + ic r=- . l+ i  c= fét""- 
d - ic ~2 /25 

40-2 
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If then Z be the variable of the projection of the undisplaced point and 2' 
that of the projection of displaced point with the present axes, and z and z' 
be the corresponding variables for the older axes, we have 

that is, 

Taking now the twelve substitutions in the form of the last set and siibsti- 
tuting, we have a group of tetrahedral non-homogeneous substitutions in the 
form 

when one of the coordinnte planes is a plane througir, one edge of the 
tetrahedron bisecting the opposite edge: each of these gives rise to two 
homogeneous substitutions, marEing 24 in  all. 

301. The explanations, connected with these groups of substitutions, 
implied that certain aggregates of points remain unchanged by the operations 
corresponding to the substitutions. These aggregates are (i) the summits of 
the tetrahedron, (ii) the summits of the polar tetrahedron-these two sets 
together make up the summits of the cube: and (iii) the middle points of the 
edges, being also the middle points of the edges of the polar tetrahedron- 
this set forms the summits of an octahedron. 

When these points are stereographically projected, we obtain aggregates 
of points which are unchanged by the substitutions. We therefore project 
stereographically with the extremity z of the axis Oz for origin of projection : 
and then the projections of x, x', y, y', Z, zf are 1, - 1, i, - i, GO, O, which are 
the variables of these points. 

Instead of taking factors z - 1, z + 1, . . . , we shall take homogeneous 
forms zl - z,, zl + z,, zl - iz,, zl + iz,, z,, z, ; the product of al1 these factors 
equated to zero gives the six points. This product is 

t = z1z, (2: - zZ4). 
1 - 1  1 .  

For the tetrahedron ABCD, the summits A, B, C, D are - 
4 3 '  3' a' 

1 1 1 - - - - - - - - l - l * respectively : and 
J3 '  4 3 '  ~ 3 ;  4 3 ' 3 '  3; a' a' 2/3' 

therefore the variables of the points in the stereographic projection are 
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Forming homogeneous factors as before, the product of the four equated to 
zero gives the stereographic projections of the four summits of the tetra- 
hedron ABCD. This product is 

Y' = z,' - 2 2/-z,22,2 + 2:. 
Similarly for the tetrahedron A'B'C'D'; the product of the factors 

corresponding to the stereographic projections of its four summits is 

@=z: + 2  2/3z1"za2+ 22. 
And the product of the cight points for the cube is @Y, that is, 

w = z,8 + 14z:z: + z,8 

Al1 these forms t, O, 'P are, by their mode of construction, unchanged 
(except as to a constant factor, which is unity in the present case) by the 
homogeneous substitutions : and therefore they are invariantive for the group 
of 24 linear homogeneous substitutions, derived from the group of 12 non- 
homogeneous tetrahedral substitutions. If T be taken as a binary quartic, 
then @ is its Hessian and t is its cubicovariant : the invariants are numerical 
and not algebraical: and the syzygy which subsists among the system of 
concomitants is 

a J s  - 'Ps = 12 . d 3  t2, 

a relation easily obtained by reference merely to the expressions for the forms 
@, 'P, t. 

The object of this investigation is to form 2, the simplest rational 
function of z which is unaltered by the group of substitutions: for this 
purpose, i t  will evidently be necessary to form proper quotients of the 
foregoing homogeneous forms, of zero dimensions in z, and z,. Let R 
be any rational function of z, which is unaltered by the tetrahedral 
substitutions. These substitutions give a series of values of z, for which 
Z has only one value: hence R and Z, being both functions of z and 
therefore of one another, are such that to a value of Z there is only one 
value of R, so that R is a rational function of Z. 

I n  particular, the relation between R and Z may be lineo-linear : thus Z 
is determinate except as to linear transformations. This unessential indeter- 
minateness can be removed, by assigning three particular conditions to  
determine the three constants of the linear transformation. 

The number of substitutions in the z-group is 12: hence as there will 
thus be a group of 12 z-points interchanged by the substitutions, the simplest 
rational function of Z will be of the 12th degree in z, and therefore the 
numerator and the denominator of the fraction for 2, in their homogeneous 
forms, are of the 12th degree. The conditions assigned will be 

(i) Z must vanish a t  the summits of the given tetrahedron : 

(ii) Z must be infinite at  the summits of the polar tetrahedron : 

(iiij Z must be unity at  the middle points of the sides. 
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Then 2, being a fractional function with its numerator and its denominator 
each of the 12th degree and cornposed of the functions @, W, t, must, with 
the foregoing conditions, be given by 

by means of the syzygy, we have 

Z:Z-1: 1 = ~ : - 1 2 2 / ~ t 2 : a ~ 3 ,  

which is Klein's result. Removing the homogeneous variables, we have 

and then Z is a function of z which is unaltered by the group of 12 tetra- 
hedral substitutions of p. 62'1. And every such function is a rational function 
of Z. 

This is one form of the result, depending upon the first position of the 
axes: for the alternate form i t  is necessary merely to turn the axes through 
an angle of 3~ round the z-axis, as was done in 5 300 to obtain the new 
groups. The result is that a function 2, unaltered by the group of 12 
substitutions of p. 628, is given by 

2 :  2-1 : l=(#-22/3za- 1y: -121/3z2(#+ 1)s: ( ~ r + 2 & 2 9 -  1y. 
It still is of importance to mark out the partition of the plane corre- 

sponding to the groups, in the same manner as was done in the case of the 
infinite groups in the preceding chapter. This partition of the plane is the 
stereographic projection of the partition of the sphere, a partition effected by 
the planes of symmetry of the tetrahedron. Some idea of the division may 
be gathered from the accornpanying figure, which is merely a projection on 
the circumscribing sphere from the centre of the cube. The great circles 
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meet by threes in the summits of the tetrahedron and its polar, being the 
sections by the three planes of symmetry, which pass through every such 
summit, and the circles are equally inclined to one another there : they meet 
by twos in the middle points of the edges and they are equally inclined to 
one another there. They divide the sphere into 24 triangles, each of which 
has for angles &T, &T, QT. (See Case II., 5 278.) 

The corresponding division of the plane is the stereographic projection of 
this divided surface. Taking A as the pole of projection, which is projected 

Fig. 121. 

to infinity, then A' is the origin : the three great circles through A' become 
three straight lines equally inclined to one another; the other three great 
circles become three circles with their centres on the three lines concurrent 
in the origin. The accoinpanying figure shews the projection : the points in 
the plane have the same letters as the points on the sphere of which they 
are the projections : and the plane is thus divided into 24 parts. There are, 
in explicit forin, only 12 non-homogeneous substitutions: but each of these 
has been proved to imply two homogeneous substitutions, so that we have 
the division of the plane corresponding to the 24 substitutions in the group. 
The fundamental polygon of reference is a triangle such as CA'x'. 

302. I t  now remains to constriict the function for the dihedral group. 
The sets of points to be considered are :- 

(i) the angular points of the polygon : in the stereographic projection, 
these are 

2 ~ ~ i  - 
e n ,  for s=0,1 ,  ..., n-1; 

IRIS - LILLIAD - Université Lille 1 



632 DIHEDRAL FUNCTION [302. 

(ii) the middle points of the sides: in the stereographic projection, 
these are 

ri (%+Il 
e " , for s=O, 1, ..., n - 1 ;  and 

(iii) the poles of the equator which are unaltered by each of the 
rotations : in the stereographic projection, these are O and ai. 

Forming the homogeneous products, as for the tetrahedron, we have, for (i), 
U = z l n - z n .  a ,  

for (ii), 7 = zln + san ; 
and, for (iii), W = z,z,; 
these functions being connected by a relation 

- u2+ va = 4Wn.  

Because the dihedral group contains 212 non-homogeneous substitutions, 
the rational function of z, say Z, must, in its initial fractional form, be of 
degree 2% in both numerator and denominator ; and i t  must be constructed 
from U, V, W. 

The function Z becomes fully determinate, if we assign to i t  the following 
conditions : 

(i) Z must vanish a t  points corresponding to the summits of the 
polygon, 

(ii) 2 must be infinite a t  points corresponding to the poles of the 
equator, 

(iii) Z must be unity at  points corresponding to the middle points of 
the edges : 

and then we find 
z : z - 1 : 1 = (4 (2" - 1)12 : (+ (2" + l)}" - zn, 

which gives the simplest rational function of z that is unaltered by t,he 
substitutions of the dihedral group. 

The discussion of the polyhedral functions will not be carried further here : sufficient 
illustration has been provided as an introduction to the theory which, in its various 
bearings, is expounded in Klein's suggestive treatise already quoted. 

Ex. 1. Shew that the anharmonic group of $ 298 is substantially the dihedral group 
for n=3 ; and, by changing the axes, complete the identification. (Klein.) 

Ex. 2. An octahedron is referred to its diagonals asr axes of reference, and a partition 
of the surface of the sphere is made with reference to planes of symmetry and the axes of 
rotations whereby the figure is made to coincide with itself. 

Shew that the number of these rotations ig 24, that the sphere is divided into 48 
triangles, that the non-homogeneous substitutions which transform into one another the 
partitions of the plane obtained from a stereographic projection are 

d=ik2, ikzzl jkaLi i k  z+i - 
z' 2 - 1 '  z+ l '  z+i' a - i '  

where k=O, 1, 2, 3 ;  and that the corresponding octahedral function is 
Z: 2- 1 : 1 = ( ~ ~ + 1 4 2 ~ + 1 ) ~  : (P-339- 33z4+ 1)2 : 108z4 (24-  l)4. (Klein.) 
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303. We now pass from groups that are finite in number to the 
consideration of functions connected with groups that are infinite in 
nnmber. The best known illustration is that of the elliptic modular- 
functions; one example is the form of the modulus in an elliptic integral 
as a function of the ratio of the periods of the integral. The general 
definition of a modular-function* is that it is a uniforrn function such that 

and + (IV), where a, ,û, an algebraical equation subsists between + 
ry, 6 are integers subject to the relation us- = 1. The simplest case is 
that in which the two functions + are equal. 

The elliptic quarter-periods K and iK' are defined by the integrals 

where c + cf = 1. The ordinary theory of elliptic functions gives the equation 

whatever be the value of c. To consider the nature of these quantities as 
functions of c, we note that c = 1 is an infinity of K and an ordinary point of 
K', and that c = O is a similar infinity of K' and an ordinary point of K : and 
these are al1 the singular points in the finite part of the plane. The value 
c = a, must also be considered. Al1 other values of c are ordinary points for 
K and K'. 

For values of c, such that Ici < 1, we have 

so that, in the vicinity of the origin, 

= - 1 {L + S + positive integral powers of c 
7r c 

Hence in the vicinity of the origin 

---- Kt 
l log c + P (c), K -  'n- 

where P (c )  is a uniform series coaverging for sufficiently small values of [cl : 
and therefore, still in the vicinity of the origin, 

K K' = - - log c + KP (c). 
'n- 

* This is the definition of a modular-funotion which is adopted by Hermite, Dedekind, Klein, 
Weber and others. 
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Now let the modulus c describe a contour round the origin and return to - 
its original value. Then K is unchanged, for the c-origin is not a singularity 
of K. . 

The new value of K' is evidently 

n - - IT (2A + log c) + KP (c), 

that is, iK' changes into ZR+ iR'. Hence, when c describes positively a 
small contour round the origin, the quarter-periods K and iK' become K and 
2 K  + iK' respectively. 

In the same way from the equation 

' d K  dK' K - K = - L  
dc' dc' PCC' ' 

and from the expansion of K' in powers of cf when I c f l <  1, we infer that 
when cf describes positively a small contour round its origin, that is, w h m  c 
describes positively a m l 1  contour round the point c = 1, then iK' i s  unchanged 
and K changes to K - 2iKf .  

I t  thus appears that the quantities K and iK', regarded as functions of 
the elliptic modulus c, are subject to the linear transformations 

. U ( K ) = K  V ( K ) = K - 2 i K '  
U ( i K ' )  = 211 + i K f  ' ( i f )  = iK' 

without change of the quantity c ; and the application of either substitution 
is equivalent to making c describe a closed circuit round one or other of the 
critical points in the finite part of the plane, the description being positive if 
the direct substitution be applied and negative if the inverse be applied. 

When these substitutions are applied any number of times-the index 
being the same and composed in the same way for K as for iK'-then, 
denoting the composite substitution by P, we have results of the form 

where p and y are even integers, a and 6 are odd integers of the forms 
1 + 4p, 1 + 4q, say = 1 (mod. 4), and, because the determiriant of li and that 
of V are both unity, we have a8 - py = 1 by 5 282. These equations give 
the partially indeterminate form of the values of the quarter-periods for an 
assigned value of the modulus c. - 

iK' 
Conversely, we may regard c as a function of w = -, the quotient of K 

the quarter-periods. The quotient is taken, for various reasons: thus it 
enables us to remove common factors, it is the natural form in the passage 
to q-series, and so on. The function is unaltered, when w is subjected 
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substitutions 

Denoting the function c by + (w), we have 
w 

c = + ( w ) = + ( w + 2 ) = +  - (1 - 2w) . 
We have still to take account of the relation of iK'/K to c, when the latter has 

infinitely large values. For this purpose, we compare the differential expressions 

k {s (1 -a) (1 -PX)}-* d.r, {y (1 -y) (1 - Py)}-* dy, 

which are equal to one another if k%=y and kl=l. As x moves from O to 1, y moves 
from O to k2, that is, from O to l/la ; integrating between these limits, we have 

kK=n+inl,  

where A and A' are quarter-periods with modulus I=l/k. As y moves from O to  1, x 
moves from O to  l/k2; integrating between these limits, we have 

k (K+iK')=A, 

so that .&iF = - i~ ' .  

In order to obtain the effect on K and iK' of an infinitely large circuit described 
positively by c, we make 1 describe a very small circuit round its origin negatively. By 
what has been proved, the effect of the latter is to  change A and iA' into A and 
2A'-2A re~peotively. Hence the new value of kiK' is 

- i ~ ' + 2 A = k  (3iKf+2K) ; 
and the new value of kK is 

A+iA'-2A= -k (2iK1+E). 

Hence if 2U denote the new value of zu, consequent on the description of the infinitely 
large circuit by c, we have 

w'= -3wf -- 2 - u-1 v-1~1. 
2w+l 

No new fundamental substitution is thus obtained ; and therefore U, V are the only 
fundamental substitutions of the group for c, regarded as  a modular-function. 

Again, c' is a rational function of c and is therefore a modular-function: 
consequently also cc' is a modular-function. Being a rational function of 
c, i t  is subject to the two substitutions U and V, which are characteristically 
fundamental for 9 (w). Now cc' is unchanged when we interchange c and c', 
that is, when we interchange K and 1C'; so that, if K, and iK,' be new 
quarter-periods for a modulus cc', we have 

K, = K', iK,' = iK, 
l 

and therefore wl=- - .  
W 

Thiis cc' as a modular-function must be subject to the substitution 
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But 
1 1 w TUTw=--=--=-- 

UTw 2+Tw 1-2w - Vw, 

so that V is compounded of T and U. Hence the substitutions for cc', 
regarded as a modular-function, are the infinite group, derived from the 
fundamental substitutions 

1 
U W = W + ~ ,  Tw=--. 

w 
Denoting the inodular-function cc' by x (w), we have 

To obtain the change in w caiised by changing c into clc', we use the 
differential expression 

IY (1 - Y) (1 - z2y)j -a dy. 
When the variable is transformed by the equation* (1 - y) (1 - k2x) = 1 - x, 
where P26= - k2, the expression becorries 

k' {x (1 - x) (1 - k2x)] -4 dx. 

When y describes the straight line from O to 1 
describes the straight line from O to 1 continuously. 
these limits, we have 

A = F K ,  

continuously, x also 
Integrating between 

where A is a quarter-period. When y describes the straight line from O 
to 111 continuously, z describes the straight line from O to oo continuously 
or, say, the line from O to 1/P and the line from l/lca to oo continuously. 
Integrating between these limits, we have 

m 

A + in1 = k' (K + i ~ ' )  + +Y {x (1 - r )  (1 - k2x))-tdx 
1 
ki 

= Ic' (K  + iKr)  + k'K, 

on using the transformation k2xu = 1 and taking account of the path described 
by the variable u : and therefore 

iA' = k' ( K  + iK'). 
Hence the change of modulus from le to  &/Y, which changes c to - c/cr, gives 
the changes of quarter-periods in the form 

A=k'K, EA1=L'(K+iK'); 

and therefore the new value of w, Say w,, is 

w , = w + l = S w .  

It therefore follows that, when c - c/cl is regarded as a modular function 
of the quotient w of the quarter-periods K and iKf,  i t  must be subject to 
the substitutions 

W 
S ( w ) = w + l ,  U(w)=w+2, V(w)=-- 

1 - 2 w '  
* This is the equation expressing elliptic functions of k'îc in terms of elliptic functions of u. 
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Evidently SZ = U, and U may therefore be omitted; V and S are the 
fundamental siibstitutions of the infinite group of transformations of w, 
the argument of the modular-function c2/c'. 

As a last example, we consider the function 

I t  is a rational function of cc', and therefore is a modular-fu~iction having the 
substitutions Tw and Uw. By 5 298, it is unaltered when we substitute 
C 

--- for c. I t  has just been proved that this change causes a change of w 
c - 1  
into w + 1, and therefore J, as a modular-function, must be subject to the 
substitution 

S w = w + l .  
Evidently S2w = w + 2 = Uw, so that U is no longer a fundamental substitution 
when S is retained. Hence we have the result that J i s  unaltered, when w is 
subjected to the infinite group of substitutions derived from the fundamental 
substitutions 

1 
S W = W + ~ ,  Tw=-- 

w ' 
so that we may write 

This is the group of substitutions considered in 5 284: they are of the 

form - + ' where a, ,6, y, 6 are real integers subject t o  the single relation 
Y W + ~ '  

These illustrations, in connection with which the example in § 298 shonld be con- 
aulted, suffice to put in evidence the existence of modular-functions, that is, functions 
periodic for i n h i t e  groups of linear substitutions, the coefficients of which are real 
integers. The theory has been the subject of many investigations, both in  connection 
with the modular equations in the transformation of elliptio functions and also aa a 
definite set of functions. The investigations are due among others to Hermite, Fuchs, 
Dedekind, Hurwitz and especially to Klein*; and reference must be made to their 
memoirs, or to Klein-Fricke's treatise on eiliptic modular-functions, or to Weber's 
EZZzpt&ch Functionen, for an exposition of the theory. 

304. The method just adopted for infinite groups is very special, being 
suited only to particular classes of functions: in pa.ssing now to linear 
substitutions, no longer limited by the condition that their coefficients are 
real integers, we shall adopt more general considerations. The chief 
purpose of the investigation will be to obtain expressions of functions 
characterised by the property of reproduction when their argument is 
subjected to any one of the infinite group of substitutions. 

Some references are given in Enneper's Elliptische Functionen, (2h AuB.), p. 482. 
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The infinite group is supposed of the nature of that in 5 290: the 
members of it, being of the form 

are such that a circle, called the fundamental circle, is unaltered by any of the 
substitutions. This circle is supposed to have its centre at  the origin and 
unity for its radius. 

The interior of the circle is divided into an infinite number of curvilinear 
polygons, congruent by the substitutions of the group: each polygon contains 
one, and only one, of the points in the interior associated by the substitutions 
with a given point not on the boundary of the polygon. Hence corresponding 
to any point within the circle, there is one and only one point within the 
fundamental polygon, as there is only one such point in each of the polygons : 
of these homologous points the one, which lies in the fundamental polygon 
of reference, will be called the irreducible point. I t  is convenient to speak of 
the zero of a function, implying thereby the irreducible zero: and similarly 
for the singularities. 

The part of the plane, exterior to the fundamental circle, is similarly 
divided: and the division can be obtained from that of the internal area by 
inversion with regard to the circumference and the centre of the fundamental 
circle. Hence there will be two polygons of reference, one in the part of the 
plane within the circle and the other in the part without the circle: and 
al1 terms used for the one can evidently be used for the other. Thus the 
irreducible homologue of a point without the circle is in the outer polygon 
of reference: for a substitution transforms a point within an internal polygon 
to a point within another internal polygon, and a point within an external 
polygon to a point within another external polygon. 

Take a point z in the interior of the circle, and round i t  describe a small 
contour (say for convenience a circle) so as not to cross the boundary of the 
polygon within which z lies : and let zi be the point given by the substitution 
fa(z). Then corresponding to this contour there is, in each of the internal 
polygons a contour which does not cross the boundary of its polygon: and as 
the first contour (say CO) does not occupy the whole of its polygon and as the 
congruent contours do not intersect, the sum of the areas of al1 the contours 
Ci is less than the sum of the areas of al1 the polygons, that is, the sum is 
less than the area of the circle and so i t  is finite. 

If pi be the linear magnification a t  zc, we have 

and therefore, if be the leaslt value of the magnification for points lying 
within Co, we have 

cc > 
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si The point - - 1s the homologue of z = oo by the substitution 
Yi 

"+" , and therefore - 84% lies without 
(z' ai) 
the circle : though, in the limit of i infinite, i t  
may approach indefinitely near to the circum- 
ference *. 

Let this point be G: and through G and 
0, the centre of the fundamental circle, draw 
straight lines passing through the centre of O 

the circular contour. Then evidently 

and, if Mi be the greatest magnification, then Fig. 122. 

so that 

Now G is certainly not inside the circle, so that GQ is not less than RA : 
thus 

GP p& AB AB RB 
-=1+-=1+-<1+-<- 
G& G& GQ RA RA' 

which is independent of the point (3, that is, of the particular substitution 
RB 

fi(.). Denoting (=) by X,  we have 

or Mi < Kmi. 

Evidently pi is finite. 

Now 

and therefore 

so that 

* For, in 1 284, when the coefficients are real, a point associated with a given point may, for 
i= w , approach indefinitely near to a point on the axis of x : and then, by the transformation of 
3 290, we have the result in the text. 
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m 

I t  has been seen that C Ci is less than the area of the fundamental circle and 
i - O  

is therefore finite : hence the quantity 

m 

is finite. I t  therefore follows that C h 2  is an absolutely converging series. 
i=o 

m 

Similarly, i t  follows that 2 piB is an absolutely converging series for al1 
i=O 

values of m that are greater than unity*. This series is evidently 

and the absolute convergence is established on the assumption that z lies 
within the fundamental circle. 

Next, let z lie without the fundamental circle. If z coincide with some 
one of the points - &/yi, then the corresponding term of 
the eeries 

w 

Z (riz + 
i = O  

is infinite. 

If it do not coincide with any one of tbe points 
- ô&, let c be its distance from the nearest of them, so 
that 

0 
( y g +  Iyil-m~-m. Fig. 123. 

Let a' be any point within the fundamental circle: then 

1 yid + 6i 1- = (GZ')-'~ 1 yi 

Now Gz' < 1 + 00 < 1 + - , for any point within the circle, so that IR1 
1 V~Z' + Gi j-rm > 1 yi yil-% 1 + IZII". 

Hence 

Only a limited number of the points - &/yi can be at  infinity. Each of 
the corresponding substitutions gives the point at infinity as the homologue 
of - &/.yi ; and therefore, inverting with regard to the fundamental circle, we 
have a number of homologues of the origin coinciding with the origin, equal 
to the number of the points - 6i/./i at infinity. The origin is not a singularity 
of the group, so that the number of homologues of the origin, coincident with 
it, must be limited. 

* A completely general inference as to the convergence of the series, when m = l ,  cannot be 
made: the convergence depends upon the form of the division of the plane into polygons, and 
Burnside (I.c., p. 620) has proved that there is certainly one case in which 5 is an abaolutely 

{ = O  

converging series. 
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Omitting the corresponding terms from the series, an omission which does 

not affect its convergence, we can assign a superior limit to 

C-1. Then 

which is a finite quantity by the preceding investigation, for z' is a point 
within the circle. 

Lastly, let z lie on the fundamental circle. If i t  coincide with one of the 
essential singularities of the group, then there is an infinite number of points 
-&/ri which coincide with i t :  and so there will be an infinite number of 
terms in the series infinite in value. If i t  do not coincide with any of the 
essential singularities of the group, then there is a finite (it may be small, 
but i t  is not infinitesimal) limit to its distance from the nearest of the points 
- &/ri : the preceding analysis is applicable, and the series converges. 

Hence, summing up our results, we have :- 

The series 

is an ahsolu,tely converging series for any point in  the plane, which is not 
coincident with any one of the points - &/ri (which al1 lie without the funda- 
mental circle) or with any one of the essential singularities of the assigned 
grozcl, (which ail lie on the circumference of th,e fundamental circle)*. 

305. Let H ( z )  denote a rational fiinction of z, having a number of 
accidental singularities (s, . . . , a,, no one of which lies on the fundamental 
circle; and let it have no other singularities. Consider the series 

the group being the same as above. If z do not coincide with any of the 
points a,, ..., u,, or with any of the points homologous with a,, ..., a, by the 
substitutions of the group, there is a maximum value, Say M, for the modulus 

of H with any of the arguments "di Then 
riz+ 6i ' 

* The coefficients a, p, y, 8 of the substitutions of the group depend upon the coefficients of 
the fundamental substitutions, which may be regarded as parameters, arbitrary within limits. 
The series is proved by Poincaré to be a continuous function of these parameters, as well 
as of the variable z : this proposition, however, belongs to the development of the theory and can 
be omitted here as we do not propose to establish the general existence of al1 the functions. 

F. 4 1 
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and the right-hand side is finite, if in addition z do not coincide with any of 
the points - &/yi or with any of the essential singularities of the group. 
Hence O (z) is an absolutely converging series for any value of z in the plane 
which does not coincide with (i) an accidental singularity of H (z), or one of 
the points homologous with these singularities by the substitutions of the 
group, or with (ii) any of the points -&/y;, which are the various points 
homologous with z= cd by the substitutions of the group, or with (iii) any of 
the essential singularities of the group, which are points lying on the funda- 
mental circle. 

Al1 these points are singularities of O (2). 
uiz + ,ei If z coincide with f k  (a )  and if f, { f k  (z)} = z, then the term H --- 

(Y@ + S) 
is infinite, the point being an accidental singularity of H (,":!:). - The 

rest of the series is then of the same nature as O (z) in the more general 
case, and therefore converges. Hence the point is an accidental singularity 
of the function O (z) of the same order as for H, that is, the series of points, 
given by the accidental singularities of H(z)  and by the points homologous 
with them throiigh the substitutions of the group, are accidental singularities 
of the function O (2). 

In the same way i t  is easy to see that the points - ailyi are either 
ordinary points or accidental singularities of O (2); and that the essential 
singularities of the group are essential singularities of O (5). Hence we 
have the result :- 

m 

The series O (2) = Z (r)t;z + Si)-% H 
i = O  

where the summation extends over the injnite nunzber of menzbers of an assigned 
discontinuous group, is a function of z, provided the integer WL be > 1 and H(z) 
be a rational function of z. The singularities of O are :- 

(i), the accidental singularities of H (z) and the points homologous with 
them by the substitutions of the group : a,ll these points are acci- 
dental oingularities of O (2) ; 

(ii), the points - which are the points homologous &th z = a, by 
the substitutions of the group : al1 these points, if not ordinary 
points of O (z), are accidental singularities; and 

(iii), the essential singularities of the group : these lie on the fundamental 
circle and they are essential singularities of O (2). 

If H (2) had any essential singularity, then that point and al1 points homo- 
logous with i t  by substitutions of the group would be essential singularities 
of O (2). The function O(z), thus defined, is called* Thetafuchsian by 
Poincaré. 

* Acta Math., t. i, p. 210. 
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If the group belong to the first, the second or the sixth family, 
i t  is known that the circumference of the fundamental circle enters into 
the division of the interior of the circle (and also of the space exterior to 
the circle) only in so far as it contains the essential singularities of the 
group. But if the group belong to any one of the other four families, 
then parts of the circumference enter into the division of both spaces. 

I n  the former case, when the group belongs to the set of families, 
made up of the first, the second, and the sixth, the circumference of the 
fundamental circle is a line over which the series cannot be continued: it 
is a luztural limit (5  81) both for a function existing in the interior of the 
circle and for a function existing in the exterior of the circle: but neither 
function exists for points on the circumference of the fundamental circle. 
The series represents one function within the circle and another function 
without the circle. 

I t  has been proved that the area outside the fundamental circle can 
be derived from the area inside that circle, by inversion with regard to 
its circumference. Hence a function of z, existing only outside the funda- 

1 
mental circle, can be transformed into a function of -, and therefore also 

20 
1 

of -, existing for points only within the circle. When, therefore, a group 
Z 

belongs to the jïrst, the second or the sixth family, i t  is suficient to consider 
only the fivnction dejîned by the series for points within the fundamental 
circle: it will be called the function @(z). 

In  the latter case, when the group belongs to the third, the fourth, the 
fifth or the seventh families, then parts of the circumference enter into the 
division of the plane both without and within the circle. Over these parts 
the function can be continued: and then the series rqresen.ts one (and only 
one) function in the two parts of the plane: it will be called the function 8 (2). 

306. The importance of the function O (5) lies in its pseudo-automorphic 
character for the substitutions of the group, as defined by the property now 

to be proved that, if=@ be any one of  the mbstihLtions of the group, then 
yz + 6 

Let 

which is, of course, another substitution of the infinite group : then 
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Hence 

ZEROS AND SINGULARITIES [306. 

= (yz + O (z), 

thus establishing the pseudo-automorphic character. 

This function can evidently be made subsidiary to the construction of 
functions, which are automorphic for the group of substitutions, in the same 
manner as the u-function in Weierstrass's theory of elliptic functions and 
the so-called Theta-functions in the theory of Jacobian and of Abelian 
transcendents. But before we consider these automorphic functions, i t  is 
important to consider the zeros and the accidental singularities of a pseudo- 
automorphic function such as O (2). 

On the supposition that the function H, which enters as the additive 
element into the composition of O, has only accidental singularities, i t  has 
been proved that al1 the essential singularities of O lie on the circumference 
of the fundamental circle  and that the accidental singularities of O are, 
(i) the points homologous with the accidental singularities of H, and 
(ii) the points- Si/yi, which al1 lie without the circle. 

When the function H (2) has one or more accidental singularities within 
the fundamental circle, then there is an irreducible point for each of them, 
which is an irreducible accidental singularity of O (2). Hence in the case of 
a function which exists only within the circle, the nuntber of irreducible 
accidental singularities is the same as the nu.rnber of (nou-homologous) accidental 
singularities of H (2) lying within the fundamental circle. I f ,  then, al1 the 
infinities of the additive element H(z) lie without the fiindamental circle, and 
if the function O(z) exist only within the circle, then O (2) has no irreducible 
accidental singularities: but, in particular cases, i t  may happen that O (z) is 
then evanescent. 

When the function H (2) has one or niore accidental singularities without 
the fundamental circle, then there is an irreducible point for each of them, 
this point lying in the fundamental polygon of reference in the space outside 
the circle : and this point is an irreducible accidental singularity of O (z), 
when O (2) exists both within and without the circle. Further, the point 
- 6i/yi is an infinity of order 2m: there is a homologous irreducible point 
within the polygon of refereuce without the circle, being, in fact, the 
irreducible point which is homologous with z= m. Hence taking the two 
fundamental polygons of reference-one within, for the inteinal division, and 
one without, for the external division,-it follows that in  the case of a.function, 
which exists al2 over the plane, the number nf irred7d.de accidental si,ngularities 
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i s  equal to the whole number of accidental singularities o f  the additive element 
H (z), increased by 2m. 

307. To obtain the number of irreducible zeros we use the result of 
5 43, Cor. IV., combined with the result just obtained as to the number of 
irreducible accidental singularities. A convention, similar to that adopted 
in the case of the doubly-periodic functions (5 115), is now necessary: for if 
there be a zero on one side of the fundamental polygon, then the homologous 
point on the conjugate side of the polygon is also a zero and of the same 
degree : in that case, either we take both points as irreducible zeros and of 
half the degree, or we take one of them as the irreducible zero and retain 
its proper degree. Similarly, if a corner be a zero, every corner of the cycle 
is a zero: so that, if the cycle contain X points and the sum of its angles be - 
27r -, then the corner is common to X p  polygons ; we may regard each of the 
11 

iorners of the fundamental polygon in that cycle as an irreducible zero, of 
degree equal to its proper degree divided by Xp, or we may take only one of 
them and count its degree as the proper degree divided by p-the just 
distribution of zeros common to contiguous polygons being al1 that is 
necessary for the convention-so that  the number of zeros to be associated 
with the area of each polygon is the same, while no zero is counted in more 
than its proper degree. A similar convention applies to the singularities. 

With this convention, the excess of the number of irreducible zeros 
over the number of irreducible accidental singularities, each in its proper 
depree. is the value of 

taken positively round the fundamental polygon within the circle when the 
functiori O(z) exists only within the circle, and round the two fundamental 
polygons, within and without the circle respectively, when the function O(z) 
exists over the whole plane. 

But should an infinity of 9) lie on the curve along ahich integration 
0 (2) 

extends, (it will arise through èither a zero or a pole of a), then, in order 
to avoid the difficulty in the integration and preserve the above convention, 
methods must be adopted depending upon the family of the group. 

When al1 the cycles belong to the first sub-category (5  292), we can 
proceed as follows: the general result can be proved to hold in every case. 
If an infinity occur on n side, another will occur on the conjugate side, the 
two being homologous by a fundamental substitution. A small semicircle ie 
drawn with the point for centre and lying without the polygon, so that, when 
the element of the side is replaced by the semi-circumference, the point 
lies within the polygon: the homologous point on the conjugate side is 
excluded from the polygon when the element there is replaced by the 
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homologous semi-circumference. The subject of integration is then finite 
along the modified sides. 

@'(4 * A similar process is adopted when a corner is an infinity of - 
O (2) ' 

small circular arc is drawn so as to have the point included in the polygon 
when the arc replaces the elements of the sides at  the point: the homologous 
circular arcs at  al1 the points in the cycle of the corner will exclude al1 those 
points, also poles, when they replace the elements of the sides a t  the point. 
The subject of integration is then finite everywhere along the modified path 
of integration. 

First, let the function exist only within the circle. Let A B  be any side 
of the polygon, A'B' the conjugate side ; 
and let 

az + p c=- 
y z + 6  pi Y 

6' 
be the corresponding fundamental substi- 
tution which transforms A B  into A'B', A . . 
so that c may be regarded as the variable Fig. 124. 

along A'B'. 

and therefore 

But as z moves from A to B, r moves from A' to B' (5 287) : and the latter 
is the negative direction of description. Hence, with the given notation, the 
sum of the parts of the integral, which arise through the two sides AB 
and B'A', is 

/ @ Z & f o r ~ ~ +  -- 
O( ) 

11 " dr\ , for B'A' 

2m - dz, taken along A B  ; 

'Y 

so that, if E denote the required excess, we have 

the new integral being taken along those sides of the polygon which are 
transformed into their conjugates by the fundamental substitutions of the 

gr ou P. 
Consider the term which arises through the integration along A B :  i t  is 

evidently 

-- lri [log(yz+ qIB. A 
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Now we have 

so that, if M be the mapification in transforming from A to A', and if 4, be 
the angle through which a small arc is turned, we have a t  A 

Evidently 4, is the excess of the inclination of A'P', that is, of A'C t o  the 
line of rea,l quantities over the inclination of AP, that is, of AG to that line : 
and therefore at A 

log (yz + 6) = - 4 log M - 
Since the whole integral miist prove to be a real quantity, we omit the 

m 
parts - -. log M as in the aggregate constituting an evanescent (imaginary) 

2m 
quantity : hence we have 

as the part corresponding to the side AB. I n  this expression, 4, is the angle 
required to turn A C  into a direction parallel to A'C, and +a is the angle 
required to turn QB, that is, CB into a direction parallel to Q'B', that is, 
C'B', both rotations being taken positively. Thus 

4, = incl. A'C' - incl. AC, 

+b = 2 7 ~  - incl. BC + incl. B'C' ; 
and therefore 

4, - +b = - 27r + incl. A'C - incl. B'C' + incl. BC - incl. AC 

= - 2%- + c,' +Cl, 

where c, and c,' are the angles ACB, A'C'B' respectively. Hence, if we take 
c and cf to be the external angles ACB, A'C'B' as in the figure, we have 

c+c,=27r=c'+c, ' ,  

and therefore 4 b -  + c f -  B r .  
The part corresponding to the arc AB in the above integral is therefore 

There are no sides of the second kind in the path of integration, because the 
fimction is supposed to exist only within the circle. Therefore the whole 
excess is given by 

m 
E =  - 2  (c+cr-  2 ~ ) ,  

27r 

the summation extending over those sides of the polygon, being in number 
half of the sides of the first kind, which are transformed into their conjugates 
by the fundamental substitutions of the group. 
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Draw al1 the pairs of tangents a t  the extremities of the bounding arcs 
of the fu~darnental polygon of reference : 
then the angles, such as c and c' above, 
are internal angles of the rectilinear 
polygon formed by the straight lines. 
The remaining internal angles of this 
new polygon are the angles at which 
the arcs cut, which are the angles of 
the curvilinear polygon: and therefore 
their surn is the sum of the angles in 
the cycles, that is, the sum is equal to 

27r 
2-9 

Pi 
27r 

where - is the sum of the angles in Fig. 125. 
113 

one of t he  cycles. Now let 2n  be the nurnber of sides of the first kind in 
the curvilinear polygon, so that n is the number of fundamental substitutions 
in the group: hence the number of terms in the above summation for E is 
rt, and therefore 

Moreover the rectilinear polygon has 4 n  sides : and therefore the sum of the 
27T 

internal angles is ($71 - 2) T. But this sum is equal to C (c + cf )  + Z - , 
Pi 

where the first sumrnation extends to the different conjugate pairs and 
the second to the different cycles : thus 

Therefore 
1 

E = - m n . + m ( 2 n - 1 ) - m Z -  
Pi 

where the sumrnation extends over al1 the different cycles in the fundamental 
polygon. Hence for  a function, which i s  colzstructed f rom the additive 
element H ( z )  and exists only within the fundamental circle of the group, the 
excess of the number of its iweducibk zeros over the number of i ts  irreducible 
accidental sin.qulam'ties i s  

where m i s  the parametric integer of the function constructed in series, 2n i s  
27T 

the number of sides of the jirst kind in the fundamental polygon, - i s  the sum 
Pi 
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of the angles in  a cycle of the first kind of corners and the szcmmation extends 
to al1 these cycles. 

The nurnber of irreducible accidental singularities has already been 
obtained ; i t  is finite, and thus the number of irreducible zeros is finite. 

Secondly, let the function exist al1 over the plane : then the irreducible 
points are (i) points lying within (or on) the boundary of the fundamental 
polygon of reference within the fiindamental circle and (ii) points lying 
within (or on) the  boundary of the fundamental polygon of reference without 
the fundamental circle, the outer polygon being the inverse of the iniîer poly- 
gon with regard to the centre. For such a function the excess of the nurnber 
of irreducible zeros over the number of irreducible accidental singularities is 
the integral 

taken positively round the boundaries of both polygons. We shall assume 
that there are no zeros and no infinities on the path of integration; the 
result can, however, be shewn to be valid in the contrary case. 

For the sides of the internal polygon that are of the first kind the value 
of the integral is, as before, equal to 

and for the sides of the external polygon that are of the first kind, the value 
is also 

Let the value of the integral along the sides of the second kind in 
the internal polygon be 1. Those lines are also sides of the second kind 
in the external polygon; but they are described in the sense opposite to 
that for the internal polygon, the integral being always taken positively: 
hence the value of the integral along the sides of the second kind in the 
external polygon is - 1. 

Hence the excess of the number of irreducible zeros over the number of 
irreducible uccidental singularities of a function O (z),  which i s  constructed 
from the additive element H ( z )  and exists al1 over the plane, is  

where the summation extends over all the cycles of the Jirst cutegory of either 
(but not both) of the fundumentai polygons of reference. 

As before, the number of irreducible zeros of such a function is finite, 
because the nixmber of irreducible accidental singularities is finite. 
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In every case, this excess depends only upon 

(i) the parametric integer m, used in the construction of the series : 

(ii) the number of sides, 2n, of the first kind in the polygon of 
reference : 

(iii) the sum of the angles in the cycles of the first category. 

Ex. Prove that a corner belonging to a cycle of the first category is in general a zero 
of order p, such that  

p - - m (mod. p), 

where 2nlP is the aum of the angles in the cycle: and discuss the nature of the cornera 
which belong to cyclea of the remaining categories. (Poincaré.) 

308. We are now in a position to construct automorphic functions, using 
as subsidiary elements the pseudo-automorphic functions which have just 
been considered. 

For, if we take a couple of these functions, 0, and O,, associated with a 
given infinite poup,  characterised by the same integer m, and arising through 
different additive elements H (z), then we have 

az + B = ( y z  + Sym ai (z), 

where - LIZ+B is any one of the substitutions of the group; and therefore 
yz+ 6 

-. 
that is, the quotient of two such functions is automorphic. Denoting the 
qilotient by Pn (z )  *, we have 

the automorphic property being possessed for each of the substitutions. 

I t  thus appears that such functions exist: their essential property is 
that of being reprodnced when the independent variable is subjected to any 
of the linear substitutions of the infinite group. 

The foregoing is of course the simplest case, adduced a t  once to indicate 
the existence of the functions. The construction can evidently be general- 
ised: for, if we have any nurnber of functions @,, ..., 0,, CD,, ..., @, with 
characteristic iritegers %, . . ., w, n,, . . ., n, and al1 associated with one group 

Poincaré caiia such functions Fuchsian functions: as already indioated ($297), 1 have 
preferred to assooia,te the general name automorphic with them. But, because Poincaré himself 
has oonstructed one olass of such functions by means of series as in  the foregoing manner, his 
name, if any, 6hould be associated with this class : the symbol Pn ( 2 )  is therefore used. 
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while constructed from different additive elementary functions H (z), then, 
denoting 

@, (2). . . - . .ar (2) 
*l (2). . .. . .Q(z) 

by Prz (z), we evidently have 

so that, provided only 
Q=l q = l  

the function is aiitomorphic. If we agree to cal1 m, the integer characteristic 
of a pseudo-automorphic function, the degree of that function, then the quotient 
of two products of pseudo-automorphic functions i s  autornorphic, provided the 
products be of the same degree. 

There are evidently two classes of automorphic functions: those which 
exist al1 over the plane, and those which exist onlywithin the fundamental 
circle. The classes are discriminated according to the composition of the 
functions from the subsidiary pseudo-automorphic functions. 

When the pseudo-automorphic functions, which enter into the composi- 
tion of the function, exist al1 over the plane, then the automorphic function 
exists al1 over the plane. But when the pseudo-automorphic functions, which 
enter into the composition of the function, exist only within the fundamental 
circle, then the automorphic function exists only within the circle. 

309. I t  is evident that al1 the essential singularities of an automorphic 
function, thus constructed, lie on the fundamental circle. For whether the 
pseudo-automorphic functions exist only within that circle or over the whole 
plane, al1 their essential singularities lie on the circumference: so that, 
whatever be the constitution of the various subsidiary pseudo-automorphic 
functions, al1 the essential singularities of the automorphic function lie on 
the fundamental circle. 

Next, the number of irreducible zeros of an automorphic function is equal 
to the number of its irreducible accidental singularities. For an irreducible 
zero of an automorphic function is either (i) an irreducible zero of a factor 
in the numerator or (ii) an irreducible accidental singularity of a factor in 
the denominator; and similarly with the irreducible accidental singularities 
of the function. The numerator and the denominator may have common 
zeros; this will not affect the result. 

First, let the automorphic function exist only within the circle: then 
each of its factors exists only within the circle. The space without the circle 
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is not significant for any of the factors of the function, because they do not 
there exist. Let e,, ..., G ~ ,  el: ..., B: be the excesses of zeros over accidental 
singularities for the pseudo-autornorphic functions within the fundamental 
circle : then 

1 
where n and Z - are the same for al1 these functions, and 

Pi 

NOW the excess of zeros over poles in the denominator becomes, after the 
above explanation, an excess of poles over zeros for the automorphic 
function: hence, for this automorphic function, the excess of zeros over 
accidental singularities is 

by the condition E vnq = 8 i. Hence the number of irreducible zeroa of 
q=1 g=1 

the automorphic function is equal to the number of irreducible accidental 
singularities. 

Secondly, let the automorphic function exist al1 over the plane; then 
al1 its factors exist al1 over the plane. For the present purpose, the sole 
analytical difference from the prereding case is that each of the quantities e 

now has double its former value: and therefore the excess of the number of 
zeros over the number of poles is 

which, as before, vanishes. Hence the number of irreducible zeros of the 
automorphic function is equal to the number of its irreducible accidental 
singularities. 

It follows, as an immediate Corollary, that the number of irreducible 
points for which an automorphic fmction assumes a given value is  epual to 
the .number of its irreducible accidental singularities. For 

Pn (2) - A, 
where A is a constant, is an automorphic function: the number of its 
irreducible accidental singularities is equal to the number of its irreducible 
zeros, that is, i t  is equal to the number of irreducible points for which 
Pn (2) assumes an assigned value. 
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Moreover, each of these numbers is jnite : for the number of irreducible 
zeros and the number of irreducible accidental singularities of each of the 
cornponent pseudo-automorphic factors is finite, and there is only a finite 
number of these factors in the automorphic function. The integer, which 
represents each number, will evidently be as characteristic of these functions 
as the corresponding integer was of functions with linear additive peiiodicity. 

Note. The preceding method, due to Poincaré, of expressing the pseudo- 
automorphic functions as converging infinite series of functions of the 
variable, is not the only method of obtaining such functions. It was 
shewn that uniform analytical functions can be represented either as 
converging series of powers or as converging series of functions or as 
converging products of primary factors, not to mention the (less useful) 
forms intermediate between series and products. The representation of 
automorphic functions as infinit,e products of primary factors is considered 
in the memoirs of Von Mangoldt and Stahl, already referred to iu 5 297. 

310. Let P.n, (z), Pn, (z), say Pl and P,, be two automorphic functions 
with the same group, constructed with the most general additive elements : 
and let the nuniber of irreducible zeros of the former be K,, and of the 
latter be K,. 

Then for an assigned value of Pl there are K, irreducible poi& : P, has a 
single value for each of these points, and therefore i t  has K, values altogether 
for al1 the points, that is, it has K~ values for each value of Pl. Similarly, P, 
has n, values for each value of P,. Hence there is an algebraical relation 
between Pl and P, of degree K, i n  Pl and of degree tc1 in P,, which may be 
expressed in the form 

F I *  (Pl,  f ' 2 )  = o. 
Let Pn(z), say P ,  be any other uniform automorphic function, having the 

same group as Pl and P,: and let r be the number of its irreducible zeros. 
Then we have an algebraical equation 

FI (P,  Pl) = O, 
which is of degee  K, in P and of degree K in Pl ; and another equation 

F2 (P, P2) = O, 
which is of degree K, in P and of degree K in P,. The last two equations 
coexist, in virtue of the relation 

y 1 2  (Pl, P2) = 0 
satisfied by P, and P,. Since Pl = O = coexist, the ordinary theory of 
elimination leads to the result that the uniform function P c m  be expressed 
rationally in terms of Pl and P,, so that we have the theorem that every 
automo~hic function associated luith a given group can be expressed rationally 
in terms of two general automorphic functions associated with that group : and 
betweett these two functions there exists an irreducible algebi.aica2 relatiom. 
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The class (5 1'18) of this algebraical relation can be obtained as follows. 
Let AT denote the class of the group, determined as in § 293: then the funda- 
mental polygon of reference, if functions exist only within the circle, or the 
two fundamental polygons of reference, if functions exist over the whole 
plane, can be transformed into a surface of multiple connectivity 2N+ 1. The 
automorphic functions are functions of uniform position on this surface ; and 
hence, as in Riemann's theory of functions, the alqebraica relation between 
two general unzjEwm functions of position, that &, between two general auto- 
morphic functions is of class N, where N is the class of the group*. 

It is now evident that the existence-theorem and the whole of Riemann's 
theory of functions can be applied to the present class of functions, whether 
actinally automorphic or only pseudo-automorphic. There will be functions 
of the same kinds as on a Riemann's surface: the periods will be linear 
numerical multiples of constant quantities acquired by a function when its 
argument moves from any position to a homologous position or returns to its 
initial position. There will be functions everywhere finite on the surface, 
that is, finite for al1 values of the variable z except those which coincide with 
the essential singularities of the group. The number of such functions, 
linearly independent of one another, is N ; and every such function, finite for 
al1 values of z except a t  the essential singularities, can be expressed as a 
linear function of these N functions with constant coefficients and (possibly) 
an additive constant. And so on, for other classes of functionst. 

311. Because Pn (z) is an automorphic function, we have 

and therefore, as a6 - py = 1, 

Hence, if O (z) be a pseudo-automorphic function with m for its character- 
istic integer, so that 

we have 

It may happen that, just as in the general theory of algebraical functions, the olass of the 
equation between two particular automorphio funotions may be les8 than N :  thns one might 
be expressed rationaily in terms of the other. The theorems are true for funetions constructed 
in the most general manner possible. 

+ The memoirs by Burnside, quoted in 5 297, develop this theory in full detaii for the group 
which has its (combined) polygons of reference bounded by 2n cireles with their centres on the 
axis of real quantities, the group being such that the pseudo-automorphic functions exist over the 
whole plane. 
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that is, O (2) {Pnf(z)}+ is an automorphic function. Such a function can be 
expressed rationally in terms of Pn (z) and some other function, Say of P and 
Q:  hence the general type of a pseudo-automorphic function with a charac- 
teristic integer m is 

where f is a rational function. 

COROLLARY. TWO automorphic functions P and Q, belonging to the same 
group, are connected by the equation 

For evidently unity is the characteristic integer of the first derivative of an 
automorphic function. 

This equation can be changed to 

where f is a rational function: moreover P and Q are connected by an 
equation 

F ( P ,  Q) =O, 
which is an algebraical rational equation, and can evidently be regarded as 
an integral of the above differential equation of the first order, al1 trace of - 
the variable z having disappeared. . ~ v i d e n t l ~  the forrn off is given by 

Again, denoting - by 3, and Pn 
yz+ 8 

H f  ( r )  = (yz + 8)" P n f  (z), 

Say II~=(?'Z+~YI. 

so that 

nrff n f f 2  and therefore - - 3 {-} = (yz + SY 
- {%y] , Hf II' 

whence 

where {P, z} is the Schwarzian derivative. It thus appears that, if P be an 
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automorphic function, then {P, 8) P'-a is a function autoniorphic for the same 
group. 

But between two automorphic functions of the same group, there subsists 
an algebraical equation: hence there is an algebraical equation between P 
and {P, z} P-2, that is, P(z), an automorphic fun.ction of z, satisfies a 
diferentia2 eqmtion of the third order, the degree of which is  the integer 
representing the wumber of irreducible zeros of P and the coeficients of which, 
where they are not der2vatives of P ,  are functions of P only and not of the 
independent variable. 

This equation can be differently regarded. Take 

yi = P", yz = ZP'* ; 

then i t  is easy to prove that 

The last fraction has just been proved to be an automorphic function of z ;  

and therefore it is rationally expressible in terms of P and any other general 
function, Say Q, automorphic for the group. Then y, and y, are independent 
integrals of the equation 

d2y @=Y+ (P, Q), 

where Q and P are connected by the algebraical equation 

P (P,  Q) = o. 
Conversely, the quotient of two independent integrals of the equution 

where Q and P are connected by the algebraical equation 

P ( P ,  Q )  = O, 
can be taken as an argument of which P and Q are automorphic functions: 
the class of the equation P= O is the class of the infinite group of substitutions 
for which P and Q are automorphic*. 

Ex. One of the simplest set of examples of automorphic functions is furnished by 
the class of homoperiodic functions ($ 116). Another set of such examples arises in the 
triangular functions, discussed in $ 275; they are automorphic for an infinite groiip, and 
the triangles have a circle for their natural limit. A third set is furnished by the polyhedral 
functions ($5 276-279). 

As a last set of examples, we may consider the modular-functions which were 
obtained by a special method in $ 303. 

Klein remarks (Math. A m . ,  t. xix, p. 143, note 4) that the idea of uniform automorphic 
functions occurs in a posthuznous fragment by Riemann (Ges. Werke, number xxv, pp. 413-416). 
It may also be pointed out that the association of such functions with the linear difïerential 
equation of the second order is indicated by Riemann. 
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First, we consider them in illustration of the algebraical relations between functions 
automorphic for the same group. It follows, from the construction of the group and the 
relation of c to w, that, in the division of the plane by the group with Uw and Vw for its 
fundamental substitiitions, where 

a0 
rw=w+2, vw=- 

1-2w' 
there is only a single point in each of the regions for which c has an assigned value; hence, 
regarding c as a n  automorphic function of w, the number K (4 310) is unity. If there be 
any other function C of w, automorphic for this group, then between C and c there is an 
algebraical relation of degree in Cequal to the number K for c, that is, of the first degree 
in  C. Hence every function automorphic for the group, whose fundamental substitutions 
are U and V, where 

w 
CIZO=w+2, Vw=- 

1-2w' 
is a rational algebraicd function of c. 

I n  the same wey, it can be iiiferred that every function automorphie for the group, 
whse fundamental substitutiims are 

1 
Uw=w+Z, Tw= -- 

w' 

z i  a rational, algebraical, function of cc'; and that evey functwn automorphic for the poup,  
whose fundamental substitutions are 

1 
SW=W+~,  Tw= - - 

PU ' 
aw+b 

that ia, automorphic jota al1 substituthm of the fornz - where a, b, c, d are reaZ 
cw+d9 

(cZ-c+1)3 
integers, such that ad-  bc=l, is a ratwnal algebraical function of J= 

c2 (c- 1)Z ' 

Secondly, in illustration of the general theorem relating to  the differential equation 
of the third order which is characteristic of an automorphic function, we consider the 

iK' 
quautity c as  a function of the quotient of the quarter-periods. Let z denote : then 

because every function automorphic for the same group of substitutions as c is a rational 
function of c, we have 

{='=rational function of c ; 
c'a 

and therefore, by a 

By known formulæ 

property of the Schwarzian derivative, 

{z, c] = - same rational function of c. 

of elliptic functions, it is easy to shew that 

l-c+cZ 
{z, c}=- 

2C2 (1 -c)2' 
thus verifying the general result. 

Similarly, i t  follows that tg, O}, where B=cc', is a rational function of cc', the actual 

value being given by 
iK' 1-58+16d2 e}=  w (1 - 48)2 ; 

and that fg, J} is a rational function of J, the actual value being given by r!, J} = 1W- 123J- 330 
2J'(4J-27)' . 

I n  this connection a memoir by Hurwitz* may be oonsulted. 

* Math. Ann., t. xxxiii, (1889), PP. 345-352. 
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The preceding application to differential equations is only one instance 
in the general theory which connects automorphic functions with linear 
differential equations having algebraical coefficients. This development 
belongs to the theory of differential equations rather than to the general 
theory of functions: its exposition must be reserved for another place. 

Here my present task comes to an end. The range of the theory of 
functions is vast, its ramifications are many, its development seems illimit- 
able: an idea of its freshness and its magnitude can be acqiiired by noting 
the results, and appreciating the suggestions, contained in the memoirs of 
the mathematicians who are quoted in t,he preceding pages. 
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GLOSSARY 
OF TECHNICAL TERMS USED I N  THE THEORY OF FUNCTIONS. 

(The numbers ~efer to the pages, where the term occurs for the 
fLrst time in the book or is dejned.) 

Abbildung, conforme, 11. 
Absoluter Betrag, 3. 
Accidental singularity, 16, 53. 
Addition-theorem, algebraical, 297. 
Adelphic order, 317. 
Algebraical addition-theorem, 297. 
Algebraical function, rational, 70. 
Algebraical function determined by an  equation, 

161. 
Amplikde, 3. 
Analytical curve, 409, 423, 530. 
Analytic function, monogenic, 56. 
Argument, 3. 
Argument and parameter, interchange of, 461. 
Arithmetic mean, method of the, 408. 
Ausserwesentliche singulare Stelle, 53. 
Automorphio functions, 582, 619. 

Betrag, absoluter, 3. 
Bien dkjni, 161. 
Bifacial surface, 325. 
Boundary, 322. 
Branch, 15. 
Branch-line, 339. 
Branoh-point, 15, 154. 
Branch-section, 339. 

Canoniml resolution of surface, 355. 
Categories of corners, cycles, 592, 596. 
Circle, disoriminating, 111. 
Circuit, 327. 
Class (of connected surface), 324. 
Class of doubly-periodic function of second 

order, 223. 
Class of equation, 349. 
Class of group, 608. 
Class of singularity, 147. 

Class of tertiary-periodic fnnction, 288. 
Class of transcendental integral functions, 89. 
Combination of areas, 425. 
Compound circuit, 327. 
Couformal representation, 11. 
Conforme Abbildung, 11. 
Congrnent figures, 517, 591. 
Conjngate edges, 592. 
Connected surface, 312. 
Connection, order of, 317. 
Connectivity, 317. 
Constant modulus for cross-cut, 377. 
Contiguous regions, 591. 
Continuation, 55. 
Continuity, region of, 55. 
Continnous substitution, 584. 
Convergence, uniform unconditional, 127. 
Convexity of normal polygon, 594. 
Corner of region, 591. 
Coupu~e, 140, 186. 
Critical point, 15. 
Cross-cut, 314. 
Cross-line, 339. 
Cycles of corners, 593. 

Deficiency, 356. 
Deformation of loop, 357. 
Deformation of surface, 333. 
Degree of pseudo-automorphic function, 651 
Derivative, Schwarzian, 529. 
Dihedral group, 623. 
Diramazione, punto di, 15. 
Dirichlet's prinoiple, 408. 
Discontinuity, polar, 16. 
Discontinuons groupa, 584. 
Discontinuons substitution, 584. 
Discrete substitution, 584. 
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Discnminating circle, 111. 
Domain, 52. 
Double (or fixed) circle of elliptic substitu- 

tion, 613. 
Doubly-periodic function of f i s t ,  second, third, 

kind, 273, 274. 

Edge of region, 591. 
Edges of cross-out, positive and negative, 375. 
Einandrig, 15. 
Eindeutig, 15. 
Einfach zusammenhüngend, 313. 
Element, 56. 
Element of doubly-periodic function of third 

kind, 291, 293. 
Elementary integral of the second kind, thiid 

kind, 396, 402. 
Elliptic substitution, 517. 
Equivalent homoperiodic functions, 220. 
Essential singularity, 17, 53. 
Existence-theorem, 369, 405. 

Faotor, primary, 82. 
Factorial functiona, 464. 
Families of groups, 606. 
Finite groups, 586. 
First kind, doubly-periodic function of the, 

273. 
First kind of Abeliaq integrals, 394. 
Fixed (or double) points of substitution, 514. 
Fortsetaung, 55. 
Fractional factor for potential function, 422. 
Fractional part of doubly-periodic function, 

220. 
Fuchsian functions, 619. 
Fuchsian groups, 606. 
Fnndamental circle for group, 603. 
Fundamental loops, 360. 
Fundamental parallelogram, 200. 
Fundamental polyhedron (of reference for 

space), 615. 
Fundamental region (of reference for plane), 

591. 
Fundamental substitutions, 583. 

Gattung (kind of integral), 394. 
Genere, 89. 
Genere (class of connected surface), 324. 
GeschZecht, 324. 
Genre (applied to singularity), 148. 
Genre (applied to  transcendental integral 

functions), 89. 
Genre (ciass of connected surface), 324. 
Giramento, punto di, 15. 
Gleichrnüssig unbedingt convergent, 127. 

Gkichverme.igt, 371. 
Grenze, ~zatürliche, 129. 
Grenakreis, 111. 
Group of substitutions, 582. 
Grwndzahl, 317. 

Hauptheis, 603. 
Holomorphic, 15. 
Homogeneous substitutions, 622. 
Homographie transformation, or substitution, 

512. 
Homologous (points), 200. 
Homoperiodic, 224. 
Hyperbolic substitution, 517. 

Improperly discontinuous groups, 585. 
Infinitesimal substitution, 522. 
Infinity, 16. 
Integrals of the first kind, second kind, third 

kind, Abelian, 394, 396, 400. 
Interchange of argument and parameter, 451. 
Invariants of elliptic functions, 250. 
Inversion-problem, 455. 
Irreducible circuit, 327. 
Irreducible (point), 199, 200. 
Isothermal, 576. 

Kleinian functions, 619. 
Kleinian groups, 610. 

Lacet, 153. 
Lacunary functions, 141. 
Ligne de passage, 339. 
Limit, natural, 129. 
Limitrophe, 591. 
Linear substitution, 512. 
Loop, 153. 
Loop-cut, 315. 
Loxodromie! substitution, 517. 

Mehrdeutig, 15. 
Mehrfach zusammenhüngend, 314. 
Meromorphic, 16. 
Modular-function, 633. 
Modular group, 687. 
Modulus, 3. 
Modulus for cross-cut, constant, 377. 
Modulus of periodicity (cross-cut), 377. 
Monadelphic, 313. 
Monodromic, 15. 
Monogenic, 14. 
Monogenic analytic function, 56. 
Monotropic, 15. 
Multiform, 15. 
Multiple circuit, 327. 
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Multiple connection, 314. 
IliluEtiplicateurs, fonctions à, 464. 
Multiplier of substitution, 515. 

Natural limit, 129. 
Natürliche Grenze, 129. 
Negative edge of cross-cut, 375. 
Niveaupunkte (points where a function acquires 

any, the same, value, 227). 
Non-essential singularity, 53. 
Normal (connected) surface, 334. 
Normal form of linear substitution, 582. 
Normal function of first kind, second kind, 

third kind, 446, 448, 450. 
Normal polygon for substitutions, 594. 

Order of a doubly-periodic function, 220. 
Order, of connection, adelphic, 317. 
Ordinary point, 52. 
Orthomorphosis, 11. 

Parabolic substitution, 517. 
Parallelogram, fundamental or primitive, 200, 

206. 
Path of integration, 18. 
Period, 198. 
Periodicity for cross-out, modulus of, 377. 
Polar discontinuity, 16. 
Pole, 16, 53. 
Polyadelphic, 314. 
Polyhedral functions. 575. 
Polytropic, 15. 
Positive edge of cross-cut, 375. 
Potential function, 407. 
Primary factor, 82. 
Primfunction, 82. 
Primitive parallelogram, 206. 
Properly discontinuous groupa, 585. 
Pseudo-periodicity, 256, 259, 273, 274. 

Querschnitt, 314. 

Ramification (of Riemann's surface), 349. 
Ramâjcation, point de, 15. 
Rational algebraical function, 70. 
Rational points, 141. 
Rational transcendental function, 70. 
Real substitutions, 517. 
Reconcileable circuits, 327. 
Reducible circuit, 327. 
Reducible (point), 199, 200. 
Region of continuity, 55. 
Regular, 16, 52. 
Regular singularities, 163. 
Reprekentation conforme, 11. 

Residue, 42. 
Resolution of surface, canonicd, 355. 
Rétrosection, 315. 
Riemann's surface, 336. 
Root, 16. 
Rückkehrschnitt, 315. 

SchZeife, 153. 
Sohwarzian derivative, 529. 
Second End, doubly-periodio function of the, 

274. 
Second kind of Abelian integrals, 396. 
Secondary-penodic functions, 275. 
Section, 140, 186. 
Section (cross-cut), 314. 
Sheet, 336. 
Simple branch-points, 174. 
Simple circuit, 327. 
Simple connection, 313. 
Simple curve, 21. 
Simple cycle of loops, 360. 
Simple element of positive class for tertiary- 

periodio function, 291. 
Singular point, 16. 
Singularity, accidental, 16, 53. 
Singularity, essential, 17, 53. 
Species of singularity, 148. 
Sub-categories of cycles, 607. 
Substitution, homogeneous, 622. 
Substitution, linear or homographie, 512. 
Synectio, 15. 

Taglio trmversab, 314. 
Tertiary-periodic functions, 275. 
Tetrahedral group, 625. 
Thetafuchsian fnnction, 642. 
Third kind, doubly.periodic function of the, 274. 
Third kind of Abelian integral, 400. 
Transcendental function, rational, 70. 
Trmversale, 314. 

Umgebung, 52. 
Unifacial surface, 325. 
Uniforrn, 15. 

Verrweigungschnitt, 339. 
Verzweigungspunkt, 15. 

Wesentliche singulare Stelk, 53. 
Winding-point, 346. 
Winding-surface, 346. 
Windungqunkt, 15. 

Zero, 16. 
Zuaammenhangend, einfach, mehrfach, 313, 314. 
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Abelian transcendeutal functions, aiising by 
inversion of functions of the iirst kind on 
a Riemann's surface, 455 ; 

Weierstrass's form of, 456. 
Accidental singularities, 16, 53, 64 ; 

must be possessed by uniform function, 
64 ; 

form of function in  vicinity of, 64; 
are isolated points, 65 ; 
number of, in an area, 67, 68, 72; 
if at  infinity and there be no other 

singularity, the function is algebraical 
polynomial, 69 ; 

if there be a finite number of, and no 
essential singularity, the uniform 
function is rational, algebraical and 
meromorphic, 71. 

Addition-theorem, for uneven doubly-periodic 
function of second order and seoond class, 
247 ; 

for Weierstrass's @-function, 262 ; 
partial form of, for the u-function and 

the cfunction, 261 ; 
definition of algebraical, 297; 
algebraical, is possessed by algebraical 

functions, 297; 
by simply-periodic functions, 298 ; 
by doubly-periodic functions, 299 ; 

function which possesses an algebraical, ia 
either (i) algebraical, 300 ; 
or (ii) simply-periodic, 303, 305 ; 
or (üi) doubly-periodic, 307 ; 

satisfies a differential equation be- 
tween itself and itsfirst derivative, 
308 ; 

condition tbat algebraical equation be- 
tween three variables should express, 
310 ; 

form of, when function is uniform, 311 ; 
reference to binomial differential equa- 

Algebraic equation between three variables 
should express an addition-theorem, condi- 
tion that, 310 ; 

Algebraic equation, defining algebraio multi- 
form functions, 161 (see algebraic funotion) ; 

class of, 349 ; 
for any uniform function of position on 

a Riemann's surface, 371. 
Algebraic function, rational integral, 70. 
Algebraic (multiform) functions defined by 

algebraical equation, 161 ; 
branch-points of, 162 ; 
ifinities of, are singularities of the 

coefficients, 163 ; 
graphical method for determination 

of order of, 164 ; 
branch-points of, 168 ; 
cyclical arrangements of branches round 

a branch-point, 171 ; 
when al1 the branch-points are simple, 

174 ; 
in connection with Riemann's surface, 

338. 
Algebraic function on a Riemann's surface, 

integrals of, 387 ; 
integrals of, everywhere finite, 388 ; 

number of, in a special case, 388 ; 
when al1 branch-points are simple, three 

kinds of integrais of, 399 ; 
infinities of integrals of, 390, 393 ; 
branoh-points of integrals of, 393. 

Algebraic functions on a Riemann's surface, 
constructed from normal elementary func- 
tions of second kind, 457 ; 

smallest number of arbitrary infinities 
to render this construction possible, 
457 ; 

Riemann-Roch's theorem on, 459 ; 
smailest number of ifinities of, which, 

except a t  them, is everywhere uniform 
tions, 490. and continuous, 460 ; 
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which arise as first derivatives of func- 
tions of first kind, 460 ; 

are infinite only at branch-points, 
460 ; 

number of infinities of, and zeros 
of, 461 ; 

most general form of, 461 ; 
determined by finite zeros, 462 ; 

determine a fundamental equation for a 
given Riemann's surface, 462 ; 

relations between zeros and inhities of, 
468. 

Algebraic isothermal cmes ,  families of, 576 
et seq. (see isothermal curves). 

Algebraic relation between functions automor- 
phic for the same infinite group, 653 ; 

olass of, in general, 654. 
Analytic function, monogenic, 56. 
Analytical curve, 409, 423, 530 ; 

represented on a circle, 423; 
area bounded by, represented on a half- 

plane, 530; 
conseoutive curve oan be chosen at 

WU, 531. 
Analytical test of a branch-point, 157. 
Anchor-ring oonformally represented on plane, 

501. 
Anharmonic group of linear substitutions, 620. 
Anharmonic function, automorphic for the an- 

harmonic group, 620. 
Appell's faotorial functions, 464 (we faotorial 

functions). 
Area, simply connected, can be represented 

confomally upon a circle with unique cor- 
respondence of points, by Riemann's theorem, 
526; 

form of function for representation on a 
plane, 528, 540 ; 

form of function for representation on a 
circle, 529 ; 

bounded by analytical curve represented 
on half-plane, 530 ; 

bounded by cardioid on half-plane, 536 ; 
of convex rectilinear polygon, 537 et 

seq. (see rectilinear polygon) ; 
bounded by circular arcs, 549 et seq. (see 

curvilinear polygon). 
Areas, combination of, in proof of existenoe- 

theorem, 425. 
Argument (or amplitude) of the variable, 3. 
Argument of function possessing an addition- 

theorem, forms of, for a value of the function, 
300 et seq. 

Argument and parameter of normal elementary 
function of third kind, 453. 

Automorphic function, 6 1 9  ; 
constructed for infinite group in pseudol 

automorphic form, 638 et seq. (see 
thetafuchsian functions) ; 

expressed as quotient of two theta- 
fuchsian functions, 651 ; 

its essential singularities, 651 ; 
number of irreducible zeros of, is the 

same as the number of irreducible 
accidental singularities, 651; 

different, for same group are connected 
by algebraical equation, 653 ; 

class of this algebraical equation in 
general, 6 5 4  ; 

connection between, and general linear 
differential equations of second order, 
656 ; 

modular-functions as examples of, 657. 

Barriers, impassable, in connected surface, 313 ; 
can be used to classify connected sur- 

faces, 314 ; 
changed into a cut,  314. 

Bifacial Surfaces, 325, 333. 
Binomial differential equations of first order 

when the integral is uniform, with the 
various classes of integrals, 482 et seq. 

Boundary of region of continuity of a function 
is composed of the singularities of the 
function, 57. 

Boundary, defined, 322 ; 
assigned to every connected surface, 314, 

322, 329 ; 
edges acquired b y  cross-cut and loop- 

cut, 315 ; 
of simply oonnected surface is a single 

fine, 323 ; 
effect of cross-cut on, 323 ; 

and of loop-cnt on, 324. 
Boundary conditions fo r  potential function, 

410 (see potential function). 
Boundary values of potential function for a 

circle, 414 ; 
may have iimited number of finite dis- 

continuities, 417 ; 
include al1 the maxima and the minima 

of a potential function, 423. 
Boundaries of connected surface, relation be- 

tween number of, and connectivity, 324. 
Branch-lines, are mode of  junction of the sheets 

of Riemann's surfaces, 339 ; 
properties of, 340 et seq. ; 
free ends of, are branch-points, 340 ; 
sequence along, how affected by branch- 

points, 341; 
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system of, for a surface, 341 ; 
special form of, for two-sheeted surface, 
344 ; 

when al l  branoh-points are simple, 
356 ; 

number 'of, . when branch-points are 
simple, 364. 

Branches of a function, defined, 15 ; 
affected by branch-points, 151 et seq.; 
obtained by continuation, 151; 
are uniform in continuous regions where 

branch-points do not occur, 155; 
which are affected by a branch-point, 

can be arraüged in cycles, 156; 
restored after number of descriptions of 

circuit round branch-point, 157 ; 
analytical expression of, in vicinity of 

brauch-point, 158 ; 
number of, considered, 159; 
of a n  algebraic function, 161 (see alge- 

braie function) ; 
a function which has a limited number 

of, is a root of an algebraic equation, 
175. 

Branch-points, defined, 15, 154; 
integral of a function round any curve 

containing aU the, 37 ; 
effect of, on branches, 149, 151, et seq.; 
analytical test of, 157 ; 
expression of branches of a function in 

vicinity of, 158 ; 
of algebraic functiona, 162, 168 ; 
simple, 174, 355; 
number of simple, 175 ; 
are free ends of branch-lines, 340 ; 
effect of, on sequence of interchange 

along branch-lines, 341 ; 
joined by branch-lmes when simple, 344; 
deformation of circuit on Riemann's 

surface over, is impossible, 350 ; 
oircuits round two, are irreducible, 350 ; 
number of, when simple, 356 ; 
in connection with loops, 357 (see 

loops) ; 
canonical arrangement of, when simple, 
364. 

Canonical form of complete system of simple 
loops, 361 ; 

Riemann's surface, 365 ; 
resolved, 366. 

Canonical resolution of Riemann's surface, 355. 
Cardioid, area bounded by, represented on strip 

of plane, 535 ; 
on a circle, 536. 

Categories of corners, 592 (see corners). 
Cauchy's theorem on the integration of a holo- 

morphic function round a simple curve, 23 ; 
and of a meromorphic function, 27 ; 
on the expansion of a function in the 

vicinity of an  ordinary point, 43. 
Circle, areas of curves represented on area of : 

exterior of ellippe, 501 ; 
interior of ellipse, 504 ; 
interior of rectangle, 502, 544 ; 
interior of square. 603, 645 ; 
exterior of square, 545 ; 
exterior of parabola, 505 ; 
interior of parabola, 506 ; 
half-plane, 506 ; 
interior of semicircle, 507 ; 
infinitely long strip of plane, 508 ; 
any circle, by properly chosen linear 

substitution, 514; 
any simply connected area, by Riemann's 

theorem, 526 ; 
interior of cardioid, 536 ; 
interior of regular polygon, 548 (Ex.). 

Circuits, round branch-point, effect of, on 
branch of a function, 153, 155 ; 

restore initial branch after nutuber of 
descriptions, 157 ; 

on connected surface, 327 ; 
reducible, irreducible, simple, multiple, 

compound, reconcileable, 327 ; 
represented algebraically, 328; 
complete system of, contains unique 

number of circuits, 328 ; 
drawn on a simply connected surface are 

reducible, 329 ; 
number in complete system for multiply 

connected surface, 330; 
cannot be deformed over a branch-point 

on a Riemann's surface, 350. 
Circular functions obtained, by integrating 

algebraical functions, 191 ; 
on a Riemann's surface, 380. 

Class of, algebraic equation associated with a 
Riemann's surface, 349 ; 

between automorphic functions, 654 ; 
connected surface, 324 ; 
essential singularity, 147 ; 
Fuchsian group, 608 ; 
Laguerre's criterion of, 91 ; 
Riemann's surface, 349 ; 
simple function of given class, 91 ; 
tertiary-periodic function, positive, 288 ; 

negative, 291 ; 
transcendental integral function, as de- 

fined by its zeros, 89. 
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Classes of doubly-periodic functions of the 
second order are two, 223. 

Closed cycles of corners in normal polygon for 
division of plane, 506 (see corners). 

Combination of areas, in determination of 
potentiel function, 425. 

Complex variable defined, 1 ; 
represented on a plane, 2 ; 

and on Neumann's sphere, 4. 
Compound circuits, 327. 
Conditions that one complex variable be a func- 

tion of another, 7. 
Conforma1 representation of planes, established 

by functional relation between variables, 11 ; 
magnification in, 11 ; 
used in  Schwarz's proof of existence- 

theorem, 423 ; 
most generalform of relation that secures, 

is relation between complex variables, 
496 ; 

examples of, 501 et seq. 
Conforma1 representation of surfaces is secured 

by relation between complex variables in the 
most general manner, 492 ; 

obtained by making one a plane, 495 ; 
of surfaces of revolution on plane, 496 ; 
of sphere on plane, 497 ; 

Mercator's and stereographic projec- 
tion, 498 ; 

of oblate spheroid, 500 ; 
of ellipsoid, 500 ; 
of anchor-ring, 501 ; 
Riemann's general theorem on, 526 ; 
form of fnnction for, on a plane, 528 ; 

on a cirele, 529. 
Congruent regions by linear substitutions, 517, 

591. 
Conjugate edges of a region, 592 (see edges). 
Connected surface, supposed to have a boundary, 

314, 322, 329 ; 
to be bifacial, 325 ; 
divided into polygons, Lhuilier7s theorem 

on, 325 ; 
geometrical and physical deformation of, 

333 ; 
can be deformed into any other connected 

surface of the same oonnectivity having 
the same number of bonndaries, if both 
be bifacial, 334 ; 

Klein's normal form of, 334. 
Connection of surfaces, defined, 312 ; 

simple, 313 ; 
definition of, 315 ; 

multiple, 314 ; 
definition of, 315 ; 

affected by cross-cuts, 319 ; 
by loop-cuts, 320 ; 
and by dit, 321. 

Connectivity, of surface defined, 317 ; 
affected by cross-cuts, 319 ; 

by loop-cuts, 320 ; 
by slit, 321 ; 

of spherical surface with holes, 321 ; 
in relation to irreducible circuits, 330 ; 
of a Riemann's surface, with one boun- 

dary, 347 ; 
with several boundaries, 350. 

Constant, uniform function is, everywhere if 
constant along a l i e  or over an area, 59. 

Constant difference of integral, at opposite 
edges of cross-out, 375 ; 

how related for cross-outs that meet, 376 ; 
for canonical cross-cuts, 377 (see 

moduli of periodicity). 
Contiguous regions, 591. 
Continuation, of function by successive domains, 

54 ; 
Schwarz's symmetric, 57 ; 
of function with essential singulanties, 

99 ; 
of multiform function to obtain branches, 

151. 
Continuity of a function, region of (see region 

of continuity). 
Continuous Group, 584. 
Contraction of areas inconformalrepresentation, 

537. . 
Convex curve, area of, represented on half- 

plane, deduced as the limit of the representa- 
tion of a rectilinear polygon, 548. 

Convex normal polygon for division of plane, in 
connection with an infinite group, 595 ; 

angles at cornera of seoond category and 
of third category, 597 ; 

sum of angles at the corners in a cycle 
of the h s t  category is a submnltiple 
of four nght angles, 598 ; 

when given l a d s  to  group, 600 ; 
changed into a closed surface, 608. 

Corners, of regions, 591 ; 
three oategories of, for Fuchsian group, 

592 ; 
cycles of homologous, 593 ; 

how obtained, 596 ; 
closed, and open, 596 ; 
categones of cycles, 596 ; 

of first category are fixed points of 
elliptic substitutions, 600 ; 

of w o n d  and third categones are fixed 
points of parabolic substitutions, 600 ; 
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sub-categories of cycles of, 607 ; 
open cycles of, do not occur with Klein- 

ian groupa, 613. 
Crescent changed into another of the same 

angle by a linear substitution, 514 ; 
represented on a half-plane, 554. 

Criterion of character of singularity, 66 ; 
class of transcendental integralfunction, 

91. 
Critical integer, for expansion of a function in 

an infinite series of functions, 124. 
Cross-cuts, defined, 314 ; 

effect of, onsimplyconnected surfaoe, 316; 
on any surface, 316 ; 
on connectivity of surface, 319 ; 
on number of boundaries, 323; 

and irreducible circuits, 330 ; 
on Riemann's surface, 351 ; 
chosen for resolution of Riemann's sur- 

face, 352 ; 
in canonical resolution of Riemann's 

surface, 354; 
in resolution of Riemann's surface in ite 

canonical form, 366 ; 
difference of values of integral at opposite 

edges of, is constant, 375 ; 
moduli of periodicity for, 377 ; 

number of independent moduli, 379 ; 
introduced in proof of existence- 

theorem, 430 et seq. 
Curvilinear polygon, bounded by circuler arcs, 

represented on the half-plane, 549 et seq. ; 
function for representation of, 550; 
equation which secures the representa- 

tion of, 553; 
connected with linear differential 

equations, 553 ; 
bounded by two arcs, 554 ; 
bounded by three arcs, 555 (see curvi- 

linear triangle). 
Curvilinear triangles, equation for representa- 

tion of, on half-plane, 555 ; 
connected with eolution of differential 

equation for the hypergeometric series, 
555 ; 

when the orthogonal circle is real, 557 ; 
any number of, obtained by inver- 

sions, lie within the orthogonal 
circle, 558; 

equation is transcendental, 559 ; 
discrimination of cases, 559, 560 ; 
particular case when the three arcs 

touch, 561 ; 
when the orthogonal circle is imaginary, 

561 ; 

stereographic projection on sphere 
so as to give spherical triangle 
bounded by great circles, 562; 

connected with division of sphericd 
surface by planes of symmetry of 
inscribed regular solids, 564 et 
seq. ; 

cases when the relation is algebraical 
in both variables and uniform 
in one, 564 ; 

equations which establish the 
representation in these cases, 
567 et seq. ; 

cases when the relation is algebraical 
in both variables but uniform in 
neither, 574 et seq. 

Cycles of corners, 593 (see corners). 
Cyclical interchange of branches of a function 

whioh are affeoted by a branch-point, 156; 
when the function is algebraic, 171. 

Deficiency of a curve, 356; 
is an invariant for rational transforma- 

tions, 367. 
Deformation, of a circuit on a Riemann's surface 

over branch-point impossible, 350; 
connected surfaces, geometrical andphy- 

sical, 333 ; 
can be effected kom one to another 

i f  they be bifacial, be of the same 
connectivity, and have the same 
number of boundaries, 334 ; 

to its canonical form of Riemann's sur- 
face with simple winding-points, 365; 

of loops, 358 et seq.; 
of path of integration, of holomorphic 

function does not affect value of the 
integral, 26 ; 

over pole of meromorphic function 
affects value of the integral, 34; 

of multiform function (me integral 
of multiform function); 

form of, adopted, 190; 
effect of, when there are more 

than two periods, 208; 
on Riemann's surface (see path of 

integration) ; 
of path of variable for multiform 

functions, 152; 
how far it can take place without 

affecting the final branch, 152, 
153-155. 

Derivative, Schwarzian, 529 (se0 Schwarzian 
derivative). 

Derivatives, a holomorphic function possesses 
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anynumber of, at  points within its region, 32; 
supenor limit for modulus of, 33 ; 
do not necessarily exist dong  the boun- 

dary of the region of oontinuity, 32, 
133; 

of elliptic functions with regard to the 
invariants, 265. 

Description of closed curve, positive and nega- 
tive directions of, 3. 

DiiTerential equation of first order, satisfied by 
uniform doubly-periodic functions, 237; 

in particular, by elliptic functions, 238; 
satisfied by function which possesses an alge- 

braic addition-theorem, 309 ; 
not containing the independent variable, 470 ; 

conditions that integral of, is  a unifom 
function, 471 et seq. ; 

when the integral i s  uuiform, it is  
either a rational, a simply-penod- 
ic, or a doubly-periodic, function, 
476; 

application of general results to bino- 
mial, 482 et seq. ; 

discrimination of solutions into the 
three classes, 484 et seq. ; 

. example of integral that  is two-valued, 
490 ; 

reference to functions which possess ad- 
dition-theorem, 490. 

Dihedral function, automorphic for dihedral 
group, 632 (see polyhedral functions). 

Dihedral group, of rotations, 623; 
of homogeneous substitutions, 624; 
of linear substitutions, 625 ; 
function automorphic for, 632. 

Directions of description of closed curve, 3. 
Discontinuous, groups, 584 ; 

properly and improperly, 585 ; 
al1 finite groups are, 586; 
division of plane associated with, 591 

(see regions). 
Discrete group, 584. 
Discriminating circle for uni fom function, 111. 
Discrimination between accidental and essen- 

tial singularities, 53, 66. 
Discrimination of branches of a function ob- 

tained by vmious paths of the variable, 152 
-155. 

Division of surface into polygous, Lhuilier's 
theorem on, 325. 

Domain of ordinmy point, 52. 
Double points of linear substitution, 514. 
Double-pyramid, division of surface of circum- 

scribed sphere by planes of symmetry, 564 ; 

tatiou on a half-plane of each triangle 
in the stereographic projection of the 
divided spherical surface, 567. 

Doubly-infinite system of zeros, transcendental 
function having, 84. 

Doubly-periodic functions, 198; 
graphical representation, 199; 
those considered have only one essential 

singularity which i s  a t  infinity, 218, 
227; 

fundamenhl properties of uniform, 219 
et aeq.; 

order of, 220; 
equivalent, 220; 
integral of, round paralidogram of 

periods, is zero, 221; 
sum of residues of, for parallelogram, is 

zero, 222; 
of first order do not exist, 223; 
of second order consist of two classes, 

223 ; 
number of zeros equal to number of 

infinities and of level points, 226; 
sum of zeros congruent with the sum of 

the infinities and with the sum of the 
level points, 228 ; 

of second order, characteristic equation 
of, 231; 

zeros and infinities of derivative of, 
232 ; 

can be expressed in terms of any 
assigned homoperiodic function 
of the second order with an ap- 
propriate argument, 223; 

of any order with simple infinities c m  
be expressed in terms of homoperiodic 
functions of the second order, 234; 

are connected by an  algebraical equation 
if they have the same periods, 236; 

differential equation of first order satis- 
fied by, 237; 

in particular, by elliptic functions, 
238 ; 

can be expreesed rationally i n  terms of 
a homoperiodic function of the second 
order and its first derivative, 239; 

of second order, properties of (see second 
order) ; 

expressed in terms of the r-function, 256; 
and of the u-function, 260; 

possesses algebraical addition-theorem, 
299. 

Edges of cross-cut. positive and negative, 374, 
equation giving the conforma1 represen- 438. 
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Edges of regions in division of plane by an 
infinite group, 591 ; 

two kinds of, for real groups, 592; 
congruent, are of the same kind, 592; 
conjugate, 592; 
of first kind are even in  number and c m  

be arranged in conjugate pairs, 593; 
each pair of conjugate, implies a funda- 

mental substitution, 593. 
Elementary function of second kind, 448 (see 

second kind of functions). 
Elementary functions of third kind, 449 (see 

third kind of functions). 
Elementary integrals, of second kind, 396; 

determined by an infinity, except as to 
additive integral of first kind, 398 ; 

number of independent, 399; 
connected with those of third kind, 403. 

Elementary integrals of third kind, 402 ; 
oonnected with integrals of second kind, 

403 ; 
number of independent, with same loga- 

rithmic infinities, 403. 
Elements of analytic function, 56; 

can be derived from any one when the 
function is uniform, 56; 

any single one of the, is  sufficient for 
the construction of the function, 57. 

Ellipse, area without, represented on a circle, 
501 ; 

area within, represented on a rectangle, 
504 ; 

and ou a circle, 505. 
Ellipsoid conformally represented on plane, 

500. 
Elliptic functions, obtained by integrating mul- 

tiform functions, in Jacobiau form, 193; 
i n  Weierstrassian form, 196, 249 et seq.; 

on a Riemann's surface, 383 et seq. 
Elliptic substitutions, 517, 519 ; 

are either periodic or inhitesimal, 
521; 

oocur in conneotion with cycles of cor- 
ners, 607, 613. 

Equivalent homoperiodic functions, 220; 
conditions of equiwlence, 225. 

Essential singularities, 17, 53; 
uniform function must assume any value 

at, 54, 94; 
of transcendental integral function a t  

infinity, 74; 
form of function in vicinity of, 96 ; 
continuation of function possessing, 99; 
form of function having finite nurnber 

of, as a sum, 100; 

functions having mlimited number of, 
Chap. VII. ; 

line of, 140 ; 
lacunary space of, 141; 
classification of, into classes, 146; 

into species, 148 ; 
into wider groups, 148; 

of pseudo-automorphic functions, 642; 
of automorphic functions, 651. 

Essential singularities of groups, 522, 606; 
are essential singularities of functions 

automorphic for the group, 606; 
lie on the fundamental circle, 606; 
may be the whole of the fundamental 

circle, 607. 
Existence-theorem for functions on a given 

Riemann's surface, Chap. XVII. ; 
methods of proof of, 408; 
abstract of Schwarz's proof of, 409; 
results of, relating to classes of functions 

proved to exist under conditions, 436. 
Expansion of a function in the vicinity of an 

ordinary point, by Cauchy's theorem, 43; 
within a ring, by Laurent's theorem, 47. 

Expression of uniform function, in vicinity of 
ordinary point, 43; 

in vicinity of a zero, 61; 
in vicinity of accidental singularity, 64; 
i n  vicinity of essential singularity, 96; 
having finite number of essentiel singu- 

larities, as a sum, 100; 
as a product when without acciden- 

ta1 singularities and zeros, 104; 
as a product, with any number of 

zeros and no accidental singu- 
larities, 108 ; 

as a product, with any number of 
zeros and of accidental singulari- 
ties, 110; 

in the vicinity of any one of an infinite 
number of essential singularities, 113; 

having an assigned infinite number of 
singularities over the plane, 115; 

generalised, 116 ; 
having i n h i t y  as its single essential 

singularity, 117 ; 
having unlimited singularities distrib- 

nted over a finite circle, 117. 
Expression of multiform function in the vicin- 

ity of branch-point, 158. 

Factor, generalising, of transeendental integral 
funotion, 81 ; 

primary, 82; 
fractional, for potential-function, 422. 
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Factorial functions, pseudo-periodic on a Rie- 
mann's surface, 464; 

their argument, 464 ; 
constant factors (or multipliera) for cross- 

cuts of, 465; 
forms of, when cross-cuts are canon- 

ical, 466; 
general b r m  of, 466; 
expression of, in terms of normal ele- 

mentary functions of the third kind, 
466 et seq. ; 

zeros and inhi t ies  of, 468; 
cross-cut multipliers and an assigned 

number of inûnities determine a 
limited number of independent, 470. 

Factorisl periodicity, 586. 
Factors (or multipliers) of factorial functions 

at  cross-cuts, 465 ; 
forms of, when cross-cuts are canonical, 

466. 
Families of groups, seven, 606 ; 

for one set, the whole line conserved by 
the group is a line of essential singu- 
larity ; for the other set, only parts of 
the conserved line are lines of es- 
sential singularity, 607. 

Finite groups of linear substitutions, 586, 620; 
containing a single fundamental substi- 

tution, 586 ; 
anharmonic, containing two elliptic 

fundamental substitutions, 587. 
Finite number of essential singularities, func- 

tion having, expressed as a sum, 100. 
First kind of pseudo-periodic function, 273. 
First kind, of functions on a Riemann's surface, 

436 ; 
modnli of periodicity of functions of, 

439 et seq.; 
relation between, and those of a func- 

tion of second kind, 442 ; 
when the functions are normal, 447; 

number of linearly independent functions 
of, 443 ; 

normal functions of, 446 ; 
inversion of, leading to multiply periodic 

functions, 453; 
derivatives of, as algebraical functions, 

461 ; 
infinities and zeros of, 461. 

First kind of integrals onRiemann's surface, 394; 
number of, linearly independent in 

particdm case, 395; 
are not uniform functions, 395 ; 
general value of, 396; (see first kind of 

functions). 

Fixed circle of elliptic Kleinian substitution, 
when the equation is generalised, 613. 

Fixed points of linear substitution, 514. 
Form of argument for given value of function 

possessing an  addition-theorem, 300 et seq. 
Fractional factor for potential function, 422. 
Fractional part of doubly-periodic function, 

220. 
Fnchsian functions, 619 (see automorphic 

functions). 
Fuchsian group, 591,606; 

if real, conserves axis of real quantities, 
591 ; 

when real, it is transformed by one 
complex substitution and then con- 
serves a circle, 603 ; 

division of plane into two portions 
within and without the fundamental 
circle, 603; 

families of, 606 ; 
class of, 608. 

Function, Riemann's general definition of, 8 ; 
relations between real and imaginary 

parts of, 9 ;  
equations satisfied by real and irnaginarg 

parts of, 11 ; 
monogenic, defined, 14; 
uniform, multiform, defined, 15 ; 
branch, and branch-point, of a, defined, 

15 ; 
holomorphic, dehed ,  15 ; 
meromorphic, defined, 16; 
continuation of a, 55; 
region of continnity of, 55; 
element of, 56 ; 
monogenic analytic, definition of, 56; 
constant dong a line or ares, if  uniform, 

i!3 constent evergwhere, 59; 
propertiee of unifom, without essential 

singularities, Chap. m. ; 
integral algebraical, 70 ; 
integral transcendent al, 70; 
having a finite number of branches is  a 

root of an  algebraical equation, 176; 
potential, 407 (see potentirrl function). 

Function possessing an algebraic addition- 
theorem, is either algebraic, or algebraic 
simply-periodic, or algebraic doubly-periodic, 
300 ; 

has only a k i t e  number of values for 
one value of the argument, 308; 

if uniform, then either rational, or 
simply.periodic or doubly-periodic, 308 ; 

satisfies a differential equation between 
itself and its first derivative, 309. 
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Functiond dependence of complex variables, 
form of, adopted, 7 ; 

analytical conditions for, 7 ;  
estabiishes conforma1 representation, 11. 

Functionality, monogenio, not coextensive with 
arithmetical expression, 139. 

Functions, expression in series of (see series of 
functions). 

Fundamental circle of Fuchsian group, 603 ; 
divides plane into two parts which are 

inverses of each other with regard to 
the circle, 604 ; 

essential singularities of the group lie 
on, 606. 

Fundamental equation for a Riemann's surface 
is determined by algebraical functions that 
exist on the surface, 462. 

Fundamental parallelogram for double period- 
icity, 200, 206; 

is not unique, 206. 
Fundamental region (or polygon) for division 

of plane associated with a discontinuous 
group, 591 ; 

can be taken so as to have edges of the 
6rst kind cutting the conserved line 
orthogonally, 594, 604 ; 

in this case, called a normal polygon, 
594 ; 

whioh can be taken as convex, 
595 ; 

angles of, 597 (see convex normal 
polygon) ; 

characteristics of, 599. 
Fundamental set of loops, 360. 
Fundamental substitutions of a group, 583; 

relations between, 584, 593, 599; 
one for each pair of conjugate edges of 

region, 593. 
Fundamental systems of isothermal curves, 579 ; 

given by a uniform algebraic function, 
or a uniform simply-periodic function, 
or a uniform doubly-periodic function, 
579; 

ail families of algebraic isothermal curves 
are derived from, by algebraic equa- 
tions, 530. 

General conditions for potential function, 410 
(see potential function). 

Generalised equations of Kleinian group, 612 
(see Kleinian group) ; 

polyhedral division of space in connec- 
tion with, 614 ; 

connected with polygonal division 
of plane by the group, 615. 

Generalising factor of transcendental integral 
function, 81. 

Graphieal determination of, order of infinity of 
an  algebraic function, 164; 

the leading term of a branch in the 
vicinity of an ordinary point of the 
coefficients of the equation, 167; 

the branchés of an  algebraic function in 
the vicinity of a branch-point, 170. 

Graphical representation of periodicity of fnnc- 
tions, 198, 199. 

Group of linear substitutions, 582; 
fundamental substitutions of, 583 ; 

relations between, 584 ; 
continuous, and discontinuous (or discrete), 

584 ; 
properly and improperly discontinuous, 585 ; 
finite, 586 (see finite groupa) ; 
modular, with two fundamental substitu- 

tions, 587 ; 
division of piane into polygons associated 

with, 588 et seq. ; 
relation between the fundamental 

substitutions, 590; 
division of plane for any discontinuous group, 

591 (see region) ; 
fundamental region for, 591 ; 

Fuoh~ian, 591, 606 (see Fuchsian group); 
when real, conserves axis of real quantities, 

591 ; 
fundamental substitutions of, connected with 

the pairs of conjugate edges of a region, 593 ; 
seven families of, 606; 
conserved line in relation to the essential 

singularities, 607 ; 
Kleinian, 610 (see Kleinian group) ; 
dihedral, 625; 
tetrahedral, 627. 

Grouping of branches of algebraical function 
at a branch-point, 171. 

Hall-plane represented on a circle, 506 ; 
on a semicircle, 506 ; 
on a sector, 507 ; 
on an infinitely long strip, 508 ; 
on a rectilinear polygon, 538 et seq. (me 

rectilinear polygon) ; 
on a curvilinear polygon, bounded by cir- 

cular arcs, 549 et seq. (see curvilinear 
polygon, curvilinear triangle). 

Hermite's sections for integrals of nniform 
functions, 185. 

Hole in surface, effect of making, on connec- 
tivity, 320. 

Holomorphic function, defined, 15 ; 
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&tegral of, round a simple curve, 23 ; 
along a line, 24 ; 
when line is deformed, 26 ; 
when simple curve is deformed, 27 ; 

has a derivative for points within, but 
not nec6ssarily on the boundary of, 
its region, 32 ; 

superior limit for modulus of derivatives 
of, 33 ; 

expansion of, in the domain of an ordi- 
nary point, 43, 52 ; 

within a ring of convergence by 
Laurent's theorem, 47. 

Homogeneous form of linear substitutions, 622. 
Homogeneous substitutions, 622 ; 

two derived from each linear substi- 
tution, 622 ; 

dihedral group of, 624. 
Homographic substitution connected with sphe- 

rical rotation, 620. 
Homographic transformation, or substitution, 

512 (we linear substitution). 
Homologous points, 200, 591. 
Homoperiodic functions, 224 ; 

when in a constant ratio, 224 ; 
when equivalent, 225 ; 
are connected by an algebraical equation, 

236. 
Hyperbolic substitutions, 517, 519 ; 

neither periodic nor infhitesimal, 522 ; 
do not ocour in connection with cycles 

of corners, 607, 614. 
Hypergeometric series, solution of differential 

equation for, connected with conforma1 repre- 
sentation of curviiinear triangle, 555 et seq.; 

cases of algebraical solution, 567 et seq. 

Icosahedral (and dodecahedral) division of sur- 
face of circnmscribed sphere, 565 ; 

equation giving the conformal represent- 
ation on a half-plane of each triangle 
in the stereographiw projection of the 
divided surface, 573. 

Identical substitution, 583. 
Imaginary parts of functions, how related to 

r d  parts, 9 ; 
equations satisfied by real and, 11. 

Improperly discontinuous groups, 585 ; 
example of, 615 et seq. 

Index of a composite substitution, 583 ; 
not entirely determinate, 584. 

I n h i t e  circle, integral of any function round, 
36. 

Infinitesimal curve, integral of any function 
round, 35. 

Infinitesimal substitution, 584. 
Infinities, of a function debed ,  16 ; 

of algebraic function, 163. 
Infinities of doubly-periodic functions, irre- 

ducible, are in number equal to the irreducible 
zeros, 227 ; 

and, in sum, are congruent with their 
sums, 228 ; 

of pseudo-periodic functions (see second 
End, third kind). 

Infinities of potential function on a Riemann's 
surface, 435. 

Integral function, algebraical, 70 ; 
transcendental, 70. 

lntegral with complex variables, defined, 18 ; 
elementary properties of, 19, 20 ; 
over area changed into integrai round 

boundary, by Riemann's fundamental 
lemma, 21 ; 

of holomorphic function round simple 
curve is  zero, 23 ; 

of holomorphic fnnction along a line is  
holomorphic, 24 ; 

of meromorphic function round simple 
curve containing one simple pole, 27 ; 

round simple curve, containing seve- 
r d  simple poles, 28 ; 

round curve containing multiple 
pole, 32 ; 

of any function round infinitesimal circle, 
35 ; 

round infinitely great circle, 36 ; 
round any curve enclosing al1 the 

branch-points, 37 ; 
of uniform function along any line, 184. 

Integral of multiform function, between two 
points is unaltered for deformation of path 
not crossing a branch-point oraninfinity, 181; 

round a curve containing branch-points 
and infinities is unaltered when the 
curve is deformed to loops, 182 ; 

also when the curve is otherwise deformed 
under conditions, 183 ; 

round a small curve enclosing a branch- 
point, 183; 

round a loop, 189 ; 
deformed path adopted for, 190 ; 
with more periods than two, can be 

made to assume any value by modi- 
fying the path of integration between 
the limits, 208. 

Integral of uniform function round parallelo- 
gram of periods, is zero when function is 
doubly-periodic, 221 ; 

general expression for, 222. 
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Limit, natural, of a power-series, 129. 
Linear difïerential equations of the second 

order, connected with automorphic functions, 
656. 

Linear substitution, 512 ; 
equivalent to two translations, areflexion 

and an inversion, 512 ; 
changes straight lines and ciroles into 

circles in general, 513 ; 
eau be chosen so as to transform any 

circle into any other circle, 514 ; 
changes a plane crescent into another of 

the same angle, 514 ; 
fixed points of, 514 ; 
multiplier of, 515 ; 
condition of periodicity, 515 ; 
parabolic, 517 ; 

and real, 518 ; 
elliptic, 517 ; 

and real, 519 ; 
is either periodic or infinitemmal, 

521 ; 
hyperbolic, 517 ; 

and mal, 519 ; 
loxodromie, 517, 521 ; 
can be obtained by any number of pairs 

of inversions at  circles, 523 ; 
group of, 582 et seq. (see group) ; 
normal form of, 582 ; 
identical, 583 ; 
algebraical symbols to represent, 583 ; 
index of composite, 583 ; 
infinitesimal, 584 ; 
interchangeable, 586 ; 
in homogeneous form, 622. 

Logarithmic infinities, integral of third kind 
on a Riemann's surface must possess at  
least two, 402. 

Loop-cuts, defined, 315 ; 
changed into a cross-out, 320 ; 
effect of, on connectivity, 320 ; 

on number of boundaries, 324. 
Loops, defined, 153 ; 

effect of a loop, is unique, 155 ; 
symbol to represent effect of, A57 ; 

change of, when loop is deformed, 
358 ; 

fundamental set of, 360 ; 
simple cycle of, 360 ; 
canonical form of complete system of 

simple, 361. 
Loxodrornic substitutions, 517, 521 ; 

neither periodic nor infinitesimal, 522 ; 
do not m u r  in connection with cycles 

of corners, 613. 

Magnscation in conforma1 representation, 11, 
492 ; 

in star-maps, 499. 
Maps, 499. 
Maximum and minimum values of potential 

function for a region lie on its boundary, 422. 
Mercator's projection of sphere, 498. 
Meromorphic function, defined, 16 ; 

integral unohanged by deformation of 
simple curve in part of plane where 
function is uniform, 27 ; 

integral round a simple curve, containing 
one simple pole, 27 ; 

round a curve containing several 
simple poles, 28 ; 

round a curve containing multiple 
pole, 32 ; 

cannot, without change, be deformed 
across pole, 34 ; 

is  form of uniform function with a 
limited nnmber of accidental singu- 
larities, 71 ; 

all singularities of uniform algebraical, 
are accidental, 73. 

Mittag-Leffler's theorems on fiinctions having 
an  unlimited number of singularities, dis- 
tributed over the whole plane, 112; 

distributed over a finite circle, 117. 
Modular-function defined, 633 ; 

connected with elliptic quarter-periods, 
633 ; 

(see modultw group) ; 
as automorphic functions, 657. 

Modular group of substitutions, 587 ; 
is  improperly discontinuous for real 

variables, 585 ; 
division of plane into polygons, asso- 

ciated with, 588 et seq. ; 
relation between the fundamental sub- 

stitutions of, 590 ; 
for modulus of elliptic integral, 635 ; 
for the absolute invariant of an elliptic 

function, 637. 
Moduli of periodicity, for cross-cuts, 377 ; 

values of, for canonical cross-cuts, 377 ; 
number of linearly independent on a 

surface, 379 ; 
examples of, 379 et seq. ; 
introduced in proof of existence-theorem, 

430 et seq. ; 
of function of first kind on a Riemann's 

surface, 439 et seq. ; 
relation between, of a function of first 

kind and a function of second kind, 
442 
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properties of, for normal function of 
first kind, 446 ; 

of normal elementary function of wcond 
kind are algebraic functions of its 
i n h i t y ,  449 ; 

of normal elementary funotion of third 
kind are expressed as normal functions 
of first kind of its two infinities, 451. 

Modulus of variable, 3. 
Monogenic, defiued, 14 ; 

function ha6 any number of derivatives, 
14;' 

analytic function, 56. 
Monogenic functionality not coextensive with 

arithmetical expression, 139. 
Multiform function, defined, 15 ; 

elements of, in continuation, 56 ; 
expression of, i n  vicinity of a branch- 

point, 158 ; 
defined by algebraic equation, 161 (see 

algebraic function) ; 
integral of (see integral of multiform 

function) ; 
is uniform on Riemann'ssurface, 337,343. 

Multiple circuits, 327. 
Multiple penodicity, 208 ; 

of uniform function of several variables, 
209. 

Multiplication-theorem, 297. 
Multiplicity of zero, 61 ; 

of pole, 65. 
Multiplier of linear substitution, 515. 
Multipliers of factorial functions a t  cross-cuts, 

465 ; 
forms of, when cross-cuts are canonical, 

466. 
Multiply connected surface, 314; 

defined, 315 ; 
connectivity modified by cross-cuts, 319; 

by loop-cuts, 320 ; 
and by ait ,  321 ; 

boundaries of, afTected by cross-cuts, 323 ; 
relation between boundaries of, and con- 

nectivity, 324 ; 
divided into polygons, Lhuilier's theorem 

on, 325 ; 
number of circuits in complete system 

of circuits on, 330. 
Multiply-periodic uniform functions of n vari- 

ables, cannot have more than 2n periods, 209 ; 
obtained by inversion of functims of 

first kind, 453 et seq. 

Natural limit, of a power-series, 129 ; 
of part of plane, 558 ; 

for pseudo-automorphic function with 
certain families of groups, 643. 

Negative edge of cross-out; 374, 438. 
Neumann's sphere used to represent the vari- 

able, 4 ; 
used for multiform functions, 153. 

Normal elementary function of second kind, 
448 (aee second kind of functions). 

Normal elementary function o f ,  third kind, 450 
(see third kind of functions). 

Normal form of linear substitution, 582. 
Normal functions of first End,  446 (see e s t  

kind of functions). 
Normal polygon for division of plane, 594 ; 

can be taken convex, 595 (see convex 
normal polygon). 

Normal surface, Klein's, as a surface of refer- 
ence of given connectivity and number of 
boundmies, 334, 365. 

Number of zeros of uniform function in any 
are@, 61, 63, 68, 72; 

of periodic functions (see doubly-periodic 
functions, second kind, third End)  ; 

of pseudo-automorphic functions (see. 
pseudo-automorphic functions). 

Octahedral (and cubic) division of surface of 
circumscribed sphere, 565 ; 

equation giving the conforma1 repre- 
sentation on a half-plane of each 
triangle in the stereographic projeo- 
tion of the divided surface, 570. 

Open cycles of corners in normal polygon for 
division of plane by Fuchsian group, 596 
(see corners) ; 

do not oacur i n  division of plane by 
Kleinian group, 613. 

Order of doubly-periodic function, 220. 
Order of infinity of a multiform function deter- 

mined, 164. 
Ordinary point of a function, 52; 

domain of, 62. 

Parabola, area without, represented on a circle, 
505 ; 

area within, represented on a circle, 506. 
Parabolic substitutions, 517, 518; 

neither periodic nor infinitesimal, 522; 
occur in connection with cycles of cor- 
ners, 607, 613. 

Parailelogram for double periodicity, funda- 
mental, 200, 206; 

edges and corners in relation to zeros 
and to  accidental singularities of fun& 
tions, 218; 
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is fundamental for a function of the 
second order within it, 224. 

Parametric integer of thetafuchsian functions, 
650. 

Path of integration, 18; 
can be deformed in region of holomor- 

phic function without affecting the 
value of the integral, 26 ; 

on a Riemann's surface, can be de- 
formed except over a discontinuity, 
373; 

and not over a branch-point, 350. 
Periodic linear substitutions, 515; 

are elliptic, 619. 
Periodicity of uniform functions, of one variable, 

198 et seq.; 
of severd variables, 209. 

Periodicity, modulus of, 377 (see moduli of 
periodicity). 

Periods of a function of one variable, 198 ; 
cannot have a real ratio when the  func- 

tion is uniform, 200; 
cannot exoeed two in number indepen- 

dent of one another if function be 
uniform, 205. 

Plane used to represent variation of complex 
variable, 2. 

Pales of a function deûned, 16, 53. 
Polyhedral division of space in connection with 

generalised equations of group of Kleinian 
substitutions, 614. 

Polyhedral functions, connected with conforma1 
representation, 566 et seq. ; 

for double-pyramid, 567, 632; 
for tetrahedron, 568, 630; 
for octahedron and cube, 570; 
for icosahedron and dodecahedron, 573. 

Position on Riemann's surface, most general 
uniform function of, 369 ; 

their algebraical expression, 371; 
has as many zeros as infinities, 372. 

Positive edge of cross-cut, 374,438. 
Potential function, real, defined, 407; 

conditions satisfied by, when derived 
from a function of position on a Rie- 
mann's surface, 407; 

general conditions assigned ta, 410; 
boundary conditions assigned to, 410; 
Green's integral-theorems connected 

with, 411 et seq.; 
is uniquely determined for a circle by 

generd conditions and continuons 
finite boundary values, 414 ; 

integral expression obtained for, 
satisfiee the conditions, 417; 

the boundary vdues for aircle may 
have finite discontinuities at a 
limited number of isolated points, 
418; 

properties of, for a circle, 421; 
maximum and minimum values of, in a 

region, lie on the boundary, 422; 
is determined by generaf conditions and 

boundary values, for area conformally 
representable on area of a circle, 423; 

for combination of areas when i t  
can be obtained for each sepa- 
rately, 425; 

for area containing a winding-point, 
428; 

for any simply connected surface, 
429; 

introduction of cross-cut moduli for, on 
a dohbly connected surface, 430 ; 

on a triply connected surface, 433 ; 
on any multiply connected surface, 

434 ; 
number of linearly independent, every- 

where finite, 434, 445; 
introduction of assigned infinities, 435; 
classes of, determined, 436; 
classes of complex functions derivedfrom, 

with the respective conditions, 436. 
Power-senes, a s  elements of an analytical 

function, 66 et seq.; 128 et seq.; 
region of continuity of, consists of one 

connected part, 128; 
may have a natural limit, 129. 

Primary factor, 82. 
Primitive parallelogram of periods, 206. 
Product-form of transcendental integral func- 

tion with i d n i t e  number of zeros over whole 
plane, 80. 

Pseudo-automorphic functions, 643 (see theta- 
fuchsian functions). 

Pseudo-periodic functions, Chap. XII. ; 
of the first kind, 273; 
of the second kind, 274; 

properties of (see second kind) ; 
of the third kind, 274; 

properties of (see thiid kind) ; 
on a Riemann's surface (see factorial 

functions). 
Pseudo-periodicity of the r-function, 235; 

of the o-function, 260. 

Quadriiateral, area of, represented on half- 
plane, 546; 

determination of fourth angular point, 
three being arbitrarily assigned, 547. 
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Ramification of a Riemann's surfaoe, 349. 
Ratio of periods of uniform periodic function 

cannot be real, 200. 
Rational points in a n  area, 141. 
Real and imaginary parts of functions, how 

related, 9 ; 
equations satisfied by, 11; 
each can be deduced from the other, 12. 

Real potential function, 407 (see potential 
function). 

Real substitutions, 591 (see Fuchsian group). 
Reconcileable circuits, 327. 
Rectangle, area within, represented on a circle, 

502; 
and on an  ellipse, 504 ; 
on a half-plane, 544, 545. 

Rectilinear polygon, convex, represented on 
half-plane, 538 et seq. ; 

function for reprssentation of, 540 ; 
equation which secures the rspresenta- 

tion of, 541 ; 
three angular points (but not more) may 

be arbitrarily assigned in the repre- 
sentation, 542 ; 

determination of fourth for quadri- 
lateral, 547 ; 

three sides, 543 (see triangle); 
four aides, 544 (see rectangle, square, 

quadrilateral) ; 
limit in the form of a convex curve, 548. 

Reducible circuits, 327. 
Reducible points, 199, 200. 
Region of continuity, of a miform function, 

55,126; 
bounded by the singularities, 56; 
of a power-series consists of one con- 

nected part, 128; 
may have a natural limit, 129 ; 

of a series of uniform functions, 132 et 
seq. ; 

of multiform function, 150. 
Regions in division of plane associated with 

discontinuous group : 
fundamental, 591 ; 
uniform correspondence between, 591 ; 
contiguous, 591 ; 
edges of, 591 (see edges) ; 
corners of, 591 (ses corners). 

Regular in vicinity of ordinary point, function 
is,.52. 

Regular polygon, area of, conformally repre- 
sented on a circle, 548 (Ex.). 

Regular singularities of algebraical functions, 
163. 

Regular solids, planes of symmetry of, dividing 

the surface of the circumscribed sphere, 564 
et seq. 

Representation, conformal, 11 (see conforma1 
representation). 

Representation of oomplex variable on a plane, 
2 ;  

and on Neumann's sphere, 4. 
Residue of function, defined, 42 ; 

when the function is doubly-periodic, the 
sum of its residues is  zero, 223. 

Resolution of Riemann's surface, 351 et seq.; 
how to choose cross-cuts for, 352 ; 
canonical, 355 ; 
when in its canonical form, 366. 

Revolution, surface of, conformally represented 
on a plane, 496. 

Riemann's definition of function, 8. 
Riemann's fundamental lemma in integration, 

21. 
Riemann's surface, aggregate of plane sheets, 

336 ; 
used to represent algebraic functions, 338; 
sheets of, joined along branoh-lines, 339 ; 
can be taken in  spherical form, 346 ; 
connectivity of, with one boundary, 347; 

with several boundaries, 350; 
class of, 349; 
ramification of, 349; 
irreducible circuits on, 350 ; 
resolution of, by cross-cuts into a simply 

conneoted surface, 351 et seq.; 
canonical resolution of, 355 ; 
form of, when branch-points are simple, 

364; 
deformation to canonical form of, 

365 ; 
resolution of, in canonical form, 366; 
uniform functions of position on, 369; 

their expression and the equation 
satisfied by them, 371; 

have as many zeros as infinities, 
372; 

integrals of algebraic functions on a, 375 
et seq.; 

existence-theorem for functions on a 
given, 405; 

functions on (see first kind, second kind, 
third kind of functions, algebraic 
functions on a). 

Riemann-Roch's theorem on algebraic functions 
having assigned infmities, 459. 

Riemann's theorem on conformalrepresentation 
of any plane area, simply connected, on area 
of a circle, 526. 

Roots of a function, defined, 16, 
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Rotations, connected with linear substitutions, 
621; 

groupa of for regular solids, 623 ; 
dihedrd group of, 623; 
tetrahedral group of, 625. 

Schwarz's symmetric continuation, 57. 
Schwarzian derivative, used in conformal re- 

presentation, 529, 550 et seq. 
Second kind of pseudo-periodic function, 274; 

Hermite's expression for, 277, 279; 
limiting form of, when function is 

periodic of the ûrst kind, 278,280; 
Mittag-Leffler's expression for, in inter- 

mediate case, 279, 280; 
number of irreducible inhi t ies  same a s  

the number of irreducible zeros, 280 ; 
ditrerenee between sum of irreducible 

infinities and sum of irreducible zeros, 
281; 

expressed in terms of the u-function, 
281; 

used to solve Lamé's differential equa- 
tion, 281. 

Second order of doubly-periodic functions, (see 
also doubly-periodic functions), properties of, 
Chap. XI. ; 

of second class and odd, 243 ; 
connected with Jacobian elliptic 

functions, 246 ; 
addition-theorem for, 247 ; 

of fist  class and even, iilustrated by 
Weierstrassian elliptic functions, 249 
et seq.; 

of second class and even, 267 et seq. 
Second kind, of functions on a Riemann's sur- 

face, 436; 
relation between moduli of periodicity of 

functions of, and those of a function 
of firat kind, 442; 

elementary function of, is  determined by 
its infinity and moduli, 448; 

normal elementary function of, 448; 
moduli of periodicity of, 449 ; 
used to construct algebraic functions 

on a Riemann's surface, 457. 
Second kind, of integrals on a Riemann's sur- 

face, 396; 
elementary integrals of, 396; 
genersl value of, 398; 
elementary integrals of, determined by 

its infinity except as to integral of 
first kind, 398; 

number of, 399 ; 
(see second kind of functions) ; 

two distinct forms of characteristic 
equation, 271 ; 

compared with eliiptic functions, 
272. 

Secondary periodic functions, 275 (see second 
lrind). 

Sections for integrals of uniform functions, 
Hermite's, 185. 

Sector on a haif-plane, 507 (Ex.). 
Semicircle represented on a half-plane, 506 ; 

on a circle, 507. 
Sequence of interchange along branch-lines 

determined, 341. . 
Series of functions, expansion in, 115 ; 

region of continuity of, 132 ; 
represents the same function throughont 

any connected part of its region of 
continuity, 132 ; 

may represeut different functions in dis- 
tinct parts of i ts  region of continuity, 
137. 

Series of powers, expansion in, 43 et seq. ; 
function determined by, is the same 

throughout its region of continuity, 
128 ; 

natural limit of, 129. 
Sheets of a Riemann's surface, 336 ; 

relation between variable and, 338 ; 
joined along branch-lines, 339. 

Simple branch-points for algebraic function, 
174 ; 

number of, 175, 356; 
in connection with loope, 357 ; 
canonical arrangement of, 364. 

Simple circuit, 327. 
Simple curve, defined, 21 ; 

used as boundary, 322. 
Simple cycles of loops, 360 ; 

number of independent, 361. 
Simple element for tertiary periodic functions, 

of positive class, 291 ; 
of negative class, 293. 

Simply connected surface, 313 ; 
dehed ,  315 ; 
effect of cross-out on, 316 ; 

and of loop-out on, 320 ; 
circuits drawn on, are reducible, 329 ; 
winding surface containing one winding- 

point is  a ,  348. 
Simply infinite system of zeros, function having, 

83. 
Simply periodic functions, 198 ; 

graphical representation, 198, 211 ; 
properties of, withan essential singularity 

at infinity, 213 et seq.; 
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when uniform, can be expressed as series 
of powers of an exponential, 213 ; 

of most elementary form, 215 ; 
limited class of, considered, 217 ; 
possess algebraical addition-theorem, 

298. 
Singular line, 140. 
Singular points, 16. 
Singularities, accidental, 16 (see accidental 

singularity) ; 
- essential, 17 (see essential singularity) ; 

discrimination between, 53, 66 ; 
bound the region of continuity of the 

function, 57 ; 
must be possessed by uniform functions, 

64 ; 
of algebraical functions, regular, 163. 

Singularity of a coefficient of an  algebraic equa- 
tion ia an  infinity of a branch of the function, 
164. 

Slit, effect of, on connectivity of surface, 
321. 

Species of essential singularity, 148. 
Sphere conformally represented on a plane, 

497 ; 
Mercator's projection, 498 ; 
stereographic projection, 498. 

Spherical form of Riemann's surface, 346 ; 
related to plane form, 347 ; 
is bounded, 347. 

Spherical surface with holea, connectivity of, 
321. 

Spheroid, oblate, conformally represented on 
plane, 500. 

Square, ares within, represented on a circle, 
502, 545; 

on a half-plane, 544, 546 ; 
ares without, represented on a circle, 

645. 
Stereographic projection of sphere on plane as 

a conforma1 representation, 498 ; 
of curvilinear triangle on the surface of 

a sphere, 562. 
Straight line changed into a circle by a linear 

substitution, 513. 
Strip of plane, infinitely long, represented on 

half-plane, 508 ; 
and on a circle, 508; 
on a cardioid, 536. 

Subcategories of cycles of corners, 607. 
Substitution, linear or homographie, 512 (see 

linear substitution). 
Sum of residues of doubly-periodic function, 

relative to a fundamental parallelogram, is 
zero, 222. 

Surface, connected, 312; 
has a boundary assigned, 314, 322, 329; 
effect of any number of cross-cuts on, 316; 
connectivity of, 317 ; 

affected hy cross-cuts, 319 ; 
by loop-cuts, 320; 
and by dit ,  321; 

clrtss of, 324 ; 
supposed bifacial, not unifacial, 325 ; 
Lhuilier's theorem on division of, into 

polygong 325 ; 
Riemann's (see Riemann's surface). 

Symbol for loop, 357; 
change of, when loop is deformed, 358. 

Symmetric continuation, Schwarz's, 57. 
System of branch-lines for a Riemann's surface, 

341. 
System of zeros for trausoendental function, 

aimply-infinite, 83 ; 
doubly-infinite, 84; 
cannot be triply-infinite arithmetical 

series, 88; 
used to define its class, 89. 

Tannery's series of functions representing dif- 
ferent functions in distinct parts of itsregion 
of continuity, 137. 

Tertiary periodic functions, 275 (see third 
End). 

Test, analytical, of a branch-point, 157. 
Tetrahedral division of surface of circumscribed 

sphere, 564; 
equation giving the conforma1 represent- 

ation on a half-plane of each triangle 
i n  the stereographic projection of the 
dirided surface, 568. 

Tetrahedrd function, automorphic for tetra- 
hedral group, 630 (see polyhedral functions). 

Tetrahedrd group, of rotations, 625; 
of substitutions, 627 ; 

in another form, 628; 
function automorphic for, 632. 

Thetafuchsian functions, 642; 
exists either only within the fundamen- 

ta1 circle, or over whole plane, accord- 
ing to family of group, 643; 

their essential singularities, 642; 
pseudo-automorphic for infinite group, 

644 ; 
number of irreducible accidental singu- 

larities of, 644; 
number of irreducible zeros of, 648; 
parametric integer for: 650; 
quotient of two with same parametrio 

integer is automorphic, 651. 
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Third kind, of functions on a Riemann's sur- 
face, 436; 

elementary functions of, 449 ; 
normal elementary function of, 450 ; 

moduli of periodicity of, 451 ; 
interchange of argument and para- 

meter in, 453 ; 
used to construct Appell's factorial 

functions, 466 et seq. ; 
Third kind, of integrals on a Riemann's surface, 

400 ; 
sum of logarithmic periods of, is zero, 

401; 
must have tmo logarithmic infinities at 

least, 402; 
elementary integrals of, 402 (see third 

kind of f~mctions). 
Third kind of pseudo-periodic function, 274; 

canonical form of characteristic eque- 
tions, 275 ; 

relation between number of irreducible 
zeroe and number of irreducible infini- 
ties, 286; 

relation betmeen sum of irreducible zeros 
and sum of irreducible infinities, 287 ; 

expression in terms of u-function, 288 ; 
of positive class, 288; 

expressed in terms of simple ele- 
ments, 290 ; 

of negative class, 291 ; 
expressed in terms of Appell's ele- 

ment, 293; 
expansion in trigonometrical series, 

293. 
Three principal classes of functions on a 

Riemann's surface, 436 (see first kind, second 
kind, third kind, of functions). 

Transcendental integral function, 70; 
it has z=a> for an essential singu- 

larity, 74; 
with nnlimited number of zeros over the 

whole plane, in form of a product, 
76 et seq. ; 

most general form of, 80 ; 
having simply-inûnite system of zeros, 

83 ; 
having doubly-idnite system of zeros, 

84 ; 
Weierstrass's product form of, 87; 

cannot have triply-infinite arithmetical 
series of zeros, 88 ; 

class of, determined by zeros, 89 ; 
simple, of given class, 91. 

Transformation, homographie, 512 (see linear 
substitution). 

F. 

Triangle, rectilinear, represented on a half- 
plane, 543; 

separate cases in which representation is 
complete and uniform, 543; 

curvilinear, represented on a half- 
plane, 555 (see curvilinear tri- 
angle). 

Trigonometrical series, expansion of tertiary 
periodic functions in, 293. 

Triply-infinite arithmeticai system of zeros can- 
not be possessed by transcendental integral 
function, 91. 

Triply-periodic uniform functions of a single 
variable do not exist, 205; 

example of this proposition, 386. 
Two-sheeted surface, special form of branch- 

lines for, 344. 

Unifacial Surfaces, 325, 333. 
Uniform function, defined, 15. 
Uniform function, must assume any value at 

an essential singularity, 54, 94 ; 
has a unique set of elements in continua- 

tion, 56 ; 
is constant everywhere in  its region if 

constant over a line or area, 69 ; 
number of zeros of, in  an area, 63 ; 
must assume any assigned value, 64 ; 
must have at least one singularity, 64 ; 
is algebraical polynomial if only singu- 

larity be accidental and at infinity, 
69 ; 

is rationd algebraical and meromorphic 
if there be no essential singularity and 
a finite number of accidental singulari- 
ties, 71 ; 

transcendental (see transcendental fnnc- 
tion) ; 

Hermite's sections for integrals of, 185 ; 
of one variable, that are periodic, 200 et 

seq. ; 
of several variables that are periodic, 

208 ; 
simply-periodic (see simply-periodic uni- 

form functions) ; 
doubly-periodic (see doubly-periodic uni- 

form functions). 
Uniform function of position on a Riemann's 

surface, multiform function becomes, 337. 
343 ; 

most generai, 369 ; 
algebraic equation determining, 371 ; 

has as many zeros as infinities, 372. 
Uniform function, conditions that a, be an 

integral of a difTerentia1 equation of first 
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order not containing the independent variable, 
471 et seq. ; 

when the conditions are satisfied, it is 
either a rational, a simply-periodic, or 
a doubly-periodic, function, 476. 

Unlimiteci number of essential singularities, 
functions possessing, Chap. VIL ; 

distributed over the plane, 112 ; 
over a finite circle, 117. 

Weierstrass's p-function, 251 ; 
is doubly-periodic, 252 ; 
is of the second order and the first class, 
253 ; 

ita differential equation, 254 ; 
its addition-theorem, 262; 
derivatives with regard to the invariants 

and the periods, 265. 
Weierstrass's a-function, 249 ; 

its paeudo-penodicity, 259 ; 
periodic functions expressed in terms of, 
260 ; 

its quasi-addition-theorem, 261 ; 
differential equation satisfied by, 266 ; 
used to construct eecondary periodic 

functions, 281 ; 
and tertiary periodic functions, 288. 

Weierstrass's 3-function, 250 ; 
its pseudo-penodicity, 255 ; 

periodic functions expressed in t e m s  of, 
256 ; 

relation between its parametera and 
periods, 257 ; 

its quasi-addition-theorem, 261. 
Weierstrass's product-form for transcendental 

integral function, with in6nite number of 
zeros over the phne, 80 ; 

with doubly-infinite arithmetic series of 
zeros, 87. 

Winding-point, 346. 
Winding surface, defined, 346 ; 

portion of, thst contains one winding- 
point is simply connected, 348. 

Zeros of doubly-periodic function, irreduoible, 
are in number equel to the irreducible infini- 
ties and the irreducible level points, 227 ; 

and in sum are congruent with their 
sums, 228. 

Zeros of nniform function are isolated points, 
60 ; 

form of function in vioinity of, 61 ; 
in an area, number of, 61, 63, 68, 72 ; 
of transcendental function, when sirnply- 

infinite, 83 ; 
when doubly-infinite, 84 ; 
cannot form tripiy-infinite arith- 

metical series, 88. 
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