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HORTLY afber the death of Professor James Clerk Maxwell a Committee waa

8,

formed, consisting of graduate metnbers of the University of Cambridge and

of other friends and admirers, for the purpose of securing a fitting memord of
him.
The Committee had in view two'objects : to obtain a likeness of Professor
Clerk Maxwell, which should be placed in some public building of the University; and to collect and publish his scattered scientific writings, copies of
which, so far as the funds at the disposal of the Committee would allow,
should be presented to learned Societies and Libraries a t home and abroad.
It was decided that the likeness should take the form of a marble bust.
This was executed . by Sir J. E. Boehm, R.A., and is now placed in the
apparatus room of the Cavendish Laboratory.
I n carrying out the second part of their programme the Committee
obtained the cordial assistance of the Syndics of the University Press, who
willingly consented to publish the present work. At the request of the Syndics,
Mr W. D. Niven, M.A., Fellow and Assistant Tutor of Trinity College and
now Director of Studies a t the Royal Naval College, Greenwich, undertook the
duties of Editor.
The Committee and the Syndics desire to take this opportunity of
acknowledging their obligation to Messrs Adam and Charles Black, Publishers
of the ninth Edition of the Encyclcvpœdicc Britannica, to Messrs Taylor and
Francis, Publishers of the London, Edinburgh, and Dublin Philosophical Magazine and Journal of Scielzce, to Messrs Macmillan and Co., Publishers of
Nature and of the Cambridge and Dublin Mathematical Journal, to Messrs
Metcalfe and Co., Publishers of the Quarterly Journal of Pure and Applied
Mathematics, and to the Lords of the Committee of Council on Education,
Proprietors of the Handbooh of the South Kensington Museum, for their
courteous consent to allow the articles which Clerk Maxwell had contributed to
these publications to be included in the present work; to Mr Norman Lockyer
for the assistance which he rendered in the selection of the articles re-printed
from' Nature; and their further obligation to Messrs Macmillan and Co. for
permission t o use in this work the steel engravings of Faraday, Clerk Maxwell,
and Helmholtz fiom the Nature Series of Portraits.
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Numerous and important Papers, contributed by Clerk Maxwell to the
Transactions or Proceedings of the Royal Societies of London and of Edinburgh,
of the Cambridge Philosophical Society, of the Royal Scottish Society of Arts,
and of the London Mathematical Society; Lectures delivered by Clerk Maxwell
a t the Royal Institution of Great Britain published in its Proceedings; as well
zts Communications and Addresses to the British Association published in its
Reports, are &O included in the present work with the sanction of the above
mentioned learned bodies.
The Essay which gained the Adams Prize for the year 1856 in the
University of Cambridge, the introductory Lecture on the Study of ~xierimental
Physics delivered in the Cavendish Laboratory, and the Rede Lecture delivered
before the University in 1878, complete this collection of Clerk Maxwell's scientific
writings.
The diagrarns in this work have been re-produced by a photographie
process from the original diagrarns in Clerk Maxwell's Papers by the Cambridge
.
Scientific Instrument Company.

It only remains to add that the footnotes inserted by the Editor are
enclosed between square brackets.
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CE.
LERK MAXWELL'S biography has been written by Professors Lewis Campbell and

C

Wm. G-ett
with so much ski11 and appreciation of their subject that nothing further
remains to be told. It would therefore be presumption on the part of the editor of his
papers to attempt any lengthened narrative of a biographical character. At the same time
a memorial edition of an author's collected writings would hardly be complete without
some account however slight of his life and works. Accordingly the principal events of
Clerk Maxwell's career will be recounted in the following brief sketch, and the reader
who wishes to obtain further and more detailed information or to study his character in
its social relations may consult the interesting work to which reference has been made.
James Clerk Maxwell was descended from the Clerks of Penicuick in Midlothian,
a well-known Scottish family whose history can be traced back to the 16th century. The
first baronet served in the parliament of Scotland. His eldest son, a man of learning,
was a Baron of the Exchequer in Scotland. I n later times John Clerk of Eldin a
member of the family claimed the credit of having invented a, new method of breaking
the enemy's line in naval warfare, an invention said to have been adopted by Lord
Rodney in the battle which he gained over the French in 1782. Another John Clerk,
son of the naval tactitian, was a lawyer of much acumen and became a Tord of the
Court of Session. He was distinguished among his Edinburgh conternporaries by his ready
and sarcastic wit.
The father of the subject of this memoir was John, brother to Sir George Clerk of
Penicuick. He adopted the surname of Maxwell on succeeding to an estate in Kirkcudbrightshire which came into the Clerk family through marriage with a Miss Maxwell. It
cannot be said that he was possessed of the energy and activity of mind which lead
to distinction. He was in truth a somewhat eaay-going but shrewd and intelligent
man, whose most notable characteristics were his perfect sincerity and extreme benevolence.
He took an enlightened interest in mechanical and ecientific pursuita and was of an
essentially practical turn of mind. On leaving the University he had devoted himself
to law and was called to the Scottish Bar. It does not appear however that he met
with any great success in that profession. At al1 events, a quiet life in the country
VOL. I.
b
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presented so many attractions to his wife as well as to himself that he was easily induced
to relinquish his prospects at the bar. He had been married to Frances, daughter of
Robert Cay of N. Charlton, Northumberland, a lady of strong good sense and resolute
character.
The country house which waa their home after they left Edinburgh was designed
by John Clerk Maxwell himself and was built on his estate. The house, which was named
Glenlair, was surrounded by fine scenery, of which the water of Urr with its rocky and
wooded banks formed the principal charm.
James was boni a t Edinburgh on the 13th of June, 1831, but it was a t Glenlair
that the greater part of his childhood was passed. I n that pleasant spot under healthful
influences of al1 kinds the child developed into a hardy and courageous boy. Not
precociously clever at books he waa yet not without some signs of future intellectual
strength, being remarkable for a spirit of inquiry into the causes and connections of the
phenomena around him., It was remembered aftenvards when he had become ditinguished,
that the questions he put' as a child shewed an amount of thoughtfulness which for his
years was very unusual.
At the age of ten, James, who had lost his mother, was placed under the charge of
relatives in Edinburgh that he might attend the Edinburgh Academy. A charming account
of his school days is given in the narrative of Professor Campbell who was Maxwell's
schoolfellow and in after life an intimate friend and constant correspondent. The child is
father to the man, and those who were privileged to know the man Maxwell will easily
recognise Mr Campbell's picture of the boy on his first appearance at schoo1,-the homemade garments more serviceable than fashionable, the rustic speech and curiously quaint
but often humorous manner of conveying his meaning, his bewilderment on first undergoing
the routine of schoolwork, and his Spartan conduct under various trials at the hands of
his schoolfellows. They d l further feel how accurate is the sketch of the boy become
accustomed to his surroundings and rapidly assuming the place a t school to which his
mental powers entitled him, while his superfluous energy finds vent privately in carrying
out mechanical contrivances and geometrical constructions, in reading and even trying his
hand at composing ballads, and in sending to his father letters richly embellished with
grotesquely elaborate borders and drawings.
An event of his school-days, worth recording, was his invention of a mechanical method
of drawing certain classes of Ovals. An account of this method was printed in the
Proceedings of the Royal Society of Edinburgh and forms the first of his writings
collected in the present work. The subject was introduced to the notice of the Society
by the celebrated Professor James Forbes, who from the first took the greatest possible
interest in Maxwell's progress. Professor Tait, another schoolfellow, mentions that at the
time when the paper on the Ovals was written, Maxwell had received no instruction in
Mathematics beyond a little Euclid and Algebra.
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I n 1847 Maxwell entered the University of Edinburgh where he remained for three
sessions. H e attended the lectures of Kelland in Mathematics, Forbes in Natural Philosophy,
Gregory in Chemistry, Sir W. Hamilton in Mental Philosophy, Wilson (Christopher North)
in Moral Philosophy. The lectures of Sir W. Hamilton made a strong impression upon
him, i n stimulating the love of speculation to which his mind wau prone, but, as might
have been expected, it was the Professor of Natural Philosophy who obtained the chief shaïe
of his devotioa The enthusiasm which so distinguished a man as Forbes natmally inspired
in young and ardent disciples, evoked a feeling of personal attachment, and the Professor, on
his part, took special interest in his pupil and gave to him the altogether unusual
privilege of working with his fine apparatus.
What was the nature of this experimental work we may conjecture from a perusal of
his paper on Elastic Solids, written a t that time, in which he describes some experiments
made with the view of verifjnng the deductions of his theory in its application to Optics.
Maxwell would seem to have been led to the study of this subject by the following circumstance. H e was taken by his uncle John Cay to see William Nicol, the inventor of
the polarising prism which bears bis name, and was shewn by Nicol the colours of unannealed glass in the polariscope. This incited Maxwell to study the laws of polarised light
and to construct a rough polariscope in which the polariser and analyser were simple g l a s
reflectors. By means of this instrument he was able to obtain the colour bands of unannealed
glass. These he copied on paper in water colours and sent to Nicol. It is gratifying to
find that this spirited attempt a t experimenting on the part of a mere boy was duly
appreciated by Nicol, who a t once encouraged and delighted him by a present of a couple of
his prisms.
The paper alluded to, viz. that entitled "On the Equilibrium of Elastic Solids," was
read to the Royal Society of Edinburgh in 1850. I t forms the third paper which Maxwell
addressed to that Society. The first in 1846 on Ovals hm been already mentioned. The
second, under the title "The Theory of Rolling Curves," was presented by Kelland in 1849.

It is obvious that a youth of nineteen years who had been capable of these efforts
must have been gifted with rare originality and with great power of sustained exei-tion.
But his singular self-concentration led him into habits of solitude and seclusion, the tendency
of which waa to c o n h his peculiarities of speech and of manner. H e was shy and
reserved with strangers, and his utterances were often obscure both in substance and in
his manner of expressing himself, so many remote and unexpected allusions perpetually
obtruding themselves. Though really most sociable and even fond of society he w m
essentially reticent and reserved Mr Campbell thinks it is to be regretted that Maxwell
did not begin his Cambridge career earlier for the sake of the social intercourse which
he would have found it difficult to avoid there. It is a question, however, whether in
losing the opportunity of using Professor Forbes' apparatus he would not thereby have lost
what was perhaps the most valuable part of hi early scientific training.
O2
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It was originally intended that Maxwell should follow his father's profession of advocate,
but this intention was abandoned as soon as it became obvious that his tastes lay in a
direction so decidedly scientific. I t was at length determined to send him to Cambridge
and accordingly in October, 1850, he commenced residence in Peterhouse, where however he
resided during the Michaelmas Term only. On December 14 of the same year he migrated
to Trinity College.
It may readily be supposed that his preparatory training for the Cambridge course
was far removed from the ordinary type. There had indeed for some time been practically
no restraint upon his plan of study and his mind had been allowed to follow its natural
bent towards science, though not to an extent so absorbing as to withdraw him from
other pursuits. Though he was not a sportsman,-indeed sport so called was always repugnant
to him-he was yet exceedingly fond of a country Me. He waa a good horseman and a
good swimmer. Whence however he derived his chief enjoyment may be gathered from the
account which Mr' Campbell gives of the zest with which he quoted on one occasion the
lines of Burns which describe the poet finding inspiration while wandering along the banks
of a Stream in the free indulgence of his fancies. Maxwell was not only a lover of poetry
but himself a poet, as the fine pieces gathered together by Mr Campbell abundantly testify.
He saw however that his true calling was Science and never regarded these poetical
efforts as other than mere pastime. Devotion to science, already stimulated by successful
endeavour, a tendency to ponder over philosophical problems and a n attachment to English
literature, particularly to ~&glish poetry,-these
tastes, implanted in a mind of singular
strength and purity, may be said to have been the endowments with which young Maxwell
began his Cambridge career. Besides this, his scientific reading, as we may gather from his
papers to the Royal Society of Edinburgh referred to above, was already extensive and
varied. He brought with him, says Professor Tait, a mass of knowledge which was really
immense for so young a man but in a state of disorder appalling to his methodical
private tutor.
Maxwell's undergraduate career was not marked by any specially notable feature. His
private speculations had in some measure to be laid aside in favour of more systematic
study. Yet his mind was steadily ripening for the work of his later years. Among those
with whom he was brought into daily contact by his position, as a Scholar of Trinity
College, were some of the brightest and most cultivated young men in the University. I n
the genial fellowship of the' Scholars' table Maxwell's kindly humour found ready play, while
in the more select coterie of the Apostle Club, formed for mutual cultivation, he found a field
for the exercise of his love of speculation in essays on subjects beyond the lines of the
ordinary University course. The composition of these essays doubtless laid the foundation
of that literary finish which is one of the characteristics of Maxwell's scientific writings.
His biographers have preserved several extracts on a variety of subjects chiefly of a speculative character. They are remarkable mainly for the weight of thought contained in them
but occasionally also for smart epigrams and for a vein of dry and sarcastic humour.
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These glimpses into Maxwell's character may prepare us to believe that, with al1 his
shyness, he was not without confidence in his own powers, as also appears from the account
which was given by the late Master of Trinity College, Dr Thompson, who was Tutor when
Maxwell personally applied to hi for permission to migrate to that College. H e appeared
to be a shy and diffident youth, but presently surprised D r Thompson by producing a
bundle of papers, doubtless copies of those we have aheady mentioned, remarking " Perhaps
these may shew you that 1 am not unfit to enter a t your College."
H e became a pupil of the celebrated William Hopkins of Peterhouse, under whom his
course of study became more systematic. One striking characteristic was remaxked by his
contemporaries. Whenever the subject admitted of it he had recourse to diagrams, though
his fellow students might solve the question more easily by a train of analysis. Many
illustrations of this manner of proceeding might be taken from his writings, but in
truth it was only one 'phase of his mental attitude towards scientific questions, which
led him to proceed from one distinct idea to another instead of trusting to symbols and
equations.
Maxwell's published contributions to Mathematical Science during hie undergraduate career
were few and of no great importrtnce. H e found time however to carry his investigations
into regions outside the prescribed Cambridge course. At the lectures of Professor Stokes*
he waa regular in his attendance. Indeed it appears from the paper on Elastic Solids,
mentioned above, that he was acquainted with some of the writings of Stokes before he
entered Cambridge. Before 1850, Stokes had published some of his most important contributions to Hydromechanics and Optics ; and Sir W. Thomson, who was nine years' Maxwell's
senior in University standing, had, among other remarkable investigations, called special
attention to the mathematical analogy between Heat-conduction arid Statical Electricity.
There is no doubt that these authors as well as Faraday, of whose experimental researches
he h d made a careful study, exercised a powerful directive influence on his mind
I n January, 1854, Maxwell's undergraduate career closed. He was second wrangler, but
shased with Dr Routh, who was senior wrangler, the honours of the First Smith's Prize.
I n due course he was elected Fellow of Trinity and placed on the staff of College Lecturers.
No sooner was he released from the restraints imposed by the Trinity Fellowship
Examination than he plunged headlong into original work. There were several questions
he was anxious to deal with, and first of al1 he completed an investigation on the Transformation of Surfaces by Bending, a purely geometrical problem. This meinoir he presented
to the Cambridge Philosophical Society in the following March. A t this period he also
set about an enquiry into the quantitative measurement of mixtures of colours and the
causes of colour-blindness. During his undergraduateship he had, as we have seen, found
time for the study of Electricity. This had already borne fruit and now resulted in the
h t of his important memoirs on that subject,-the memoir on Faraday's Lines of Force.
Now Sir George Gabriel Stokes, Bart., M.P. for the University.
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" It is desirable that an attempt should also be made to determine on which of
the above hypotheses the appearances both of the bright rings and the recently
discovered dark ring rnay be most satisfactorily explained; and to indicate any causes
to which à change of form such as is supposed from a comparison of modern with the
earlier observations to have taken place, rnay be attributed."

It is sufficient to mention here that Maxwell bestowed an immense amount of labour
in working out the theory as proposed, and that he arrived a t the conclusion that "the
only system of rings which can exist is one composed of an indefinite number of unconnected
particles revolving round the planet with diierent velocities according to their respective
distances. These particles may be arranged in a series of narrow rings, or they rnay move
about through each other irregularly. I n the fint case the destruction of the system will be
very slow, in the second case it will be more rapid, but there rnay be a tendency towards
an arrangement in narrow rings which rnay retard the process."
Part of the work, dealing with the oscillatory waves set up in a ring of satellites,
was illustrated by an ingenious mechanical contrivance which was greatly admired when
exhibited before the Royal Society of Edinburgh.
This essay, besides securing the prize, obtained for its author great credit among
scientific men. It was characterized by Sir George Airy as one of the most remarkable
applications of Mathematics to Physics that he had ever seen
The suggestion has been made that i t was the irregular motions of the particles which
compose the Rings of Saturn resulting on the whole in apparent regulaiity and uniformity, which led Maxwell to the investigation of the Kinetic Theory of Gases, his first
contribution to which was read to the British Association in 1850. This is not unlikely,
but it must also be borne in rnind that Bernoulli's Theory had recently been revived by
Herapath, Joule and Clausius whose writings rnay have drawn Maxwell's attention to the
subject.
I n 1860 King's College and Marischal College were joined together as one institution,
now known as the University of Aberdeen. The new chair of Natural Philosophy thus
created was filled up by the appointment of David Thomson, formerly Professor at King's
College and Maxwell's senior. Professor Thomson, though not comparable to Maxwell as a
physicist, was nevertheless a remarkable man. He was distinguished by siugular force of
character and great administrative faculty and he had been prominent in bringing about
the fusion of the Colleges. He was also an admirable lecturer and teacher and had done
much to raise the standard of scientific education in the north of Scotland. Thiis the choice
made by the Commissioners, though almost inevitable, had the effect of making it appear
that Maxwell failed as a teacher. There seems however to be no evidence to support such
an inference. On the contrary, if we rnay judge from the number of voluntay students
attending his classes in hi last College session, he would seem to have been as popular as a
professor as he was personally estimable.
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This is also borne out by the fact that he was soon afterwards elected Professor of
Natural Philosophy and Astronomy in King's College, London. The new appointment had
the advantage of bringing him much more into contact with men in his own department
of science, especially with Faraday, with whose electrical work his own was so intimately
connected. I n 1862-63
he took a prominent part in the experiments organised by a
Committee of the British Association for the determination of electrical resistance in
absolute measure and for placing electrical measurements on a satisfactory basis. I n the
experiments which were conducted in the laboratory of King's College upon a plan due
to Sir W. Thomson, two long series of measurements were taken in successive years. I n
the first year, the working members were Maxwell, Balfour Stewart and Fleeming Jenkin ; in
the second, Charles Hockin took the place of Balfour Stewart. The work of this Committee
was communicated in the form of reports to the British Association and was afterwards
republished in one volume by Fleeming Jenkin.
Maxwell was a professor in King's College from 1860 to 1865, and this period of his
life is distinguished by the production of his most important papers. The second memoir
on Colours made its appearance in 1860. I n the same year his first papers on the Kinetic
Theory of Gases were published. I n 1861 came his papers on Physical Lines of Force
and in 1864 his greatest memoir on Electricity,-a
Dynamical Theory of the Electromagnetic Field. He must have been occupied with the Dynamical Theory of Gases in 1865,
as two important papers appeared in the following year, first the Bakerian lecture on the
Viscosity of Gases, and next the memoir on the Dynamical Theory of Gases.
The mental strain involved in the production of so much valuable work, combined
with the duties of his professorship which required his attention during nine months of
the year, seems to have influenced him in a resolution which in 1865 he a t length
adopted of resigning his chair and retiring to his country seat. Shortly after this he had
a severe illness. On his recovery he continued his work on the Dynamical Theory of
Gases, to which reference has just been made. For the next few years he led a quiet
and secluded life at Glenlair, varied by annual visits to London, attendances a t the British
Association meetings and by a tour in Italy in 186'7. He was also Moderator or Examiner
in the Mathematical Tripos at Cambridge on several occasions, offices which entailed a few
weeks' residence at the University in winter. His chief employment during those years
was the preparation of his now celebrated treatise on Electricity and Magnetism which,
however, was not published till 187'3. He also wrote a treatise on Heat which was
published in 1871.
I n 1871 Maxwell was, with some reluctance, induced to quit his retreat in the
country and to enter upon a new career. The University of Cambridge had recently
resolved to found a professorship of physical science, especially for the cultivation and
teaching of the subjects of Heat, Electricity and Magnetism. I n furtherance of this
object her Chancellor, the Duke of Devonshire, had most generously undertaken to build
a laboratory and furnish it with the necessary apparatus. Maxwell was invited to fi11 the
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new chair thus formed and to superintend the erection of the laboratory.
1871, he delivered his inaugural lecture.

XG
I n October,

The Cavendish Laboratory, so called after its founder, the present venerable chief of
the family which produced the great physicist of the same name, was not completed
for practical work until 1874. I n June of that year it was formally presented to the
University by the Chancellor. The building itself and the fittings of the several rooms
were admirably contrived mainly by Maxwell hirnself, but the stock of apparatus was
smaller than accorded with the generous intentions of the Chancellor. This defect must
be attributed to the anxiety of the Professor to procure only instruments by the best
makers and with such improvements as he could himself suggest. Such a defect therefore
required time for its removal and afterwards in great meaaure disappeared, apparatus being
constantly added to the stock as occasion demanded.
One of the chief tasks which Maxwell undertook was that of superintending and
directing the energies of such young Bachelors of Arts as became his piipils after
having acquired good positions in the University examinations. Several pupils, who have
since acquired distinction, carried out valuable experiments under the guidance of the
Professor. It must be admitted, however, that the numbers were a t first small, but perhaps
this was only to be expected from the traditions of so many years. The Professor was
singularly kind and helpful to these pupils. H e would hold long conversations with them,
opening up to them the stores of bis mind, giving them hints as to what they might try
and what avoid, and was always ready with some ingenious remedy for the experimental
troubles which beset them. These conversations, always delightful and instructive, were,
according to the account of one of his pupils, a liberal education in themselves, and were
repaid in the minds of the pupils by a grateful affection*rarely accorded to any teacher.
Besides discharging the duties of his chair, Maxwell took an active part in conducting
the general business of the University and more particularly in regulating the courses of
study in Mathematics and Physics.
For some years previous to 1866 when Maxwell returned to Cambridge aa Moderator
in the Mathematical Tripos, the studies in the University had lost touch with the great
scientific movements going on outside her walls. It was said that some of the subjects most
in vogue had but little interest for the present generation, and loud complaints began to
be heard that while such branches of knowledge as Heat, Electricity and Magnetism, were
left out of the Tripos examination, the candidates were wasting their time and energy
upon mathematical trifles barren of scientific interest and of practical results. Into the
movement for reform Maxwell entered warmly. By his questions in 1866 and subsequent
years he infused new life into the examination; he took an active part in drafting the
new scheme introduced in 1873; but most of al1 by his writings he exerted a powerful
influence on the younger members of the University, and was largely instrumental in
bringing about the change which has been now effected.
VOL. 1.
C
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I n the f h t few years at Cambridge Maxwell was busy in giving the final touches
to his great work on Electricity and Magnetism and in passing it through the press.
This work was published in 18'13, and it seems to have occupied the most of his attention
for the two previous years, as the few papers published by h i during that period relate
chiefly to subjects forming part of the contenba After this publication his contributions to
scientific journals became more numerous, those on the Dynamical Theory of Gases being
perhaps the most important. He also wrote a great many short articles and reviews
which made their appearance in Nature and the Encyclqœdia Britannica. Some of these
essays are charming expositions of scientific subjects, some are general criticisms of the
works of contemporary writers and others are brief and appreciative biographies of fellow
workers in the same fields of research.
An undertaking in which he was long engaged and which, though it proved exceedingly
interesting, entailed much labour, was the editing of the "Electrical Researches" of the Hon.
Henry Cavendish. This work, published in 1879, has had the effect of increasing the
reputation of Cavendish, disclosing as it does the unsuspected advances which that acute
physicist had made in the Theory of Electricity, especially in the measurement of electrical
quantities. The work is enriched by a variety of valuable notes in which Cavendish's
views and results are examined by the light of modern theory and methods. Especially
valuable are the methods applied to the determination of the electrical capacities of conductors and condensers, a subject in which Cavendish himself shewed considerable ski11
both of a mathematical and experimental character.
The importance of the task undertaken by Maxwell in connection with Cavendish's
papers will be understood from the following extract from his introduction to thern.

"It is somewhat difficult to account for the fact that though Cavendish had
prepared a complete description of his experiments on the charges of bodies, and had
even taken the trouble to mite out a fair copy, and though al1 this seems to have
been done before 17'14 and he continued to make experiments in Electricity till 1'781
and lived on till 1810, he kept his manuscript by him and never published it."
"Cavendish cared more for investigation than for publication. He would undertake the most laborious researches in order to clear up a difficulty which no one
but himself could appreciate or was even aware of, and we cannot doubt that the
result of his enquiries, when successful, gave him a certain degree of satisfaction.
But it did not excite in him that desire to communicate the discovery to others
which in t h e case of ordinary men of science, generally ensures the publication of
their results. How completely these researches of Cavendish remained unknown to
other men of science is shewn by the external history of electricity."

It will probably be thought a matter of some difficulty to place oneself in the
position of a physicist of a century ago and to ascertain the exact bearing of his
experiments. B u t Maxwell entered upon this undertaking with the utmost enthusiasm and
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succeeded in completely identifying himself with Cavendish's methods.
H e shewed that
Cavendish had really anticipated several of the discoveries in electrical science which have been
made since his time. Cavendish was the h t to form the conception of and to mesure
Electrostatic Capacity and Specific Inductive Capacity; he also anticipated Ohm's law.
The Cavendish papers were no sooner disposed of than Maxwell set about preparing
a new edition of his work on Electricity and Magnetism; but unhappily in the summer
term of 1879 hi health gave way. Hopes were however entertained that when he returned
to the bracing air of his country home he would soon recover. But he lingered through
the summer months with no signs of improvement and his spirits gradually sank. H e was
finally informed by his old fellow-student, Professor Sanders, that he could not live more
than a few weeks. As a last resort he was brought back to Cambridge in October that he
might be under the charge of his favourite physician, Dr Paget*. Nothing however could
be done for his malady, and, after a painful illness, he died on the 5th of November, 1879,
in his 49th year.
Maxwell was thus cut off in the prime of his powers, and a t a time when the departments of science, which he had contributed so much to develop, were being every day
extended by fresh discoveries. His death was deplored as an irreparable loss to science and
to the University, in which his amiable disposition was as universally esteemed as his genius
was admired.
I t is not intended in this preface to enter at length into a discussion of the relation
which Maxwell's work bears historically to that .of his predecessors, or to attempt to estimate
the effect which it has had on the scientific thought of the present day. I n some of his
papers he has given more than usually copious references to the works of those by whom
he had been influenced; and in his later papers, especially those of a more popular nature
which appeared in the Encyclopœdia Britannica, he has given full historical outlines of some
of the most prominent fields i n which he laboured. Nor does it appear to the present
editor that the time has yet arrived when the quickening influence of Maxwell's mind on
modern scientific thought can be duly estimated. H e therefore proposes to himself the duty
of recalling briefly, according to subjects, the most important speculations in which Maxwell
engaged.

Ris works have been arranged as far as possible in chronological order but they fa11
naturally under a few leading heads; and perhaps we shall not be far wrong if we place
first in importance his work in Electricity.
His first paper on this subject bearing the title "On Faraday's Lines of Force" was
read before the Cambridge Philosophical Society on Dec. l l t h , 1855. H e had been previously
attracted by Faraday's method of expressing electrical laws, and he here set before himself
the task of shewing that the ideas which had guided Faraday's researches were not inconsistent with the mathematical formulae in which Poisson and others had cast the laws of
Now S u George Edward Paget, K.C.B.
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Electricity. H
i object, he says, is to find a physical analogy which shall help the mind
to grasp the results of previous investigations "without being committed to any theory
founded on the physical science from which that conception is borrowed, so that it is neither
draivn aside from the subject in the pursuit of analytical subtleties nor carried beyond the
truth by a favorite hypothesis."
The laws of electricity are therefore compared with the properties of an incompressible
fluid the motion of which is retarded by a force proportional to the velocity, and the fluid
is supposed to possess no inertia. He shews the analogy which the lines of flow of such
a fluid would have with the lines of force, and deduces not merely the laws of Statical
Electricity in a single medium but also a method of representing what takes place when the
action passes from one dielectric into another.
I n the latter part of the paper he proceeds to consider the phenomena of Electromagnetism and shews how the laws discovered by Ampère lead to conclusions identical with
those of Faraday. I n this paper three expressions are introduced which he identifies with
the components of Faraday's electrotonic state, though the author admits that he hm not
been able to fiame a physical theory which would give a clear mental picture of the
various connections expressed by the equations.
Altogether this paper is most important for the light which it throws on the principles
which guided Maxwell at the outset of his electrical work. The idea of the electrotonic
state had already taken a firm hold of his mind though as yet he had formed no physical
explanation of it. I n the paper "On Physical Lines of Force" printed in the Philosoph~cal
Magazille, Vol. XXI. he resumes his speculations. He explains that in his former paper he
had found the geometrical significance of the Electrotonic state but that he now proposes
"to examine magnetic phenomena from a mechanical point of view." Accordingly he propounds
his remarkable speculation as to the magnetic field being occupied by molecular vortices,
the axes of which coïncide with the lines of force. The cells within which these vortices
rotate are supposed to be separated by layers of particles which serve the double purpose
of transmitting motion from one ce11 to another and by their own motions constituting an
electric current. This theory, the parent of several working models which have been devised
to represent the motions of the dielectric, is remarkable for the detail with which it is
worked out and made to explain the various laws not only of magnetic and electromagnetic
action, but also the various forms of electrostatic action. AB Maxwell subsequently gave a
more general theory of the Electromagnetic Field, it m a i be inferred that he did not desire
it to be supposed that he adhered to the views set forth in this paper in every particular;
but there is no doubt that in some of its main features, especially the existence of
rotation round the lines of magnetic force, it expressed his permanent convictions. I n his
treatise on " Electricity and Magnetism," Vol. II. p. 416, (2nd edition 427) after quoting from
Sir W. Thomson on the explanation of the magnetic rotation of the plane of the polarisation
of light, he goes on to Say of the present paper,
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" A theory of molecular vortices which 1 worked out a t considerable length was
published in the Phil. Mag. for March, April and May, 1861, Jan. and Feb. 1862."

" 1 think we have good evidence for the opinion that some phenomenon of rotation
is going on in the magnetic field, that this rotation is performed by a great niimber
of very small portions of matter, each rotating on its own axis, that axis being parallel
to the direction of the magnetic force, and that the rotations of these various vortices
are made to depend on one another by means of some mechanism between them."
"The attempt which 1 then made to imagine a working mode1 of this mechanism
must be taken for no more than it really is, a, demonstration that mechanism may
be imagined capable of producing a connection mechanically equivalent to the actual
connection of the parts of the Electromagnetic Field."
This paper is also important as containing the fint hint of the Electromagnetic Theory
of Light which was to be more fully developed afterwards in his third great memoir
"On the Dynamical Theory of the Electromagnetic Field" This memoir, which was presented
to the Royal Society on the 27th October, 1864, contains Maxwell's mature thoughts on a
subject which had so long occupied his mind. It was afterwards reproduced i n hi Treatise
with trifling rnodiûcations in the treatment of its parts, but without substantial changes
in its main features. I n this paper Maxwell reverses the mode of treating electrical
phenomena adopted by previous mathematical writers; for while they had sought to build
up the laws of ' t h e subject by starting from the principles discovered by Ampire, and
deducing the induction of currents fiom the conservation of energy, Maxwell adopts the
method of first arriving a t the laws of induction and then deducing the mechanical
attractions and repulsions.
After recalling the general phenomena of the mutual action of c u i ~ e n t sand magnets
and the induction prodyed in a circuit by any variation of the strength of the field in
which it lies, the propagation of light through a luminiferous medium, the properties of
dielectrics and other phenomena which point to a medium capable of transmitting force
and motion, he proceeds.-

" Thus then we are led to the conception of a complicated mechanism capable
of a vast variety of motions but a t the same time so connected that the motion of
one part depends, according to definite relations, on the motion of other parts, these
motions being communicated by forces arising from the relative displacement of their
connected parts, in virtue of their el'asticity. Such a mechanism must be subject
to the laws of Dynamics."
On applying dynamical principles to such a connected system he attains certain general
propositions which, on being compared with the laws of induced currents, enable him to
identify certain 'features of the mechanism with properties of currents. The induction of
currents and their electromapetic attraction are thus explained and connected.
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I n a subsequent part of the memoir he proceeds to establish froni these premises
the general equations of the Field and obtains the usual formulæ for the mechanical
force on currents, magnets and bodies possessing an electrostatic charge.
H e also returns to and elaborates more fully the electromagnetic Theory of Light.
His equations shew that dielectrics can transmit only transverse vibrations, the speed of
propagation of which in air as deduced from electiical data cornes out practically identical
with the known velocity of light. For other dielectrics the index of refraction is e h a l
to the square root of the product of the specific inductive capacity by the coefficient of
niagnetic induction, which last factor is for most bodies practically unity. Various comparisons
have been made with the view of testing this deduction. I n the case of paraffin wax and
some of the hydrocarbons, theory and experiment agree, but this is not the case with
glass and some other substances. Maxwell has also applied his theory to media which
are not perfect insulators, and finds an expression for the loss of light in passing through
a stratum of given thickness. H e remarks in confirmation of his result that most good
conductors are opaque while insulators are transparent, but he also adds that electrolytes
which transmit a current freely are often transparent, while a piece of gold leaf whose
resistance was determined by Mr Hockin allowed far too great an amount of light to
pass. H e observes however that it is possible "there is less loss of energy when the
electromotive forces are reversed with the rapidity of light than when they act for sensible
times as in our experiments." A similar explanation may be given of the discordance
between the calculated and observed values of the specific inductive cap&ty.
Prof J. J.
Thomson in the Proceedings of the Royal Society, Vol. 46, has described an experiment by
which he has obtained the specific inductive capacities of various dielectrics when acted
on by alternating electric forces whose frequency is 25,000,000 per second. H e finds that
uiider these conditions the specific inductive capacity of glass is very nearly the same as
the square of the refractive index, and very much less than the value for slow rates of
reversals. In illustration of these remarks may be quoted the observàtions of Prof. Hertz who
has shewn that vulcanite and pitch are transparent for waves, whose periods of vibration are
about three hundred millionths of a second. The investigations of Hertz have shewn that
electro-dynamic radiations are transmitted in waves with a velocity, which, if not equal to, is
comparable with that of light, and have thus given conclusive proof that a satisfactory
theory of Electricity must take into account in some form or other the action of the
dielectric. But this does not prove that Naxwell's theory is to be accepted in every
particular. A peculiarity of his theory is, as he himself points out in his treatise, that
the variation of the electric displacement is to be treated as part of the current as well
as the current of conduetion, and that i t ia the total amount due to the sum of these
which flows as if electricity were an incompressible fluid, and which determines external
electrodynamic actions. I n this respect it differs from the theory of Helmholtz which
also takes into account the action of the dielectric. Professor J. J. Thomson in his
Review of Electric Theories has entered into a full discussion of the points a t issue
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between the two above mentioned theories, and the reader is referred to his paper for
further information*.
Maxwell in the memoir before us has also applied his theory to
the passage of light through crystals, and gets rid at once of the wave of normal vibrations
which hm hitherto proved the stumbling block in other theories of light.
The electromagnetic Theory of Light has received numerous developments at the hands
of Lord Rayleigh, Mr Glazebrook, Professor J. J. Thomson and others. These volumes
also contain various shorter papers on Electrical Science, though perhaps the most complete
record of Maxwell's work in this department is to be found in his Treatise on Electricity
and Magnetism in which they were afterwards embodied.
Another series of papers of hardly less importance than those on Electricity are the
various memoirs on the Dynamical Theory of Gases. The idea that the properties of
matter might be explained by the motions and impacts of their ultimate atoms is as
old as the time of the Greeks, and Maxwell has given in his paper on "Atoms" a full
sketch of the ancient controversies to which it gave rise. The mathematical difficulties of
the speculation however were so great that it made little real progress till it was taken
up by Clausius and shortly aftenvards by Maxwell. The first paper by Maxwell on the
subject is entitled "Illustrations of the Dynamical Theory of GasesJ' and was published
in the Pldosophical Maga.zine for January and July, 1860, having been read at a meeting
of the British Association of the previous year. Although the methods developed in this
paper were afterwards abandoned for others, the paper itself is most interesting, as it indicates
clearly the problems in the theory which Maxwell proposed to himself for solution, and so far
contains the germs of much that was treated of in his next memoir. I t is also epoch-making,
inasmuch as it for the first time enumerates various propositions which are characteristic
of Maxwell's work in this subject. It contains the first statement of the distribution of velocities according to the law of errors. It also foreshadows the theorem that when two gases
are in thermal equilibrium the mean kinetic energy of the molecules of each system is the
same; and for the first time the question of the viscosity of gases is treated dynamically.
I n his great mernoir "On the Dynamical Theory of Gases" published in the Philosaphical Tm12sactions of the Royal Society and read before the Society in May, 1866, he
returns to th& subject and lays down for the first time the general dynamical rnethods
appropriate for its treatment. Though to some extent the same groiind is traversed as in
his former paper, the methods are widely different. H e here abandons his former hypothesis
that the molecules are hard elastic spheres, and supposes them to repel each other with
forces varying inversely as the, fifth power of the distance. His chief reason for assuming
this law of action appears to be that it simplifies considerably the calculation of the
collisions between the molecules, and it leads to the conclusion that the coefficient of
viscosity is directly proportional to the absolute temperature. H e himself undertook an
experimental enquiry for the purpose of verifying this conclusion, and, in his paper on the
Viscosity of Gases, he satisfied himself of its correctness. A re-examination of the numerical
British dssociatim Report, 1886.
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reductions made in the course of his work discloses however an inaccuracy which rnaterially
affects the values of the coefficient of viscosity obtained. Subsequent experiments also seem
to shew that the concise relation he endeavoured to establish is by no means so near
the truth as he supposed, and it is more than doubtful whether the action between two
molecules can be represented by any law of so simple a character.
I n the same mernoir he gives a fresh demonstration of the law of distribution of
velocities, but though the method is of permanent value, it labours under the defect of
assuming that the distribution of velocities in the neighbourhood of a point is the same
in every direction, whatever actions may be taking place within the gas. This flaw in
the argument, first pointed out by Boltzmann, seems to have been recognised by Maxwell,
who in his next paper "On the Stresses in hrefied Gases arising from inequalities of
Temperature," published in the Philosophical Transactions for 1879, Part I., adopts a form
of the distribution function of a somewhat different shape. The object of this paper was
to arrive a t a theory of the effects observed in Crookes's Radiometer. The results of the
investigation are stated by Maxwell in the introduction to the paper, from which it would
appear that the observed motion cannot be explained on the Dynamical Theory, unless it
be supposed that the gas in contact with a solid can slide along the surface with a finite
velocity between places mhose temperatures are different. I n an appendix to the paper
he shews that on certain assumptions regarding the nature of the contact 'of the solid
and gas, there will bel when the pressure is constant, a flow of gas along the surface
from the colder to the hotter parts. The last of hi longer papers on this subject is
one on Boltzmann's Theorem. Throughout these volumes will be found numerous shorter
essays on kindred subjects,. published chiefly in Nature and in the Encyclopmdia Bm'tamica.
Some of these contain more or less popular expositions of this subject which Maxwell
Lad himself in great part created, while others deal with the work of other writers in
the same field. They are profoundly suggestive in almost every page, and abound in acute
criticisms of speculations which he could not accept. They are always interesting; for
although the larger papers are sometimes difficult to follow, Maxwell's more popular writings
are characterized by extreme lucidity and simplicity of style.
The first of Maxwell's papers on Colour Perception is taken from the Transactions of
the Royal Scottish Society of Arts and is in the form of a letter to D r G. Wilson dated
Jan. 4, 1855. It was followed directly afterwards by a communication t o the Royal Society
of Edinburgh, and the subject occupied his attention for some years. The most important
of his subsequent work is to be found in the papers entitled "An account of Experiments
Magazine, Vol. XIV. and "On
on the Perception of Colour" published in t h e ~hilOso~hica2
the Theory of Compound Colours and its relation to the 'colours of the spectrum" in the
Philosophical Transccct.ions for the year 1860. We may also refer to two lectures delivered
a t the Royal Institution, in which he recapitulates and enforces his main positions in his
usual luminous style. Maxwell from the first adopts Young's Theory of Colour Sensation,
according to which al1 colours may ultimately be reduced to three, a red, a green and
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a violet. This theory had been revived by Helmholtz who endeavoured to find for it a
physiological basis. Maxwell however devoted himself chiefly to the invention of accurate
methods for combining and recording mixtures of colours. His first method of obtaining
mixtures, that of the Colour Top, is an adaptation of one formerly employed, but in
Maxwell's hands it became an instrument capable of giving precise numerical results by
means which he added of varying and measuring the amounts of colour which were
blended in the eye. I n the representation of colours diagrammatically he followed Young
in employing an equilateral triangle a t the angles of which the fundamental colours were
placed. Al1 colours, white included which may be obtained by mixing the fundamental
colours in any proportions will then be represented by pointa lying within the triangle.
Points without the triangle represent colours which must be mixed with one of the fundamental tints to produce a mixture of the other two, or with which two of them must be
mixed to produce the third.
I n his later papers, notably in that printed in the Philosophical Transactions, he
adopts the method of the Colour Box, by which different parts of the spectrum may be
m k e d in different proportions and matched with white, the intensity of which has been
suitably diminished. I n this way a series of colour equations are obtained which can be
used to evaluate any colour in terms of the three fundamental colours. These observations
on which Maxwell expended great care and labour, constitute by far the most important
data regarding the combinations of colour sensations which have been yet obtained, and
are of permanent value whatever theory may ultimately be adopted of the physiology of the
perception of colour.
I n connection with these researches into the sensations of the normal eye, may be
mentioned the subject of colour-blindness, which also engaged Maxwell's attention, and is
discussed a t considerable length in several of his papers.
Geometrical Optics was another subject in which Maxwell took much interest. A t an early
period of his career he commenced a treatise on Optics, which however was never completed.
His first paper "On the general laws of optical instruments," appeared in 1858, but a brief
account of the first part of it had been previourily communicated to the Cambridge Philosophical
Society. H e therein lays down the conditions which a perfect optical instrument must fulfil,
and shews that if an instrument produce perfect images of an object, i.e. images free from
astigmatism, curvature and distortion, for two different positions of the object, it will give
perfect images a t al1 distances. On this result as a basis, he finds the relations between
the foci of the incident and emergent pencils, the magnifying power and other characteristic
quantities. The subject of refraction through optical combinations was afterwards treated
by him i n a different manner, in three papers communicated to the London Mathematical
Society. I n the first (187'3), "On the focal lines of a refracted pencil," he applies Hamilton's
characteristic function to determine the focal lines of a thin pencil refracted from one
isotropie medium into another at any surface of separation. I n the second (1874), "On
VOL. I.
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Hamilton's characteristic function for a narrow beam of light," he considers the more general
question of the passage of a ray from one isotropic medium into another, the two media
being separated by a third which may be of a heterogeneous character. H e finds the most
general form of Hamilton's characteristic function from one point to another, the first being
in the medium in which the p e n d is incident and the second in the medium in which
i t is emergent, and both points near the principal ray of the pencil. This result is then
applied in two particular cases, viz. to determine the emergent pencil (1) from a spectroscope,
(2) from an optical instrument symmetrical about its axis. I n the third paper (18'15) he
resumes the last-mentioned application, discussing this case more fully under a somewhat
simplified analysis.

It may be remarked that al1 these papers are connected by the same idea, which w a s first ta study the optical effects of the entire instrument without examining the mechanism
by which these effects are produced, and then, as in the paper in 1858, to supply whatever
data may be necessary by experiments upon the instrument itself.
Connected to some extent with the above papers is an investigation which was published
in 1568 "On the cyclide." As the name imports, this paper deals chiefly with the geometrical
properties of the surface named, but other matters are touched on, such as its conjugate
isothermal functions. Primarily however the investigation is on the orthogonal surfaces to
a system of rays passing accurately through two lines. I n a footnote to this paper Naxwell
describes the stereoscope which he invented and which is now in the Cavendish Laboratory.
I n 1868 was also published a short but important article entitled " On the best arrangement for producing a pure spectrum on a screen."
The various papers relating to the stresses experienced by a system of pieces joined
together so as to form a frame and acted on by forces form an important group connected
with one another. The first in order was "On reciprocal figures and diagrairis of forces,"
published in 1864. I t was immediately followed by a paper on a kindred subject, "On
the calculation of the equilibrium and stiffness of frames." In the first of these Maxwell
demonstrates certain reciprocal propeities in the geometry of two polygons which are related
to one another in a particular way, and establishes his well-known theoreni in Graphical
Statics on the stresses in frames. I n the second he employs the principle of work to
problems connected with the stresses in frames and structures and with the deflections
arising from extensions in a,ny of the connecting pieces.

A third paper "On the equilibrium of a spherical envelope," published in 1867, may
here be referred to. The author therein considers the stresses set up in the envelope by
a system of forces applied a t its surface, and ultimately solves the problem for two normal
forces applied at any two points. The solution, in which he makes use of the principle
of inversion as it is applied in various electrical questions, t.urns ultimately on the determination of a certain function first introduced by Sir George Airy, and called by Maxwell
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Airy's Function of Stress. The methods which in this paper were attended with so much
success, seem to have suggested to Maxwell a reconsideration of his former work, with the
view of extending the character af the reciprocity therein established. Accordingly in 1870
there appeared his fourth contribution to the subject, "On reciprocal figures, frames and
diagrams of forces." This important memoir was published in the Transactions of the Royal
Society of Edinburgli, and its author received for it the Keith Prize. H e begins with a
remarkably beautiful construction for drawing plane reciprocal diagrams, and then proceeds
to discuss the geometry and the degrees of freedom and constraint of polyhedral frames,
his object being to lead up to the limiting case when the faces of the polyhedron become
infinitely small and form parts of a continuous surface. I n the course of this work he
obtains certain results of a general character relating to inextensible surfaces and certain
others of practical utility relating to loaded frames. He then attacks the general problem of
representing graphically the interna1 stress of a body and by an extension of the meaning
of "Diagram of Stress," he gives a construction for finding a diagram which has mechanical
as well as geometrical reciprocal properties with the figure supposed to be under stress. I t
is impossible with brevity to give an account of this reciprocity, the development of which
in Maxwell's hands forms a very beautiful example of analysis. It will be sufficient to
state that under restricted conditions this diagram of stress leads to a, solution for the
components of stress in terms of a single function analogous to Airy's Function of Stress.
I n the remaining parts of the memoir there is a discussion of the equations of stress, and
it is shewn that the general solution may be expressed in terms of three functions analogous
to A q ' s single function in two dimensions. These results are then applied to special
cases, and in particular the stresses in a horizontal beam with a uniform load on its upper
surface are fully investigated. .
On the subjects in which Maxwell's investigations were the most numerous it hm
been thought necessary, in the observations which have been made, to sketch out briefly
the connections of the various papers on each subject with one Another. I t is not however intended to enter into an account of the contents of his other contributions to science,
and this is the less necessary as the reader may readily obtain the information he may
require in Maxwell's own language. I t was usually his habit to explain by way of
introduction to any paper his exact position with regard to the subject matter and to
give a brief account of the nature of the work he was contributing. There are however
several memoirs which though unconnected with others are exceedingly interesthg in them-'
selves. Of these the essay on Saturn's Rings will probably be thought the most important
as containing the solution of a diûicult cosmical problem; there are also various papen on
Dynamics, Hydromechanics and subjects of pure mathematics, which are most useful contributions on the subjects of which they treat.
The remaining miscellaneous papers may be classified under the following heads: (a)
Lectures and Addresses, ( b ) Essays or Short Treatises, (c) Biographical Sketches, (d) Criticisms
and Reviews.

d2
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Clam (a) comprises his addresses to the British Association, to the London Mathematical
Society, the Rede Lecture at Cambridge, his address at the opening of the Cavendish
Laboratory and his Lectures a t the Royal Institution and to the Chemical Society.
Clam (b) includes al1 but one of the articles which he contributed to the Encyclopœdia Britannica and several others of a kindred character to Nature.
Class (c) contains such articles as "Faraday" in the Encyclopœdia Britannica and
" Helmholtz " in Nature.
Class (d) is chiefly occupied with the reviews of scientific books as they were published Theso appeared in Nature and the most important have been reprinted in these
pages.
I n some of these writings, particularly those in class (b), the author allowed himself a
greater latitude in the use of mathematical symbols and processes than in others, as
for instance in the article " Capillary Attraction," which is in fact a treatise on that subject
treated mathematically. The lectures were upon one or other of the three departments
of Physics with which he had mainly occupied hirnself ;-Colour Perception, Action through
a Medium, Molecular Physics; and on this account they are the more valuable. I n the
whole series of these more popular sketches we find the same clear, graceful delineation of
principles, the same beauty in arrangement of subject, the same force and precision in
expounding proofs and illustrations. The style is simple and singularly free from any kind
of haze or obscurity, rising occasionally, as in his lectures, to a strain of subdued eloquence
when the emotional aspects of the subject overcome the purely speculative.
The books which were written or edited by Maxwell and published in his lifetime but
which are not included in this collection were the " Theory of Heat " (1st edition, 1871) ;
" Electricity and Magnetism " (1st edition, 1873) ; " The Electrical Researches of the Honourable Henry Cavendish, F.R.S., written between 177 1 and 1'181, edited from the original
manuscripts in the possession of the Duke of Devonshire, K.G." (1879). To these may be
added a graceful little introductory treatise on Dynamics entitled "Matter and Motion"
(published in 1876 by the Society for promoting Christian Knowledge). Maxwell also
contributed part of the British Association Report on Electrical Units which was afterwards
published in book fonn by Fleeming Jenkin.
The "Theory of Heat" appeared in the Text Books of Science series published by
Longmans, Green and Co., and was at once hailed as a beautiful exposition of a subject,
part of which, and that the most interesting part, the mechanical theory, had as yet but
commenced the existence which it owed to the genius and labours of Rankine, Thomson and
Clausius. There is a certain charm in Maxwell's treatise, due to the îreshness and originality
of its expositions which has rendered it a great favourite with students of Heat.
After his death an " Elementary Treatise on Electricity," the greater part of which he
had written, was completed by Professor Garnett and published in 1881. The aim of this
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treatise and its position relatively to his larger work may be gathered from the following
extract from blaxwell's preface.
"In this smaller book 1 have endeavoured to present, in as compact a form as 1
can, those phenomena which appear to throw light on the theory of electricity and to
use them, each in its place, for the development of electrical ideas in the mind of
the reader."
"In the larger treatise 1 sometimes made use of methods which 1 do not think
the best in themselves, but without which the student cannot follow the investigations
of the founders of the Mathematical Theory of Electricity. 1 have since become more
convinced of the superiority of methods akin to those of Faraday, and have therefore
adopted them from the first"
Of the "Electricity and Magnetism" it is difficult to predict the future, but there is
no doubt that since its publication it has given direction and colour to the study of
Electrical Science. It was the master's last word upon a subject to which he had devoted
several years of his life, and most of what he wrote found its proper place in the treatise.
Several of the chapters, notably those on Electromagnetism, are practically reproductions of
his memoirs in a modified or improved form. The treatise is also remarkable for the handling
of the mathematical details no less than for the exposition of physical principles, and is
enriched incidentally by chapters of much originality on mathematical subjects touched on
in the course of the work. Among these may be mentioned the dissertations on Spherical
Harmonics and Lagrange's Equations in Djnamics.
The origin and growth of Maxwell's ideas and conceptions of electrical action, culminating in his treatise where al1 these idem are arranged in due connection, form an
interesting chapter not only in the history of an individual mind but in the history of
electrical science. The importance of Faraday's discoveries and speculations can hardly be
overrated in their influence on Maxwell, who tells us that before he began the study of
electricity he resolved to read none of the mathematics of the subject till he had first
mastered the "Experimental Researches." He was also at b t under deep obligations to
the ideas contained in the exceedingly important papers of Sir W. Thomson on the analogy
between Heat-Conduction and Statical Electricity and on the Mathematical Theory of
Electricity in Equilibrium. I n his subsequent efforts we must perceive in Maxwell, possessed
of Faraday's views and embued with his spirit, a vigorous intellect bringing to bear on a
subject still full of obscurity the steady light of patient thought and expending upon it
al1 the resources of a never failing ingenuity.
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Page 40.

In the fi& of equations (12), second group of tenns, read

instead of

with corresponding changes in the other two equations.
Page 153, five lines from bottom of page, read 127 instead of 276.
Page 591, four lines from bottoni of page the eqiiation should be

Page 592, in the first line of the expression for
x

- - cos 20

3
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[From the Proceedàngs of the Royal Society of Edinburgh, VOLII. April, 1846.1

1. On the Description of Oual Curves, and those hccwing a plurality of Pm';w'th
FORBES.
remarhs by Professor Forbes. Communicated by PROFESSOR

MR CLERK MAXWELL
ingeniously suggests the extension of the common
theory of the foci of the conic sections to curves of a higher degree of complication in the following manner :(1) As in the ellipse and hyperbola, any point in the curve has the
mm, or dzfirence of two lines drawn from two points or foci--a constant

quantity, so the author infers, that 'curves to a certain degree analogous, may
be described and determined by the condition that the simple distance from
one focus plus a multiple distance nom the other, may be =a constant quantity;
or more generally, m times the one distance + n times the other =constant.
(2) The author devised a eimple mechanical means, by the wrapping
of a thread round pins, for producing these curves. See Figs. 1 and 2. He
Fig. 1. Two Foci. Ratios 1, 2.

Fig.2. Two Foci Ratioa 2, 3.

then thought of extending the principle to other curves, whose property
should be, that the. sum of the simple or multiple distances of any point of
VOL. 1.
1

4IRIS - LILLIAD - Université Lille 1

2

DESCRIPTION OF OVAL CURVEB.

the cuve from three or more points or foci, should be = a constant quantity ;
and this, too, he has effected mechanically, by a very simple arrangement of
a string of given length passing round three or more k e d pins, and constraining a tracing, point, P. See Fig. 3. Farther, the author regards curves
Fig. 3. Three Foci. Ratios of E q d t y .

of the fist kind as constituting a particular clam of curves of the second
kind, two or more foci coinciding in one, a focus in which two strings meet
being considered a double focus; when three strings meet a treble focus, &c.
Professor Forbes observed that the equation to curves of the first class is
easily found, having the form

J2+y'=a+bJ(~-c)~+y:
which is that of the curve known under the name of the First Oval of
Descartes*. Mr Maxwell had already observed that when one of the foci was
at an infinite distance (or the thread moved parallel t o itself, and was confined
in respect of length by the edge of a board), a curve resembling an ellipse
was traced; fiom which property Professor Forbes waa led first t o infer the
identity of the oval with the Cartesian oval, which is well known to have t h h
property. But the simplest andogy of all is that derived from the method of
description, r and r' being the radients ta any point of the curve from the two
foci ;
mr nr' = constant,

+

which in fact at once expresses on the undulatory theory of light the optical
character of the surface in question, namely, that light diverging from one
focw F without the medium, s h d be correctly convergent at another point f

*

Herschel, On Light, Art. 232; Lloyd, On %ht
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within it ; and in this case the ratio

n
expresses the index of refraction of
rn

-

the medium".
If we denote by the power of either focus the number of strings leading
to it by Mr Maxwell's construction, and if one of the foci be removed to an
infinite distance, if the powers of the two foci be epual the curve is a parabola;
if the power of the nearer focus be greater than the other, the curve is an
ellipse; if the power of the infinitely distant focus be the greater, the cnrve
is a hyperbola. The first case evidently corresponds to the case of the reflection
of parallel rays to a focus, the velocity being unchanged after reflection; the
second, to the refraction of parallel rays to a focus in a dense medium (in
which light moves slower); the third case to refraction into a rarer medium.
The ovals of Descartes were described in his Geometry, where he has also
given a rnechani&d method of describing one of themt, but only in a. particular
case, and the method is less simple than Mr Maxwell's. The dernonstration of
the optical properties was given by Newton in the Principia, Book L, prop. 97,
by the law of the sines; and by ahyghens in 1690, on the Theory of Undulations in his Traité de la Lumière. It probably ha.? not been suspected that
00 easy and elegant a method exists of describing these curves by the use of
a thread and pins whenever the powers of the foci are commensurable. For
instance, the curve, Fig. 2, drawn with powers 3 and 2 respectively, give the
proper form for a refracting surfme of a glass, whose index of refraction is 1.50,
in order that rays diverging from f may be refracted to F.
As to the higher classes of curves with three or more focal points, we
cannot at present invest them with equally clear and curious physical properties,
but the method of drawing a curve by so simple a contrivance, which shall
satisfy the condition
mr nr' +pr" &c. = constant,

+

+

is in itself not a little interesting; and if we regard, with Mr Maxwell, the
ovals above described, as the limiting case of the others by the coalescence
of two or more foci, we have a farther generalization of the same kind as that
00 highly recomrnended by Montuclaj., by which Descartes elucidated the conic
sections as particular cases of his oval curves.

* This was perfectly weli shewn by Huyghens in his T&

+ Edit. 1683.

de la Lumiers, p, 111. (1690.)

Geometlaa, Lib. II. p. 64.

$ I;Ti&oire des NatiaémdZgues. First Edit IL 102.
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@?rom the Transactions of the Royat Society of Edinburgh, Vol. XVI.Part v.]

II.

.On

the Theory of Rolling Curves. Communicated by the Rev. Professor
KELLAND.

THERE is an important geometrid problern which proposes to find a k r v e
having a given relation to a series of curves described according to a given
law. This is the problem of Trajectories in its general form.
The aeries of curves is obtained from the general equation to a curve by
the variation of its parameters. In the general case, "this variation rnay change
the form of the curve, but, in the case which we are about to consider, the
curve is changed only in position.
This change of position takes place partly by rotation, and partly by transference through space. The rolling of one curve on another is an example of
this compound motion.
As examples of the way in which the new curve rnay be related to the
'series of curves, we rnay take the following :1. The new curve rnay cut the series of curves a t a given angle.

When

this angle becomes zero, the curve is the envelope of the series of curves.
2. It rnay pass through correspondmg points in the series of curves.
There are many - other relations which, rnay be imagined, but we shall confine
our attention to this, partly because it &rds the means of ttacing V ~ ~ O U
curves, and partly on account of the connection whicli i t has with many
geometrical problems.
,.
~hereforethe subject of this paper will be the consideration of the relations
of three curves, one of which is fixed, while the second rolls upon it and
traces thé third. The subject of - rolling curves is by no means a new one.
The b t idea of the cycloid is , attributed to Aristotle, and involutes and
evolutes have been long known.
'
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I n the History of the Royal Academy of Sciences for 1704, page 97,
there is à memoir entitled "Nouvelle formation des Spirales," by M. Varignon,
in which he shews how to construct a polar curve from a curve referred to
rectangular CO-ordinatesby substituting the radius vector for the abscissa, and
a, cimular arc for the ordinate.
After each curve, he gives the curve into
which it is "unrolled,". by which he means the curve which the spird must
be rolled upon in order that its pole may trace a straight line; but as this
is not the principal subject of his paper, he does not discuss it very fully.
There h also a paemoir by M. de la Hire, in the volume for 1706, Part n.,
page 489, entitled ?Methode generale pour rdduire toutes les Lignes courbes
des Roulettes, leur generatrice ou leur base dtant donnée telle qu'on voudra."
M. de la Hire treats curves as if they were polygons, and gives geometrical constructions for finding the fixed curve or the rolling curve, the other
two being given; but he does not work any examples.
In the volume for 1707, page 79, there is a paper entitled, "Methode
generale pour determiner la nature des Courbes formées par le roulement de
toutes sortes de Courbes sur une autre Courbe quelconque." Par M. Nicole.
M. Nicole takes the equations of the three curves referred to rectangular
CO-ordinates,and h d s three general equations to connect them He takes the
tracing-point either a t the origin of the CO-ordinatesof the rolled curve or not.
He then shews how these equations may be simplified in several particular
cases. These cases are'

(1) When
(2) When
(3) When
(4) When

the tracing-point ia the origin of the rolled curve.
the fked curve is the same as the rolling curve.
both of these conditions are satisfied.
the fixed line is straight.

He then says, that if we roll a geometric curve on itself, we obtain a new
geometric curve, and that we may thus obtain an infinite number of geometric
curves.
The examplm which he gives of the application of his method are al1 taken
from the cycloid and epicycloid, except one which relates to a parabola, rolling
on itself, and tracing a cissoid with its vertex. The reason of so small a
number of examples being worked may be, that it is not easy to elirninate
the CO-ordinatesof the fixed and rolling curves from his equations.
The case in which one curve rolling on another produces a circle is treated
of in Willis's PrYinciples of Mechanim. ;Class C. Rolling Contuct.
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He employs the same method of finding the one curve from the other
whioh is used here, and he attributes it to Euler (see the Acta Petrqlitana,
Vol. v.).
Thus, nearly all the simple cases have been treated of by different authors;
but the eubject ia atill far from being exhausted, for the equations have been
applied to very few ourves, and we may easily obtain new and elegant properties frorn any curve we please.
Almost all the more notable curves may be thus linked together in a great
v&ety of ways, so that there are scarcely two curves, however dissim'ilar,
between which we cannot form a chab of connected curves.
This will appear in the liat of examplee given at the end of this paper.

Let there be a curve KAS, whose pole is at C.
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Let the angle DCA = 8, and CA = rl and let

4=

(~1)Let this curve remain fixed to the paper.
Let iihere be another curve BAT, whose pole is B.
Let the angle MBA = O,, and BA = r,, and let
$1

4= (4.
$2

Let this curve roll along the c u v e KAS without slipping.

Then the pole B will describe a third curve, whose pole is C.
Let the angle DCB = da, and CB =r,, and let
(YS)'
W e have here six unknown quantities 6,0,0,rlr,r, ; but we have only three
equations given to connect them, therefore the other three must be sought for
in the enunciation.
But before proceeding to the investigation of these three equations, we must
premise that the three curves will be denominated as follows :es =4

8

The Fixed Curve, Equation, el = $l (Y~).
The Rolled Curve, Equation, 6, = $2 (r,).

The Traced Curve, Equation, O, =

+, (r,).

When it is more convenient to make use of equations between rectangular
CO-ordinates,we shall use the letters %al,
xg2, xsy,. W e shall always employ the
letters sls$8 to denote the length of the curve from the pole, plp,p, for the per'pendiculms from the pole on the tangent, and qlq2qsfor the intercepted part of
the tangent.
Between these quantities, we have the following equations :-

i9,

~ = ~ C O S

y = r sin O,

"
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We corne now to consider the three equations of rolling which are involved
in the enunciation. Since the second curve rolls upon the first without sl$ping,
the length of the fked curve a t the point of contact is the measui.6' of the
length of the rolled curve, therefore we have the following equation to connect
the fised curve and the rolled curver

.

,

s, = s2.

Now, by combining this equation with the two equations

it is evident that from any of the four quantities B,r,O,r, or X I I / ~ Xwe
~ ~ ,can
obtain the other three, therefore we may consider these quantities as known
functions of each other.
Since the curve 'rolls on the k e d curve, they must have a cornmon tangent.
Let PA be this tangent, draw BP, CQ perpendicular to PA, -Produce CQ,
and draw BR perpendicular to it, then a e have CA =yl, BA =ra, and CB=r, ;
CQ=pl, PB=p,, and BN=p8; AQ=ql, AP=p,, and C N = q ,
Also

rt= C R = CR+RB"=(CQ+PB)"(AP-A&)"
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Thus we have f o n d three independent equations, which, together with the
equations of the curves, make up six equations, of which each may be deduced
from the others. There is an equation conne&ng the radii of curvature of the
three curves which is sometimes of use.
The angle through which the rolled curve revolves during the description of
the element ds,, is equal to the angle of contact of the fixed curve and the
rolling curve, or to the sum of their curvatures,
_ds, ds,
-.,. ds,
r., & + R ; .
But the radius of the rolled curve has revolved in the opposite direction
through an angle equal t o de.,, therefore the angle between two successive positions of r, is equd to

3de,.
r.,

Now this angle is the angle between two

successive positions of the normal to the traced curve, therefore, if O be the
centre of curvature of the traced ourve, i t is the angle which ds, or ds, subtends
a t O. Let OA= T, then
ds, ~ ~ d-8ds,
ds, ds.,
--, -de,=-+--de,,

K = T

R,

r,

Ra

As an example of the use of this equation, we may examine a property
of the logarithmic spiral.
I n this curve, p =mr, and

R = T , therefore if the rolled curve be the
m

logarithmic spiral

A0

therefore A 0 in the figure =mR,,and -= m.

&

Let the locus of O, or the evolute of the traced curve LYBH, be the
curve OZY, and let the evolute of the fixed curve KZAS be FEZ, and let
us consider FEZ as the fked curve, and OZY as the traced curve.
VOL. 1.
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T ' e n in the triangles' BPA, AOF, we have OAF= PBA, and

OA

BP

- w =AFAB'
-

Q

therefore the triangles are similar, and FOA = APB = - therefore O F is perpen2'

dicular to OA, the tangent t o the curve OZY, therefore QF is the radius of
the curve which when rolled on FEZ traces OZY, and the angle which the
curve makes with this radius is OFA= PAB=sin-lm, which is constant, therefore the curve, which, when rolled on FEZ, traces OZY, is the logarithmic
spiral. Thus we have proved the following proposition: "The involute of the
curve traced by the pole of .a logarithmic spiral which rolls upon any curve,
is the curve traced by the pole of the same logarithmic spiral when rolled 04
the involute of the primary curve."

It follows from this, that if we roll on any curve a curve having the
property p,=m,.r,, and roll another cuve having p,=nz,raon the curve traced,
and so on, it is immaterial in what order we roll these curves. Thus, if we
roll a logarithmic spiral, in which p =mr, on the nth involute of a circle whose
radius is a, the curve traced is the n + l t h involute of a circle whose radius
is

JI-m".

Or, if we roll successively m logarithmic spirab, the resulting curve is the
n+mth involute of a circle, whose radius, is

W e now praceed t o the cases in which the solution of the problem may
be sirnplSed. This simplification is generally effected by the consideration that
the radius vector of the rolled curve is the normal drawn from the traced
curve to the fixed curve.
I n the case in which the curve is rolled Qn a straight line, the perpendicular on the tangent of the rolled curve ia the distance of the tracing point
from the straight line; therefore, if the traced curve be defined by an equation
in xa and y,,

and
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By substituting- for r, in the. first equation, its value, as derived from the
second, we obtain

If we know the equation to the rolled curve, we may find
then by substituting for v2 its value in the second equation, we
have an equation containing xa and dxa
- from which we fhd the value of ' dx,
dy, '
G
in terms of x8; the integration of this gives the equation of the traced curve.

terms of

Y,,

As an example, we may find the curve traced by the pole of a hyperbolic
spiral which rolls on a straight line.
a
The equation of the rolled curve is 0, = ,
".a

This is the differential equation of the tractory of the straight line, a-hich
is the curve traced by the pole of the hyperbolic spiral.
By eliminating xs in the two equations, we obtain

This equation serves to determine the rolled curve when the traced curve
is given.
As an example we shall find the curve, which being rolled on a straight
line, traces a common catenary.
Let the equation to the catenary be
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then by integration

8 =cos-l

(z-

1)

,

This is the .polar equation of the parabola, the focus beiig the pole ; therefore, if we roll a parabola on a straight line, its focus will trace a catenary.
The rectangular equation of this parabola is Iil= lay, and we shall now
consider what curve must be rolled dong the axis of y to trace the parabols
By the second equation (2),

but p, ia the perpendicdar on the normal, therefore the normal to the eurve
always touches a circle whose radius ia 2a, therefore the curve is the involute
of this circle.
Therefore we have the following method of deacribing a catenary by continued motion.
Describe a circle whose radius is twice the parameter of the catenary; roll a
straight line on this circle, then any point in the line ,will describe an involute
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of the circle; roll this curve on a straight line, and the centre of the circle will
&cribe a parabola ; roll this parabola on a straight line, and its focus will trace
the catenary required.
W e corne now to the case in which a straight line rolls on a curve.
When the tracing-point is in the straight line, the problem becomes that
of involutes and evolutes, which we need not enter upon; and when the tracingpoint is not in the straight line, the calculation is somewhat cornplex; we shall
therefore'consider only the relations between the curvea deacribed in the first
and second cases.
DeJinition.-The
curve which cuts a t a given angle all the circles of a
given radius whose centres are in a given curve, is called a tractory of the
given curve.
Let a straight line roll on a curve A, and let a point in the straight
line describe a c u v e B, and let another point, whose distance from the h t
point is b, and from the straight line a, describe a curve C: then it is evident
that the curve B cuta the circle whose centre is in C, and whose radius is b,
a
a t an angle whose side is equd to - therefore the curve B is a tractory of
L

b'

the curve C.
When a = b , the curve B ia the orthogonal tractory of the curve C. If
tangents equal to a be drawn to the curve B, they will be terminated in
the curve C; and if one end of a thread be carried along the curve C, the
other end will trace the curve B.
When a = @ the curves B and C are both involutes of the curve A,
they are always equidistant from each other, and if a circle, whose radius is
b, be roIled on the one, its centre WUtrace the other.

If the curve A is such that, if the distance between two points measured
along the curve ia' equal to b, the two points are similarly situate, then the
curve. B is the same with the curve C. Thus, the ourve A may be a reentrant curve, the circumference of which is equal to b.
When the curve A is a circle, the curves B and

C are dwaya the same.

The equations between the radü of curvature become
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When a=O, T=O,or the centre of curvature of the curve B is a t the
point of contact. Now, the normal to the curve C passes through this point,
therefore"The normal -to any curve passes through the centre of curvature of its
tractory."
I n the next case, one curve, by rolling on another, produces a straight
line. . Let this straight line be the axis of y, then, since the radius of the
rolled curve is perpendicular to it, and terminates in the k e d curve, and
since these curves have a common tangent, we have this equation,

If the equation of the rolled curve be given, n i d de2
- in terms of r,, subdrz

stitute x1 for r,, and multiply by xl, equate the result to dy1
-, and integrate.
dx1
Thus, if the equation of the rolled curve be

8=Ar-n+&c.+Kr-~fi-'+Mlogr+Nr+&c.+Zr",

which is the equation of the fked curve.
If the equation of the iixed curve be given, find dy in terma of x, subdB

, and integrate.
dr
. . Thus, if the fixed curve be the. orthogonal tractory of the straight line,
whose equation is
stitute r for x, and divide by r, equate the result t o
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this is the equation to the orthogonal tractory of a circle whose diameter is
equal to the constant tangent of the h e d curve, and its constant tangent
equal to half that of the fked curve.
This property of the tractory of the circle may be proved geometrically,
P be the centre of a circle whose radius is PD, and let CD be
thus-Let
a line constantly equal to the radius. Let BCP be the curve described by
the point C when the poiqt D is moved along the circumference of the circle,
then if tangents equal to CD be drawn to the curve, their extremities will
be in the circle. Let ACH be the curve on which BCP rolls, and let O P E
be the straight line traced by the pole, let CDE be the common tangent,
let it cut the circle in D, and the straight line in E.

:.

Then CD = PD,
L DCP = L DPC, and CP is perpendicular to OE,
.: L CPE = L DCP + L D ~ P .Take away L DCP = L DPC, and there remains
DPE=DEP, PD=DE,
CE=2PD.

.:
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Therefore the curve ACH has a constant tangent equal to the diameter of
the circle, therefore ACH is the orthogonql tradory of the straight line, which
is the tractrix or equitangential curve.
The operation of finding the fixed curve from the rolled curve is what
Sir John Leslie calls " divesting a curve of its radiated structure."
The method of finding the curve which must be rolled on' a circle to
trace a given curve is mentioned here because it generally leads to a double
result, for the normal to the traced curve cuts the circle in two points, either
of which may be a point in the roUed curve.
Thus, if the traced curve be the involute of a circle concentric with the
given circle, the rolled curve is one of two similar logwithmic spirals.
If the curve traced be the spiral of Archimedes, the rolled curve may be
either the hyperbolic spiral or the straight line.

I n the next case, one curve rolls on another and traces a circle,
Since the curve traced- is a circle, the distance between the -pales. of the
fixed curve and the rolled curve is always the same; therefore, if we fix the
rolled curve and roll the fixed ciirve, the curve traced will still be a circle,
k the poles of both the curves, we may roll them on each other
and, if we f
without frictoion.
Let a be the radius of the traoed circle, then the sum or difference of
the radii of the other curves is equal to a, and the angles which they make
with the radius a t the point of contact are equal,

.:

rl= *(a*r,)

de,
de*
and r,- =r,dr,
dr,

.

del in terms of rl,
If we know the equation between 8, and r,, we may find -

*

substitute (a r,) for r,, multi~lyby

* (a*

dr,

r2)

Ys

Thus, if the equation'between B, and rl be
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which is the polar equation of a straight line touching the traced circle whcise
equation is r =a, then

Now, since the rolling curve is a straight line, and the tracing point is
not in its direction, we may apply to this example , the observations which
have been made upon tractories.
2a
be denoted by A, its involute by B, and
(9-1

Let, therefore, the curve r =-

the circle traced by C, then B is the tractory of C; therefore the involute
2a
$-1

of the curve r =--- is the tractory of the circle, the equation of which is
=

r

-

-.

2a
8"-1

The curve whose equation is r = - seems to be among

a
spirals what the catenary is among curves whose equations are between rectangular CO-ordinates; for, if we represent the vertical direction by the radius
vector, the tangent of the angle which the curve makes with this line is
proportional to the length of the curve reckoned from the origin; the point
at the distance a from a straight line rolled on thii curve generates a circle,
and when rolled on the catenary produces a straight line; the involute of this
curve is the tractory of the circle, and that of the catenary is the tractory
of the straight line, and the tractory of the circle rolled on that of the straight
line traces the straight line; if t h curve is rolled on the catenary, it produces
the straight line touching the oatenary a t its vertex; the method of drawing
VOL. 1.
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tangents is the ssrne as in the catenary, namely, by describing a circle whose
radius is a on the production of the radius vector, and drawing a tangent to the
circle from the given point.

In the liext case the rolled curve is the same as the fixed curve. It is
evident that the traced curve will -be similar to the locus of the intersection
of the tangent with the perpendicular from the pole; the magnitude, however,
of the traced curve. will be double that of the other curve; therefore, if we
cal1 ro=+oOo the equation to the fixed curve, rl =&8, that of the traced curve,
we have

and

8, = O,

-n cos-' &
'In

Let 8, become 8,' ; go, 19,' and

-

r,

,

rt

Let 8;-

en=a,

Pl
O,' = 8,' - n cos-' -

9.2 '

a=B,'-

O, = 8 ; - 8 0 - n ~ ~ ~ -P:1 +ncos-'- P n ;
rn
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is the complement of the angle a t mhich the curve cuts the

Now, cos-'9.0,

radius vector, and cos"

-cos-'

rn

p^il

is the variation of this angle when

rn

8. variea

+

by an angle equal t o a. Let this variation = ; then if 8, - 8,' =PY

will dirninish; and if n becomes infinite,

Now, if n increases,

P O when a and p are finite.
,
+,

4= a

=

+

Therefore, when n is inbite,
vanishes; therefore the curve cuts the radius
vector at a constant angle ; therefore the curve is the logarithmic spiral.
Therefore, if any curve be rolled on itself, and the operation repeated an
infinite number of times, the resulting curve is the logarithmic spiral.
Hence we may h d , analytically, the curve which, being roiled on itself,
traces itself
For the curve which has this property, if rolled on itself, and the operation
repeated an infinite number of times, wiLl still trace itself.
But, by thii proposition, the resulting curve is the logarithmic spiral;
therefore the curve required is the logarithmic spiral. As an example of a curve
rolling on itself, we will take the curve whose equation

2) .
n

To= 2% (COS

---- 2% (sin):

Here

dO'

de0

r, = 2

,/(cos

;)=

)'+ (sin

(COS

:y-';

;)'
3-2
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Now

- 8. = - cos-'%

= -COS-

COS

eo

00= n

1'0

n'

substituting this value of 0, in the expression for

rl = 2""a

(cos n+i)^"
--

r
1
,

,

similarly, if the operation be repeated m times, the resulting curve is
rm= 2"+%

(

COS -

n?mr+m

When n = 1, the curve is

r = 2a cos O,
the equation to a circle, the pole being in the circumference.
When n=2, it is the equation to the cardioid

I n order to obtain the cardioid from the circle, we roll the circle upon
itseK and thus obtain it by one operation; but there is an operation which,
being performed on a circle, and again on the resulting curve, will produce a
cardioid, and the intermediate curve between the circle and cardioid is

As the operation of rolling a curve on itself is represented by changing n
into (n+ 1) in the equation, so this operation may be represented by changing n
into (n +&).
Similarly there may be many other fractional operations performed upon
the curves comprehended under the equation

r = ~a (cos

:y.

We may alsa find the curve, which, being rolled on itself, will produce a
given curve, by making n= -1,
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We may likewise prove by the same method as before, that the result of
performing this inverse operation an infinite number of times is the logarithmic
spiral.

As an example of the inverse method, let the traced line be straight, let
its equation be
r, = 2a sec O,,

.:

p9-,= ar,,,

therefore suppressing the su&,
fr4

.:

O = cos-1

(?- 1),

the polar equation of the parabola whose parameter is 4a.
The last case which we shall here consider d o r d s the means of constructing
two wheels whose centres are fixed, and which shall roll on each other, so that
the angle described by the f i s t shall be a gioen fun~tionof the angle described
by the second.

Let us take as an example, the pair of wheels which will represent the
angular motion of a comet in a parabola.
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Here

therefore the first wheel is an ellipse, whose major axis is equal t o 5 of the
distance between the centres of the wheels, and in which the distance between
the foci is half the major axis.

el= 2 tan-'

Now since

8, and- rl=a-Y,,

which is the equation to the wheel which revolves with constant angular velocity.
Before proceeding to give a list of examples of rolling curves, we shall
state a theorem which is almost self-evident after what has been shewn previously.
Let there be three curves, A, B, and C. Let the c u v e A, when rolled
on itself, .produce the curve B, and when rolled on a straight line let it
produce the curve 6: then, if the dimensions of C be doubled, and B be
rolled on it, it will trace a straight line.

A Collection of Exmples of Rolling

Curues,

F i t . Examples of a curve rolling on a straight line.
Ex. 1. When the rolling curve is a circle whose tracing-point is in the
oircumference, the curve traced is a cycloid, and when the point is not in the
circumference, the cycloid becomes a trochoid.

Ex. 2. When the rolling curve is the involute of the circle whose radius
is 2a, the traced curve is a parabola whose parameter is 4a.
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Ex. 3. When the rolled curve is the parabola whose parameter is da, the
traced curve is a catenary whose parameter is a, and whose vertex is distant
a from the straight line.

Ex. 4. When the rolled curve is a logarithmic spiral, the pole traces a
straight line which cuts the fixed line a t the same angle as the spiral cuts
the radius vector.

Ex. 5. When the rolled curve is the hyperbolic spiral, the traced curve
is the tractory of the straight line.

Ex. 6. When the rolled curve is the polar catenary

the traced curve is a circle whose radius is a, and which touches the straight
line.

Ex. 7. When the equation of the rolled curve is

the traced curve is the hyperbola whose equation is

Second. I n the examples of a atraight line rolling on a curve, we shall
use the letters A, B, and C to denote the three curvea treated of in page 22.

Ex. 1. When the curve A is a circle whose radius is a, then the curve B
is the involute of that circle, and the curve

Ex. 2. When the curve A is

C is the spiral of Archimedes,

a catenary whose equation is

the curve B is the tractory of the straight line, whose equation is

and C is a straight line a t a distance a from the vertex of the catenary.
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Ex. 3. When the curve A is the polar csbtenasg

the curve B is the tractory of the circle

and the curve C is'a circle of which the radius is

5a .

T%,ird. Examples of one curve rolling on another, and tracing a straight
lie.

Ex. 1. The curve whose equation is

+

t9=Ar-n+&~. K r - a + f i - l +Mlogr+Nr+&c. +Zr7,
when rolled on the curve whose equation is

traces the axis of y.

Ex. 2. The circle whose equation is r=ucos 0 rolled on the circle whose
radius is a traces a diameter of the circle.

Ex. 3. Tbe c w e whose equation is

rolled on the circle whose radius is a, traces the tangent to the oircle.

Ex. 4. If the fixed curve be a parabola whose parameter is 4u, and if we
roll bn it the spiral of Archimedes r =ab), the pole will trace the axis of the
parabola.

Ex. 5. If we roll an equal parabola on it, the focus will trace the directrix
of the fist parabola.

Ex. 6. If we roll on it the curve
a t the vertex of the parabola.
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Ex. 7. If we roll the curve whose equation

on the ellipse whose equation is

the pole will trace the axis b.

Ex. 8. If we roll the curve whose equation is

on the hyperbola whose equation ici

the pole will trace the axis b.

Ex. 9. If we roll the lituus, whose equation is

on the hyperbola whose equation is

xy = a=,
the pole will trace the asymptote.

Ex. 10. The cardioid whose equation is
r=a(l+cos8),
rolled on the cycloid whose equation is

traces the base of the cycloid.

Ex. 11. The curve whose equation is

rolled on the cycloid, traces the tangent at the vertex.
VOL, 1.
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Ex. 12. The straight line whose equation is
r = a s e c O,
rolled on a catenary whose parameter is a, traces a line whose distance from
the vertex is a.

Ex. 13. The part of the polar catenary whose equation is

rolled on the catenary, traces the tangent a t the vertex.

Ex. 14. The other part of the polar catenary whose equation is

rolled on the catenary, traces a line whose distance from the vertex is equal to

?cc.

Ex. 15. The tractory of the circle whose diameter is ' a , rolled on the
tractory of the straight line whose constant tangent is a, produces the straight
line.

Ex. 16. The hyperbolic spiral whose equation is

rolled on the logarithmic curve whose equation is

traces the axis of y or the asymptote.

Ex. 17. The involute of the cirole whose radius is a, rolled on an orthogonal
trajectory of the catenary whose equation is

traces the axis of y.

Ex. 18. The curve whose equation is
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rolled on the witch, whose equation is

traces the asymptote.

Ex. 19. The curve whose equation is
rolled on the curve whose equation is
traces the axis of y.
Ex. 20. The curve whose equation is

rolled on the curve whose equation is

traces the axis of y.

Ex. 21. The curve whose equation is
r=a(secB-tan@),
rolled on the curve whose equation is
traces the axis of y.

Fourth. Examples of pairs of rollhg curves d i c h have their poles at a fixed
distance '=a.

P

e straight line whose equation is

Ex. 1.

r

9 = fieC-'-

The polar catenary whose equation is 6,

a'

*

Jl

EX.2. Two equal ellipses or hyperbolas uentered a t the foci.
Ex. 3. Two equd logarithmic s~irals.

{

Circle whose equation is

Ex. 4.

Curve whose equation is
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Cardioid whose equation is

r=2a(l+cogB).

Curve whose equation is

0 = sin-' - +log

-

Ex. 5.

r

r

a

,/C;G'-r)+a'

(

Conchoid,

Ex. 6 .

Curve,

Ex. 7.

Spiral of Archimedes,

r =a8.

Curve,

~9=~+log-.
a

r

Y

~Hyperbolicspiral,

Ex. 8.

{

+-=a

Ellipse whose equation is

Ex. 9.

1

2+coa3*

Curve,

Pifth. Examples of curves rolling on themselves.

Ex. 1. When the curve which rolls on itself is a circle, equation
r = a c o s 8,

+

the traced cime is a cardioid, equation r = a (1 cos O).

Ex.

2.

When it is the curve whose equation Ls

$),
rn

r = 2"a (cos

the equation of the traced curve is

Ex. 3. When it
of Archimedes.

is the involute of the cide, the traced curve ia the ~ipiral
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Ex. 4. When it is a parabola, the focus traces the directrix, and the vertex
traces the cimoid.

Ex. 5. When it is the hyperbolic spiral, the traced curve .ia the tractory of
the circle.

Ex. 6 . When it is

EX, 7. When it

the

catenary, the equation of the traced clirve is

is the curve whose equation is

the equation of the traced c m e is

P

=a (ee -s-#).

This paper commenced with an outline of the nature and history of the problein of rolling
curves, and it was shewn that the subject had been discussed previously, by several geometers,
amongst whom were De la Hire and Nicolb in the Mémoires de ,?'Académie, Euler, Professor
Willis, in his P&cz'pbs of Mechanism, and the Rev. H. Bolditch in the Cambm'dge Philosqhical
Transactions.
None of these authors, however, except the two last, had made any application of their
methods; and the principal object of the present communication was to find how far the general
equations could be simpliiied in particular cases, and to apply the results to practice.
Several problems were then worked out, of which some were applicable to the generation
of curves, and some to wheelwork; while others were interesting as shewing the relations which
exist between different curves; and, finally, a collection of examples was added, as as illustration of the fertility of the methods employed,
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[From the Tramactions of the Royal Society of Edinhrgh, Vol. xx. Part

III.-On

1.1

the Equilibrium of Elastic Solids.

THERE are few parts of mechanics in which theory has dXered more from
experiment than in the theory of elastic solids.
Mathematicians, aetting out from very plausible assumptions with respect t o
the constitution of bodies, and the laws of molecular action, came to conclusions
which aere shewn to be erroneous by the observations of experimental philosophers. The experiments of (Ersted proved to be a t variance with the mathematical theories of Navier, Poisson, and Lamé and Clapeyron, and apparently
deprived this practically important branch of mechanics of all assistance from
mathematics.
The assumption on which these theories were founded may be stated thus :-

Solid bodies are cmposed of distinct molecules, which are ke-pt at a certain
distance' from each other by the crpposing p-nciples of attraction and heat. W h e n
the distance between two molecules is changed, they act on each o t h r &th a force
whose direction i s in the line jdning the centres of the molecules, and whose
magnitude is equal to the change of distance multiplied into a function of the
distance which uanishes when that distance becmes sensible.
The equations of elasticity deduced nom this assumption contain only one
coefficient, which varies with the nature of the substance.
The ins&ciency of one coefficient may be proved from the existence of
bodies of different degrees of solidity.
No effort is required t o retain a liquid in any form, if its volume rem&
unchanged; but when the form of a solid is changed, a force is called into
action which tends to restore its former figure ; and thk constitutes the differ-
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ence between elastic solids and fluids. Both tend to recover their volume, but
f l ~ i d sdo not tend to recover their shape.
Now, since there are in nature bodies which are in every intermediate state
h m perfect solidity to perfect liquidity, these two elastic powers cannot exist
in every body in the same proportion, and therefore d theories which assign to
them an invariable ratio must be erroneous.

1 have therefore substituted for the assumption of Navier the following
axioms as the results of experiments.
If three pressures in three rectangular axes be applied a t a point in a q
elastic solid,-

The mm of the three pressures is proportional to the sum, of the compressions which they produce.
2. me dtference between two of the pressures is proportional to the dzference of the compressions which they produce.
The equations deduced from these axioms contain two coefficients, and differ
from those of Navier only in not assuming any invariable ratio between the
cubical and linear elasticity. They are the same as those obtained by Professor
Stokes from his equations of fluid motion, and they agree with all the laws of
elasticity which have been deduced from experiments.
In this paper pressures are expreesed by the number of units of weight t o
the unit of surface; if in English measure, in pounds to the square inch, or
i n atmospheres of 15 pounds to the square inch.
Compression is the proportional change of any dimension of the solid caused
by pressure, and is expressed by the quotient of the change of dimension divided
by the dimension compressed".
Pressure will be understood t o include tension, and compression dilatation;
pressure and compression being reckoned positive.
Elasticity is the force which opposes pressure, and the epmtions of e2asticit.q
are those which express the relation of pressure to compressiont.
1.

Of those who have treated of elastic solids, some have confined themselves
t o the investigation of the laws of the bending and twisting of rods, without

*

The lawe of pressure and compression may be found in the Memoir of Lam6 and Clapeyron. See
note A.
t See note B.
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considering the relation of the coefficients which oecur in these two cases;
while others have treated of the general problem of a solid body exposed to
any forces.
The investigations of Leibnitz, Bernoulli, Euler, Varignon, Young, La Hire,
and Lagrange, are confined to the equilibrium of bent rods; but those of
Navier, Poisson, Lamé and Clapeyron, Cauchy, Stokes, and Wertheim, are
principally directed to the formation and application of the general equations.
The investigations of Navier are contained in the seventh volume of the
Mernoirs of the Institute, page 373; and in the Annales de Chimie et de
Physipe, 2" Série, xv. 264, and xxxvrrr. 435 ; L'Application de la Mécanique,
Tom. I.
Those of Poisson in Mém. de l'Institut, vm. 429 ; Annates de Chimie, 2"
Série, xxxvr. 384 ; xxxvrr. 337 ; xxxvnr. 338 ; XLII. Journal de l'École
Polytechnique, cahier xx., with an abstract in Annales de Chimie for 1829.
The memoir of MM. Lamé and Clapeyron is contained in Crelle's Mathemcltical J o u m l , Vol. vrr. ; and some observations on qlasiicity are to be found
in Lamé's Cours de Physique.

M. Cauchy's investigations are contained in his Exercices $Analyse, Vol. In.
p. 180, published in 1828.
Instead of supposing each pressure proportional to the linear compression
which it produces, he supposes ik to consist of two parts, one of which is proportional to the l&ear compression in the direction o f the pressure, while the
other is proportional to the diminution of volume. As this hypothesis admits
two coefficients, it m e r s from that of this paper only in the values of the
coefficients selected. They are denoted by K and k, and K=p -Am, E= m.
The theory of Professor Stokes is contained in Vol. VIII. Part 3, of the
Cambridge Philosophical Transactions, and was read April 14, 1 84 5.
He states his general principles thus :-"The
capability which solids possess
of being put into a state of isochronous vibration, shews that the pressures
salled into action by small displacements depend on homogeneous functions of
those displacernents of one dimension. 1 shall suppose, moreover, accordiig to
the general principle of the superposition of small quantities, t,hat the pressures
due to different displacements are superimposed, and, consequently, that the
pressures are linear functions of the displacements."

IRIS - LILLIAD - Université Lille 1

33

THE EQUILIBRIIJM OF EIASi"i'C SOLLDS.

Having assumed the pr~~ortionality
of pressure to compression, he proceeds
t o define his coefficient~.-~~Let-AS be the pressures corresponding to a uniform
linear dilatation 6 when the solid is in equilibrium, and suppose that it becomes
mAS, in consequence of the heat developed when the solid is in a s h t e of rapid
vibration. Suppose, also, that a displacement of shifting parallel to the plane
xy, for which 6x = kx, 6y = -ky, and 62= 0, calls into action a pressure - Bk:
on a plane perpendicular t o the axis of x, and a pressure Bk on a plane
perpendicular to the axis of y ; the pressure on these planes being equal and
of contrary signs; that on a plane perpendicular to z being zero, and the tangential forces on those planes being zero." The coefficients A and B, thus
rn

defined, when expressed as in this paper, are A = 3p, B = -

2'

Professor Stokes does not enter into the solution of his equations, but gives
their results in some particular cases.
1. A body exposed to a uniform pressure on its whole surface.
2. A rod extended in the direction of its length.
3. A cylinder twisted by a statical couple.
He then points out the method of niding A and B from the last two cases.
While explaining why the equations of motion of the luminiferous ether are
the same as those of incompressible elastic solida, he has mentioned the property
of plasticity or the tendency which a constrained body hm to relieve itself
from a state of constraint, by its molecules assuming new positions of equilibrium. This property is opposed to linear elasticity ; and these two properties
exist in all bodies, but in variable ratio.

M. Wertheim, in Annales de Chimie, 3" Série,

has given the results
of some experiments on caoutchouc, from which he finds that K= k, or p =* m ;
and concludes that k = K in d substances. In his equations, p is therefore
made equal to +m.
XXIII.,

The accounts of experimental researches on the values of the coefficients
are 80 numerous that 1 can mention only a few.
Canton, Perkins, mrsted, Aim6, Colladon and Sturm, and Regnault, have
determined the cubical compressibilities of substances; Coulomb, 'Duleau, and
Giulio, have calculated the linear elasticity from the torsion of wires ; and a
great many observations have been made on the elongation and bending of beams.
VOL. 1.
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1 have found no account of any experiments on the relation between the
doubly refracting power communicated to glass and other elastic solids by compression, and the pressure which produces it" ; but the phenomena of bent glass
seem tg_ prove, that, in homogeneous singly-refracting substances exposed to
pressures, the principal axes of pressure coincide with the principal axes of
double refraction ; and that the difference of pressures in any two axes is
proportional to the difference of the velocities of the oppositely polarised raya
whose directions are parallel t o the third axis. On this principle 1 have
calculated the phenomena seen by polarised light in the cases where the solid
is bounded by parallel planes.
In the following pages 1 have endeavoured to apply a theory identical
with that of Stokes to the solution of problems which have been selected on
account of the possibility ,of f a l l i n g the conditions. 1 have not attempted to
extend the theory to the case of imperfectly elastic bodies, or t o the laws of
permanent bending and breakiig. The solids here considered are supposed not
to be compressed beyond the limita of perfect elasticity.
The eqiiations employed in the transformation of CO-ordinatesmay be found
in Gregory's Solid Geometry.
1 have denoted the dicplacements by Sx, 6y, 62. They are generally denoted
by a, B, y ; but as 1 had employed these letters to denote the principal axes
a t any point, and as this had been done throughout the paper, 1 3id not alter
a notation which to me appears natural and intelligible.

The laws of elasticity express the relation between the changes of the
dimensions of a body and the forces which produce them.
These forces are called Pressures, and their effect,s Compressions. Pressures
are estimated
pounds on the square inch, and compressions in fractions of the
dimensions compressed.
Let the position of material points in space be expressed by their CO-ordinates
x, y, and z, then any change in a system of such points is expressed by giving
to these CO-ordinatesthe variations 8x, Sy, &, these variations being functions of
5, y, 2.

* See note C.
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The quantities 6x, 6y, 62, represent the absolute motion of each point in
the directions of the three CO-ordinates; but as compression depends not on
absolute, but on relative diplacement, we have to consider only the nine
quantities-

Since the number of these quantities is nine, if nine other independent
quantities of the same kind can be found, the one set may be found in terms
of the other. The quantities which we shall assume for this purpose are1. Three compressions,

?!

a'

@!

%,

P' Y

in the directions of three principal

axes a, fi, y.
2. The nine direction-cosines of these axes, with the six connecting equations, leaving three independent quantities. (See Gregory's Solid Geometry.)
3. The s m d angle8 of rotation of this system of axes about the axes ûf
X, y, 2.
The cosines of the angles which the axes of s, y, z make with those of
a, p, y are
COS (~OX)
= al, COS (BOX)= bl, COB
= c,,
COS (aOy) =aa, COS (BOY)= b,, cos (?Oy) =c,,
COS ( a ~ z =
) a,, cos @?OZ)
= b,, cos ( y ~ z=
) c,.
These div+ection-cosifiesare connected by the six equations,

The rotGion of the system of axes a, P, y, round the axis of
X, fiom y to z, = 84,
y, from z t o x, =SB2,
z, fiom x t o y, =a&;
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By resolving the displacements Sa, SB, 8y, SOI, SO,, Ma, in the directions
of the axes x, y, z, the displacements in these axes are found to be
6x =alSu + blSP + c,Sy - M g + 808,
Sy = a& + b,SB + c,Sy - S03x+ SO1z,
SZ = a& + b,SP + c,6y - SBJ +S ~ , X .
Sa
But
Sa=a-,
S P = P SB
F , and S y = y - ,SY
.Y

a

a=ap+ag+ag,

and

B=b,x+ba+bg,

and y=clx+c~+c3z.

Substituting these values of Sa, SB, and S y in the expressions for Sx, 8y,
Sz, and differentiating with respect to x, y, and z, in each equation, we obtain
the equations

dSx Sa
Sp
-- -a:+-bi+

&y

!

-c,9
dx
a
B
Y
dSy
Sa
S B . ôy
- = -at+-bp+-c;
dy
a
P
Y
dSz
8a
SP b,'+-c,'
Sy
-- --a:+dz
a,
P
Y
d8x
sa
SP b1b,+ 9 c1c2+ se.
-- = - a,a2+ dy
P
Y
-_~_S -X 6a
-al%+SB
- blb, + SY
-c,c3- 88,
dz
a
P
Y

...................
(1)
Equations of

.

compression.

,Epmtions of the equilibrium of an element of the solid.
The forces which may act on a particle of the solid are :1. Three attractions in the direction of the axes, represented by X , Y, 2.
2.

Six pressures on the six faces.
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3.

Two tangential actions on each face.

Let the six faces of the small pmallelopiped be denoted by q, y,, a,, x, y,
and z,, then the forces acting on xl are :1. A normal pressure pl acting in the direction of x on the area dydz.
2.

A tangential force q, acting in the direction of y on the same area.

3. A tangential force qi. acting in the direction of z on the same area,
and so on for the other five faces, thus :-

Forces which act in the direction of the axes of

x
On the face zl

1

-~ldydz

1

pxdxdydz

Attractions,

Y

a

Taking the moments of these forces round the axes of the particle, we find
q;=q1, q:=qa, q:=qs:
and then equating the forces in the directions of the three axes, and dividiig
by dx, dy, dz, we find the equations of pressures,

dp1
dqa
dx +-+-&+pX=O
d y dq2
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The resistance which the solid opposes t o these pressures is called Elasticity,
and is of two kinds, for it opposes either change of volume or change of $gure.
These two kinds of elasticity have no necessary connection, for they are possessed
in very different ratios by dxerent substances. Thus jelly has a cubical elasticity little different from that of water, and a linear elasticity as small as we
please; while cork, whose cubical elasticity is very small, has a much greater
linear elasticity than jelly.
Hooke discovered that the elastic forces are proportional to the changes
that excite them, or as he expressed it, " U t tensio sic vis."
To iix our ideas, let us suppose the compressed body t o be a parallelopiped,
and let pressures Pl,P,,P, act on its faces in the. direction of the axes
a, p, y, which will become the principal axes of compression, and the com-

a,9
P'

6y

pressions will be sa

Y '

The fundamental assumption from which the following equations are dediiced
is an extension of Hooke's law, and consists of two parts.

1. The aum of the compressions is proportional to the sum of the pressures.

II. The diference of the compressions is proportional to the difterence of
the pressures.
These laws are expressed by the following equations :-

Equations of Elasticity.
a

............................... (5) .
.l

Y

a

The quantity p h the coefficient of cubicd elasticity, and
elasticity.

IRIS - LILLIAD - Université Lille 1

m

that of linear

THE EQUILIBRIUM OP ELASTIC SOLIDS.

39

By solving these equations, the values of the pressures Pl,p2,Pa, and the
compressions - ",
a'

B

5
may be found.
Y

From these values of the pressures in the axes cc, p, y, may be obtained
the equations for the axes z, y, Z, by resolutions of pressures and compressions*.

p =aaPP,
+ b T , +c"P,

For
and

* See the Memoir of
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By substituting in Equations

( 3 ) the values of the forces given in Equa-

fions (8) and (9), they become

These are the general equations of elasticity, and are identical with those
of M. Cauchy, in his Exercices d'Analyse, Vol. III., p. 180, published in 1828,
m
wheire L stands for m, and K for p - - , and those of Mr Stokes, given in the
2

Cambridge Philosophical Transactions, Vol.
m

in his equations A = 3p, B =2

VIII.,

part 3, and numbered ( 3 0 ) ;

.

If the temperature is variable from one part to another of the elastic
- dSy
-- - at any point will be diminished by a
solid, the compressions d8x
dx ' dg ' dz '
qoantity proportional to the temperature at that point. Thie principle is applied
in Cases X. and XI. Equations (10) then become
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c,v being the linear expansion for the temperature v.

Having found the general equations of the equilibrium of elastic solids, 1
proceed to work some examples of their application, which afFord the means of
determining the coefficients p, m, and a, and of calculating the stiffness of
solid figures. 1 begin with those cases in which the elastic solid is a hollow
cylinder exposed to given forces on the two concentric cylindric surfaces, and
the two parallel terminating planes.
I n these cases the CO-ordinatesx, y, z are replaced by the CO-ordinates

x = x, measured along the axk of the cylinder.

y=r, the radius of any point, or the distance from the axis.
a =r8, the arc of a circle measured from a fixed plane passing
through the axia.

d8x d8x
-=dx dx ' p, = O , are the compression and pressure in the direction of the
axis at any point.
d8y
-- --d8r p2=p,are the compression and pressure in the direction of the
dy
dr '
-

cl82
--

d

dard -8r
--dr0
r '

radius.

p3=p, are the compression and pressure in the direction of the

tangent.
Equations (9) become, when expressed in terms of these co-ordinates-

The length of the cyliider is b, and the two radii a, and a, in every case.
VOL. 1.
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The first equation is applicable to the case of a hollow cylinder, of which
the outer surface is fixed, while the inner surface is made to turn through
a small angle SB, by a couple whose moment is M.
The twisting force M is resisted only by the elasticity of the solid, and
therefore the whole resistance, in every concentric cylindric surface, must be equal
to M.
The resistance a t any point, multiplied into the radius a t which it acts, is
expressed by

Therefore for the whole cylindric surface

Whence
and
The optical effect of the pressure of any point is expre&ed by

Therefore, if the solid be viewed by polarized light (transmitted parallel to
the axis), the difference of retardation of the oppositely polarized rays at any
point in the solid d l be inversely proportional to the square of the distance from
the axis of the cylinder, and the planes of polarization of these rays will be
inclined 45-0 the radius at that point.
The general appearance is therefore a system of coloured rings arranged
oppositely to the rings in uniaxal crystals, the tints ascending in the male as
they approach the centre, and the distance between the rings decreasing towards
the centre. The whole system is crossed by two dark bands inclined 45" t o the
plane of primitive polarization, when the plane of the analysing plate is perpendicular to that of the first polarizing plate.
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A jelly of isinglass poured when hot between two concentric cylinders forms,
when cold, a convenient solid for this experiment ; and the diameters of the rings
may be varied at pleasure by changing the force of torsion applied to the interior
cylinder.
By continuhg the force of torsion while the jelly ia allowed to dry, a hard
plate of isinglass is obtained, which still acts in the same way on polarized light,
even when the force of torsion is removed.

It seems that this action cannot be accounted for by supposing the interior
parts kept in a state of constraint by the exterior parts, as in unannealed and
heated glass; for the optical properties of the plate of isinglass are such as
would indicate a strain preserving in every part of the plate the direction of
the original strain, so that the strain on one part of the plate cannot be maintained by an opposite strain on another part.
Two other uncrystallised substances have the power of retaining the polarizing structure developed by compression. The first is a mixture of wax and resin
pressed into a thin plate between two plates of glass, as described by Sir David
Brewster, in the Philosophical Transactions for 1815 and 1830.
When a compressed plate of this substance is examined with polarized light,
it is observed to have no action on light at a perpendicular incidence; but when
inclined, i t shews the segments of coloured rings. This property does not belong
to the plate as a whole, but is possessed by every part of it. It is therefore
similar to a, plate cut from a iiniaxal crystal perpendicular to the axis.

1 find that its action on light is like that of a positive crystal, whils that
of a plate of isinglass similRa1y treated would be negative.

The other substance which possesses similar properties is gutta percha. This
substance in its ordinary state, when cold, is not transparent even in thin films;
but if a thin film be dmwn out gradually, it may be extended to more than
double its length. It then possesses a powerful double refmtion, which it
retains so strongly that it has been used for polarizing light*. As one of its
refiactive indices is nearly the same as that of Canada balsam, while the other
is very different, the common surface of the gutta percha and Canada balsam
will trammit one set of raya much more readily than the other, so that a film
of extended gutta percha placed between two layers of Canada balsam acts like

* By

Dr Wright, 1 believa

6-2
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a plate of nitre treated in the same way. That these &ns are in a state of
constraint may be proved by heating them slightly, when they recover their
.
original dimensiona.
As al1 these permanently compressed substances have passed their b i t of
perfect elasticity, they do not belong t o the class of elmtic solids treated of in
this paper; and as 1 cannot explain the method by which an uncrystallised body
maintains itself in a state of constraint, 1 go on to the next case of twisting,
which has more practical importance than any other. This is the case of a
cylinder fixed at one end, and twisted a t the other by a couple whose moment
is M.

CASE II.
In this case let SB be the angle of torsion a t any point, then the resistance
t o torsion in any circular section of the cylinder is equal to the twisting force LW,
The resistance a t any point in the circular section is given by the second
Equation of (14).

This force acts a t the distance r from the axis; therefore its resistance to torsion
will be q2r,and the resistance in a circular annulus wiU be

. and the whole resista.nce for the hollow cylinder will be expressed by

In this equation, m is the coefficient of linear elasticity; a, and a, are the
radii of the exterior and interior surfaces of the hollow cylinder in inches; M is
the moment of torsion produced by a weight acting on a lever, and is expressed
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by the product of the nuniber of pounds in the weight into the number of inches
in the lever; b is the distance of two points on the cylinder whose angular
motion is measured by meau of indices, or more accurately by small mirrors
attached to the cylinder; n is the merence of the angle of rotation of the two
indices in degrees.
This is the most accurate method for the determination of m independently
of p, and it seems t o answer best with thick cylinders which cannot be used
with the balance of torsion, as the oscillations are too short, and produce a
vibration of the whole apparatus.

CASE III.

A hollow cylinder exposed to normal pressures only, When the pressures
parallel t o the axis, radius, and tangent are substituted for pl, pa, and p,,
Equations (10) become

By multiplying Equation (20) by r, dxerentiating with respect to r, and
d8r
comparing this value of - with that of Equation (19),
dr

The equation of the equilibrium of an element of the solid is obtained by
considering the forces which act on it in the direction of the radius. By
equating the forces which press it outmards with those pressing it inwardg we
find the equation of the equilibrium of the element,
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By cornparkg this equation with the last, we fhd

Since

O,

the 1ongitudina;l pressure, is supposed constant, we may assume

Therefore

q -p =C, - 2p, therefore by (21),

a linear equation, which gives

The coefficients c, and c, must be found from the conditions of the surface
of the solid. If the pressure on the exterior cylindric surface whose radius is al
be denoted by hl, and that on the interior su$ace whose radius is a, by h,,
then p =h, when r =a,
and p =h, when

T =c ~ ,

and the general value of p is

Thia last equation gives the optical effect of the pressure at any point. The
law of the magnitude of t h quantity is the inverse squwe of the radius, a s in
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Case 1.; but the direction of the principal axes is difFerent, as in this case they
are parallel and perpendicular to the radius. The dark bands seen by polarized
light will therefore be parallel and perpendicular to the plane of polarbation, instead of being inclined at an angle of 45O, as in Case 1.
By substituting in Equatioqs (18) and (go), the values of p and q given in
(22) and (23), we find that when T = q,

When

Y=%,

6r

1

-=-(O+Z

a," - a:

9P

.....(26).

=O

From these equations it appears that the longitudinal compression of cylindric tubes is proportional to the longitudinal pressure referred to unit of surface
when the lateral pressures are constant, so that for a given pressure the compression is inversely as the sectional area of the tube.
These equations may be simplified in the following cases :1. When the external and internal pressures are equal, or hl=h9.

When the external pressure is to the internal pressure as the square of
the interior diameter is to that of the exterior diameter, or when a,'hl=aah,.
2.

3.

When the cylinder is solid, or when a,=O.

When the solid becomes an indehitely extended plate with a cylindric
hole in it, or when a, becomes idnite.
4.

When pressure is applied only a t the plane surfaces of the solid cylinder,
and the cylindric surface is prevented fiom expanding by being inclosed in a
6r
strong case, or when - = O.
3.

T

6.

When pressure is applied to the cylindric surface, and the ends are

sx
x

retained a t an invariable distance, or when -= O.
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When hl= h,, the equations of compression become

1.

When hl= h,= O, then

The compression of a cylindrical vessel exposed on al1 sides to the same
hydrostatic pressure is therefore independent of na, and it may be shewn that
the aame is true for a vessel of any shape.
2.

When a,"h,=alh2,

In this case, when o=O, the compressions are independent of p.

The expressions for

Sx

-

x

and

Sr

-

r

are the same as those in the h s t case, when

h, = h,.
When the longitudinal pressure
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vanishes,
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When the cylinder is pressed on the plane sides only,

4.

When the solid is infinite, or when al is inhite,

=O

(9:. ,",) (9:--- - +2h,

lm)

5. When 6r= 0 in a aolid cylinder,

6. When

Since the expression for the effed of a longitudinal strain is

if we make
VOL. 1.
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The quantity E may be deduced from experiment on the extension of wires
or rods of the substance, and p is given in terms of m and E by the equation,

and

E

Pb.
= ..........................................
s8x
(33h

P being the extending force, b the length of the rod, s the sectional ama,
and 82 the elongation, which may be determined by the deflection o f a wire,
as in the apparatus of X' Gravesande, or by direct measurement.

CASE IV.
The only known direct method, of finding the compressibility of liquids is
that employed by Canton, CErsted, Perkiis, Aimt?, &c.
The liquid is confined in a vessel with a narrow neck, then pressure is
applied, and the descent of the liquid in the tube is observed, so that the
difference between the change of volume of liquid and the change of internal
capacity of the vessel may be determined.
Now, since the substance of which the vessel is formed is compressible, a
change of the internal capacity is possible. If the presmre be applied only to
the contained liquid, i t is evident that the vessel will be distended, and the
compressibility of the liquid will appear too great. The pressure, therefore, is
commonly applied externally and internally at the same time, by means of a
hydrostatic pressure produced by water compressed either in a strong vessel or
in the depths of the sea.
As it does not neceasarily follok, from the equality of the external and
internal pressures, that the capacity does not change, the equilibrium of the
vessel must be determined theoretically. CErsted, therefore, obtained from Poisson
his solution of the problem, and applied it to the case of a vessel of lead.
To find the cubical elasticity of lead, he applied the theory of Poisson to the
numerical results of Tredgold. As the compressibility of lead thus found was
greater than that of water, (Ersted expected that the apparent compressibility
of water in a lead vessel woiild be negative. On making the experiment the
apparent compressibility was greater in lead than in glass. The quantity found
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by Tredgold from the extension of rods was that denoted by E, and the value
of p deduced from E alone by the forrnuls of Poisson cannot be true, unless
P
--);
and as

for lead is probably more than 3, the calculated compressirn
M
bility is much too great.
A similar experiment waa made by Professor Forbes, who used à vessel of
caoutchouc. As in this case the apparent compressibility vanishes, i t appears
that 'the cubical compressibility of caoutchouc is equal to that of water.

Some who reject the mathematical theories as unsatisfactory, have conjectured that if the sides of the vessel be sufficiently thin, the pressure on both
sides being equal, the compressibility of the vessel will not affect the result.
The following calculations shew that the apparent compressibility of the liquid
depends on the compressibility of the vessel, and is independent of the thickness
when the pressures are equal.

A hollow sphere, whose external and internal radii are a, and a,, is acted
on by external and internal normal pressures h, and h,, it is required to determine the equilibrium of the elastic solid.
The pressures at any point in the solid are :1. A pressure p in the direction of the radius.
2, A pressure q in the perpendicular plane.

These pressures depend on the distance from the centre, which is denoted

by r.
The compressions a t any point are

in the radial direction, and

dr
the tangent plane, the values of these compressions are :-

6r

7 in

Multiplying the last equation by r, dierentiating with respect to r, and
equating the result with that of the first equation, we find
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Since the forces which act on the particle in the direction of the radius
must balance one another, or

therefore
Substituting this value of q-p in the preceding equation, and reducing,
therefore

But
and the equation becomes

d13+3:-!?=0,
dr
r
.1

c,

p=csr"+$

therefore

Since p=h, when r=al, and p=h, when r=a2, the value of p at any
distance is found to be
a:hl %'ha qBa,"hl - h, .........................
P=-$?---r3 a:-a,"
(37).

-

SV alah,-ath, 1
When r = al, 7= a; - ,
:

$'-a,"

m
...S.....

(39).

=-

a,"-a:

When the exterml and i n t e n d pressures are equal
V hl ........................
hl=hs=p=q, and S-=(4Oh
V
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the change of internal capacity depends entirely on the cubical elasticity of the
vessel, and not on its thickness or linear elasticity.
When the external and internal pressures are inversely as the cubes of the
radü of the surfaces on which they act,

SV
Y

SV

when r=al, - =

v

rP m

.................( 4 1 ) -

-%na

I n this case the change of capacity depends on the linear elasticity alone.

M. Regnault, in his researches on the theory of the steam engine, has
given an account of the experiments which he made in order t o determine
with accuracy the compressibility of mercury.
He considers the mathematical formula? very uncertain, because the theories
of molecular forces from which they are deduced are probably far from the
truth; and even were the equations fiee from error, there would be much
uncertainty in the ordinary method by measuring the elongation of a rod of
the substance, for it is difficult to ensure that the material of the rod is the
same as that of the hollow sphere.
He has, therefore, availed himself of the results of M. Lame for a hollow
sphere in three different cases, in the f i s t of which the pressure acts on the
interior and exterior surface a t the same time, while in the other two cases
the pressure is applied to the exterior or interior surface alone. Equation (39)
becomes in these cases,-

SV h,
1. When hl= h,, - = - and the compressibility of the enclosed liquid being
v

b, and

2.

P

the apparent diminution of volume %Y,

When hl = O,
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3.

When h, = O,

M. Lamé's equations W e r from these only in assuming that p=+m.

If

this assumption be correct, then the coefficients p, m, and p,, rnay be found
from two of these equations; but since one of these equations rnay be derived
from the other two, the three coefficients cannot be found when p is supposed
independent of m. In Equations (39), the quantities which rnay be varied at
pleasure are hl and ha, and the quantities which rnay be deduced from the
apparent compressions are,

4=k+3)

2m and 6 - k ) = c a ,

therefore some independent equation between these quantities must be found,
and this cannot be done by means of the sphere alone; some other experiment
must be made on the liquid, or on another portion of the substance of which
the vessel is made.
The value of pz, the elasticity of the liquid, rnay be previously known.
The linear elasticity m of the vessel rnay be found by twisting a rod of
the material of which it is made ;
Or, the value of E rnay be found by the elongation or bending of the
1
1
2
rod, and - = E 9th 3m

+-.

We have here five quantities, which rnay be determined by experiment.
(43) 1.

by externd pressure

cl=

- i)
e d pressuras.

on sphere.

(42) 2.

c2=

(31) 3.

1
I
by elongation of a rod.
E -- (
9m 3m

+ 2)

(17) 4.

m

by twisting the rod.

5.

PI

the elasticity of the liquid.
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m e n the elastic sphere k solid, the interna1 radius a, vanishes, and
.
SV h,
h1=p=q, and

-=-.
v p

When the case becomes that of a spherical cavity in an infinite solid, the
external radius al becomes infinite, and
a,"

p=hr7

SV
-=-+p-hl

(hl-&)

1

hl-h,

V P
m
The effect of pressure on the surface of a spherical cavity on any other part
of an elastic solid is therefore inversely proportional to the cube of its distance
from the centre of the cavity.
When one of the surfaces of an elastic hollow sphere has its radius rendered
invariable by the support of an incompressible sphere, whose radius is G, then
87-

-= O,

r

therefore

"

= h2

When r=G, 8V
--h,

V-

when r = al,

3aZ8p
,atm
3atp

+

-

3at 3a:
2a,Bm+3alp

CASEV.
On the equilibrium of an elastic beam of rectangular section uniformly
bent.

By supposing the bent beam to be produced till it returns into itself, we
may treat it as a hollow cylinder.
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Let a rectangular elastic beam, whose length is 2nc, be bent into a circular
form, so as to be a section of a hollow cylinder, those parts of the beam which
lie towards the centre of the circle will be longitudinally compressed, while the
opposite parts will be extended.
The expression for the tangentid compression is therefore

Sr
r

Comparing this value of - with that of Equation (20),

and by (Zl),

By substituting for q its value, and dividing by r
becomes

($+ $1,

9mu

the equation

c

a linear differential equation, which gives

C, may be found by wsuming that when r =a,, p = hl, and q may be found
from p by equation (21).
As the expressions thus found are long and cumbrous, it is better t o use
the following approximations :-

I n these expressions a is half the depth of the beam, and y is the distance
of any part of the beam from the neutral surface, which in this case is a cylin-

dric surfice, whose radius iE) C.
These expressions suppose
a

c

t o be large compared with a, since most sub-

stances break when - exceeds a certain small quantity.
O

IRIS - LILLIAD - Université Lille 1

57

THE EQUILIBRIUM OF ELASTIC SOLIDS.

Let b be the breadth of the beam, then the force with which the beam
resists flexure = M.
which is the ordinary expression for the stiffness of a rectangular beam.
The st&ess of a beam of any section, the form of which is expressed by
an equation between x and y, the axis of x being perpendicular to the plane of
flexure, or the osculating plane of the axis of the beam a t any point, is expressed by
p

J

Mc = E fdx

.................................

(5%

M being the moment of the force which bends the beam, and c the radius of
the circle into which it is bent.
CASEVI.
At the meeting of the British Association in 1839, Mr James Nasmyth
described his method of making concave specula of silvered glass by bendiig.
A circular piece of silvered plate-glass was cemented to the opening of an
iron vesiel, from which the air was afterwards exhausted. The mirror then
became concave, and the focal distance depended on the pressure of the air.
Buffon proposed to make burning-mirrors in this way, and to produce the
partial vacuum by the combustion of the air in the vessel, which was to be
effected by igniting sulphur in the interior of the vessel by means of a burning-glass. Although sulphur evidently would not answer for this purpose, phosphorus might; but the simplest way of removing the air is by means of the
air-pump. The mirrors which were actually made by Buffon, were bent by
means of a screw acting on the centre of the glass.
To h d an expression for the curvature produced in a flat, circular, elastic
plate, by the difîerence of the hydrostatic pressures which act on each side
of it,Let t be the thickness of the plate, which must be s m d compared with
its diameter.
Let the form of the middle surface of the plate, after the curvature is
produced, be expressed by an equation between r, the distance of any point
from the axis, or normal to the centre of the plate, and x the distance of
the point from the plane in which the middle of the plate originally was, and let

ds =J(dx)' -t(dr)'.
VOL I.
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Let h, be the pressure on one side of the plate, and la, that on the ~ t h e r .
Let p and q be the pressures in the plane of the plate at any point, p
acting in the direction of a tangent to the section of the plate by a plane
passing through the axis, and q acting in the direction perpendicular to that
plane.
By equating the forces which act on any particle in a direction paralle1 to
the a i s , we find

By making p = O when r = O in this equation, when integrated,

The forces perpendicular to the axis are

(gr+trdS
d~

tp

dar
dz
& + t r p -ds"
- ( h l - h , ) r - - pds
ta~.

Substituting fo'or p its valde, the equation $ve$
p=

- (hl-t h,) T (dr
-dr dx) + (h,- hJ @
ds dx &
2t
+

The equations of elasticity become

cl
Differentiating -= dr d r r

Y)

, and in this case

d8r
By a cornparison of these values of ds '
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To obtain an expression for the curvature of the plate at the vertex, let a
be the radius of curvature, then, as an approximation to the equation of the
plate, let

By substituting the value of x in the values of p and q, and in the equation of elasticity, the approximate value of a is found to be

a=-

t
-18mp St-h,+h, m-3p
hl-h, 10m+5lP
h-h, l0rn+5lp

Since the focal distance of the rnirror, or

a2 ,

.............-.

(53).

depends on the difference of

pressures, a telescope on Mr Nasmyth's principle would act as an aneroid barometer, the focal distance vaqing inversely as the pressure of the atmosphere.

CASE VII.
To find the conditions of torsion of a cylinder composed of a great number
of pardel wires bound together without adhering to one another.
Let x be the length of the cylinder, a its radius, r the radius at any point,
88 the angle of torsion, M the force producing torsion, Sz the change of length,
and P the longitudinal force. Each of the wires becomes a helix whose radius
is v, its anguiw rotation $0, and its length along the axis x-Sx.
Its length i~ therefore

y-:,

J(T~~)<+~(l

This force, resolved p d e l t o the axis, is
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Sx

80

.

and since - and r - are small, we rnay assume
x
x

The force, when resolved in the tangentid direction, is approximately

6x
By eliminating - between (54) and ( 5 5 ) we have
x

When P=O,M depends on the sixth power of the radius and the cube
of the angle of torsion, when the cylinder is composed of separate filaments.
Since the force of torsion for a homogeneous cylinder depends on the
fourth power of the radius and the f i s t power of the angle of torsion, the
torsion of a wire having a fibrous texture d l depend on both these laws.
The parts of the force of torsion which depend on these two laws rnay be
found by 'experiment, and thus the digerence of the elasticities in the direction
of the axis and in the perpendicular directions may be determined.
A calculation of the force of torsion, on this supposition, rnay be found in
Young's Mathematical- Principles of Nixtural Philosophy; and it is introduced
here to account for the variations from the law of Case II., which may be
observed in a twisted rod.

CASE VIII.
It is well known that grindstones and fly-wheels are often broken by the
centrifuga1 force produced by their rapid rotation. 1 have therefore calculated
the strains and pressure acting on an elastic cylinder revohing round its a i s ,
and acted on by the centrifuga1 force alone.
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The equation of the equilibrium of a particle [see Equation (21)1, becomes

where q and p are the tangential and radial pressures, k is the weight in
pounds of a cubic inch of the substance, g is twice the height in inches that
a body falls in a second, t is the time of revolution of the cylinder in seconds.

By substituting the value of q and d!?
d;- in Equations (19), (20), and neglect-

which gives

If the radii of the surfaces of the hollow cylinder be al and a,, and the
pressures acting on them h, and h2, then the values of c, and c, are

When a2=0, as in the case of a solid cylinder, cl= O, and

When h, = O, and r =a,

When q exceeds the tenacity of the substance in pounds per square inch,
the cylinder will give way; and by making q equal to the number of pounds
which a square inch of the substance will support, the velocity may be found
a t which the bursting of the cylinder will take place.
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Since I=bo (p -p) =- -

2 br", a transparent revolving cylinder, when

polarized light is transmitted, parallel t o the axis, will exhibit rings whose
diameters are as the square roots of an arithmetical progression, and brushes
parallel and perpendicular to the plane of polarization.

CASEIX.

A hollow cylirider or tube is surrounded by a medium of a constant
temperature while a liquid of a di£Ferent temperature is made to flow through
it. The exterior and interior surfaces are thus kept each a t a 'constant temperature till the transference of beat through the cylinder becomes uniform.
Let v be the temperature a t any point, then when this quantity has
reached its limit,
rdv
= c l ,
dr
v=cJog9.+c, ..................................(61).
Let the temperatures a t the surfaces be 8, and O,, and the radü of the
surfaces a, and a,, then
log O$, -log a$,
4 0,
q=
'
log al log a, , Ca= log a, log a,
Let the coefficient of linear dilatation of the substance be c,, then the
proportional dilatation a t any point will be expresaed by cp, and the equations
of elasticity (18), (19), (20), becorne

-

-

-

The equation of equilibrium is

dp .....................................(21h
q=p+ralr
and since the tube is supposed to be of a considerable length

d6x

-- =c,

clx
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From these equatians we h d that

and hence /U =C, log r

+c,,

p may be found in terms of r.

Hence

the rings seen in this case d l differ from those described in Case III. only
by the addition of a constant quantity.
When no pressures act on the exteriof and interior surfaces of the tube
h,=h9=0, and

p=

apa: log a, -log a, O+' log a,-a: log a,
9
ai-al
4a: -al
apa; log al -log a , a: log al -a: log a.
a: a:
a: a:
a;a: log al log a,
cp,u 1-2--9mY1
ai-al

(k-+- lm)-'

(

),

c,c, logr+-

-

I=b

(G-+-

(

-

+

-

1

+ 1 ) ,}ii.(62).

)

There d l , therefore, be no action on polarized light for the ring whose
radius is r when

Sir David Brewster has observed (Edinburgh Transaeticms, Vol. m.),that
when a solid cylinder of glass is suddenly heated at the cylindric surfixe a
polarking force is developed, which is at any point proportional to the sqnare
of the distance from the axis of the cylinder; that is to Say, that the dif-
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ference of retardation of the oppositely polarized rays of light is proportional
to the square of the radius r, or

-

Since if a be the radius of the cyhder, ÿ = O when r = a,

Hence

By substituting these values of p and q in equations (19) and

(20),

and

d 6r
rnaking - -T =
1 find,
dr r
dr '

v=-2%

.....................

r0+c,,
(63).
c3
c, being the temperature of the axis of the cylinder, and c3 the coefficient of

linear expansion for glass.

CASE XI.
Heat is passing uniformly through the sidea of a spherical vessel, such as
the bal1 of a thermometer, i t is required to determine the mechanical state of
the sphere. As the methods are nearly the same as in Case IX., it will be
s d c i e n t to give the results, using the same notation.

When hl =h2= O the expression for p becomes

From t h value of ÿ the other quantities rnay be found, as in Case IX.,
from the equations of Case IV.
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CASEXII.
When a long beam is bent into the form of a closed circular ring (as in
Case V.), all the pressures act either parallel or perpendicular to the direction
of the length of the beam, so that if the beam were divided into planks, there
wodd be no tendency of the planks t o slide on one another.
But when the beam does not form a closed circle, the planks into which it
may be supposed to be divided will have a tendency t o slide on one another,
and the amount of sliding is determined by the linear elasticity of the s u b
stance. The deflection of the beam thus arises partly from the bending of the
whole beam, and partly from the sliding of the planks ; and since each of these
deflections is smdl compared with the length of the beam, the total deflection
will be the sum of the deflections due to bending and sliding.
Let

A is the s t f i e s s of the beam as found in Case V., the equation of the
trmsverse section being expressed in terms of x and y, y being measured from
the neutrd surface.
Let a horizontal beam, whose length k~21, and whose weight is 2w, be
supported at the extremities and loaded a t the middle with a weight W.
Let the deflection at any point be expressed by &y, and let this quantity
be small compared with the length of the beam.
At the middle of the beam, SJ is found by the usual methods to be

Let

B=2

=

,

m

(sectional m a )

.......................... (67)-

B is the resistance of the beam to the sliding of the planks.
flection of the beam ariaing from this cause is

VOL. 1.
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The de-

This quantity is small compared with Sa, when the depth of the beam is
s m d compared with its length.
The whole deflection Ay = &y + Sa

CASEXIII.

,

When the values of the compressions a t any point have been found, when
two Werent sets of forces act on a solid separately, the compressions, when
the forces act a t the same time, may be found by the composition of compressions, because the ~ m a l lcompressions are independent of one another.
It appears fiom Case I., that if a cylinder be twisted as there described,
the compressions will be inversely proportional to the square of the distance
from the centre.
If two cylindric surfaoes, whose axes F e perpendicplar to the plane of an
indefinite elastic plate, be e q u d y twisted in the same direction, the resultant
compression in any direction may be found by adding the compression due t o
each resolved in that direction.
The result of this operation may be thus stated geometrically. Let A, and
A, (Fig. 1) be the centres of the twisted cylinders. Join A,A,, and bisect A,A,
in O. Draw OBC a t right angles, and cut off OB, and OB, each equal to OA,.
Then the diierence of the retardation of oppositely pol%rized rays of light
passing perpendicularly through any point of the plane varies directly as the
produd of its distances from B, and B,, and inversely as the square of the
product of its distances from A, and A,.
'She isachromatic lines are represented jn the figure.
The retardation is i n h i t e at the points A, and A,; it vanishes a t BI
and 3,;and if the retardation at O be taken for unity, the isochromatic curves
2, 4, surround A, and A,; that in which the retardation is unity has two
$ are continuous, and have points
loops, and passes through 0; the curves
of contrary flexure; the curve & has multiple points a t Cl and Ca, where

+,
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AlCl= A,A2, and two loops surrounding BI and B2; the other curves, for which
I = &, QZ, &c., conskt each of two ovals surrounding BI and B,, and an
exterior portion surroundmg a l l the former curves.
Fig. 1.

1 have produced these curves in the jelly of isiglass described in Case 1.
They are best seen by using circularly polarized light, as the curves are then
seen without interruption, and their resemblance to the calculated curves is
more apparent. To avoid crowding the curves toward the centre of the figure,
1 have taken the values of I for the different curves, hot in an arithmetical,
but in a geometricd progression, ascending by powers of 2.
9-2
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CASE XIV.

On the deteenation of the pressures which act in the interior of transparent solids, from observations of the action of the solid on polarimd lig7~t.

Sir David Brewster has pointed out the method by which polarized Light
might be made to indicate the strains in elastic solids; and his experiments on
bent glass confirm the theories of the bending of beams.
The phenomena of heated and unannealed glass are of a much more complex
nature, and they cannot be predicted and explained without a knowledge of the
laws of cooling and solidification, combined with those of elastic equfibrium.
I n Case X. 1 have given an example of the inverse problem, in the case
of a cylinder in which the action on light followed a simple law; and 1 now
go on to describe the method of determining the pressures in a generd case,
applying it to the case of a triangle of unannealed plate-glass.

Fig. 2.

Fig. 4.

Fig. 3.

The lines of equal intensity of the action on light are seen without
interruption, by using circularly polarized light. They are represented in Fi. 2,
where A, BBB, DDD are the neutral points, or points of no action on light,
and CCC, EEE are the points where that action is greatest; and the intensity
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of the action at any other point is determined by its position with respect to
the isochromatic curves.
The direction of the principal axes of pressure at any point is found by
transmitting plane polarized light, and analysing it in the plane perpendicular
to that of polarization. The light is then restored in every part of the triangle,
except in those points at which one of the principal axes is parallel to the
plane of polarization. A dark band formed of all these points is seen, which
shifts its position as the triangle is turned round in its own plane. Fig. 3
represents these curves for every flteenth degree of inclination. They correspond
to the lines of equal variation of the needle in a magnetic chart.
From theae curves others may be found which shall indicate,' by their own
direction, the direction of the principal axes at any point. These curves of
direction of compression and dilatation a.re represented in Fig. 4 ; the curves
whose direction corresponds to that of compression are concave toward the
centre of the triangle, and intersect at right angles the curves of dilatation.
Let the isochromatic lines in Fig. 2 be determined by the equation

where 1 is the clifference of retardation of the oppositely polarized rays, and
q and ÿ the pressures in the principal axes at any point, z being the thickness of the plate.
Let the lines of equal inclination be determined by the equation

9 being the angle of inclination of the principal axes ; then the dzerential
equation of the curves of direction of compression and dilatation (Fig. 4) is

By considering any particle of the plate as a portion of a cylinder whose
axis passes through the centre of curvature of the curve of compression, we find

q - p = r d~
dr ...................-................(21).
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Let R denote the radius of curvature of the curve of compression a t any
point, and let S denote the length of the curve of dilatation a t the same
poht,
+3(x,y)=R,
+4(x,y)=S,

and since (q-p), R and S are known, and since at the surface, where +5 (x, y) = O,
p = 0 , all the data are given for determining the absolute value of ÿ by integration.
Though this is the best method of finding p and q by graphic construction, it is much better, when the equations of the cuives have been found, that
is, when +l and +2 are known, to resolve the pressures in the direction of the
axes.
The new quantities are pl, p2,and %; and the equations are

It is therefore possible to h d the pressures from the curves of equal tint
and equal inclination, in any case in which it may be required. In the meantime the curves of Fige. 2, 3, 4 shew the correctness of Sir John Herschell's
ingenious explanation of the phenornena, of heated and unannealed glass.

As the mathematical laws of compressions and pressures have been very thoroughly
investigated, and as they are demonstrated with great elegance in the very complete and
elaborate memoir of MM. Lamé and Clapeyron, 1 shall state as briefly as possible their results.
Let a solid be subjected to compressions or pressures of any kind, then, if through any
point in the solid lines be drawn whose lengths, measured from the given point, are proportional to the compression or pressure a t the point resolved in the directions in which the
lines are drawn, the extremities of such lines will be in the surface of an ellipsoid, whose
centre is the given point.
The properties of the system of compressions or pressures may be deduced from those
of the ellipsoid.
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There are three diameters Liaving perpendicular ordinates, which are called the primpal
of the ellipsoid.

Similady, there are always three directions in the compressed particle in which there
is no tangential action, or tendency of the parts to slide on one another. These directions
are called the pr2ncipal axes of compressz'on or of pressure, and in homogeneous solids they
always coincide with each other.
The compression or pressure in any other direction is equal to the sum of the products
of the compressions or pressures in the principal axes multiplied into the squares of the
cosines of the angles which they respectively make with that direction.

The funda,pmntal equ8tions of this paper differ from those of Navier, Poisson, &c., only
in not assuming an invariable ratio between the linear and the cubical elasticity; but since
I have not rtttempted to deduce them from the laws of molecular action, some other reasons
pust be given for adopking them.
The experiments from which the laws are deduced are1st. Elastic solids put into motion vibrate isochronously, so that the sound does not
Vary with the amplitude of the vibrations.
2nd. Regnault's experiments on hollow spheres shew that both linear and cubic compressions are proportional to the pressures.
3rd. ~ x ~ e r i m e n ton
s the elongation of rods and tubes immersed in water, prove that
the elongation, the decrease of diameter, and the increase of volume, are proportional to the
tension.
4th. I n Coulomb's balance of torsion, the angles of torsion are proportional to the
twisting forces.

It would appear from these experiments, that compressions are always proportional to
pressures.
Professor Stokes has expressed this by making one of his coefficients depend on the
cubical elasticity, while the other is deduced from the displacement of shifting produced by
a given tangential force.

M. Cauchy makes one coefficient depend on the linear compression produced by a force
acting in one direction, and the other on the change of volume produced by the same force.
Both of these methods lead to a correct result; but the coefficients of Stokes seem to
have more of a real signification than those of Cauchy; 1 have therefore adopted those of
Stokes, using the syrnbols m and p, and the fundamental equations (4) and ( 5 ) , which define
them.
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As the coefficient a, which determines the optical effect of pressure on a substance,
varies from one substance to another, and is probably a function of the linear elasticity, a
determination of its value in different substances might lead to some explanation of the
action of media on light.

This paper commenced by pointing out the insufficiency of all theories of elastic solids,
in which the equations do not contain two independent constants deduced from experiments.
One of these constants is common to liquids and solids, and is called the modulus of cubical
elasticity. The other is peculiar to solids, and is here called the modulus of linear elasticity.
The equations of Navier, Poisson, and Lamé and Clapeyron, contain only one coefficient;
and Professor G. G, Stokes of Cambridge, seems to have formed the first theory of elastic
solids which recognised the independence of cubical and h e m elasticity, although M. Cauchy
seems to have suggested a modification of the old theories, which made the ratio of linear
t o cubical elasticity the same for all substances. Plofessor Stokes has deduced the theory
of elastic solids from that of the motion of fluids, and his equations are identical with those
of this paper, which are deduced from the two following assumptions.
I n an element of an elastic solid, acted on by three pressnres at right angles to one
another, as long as the compressions do not pass the limits of perfect elasticity1st. The sum of the pressures, in three rectangular axes, is proportional to the sum
of the compressions in those axes.
2nd. The differenca of the pressures in two axes at right angles to one another, is
proportional to the difference of the compressions in those axes.
Or, in symbols:

1. ( P l + P s + P J = 3 p

(;+-+--).
"Y"

p being the modulus of cub2'calJ and rn that of Zinear elasticity.

These equations are found to be very convenient for the solution of problems, some
of which -were given in the latter part of the paper.
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These particular cases wereThat of an elastic hollow cylinder, the exterior surface of which was fixed, while the
interior was turned through a small angle. The action of a transparent solid thus twisted
on polarized light, was calculated, and the calculation confirmed by expriment.
The second case related to the torsion of cyliidric rods, and a method was given by
which m may be found. The quantity

9mn
E =m
-was found by elongating, or by bending
+6n

the rod used to determine m, and p is found by the equation,

Ern
The effect of pressure on the surfaces of a hollow sphere or cylinder was calculated,
and the result applied to the determination of the cubical compressibility of liquids and
solids.

An expression was found for the curvature of an elastic plate exposed to pressure on
one side; and the state of cylinders acted on by centrifuga1 force and by heat was
determined.
The principle of the superposition of compressions and pressures was applied t o the case of
a bent beam, and a formula was given to determine E from the deflection of a beam
supported at both ends and loaded at the middle.
The paper concluded with a conjecture, that as the quantity o (which expresses the
relation of the inequality of pressure in a solid to the doubly-refiacting force produced) is
probably a function of m, the determination of these quantities for different substances
might lead to a more complete theory of double refraction, and extend our knowledge of the
laws of optics.

VOL. L
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[Extracted from the Cambridge and Dublin Mathematical Journal, Vol.
February, 18S4.1

VIII.

p. 188,

Solutions of Problems.
1. If from a point i x the circumference of a vertical circle two heavy paxticles be successively projected along the .curve, their initial velocities being equal and either in the same
or in opposite directions, the subsequent motion will be such that a straight line joining
the particles at any instant will touch a circle.
Note. The particles are supposed not to interfere with each other's motion.

TEE direct analytical proof would involve the properties of elliptic integrals,
but it may be made to depend upon the following geometrical theorems.
(1) If from a point in one of two circles a right line be drawn cutting
the other, the rectangle contained by the segments so formed is double of the
rectangle contained by a line drawn from the point perpendicular to the radical
axis of the two circles, and the line joining th& centres.
The radical axis is the line joining the points of intersection of the two
circles. It is always a real line, whether the points of intersection of the circles
be real or imaginary, and it has the geometrical property-that if from any point
on the radical axis, straight lines be drawn cutting the circles, the rectangle contained by the segments formed by one of the circles is equal to the rectangle
contained by the segments formed by the other.

The analytical proof of these propositions is very simple, and may be resorted
t o if a geometrical proof does not suggest itself ~EI soon ZM the requisite figure
is conatructed.
If A, B be the centres of the circles, P the given point in the circle whose
centre is A, a line drawn from P cuts the first circle in p, the second in Q
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and q, and the radical axis in R.
axis, then

75

If PH be drawn perpendicular to the radical

PQ. Pq=2AB. HP.
COR. If the line be drawn from P to toluch the circle in T, instead of
cutting it in Q and q, then the square of the tangent P T is equal to the
rectangle ZAB.HP.
Similady, if ph be drawn from p perpendicular to the radical axis
p P = 2 A B . hp.
Hence, if a line be drawn touching one circle in T, and cutting the other
in P and p, then

(PT)": (PT)"

:: HP :

hp.

If two straight lines touching one circle m d cutting another be made
to approach each other indehitely, the small arcs intercepted by their intersections with the second circle will be ultimately proportional to their distances
from the point of contact.
(2)

This result may easily be deduced from the properties of the similar
triangles P T P and p'pT.
COR. If particles P , p be constrained to move in the circle A, while
the line Pp joining them continually touches the circle B, then the velocity
of P a t any instant is to that of p as PT to PT; and conversely, if the
velocity of P at any instant be to that of P as P T to pT, then the line
Pp will continue to be a tangent to the circle B.
Now let the plane of the cirdes be v e r t i d and the radical axis horizontal,
and let gravity act on the partides P, p. The particles were projected from
the same point with the same velocity. Let this velocity be that due to the
depth of the point of projection below the radical a i s . Then the square of
the velocity a t any other point will be proportional to the perpendicular from
that point on the radical axis ; or, by the corollary to (l), if P and p be at
any tirne at the extremities of the line PTp, the square of the velocity of P
will be to the square of the velocity of p as PH to ph, that is, as (PT)' to
(PT): Hence, the velocities of P and p are in the proportion of PT to pT,
and therefore, by the corollary to (2), the line joining them will continue a
tangent to the circle B during each instant, and will therefore remain a tangent
during the motion.
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The circle A, the radical axis, and one position of the line Pp, are given
by the circurnstances of projection of P and p. From these data it is easy to
determine the circle B by a geometrical construction.

It is evident that the charader of the motion will determine the position
of the circle B. If the motion is oscillatory, B will intersect A. If P and p
make complete revolutions in the same direction, B will lie entirely within A,
but if they move in opposite directions, B will lie entirely above the radical axis.

If any number of such particles be projected from the same point at equal
intervals of time with the same direction and velocity, the lines joining successive
particles a t any instant will be tangents to the same circle; and if the time
of a complete revolution, or oscillation, contain n of these intervals, then these
lines will form a polygon of n sides, and as thii is tme at any instant, any
number of such polygons may be formed.
Hence, the following geometrical theorem is true :
"If two circles be such that n lines can be drawn touching one of them
and having their successive intersections, including that of the last and first,
on the circumference of the other, the construction of such a system of lines
will be possible, at whatever point of the first circle we draw the first tangent."

2. A transparent medium is such that the path of a ray of light within it is a given
circle, the index of refraction being s function of the distance from a given point in the
plane of the circle.
Find the form of this function and shew that for light of the same refrangibility(1) The path of every ray within the medium is a circle.
(2) A11 the rays proceeding from any point in the medium will meet accurately in
another point.

(3) If rays diverge from a point without the medium and enter i t through a spherical
surface having that point for its centre, they will be made to converge accurately to a, point
within the medium.

L

m 1. Let a transparent medium be so constituted, that the refractive

index is the same at the same distance from a fked point, then the path of
any ray of light within the medium will be in one plane, and the perpen-
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dicular fkom the fked point on the tangent to the path of the ray a t any
point will Vary inversely as the refractive index of the medium a t that point.

We may easily prove that when a ray of light passes through a spherical
surface, separating a medium whose rdractive index is f i from another where
it is p,, the plane of incidence and refraction passes through the centre of
the sphere, and the perpendiculara on the direction of the ray before and after
refraction are in the ratio of r, to pl. Since this is true of any number of
s p h e r i d shells of different refractive powers, it is aho true when the index of
refraetion varies continuously &om one shell to another, and therefore the
proposition is true.

LEMMAII.

If from any fixed point in the plane of a circle, a perpen-

dicular be drawn to t h e tangent a t any point of the circumference, the rectangle
contained by this perpendicular and the diameter of the circle is equd to the
square of the line joining the point of contact with the fixed point, together
with the rectangle contained by the segments of any chord through the fixed
point.
Let APB be the circle, O the k e d point; then

OY. PR= O P + A O . OB.

Produce P O to Q, and join QR, then the triangles OYP, PQR are similar ;
therefore
OY.PR=OP.P Q
=O.P+OP. O & ;

.:

OY. PR=OP'+AO. OB.
If we put in this expression A 0 OB=a8,
PO=r, O Y = p , PR=Zp,
if becomes
Zpp =r' + a
'
,
p = -9. + a S
2~
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To fînd the law of the index of refraction of the medium, so that a ray
from A rnay describe the circle APB, p must be made to Vary inversely as p
by Lemma 1.
Let A 0 =rl, and let the refractive index at A =pl ; then generally

but a t A
therefore
The value of p a t any point is therefore independent of p, the radius of
the given circle ; so that the same law of refractive index will .cause any other
ray to describe another circle, for which the value of a' is the sarne. The
aa
value of OB is -, which is also independent of p ; so that every ray which
r
proceeds from A must pass through B.
Again, if we assume r, as the value of p when r = O,

therefore

This shews that any point A' may be taken as
the origin of the ray instead of A, and that the path of the ray will still be
circular, and will pass through another point B' on the other side of O, such that
a'
OR=OA' '
a result independent of r,.

Next, let CP be a ray from C, a point without the medium, falling at P
on a spherical surface whose centre is CI
Let O be the fixed point in the medium as before. Join PO, and produce
as
to Q till O& = - Through Q draw a circle touching CP in P, and cutting

OP'

CO in A and B ; then PBQ is the path of the ray within the medium.
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Since

CP touches the

circle, we have

C P = CA. CB,
=(CO- OA) (CO+ OB);
but
therefore

an equation whence OB may be found, B being the point in the medium
through which all rays fiom C pass.

NOTE. The possibility of the existence of a medium of this kind possessing
remarkable optical properties, was suggested by the contemplation of the structure
of the crystalline lens in fish; and the method of searching for these properties
was deduced by analogy fiom Newton's PrZncipia, Lib. I. Prop. VIL
It would require a more accurate investigation into the law of the refractive
index of the different coats of the lens to test its agreement with the supposed
medium, which is an optical instrument theoretically perfect for homogeneous
light, and might be made achromatic by proper adaptation of the dispersive
power of each coat.
On the other hand, we îmd that the law of the index of refraction which
would give a minimum of aberration for a sphere of this kind placed in water,
gives results not discordant with facts, so far as they can be readily aacertained.
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IV.

On the Transfwmtion of

Surfaces by Bending.

EUCLIDhas givera. two dehitions of a surface, which may be taken as
examples of the two methods of investigating their properties.
That in the first book of the Elements is" A superficies is that which has only length and breadth."
The superficies differs from a line in having breadth as weU m length,
and the conception of a third dimension is excluded without being explicitly
introduced.
I n the eleventh book, where the definition of a solid is first formally
given, the definition of the superûcies is made to depend on that of the solid" That which bounds a solid is a superficies."
Here the conception of three dimensions in space is employed in forming
s definition more perfecti than that belonging t o plane Geometry.
In our analytical treatises on geometry a surface is defined by a function
of three independent variables equated to zero. The surface is therefore the
boundary between the portion of space in which the value of the function is
positive, and that in which it is negative; so that we may now define a
surface to be the boundary of any assigned portion of space.
Surfaces are thus considered rather with reference to the figures which they
limit than as having any properties belonging to themselves.
But the conception of a surface which we most readüy form is that of
a portion of matter, extended in length and brectdth, but of which the thick-
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ness may be neglected. By excluding the thickness altogether, we arrive at
Euclid's first definition, which we may state thus" A surface is a lamina of which the thickness is diminished so as to become
evanescent."
We are thus enabled to consider a surface by itself', without reference t o
the portion of space of which it is a boundary. By drawing. figures on the
surface, and investigating their properties, we might construct a system of
theorems, which would be true independently of the position of the surface in
space, and which might remain the same even when the form of the solid of
which i t is the boundary is changed.
When the properties of a surface with respect to space are changed, while
the relations of lines and figures in the surface itself are unaltered, the surface
may be said to preserve its identity, so that we may consider it, after the
change has taken place, as the same surface.
When a thin material lamina is made to assume a new form it is said
to be bent. In certain cases this process of bending is called developrnent, and
when one surface is bent so as to coincide with another it is ssid to be
applied to it.

By considering the lamina as deprived of rigidity, elasticity, and other
mechanical properties, and neglecting the thickness, we arrive n t a mathematical definition of this kind of transformation.
"The operation of bending is a continuous change of the form of a surface,
without extension or contraction of any part of it."
The following investigations were undertaken with the hope of obtaining
more definite conceptions of the' nature of auch transformations by the aid of
those geome,trical methods which appear most auitable to each particular case.
The order of arrangement is that in which the difFerent parts of the subject
presented themselves a t first for examination, and the methods employed forrn
parts of the original plan, but much assistance in other mattera has been
derived from the workv of Gauss", Liouville+, Bertrandf, Puiseux!, &c., references
to which will be given in the course of the investigation.

* DbpuZsitwnes générales càrm supe~cieee u m . Presented to the Royal Society of Gottingen,
8th October, 1827. Commntcltiones Recentiwes, Tom. VI.
t Liouville's J o d , XII.
$ IM XIII.
1
$ ni^?.
VOL. 1.
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On the Bending of Surfaes generated by the motion of a straiglzt line in space.
If a straight line can be drawn in any surface, we rnay suppose that
part of the surface which is on one side of the straight line to be fixed,
while the other part is turned about the straight line as an axis.
I n this way the surface may be bent. about any number of generating lines
as axes successively, till the form of every part of the surface is altered.
The mathematical conditions of this kind of bending rnay be obtained in
the following manner.
Let the equations of the generating line 'be ex~ressedso that the constants
involved in thern are functions of one independent variable u, by the variation of
which we pass from one position of the lime to another.
If in the equations of the generating line Aa, u = u,, then in the equations
of the Iine Bb we rnay put u=u,, and from the equations of these lines we
rnay find by the common methods the equations of the shortest line PQ between
Aa and Bb, and its length, which we rnay cal1 65. We rnay also find the
angle between the directions of A a and Bb, and let this angle be 80.
In the same way from the equations of
Cc, in which u = u,, we rnay deduce the equa- ,
tions of RS, the shortest line between Bb and
C
Cc, its length 85,, and the angle 80, between C
__-------3
the directions of Bb and Cc. We may also
Q
R
find the value of QR, the distance between B_---------a
the points a t which PQ and RS cut Bb.
Let QR=8c+,and let the angle between the
directions of PQ and RS be a+.
Now suppose the part of the surface between the lines Au and Bb to be
fixed, while the part between Bb and Cc is turned round Bb as an axis. The
line RS will then revolve round the point R, remaining perpendicular to Bb,
and Cc will still be at the same distance from Bb, and will make the same
angle with it. Hence of the four quantities 8&, 80,, 8 a and 84, 8+ alone will
be changed by the process of bending. 64, however, may be varied -in a
perfectly arbitrary manner, and may even be made to vanish.
4
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For, P Q and RS being both perpendicular to Bb, RS rnay be turned
about Bb till it is parallel to PQ, in which case 8+ becomes=O.
By repeating this process, we rnay make all the " shortest lines" parallel to
one another, and then all the generating l i e s will be parallel to the same
plane.
We have hitherto considered generating lines situated a t finite distances from
one another; but what we have proved will be equally true when their distances
are indefinitely diminished. Then in the limit
u,

"
- zc,

t
becomes d
-

du '

Al1 these quantities being functions of u, 5, 8, u and 4, are functions of u
and of each other ; and if the forms of these functions be known, the positions
of al1 the generating l i e s rnay be successively determined, and the equation
to the surface rnay be found by integrating the equations containing the values
of 5, 8, u and 4.
When the surface is bent in any manner about the generating lines, t 8,
is changed at every point.
and cr remain unaltered, but
The form of 4 as a function of u will depend on the nature of the
bending ; but since thii is perfectly arbitrary, #J rnay be any arbitrary function
of u. I n this way we rnay find the form of any surface produced by bending
the given surface dong its generating lines.
By making +=O, we make al1 the generating lines parallel to the same
plane. Let this plane be that of xy, and let the first generating line coincide
with the axis of x, then 5 will be the height of any other generating line
above the plane of xy, and 8 the angle which its projection on that plane
makes with the axis of x. The ultimate intersections of the projections of the
generating lines on the plane of xy will form a curve, whose length, measured
from the axis of x, will be W.
11-2

+
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Since in this case the quantities 5, 0, and a are represented by distinct
geometrical quantities, we rnay simplify the consideration of al1 surfaces generated
by straight lines by reducing thern by bending to the case in which those lines
are parallel to a given plane.
I n the class of surfaces in which the generating lines ultimately intersect,
d' -O, and 1 constant. If these surfaces be bent so that $=O, the whole of
du-

the generating lines will lie in one plane, and their ultimate intersections will
form a plane curve. The surface is thus reduced to one plane, and therefore
belongs to the class usually described as "developable surfaces." The fom of a
developable surface may be defined by means of the three quantities O, cr and
. The generating lines form by their ultimate intersections a curve of double
curvature to which they are al1 tangents. This cul-ve hm been called the
cuspidal edge. The length of this curve is represented by a, its absolute
de
d+
curvature a t any point by
, and its torsion at the same point by ZT
du
When the surface is developed, the cuspidal edge becomes a plane curve,
and every part of the surface coincides with the plane. But if does not follow
that every part of the plane is capable of being bent, into the original form
of the surface. This rnay be easily seen by considering the surface when the
position of the cuspidal edge nearly coincides with the plane curve but is not
confounded with it. It is evident that if from any point in space a tangent
can be drawn to the cuapidal edge, a sheet of the surface passes through that
point. Hence the number of sheets which pass through one point is the same
as the number of tangents to the cuspidal edge which pass through that
point ; and since the same is true in the limit, the number of sheets which
coincide a t any point of ,the plane is the same as the number of tangents
which can be drawn from that point to the plane curve. In constructing a
developable surface of paper, we must remove those parts of the sheet from
which no real tangents can be drawn, and provide additional sheets where more
than one tangent can be drawn.
In the case of developable surfaces we see the importance of attending to
the position of the lines of' bending; for though al1 developable surfaces may
be produced from the same plane surface, their distinguishing properties depend
on the form of the plane cuwe which determines the lines of bending

.
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II.
On the Bending of Surfmes of Revolution.

I n the cases previously considered, the bending in one part of the surface
may take place independently of that in any other part. In the case now
before us the bending must be simultaneous over the whole surface, and its
nature must be investigated by a di£€erent method.
The position of any point P on a surface of revolution may be determined by the distance P V from the vertex, measured
dong a generating line, and the angle AVO which
the plane of the generating line makes with a fixed
plane through the axis. Let P V = s and AVO= 8.
Let r be the distance (Pp) 'of P from the axis; r
will be a function of s depending on the form of the
generating curve.
Now consider the small rectangular element of the surface at P. Its length
PR = ss, and its breadth PQ =rM, mhere r is a function of S.
If in another surface of revolution r' is some other function of s, then the
length and breadth of the new element WU be 8s and rt8û', and if
,

r'=p.r, and

1
Y=-$,
LL

and the dimensions of the two elements will be the same.
Hence the one element may be applied to the other, and the one surface
-may be applied to the other surface, element t o element, by bending it. To
effect this, the surface must be divided by cutting it along one of the generating
lines, and the parts opened out, or made to overlap, according as p is greater
or less than unity.
To find the effect of this transformation on the form of the surface we
must find the equation to the original forrn of the generating h e in terms of
s and r, then putting r'= pr, the equation between s and r' will give the form
of the generathg line after bending. .
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When p is greater than 1 it mny happen that for some values of a, @ is
ds
1

greater than 5. In this case
P

dr'
--

dr

&-pz

is greater than 1;

a result which indicates that the curve becomes impossible for such values of
s and p.

The transformation is therefore impossible for the corresponding part of
the surface. If, however, that' portion of the original surface be removed, the
~emaindermay be subjected to the required transformation.

The theory of bending when applied to the case of surfaces of revolution
presents no geometrical dBiculty, and little variety; but when we pass t o
the consideration of surfaces of a more general kind, we discover the insufficiency
of the methods hitherto employecl, by the vagueness of Our ideas with respect
to the nature of bending in such cases. I n the former case the bending is
of one kind only, and depends on the variation of one variable; but the
surfaces we have now t o consider may be bent in an i d n i t e variety of ways,
depending on the variation of three variables, of which we do not yet know the
nature or interdependence.
We have therefore to discover some method sufficiently general to be applicable t o every possible case, and yet so definite as to limit each particular case
t o one kind of bending easily understood.
The method adopted in the foQowing investigations is deduced from the
consideration of the surface as the limit of the inscribed polyhedron, when the
size of the sides is indefinitely diminished, and their number indeniitely increased.
A method is then described by which such a polyhedron may be inscribed
in any surface so that all the sides shall be triangles, and a,ll the solid angles
composed of six plane angles.
The problem of the bending of such a polyhedron is a question of trigonometry, and equations might be found connecting the angles of the difl'erent
edges which meet in each solid angle of the polyhedron. It will be shewn that
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the conditions thus obtained would be equivalent to three equations between
the six angles of the edges belonging t o each solid angle. Hence three additional conditions would be necessary to determine the value of every such angle,
and the problem would remain as indefinite as before. But if by any nieans
we can reduce the nurnber of edges meeting in a point to four, only one condition would be necessary to determine them all, and the problem would be
reduced to the consideration of one kind of bendiig only.
This rnay be done by drawing the polyhedron in such a manner that the
planes of adjacent triangles coincide two and two, and form quadrilateral facets,
four of which meet in every solid angle. The bending of such a polyhedron
can take place only in one way, by the increase of the angles of two of the
edges which meet in a point, and the diminution of the angles of the other two.
The condition of such a polyhedron being inscribed in any surface is tlien
found, and it is shewn that when two forms of the same surface are giveii,
a perfectly definite rule rnay be given by which two corresponding polyhedrons
of this kind rnay be inscribed, one in each surface.
Since the Knd of bending completely defines the nature of the quadrilateral
polyhedron which must be described, the lines formed by the edges of the
quadrilateral rnay be taken as an indication of the kind of bending performed
on the surface.
,
These lines are therefore defined as " Lines of Bending."
When the lines of bending are given, the forms of the quadrilateral facets
are completely deterrnined ; and if we know the angle which any two adjacent
facets make with one another, we rnay determine the angles of the three edges
which meet it at one of its extremities. Frorn each of these we rnay find the
angles of three other edges, and so on, so that the form of the polyhedron
after bending will be completely determined when the angle of one edge is given.
The bending is thus made to depend on the change of one variable only.
. In this way the angle of any edge rnay be calculated from that of any
,given edge; but since this rnay be done in two difi'erent ways, by passing
along two different sets of edges, we must have the ,condition that these results
rnay be consistent with ench other. This condition is satisfied by the method
of inscribing the polyhedron. Another condition will be necessary that the
change of the angle of any edge due to a small change of the given angle,
produced by bending, rnay be the same by both dculations. This is the condition of " Instantaneous Lines of Bending." That this condition rnay continue
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to be satisfied during the whole process we must have anotlier, which is the
condition for "Permanent Lines of Bending."
The use of these lines of bending in simplifying the tlieory of surfaces is
the only part of the present method which is new, although the investigations
connected with them naturally led to the employment of other methods which
had been used by those who have already treated of this subject. A statement of the principal methods and results of these mathematicians will save
repetition, and will indicate the difîerent points of view under which the
subject rnay present itself.
The first and most complete memoir on the subject is that of M. Gauss,
already referred to.'
The method which he employs consists in referring every point of t,he
sui-face to a corresponding point of a sphere whose radius is unity. Normals
are drawn a t the several points of the surface toward the same side of it,
then lines drawn through the centre of the sphere in the direction of each of
these normals intersect the surface of the sphere in points corresponding to
those points of the original, surface a t which the normals were drawn.
If any line be drawn on the surface, each of its points will have a
corresponding point on the sphere, so that there will be a corresponding line
on the sphere.
If the line on the surface return into itself, so as to enclose a h i t e area
of the surface, the corresponding curve on the sphere will enclose an area on
the sphere, the extent of which will,depend on the form of the surface.
This area on the sphere has been defined by M. Gauss as the measure of
the " entire curvature " of the area on the surface. This mathematical quantity
is. of great use in the theory of surfaces, for it is the only quantity connected
with curvature which is capable of being expressed as the sum of all its parts.
The sum of the entire cumatures of any number of areas is the entire
curvature of their sum, and the entire curvature of any area depends on the
form of its boundary only, and is not altered by any change .in the form of
the surface within the boundary line.
The curvature of the surface may even be discontinuous, so that we may
. .
speak of the entire curvature of a portion of a polyhedron, and calculate its
amount.
If the dimensions of the closed curve be diminished so that it may be
treated as an element of the surface, the ultimate ratio of the entire curvature
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t o the area of the element on the surface is taken as the measure of the
speciftc ourvature" at that point of the surface.
The terms " entire" and '' specific" curvature when iised in this paper are
adopted from M. Gauss, although the use of the sphere and the areas on its
surface fonned an essential part of the original design. The use of these terms
will Save much explanation, and supersede several very cumbrous expressions.
M. Gauss t h k proceeds to find several analytical expressions for the measure
of specific curvature a t any point of a surface, by the consideration, of three
points very near each other.
The CO-ordinatesadopted are first rectangular, x and y, or x, y and z, being
regarded as independent variables.
Then the points on the surface are referred to two systems of curves drawn
on the surface, and their position is defined by the values of two independent
variables p and p, such that by varying p while q remains constant, we obtain
the difFerent points of a line of the first system, while p constant and q
variable defines a line of the second system.
By means of these variables, points on the surface may be referred to lines
on the surface itself instead of arbitrary CO-ordinates,and the meaaure of curvature may be found in terms of p and q when the surface is known.
I n this way it is shewn that the specific curvature at any point is the
reciprocal of the product of the principal radii of curvature a t that point, a
result of great interest.
From the condition of bending, that the length of any element of the
curve must not be altered, it is shewn that the specXc curvature a t any point
i s not altered by bending.
The rest of the memoir is occupied with the consideration of particular
modes of describing the two systems of lines. One case is when the lines of
the k t system are geodesic, or " shortest" lines having their origin in a, point,
and the second system is drawn so as to eut off equal lengths from the curves
of the first system.
The angle which the tangent a t the origin of a lie of the first system
makea with a fixed line is taken as one of the CO-ordinates,and the distance
of the point meaaured dong that line as the other. .
. It is shewn that the two systems intersect a t right angles, and a simple
expression is f o n d for the specifk curvature a t any point.
M. Liouville (Journal, Tom. XII.) has adopted a dserent mode of simpli'#

k
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fying the problem. He has shewn that on every surface it is possible to find
two systems of curves intersecting a t right angles, such that the length and
breadth of every element into which the surface is thus divided shall be equal,
and that an i n h i t e number of such systems rnay be found. By means of these
curves he has found a much simpler expression for the specific curvature than
that given by M. Gauss.
He has also given, in a note to his edition of Monge, a method of testing
two given surfaces in order to determine whether they are applicable to one
another. He first draws on both surfaces lines of equal specific curvature, and
determines the distance between two correspondhg consecutive lines of xurvature
in both surfaces.
If by assuming the origin properly these distances can be made equal for
every part of the surface, the two ~urfacescan be applied to each other. He
has developed the theorem analytically, of which this is only the geometrical
interpretation.
Wheri the lineg of equal specific curvature are equidistant throughout their
whole length, as in the case of surfaces of revolution, the surfaces may be
applied to one another in an infinite variety of ways,
When the specific curvature a t every point of the surface is positive and
equal to aa, the surface rnay be applied to a sphere of radius a, and when the
specific curvature is negative = -aa it rnay be applied t o the surface of revolution which cuts at right angles al1 the spheres of radius a, and whose centres
are in a straight line.
M. Bertrand has given in the XIIIth Vol. of Liouville's Journal a very
simple and elegant proof of the theorem of M. Gauss about the product of
the radii of curvature.
He supposes one extremity of an inextensible thread to be fixed a t a point
in - a surface, and a closed curve to be described on the surface by the other
extremity, the thread being stretched all the while. It is evident that the
length of such a curve cannot be altered by bending the surface. He then
calculates the length of this curve, considering the length of the thread small,
and finds that it depends on the product of the principal radii of curvature
of the surface at the fixed point. Ris memoir is followed by a note of
M. Diguet, who deduces the same result fmm a consideration of the area of
the same curve ; and by an independent memoir of M. Puiseux, who seems t o
give the same proof at somewhat greater length.
'
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NOTE. Since this paper was written, 1 have seen the Rev. Professor Jellett's Memoir, On
the Properties of Ineztensible Surfaces. It is to be found in the Transactions of the Royal I ~ X L
Academy, Vol. X X I I . Science, &c., and was read May 23, 1853.
Professor Jellett has obtained a system of three partial differential equations which express
the conditions to which the displacements of a continuous inextensible membrane are subject.
From these he has deduced the two theorems of Gauss, relating to the iavariability of the product
of the radii of curvature at any point, and of the " entire curvature" of a finite portion of the
surface.
He has then applied his method to the consideration of cases in which the flexibility of the
surfact! is limited by certain conditions, and he has obtained the following results :If the displacements of an inextensible surface be al1 parallel to t h same plane, the surface
moves as a mgid body.

Or, more generally,
I f the movement of an inextensible surface, parallel to any one line, be that of a rigid body, the
entire movement is that of a rigid body.
The following theorems relate to the case in which a curve traced on the surface is rendered
rigid :I f any curua be traced upon an inextem'ble surface whose principal radii of curvature are Jinite
and of the same sign, and i f this curve be rendered immoveable, the entire surface will become
imn~oveablealso.
I n a developable surface composed of an inextensible membrane, any one of its rectilinear
sections may be fied without destroying the jexibility of th membrane.

In convexo-concave surfaces, there are two directions passing through e v e y point of the
surface, such that the curvature of a normal section taken in these directions vanishes. We
may therefore conceive the entire 'surface to be crossed by two series of curves, such that
a tangent drawn to either of them at any point shall coincide with one of these directions. These curves Professor Jellett has denominated Cumes of Flexure, from the following
properties :Amy cumte of j?e;rmre rnay be jîxed without destroying the jexibility of the surface.
I f an arc of a m e traced upon an inextensible surface be rendered fied or rigid, the entire of
the quadrilateral, forrned by drawing the two curves of jlexure through each extrernz'ty of the cumie,
becornes jîxed or rigid also.
Professor Jellett has also investigated the properties of partially inextensible surfaces, and
of thin material laminæ whose extensibility is s m d , and in a note he has demonstrated the
following theorem :If a closed mal surface be perfectly ineatmsible, ét is also perfectty I-igid.
A demonstration of one of Professor Jellett's theorems will be found at the end of this paper.

J. c. M.
Aecg. 30, 1854.
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ON

THE PROPERTIES O F A

SURFACE
CONSIDERED

AS THE LIMIT OF THE INSCRIBED

1. To inscribe a polyhedron i n a giuen surface, al1 whose sides shall be
triangles, and al1 whose solid angles shall be hexahedral.

On the given surface describe a series of curves
according to any assumed law. Describe a second series
intersecting these in any manner, so as t o divide the
whole surface into quadrilaterals. Lastly, describe a
-.
third series (the dotted lines in the figure), so as to
p a s through all the intersections of the first and second
series, formiig the diagonals of the quadrilaterals.
The surface is now covered with a network of curvilinear triangles. The
plane triangles which have the same angular points will form a polyhedron
fulfilling the required conditions. By .increasing the number of the curves in
each series, and diminishing their distance, we may make the polyhedron
approximate to the surface without limit. At the same .tirne the polygons
formed by the edges of the polyhedron will approximate to the three systems
of intersecting curves.

To jnd the rneasure of the "entire curvature" of a solid angle of the
polyhedron, and of a Jinite portion of its surface,
2.

From the centre of a sphere whose radius is unity draw perpendiculars to
the planes of the six sides forming the solid angle. These lines will meet the
surface in six points on the same side of the centre, which being joined by
arcs of great circles will form a hexagon on the surface of the sphere.
The area of this hexagon represents the entire curvature of the solid angle.
It is plain by spherical geometry that the angles of thii hexagon are the
supplements of the six plane angles which form the solid angle, and that the
arcs forming the sides are the supplements of those subtended by the angles
of the six edges formed by adjacent aides.
The area of the hexagon is equal to the excess of the sum of its angles
above eight right angles, or to the defect of the sum of the six plane angles
from four right angles, which is the same thing. Since these angles are
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invariable, the bendiig of the polyhedron cannot alter the measure of curvature
of each ,of its solid angles.
If perpendiculars be drawn to the sides of the polyhedron which contain
other solid angles, additional points on the sphere wiU be found, and if these
be joined by arcs of great circles, a network of hexagons will be formed on
the sphere, each of which corresponds to a solid angle of the polyhedron and
represents its " entire curvature."
The entire curvature of any assigned portion of the polyhedron is the sum
of the entire curvatures of the solid angles it contains. It is therefore represented by a polygon on the sphere, which is composed of al1 the hexagons
corresponding t o its solid angles.
If a polygon composed of the edges of the polyhedron be taken as the
boundary of the assigned portion, the sum of its exterior angles will be the
same as the sum of the exterior angles of the polygon on the sphere; but
the area of a spherical polygon is equal to the defect of the sum' of its
exterior angles from four right angles, and this is the measure of entire curvature.
Therefore the entire curvature of the portion of the polyhedron enclosed
by the polygon is equal to the defect of the sum of its exterior angles from
four right angles.
Since the entire curvature of each solid angle is unaltered by bending,
that of a finite' portion of the surface must be also invariable.
,

On the " Conic of Contact," and its use in determining the curvature
of normal sections of a surface.
3.

Suppose the plane of one of the triangular facets of the polyhedron to
be produced till i t cuts the surface. The form of the curve of intersection
~vill depend on the nature of the surface, and when the size of the triangle
is indefinitely diminished, it will approximate to the form of a conic section.
For we may sbpose a surface of the second order constructed so as to
have a contact of the second order with the given surface a t a point within
the angular points of the triangle. The curve of intersection with this surface
will be the conic section t o which the other curve of intersection approaches.
This curve will be henceforth called the "Conic of Contact," for want of a better
name.
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To $ml the radius of curvatwe of a nornzcll section
of the surface.
Let ARa be the conic of contact, C its cent.re, and
CP perpendicular to its plane. rPR a normal section, and
O its centre of curiature, then

=

in the lirnit, when CR And PR coincide,

' ,1

or calling CP the "sagitta," we have this theorein:
"The radius of curvature' of a normal section is equal to the square of:
the corresponding diameter of the conic of contact divided by eight times the
sagitta."
4.

To inscribe a polyhedron in cc given surface, al1 tuhose sides shali be

plun,e puadrilatemb, and al1 whose solid angles shall be tetrahedral.
Suppose the three systems of curves drawn as described in sect. (l), then
each of the quadrilaterals formed by the intersection of the first and second
systems is divided into two triangles by the third system. If the planes of
these two triangles coincide, they form a plane quadrilateral, and if every such
pair of triangles coincide, the polyhedron will satisfy the required condition.
Let abc be one of these triangles, and acd the
I
I
other, which is t o be in the same plane with abc.
Then if the plane of abc be produced to meet the
surface in the conic of contact, the curve will pass
through abc and d. Hence abcd n ~ u s tbe a quadrilateral inscribed in the conic of contact.
But since ab and dc belong to the same system of curves, they will be
ultimately parallel when the size of the facets is diminished, and for a similar
reaaon, ad and bc will be ultimately parallel. Hence abcd will become a parallelogram, but the sides of a parallelogram inscribed in a conic are parallel to
conjugate diameters.

y@--
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Therefore the directions of two curves of the first and second system at
their point of intersection must be parallel to two conjugate diameters of the
conic of contact at that point in order that such a polyhedron may be inscribed.
Systems of curves intersecting in this manner will be referred to as "conjugate systems."
5. On the elementary conditions of the applicability

of

two surfaces.

It is evident, that if one surface is capable of being applied to another by
bending, every point, line, or angle in the h s t .has its corresponding point, line,
or angle in the second.
If the transformation of the surface be effected without the extension or
contraction of any part, no line drawn on the surface can experience any change
in its length, and if this condition be fulfiued, there can be no extension or
contraction.
Therefore the condition of bending 2, that if any line whatever be drawn
on the first surface, the corresponding curve on the second surface is equal to it
in length. AU other conditions of bending may be deduced from this.
6. If two curves on the Jirst surjace Zntersect, the corresponding curves on the

second surface intersect at the same angle.
On the first surface draw any curve, so as to form a t~iangle with the
curves already drawn, and let the sides of this triangle be indefinitely diminished, by making the new curve approach to the intersection of the former
curves. Let the same thing be done on the second surface. We shall then
have two corresponding triangles. whose sides are equal each to each, by (5),
and since their sides are indefinitely small, we may regard them as straight
lines. Therefore by Euclid I. 8, the angle of the f i s t triangle formed by the
intersection of the two curves is equal to the corresponding mgle of the second.

7. At any given point of the jîrst surfme, two directions can be found, which
Ccre coyùgute to each other with respect to the conic of contact at that point, and
continue to be conjugate to euch other when the jîrst su~rfàcei s transfoormed into the
second.
For let the first surface .be transferred, without changing its form, to a
position such that the given point coincides with the corresponding point of the
second surface, and the normal to the first surface coincides with that of the
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second at the same point. Then let the f i s t surface be turned about the normaI
as an axis till the tangent of any line through the point coincides with the
tangent of the corresponding line in the second surface.
Then by (6) any pair of corresponding lines passing through the point will
have a common tangent, and will therefore coincide in direction a t that point.
If we now draw the conics of contact belonging to each surface we ahall
have two conics with the same centre, and the problem is to determine a pair
of conjugate diameters of the first which coincide with a pair of conjugate
diameters of the second. The analytical solution gives two directions, real,
coincident, or impossible, for the diameters required.
I n Our investigations we can be concerned only with the case in which these
directions are real.
When the conics intersect in four points, P, Q, R, S, PQRS ici, a parallelogram inscribed in both conics, and the axes CA, CB,
parallel to the sides, are conjugate in both conics.
A
If the conics do not intersect, describe, through any
point P of the second conic, a conic similar to and conB
centric with the first. If the conics intersect in four
points, me must proceed as before; if they touch in two
points, the diameter through those points and its conjugate must be taken. If they intersect in two points only,
then the problem is impossible; and if they coincide
altogether, the conics are similar and similarly situated,
and the problem is indeterminate.

Two surfaces being @en as before, one pair of conjugate systems of
curves may be drawn on the Jimt surface, which shall correspond to a pair of
conjugate systems on the second surface.
8.

By article (7) we may find a t every point of the first surface two
directions conjugate to one another, corresponding t o two conjugate directions on
the second surface. These directions indicate the directions of the tmo systems
of curves which pass through that point.
Knowing the direction which every curve of each system must have a t every
point of its course, the systems of curves may be either drawn by some direct
geometrical method, or comtructed from their equations, which may be found by
solving their differential equations.
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Two systems of curves being drawn on the first surface, the corresponding
systems rnay be drawn on the second surface. These systems being conj'ugate
to each other, f&l the condition of Art. (4), and rnay therefore be made the
means of constructing a polyhedron with quadrilateral facets, by the bending of
which the transformation rnay be effected.
These systems of curves will be referred to as the "first and second systems
of Lines of Bending."
9.

General considerations applicable to fines of Bending.

It has been shewn that when two forms of a surface are given, one of
which rnay be transformed into the other by bending, the nature of the lines
of bending is completely determined. Supposing the problem reduced to its
analytical expression, the equations of these curves would appear under the
form of double solutions of diierential equations of the first order and second
degree, each of which would involve one arbitrary quantity, by the variation of
which we should pass from one curve to another of the same system.
Hence the position of any curve of either system depends on the value
assumed for the arbitrary constant; to diatinguish the systems, let us cal1 one
the first system, and the other the second, and let al1 quantities relating t o
the second system be denoted by accented letters.
Let the arbitrary constants introduced by integration be u for the first
system, and u' for the second.
Then the value of u will determine the position of n curve of the first
' will
system, and that of u' a curve of the second system, and therefore u and u
auffice to determine the point of intersection of these two curves.
Hence we rnay conceive the position of any point on the surface to be
determined by the values of u and u' for the curves of the two systems which
.
intersect a t that point.
By taking into account the equation t o the surface, we rnay suppose x, y,
and z the CO-ordinat,esof any point, to be determined a,s functions of the two
variables u and u'. This being done, we shall have materials for calculating
everything connected with the surface, and its lines of bending. But before
entering on such calculations let us examine the principal properties of these lines
which we must take into account.
Suppose a series of values to be given to u and u', and the correspondiig
curves t o be drawn on the surface.
VOL. I.
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The surface will then be covered with a system of quadrilateïals, the size
of which rnay be diminished indefinitely by interpolating values of u and u'
between those already assumed; and in the limit each quadrilateral may be
regarded as a parallelogram coinciding with a facet of the inscribed polyhedron.
The length, the breadth, and the engle of these parallelograms will vary a t
different parts of the surface, and will therefore depend on the values of u
and u'.
The curvature of a line drawn on a surface rnay be investigated by considering the curvature of two other lines depending on it.
The first is the projection of the line on a tangent plane to the surface a t
a given point in the liiie. The curvature of the projection at the point of
contact rnay be cdled the ta,ngentiul curvature of the line on the surface. It
h a also been called the geodesic curvature, because it is the measure of its
deviation from a geodesic or shortest line on the eurface.
The other projection necessary to d e h e the curvature of a line on the
surface is on a plane passing through the tangent to the curve and the normal
t o the surface a t the point of contact. The curvature of this projection a t that
point rnay be called the normal cuwature of the line on the surface.
It is easy to shew that this normal curvature is the same as the curvature
of a normal section of the surface passing through a tangent to the curve at
the same point.

10. General considerations applicable to the inscribed polyhedron.

When two series of lines of bending belonging to the first and second systems
have been described on the surface, we may proceed, as in Art. (l), t o describe,
a third series of curves so as to pass through al1 their intersections and form
the diagonals of the quadrilaterals formed by the first pair of systems.
Plane triangles rnay then be constituted within the surface, having these
points of intersection for angles, and the size of the facets of this polyhedron rnay
Ise diminished indefinitely by increasing the number of curves in each seriee.
But by Art. (8) the first and second systems of lines of bending are conjugate to each other, and therefore by Art. (4) the polygon just constructed will
have every pair of triangular facets in the same plane, and rnay therefore be
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considered as a polyhedron with plane quadrilateral facets al1 whose solid angles
are formed by four of these facets meeting in a point.
When the ndmber of curves in each system is increased and their distance
diminished indefinitely, the plane facets of the polyhedron will ultimately coincide
with the curved surface, and the polygons formed by the successive edges between
the fxets, will coincide with the h e s of bending.
These quadrilaterals may then be considered as parallelograms, the length
of which is determined by the portion of a curve of the second system intercepted between two curves of the h s t , while the breadth is the distance of
two curves of the second system measured along a curve of the first. The
expressions for these quantities wiil be given when we come to the calculation of
Our results along with the other particulars which we o d y specify a t present.
The angle of the sides of these parallelograms will be ultimately the same
as the angle of intersection of the f i s t and second systems, which we may
cal1 +; but if we suppose the dimensions of the facets to be small quantities
of the first order, the angles of the four facets which meet in a point will differ
from the angle of intersection of the curves at that point by small angles of
the h s t order depending on t'he tangential curvature of the lines of bending.
The sum of these four angles will difTer from four right angles by a small
angle of the ~econdorder, the circular measure of which expresses the entire
curvature of the solid angle as in k t . (2).
The angle of inclination of two adjacent facets will depend on the normal
curvature of the lines of bending, and will be that of the projection of two consecutive sides of the polygon of one system on a plane perpendicular to a side
of the other system.
11. Explanation of

the Notation to be employed in calculation.

Suppose each system of lines of bendk g to be determined by an equation containing one arbitrary parameter.
Let this parameter be u for the &st
system, and 21' for the second.
Let two curves, one from each system,
be selected as curves of reference, and let
their parameters be u, and u',.
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Let ON and OM in the figure represent these two curves.
Let PM be any curve of the h s t system whose parameter is u, and PN
any curve of the second whose parameter is u', then their intersection P may
be defined as the point (u, u'), and al1 quantities referring to the point P may
be expressed as functions of u and u'.
Let PN, the length of a curve of the second system (u'), fiom N (u,) to P
(u), be expressed by s, and PM the length of the curve (u) from (u',) to (u'), by
,'Y. then s and s' will .be functions of u and u',
Let (u +Su) be the parameter of the curve QV of the first system consecutive to PM. Then the length of PQ, the part of the curve of the second system
intercepted between the curves (u) and ( u t S u ) , will be
ds

-& Su.
Similarly PR may be expressed by

d-, Su'.

du

These values of PQand PR will be the ultimate values of the length and
breadth of a quadrilateral facet.
The angle between these lines will be ultimately equal t o +, the angle of
intersection of the system; but when the values of Su and Su' are considered as
finite though amd, the angles a, b, c, d of the facets which form a solid angle
will depend on the tangential curvature of the two systems of lines.
Let 1. be the tangential curvature of a curve of the first system a t the
given point measured in the direction in which u increases, and let r', that of the
second system, be measured in the direction in which u' increases.

Then we shall have' for the values of the four plane angles which meet a t .P,

b=+
c=n-+-

d=+
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1 ds'
+--Su'+Zr du'

1 ds

-8u,
2r' du

1 ds'
, 1 ds
- - Su
--Su,
Zr du'
Zr' du

+

1 ds'
---Su0---

2~ du'

1 ds
2 ~ du
' SU.

These values are correct as far as the h
t order of small quantities. Those
corrections which depend on the curvature of- the surface are of the second order.
Let p be the normal curvature of a curve of the first system, and p' that
of a curve of the second, then the inclination 1 of the plane facets a and b,
separated by a curve of the second system, will be

I=-

i

psin

4

ds'
du

-au',

as far as the f i s t order of s m d angles, and the inclination 2' of b and c will be
E ' 1 = ds
p' sin 4 du
to the same order of exactness.

-au

12.

On the corresponding polygon on the surjâce of the sphere

of rofrence.

By the method described in Art. (2) we may
find a point on the sphere corresponding to each
facet of the polyhedron.
I n the annexed figure, let a, b, c, d be the
points on the sphere corresponding to the four facets
which meet at -the aolid
P. Then the area
of the spherical quadrilateral a, b, c, d will be the
memure of the entire curvature of the solid angle P.
This area is measured by the defect of the sum of the exterior angles
from four right angles ; but these exterior angles are equal to the four angles
a, b, c, d, which form the solid angle P, therefore the entire curvature is
measured by
k=2n-(a+b+c+d),
Since a, b, c, d are invariable, it is evident, as in Art. (2), that the entire
curvature at P is not altered by bending.
By the last article it appears that when the facets are s m d the angles b
and d are approximately equal to
and a and c to (T-#), and since the sides
of the quadrilateral on the sphere are small, we may regard it as approximately
a plane parallelogram whose angle hm?=
The sides of this parallelogram will be 1 and 17, the supplements of the
angles of the edgea of the polyhedron, and we may therefore express its area
as a plane parallelo,pm
k =ZP sin

+,

+.

+.
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By.the expression for 1 and P in the last article, we find
1
ds ds'
k = pp' sin
- - 6u 6 t i
du du'

+

for the entire curvature of one solid angle.
Since the whole number of solid angles is equal t o the whole number of
facets,' we may suppose a quarter of each of the facets of which it is composed
t o be assigned t o each solid angle. The area of these will be the same as that
of one whole facet, namely,
ds ds'
sin $I ,
du du' Su Su' ;
therefore dividing the expression for 7c by this quantity, we find for the value
of the specific curvature a t P
1
'=pp'

&2+;

which gives the specific curvature in terms of the normal curvatures of the
limes of bending and their angle of intersection.
13. Further reductim of th& expression by nzeans of the
tact,>' as deJined in Art. (3).

" Co& of Con-

Let a and b be the semiaxes of the conic of contact, and h the sagitta,
or perpendicular to its plane from the centre to the surface.
Let CP, CQ be semidiameters parallel to the
l i e s of bending of the first and second systerns, and
therefore conjugate to each other.

CP"

By(&*3),
.

p=fT,

-

,

and p'=+-; eV
h

and the expression for p in Axt. (12), becomes

But CP .CQ sin 4' is the area of the parallelogram ,CPRQ, which is one
quarter of the circumscribed p m a l l e l o ~ , and therefore by a well-known
theorem
CP CQ sin+=ab,

.
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and the expression for p becomes

or if the area of the circumscribing parallelogram be called A,

pz-i6h9
A"
The principal radii of curvature of the surface are parallel to the axes of
the conic of contact. Let R and 22' denote these radii, then
bz
R = + aZ and R=f p
and therefore substituting in the expression for p,
1

or t h e specific curvature is the reciprocal of the product of the principal radii
of ciirvature.
This remarkable expression was introduced by Gauss in the memoir referred
to in a former part of this paper. His method of investigation, though not
so elementary, is more direct than that here given, and will shew how this
result can be obtained without reference to the geometrical methods necessary
t o a more extended inquiry into the modes of bending.
14. On the variation of normal curvature of the lines of bending ns we p a s
from one point of the surface to another.
W e have determined the relation between the normal curvatures of the
-lines of bending of the two systems a t their points of intersection; we have
now to find the variation of normal curvature when we pass from one line of
the h s t system to another, along a line of the second.
I n analytical language we have to h d the value of

Referring to the figure in Art. (Il), we shall see that this may be done
if we can determine the diierence between the angle of inclination of the
facets a and b, and that of c and d : for the angle E between a and b is

E=-
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and therefore the difference between the angle of a and b and that of c and d is

d2
al=--du

zu=

-

( ' + du'd s ' ) ~ u 8 2 i ;

du p sin

-

whence the differential of p with respect to u may be found.

We must therefore find 81, and this is done by means of the quadrilateral
on the sphere described in Art. (12).
15.

To Jind the values of 61 and 61'.

In the annexed figure let 'abcd represent the srnall quadrilateral on the surface
of the sphere. The exterior angles a, b,
c, d are equal t o those of the four facets
whioh meet a t the point P of the surface,
and the aides represent the angles which
the planes of those facets make with each
other ; so that

crb=l,

/

7,

b c = q cd=l+SZ,

da=6+61',

and the problem is to determine SI and 8Z' in terrns of the sides 1 and l' and
the angles a, b, c, d.

On the sides ba, bc complete the parallelogram abcd.
Produce ad to p, so that ap=a8.
Make

cg= cd and join dq.

then

SZ =cd -ab,
= cq -CS,

Join 8p.

= - (qo 4- os).

qo = pd tan qdo

Now

=cd

sin qcd cot qod,

but cd = 1 nearly, sin qcd = qcd = (c + b - s) and pod = ;

:.
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Also os=-

PS
sin 6cp

1
=a8 (8ap) sin

+

=Z'(a+b-T)

1

+

sin '

Substituting the values of a, b, c, d from Art. (Il),

61 = - (PO

+ 08)

Findy, substituting the values of 1,,'Z and 61 from Art. (Id),
ds
- ds')b8u'u'=----cot 4 ds' 1 -&wl
p sin du' r' du
p' sin'+ du T du'
du p sin du'
which may be put under the more convenient form
d
d
1 ds'
1 ds
s -* 1
-l d-du
( i o g p ) = ~ l o g ( - sin -)+7;i;lcot++f
du'
p' r du sin '
and from the value of 81' we may similady obtain

( +

+

+

d

du' (log

d

1

+

+

ds

=- du)
-+
ciut log. (sin
zc'

1 ds'
cot
dd

ds'
1
++-pp' r1 -du
, sin+'
7

We m& simplifjr these equations by putting p for the specific curvature of

the surface, and q for the ratio

P , which is the on17 quantity altered bp bending.

P

We have then
1

P=pp's;n'+' and q=,, P
whence pa=
and th9 equations become
d
du

1

q p sin.+>

P
1

P=p

1

2ds

1

r du
2 &

-.-1

-1

In this way we may reduce the problem of bending a surface to the.
consideration of one variable p, by means of the lines of bending.
VOL. 1:
14
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To obtain the condition of Instantaneous lines of bending.

We have now obtained the values of the differential coefficients of q with
respect to each of the variables u, u'.
From the equation

d2
d2
du
du' (log 2) =
(logq),
we might find an equation which would give certain conditions of lines of
bending. These conditions however would be equivalent to those which we have
already assumed when we drew the systems of lines so as to be conjugate to
each other.
To find the tme conditions of bending we must suppose the form of the
surface to Vary continuously, so as to depend on some variable t which we
may call the 'tirne.
Of the different quantities which enter into our equations, none are changed
by the operation of bending except q, so that in differentiating with respect
to t ali the rest may be considered constant, q being the only variable.

mu

DifTerentiating the equations of last article with respect t o t, we obtain

Whence

and

2 ds'
.

dg
dudu'dt (1% P) =
1 d
logq);~(logq)

ds' 1 1 d
+ -r2,du
,
-sin+ q dudt (1% q),

two independent values of the same quantity, whence the required conditions
may be obtained.
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Substituting . in these equations the values of those quantities which occur
in the original equations, we obtain
2 ds'
ni*{b
r du du' log ('r$,+) +racot+}

)

- + ~ ~ { ~ l o g ( p r ' ~ s i+--cot+
n#2d
+dus

I-

,

which is the condition which must hold at every instant during the process of
bending for the lines about which the bending takes place a t that instant.
When the bending is such that the position of the lines of bending on the
surface alters at every instant, this is the only condition which is required.
It is therefore called the condition of Instantaneous lines of bending.
17.

To Jind the condition of Permanent lines of bending.

Since p changes with the t h e , the equation of last article d l not be
satisfied for any finite t h e unless both aides are separately equal to zero. In
that case we have the two conditions
2 ds'
+-) T d d cot + = 0,

d
du,log pg sin+
ds

(

lds'
or --=o.
r du
d
-log
du .

ds'

(pT'd21'B~

2 ds
+)+2UI;;COt+=~,

1 ds'
or - - -0.
r' du' -

...................
(1)

...................
(4

If the lines of bending satisfy these conditions, a h i t e amount of bending
may take place without changing the position of the system on the surface.
Such lines are therefore called Permanent lines of bending.
The only case in which the phenomena of bending may be exhibited by
means of the polyhedron with quadrilateral facets is that in which permanent
lines of bending are chosen as the boundai-ies of the facets. In all other cases
the bending takea place about an instantaneous system of lines which is cont i n u d y in motion with respect to the surface, so that the nature of the polyhedron would need to be altered a t every instant.
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We are now able to determine whether any system of lines drawn on a
given surface is a system of instantaneous or permanent lines of bending.
We are also able, by the method of .Article (8), to deduce from two consecutive forms of a surface, the lines of bending about which the transformation
must have taken place.

If our analytical methods were s&ciently

powerful, we might apply our
results to the determination of such systems of lines on any known surface, but
the necessary calculations even in the simplest cases are so complicated, that,
even if useful results were obtained, they would be out of place in a paper of
this kind, which is intended to afford the means of forming distinct conceptions
rather than to exhibit the results of mathematical labour.

On the application of the ordinary methods of acncclytkaï geometry to the
consùkration of lines of bending.
18.

It may be interesting to those who rnay hesitate to accept results derived
from the consideration of a polyhedron, when applied to a curved surface, t o
inquire whether the same results may not be obtained by some independent
method.
As the following method involves only those operations which are most
farniliar to the analyst, it will be sufFicient to give the rough outline, which may
be Glled up a t pleasure.
The proof of the invariability of the specific curvature may be taken from
any of the memoirs above referred to, and its value in terms of the equation of
the surface will be found in the memoir of Gauss.
Let the equation to the surface be put under the form

z=f @Y),
then the value of the specific curvature is

The definition of conjugate system of curves rnay be rendered independent
of the reasoning formerly employed by the following~modification.
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Let a tangent plane move along any line of the first system, then if the line
of ultimate intersection of this plane with itself be always a tangent to some line
of the second system, the second system is said to be conjugate to the h t .

It is easy to show that the fmt system is also conjugate to the second.
Let the system of curves be projected on the plane of xy, and at the point
(x, y) let a be the angle which a projected curve of the f i s t system makes with
the axis of cc, and p the angle which the projected curve of the second system
Then the condition
which intersects it at that point makes with the same &.
of the systems being conjugate will be found to be
dzz
8 2
dzz
-cosacosB+-sin(a+p)+-sinasinp=o;
dxdy
dY'

dx"

and p being known as functions of x and y, we may determine the nature
of the curves projected on the plane of xy.

a

'

Supposing the surface 'to touch that plane at the origin, the length and
tangential curvature of the lines on the surface near the point of contact may
be taken the same as those of their projections on the plane, and any change
of form of the surface due to bending will not alter the form of the projected
lines indefhitely near the point of contact. We may therefore consider z as the
only variable altered by bending; but in order to apply Our analysis with facility,
we may assume

d2z
-dxdy - - PQsin a cos a - PQ-'sin p cos p,

It will be seen that these values satisfy the condition last given.
origin we have

and q = &-'.
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d2z
$2
DXerentiating these values of -, &c., we s h d obtain two values of dx"
d* dy
$2

1

and of - which being equated will give two equations of condition.
d x dya
Now if s' be measured along a curve of the fhst system, and R be any
fundion of x and y, then

dR dR
dR .
-=- COS^+-slna,
ds'
dx
d~
d B d B ds'
and , = -i d u dsdu"
We may also show that
da

and that cos a --sin a

da

d

dy
By substituting these values in the equations thus obtained, they are
reduced to the two equations given a t the end of (Art. 15). This method of
investigation introduces no difliculty except that of somewhat long equations, and
is therefore satisfactory a4 supplementary to the geometrical method given at
length.
As an example of the method given in page (2), we may apply it to
the cage of the surface whose equation is

This surface may be generated by the motion of a straight line whose
equation h of the form

t being the variable, by the change of which we pass from one position of the

line to another. This line always passes through the circle
z=0,
and the straight lines x =c,
and z=-C,

d+y"=a9,
x = O,

y=O,

which may therefore be taken as the directors of the surface.
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Taking two consecutive positions of this line, in which the values of t
are t and t +8t, we may h d by the ordinary methods the equation to the
shortest line between them, its length, and the CO-ordinatesof the point in which
it intersects the first line.
Calling the length S[,
65 =

Jaa+
ac

sin 264

and the CO-ordinatesof the point of intersection are
x=2acosst,

y=2asigt,

z=-ccos2t.

The angle 60 between the consecutive lines is

se =

a

st.

Jaa+ca

The distance 6~ between consecutive shortest lines is
3aa+ 2c'
6u = -sin 2t 6t,
Jal +cg
and the angle S+ between these latter lines is

Hence if we suppose 5, 8, a ,
integration

+,

and t to vanish together, we shall have by

ac

-(1- cos 2t),
5 = 2 Jaa
+ca

a=

3aa+ 2c"

-(1- cos 2t),
2daa+8

+

By bendiig the surface about its generating lines we alter the value of
in any manner without changing 5, 8, or u. For instance, making +=O, all the
generating lines become p d e l to the same plane. Let this plane be that of
xy, then (: iB the distance of a generating line from that plane. The projections
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of the generating lines on the plane of xy d l , by their ultimate intersections,
form a curve, the length of which is measured by a, and the angle which its
tangent makes with the a,xis of x by 8, 8 and a being connected by the equation

which shows the curve to be an epicycloid.
The
tangents
dong a
tangents

generating lines of the surface when bent into this form are therefore
to a cylindrical surface on an epicycloidal base, .touching that surface
curve which is always equally inclined to the plane of the base, the
themselves being drawn parallel to the base.

W e may now consider the bending of the surface of revolution

&&
+z)ij=c f .
Putting r =Jxa+

then the equation of the generating line is
f +&ct.

This is the well-known hypocycloid of four cusps.
Let s be the length of the curve measured nom the cusp in the axis of z,
then,
s = +cV,

wherefore,

r=

($yc-a 2.

Let 0 be the angle which the plane of any generating line makes with
that of xz, then s and 8 determine the position of any point on the surhce.
The length and breadth of an element of the surface will be 8s and rSB.
Now let the surface be bent in the manner fonnerly described, so that 0
becomes û', and r, r', when

&=PO

1

and r'=-r,
P

The equation between r' and s being of the same form as that between
r and s shows that the surface when bent ia similar t o the original surfm, its
dimensions being multiplied by ps.
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This, however, is t m e only for one half of the surface when bent. The
other half is precisely symmetrical, but belongs t o a surface which is not continuous with the &st.
The surface in its original form is divided by the plane of xy into two
parts which meet in that plane, forming a kind of cuspidal edge of a circular
form which limits the possible value of s and T.
After being bent, the surface still consists of the same two parts, but the
edge in which they meet is no longer of the cuspidal form, but has a finite
1
angle = 2 cos-'-, and the two sheets of the s&faoe become parts of two difîerent

P

surfaces which meet but are not continuous.

NOTE.
As an example of the application of the more general theory of "lines of bending," let us
consider the problem which has been already solved by Professor Jeliett.
To determine the conditions under which one portion of a suryface niay be rendered rigid, while
the rema.inder is jexible.
Suppose the lines of bending to be traced on the surface, and the corresponding polyhedron to be formed; as in (9) and (IO), then if the angle of one of the four edges which
meet at any solid angle of the polyhedron be altered by bending, those of the other three
must be also altered. These edges terminate in other solid angles, the forms of which will
&O be changed, and therefore the effect of the alteration of one angle of the polyhedron will
be communicated to every other angle within the system of lines of bending which defines
the form of the polyhedron.
If any portion of the surface remains unaltered it must lie beyond the limits of the
system of lines of bending. We must therefore investigate the conditions of such a system
being bounded.
The boundary of any system of lines on a surface is the curve formed by the ultimate intersection of those lines, and therefore a t any given point coincides in direction with the curve of
the system which passes through that point. I n this case there are two systems of lines of
bending, which are necessarily coincident in extent, and must therefore have the same boundary.
At any point of this boundary therefore the directions of the lines of bending of the first
and second systems are coincident.
But, by (7), these two directions must be "conjugate" to each other, that is, must correspond to conjugate diameters of the "Conic of Contact" Now the only case in which conVOL. I.
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jugate diameters of a conic can coincide, is when the conic is an hyperbola, and both diameters
coincide with one of the asymptotes; therefore the boundary of the system of lines of bending
must be a curve at every point of which the conic of contact is an hyperbola, one of whose
asymptotes lies in the direction of the curve. The radius of "normal curvature" must therefore by (3) be infinite a t every point of the curve. This is the geometrical property of
what Professor Jellett calls a " Curve of Flexure," so that we may express the result as
follows :.

If one portion of a surface be jked, while the remainder .is bent, the boundary of the fixed
portion às a cume of jlexure.
This theorem includes those given a t p. (92), relative to a fixed curve on a surface, for in
a surface whose curvatures are of the same sign, there can be no "curves of flexure," and
in a developable surface, they are the rectilinear sections. Although the cuspidal edge, or
arête de rebrozcssement, satisfies the analytical condition of a curve of flexure, yet, since its
form determines that of the whole surface, it cannot remain fixed while the form of the surface
is changed.
In concavo-convex surfaces, the curves of flexure must either have tangential curvature or
be straight lines. Now if we put + = O in the equations of Art. (17), we find that the
lines of bending of both systems have no tangential curvature at the point mhere they touch
the curve of flexure. They must therefore lie entirely on the convex side of that curve, and
therefore

If a cuwe o f j e m r e be fized, the surface on the concave &le of the .curve is not JEezàble.
1 have not yet been able to determine whether the surface is inflexible on the convex side
of the curve. It certainly is so in some cases which 1 have been able to work out, but 1
have no general proof.
When a surface has one or more rectilinear sections, the portions of the surface between
them may revolve as rigid bodies round those lines as axes in any manner, but no other motion
is possible. The case in which the rectilinear sections form an infinite series has been discussed
in Sect. (1.).
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V.

19.1

On a particular case of the descent of a heavy body in a resistb~g
medium.

EVERYone must have observed that when a slip of paper falls through
the air, its motion, though undecided and wavering at first, sornetimes becomes
regular. Its general path is not in the vertical direction, but inclined t o i t
a t an angle which remains nearly constant, and its fluttering appearance will
be found to be due to a ~ a p i drotation round a horizontal axis. The direction
of deviation from the vertical depends on the direction of rotation.
If the positive directions of an axis be toward the right hand and upwards,
and the positive angular direction opposite to the direction of motion of the
Lands of a watch, then, if the rotation is in the positive direction, the horizontal part of the mean motion will be positive.
These effects are eommonly attributed to some accidental peculiarity in the
form of the paper, but a few experirnenta with a rectangular slip of paper
(about two inches long and one broad), will shew that the direction of rotation
is determined, not by the irregularities of the paper, but by the initial circumstances of projection, and that the q m m e t r y of the form of the paper greatly
increases the distinctness of the phenornena. We may therefore assume that
if the form of the body were accurately that of a plane rectangle, the same
effects would be produced.
The following investigation is intended as a general explanation of the true
cause of the phenornenon.
1 suppose the resistance of the air caused by the motion of the plane to
be in the direction of the normal and to Vary as the square of the velocity
estimated in that direction.
Now though thi9 may be taken as a sdEciently near approximation t o the
magnitude of the resisting force on the plane taken as a whole, the pressure
15-2
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on any given element, of the surface will Vary with its position so that the
resultant force will not generally pass through the centre of gravity.
It is found by experiment that the position of the centre of pressure
depends on the tangential part of the motion, that it lies on that aide of the
centre of gravity towards which the tangential motion of the plane is directed,
and that its distance from that point increases as the tangential velocity increases.
1 am not aware of any mathematical investigation of this effect. The
explanatiori mny be deduced from experiment.
Place a body similar in shape to the slip of paper obliquely in a currenb
of some visible fluid. C d the edge where the fluid first meets the plane the
first edge, and the edge where i t leaves t h e . plane, the second edge, then we
may observe that
(1) On the anterior side of the plane the velocity of the fluid increases
as it moves along the surface from the first t o the second edge, and therefore
by a known law in hydrodynamics, the pressure must diminish from the first
to the second edge.
(2) The motion of the fluid behind the plane is very unsteady, but may
be observed to consist of a series of eddies diminishing in rapidity as they
pass behind the plane from the first to the second edge, and therefore relieving
the posterior pressure most at the first edge.
Both these causes tend to make the total resistance greatest at the h s t
edge, and therefore to bring the centre of pressure nearest to that edge.
Hence the moment of the resistance about the centre of gravity WU always
tend to turn the plane towards a position perpendicular to the direction of the
current, or, in the case of the slip of paper, to the path of the body itself. It
will be s h e m that it is this moment that maintains the rotatory motion of
the falling paper.
When the plane has a motion of rotation, the resistance will be modified
on account of the unequal velocities of d3erent parts of the surface. The
magnitude of the whole resistance at any instant will not be sensibly altered
if the velocity of any point due to angular motion be small compared with that
due to the motion of the centre of gravity. But there will be an additional
moment of the resistance round the centre of gravity, which will always act in
the direction opposite to that of rotation, and mil1 Vary directly as the normal
and angular velocities together.
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The part of the moment due to the obliquity of the motion will remain
nearly the same as before.
We are now prepared to give a general explanation of the motion of the
slip of paper after it has become regular.
Let the angular position of the paper be determined by the angle between
the normal to its surface and the axis of x, and let the angular motion be
such that the normal, a t h t coinciding with the axis of x, passes towards
that of y.
The motion, speaking roughly, is one of descent, that is, in the negative
direction along the axis of y.
The resolved part of the resistance in the vertical direction will a,lways
act upwards, being greatest when the plane of the paper is horizontal, and
vmishing when it is vertical.
When the motion has become regular, the effect of thii force during a
whole revolution will be equal and opposite to that of gravity during the same
time.
Since the resisting force increases while the normal is in its first and third
quadrants, and diminishes when it is in its second and fourth, the maxima of
velocity will occur when the normal is in its first and third quadrants, and
the minima when it is in the second and fourth.
The resolved part of the resistance in the horizontal direction will act in
the positive direction dong the axis of a; in the first and third quadrants, and
in the negative direction during the second and fourth; but since the resistance
increases with the velocity, the whole effect during the first and thiid quadrants
will be greater than the whole effect during the second and fourth. Hence
the horizontal part of the resistance will act on the whole in the positive
direction, and will therefore cause the general path of the body to incline in
that direction, that is, toward the right.
That part of the moment of the resistance about the centre of gravity
which depends on the angular velocity will Vary in magnitude, but will always
act in the negative direction. The other part, which depends on the obliquity
bf the plane of the paper to the direction of motion, will be positive in the
first and third quadrants and negative in the second and fourth; but y its
magnitude increases with the velocity, the positive effect will be greater than
the negative.
When the motion has become regular, the effect of thia excess in the
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positive direction will be equal and opposite to the negative effect due to the
angular velocity during a whole revolution.
The motion will then consist of a succession of equal and similar parts
performed in the same manner, each part corresponding to half a revolution of
the paper.
These considerations will serve to explain the lateral motion of the paper,
and the maintenance of the rotatory motion.
Similar reasoning will shew that mhatever be the initial motion of the
paper, it cannot remain uniform.
Any accidental oscillations will increase till their amplitude exceeds half a
revolution. The motion will then become one of rotation, and will continually
approximate to that which we have just considered.
It may be also shewn that this motion will be unstable unless it take
place about the longer axis of the rectangle.
If this axis is inclined to the horizon, or if one end of the slip of paper
be different from the other, the path will not be straight, but in the form of
a helii. There will be no other essential difference between this case and that
of the symmetrical arrangement.
Trinity College, April 5, 1853.
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[From the Transactions of the R o y a l Scottish Society of Arts, Vol. IV. Part III.]

VI. On the Theory of Colours in relation to Colour-Blindness.
A letter to Dr G. Wilson.
DEAR SIR,-AS you seemed to think that the results which 1 have obtained
in the theory of colours might be of service to you, 1 have endeavoured to
arrange them for you in a more convenient form than that in which 1 first
obtained them. 1 must premise, that the first distinct statement of the theory
of colour which 1 adopt, is to be found in Young's Lectures on Natural Philosophy (p. 345, Kelland's Edition); and the most philosophical enquiry into it
which 1 have seen is that of Helmholtz, which may be found in the Annals of
Philosophy for 1852.
It is well knoan that a ray of light, from any source, may be divided by
means of a prism into a number of rays of different refrangibility, forming a
series called a spectrum. The intensity of the light is different a t different
points of this spectrum; and the law of intensity for dxerent refrangibilities
differs according t o the nature of the incident light. I n Sir Jobn F. W.
Herschel's Treatise on Light, diagrams will be found, each of which represents
completely, by rneans of a curve, the law of the intensity and refrangibility of
a,' beam of solar light after passing through various coloured media.
1 have mentioned this mode of defhing and registering a beam of light,
because it is the perfect expression of what a beam of light is in itself, considered TiFith respect to all its properties as ascertained by the most refinecl
instruments. When a beam of light falls on the human eye, certain sensations
are produced, from which the possessor of that organ judges of the colour and
intensity of the light. Now, though every one experiences these sensations, and
though they are the foundation of al1 the phenomena of sight, yet, on account
of their absolute aimplicity, they are incapable of analysis, and cari never become
in themselves objects of thought. If we attempt. to discover them, we must
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do so by artificial means; and Our reasonings on them must be guided by some
theory.
The most general form in which the existing theory can be stated is this,There are certain sensations, finite in number, but inhitely variable in
degree, which may be excited by the different kinds of light. The compound
.sensation resulting from dl these is the object of consciousness, is a simple act
of vision.
It is easy to see that the number of these sensations corresponds to what
may be called in mathematical language the number of independent variables, of
which sensible colour is a function.
This will be readily understood by attending to the following cases :1. When objects are illuminated by homogeneous yellow light, the only
'ming which can be distinguished by the eye is difîerence of intensity or
brightness.
If we take a horizontal line, and colour it black at one end, with increasing
degrees of intensity of yellow light towards the other, then every visible object
will have a brightness correspondkg to some point in this line.
In this case there is nothing to prove the existence of more than one
sensation in vision.
I n those photographie pictures in which there is only one tint of whicli
the different intensities correspond to the different degrees of illumination of the
object, we have another illustration of an optical effect depending on one variable
only.

Now, suppose that ddifferent kinds of light are emanating from different
sources, but that each of these sources gives out perfectly homogeneous light,
then there will be two things on which the nature of each ray will depend:(1) its intensity or brightness; (2) its hue, which may be estimated by its
position in the spectrum, and measured by its wave length.
If we take a rectangular plane, and illuminate i t with the different kinds
of homogeneous light, the intensity a t any point being proportional to its horizontal distance dong the plane, and its wave length being proportional to its
height above the foot of the plane, then the plane will display every possible
variety of homogeneous light, and will furnish an instance of an optical effect
depending on two variables.
2.
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3. Now, let us take the case of nature. We find that colours differ not
only in intensity and hue, but also in tint; that is, they are more or less pure.

We might arrange the varieties of each colour dong a line, which should begin
with . t h e homogeneous colour as seen in the spectrurn, and pass through al1
gradations of tint, so as t o become continually purer, and terminate in white.
We have, therefore, three elements in our sensation of colour, each of which
may Vary independently. For diitinctness sake 1 have spoken of intensity, hue,
and tint; but if any other three independent qualities had been chosen, the
one set might have been expressed in terms of the other, and the results identified.
The theory which 1 adopt assumes the existence of three elementary sensations, by the combination of which all the actual sensations of colour are
produced. It will be shewn that i t is not necessary to specify any given colours
as typical of these sensations. Young has called them red, green, and violet; but
any other three colours might have been ohosen, provided that white resulted
from their combination in proper proportions.
Before going farther 1 would observe, that the important part of the theory
is not that three elements enter into our sensation of colour, but that there are
only three. Optically, there are as many elements in the composition of a ray
of light as there are different kinds of light in its spectrurn; and, therefore,
strictly speaking, its nature depends on an infinite number of independent
variables.
1 nsw go on to the geometrical form into mhich the theory may be thrown.
Let it be granted that the three pure sensations correspond t o the colours red, green, and violet, and that we
can estimate the intensity of each of these sensations
numerically.
Let v, r, g be the angular points of a triangle, and
conceive the three sensations as having their positions at
R
G
these points. If we find the numericd measure of the
Y
Y
9
red, green, and violet parts of the sensation of a given
colour, a.nd then place weights proportional to these parts
at r, g, and v, and find the centre of gravity of the three weights by the
ordinary process, that point will be the position of the given colour, and the
numerical measure of its intensity will be the sum of the three primitive
sensations.
I n thii way, every possible colour may have its position and intensity

A
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ascertained; and it is easy to see that when two compound colours are combined, their centre of gravity is the position of the new colour.
The idea of this geometrical method of investigating colours ia to be found
in Newton's Opticils (Book I., Part 2, Prop. 6), but 1 am not aware that i t has
been ever employed in practice, except in the reduction of the experiments
which 1 have just made. The accuracy of the method depends entirely on the
truth of the theory of three sensations, and therefore its success is a testimony
in favour of that theory.
Every possible colour must be included within the triangle rgv. White
will be found at some point, w, within the triangle. If lines be drawn through
w to any point, the colour a t that point will Vary in hue according to the
angular position of the line drawn t o w, and the purity of the tint will depend
on the length of that line.
Though the homogeneous rays of the prismatic spectrum are absolutely pure
in themselves, yet they do not give rise to the "pure sensations" of which we
are speaking. Every ray of the spectrum gives rise to al1 three sensations,
though in different proportions; hence the position of the colours of the spectrum
is not a t the boundary of the triangle, but in some curve C R Y G B V
considerably within the triangle. The nature of this curve is not yet determined,
but may form the subject of a future investigation *.
Al1 natural colours must be within this curve, and all ordinary pigments
do in fact lie very much within it. The experiments on the colours of the
spectrum which 1 have made are not brought to the same degree of accuracy as
those on coloured papers. 1 therefore proceed a t once t o describe the mode of
making those experiments which 1 have found most simple and convenient.
The coloured paper is cut into the form of ducs, each with a small hole
in the centre, and divided along a radius, so as to admit
of several of them being placed on the same axis, so that
part of each is exposed. By slipping one disc over another,
we can expose any given port,ion of each colour. These
discs are placed on a little top or teetotum, consisting of
a flat disc of tin-plate and a vertical axis of ivory. This
axis passes through the centre of the discs, and the quantity of each colour exposed
is meaaured by a graduation on the rim of the disc, which is divided into 100 parts.
+ [See the author's Memoir in the Philosophical T~ansactkns, 1860, on the Theory of Compound
Colours, and on the relations of the Colours of the Spectrum.]
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By spinning the top, each colour is presented to the eye for a time proportional to the angle of the sector exposed, and 1 have found by independent
experiments, that the colour prodticed by fast spinning is identical with that
produced by causing the light of the diff'erent colours to fall on the retina at
once.
By properly arranging the discs, any given colour may be imitated and
afterwards registered by the graduation on the rim of the top. The principal
use of the top is to ohtain colour-equations. These are got by producing, by
two different combinations of colours, the same mixed tint. For this purpose
there is another set of discs, half the diameter of the others, which lie above
them, and by which the second combination of colours is formed.
The two combinations being close together, may be accurately compared, and
when they are made sensibly identical, the proportions of the different colours
in each is registered, and the. results equated.
These equations in the case of ordinary vision, are always between four
colours, not including black.
From them, by a very simple rule, the different colours and compounds have
their places assigned on the triangle of colours. The rule for finding the position
is this :-Assume any three points as the positions of your three standard colours,
whatever they are; then form an equation between the three standard colours,
the given colour and black, by arranging these colours on the inner and outeï
circles so as to produce an identity when spun. Bring the given colour to the
left-hand side of the equation, and the three standard colours to the right hand,
leaving out black, then the position of the given colour is the centre of gravity
of three masses, whose weights are as the number of degrees of each of the
standard colours, taken positive or negative, as the case may be.
I n this way the triangle of colours may be constructed by scale and compass
from experiments on ordinary vision. 1. now proceed to state the results of
experiments on Colour-Bliid vision.
If we find two combinations of colours which appear identical to a ColourBlind person, and mark their positions on the triangie of colours, then the
st,raight line passing through these points will pass through all points corresponding to other colours, which, to such a person, appear identical with the first
two.
We may in the same way find other lines passing through the series of
16-2
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colours which appear alike to the Colour-Blind. All these
B
lines either pass through one point or are parallel, according t o the standard colours which we have assumed,
and the other arbitrary assumptions we may have made.
Knowing this law of Colour-Blind vision, we rnay predict
any number of equations which will be true for eyes
having this defect.
The niathematical expression of the difference between
Y
Colour-Blind and ordinary vision is, that colour to the
former is a function of two independent variables, but to an ordinary eye, of
three ; and that the relation of the two kinds of vision is not arbitrary, but
indicates the absence of a determinate sensation, depending perhaps upon some
undiscovered structure or organic arrangement, which forms one-third of the
apparatus by which we receive sensations of colour.
Suppose the absent structure to be that which is brought most into play
when red light falls on our eyes, then to the Colour-Blind red light will be
visible only so far as it affects the other two sensations, say of blue and
green. It will, therefore, appear to them much less bright than to us, and will
excite a sensation not distinguishable from that of a bluish-green light.
1 cannot a t present recover the results of al1 my experiments; but 1 recollect
that the neutral colours for a Colour-Blind person rnay be produced by combining 6 degrees of ultramarine with 94 of vermilion, or 60 of emerald-green
with 40 of ultramarine. The first of these, 1 suppose to represent to our eyes
the kind of red which belongs to the red sensation. It excites the other t w o
sensations, and is, therefore, visible to the Colour-Blind, but it appears very
dark to them and of no definite colour. 1 theref~re suspect that one of the
three sensations in perfect vision will be found to correspond to a red of the
same hue, but of much greater purity of tint. Of the nature of the other two,
1 can say nothing definite, except that one must correspond to a blue, and the
other t o a green, verging to yellow.
1 hope that what I have written may help you in any way in your
experiments. 1 have put down many things simply to indicate a way of thinking
about colours which belongs to this theory of triple sensation. We are indebted
to Newton for the original design; to Young for the suggestion of the means
of working it out; to Prof. Forbes* for a scientSc history of its application
%
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to practice; to Helmholtz for a rigorous examination of the facts on which it
rests; and to Prof. Grassman (in the Phil. Mag. for 1852), for an admirable
theoretical exposition of the subject. The colours given in Hay's Nom,encZatu?.e
of Colours are illustrations of a similar theory applied t o mixtures of pigments,
but the results are often different from those in which thé colours are combined
by the eye alone. 1 hope soon to have results with pigments compared with
those given by the prismatic spectrum, and then, perhaps, some more definite
results may be obtained. Yours truly,

J. C. MAXWELL.
EDIXBURGH,
4th Jan. 1855.
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1

Expcriments on Colour, us perceived by the Eye, with remarks on ColourBlindness. Communicated by Dr Gregory.

THE object of the following communication is to describe a method by
which every variety of visible colour rnay be exhibited to the eye in such a
form as to admit of accurate comparison; to shew how experiments so made
rnay be registered numerically; and to deduce from these numerical results
certain laws of vision.
The dserent tints are produced by means of a combination of discs of paper,
painted with the pigments cornmonly used in the arts, and arranged round an
axis, so that a sector of any required angular magnitude of each colour may be
exposed. When this system of discs is set in rapid rotation, the sectors of
the dierent colours become indistinguishable, and the whole appears of one uniform tint. The resultant tints of two different combinations of bolours rnay be
compared by using a second set of discs of a smaller size, and placing these over
the centre of the first set, so as to leave the outer portion of the larger discs
exposed. The resultant tint of the h s t combination will then appear in a ring
round that of the second, and rnay be very carefully compared with it.
The form in which the experiment is most manageable is that of the common top. An axis, of which the lower extremity is conical, carries a circular
plate, which serves as a support for the discs of coloured paper. The circumference of thia plate is divided into 100 equal parts, for the purpose of ascertaining
the proportions of the d8erent colours which form the combination. When the
discs have been properly arranged, the upper part of the axis is screwed down,
so as to prevent any alteration in the proportions of the colours.
The instrument used in the first series of experiments (at Cambridge, in
November, 1854) was constructed by myself, with coloured papers procured from
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Mr D. R. Hay. The experiments made in the present year were with the
improved top made by Mr J. 12 Bryson, Edinburgh, and coloured papers prepared by Mr T. Purdie, with the u h e d pigments used in the arts. A number
of Mr Bryson's tops, with Mr Purdie's coloured papers has been prepared, so as
to afford different observers the means of testing and comparing results independently obtained.
The colour used for Mr Purdie's papers wereVermilion
.
V
Ultramarine .
. U
Carmine .
C
Prussian Blue .
. PB

.

Red Lead
Orange Orpiment
Orange Chrome
Chrome Yellow
Gamboge
Pale Chrome

.

.
.
.

RL
00
OC
CY
Cam
PC

Verditer Blue

.

.

VB

. .
. .
. .

Emerald Green
Brunswick Green
Mixture of Ultramarine
and Chrome

EG
BG

UC

. .
. .

Ivory Black
Bk
Snow White
SW
White Paper (Pirie, Aberdeen).

The colours in the first column are reds, oranges, and yellows; those in
the second, blues; and those in the third, greens. Vermilion, ultramarine, and
emerald green, seem the best colours to adopt in referring the rest to a uniform
standard. They are therefore put at the head of the list, as types of three
convenient divisions of colour, red, blue, and green.

It may be asked, why some variety of yellow was not chosen in place of
green, which is commonly placed among the secondary colours, while yellow
ranks as a primary ? The reason for this deviation from the received system is,
that the colours on the discs do not represent primary colours a t d,but are
simply specimens of dxerent kinds of paint, and the choice of these was determined solely by the power of forming the requisite variety of combinations. Now,
if red, blue, and yellow, had been adopted, there would have been a difficulty
in forming green %y any compound of blue and yellow, while the yellow formed
by vermilion and emerald green is tolerably distinct. This will be more clearly
perceived after the experiments have been discussed, by referring to the diagram.

As an example of the method of experimenting, let us endeavour to form a
neutral gray by the combination of vermilion, ultramarine, and emerald green.
The most perfect results are obtained by two persons acting in concert, when
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the operator arranges the colours and spins the top, leaving the eye of the
observer free from the distracting effect of the bright colours of the papers when
at rest.
After placing discs of these three colours on the circular plate of the top,
and smaller discs of white and black above them, the operator must spin the
top, and demand the opinion of the observer respecting the relation of the
outer ring to the inner circle. He will be told that the outer circle is too
red, too blue, or too green, as the case may be, and that the inner one is too
light or too dark, as compared with the outer. The arrangement must then be
changed, so as to render the resultant tint of the outer and inner circles more
nearly alike. Sometimes the observer will see the inner circle tinted with the
complementary colour of the outer one. I n this case the operator must interpret
the observation with respect to the outer circle, as the inner circle contains only
black and white.
By a little experience the operator will learn how to put his questions, and
how to interpret their answers. The observer ahould not look at the coloured
papers, nor be told the proportions of the colours during the experiments.
When these adjustments have been properly made, the resultant tints of the
outer and inner circles ought to be perfectly indistinguishable, when the top
has a sufficient velocity of rotation. The number of divisions occupied by the
different colours must then be read off on the edge of the plate, and registered
in the form of an equation. Thus, in the preceding experiment we have vermilion, ultramarine, and emerald green outside, and black and white inside. The
numbers, as given by an experiment on the 6th March 1855, in daylight without
Sun, are'37 V + '27 U + -36 EG = -28 SW + -72 Bk.. .............(1).
The method of treating these equations will be given when we come to the
theoretical view of the subject.

In this way we have formed a neutral gray by the combination of the
three standard colours. W e may also form neutral grays of different intensities
by the combination of vermilion and ultramarine with the other greens, and thus
obtain the quantities of each necessary to neutralize a given quantity of the
proposed green. By substituting for each standard colour in succession one of the
colours which stand under it, we may obtain equations, each of which contains
two standard colours, and one of the remaining colours.
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Thus, in the case of pale chrome, we have, from the same set of experiments,
.34 PC+-55 U+*12EG=*37 SW+*63Bk................(2).

We may also make experiments in which the resulting tint is not a neutrd
gray, but a decided colour. Thus we may combine ultramarine, pale chrome, and
black, so as to produce a tint identical with that of a compound of vermilion
and emerald-green. Experiments of this sort are more diflicult, both from the
inability of the observer t o express the difference which he detects in two tints
which have, perhaps, the same hue and intensity, but m e r in purity; and also
from the complementary colours which are produced in the eye after gazing too
long a t the colours to be compared.
The best method of arriving a t a remlt in the case before us, is to render
the hue of the red and green combination something like that of the yellow, to
reduce the purity of the yellow by the admixture of blue, and to diminish its
intensity by the addition of black. These operations must be repeated and
adjusted, till the two tints are not merely varieties of the same colour, but
absolutely the same. An experiment made 5th March gives'39 PC+*21U+'40 Bk=% V+'41 EG
(3).
That these experiments are really evidence relating to the constitution of the
eye, and not mere cornparisons of two things which are in themselves identical,
may be shewn by observing these resultant tints through coloured glasses, or by
using gas-light instead of day-light. The tints which before appeared identical
will now be manifestly different, and will require alteration, to reduce them to
equality.
Thus, in the case of carmine, we have by day-light,
-44C + -22 U + -34 EG= -17 SW +.a3 Bk,
while by gas-light (Edinburgh)
'47 C+'OS U+'45 EG='25 SW+'75 Bk,
which shews that the yellowing effect of the gaa-light t e h more on the white
than on the combination 'of colours. If we examine the two resulting tints
which appeared identical in experiment (3), observing the whirling discs through
a blue glass, the combination of yellow, blue, and black, appears redder than the
other, while through a yellow glass, the red and green mixture appears redder.
So also a red, glass makes the h t side of the equation too dark, and a green
g l a s makes it too light.
VOL. I.
17

.................
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The apparent identity of the tints in these experiments ia therefore not'real,
but a consequence of a determinate constitution of the eye, and hence arises
the importance of the results, as indicating the laws of human vision.
The fht result which is worthy of notice is, that the equations, as observed
by digerent persons of ordinary vision, agree in a re'markable mariner. If care
be taken to secure the same kind of light in aU the experiments, the equations,
as determined by two independent observers, will seldom shew a diierence of
more than three divisions in any part of the equation containing the bright
standard colours. As the duller colours are less active in changing the resultant
tint, their true proportions cannot be so well ascertained. The accuracy of vision
of each observer may be tested by repeating the same experiment a t different
times, and comparing the equations so found.
Experiments of this kind, made at Cambridge in November 1854, shew that
of ten observers, the best were accurate t o within 14 division, and agreed
within 1 division of the mean of all; and the worst contradicted themselves to
the extent of 6 degrees, but still were never more than 4 or 5 from the mean
of al1 the observations.
We are thus led to conclude1st. f h a t the human eye is capable of estimating t h e likeness of colours
with a precision which in some cases is very great.
2nd. That the judgment thus formed is determined, not by the real identity
of the colours, but by a cause residing in the eye of the observer.
3rd. That the eyes of different observers Vary in accuracy, but agree with
each other so nearly as to leave no doubt that the law of colour-vision is
identical for al1 o r d i n q eyes.

Investigation

of the

Law

of

the Perception

of Colour.

Before proceeding t o the deduction of the elementary laws of the perception
of colour from the numerical results previously obtained, it will be desirable
to point out some general features of the experimente which indicate the form
which these laws must assume.

Returning to experiment (l), in which a neutral gray was produced from
red, blue, and green, we may observe, that, while the adjustments were incom-
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plete, the daerence of the tints could be detected only by one circle appearing
more red, more green, or more blue than the other, or by being lighter .or
darker, that is, having an excess or defect of all the three colours together.
Hence it appears that the nature of a colour rnay be considered as dependent
on three things, as, for instance, &dness, blueness, and greenness. This is confirmed by the fact that any tint rnay be imitated by mixing red, blue, and
green alone, provided that tint does not exceed a certain brilliancy.
Another way of shewing that , colour depends on three things is by considering how two t i n t ~ ,say two lilacs, rnay differ. I n the h s t place, one rnay
be Zighter or darker than the other, that is, the tints rnay differ in shade.
Secondly, one rnay be more blue or more red than the other, that is, they may
differ in hue. Thirdly, one rnay be more or less decided in its colour; it rnay Vary
from purity on the one hand, t o neutrality on the other. This is sometimes
expressed by saying that they rnay d a e r in tint.
Thus, in shade, hue, and tint, we have another mode of reducing the
elements of colour to three. It will be shewn that these two methods of considering colour rnay be deduced one from the other, and are capable of exact
numerical cornparison.

On a Geographical Method

of Exhibiting

the Relations of Colours.

The method which exhibits to the eye most clearly the results of this theory
of. the three elements of colour, is that which supposes each colour to be represented by a point in space, whose distances from three CO-ordinateplanes are
proportional t o the three elements of colour. But a~ any method by which the
operations are confined to a plane is preferable t o one requiring space of three
dimensions, we shall only cmsider for the present that which has been adopted
for convenience, founded on Newton's Circle of colours and Mayer and Young's
Teangle.
Vermilion, ultramarine, and emerald-green, being taken (for convenience) as
standard colours, are conceived to be represented by three points, taken (for convenience) at the angles of an equilateral triangle. Any colour compounded of
these three is t o be represented by a point found by conceiving masses proportional to the several components of the colour placed at their respective angular
points, and taking the centre of gravity of the three masses. In this way, ewli
17-2
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colour will indicate by its position the proportions of the elements of which it is
composed. The total intensity of the colour is to be measured by the whole
number of divisions of V, U, and EG, of which it is composed. This may be
indicated by a number or coefficient appended to the name of the colour, by
which the number of divisions it occupies must be multiplied to obtain its mass
in calculating the results of new combinations.
This will be best explained by an example on the diagram (No. 1).
have, by experiment (1))

We

'37 V + -27 U-I--36 EG= -28 SW + -72Bk.
To h d the position of the resultant neutral tint, we must conceive a mass
of -37 at V, of '27 at U, and of .36 a t EG, and h d the centre of gravity.
This may be done by taking the line UV, and dividing it in the proportion. of
'37 to -27 a t the point a, where
av : a u :: '27 : '37.

Then, joining a with EG, divide the joining line in W in the proportion of -36
to ('37 .27), W will be the position of the neutral tint required, which is not
white, but 0.28 of white, diluted with 0'72 of black, which has hardly any effect
whatever, except in decreasing the amount of the other colour. The total intemity of our white paper will be represented by & = 3-57 ; so that, whenever
white entera into an equation, the number of divisions must be multiplied by
the coefficient 3-57 before any true results can be obtained.

+

We may take, as the next example, the method of representing the relation
of pale chrome to the standard colours on our diagram, by m&g
use of experiment (2), in which pale chrome, ultramarine, and emerald-green, produced a
neutral gray. The resulting equation was

*33PC+e55U+-12EG=.37SW+*63Bk
......................(2).
I n order to obtain the total intensity of white, we must multiply the
number of divisions, -37, by the proper coefficient, which is 3.57. The result is
1.32, which therefore measures the total intensity on both sides of the equation.
Subtracting the intensity of -55 U + ~ 1 EG,
2
or -67 from 1.32, we obtain -65
as the cmected value of -33PC. It will be convenient to use these corrected
values of thé different colours, taking m e to distinguish them by small
instead of capitails.
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Zquation (2) then becomes
Hence pc must be situated at a point such that w ia the centre of gravity
of -65pc+.55 U+*12EG.
To find it, we begin by determining 6 the centre of gravity of 5 5 U + * 1 2EG,
then, joining Bw, the point we are seeking must lie a t a certain distance on
the other side of w from c. This distance may be found from the proportion,
-65 : (-55+.12) ::

pw

:c c ,

which determines the position of pc. The proper coefficient, by which the obor 1-91.
served values of PC must be corrected, is

g,

We have thus deterrnined the position and coefficient of a colour by a single
experiment, in which it was made to produce a neutrd tint dong with two of
the standard colours. As this may be done with every possible colour, the
method is applicable wherever we can obtain a disc of the proposed colour. I n
thia way the diagram (No. 1) has been laid down from observations made in
daylight, by a good eye of the ordinary type.

It has been observed that experiments, in which the resultant tint is neutral,
are more accurate than those in which the resulting tint has a decided colour,
as in experiment (3), owing to the effects of accidental colours produced in the
eye in the latter case. These experiments, however, may be repeated till a
very good mean r e d t has been obtained.
But since the elements of every colour have been already fked by sur
previous observations and calculations, the agreement of these results with those
calculated from the diagram forms a test of the correctness of Our method.
By experiment (No. 3), made at the same time with (1) and (2), we have

..................

'39PC+'21 U + - 4 0 B k = . 5 9 V + . 4 1 EG
(3)Now, joining U with pc, and V with EG, the only common point is that
at which they cross, namely y.

Measuring the parts of the line V EG, we find them in the proportion of
'58 V and '42 EG= 1.00 y.

-

Similarly, the line U p c is divided in the proportion
-78pc and -22 U = 1'00 y.
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But -78pc must be divided by 1.97, to reduce it to PC, as was previously
explained. The result of calculation ig therefore,
.39PC+% U+-39 Bk=.58V+-42EGy
the black being introduced simply to fil1 up the circle.
This result d8ers very little from that of experiment (3), and it must be
recollected that these are single experiments, made independently of theory, and
chosen at random.
Experiments made at Cambridge, with al1 the combinations of five colours,
shew that theory agrees with calculation always within 0.012 of the whole,
and sometimes within 0.002. By the repetition of these experiments a t the
numerous opportunities which present themselves, the accuracy of the results
may be rendered still greater. As it is, 1 am not aware that the judgments
of the human eye with respect to colour have been supposed capable of so
severe a test.

Furthsr consi&rcttion of the Diagram of Colours.
We have seen how the composition of any tint, in terms of Our three
qtandard colours, determines its position on the diagram and its proper coefficient.
I n the same way, the result of mixing any other colours, situated at other
points of the diagram, is to be found by taking the centre of gravity of their
wduced masses, as was done in the last calculation (experiment 3).
We have now t o turn Our attention to the general aspect of the diagram.
The standard colours, V, U, and EG, occupy the angles of an equilateral
triangle, and the rest are arranged in the order in which they participate in
red, blue, and green, the neutral tint being at the point w within the triangle.
If me now draw lines through w to the different colours ranged round it, we
shall find that, if we pass from one line to another in the order in which they
lie from red to green, and through blue back again t o red, the order will be-

.
. . .
. . . . ,
. . .

Oarmine
.
Pérmz'lion
Red Lead.
,
Orange Orpiment
Orange Chrome
Chrome Yeliow
Gamboge

. .

.
.
.

,

,

.
. .

.
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Coefficient.

0.4
1.0
1.3
1.0
1.6
1.5
1.8.

.

.

Pale Chrome
MiSed Green (U O)
Brunswick Green
Eruerald Green
Verditer Blue
Prussian Blue ,

.
.

Z?Ztrama&e

,

Coefficient.

.

.
.
. . .
. . .
.
. . .
.
.

'

2.0
0-4
0.2
1.0
0.8
0.1
1.0
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It may be easily seen that this arrangement of the colours corresponds to
that of the prismatic spectrum ; the only dserence being that the spectrum
is deficient in those fine purples which lie between ultramarine and vermilion,
and which are easily produced by mixture. The experiments necessary for determining the exact relation of this List to the lines in the spectrum are not yeti
completed.
'

If we examine the colours represented by dXerent points in one of these
lines through w, we shall find the purest and most decided colours a t its outer
extremity, and the faint tints approaching to neutrality nearer t o W.

If we also study the coefficients attached to each colour, we shall find that
the brighter and more luminous colours have higher nurnbers for their coefficients
than those which are dark.

In this way, the qualities which we have already distinguished as hue, tint,
and shade, are represented on the diagram by angular position with respect to tu,
distance from w, and coefficient; and the relation between the two methods of
reducing the elements of colour to three becomes a matter of geometry.

Theory of the Perception of Colour.
Opticians have long been divided on this point; those who trusted t o
popular notions and their own impressions adopting some theory of three primary
colours, while those who studied the phenomena of light itself proved that no
such theory could explain the constitution of the spectnim. Newton, who was
the h s t t o demonstrate the actual existence of a series of kinds of light,
countless in number, yet all perfectly distinct, was also the first to propound
a method of calculating the effect of the mixture of various coloured light ;
and this method was substantially the same as that which we have just
vefied. It is true, that the directions which he gives for the construction
of his circle of 'colours are somewhat arbitrary, being probably only intended
as an indication of the general nature of the method, but the method itself
is mathematically reducible to the theory of three elements of the coloursensation*.

* See Note III. For a confirmation of Newton's anelysis of Light, see Helmholtz, Pogg. Ann.
1852; and PhX Ma.. 1852, Part II.
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Young, who made the next great step in the establkhment of the theory
of light, seems also to have been the first t o follow out the necessary consequences of Newton's suggestion on the mixture of colours. He saw that, since
t h triplicity has no foundation in the theory of light, its cause must be looked
for in the constitution of the eye; and, by one of those bold assumptions
which ~iometimes express the result of speculation better than any cautious
trains of reasoning, he attributed it to the existence of three distinct modes
of sensation in the retina, each of which he supposed to be produced in H e r e n t
degrees by the different rays. These three elementary effects, according to hi
view, correspond t o the three sensations of red, green, and violet, and would
separately convey to the sensorium the sensation of a red, a green, and a violet
picture; so that by the superposition of these pictures, the actual variegated
world is represented*.
I n order fully to understand Young's theory, the function which he
attributes t o each system of nerves must be carefully borne in mind. Each nerve
acts, not, as some have thought, by conveying to the mind the knowledgé of the
length of an undulation of light, or of its periodic time, but simply by being
more or less affected by the rays which fa11 on it. The sensation of' each
elementary nerve is capable onlv of increase and diminution, and of no other
change. We must also observe, that the nerves corresponding to the red
sensation are affected chiefly by the red rays, but in some degree also by those
of every other part of the spectrum; just as red glass transmits red rays freely,
but also suffers those of other colours t o pass in smaller quantity.
7

This theory of colour may be illustrated by a supposed case taken from
the art of photography. Let it be required to ascertain the colours of a landscape, by means of impressions taken on a preparation equally sensitive to rays of
every colour.
Let a plate of red glass be placed before the camera, and an impression
taken. The positive of this will be transparent wherever the red light has been
abundant in the landscape, and opaque where it has been wanting. Let it now
be put in a magic lantern, along with the red glass, and a red picture will be
thrown on the screen.
Let this operation be repeated with a green and a violet glass, and, by

* Young's Lectu~es,p. 345, Kelland's Edition. See also Helmholtz's statement of Young's Theory,
in his Paper referred to in Note 1.; and Herschel's L.ight, Art 518.
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means of three magic lanterns, let the three images be superimposed on the
acreen. The colour of any point on the screen will then depend on that of the
corresponding point of the landscape; and, by properly adjusting the intensities
of the lights, &c., a complete copy of the landscape, as far as visible colour is
concerned, will be thrown on the screen. The only apparent diRerence will be,
bhat the copy will be more subdued, or less pure in tint, than the original.
Here, however, we have the process performed twice-first
on the screen, and
then on the retina.
This illustration will shew how the functions which Young attributes to the
three systems of nerves rnay be imitated by optical apparatus. It is therefore
unnecessary to search for any direct connection between the lengths of the
unddations of the various rays of light and the sensations as felt by us, as
the threefold partition of the properties of light rnay be effected by physical
means. The remarkable correspondence between the results of experiments on
different individuals would indicate some anatomical contrivance identical in all.
As there is little hope of detecting it by dissection, we rnay be content at
present with any subsid'ary evidence which we may possess. Such evidence is
furnished by those individuals who have the defect of vision which was
described by Dalton, and which is a variety of that which Dr G. Wilson has
*
lately investigated, under the name of Colour-Blindness.

Testimony of the Colour-Blind with respect to Colour.
Dr George Wilson has described a great number of cases of colourblindness, some of which involve a general indistinctness in the appreciation
of colour, while in others, the errors of judgment are plainly more numerous
in those colours which approach to red and green, than among those which
approach to blue and yellow. I n these more definite cases of colour-blindness,
the phenomena can be tolerably well accoimted for by the hypothesis of an
insensibaity to red light; and this is, to a certain extent, confirmed by the
fact, that red objects appear to these eyes decidedly more obscure than to
ordinary eyes. But by experiments made with the pure spectrum, it appears
that though the red appears much more obscure than other coloum, it is not
wholly invisible, and, what is more curious, resembles the green more than
any other colour. The spectrum to them appears faintly luminous in the red;
VOL. I.
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bright yellow from orange to yellow, bright but not coloured from yellowgreen to , blue, and then strongly coloured in the extreme blue and violet,
after which it seems to approach the neutral obscure tint of the red. it is
not easy to see why an insensibility to red r a y s should deprive the green
rays, which have no o p t i c a l connection with them, of their distinctive appearance.
The phenornena seem rather to lead to the conclusion that i t is the red
sensation which is wanting, that is, that supposed system of nerves which is
affected in various degrees by ali light, but chiefly by red. We have fortunately
the means of testing th% hypothesis by numerical results.

Of the subjects of my experiments a t Cambridge, four were decided cases
of colou-blindness. Of these two, namely, Mr R. and Mr S., were not
sufficiently critical in their observations to d o r d any results consistent within
10 divisions of the colour-top. The remaining two, Mr N. and Mr X., were
as consistent in their observations as any persons of ordinary vision can be,
while the results shewed all the more clearly how completely their sensations
must differ from ours.
The method of experimenting was the same as that adopted with ordinary
eyes, except that in these cases the opemtor can hardly influence the result
by yielding t o his own impressions, as he hm no perception whatever of the
similarity of the two tints as seen by the observer.. The questions which he
rnust ask are two, Which circle appears most blue or yellow ? Which appears
lightest and which darkest ? By means of the answers t o these questions he
must adjust the resulting tints to equality in these respects as it appears to
the observer, and then ascertain that these tints now present no difference of
colour whatever to his eyes. The equations thus obtained do not require five
coloura including black, but four only. For instance, the mean of several observations gives.19 G + * 0 5 B+'76 Bk=100R ........................(4).
[In these experiments R, B, G, Y, stand for red, blue, green, and yellow
papers prepared by Mr D. R. Hay. 1 am not certain that they are identical
with his standard colours, but 1 believe so. Their relation to vermilion, ultramarine, and emerald-green is given in diagram (1). Their relations to each other
are very accurately given in diagram (2).]

It appeara, then, that the dwk blue-green of the left side of the equation
is equivalent to the full red of the right side.
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Hence, if we divide the line BG in the proportion 19 to 5 a t the point P,
wiil dSer from that a t R (to the colour-blind)
and join RB, the tint a t
only in being more brilliant in the proportion of 100 to 24, and all intermediate tinta on the line RB will appear to them of the same hue, but
of intemediate intensities.
Now, if we take a point Dy ao that RD is t o Rp in the
of
24 t o 100-24, or 76, the tint of Dy if producible, should be invisible to
the colour-blind. Dy therefore, represents the pure sensation which is unknown
to the c.01our-blind, and the addition of this sensation to any others cannot
alter it in their estimation. It is for them equivalent to black.
Hence, if we draw lines through D in different directions, the colours
belonging to any line ought to differ only in intensity as seen by them, so
that one of them may be reduced to the other by the addition of black
ody. If we draw DW and produce it, all colours on the upper side of DW
will be varieties of blue, and those on the under side varieties of yellow, so
that the line DW is a boundary line between their two kinds of colour, blue
and yellow being the names by which they cal1 them.
The accuracy of this theory will be evident from the cornparison of the
experiments which 1 had an opportunity of making on Mr N. and Mr X. with
each other, and with measurements taken from the diagram No. 2, which was
constructed from the observations of ordinary eyes only, the point D alone
being ascertained nom a series of observations by Mr N.
Taking the point y, between R A d B, it appears, by measurement of the
lines Ry and ]&y, that y corresponds to
-07 B + % R.

,

By measurement of Wy and Dy, and correction by means of the coefficient
of W, and calling D black in the colour-blind language, y corresponds to
,105 Wf -895 Bk.

Therefore
By measurernent ...................... -93 R+.07 B=*105W+.895 Bk
By observation N. & X. together 094R + 006B = 010 W .90 Bk
By X. alone ........................... -93 R+.07 B=*lO W+.90 Bk

+

......(5).

The agreement here is as near as can be expected.
18-2
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By a similar calculation with respect to the point 8, between B and G,
By measurement
'43 B+.57 G='335 w + ' 6 6 5 Bk
Observed by N. and X. ...... .41 B+.59 G = W W+'66 Bk
(6).
By X. done
.42B+'58G=*32 W+-68 Bk

...............
.....................

1

......

We may dso observe, that the line GD crosses RY.
section we have-

At the point of inter-

By cdculation ........................ '87 R+'13 Y=.34 G+'66
Observed by N. and X.
>

>>

)>

27

9

X.
X.

.........

.........
.........

Bk
-86 R+'14 Y='40 G+'60 Bk
'84 R+'16 Y='31 G+'69 Bk
-90 R+.io Y=*27 G + % Bk

......(7).

Here observations are at variance, owing to the decided colours produced
affecting the state of the retina, but the mean agrees well with calculation.
Drawing the line BY, we find that it cuts lines through D drawn to every
colour. Bence all colours appear t o the colour-blind as if composed of blue
and yellow. By measurement on the diagram, we find for red
Mewured ...... -138Y+'123 B+-749 Bk=100 R
Observed b y N .... -15 Y + . l l B+-74 Bk=100 R
...
X...:13
Y+-11 B + 7 6 Bk=100R
For green we have in the same wayMeasured
-705 Y+*295 B = % G+'05 Bk
Observed by N .... .70 Y+*30 B=.86 G+-14 Bk

......

...

X.... -70 Y+.30 B = % 3 G+.17 Bk

.........(8).

1

...........(9).

For whiteMeasured ...... ,407 Y +.593 B='326 W+'674 Bk
Observed by N.... .40 Y+.60 B=.33 W+-67 Bk
...
X.... .44 Y+.56 B=% W+*67 Bk
The accuracy of these results ahews that, whether the hypothesis of the
want of one element out of three necessary to perfect vision be actually true
or not, it affords a most trustworthy foundation on which to build a theory
of colour-blindness, as it expresses completely the observed facts of the case,
They also furnish us with a datum for our theory of perfect vision, namely,
the point D, which points out the exact nature of the colour-sensation, which
must be added to the colour-blind eye to render it perfect. 1 am not aware
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of any method of determining by a legitimate process the nature of the other
two sensations, although Young's reasons for adopting somethiig like green and
violet appear to me worthy of attention.
The only remaining subject to which 1 would c d the attention of the
Society is the effect of coloured glasses on the colour-blind. Although they cannot distinguish reds and greens from varieties of gray, the transparency of red
and green glasses for those kinds of light is very different. Hence, &ter finding
a case such as that in equation (9 in which a red and a green appear iden.
tical, on looking through a red glass they see the red clearly and the green
obscurely, while through a green glass the red appears dark and the green light.
By furnishing Mr X. with a red and s green glass, which he could distinguish only by their shape, 1 enabled hirn to make judgments in previously
doubtful ctises of colour with perfect certainty. 1 have since had a pair of
spectacles construded with one eye-glass red and the other greea These Mr X.
intends t o use for a length of time, and he hopes to acquire the habit of discriminating red from green tints by their diflerent effects on his two eyes. Though
he cm never acquire Our sensation of red, he may then discern for himself what
thiigs are red, and the mental process may become so familiar to him as to act
unconsciou~ilylike a new sense.
I n one experiment, after looking at a bright light, with a red glass over one
eye and a green over the other, the two tints in experiment (4) appeared to him
altered, so that the outer circle was lighter according 80 one eye, and the inner
according t o the other. As far as 1 could ascertain, it appeared as if the eye
which had used the red glass saw the red circle brightest. This result, which
seerns at variance with what might be expected, 1 have had no opportunity of
verifying.
This paper ia already longer than was originally intended. For further
hformation 1 would refer the reader t o Newton's Optich, Book I. Part II., to
Young's Lectures on Natuml Philosophy, page 345, to Mr D. R. Hay's works on
Colours, and to Professor Forbes on the " Classification of Colours" (Phil. Mag.,
March, 1 849).
The most remarkable paper on the subject is that of M. Helmholtz, in the
Philosophical Magazine for 1852, in which he discusses the difTerent theories of
primary colours, and describes hie method of mixing the colours of the spectrum.
An examination of the results of M. Helmholtz with reference to the theory
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of 'three elements of colour, by Professor Grassmann, is translated in the Plzil.
M q . , April, 1854.
References to authors on colour-blindness are given in Dr G. Wilson's papers
on that subject. A valuable Letter of Sir J. F. W. Herschel to 'Dalton on his
peculiarity of vision, is to be found in the Life of Dalton by D r Henry.

1 had intended to describe some experiments on the propriety of the method
of mixing colours by rotation, which might serve as a.n extension of Mr Swan's
experiments on instantaneous impressions on the eye. These, together with the
explanation of some phenomena which seern to be at variance with the theory of
vision here adopted, must be deferred for the present. On some future occasion,
1 hope to be able to connect these simple experiments on the colours of pigments
with others in which the pure' hues of the spectrum are used. 1 have already
constructed a mode1 of apparatus for this purpose, and the results obtained are
sufficiently remarkable to encourage perseverance.

On d i j b e n t Methods

Exhihibithg the Mhtures

of &ours.

(1) Mechanical Mixture of Coloured Powders.

By grinding coloured powders together, the differently-coloured particles may
be so intermingled that the eye cannot distinguish the colours of the separate
powders, but receives the impression of a uniform tint, depending on the nature
and proportions of the pigments used. In this way, Newton mixed the powders
of orpiment, purple, bise, and lviride cmis, so as to form a gray, which, in Sunlight, resembled white paper in the shade. (Newton's Optich, Book I. Part II.,
Exp. xv.) This method of mixture, besides being adopt,ed by al1 painters, has
been employed by optical writers as a means of obtaining numerical results.
The specimens of such mixtures given by D. R. Hay in his works on ~ o l o u r ,
and the experiments of Professor J. D. Forbes on the same subject, shew the
importance of the method as a means of classifying colours. There are two
objections, however, to this method of exhibiting colours to the eye. When
two powders of unequal fineness are mixed, the particles of the finer powder
cover over those of the coarser, so as t o produce more than their due effect
in influencing the resultant tint. For instance, a small quantlty of lamp-black,
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mixed with a large quantity of chalk, will produce a mixture which is nearly
black. Although the powders generally used are not so difîerent in this respect
as lamp-black and chalk, the results of mixing given weights of any coloured
powders must be greatly modified by the mode in which these powders have
been prepared.
Again, the light which reaches the eye from the surface of the mixed powders consists partly of light which has fallen on one of the substances mixed
without being modiiled by the other, and partly of light which, by repeated
reflection or transmission, has been acted on by both substances. The colour of
these rays will not be a mixture of those of the substances, but will be the
result of the absorption due t o both substances successively. Thus, a mixture of
yellow and blue produces a neutral tint tending towards red, but the remainder
of white light, after passing through both, is green; and this green is generally
sufliciently powerful to overpower the reddish gray due to the separate colours
of the substances mixed. This curious result has been ably investigated by
Professor Helmholtz of Konigsberg, in his Memoir on the Theory of Compound
Colours, a translation of which may be found in the Annab of Philosophy for
1852, Part 2.
Mixture of dzferently-coloured Beams of Light by Superposition
on an Opaque Xcreen.
When we can obtain light of sdlicient intensity, this method produces the
most beautiful results. The best series of experiments of this kind are to be
found in Newton's Optich, Book I. Part II. The. different arrangements for
mixing the rays of the spectrum on a screen, as described by Newton, form
a very comylete system of combinations of lenses and prisms, by which dmost
every possible modification of coloured light may be produced. The principal
objections to the use of this method are-(1) The difEculty of obtaining a constant supply of unifomly intense light; (2) The uncertainty of the effect of
the position of the screen with respect t o the incident beams and the eye of
the observer; (3) The possible change in the colour of the incident light due
to the fluorescence of the substance of the screen. Professor Stokes has found
that many substances, when illuminated by homogeneous light of one refrangibility, become themselves luminous, so as t o emit light of lower refiangibility.
This phenornenon must be carefully attended to when screens are used to exhibit
light.
(2)
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(3)

Union

of

Coloured B e a m

by

a Prim so as to

fwm one Beam.

The mode of viewing the beam of light directly, without first throwing it
on a screen, was not much used by the older experimenters, but it possesses
the advantage of saving much light, and admits of examining the rays before
they have been stopped in aiiy way. I n Newton's 11th proposition of the 2nd
Book, an experiment is described, in which a beam is analysed by a prisrn,
concentrated by a lem, and recombined by another prism, so as to form a beam
of white light similar to the incident beam. By stopping 'the coloured rays a t
the lens, any proposed combination may be made t o pass into the emergent
beam, where i t may be received directly by the eye, or on a screen, a t pleasure.
The experiments of Helmholtz on the colours of the spectrum were made
with the ordinary apparatus for directly viewing the pure spectrum, two oblique
slits crossing one another being employed to admit the light instead of one
vertical slit. Two pure spectra were then seen crossing each other, and so
exhibiting a t once a large number of combinations. The proportions of these
combinations were altered by varying the inclination of the slits to the plane of
refraction, and in this way a number of very remarkable results were obtained,for which see his Memoir, before referred to.
I n experirnents of the same kind made by myself in August 1852 (independently of M. Helmholtz), 1 used a combination of three moveable vertical
slits to admit the light, instead of two cross slits, and observed the compound
ray through a slit made in a screen on which the pure spectrum is formed.
I n this way a considerable field of view was filled with the mixed light, and
might be compared with another part of the field illuminated by light proceeding
from a second system of slits, placed below the first set. The general chara,cter
of the results agreed with those of M. Helmholtz. The chief diiliculties seemed
to arise from the defects of the optical apparatus of my own eye, which rendered apparent the compound nature o f . the light, by analysing it as a prism
or an ordinary lens would do, whenever the lights mixed differed much in
refrangibility.
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Union of two beam by means of a transparent surface, which reJEects
the $rst and transrnits the second.

(4)

The simplest experiment of this kind is described by M. Helmholtz. He
places two coloured wafers on a table, and then, taking a piece of transparent
glass, he places it between them, so that the reflected image of one apparently
coincides with the other as seen through the glass. The colours are thus mixed,
and, by varying the angle of reflection, the relative intensities of the reflected
and transmitted beams may be varied a t pleasure.
I n an instrument constnicted by myself for photometrical purposes two reflecting plates were used. They were placed in a square tube, so as to polarize
the incident light, which entered through holes in the sides of the tubes, and
was reflected in the direction of the axis. I n this way two beams oppositely
polarized were mixed, either of which could be coloured in any way by colourecl
glasses placed over the holes in the tube. By means of a Nicol's prism placed
at the end of the tube, the relative intensities of the t a o colours as they
entered the eye could be altered a t pleasure.

(5)

Union

of two coloured

beams by means of a doubly-refracting Prism.

1 am not aware that thii method has been tried, although the opposite
polarization of the emergent rays is favourable to the variation of the experiment.

(6)

Xzmessive presentation of the dzferent Colours to the Retina.

It has long been known, that light does not produce its full effect on the
eye a t once, and that the effect, when produced, remains visible for some time
after the light has ceased to act. I n the case of the rotating disc, the various
colours become indistinguishable, and the dise appears of a uniform tint, which
is in some sense the resultant of the colours so blended. This method of combining colours has been used since the time of Newton, to exhibit the results
of theory. The experiments of Professor J. D. Forbes, which 1 witnessed in
1849, first encouraged me t o think that the laws of this kind of mixture might
be discovered by special experiments. After repeating the well-known experiment
in which a series of colours representing those of the spectrum are combined
VOL. I.
19
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to form gray, Professor Forbes endeavoured to form a neutral tint, by the
combiiation of three colours only. For this purpose, he combined the three
so-called primary colours, red, bloe, and yellow, but the resulting tint could
not be rendered neutral by any combination of these colours; and the reason
was found t o bey that blue and yellow do not make green, but a pinkish tint,
..
prevails in the combination. It was plain, that no addition of
when neither
red to this, could produce a neutral tint.

This result of mixing blue and yellow was, 1 believe, not previously known.
It directly contradicted the received theory of colours, and seemed t o be at
variance with the fact, that the same blue and yellow paint, when ground
together, do make green. Several experiments were proposed by Professor Forbes,
in order to eliminate the effect of motion, but he was not then able to undertake them. One of these consisted in viewing alternate stripes of blue and
yellow, with a telescope out of focus. 1 have tried this, and fhd the resultant
tint pink as before*. 1 also found that the beams of light coloured by transmission through blue and yellow glasses appeared pink, when rnixed on a screen,
while a beam of light, after passing through both glasses, appeared green. By
the help of the theory of absorption, given by Herschelt, 1 made out the
complete explanation of this phenornenon. Those of pigments were, 1 think, first
explained by Helmholtz in the manner above referred to$.

It may still be asked, whether the effect of successive presentation to the
eye is identical with that of simultaneous presentation, for if there is any action
of the one kind of light on the other, it can take place only in the case of
simultaneous presentation. An experiment tending to settle this point is recorded
by Newton (Eook I. Part rr., Exp. 10). He used a comb with large teeth t o
intercept various raya of the spectrum. When i t was moved slowly, the various
colours could be perceived, but when the speed was increased the result was
perfect whiteness. For another form of thii experiment, see Newton's Sixth
Letter to Oldenburg (Horsley's Edition, Vol. IV., page 335).
I n order more fully t o satisfy myself on this subjed, 1 took a disc in
which were ciit a number of slits, so as to divide i t into spokes. In a plane,
iiearly passing through the axis of this disc, 1 placed a blue glass, so that one

*

See however Eneyc. Metropoldam, Art. "Light," section 502.
t 16. sect. 516.
$ 1 have Iately seen a passage in Moigno's Cosmos, stating that M. Plateau, in 1819, had obtained
gray by whirling together gamboge and Prussian blue. Correspondance Hath. et Phys. de M. Quetelet,
Vol. v., p. 221.
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half of the disc might be seen by transmitted light-blue, and the other by
reflected light-white.
In the course of the reflected light 1 placed a yellow
gllass, and in this way 1 had two nearly coincident images of the slits, one
yellow and one blue. By turning the duc slowly, 1 observed that in some
parts the yellow slits and the blue slits appeared to pass over the field alternately, while in others they appeared superimposed, so as to produce alternately
their mixture, which was pale pink, and complete darkness. As long as the
disc moved slowly 1 could perceive this, but when thé speed became great, the
whole field appeared uniformly coloured pink, so that those parts in which the
colours were seen successively were indistinguishable from those in which they
were presented together to the eye.
Another form in which the experiment may be tried requires only the
colour-top above described. The disc should be covered with alternate sectors
of any two colours, Say red and green, disposed alternately in four quadrants.
By placing a piece of glass above the top, in the plane of the axis, we make
the image of one half seen by reflection coincide with that of the other seeii
by transmission. It will then be seen that, in the diameters of the top which
are parallel and perpendicular to the plane of reflection, the transmitted green
coincides with the reflected green, and the transmibted red with the reflected
red, so that the result is always either pure red or pure green. But in the
diameters intermediate to these, the transmitted red coincides with the reflected
green, and vice versa, 80 that the pure coloum are never seen, but only their
mixtures. As long as the top is spun slowly, these parts of the disc will
appear more steady in colour than those in which the greatest alternations
take place; but when the speed is suficiently increased, the disc appears perfectly uniform in colour. From these experirnents it appears, that the apparent
mixture of colours is not due to a mechanical superposition of vibrations, or
to any mutual action of the mixed rays, but to some cause residing in the
constitution of the apparatus of vision

(7) Presentation of the Colours to be mixed one to each Eye.
This method is said not to succeed mith some people; but 1 have always
found that the mixture of colours was perfect, although it mas di5cult to conceive the ohjects seen by the two eyes as identical. In using the spectacles,
19-2
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which one eye is green and the other red, 1 have found, when looking at
arrangement of green and red papers, that some looked metallic and others
transparent. This arises from the very dxerent relations of brightness of the
two colours as seen by each eye through the spectacles, which suggest,~the false
conclusion, that these differences are the result of reflection from a polished
surface, or of light transmitted through a clear one.

'NOTEII.
Results of Experirnents with Mr Ray's Papers at Cambridge, November, 1854.
The mean of ten observations made by six observers gave

'449 R + '299 G + -252 B = -224 W + -776 Bk ................(l).
-696 R + -304 G= -181 B + - 3 2 7 Y + * 4 9 2 Bk ................(2).
These two equations served to determine the positions of white and yellow
in diagram No. 2. The coefficient of W is 4.447, and that of yellow 2.506.
From these data we may deduce three other equations, either by calculation, or by measurement on the diagram (No. 2).
Eliminating green from the equations, we find
-565 B

+ '435 Y = -307 R + '304 W + '389 Bk.. .............(3).

The mean of three observations by three different observers gives
-573 B +'477 Y =.313 R $ '297 W +'390 Bk.

Errors of calculation

- .O08 B+ ,008 Y - .O06 R + ,007 W - .O01 Bk.

The point on the diagram to which this equation corresponds is the intersection of the lines BY and RW, and the resultant tint is a pinkish-gray.
Eliminating red from the equations, we obtain

1

Calculation
-533 B + ' 1 5 0 G + -317 Y ='337 W +'663 Bk
By 1 0 observations . 5 3 7 B + * 1 4 6 G + - 3 1 7 Y = - 3 3 7 W + - 6 6 3 B k ......( 4).
Errors
-'O04
+'O04
Elirninatingblue
.660R+'340G='218Yf'108Wf'682Bk
By 5 observations '672 R + '328 G = '224 Y + '094 W +'672 Bk
Errors
-'O12
+'O12
-'O06
+'O14
$-O08
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NOTEIII.
On the !.ineory

of Compound Colours.

Newton's theorem on the mixture of colours is to be found in hi Opticks,
Book r., Part II., Prop. VI.

In a mixture of primary colours, the qunntity and quality of each beitq
given, to know the colour of the conyound.
H e divides the circurnference of a circle into parts proportional to the seven
musical intervals, in accordance with his opinion of the divisions of the spectrum.
He then conceives the colours of the spectrum arranged round the circle, and a t
the centre of gravity of each of the seven arcs he places a little circle, the
area of which represents the number of rays of the corresponding colour which
enter into the given mixture. He takes the centre of gravity of all these circles
to represent the colour formed by the mixture. The hue is determined by
drawing a lipe through the centre of the circle .and this point to the circumference. The position of this line points out the colour of the spectrum which
the mixture most resembles, and the distance of the resultant tint from the
centre determines the fulness of its colour.
Newton, by this construction (for which he gives no reasons), plainly shetrs
that he considered it possible to find a place within his circle for every possible
colour, and that the entire nature of any compound colour may be known from
its place in the circle. It will be seen that the same colour niay be compounded
froni the colours of't.he spectrum in an infinite variety of ways. The apparent
identity of al1 these mixtures, which are optically different, as may be shewn by
the prism, implies some law of vision not explicitly stated by Newton. This
law, if Newton's method be true, must be that which 1 have endeavoured to
establish, namely, the threefold nature of sensible colour.
With respect t o Newton's construction, we now know that the proportions
of the colours of the spectrum Vary with the nature of the refracting medium.
The only absolute index of the kind of light is the time of its vibration. The
length of its vibration depends on the medium in which i t is; and if any proportions are to be sought among the ware-lengths of the colours, they must
be determined for those tissues of the eye in ahich their physical effects are

IRIS - LILLIAD - Université Lille 1

150

EXPERIMXWL'S ON

COLOUR,

AS PERCEiVED BY THE EYE.

supposed to terminate. It may be remarked, that the apparent colour of the
spectrum changes most rapidly at three points, which lie respectively in the
yellow, between blue and green, and between violet and blue. The wave-lengths
of the correspondhg rays in water are in the proportions of three geometric
means between 1 and 2 very nearly. This result, hokever, is not to be considered established, unless confirmed by better observations than mine.
The only safe method of completing Newton's construction is by an examination of the colours of the spectrum and their mixtures, and subsequent
calculation by the method used in the experiments with coloured papers. I n
this way 1 hope to determine the relative positions in the colour-diagram of
every ray of the spectrum, and its relative intensity in the solar light. The
spectrum will then form a curve not necessarily circular or even re-entrant, and
its peculiarities so ascertained may form the foundation of a more complete
theory of the colour-sensation.

On the relation of the pure rays of the Spectrum to the three ass?bmed Elementary

Sensations.

If we place the three elementary colour-sensations (which we may call, after
Young, red, green, and violet) a t the angles of a triangle, all colours which
the eye can possibly perceive (whether by the action of light, or by pressure,
disease, or imagination) must be somewhere within this triangle, those which lie
farthest from the centre being the fullest and purest colours. Hence the colours
which lie a t the middle of the sides are the purest of their kind which the
eye can see, although not so pure as the elementary sensations.

It is natural to suppose that the pure red, green, and violet rays of the
spectrum produce the sensations which bear their names in the highest purity.
But from this supposition it would follow that the yellow, composed of the red
and green of the spectrum, would be the most intense yellow possible, while
it is the result of experiment, that the yellow of the spectrum itself is much
more full in colour. Hence the sensations produced by the pure red and green
rays of the spectrum are not the. pure sensations of Our theory. Newton has
remarked, that no two colours of the spectrum produce, when mixed, a colour
equal in fulness to the intermediate colour. The colours of the spectrum are
al1 more intense than any compound ones. Purple is the only colour which
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must be produced by combination. The experiments of Helmholtz lead t o the
same conclusion; and hence it would appear that we can h d no part of the
spectrum which produces a pure sensation.
'

An additiond, though less satisfactory evidence of this, is supplied by the
observation of the colours of the spedrum when excessively bright. They then
appear to lose their peculiar colour, and to merge into pure whiteness. This
is probably due to the want of capacity of the organ to take in so strong an
impression; one sensation becomes first saturated, and the other two speedily
follow it, the final efect being simple brightness.
From these facts 1 would conclude, that every ray of the spectrum is capable
of producing all three pure sensations, though in different degreeu. The curve,
therefore, which we have supposed to represent the spectrum will be quite within
the triangle of colour. Al1 natural or artificial colours, being compounded of
the colours of the spectrum, must lie within this curve, and, therefore, the colours
corresponding to those parts of the triangle beyond this curve must be for ever
unknown to us. The determination of the exact nature of the pure sensations,
or of their relation to ordinary colours, is therefore impossible, unless we can
prevent them £rom interfering with each other as they do. It may be possible
to experience sensations more pure than those directly produced by the spectrum, by h s t exhausting the sensibility to one colour by protracted gazing, and
then suddenly turning to its opposite. But if, as 1 suspect, colour-blindness be
due to the absence of one of these sensations, then the point D in diagram (2),
which indicates their absent sensation, indicates also Our pure sensation, which
we may c d red, but which we can never experience, because al1 kinds of
light excite the other sensations.

if only
Newton has stated one objection t o his theory, as follows :-"Also,
two of the primy colours, which in the circle are oposite to one another, be
mixed in a n equal proportion, the point Zn (the resultant tint) " shall fa11 upon
the centre O" (neutral tint) ; " and yet the colour cmpounded of these two sMl
not be perfectly white, but some faint anonynwus colour. For I could never yet, by
mixing only two p r i m r y colours, produce a ÿerfect white." This is c o h e d by
the experiments of Helmholtz; who, however, hm succeeded better with some
pairs of colours than with others.
I n my experirnents on the spectrum, 1 came to the same result; but i t
appeared t o me that the very peculiar appearance of the neutral tints producecl
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was owing to some optical effect takiig place in the transparent part of the
eye on the mixture of two rays of very different refrangibility. Most eyes are
by no means achromatic, so that the images of objects illuminated with mixed
light of this kind appear divided into two different colours; and even when
there is no distinct object, the mixtures become in some degree analysed, so as
to present a very strange, and certainly " anonymous" appearance.

Additional Note on the more recent experiments of M. Helmholtz*,
In his former memoir on the Theory of Compound Coloursf, M. Helmholtz
arrived at the conclusion that only one pair of homogeneous colours, orangeyellow and indigo-blue, were strictly complementary. This result was shewn by
professor Grassmann$ to be at variance with Newton$ theory of compound
colours; and although the reasoning was founded on intuitive rather than
experimental tniths, it pointed out the tests by which Newt,onYstheory must
be vedied or overthrown. I n applying these tests, M. Helmholtz made ilse of
an apparatus similar to that described by M. Foucault$, by which a- screen of
white paper is illuminated by the mixed light. The field of mixed colour is
much larger than in M. Helmholtz's former experiments, and the facility of
forming combinations is much increased. I n this memoir the mathematical theory
of Newton's circle, and of the curve formed by the spectrum, with its possible
transforinations, is completely stated, and the form of this curve is in some
degree indicated, as far as the determination of the colours which lie on opposite sides of white, and of those which lie oppovite the part of the curve which
is wanting. The colours between red and yellow-green are complementary to
colours between blue-green and violet, and those between yellow-green and bluegreen have no homogeneous complementaries, but must be neutralized by various
hues of purple, i.e., mixtures of red and violet. The names of the complementary
colours, with their wave-lengths in air, as deduced from Fraunhofer's measurements, are given in the following table :-

" Poggendorff's Anndelû, Bd. XCIV. (1 am indebted for the perusal of this Mernoir to Professor
Stokes.)
I. Ib. Bd. LXXXVII. A m o h of P?dosophy, 1852, Part II.
$ 16. Bd. LXXXIX. Anm. Phil., 1854, April.
3 Ib. Bd. LXXXVIII. MoiPo, Co.smos, 1853, Tom. II., p. 232.
'
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Complementary
Colour

Colonr
--

.

. .

Red
.
Orange
Gold-yellow
Gold yellow
Yellow
Yellow
Green-yellow

. . .
.
.
. ..
. . .
.

Ratio of
wave-lengths

-

. .
.. ..
. ...
. ..

Green-blue
Blue
Blue
Blue
.
Indigo-blue
Indigo-blue
Violet

.
.
.. .

(The wave-lengths are expressed in millionthe of e Paris inch.)

(In order to reduce these wave-lengths to their actual lengths in the eye,
each must be divided by the index of refradion for that k i d of light in the
medium in which the physical effect of the vibrations is supposed t o take place.)
Although these experiments are not in themselves sufficient to give the complete theory of the curve of homogeneous colours, they determine the most
important element of that theory in a way which seems very accurate, and 1
cannot doubt that when a philosopher who has so fully pointed out the irnportance of generd theories in physics turns his attention to the theory of
sensation, he will a t least establish the principle that the laws of sensation can
be successfully investigated only after the corresponding physical laws have been
ascertained, and that the connection of these two kinds of laws can be apprehended only when the distinction between them is fully recognised.

NOTEIV.
DescrZption

of t l .8?q~~e&t.
~
Plate 1.

No. 1. ia the colour-diagram already referred to, representing, on Newton's principle, the relations of
dxerent coloured papew to the three standard colours-vermilion, emerald-green, and ultramarine. The initials denoting the colouw 'are explained iu the list a t page 276, and the
nunibers belonging to them are their coefficients of intensity, the use of which has been
explained. The initials H.R., EB., and H.a., represent the red, blue and green papers
of Mr HAY,
and serve to conne& t h i a diagram with No. (2), which takes these coloure for
its standards.
VOL. 1.
20
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No. 2. represents the relations of Mr HAT'Sred, blue, green, white, and yellow papers, as determined by a large number of experiments at Cambridge.-(See
Note II.). The use of the
point D, in cdculating the resulta of colour-blindnesg is explained in the Paper.
Fig. 3. represents s disc of the larger size, with its dit.
Fig. 4. shows the mode of combining two discs of the smaller size.
Fig. 5. shows the combination of discs, as placed on the top, in the first experiment described
in the Paper.
Fig. 6. represents the method of spinning the top, when speed is required.
The last four figures are hdf the actud size.
Colour-tops of tho kind used in these experiments, with paper discs of the colours whose relation6
are represented in No, 1, are to be had of Mr J. M. BEYSON,Optician, Edinburgh.
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[From the T~amactionsof the Cambridge Philosophical Society, VOL X. Part

VIII.

On Faraday's Lines

1.1

of Force.

[ R e d Dec. 10, 1855, and Feb. 11, 1856.1

THE present state of electrical science seems peculiarly unfavourable to speculation. The laws of the distribution of electricity on the surface of conductors
have been analytically deduced from experiment; some parts of the mathematical
theory of magnetism are established, while in other parts the experimental data
are wanting ; the theory of the conduction of galvanism and that of the mutual
attraction of conductors have been reduced to mathematical formula, but have
not f d e n into relation with the other parts of the science. No electrical theory
c m now be put forth, unless it shews the connexion not only between electricity
at rest and current electricity, but between the attractions and inductive effects
of electricity in both states. Such a theory must accurately satisfy those laws,
the mathematical form of which is known, and must d o r d the means of calculating the effects in the limiting cases where the known formule are inapplicable.
I n order therefore to appreciate the requirements of the science, the student
must make himself familiar with a considerable body of most intricate mathematics, the mere retention of which in the memory materially intei-feres mith
further progress. The first process therefore in the effectual study of the science,
must be one of simpliication and reduction of the results of previous investigation t o a form in which the mind can grasp them. The results of this simplification may take the form of a purely mathematical formula or of a physical
hypothesis. I n the first case we enth ly lose sight of the phenomena to be
explained; and though we may trace out- the consequences of given laws, we
oan never obtain more extended viewa of tha connexions of the subject. If,
on the other hand, we adopt a physical hypothesis, we see the phenomena only
through a medium, and are liable to that blindness to facts and rmhness in

B
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assumption which a partial explanation encourages. We must therefore discover
some method of investigation hi ch allows the mind at every step to lay hold
of a clear physical conception, without being committed t o any theory founded
on the physical science from which that conception is borrowed, so that it is
neither drawn aside from the subject in pursuit of analytical subtleties, nor carried
beyond the truth by a favourite hypothesis.
I n order to obtain physical ideas without adopting a physical theory we must
make ourselves familiar with the existence of physical analogies. By a physical
analogy 1 mean that partial similarity between the laws of one science and those
of another which makes each of them illustrate the other. Thus all the mathematical sciences are founded on relations between physical laws and liws of
numbers, so that the aim of exact acience is t o reduce the problems of nature
to the determination of quantities by operations with numbers. Passing 'from
the most universal of al1 analogies t o a very partial one, we find the same
resemblance in mathematical form between two different phenomena giving rise
to a physical theory of light.
The changes of direction which light undergoes in passing from one medium
to another, are identical with the deviations of the patli of a particle in moving
through a narrow space in which intense forces act. This analogy, which extends
only to the direction, and not to the velocity of motion, was long believed to
be the true explanation of the refraction of light; and we still find it useful
in the solution of certain problems, in which we employ it without danger, as
an artificial method. The other analogy, between light and the vibrations of an
elastic medium, extends much farther, but, though its importance and fiuitfiilness
cannot be over-estimated, we must recollect that it is founded only on a, resemblance in form between the laws of light and those of vibrations. By stripping
it of its physical dress and reducing it to a theory of "transverse alternations,"
we might obtain a system of truth strictly founded on observation, but probably
deficient both in the vividness of its conceptions and the fertility of its method.
1 have said thus much on the disputed questions of Optics, as a preparation
for the discussion of the almost universally admitted theory of attraction a t a
distance.
We have all acquired the mathematical conception of these attractions. We
can reason about them and determine their appropriate foms or formule. These
f o r m u l ~have n distinct mathematical signXcance, and their results are found
to be in accordance with natural phenomena. There is no formula in applied
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mathematics more consistent with nature than the formula of atdxactions, and no
theory better established in the minds of men than that of the action of bodies
on one another a t a distance. The laws of the conduction of heat in uniform
media appear at h s t sight among the most different in their physical relations
from those relating to attractions. The quantities which enter into them are
temperature, Jlow of heat, conductivity. The mord force is foreign to the subject.
Yet Ge find that the mathematical laws of the uniform motion of heat in
homogeneous media are identical in form with those of attractions varying inversely as the square of the distance. We have only to substitute source of
heat for centre of attraction, Jlow of heat for accelerating e&t of attraction a t
any point, and temperature for potential, and the solution of a problem in
attractions is transformed into that of a problem in heat.
This analogy between the formulze of heat and attraction was, 1 believe,
first pointed out by Professor William Thomson in the Camb. Math. Journd,
Vol. III.
Now the conduction of heat is supposed to proceed by an action between
contiguous parts of a medium, while the force of attraction is a relation between distant bodies, and get, if we knew nothing more than is expresied in
the mathematical formulae, there would be nothing to distinguish between the
one set of phenomena and the other.
It is true, that if we introduce other considerations and observe additional
fàcts, the two subjects will assume very different aspects, but the mathematical
resemblance of some of their laws will remain, and may still be made useful
in exciting appropriate mathematical ideas.
It is by the use of analogies of thii kind that 1 have attempted to bring
before the mind, in a convenient and manageable form, those mathematical idem
which are necessary to the study of the phenomena of electricity. The methoda
are generally those suggested by the processes of reasoning which are found in
the researches of Faraday*, and which, though they have been interpreted
mathematically by Prof. Thomson and others, are very generally supposed t o be
of an indefinite and unmathematical character, when compared with those employed by the professed mathematicians. By the method which 1 adopt, 1 hope
to render it evident that 1 am not attempting t o establish any physical theory
of a science in which 1 have hardly made a single experiment, and that the
limit of my design ia to shew how, by a strict application of the ideas and
See especially Series
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xxxvm. of the Experimental Researcl~es,and P l d Mag. 1852.

methods of Faraday, the connexion of the very dserent orders of phenomena
which he has discovered may be clearly placed before the mathematicd rnind.
1 shall therefore avoid as much as 1 can the introduction of anything which
does not serve as a direct illustration of Faraday's methods, or of the mathematical deductions which may be made from them. I n treating the simpler
parts of the subject 1 shall use Faraday's mathematical methods as well as
his ideas. When the complexity of the subject requires ii, 1 shall use analytical
notation, still confining myself to the development of ideas originated by the
same philosopher.
1 have in the first place t o explain and illustrate the idea of " lines of
force."
When a body is electrified in any marner, a small body charged with positive electricity, .and placed in any given position, will experience a force urging
it in a certain direction. If the small body be now negatively electrified, it will
be urged by an equal force in a direction exactly opposite.
The same relations hold between a magnetic body and the north or south
poles of a small magnet. If the north pole is urged in one direction, the south
pole is iirged in the opposite direction.
I n this way we might find a line passing through any point of space, such
that i t represents the direction of the force acting on a positively electi-ified
particle, or on an elementary north pole, and the .verse
direction of the force
on a negatively electrified particle or an elementary south pole. Since a t every
point of space such a direction may be found, if we commence a t any point
and draw a line so that, as we go along it, its direction a t any point shall
always coincide with that of the resultant force a t that point, this curve will
indicate the direction of that force for every point through which i t passes, and
might be called on that account a line of force. We might in the same way
draw other lines of force, till we had Nled al1 space with curves indicating by
their direction that of the force at any assigned point.
We should thus obtain a geometrical mode1 of the physical phenomena,
which would tell us the direction of the force, but we should stiU require some
method of indicating the intensity of the force at any point. If we consider
these curves not as mere lines, but as fine tubes of variable section carrying
an incompressible fluid, then, since the velocity of the fluid is inversely as the
section of the tube, we may make the velocity Vary according to any given law,
by regulating the section of the tube, and in this way we might represent the
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intensity of the force as well as its direction by the motion of the fluid in
these tubes. This method of representing the intensity of a force by the velocity
clf an imaginary fluid in a tube is applicable to any conceivable system of forces,
but it is capable of great simplification in the case in which the forces are such
as can be explained by the hypothesis of attractions varying inversely as the
square of the distance, such as those observed in electrical and magnetic phenomena. I n the case of a perfectly arbitrary system of forces, there will generally
be interstices between the tubes ; but in the case of electric and magnetic forces
it is possible to arrange the tubes so as to leave no interstices. The tubes will
then be mere surfaces, directing the motion of a fluid W g up the whole space.
It has been usual to commence the investigation of the laws of these forces by
a t once assuming that the phenomena are due to attractive or repulsive forces
acting between certain points. We may homever obtain a dserent view of the
subject, and one more suited to Our more di£Ecult inquiries, by adopting for the
definition of the forces of which we treat, that they may be represented in
mapitude and direction by the uniform motion of an incompressible fluid.
1 propose, then, b s t to describe a method by which the motion of such a
fluid can .be clearly conceived; secondly to trace the consequences of assuming
certain conditions of motion, and t o point out the application of the method t o
some of the less complicated phenomena of electricity, magnetism, and galvanism ;
and lastly to shew how by an extension of these methods, and the introduction
of another idea due t o Faraday, the laws of the attractions and inductive actions
of magnets and currents may be clearly conceived, without making any assumptions as to the physical nature of electricity, or adding anything to that which
has been already proved by experiment.
By referring everything to the purely geometrical idea of the motion of an
imaginary fluid, 1 hope to attain generality and precision, and to avoid the
dangers arising from a premature theory profesaing to explain the cause of the
phenomena. If the results of mere speculation which 1 have collected are found
to be of any use to experimental phiiosophers, in arranging and interpreting
their results, they will have served their purpose, and a mature theory, in which
physical facts will be physically explained, will be formed by those who by
interrogating Nature herself can obtain the only true solution of the questions
which the mathematicai theory suggests.
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1. Theory of the Motion of an incompressible Fluid.
The substance here treated of must not be assumed to possess any of
the properties of ordinary fluids except those of freedom of motion and resistance
to compression. It is not even a hypothetical fluid which is introduced to
explain actual phenornena. It is merely a collection of imaginary properties
which may be employed for establishing certain theorems in pure mathematics in
a way more intelligible to many minds and more applicable to physical problems
than that in which algebraic symbols alone are used. The use of the word
"Fluid" will not lead us into error, if we remember that it denotes a purely
imaginary substance with the following property :
(1)

me

portion of JEuid which at any .instant occupied a given volume, will at
any succeeding instant occupy an equal volume.
This law expresses the incompressibility of the fluid, and furnishes us with
a convenient measure of its quantity, namely its volume. The unit of quantity
of the fluid will therefore be the unit of volume.
The direction of motion of the fluid wiIl in general be different a t
different points of the space which it occupies, but since the direction is determinate for every such point, we may conceive a lime to begin a t any point and
to be continued so that every element of the line indicates by its direction the
direction of motion at that point of space. Lines drawn in such a manner that
their direction always indicates the direction of fluid motion are called lines of
JEuid motion.
If the motion of the fluid be what is called steudy motion, that is, if the
direction and velocity of the motion a t any fixed point be independent of the
tirne, these curves will represent the paths of individual particles of the fluid,
but if the motion be variable this will not generally be the case. The cases
of motion which will come under Our notice w i l l be those of steady motion.
(2)

If upon any surface which cuts the lines of fluid motion we draw a
closed curve, and if from every point of t h k curve we draw a line of motion,
these lines of motion will generate a tubulm surface which we may c d a tube
of JEuid motion. Since this surface is generated by lines in the direction of fluid
(3)
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motion no part of the fluid can flow across it, so that this imaginary surface
is as impermeable to the fluid as a real tube.
(4) The quantity of fluid which in unit of time crosses any fixed section
of the tube is the same at whatever part of the tube the section be taken.
For the fluid is incompressible, and no 'part runs through the sides of the tube,
therefore the quantity which escapes from the second section is equal to that
which enters through the first.

If the tube be such that unit of volume passes through any section in
unit of time it is called a unit tube of JEuid motion.
I n what follows, various units will be referred to, and a finite number
of lines or surfaces will be drawn, representing in terms of those units the
motion of the fluid. Now in order to define the motion in every part of the
fluid, an infinite number of lines would have to be drawn at indefinitely small
intervals; but since the description of such a system of lines woiild involve
continual reference to the theory of Limits, it has been thought better to suppose
the lines drawn at intervals depending on the assumed unit, and afterwards to
assume the unit as small as we please by taking a small submultiple of the
standard unit.
(5)

(6)

To define the motion of the whole fluid by means of a system of unit

tubes.
Take any fixed surface which cuts all the lines of fluid motion, and draw
upon it any system of curves not intersecting one another. On the same surface
draw a second system of curves intersecting the first system, and so arranged
that the quantity of fluid'which crosses the surface within each of the quadrilaterals formed by the intersection of the two systems of curves shall be unity
in unit of time. From every point in a curve of the h t system let a line
of fluid motion be drawn. These lines will form a surface through which no
fluid passes. Similar impermeable surfaces may be drawn for al1 the curves of
the first system. The curves of the second system will give rise to a second
t system,
system of impermeable surfaces, which, by their intersection with the h
will f o m quadrilateral tubes, which will be tubes of fluid motion. Since each
quadrilateral of the cutting surface transmits unity of fluid in unity of tirne,
every tube in the system will transmit unity of fluid through any of its sections
in unit of time. The motion of the fluid a t every part of the space it occupies
V O L 1.
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is determined by this system of unit tubes; for the direction of motion is that
of the tube through the point in question, and the velocitg ia the reciprocal
of the area of the section of the unit tube a.t that point.

(7) We have now obtained a geometrical construction which completely
defines the motion of the fluid by dividing the space it occupies into a system
of unit tubes. We have next to shew how by means of these tubes we rnay
ascertain various points relating to the motion of the fluid.

A unit tube may either return into itself, or may begin and end at dXerent points, and these may be either in the boyndary of the space in which we
investigate the motion, or within that space. I n the first case there is a continual circulation of fluid in the tube, in the second the fluid enters at one end
and flows out at the other. If the extremities of the tube are in the bounding surface, the fluid may be supposed t o be continually supplied from without
from an unknown source, and to flow out a t the other into an unknown reservoir; but if the origin of the tube or its termination be within the space under
consideration, then we must conceive the fluid to be supplied by a source within
that space, capable of creating and emitting unity of fluid in unity of time, and
to be afterwards swallowed up by a sink capable of receiving and destroying
the same amount continually.
There is nothiig self-contradictoy in the conception of these sources where
the fluid is created, and sinks where it is annihilated. The properties of the
fluid are at our disposal, we have made it incompressible, and now we suppose
it produced from nothing at certain points and reduced to nothing a t others.
The places of production will be called sources, and their numericd value will bs
the number of units of fluid which they produce in unit of time. The places
of reduction will, for want of a better name, be called si&,
and will be estimated by the number of units of fluid absorbed in unit of tirne. Both places
will sometimes be called sources, a source being understood to be a sink when
its sign is negative.

It is evident that the amount of fluid which passes any fixed surface
is measured by the number of unit tubes which ,eut it, and the direction in
which the fluid passes is determined by that of its motion in the tubes. If
the surface be a closed one, then any tube whose terminations lie on the same
side of the surface must cross the surface as many times in the one direction
as in the other, and therefore must carry as much fluid out of the surface a s '
(8)
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it carries in. A tube which begins within the surface and ends without it
will carry out unity of fluid;- and one which enters the surface and terminates
within it will carry in the same quantity. In order therefore to estimaie the
amount of fluid which flows out of the closed surface, we must subtract the
number of tubes which end within the surface from the number of tubes which
l on the whole flow inwards.
begin there. If the result is negative the fluid d
If we call the beginning of a unit tube a unit source, and its termination
a unit sink, then the quantity of fluid produced within the surface is estimated
by the n u b e r of unit sources minus the number of unit ainks, and this must
flow out of the surface on account of the incompressibility of the fluid.
In Eipeaking of these unit tubes, sources and sinks, we must remember what
was stated in (5) as t ù the magnitude of the unit, and how by dirninislling
their size and increashg their number we may distribute them according to any
law however complicated.
(9) If we know the direction and velocity of the fluid at any point in

two different cases, and if we conceive a third case in which the direction and
velocity of the fluid a t any point is the resultant of the velocities in the two
former cases a t corresponding points, then the amount of fluid which passes a
given fixed ~iurfacein the third case will be the algebraic sum of the quantities
which pass the same surface in the two former cases. For the rate at which
the fluid crosses any surface is the resolved part of the velocity normal t o the
surface, and the resolved part of the resultant is equal to the Eium of the
resolved parts of the components.
Hence the number of unit tubes which cross the surface outwards in the
third case must be the algebraical sum of the numbers which cross it in the
two former cases, and the number of sources within any closed ~urfacewill be
the sum of the numbers in the two former cases. Since the closed surface may
be taken as small as we please, it i~ evident that the distribution of sources
and sinks in the third case arises from the simple superposition of the distributions in the two former cases.

II. %vry

of the ungorm motion of an imponderable incompressible juid
through a resisting medium.

(10) The fluid is here supposed to have no inertia, and its motion is opposed
by the action of a force which we may conceive to be due to the resistance of a
21-2
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medium through which the fluid is supposed to flow. This resistance depends on
the nature of the medium, and will in general depend on the direction in which
the fluid moves, as well as on its velocity. For the present we rnay restrict
ourselves to the case of a unifoi-m medium, whose resistance is the same in all
directions. The law which we assume is as follows.

Any pohon of the JEuid moving through the resisting medium is directly
opposed by a retal-ding force proportional to its velocity.
If the velocity be represented by v, then the resistance will be a force equal
t o 7cv acting on unit of volume of the fluid in a direction contrary to that of
motion. In order, therefore, that the velocity rnay be kept up, there must be a
greater pressure behind any portion of the fluid than there is in front of it, so
that the difference of pressures rnay neutralise the effect of the resistance. Conceive a cubical unit of fluid (which we rnay make as small as we please, by (5)),
and let it move in a direction perpendicular t o two of its faces. Then the resistance will be kv, and therefore the diGerence of pressures on the first and second
faces is kv, so that the pressure dirninishes in the direction of motion a t the rate
of kv for every unit of length measured along the line of motion; so that if we
measure a length equal t o h units, the difference of pressure at its extremities
will be kvh.
(11) Since the pressure ia supposed to Vary continuously in the fluid, al1
the points at which the pressure is equal t o a given pressure p d l lie on a
certain surface which we may cal1 the surface (p) of equal pressure. If a series
of these s&ces be constructed in the fluid corresponding to the pressures O, 1,
2, 3 &c., then the number of the surface will indicate the pressure belonging to
it, and the surface rnay be referred to as the surface O, 1, 2 or 3. The unit of
pressure is that pressure which is produced by unit of force acting on unit of
surface. In order therefore to diminish the unit of pressure as in (5) we must
diminish the unit of force in the same proportion.
(12) It is easy to see that these surfaces of equal pressure must be perpendicular to the lines of fluid motion; for, if the fluid were to move in any other
direction, there would be a resistance to its motion which could not be balanced
by any difference of pressures. (We must remember that the fluid here considered has no inertia or mass, and that its properties are those only which are
formally assigned to it, so that the resistances and pressures are the only things
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to be considered.) There are therefore two sets of surfaces which by their intersection form the system of unit tubes, and the system of surfaces of equal pressure ciits both the others at right angles. Let h be the distance between two
consecutive surfaces of equal pressure measured dong a line of motion, then since
the difference of pressures = 1,
kvh = 1,
which determines the relation .of v to h, so that one can be found when the
other is known. Let s be the sectional area of a unit tube measured on a
surface of equal pressure, then since by the definition of a unit tube
vs=l,
we find by the la& equation
s = kh.
(13) The surfaces of equal pressure cut the unit tubea into portions whose
length is h and section S. These elementary portions of unit tubes will be called
unit celk. In each o f , them unity of volume of fluid passes from a pressure p to
a pressure (23- 1) in unit of tirne; and therefore overcomes unity of resistance in
that time. The work spent in overcoming resistance is therefore unity in every
cell in every unit of time.

If the surfaces of equal pressure are known, the direction and magnitude of the velocity of the fluid a t any point may be found, after which the
complete system of unit tubes may be constructed, and the beginnings and endings of these tubes aicertained and marked out as the sources whence the fluid
is derived, and the sinks where it disappears. In order to prove the converse of
this, that if the distribution of sources be given, the pressure a t every point rnay
be found, we must lay down certain preliminary propositions.
(14)

If we know the pressures a t every point in the fluid. in two different
cases, and if we take a third case in which the pressure a t any point is the
sum of the pressures at corresponding points in the two former cases, then the
velocity at any point in the third case is the resultant of the velocities in the
other two, and the distribution of sources is that due to the simple superposition
of the sources in the two former cases.
(15)

For the velocity in any direction is proportional to the rate of decrease of
the pressure in that direction; so that if two systems of pressures be added
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together, since the rate of decrease of pressure dong m y line will be the sum
of the combined rates, th6 velocity in the new system resolved in the same
direction will be the sum of the resolved parts in the two original systems.
The velocity in the new system WUtherefore be the repukant of the velocities
at correspondhg points in the two former systems.
It follows from this, by (9), that the quantity of fluid which crosses any
fixed, surface is, in the new system, the sum of the oorresponding quantitier, in
the old ones, and that the sources of the two original systems me simply
combined to form the third.
It is evident that in the system in which the pressure is the difference
of pressure in the two given systems the distribution of sources will be got
by changing the sign of all the sources in the second sptem and adding them
t o those in the first.

If the pressure at every point of a closed surface be the same and
equal to ÿ, and if there be no sources or sinla within the surface, then - there
will be no motion of the fluid within the surface, and the pressure within it
will be uniform and equd to p.
For if there be motion of the fluid within the surface there will be tubes
(16)

of fluid motion, and these tubes must either return inho themselves or be
terminated either within the surface or a t its boundary. Nom since the fluid
always flows from places of greater pressure to places of less pressure, it
cannot flow in a re-entering curve; since there are no sources or sinks within
the surface, the tubes cannot begin or end except on the surface ; and since
the pressure a t al1 points of the surface is the same, there can be no motion
in tubes having both extremities on the surface. Hence there is no motion
within the surface, and therefore no difference of pressure which would cause
motion, and since the pressure a t the bounding surface is p, the pressure a t
any point within it is also p.

(17) If the pressure at every point of a given olosed surface be kno'm,
and the distribution of sources within the surface be also known, then only
one distribution of pressures can exist within the surface.
For if two difTerent distributions of pressures satisfying these conditions
could be found, a third distribution could be formed in which the pressure a t
any point should be the difference of the pressures in the two former distributions. I n this case, since the pressures a t the surface and the sources within
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it are the same in botb distributians, the pressure a t the surface in the third
distribution would be zero, and all the sources within the surface mould
vanish, by (15).
Then by (16) the pressure a t every point in the third distribution must
be zero ; but t h b is. the merence af the pressures in the two former cases,
and therefore these cases are the same, and there is only one distribution of
pressure possible.
(18) Let us next determine the pressure at any point of an infinite body
of fluid in the centre of which a unit source is placed, the pressure a t an
infinite distanca £rom the source baing supposed to be zero.
The fluid will flow out from the centre symmetrically, and since unity of
volume flows out of every spherical surface surrounding the point in unit of
time, the velocity at a distanca r froni the source will be

k

The rate of dec~ease of pressure is therefore In, or - and since the
4 d '

pressure= 0 when r is infinite, the actual pressure at any point will be

The pressure is therefore inverselg proportional to the distance from the
source.

T t i s evident that the presaure due t o a m i t sink will be negative and
equal to--

k
4m '

If we have a source formed by the coalition .of S unit sources, then the

kX

resulting pressure mil1 be p = - so that the pressure a t s given distance
4 ~' r

varies as the resistance and number of sources conjointly.

If a d e r of sources and sinks coexist in the fluid, then in orcler
to determine the resultant pressure we have only to add the pressures which
each saurce or sink produces. For by (15) this will be a solution of the
problem, and by (17) it will be the only one. By this method we can
determine the pressures due to any distribution of sources, as bg the method
(19)
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of (14) we c m determine the distribution of sources to which a given distribution of pressures is due.
We have next to shew that if we conceive any iAaginary surface
as h e d in space and intersecting the lines of motion of the fluid, we may
substitute for the fluid on one side of this surface a distribution of sources
upon the surface itself without altering in any ' way the motion of the fluid
on the other side of the surface.
For if we describe the system of unit tubes which defines the motion of
the fluid, and wherever a tube e n t a s through the surface place a unit source,
and wherever a tube goes out through the surface place a unit sink, and a t the
same time render the surface impermeable to the fluid; the motion of the fluid
in the tubes will go on as before.
(20)

'

and the distribution of sources which produce them be known in a medium whose resistance is measured by k, then in
order to produce the same system of pressures in a medium whose resistance
is unity, the rate of production a t each source must be multiplied by k. For
the pressure at any point due to a given source varies as the rate of production and the resistance oonjointly ; therefore if the pressure be constant, the
rate of production must Vary inversely as the resistance.
(21) If the system of

On the conditions to be fu@lled d u surface which separates two media
whose coefients cf r&stunce are k and K.
.
(22)

.

These are found from the consideration, that the quantity of fluid which
flows out of the one medium a t any point flows into the other, and that the
pressure varies continuously from one medium to the other. The velocity normal
to the surface is the same in both media, and therefore the rate of diminution
of pressure is proportional to the resistance. The direction of the tubes of
motion and the surfaces of equal pressure will be altered after passing through
the surface, and the law of this refraction will be, that it takes place in the
plane passing through the direction of incidence and the normal to the surface,
and that the tangent of the angle of incidence is to the tangent of the angle
of refraction as Ic' is to k.
Let the space within a given closed surface be fiiled with a medium
difîerent from that exterior to it, and let the pressures a t any point of this
compound system due to a given distribution of sources within and without
(23)
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the surface be given; i t is required to determine a distribution of sources which
would produce the same system of pressures in a medium whose coefficient of
resistance is unity.
Construct the tubes of fluid motion, and wherever a unit tube enters either
medium place a unit source, and wherever it leaves it place a unit si&. Then
if we make the surface impermeable all will go on as before.
Let the resistance of the exterior medium be measured by k, and 'that of
the interior by k', Then if we multiply the rate of production of al1 the sources
in the exterior medium (including those in the surface), by k, and make the
coefficient of resistance unity, the pressures will remain as before, and the same
d l be true of the interior medium if we multiply all the sources in it by 7c')
including those in the surface, and make its resistance unity.
Since the pressures on both sides of the surface are now equd, we may
suppose it permeable if we please.
YWe have now the original system of pressures produced in a uniform medium
by a combination of three systems of sources. The first of these is the given
external system multiplied by Ic, the second is the given internal system multiplied by W, and the third is the system of sources and sinks on the surface
itself. I n the original case every source in the externnl medium had an equal
si& in the internal medium on the other side of the surface, but now the
source is multiplied by k and the sink by k', so that the result is for every
external unit source on the surface, a source =(k-k').
By means of these three
systems of sources the original system of pressures may be produced in a medium
for which k = 1.
(24) Let there be no resistance in the medium within the closed surface,
that is, let W = O, then the pressure within the closed surface is unifonn and
equal to. p, and the pressure a t the surface itself is also p. If by assuming
any distribution of pairs of sources and sinks within the surface in addition to
the given external and internal sources, and by supposing the medium the same
within and without' the surface, we can render the pressure a t the surface uniform, the pressures so found for the external medium, together with the uniform
pressure p in the internal medium, will be the true and only distribution of
pressures which is possible.

For if two such distributions could be found by taking diierent imaginary
distributions of pairs of sources and sinks within the medium, then by taking
VOL. 1.
22
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the clifference of the two for a third distribution, we should have the pressure
of the bounding surface constant in the new system and as many sources as.
sinks within it, and therefore whatever fluid flows in a t any point of the surface,
an equal quantity must flow out at some other point.
In the external medium al1 the sources destroy one another, and we have
an i n h i t e medium without sources aurrounding the internal medium. The pressure a t i n h i t y is zero, that at the surface is constant. If the pressure a t the
surface is positive, the motion of the fluid must be outwards from every point
of the surface; if it be negative, it must flow inwards towards the surface. But
it has been shewn that neither of these cases is possible, because if any fluid
enters the surface an equal quantity must escape, and therefore the pressure at
the surface is zero in the third system.
The pressure a t al1 points in the boundary of the internal medium in the
third case is therefore zero, and there are no sources, and therefore the pressure
is everywhere zero, by (16).
The pressure in the bounding surface of the internal medium is also zero,
and there is no resistance, therefore it is zero throughout; but the pressure in
the third case is the difîerence of pressures in the two given' cases, therefore
these are equal, and there is only one distribution of pressure which is possible,
namely, that due to the imaginary distribution of sources and sinks.
(25) When the resistance is i n h i t e in the internal medium, there can be
no passage of fluid through it' or into it. The bounding surface may therefore
be considered as impermeable to the fluid, and the tubes of fluid motion will
run along it without cutting it.
If by assuming any arbitrary distribution of sources within the surface in
addition to the given sour'ces in the outer medium, and by calculating the
resulting pressures and velocities as in the case of a uniforrn medium, we can
fulfil the condition of there being no velocity across the surface, the system of
pressures in the outer medium wiU be the true one. For since no fluid passes
through the surface, the tubes in the interior are independent of those outside,
and may be taken away without altering the external motion.
(26) If the extent of the internal medium be small, and if the difference
of resistance in the two media be also small, then the position of the unit tubes
will not be much altered from what it would be if the external medium filled
the whole space.
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On this supposition we can easily calculate the kind of alteration which
the introduction of the interna1 medium will produce; for wherever a unit tube

r-k
k '

enters the surface we must conceive a source producing fluid a t a rate and wherever a tube leaves it we must place a sink annihilating fluid a t the

k'-k
E

rate -, then calculating pressures on the supposition that the resistance in
both media is k, the same as in the external medium, we shall obtain the true
distribution of pressures very approxirnately, and we rnay get a better result
by repeating the process on the system of pressures thus obtained.

If instead of an abrupt change from one coefficient of resistance to
another we take a case in which the resistance varies continuously .from point
to point, we rnay treat the medium as if it were composed of thin shells each
of which has uniform resistance. By properly assuming a distribution of sources
over the surfaces of separation of the shells, we rnay treat the case as if the
resistance were equal to unity thmughout, as in (23). The sources will then
be distributed continuously throughout the whole medium, and will be positive
whenever the motion is from places of less t o places of greater resistance, and
negative when in the contrary direction.
(27)

(28) Hithprto we have supposed the resiatance a t a given point of the
medium to be the same in whatever direction the motion of the fluid takes
place; but we may conceive a case in which the resistance is different in
different directions. I n such cases the lines of motion will not in general be
perpendicular t o the surfaces of equd pressure. If a, b, c be the components
of the velocity at any point, and a, P, y the components of the resistance a t
the same point, these quantities will be connected by the following system of
linear equations, which may be called "equations of conduction," and will be
referred to by that name.
a = P,a + Q$ &y,
b =P@+ Qiy+&a,
c = P,y &,a +R$.
In these equat.ions there are nine independent coefficients of conductivity. In
order to simplify the equations, let us put
&,+R1=2S1, Ql-R,=2ET,
.......... &c. . .. ,. ...&c.

+

+

.
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and 1, m, n are direction-cosines of a certain fixed line in space.
The equations then become

a=P1a+S&+Sq+ (np -my) T,
b=Pd?+Siy+S,a+(Zy - na) T,
c=P8y+S2a+SJ3+(ma
- 1B) T.
By the ordinary transformation of co-ordinates we may get rid of the
coefficients marked S. The equations then become
a =P[a (n'p - mJy)T,

+

b=P,'P+(Ej - n'a) T,
c = P,'y+ (m'a
Z'P) T,

-

where I', m', n' are the direction-cosines of the fixed line with reference to the
new axes. If we makè

the equation of continuity

da db 6%
-+-+-=O,
dx dy dz
becomes

Pl,d"p
-+Pz ,d"p
-+P*

dx"

and if we make

x=JP,'f,

dy2

'd'l"
-=O,
dz"

y=m7,
z=mi,

the ordinary equation of conduction.

It appears therefore that the distribution of pressures is not altered by
the existence of the coe5cient T Professor Thomson hm shewn how to
conceive a substance in c hi ch this coefficient determines a property having
reference to an axis, which unlike the axes of Pl, P,,P,is dipolar.
For further information on the equations of conduction, see Professor
Stokes On the Conduetion of Heat in Crystals (Cambridge and Dublin Math.
Journ.), and Professor Thomson On the Dynamical Theory of Heat, Part P.
(Transactions of Royal Society of Edinburgh, VOL XXI. Part 1.).
.
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It is evident that al1 that has been proved in (14), (15), (16), (17), with
respect to the superposition of dxerent distributions of pressure, and there being
only one distribution of pressures corresponding to a given distribution of sources,
will be true also in the case in which the resistance varies from point to point,
and the resistance a t the same point is different in different directions. For
if we examine the proof we shall find it applicable to such cases as well as to
that of a uniform medium.
(29) We now are prepared t o prove certain general propositions which are
true in the most generaI case of a medium whose resistance is difîerent in
different directions and varies from point to point.
We may by the method of (28), when the distribution of pressures is
known, constmct the surfaces of equal pressure, the tubes of fluid motion, and
the sources and sinks. It is evident that since in each cell into which a unit
tube is divided by the surfaces of equal pressure unity of fluid passes fiom
pressure p t o pressure ( p - 1 ) in unit of tirne, unity of work is done by the
fluid in each cell in overcoming resistance.
The number of cells in each unit tube is determined by the number of
surfaces of equal pressure through which i t passes. If the pressure a t the
beginning of the tube be p and a t the end p', then the number of cells in
i t will be p-p'.
Now if the tube had extended from the source to a place
where the pressure is zero, the number of cells would have been pl .and if
the tube had come from the sink to zero, the number would have been p',
and the true number is the difference of these.
Therefore if we find the pressure a t a, source S from which S tubes
proceed to be p, S ' is the number of cells due t o the source S; but if S of
the tubes terminate in a sink at a pressure p', then we must cut off Sp' cells
from the number previously obtained. Now if we denote the source of S
tubes by S, the sink of S' tubes may be written -S, sinks always being
reckoned negative, and the general expression for the number of cells in the
system will be S, (Sp).
(30) The same conclusion rnay be arrived at by observing that unity of
work is done on each cell. Now in each source S, S units of fluid are
expelled against a pressure p, so that the work done by the fluid in overcoming resistance is Sp At each sink in which S tubes terminate, S units
of fluid sink into nothing under. pressure p' ; the work done upon the fluid by
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the pressure is therefore Xp'.
fore be expressed by

The whole work done by the fluid may there-

w=z s p -z s p p ,

or more concisely, considering sinks as negative sources,

w =q s p ) .
Let S represent the rate of production of a source in any medium,
and let p be the pressure at any given point due t o that source. Then if we
superpose on this another equal source, every pressure will be doubled, and
thus by successive 'superposition we find that a source nS would produce a
pressure np, or more generally the pressure at any point due to a given,
source varies as the rate of production of the source. This may be expressed
by the equation
(31)

p = RS,
where R is a coefficient depending
on the nature of the medium and on the
positions of the source and the given point. In a uniform medium whose
resistance is measured by k,
-

R may be called the coefficient of resistance of the medium between the source
and the given point.

(32)

By combining any number of sources we have generally

I n a uniform medium the pressure due to a source S

At another source S at a distance r we shall have

SS' = Sp',
f y p - Ic 4n r

if p' be the pressure at S due to S. If therefore there be two systems of
sources 2(S) and Z(S), and if the pressures due to the h s t be ÿ and to the
second p', then
q s p )= ~ ( S P ' ) .
For every term S'p has a term Sp' equal to it.
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Suppose that in a, uniform medium the motion of the fluid is everywhere parallel to one plane, then the surfaces of equal pressure will be
perpendicular t o this plane. If we take two parallel planes at a distance equal
to k from each other, we can divide the space between these planes into unit
tubes by means of cylindric surfaces perpendicular to the planes, and these
together with the surfaces of equal pressure will divide the space into cells of
which the length is equal to the breadth. For if h be the distance between
consecutive surfaces of equal pressure and s the section of the unit tube, we
have by (13) s=Bh.
But s is the product of the breadth and depth; but the depth is k)
therefore the breadth is h and equal to the length.
If two systems of plane curves cut each other at right angles so as to
divide the plane into little axeas of which the length and breadth are equal,
then by taking another plane a t distance B frorn the first and erecting
cylindric surfaces on the plane curves as bases, a system of cells will be
formed which will satisfy the conditions whether we suppose the fluid to run
along' the first set of cutting lines or the second".
(33)

Application of the Id& of

Gies

of

Force.

1 have now to shew how the idea of lines of fluid motion as described
above may be moWed so as t o be applicable t o the sciences of statical electricity, permanent magnetism, magnetism of induction, and uniform galvanic
currents, reserving the laws of electro-magnetism for special consideration.
1 s h d assume that the phenornena of statical electricity have been already
explained by the mutual action of two opposite kinds of matter. If we consider
one of these as positive electricity and the other as negative, then any two
particles of electricity repel one another with a force which is measured by the
product of the masses of the particles divided by the square of their distance.
Now we found in (18) that the velocity of Our imaginary fluid due to a
source S at a distance r varies inversely as d. Let us see what will be the
effect of substituting such a source for every particle of positive electricity. The
velocity due to each source would be proportional to the attraction due to the
corresponding particle, and the resultant velocity due to all the sources would
+

See

Camtbridge and Dublin M&matZeal
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Journa2, Vol.

III.

p. 286.

be proportional to the resultant attraction of al1 the particles. Now we may find
the resultant pressure a t any point by adding the pressures due t o the given
sources, and therefore we may find the resultant velocity in a given direction
from the rate of decrease of pressure in that direction, and this will be
proportional to the resultant attraction of the particles resolved in that direction.
Since the resultant attraction in the electrical problem is proportional t o
the decrease of pressure in the imapinary problem, and since we rnay select
any values for the constants in, the imaginary problem, we may assume that the
resultant attraction in any direction is numerically equal to the decrease of
pressure in that direction, or

By thii assumption we find that if V be the potential,
d V =Xdx

+ Y d y +Zdz = - dp,

or since a t an i d n i t e distance V= O and p = 0, 7=-p.
In the electrical problem we have

In the fluid p = 2

(4rr ):

- -

;

If k be supposed very great, the amount of fluid produced by each source
in' order to keep up the pressures will be very small.
The potential of any system of electricity on itself will be

'

If 2 (dm), I:(dm') be two systems of electrical particles and p, p' the potentials
due to thern respectively, then by (32)

o r the potential of the first system on the second is equal to that of the second

system on the first.
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So that in the ordinary electrical problems the analogy in fluid motion is
of this kind:

v= -p,

k

whole potential of a system = -2 Vdm=- W, where W is the work done by
4a
the fluid in overcoming resistance.
The lines of forces are the unit tubes of fluid motion, and they may be
estimated numerically by those tubes.

The electrical induction exercised on a body a t a distance depends not
only on the distribution of electricity in the inductric, and the form and position bf the inducteous body, but on the nature of the interposed medium, or
dielectric, Faraday* expresses this by the conception of one substance having
a greater inductive capacity, or conducting the lines of inductive action more
freely than another. If we suppose that in our analogy of a fluid in a resisting
medium the resistance is dzerent in different media, then by making the
resistance less we. obtain the analogue to a dielectric which more easily conducts
Faradays lines.
It is evident from (23) that in thii case there, will always be an appzrent
distribution of electricity on the surface of the dielectric, there being negative
electricity where the lines enter and positive electricity where they emerge. I n
the case of the fluid there are no real sources on the surface, but we use
them merely for purposes of calculation In the dielectric there may be no
real charge of electricity, but only an apparent electric action due to the surface.
If the dielectric had been of less conductivity than the surrounding medium,
we should have had precisely opposite effects, namely, positive electricity where
lines enter, and negative where they emerge.

VOL. 1.
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If the conductiori of :the .dielectric is' perfect or nearly so for the small
quantities of electricity with which w6 have to do, then we have the case of
(24). The dielectric is then conaidered as a . conductor, its surface is a surface
of equal potential, and the resultant attraction near the surface itself is perpendicular to it.
'

ïheory of Permanent Nagrnets.

A magnet is conceived to be made up of elementary magnetized particles,
each of which has its own north and south poles, the action of which upon
other north and south poles is governed by laws mathematically identical with
those of electricity;. Hence the same application of the idea of lines of force
can be made to this subject, and the same analogy of fluid motion can be
employed t o illustrate it.
But it may be useful to examine the way in which the polarity of the
elernent.1 of a magnet may b e represented by the unit cells in fluid motion.
In each unit ce11 unity of fluid enters by one face and flows out by the opposite
face, so that the first faae becomes a unit sink and the second a unit source
with respect to the rest: of t h e fluid. It may therefore be compared t o an
elementary magnet, having an equal quantity of north and south magnetic
matter distributecl over two of its faces. If we now consider the ce11 as forming
part of a system, the fluid flowing out, of one ce11 will flow into the next, and
so on, so that the source will be transferred from the end of the ce11 t o the
end of the unit tube. ' If al1 the unit tubes begin and end on the bounding
surface, the sources' and sinks will be distributed entirely on that surface, a.nd in
the case of a magnet which has what has been called a solenoidal or tubular
distribution of magnetism, al1 the imaginary magnetic matter will be on the
surfaceY'.

Theory of Paramagnetic and Diamagnetic Induction.
Faradayt has shewn that the effects of paramagnetic and diamagnetic bodies
in the magnetic field may be explained by supposing paramagnetic bodies ta
Y

See Professor Thomson ûn t h Matii.entaticaZ Theory of Magnetiam, Chapters

Tram. 1851.

t E q e r i m d Resewches (3293).
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conduct t h e . lines of force better, and diamagnetic bodies worse, than the
surrounding medium. By referring to (23) and (26), and supposing sources to
represent north magnetic matter, and sinks south magnetic matter, then if a
paramagnetic body be in the neighbourhood of a north pole, the lines of force
on entering it will produce south magnetic matter, and on leaving it they will
produce an equal amount of north magnetic matter. Since the quantities of
magnetic matter on the whole are equal, but the southern matter is nearest
t o the north pole, the result will be attraction. If on the other hand the body
be diamagnetic, or a worse conductor of lines of force than the surrounding
medium, there will be an imaginary distribution of northern magnetic matter
where the lines pass into the worse conductor, and of southern where they pass
out, so that on the whole there will be repulsion.
W e may obtain a more general law from the consideration that the potential of the whole system is proportional t o the amount of work done by the
fluid in overcoming resistance. The introduction of a second medium increases
or dirninishes the work done according as the resistance is greater or less than
that of the first medium. The amount of this increase or diminution will Vary
as the square of the velocity of the fluid.
Now, by the theory of potentials, the moving force in any direction is
measured by the rate of decrease of the potential of the system in passing dong
that direction, therefore when lc', the resistance within the second medium, is
greater than 7, the resistmce in the surrounding medium, there is a force tending fiom places where the 'resultant force v is greater to where i t is less, so
that a diamagnetic body moves from greater t o less values of the resultant
force *.
I n paramagnetic bodies 7c' is less than k, so that the force is now from
points of less t o points of greater resultant magnetic force. Since these results
depend only on the relative values of 7 and Ky i t is evident that by changing
the surrounding medium, the behaviour of a body may be changed from paramagnetic t o diamagnetic at pleasure.
It is evident that we should obtain the sanie mathematical results if we
had supposed that the magnetic force had a power of exciting a polarity in
bodies which is in the same direction as the lines in paramagnetic bodies, and

+

Ezperimental Researchea
May, 1847.

(2797), (2798).

See Thomson, Cantbridge and Dublin Mathenzntkal

Jozuma;Z,

23-2
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in the reverse direction in diamagnetic bodiesx. I n fact we have not as yet
corne to any facts which would lead us to choose any one out of these three
theories, that of lines of force, that of imaginary magnetic matter, and that of
induced polarity. As the theory of lines of force admits of the most precise,
and at the same time least theoretic statement, we shall allow it to stand for
the present.

Tiheory of Mqnecystdlic Induction.
The theory of Faradayt with respect to the behaviour of crystals in the
magnetic field may be thus stated. I n certain crystals and other substances the
lines of magnetic force are conducted with d8erent facility in Werent directions.
The body when suspended in a uniform magnetic field wiU turn or tend to turn
into such a position that the lines of force s h d pass through it with least resistance. It is not difficult by means of the principles in (28) to express the laws
of this kind of action, and even to reduce them in certain cases to numerical
formula The prjnciples of induced polarity and of imaginary magnetic matter
are here of little use; but the theory of lines of force is capable of the most
perfect adaptation to this class of phenomena.

Theory of the Conduction of Current Electricity.
It is in the calculation of the laws of constant electric currents that the
theory of fluid motion which we have laid down admita of the most direct application. In addition to the researches of Ohm on this subject, we have those
of M. Kirchho& Ann. de Cbirn. XLI. 496, and of M. Quincke, x ~ m 203,
.
on the
Conduction of Electric Currents in Plates. According to the received opinions
we have here a current of fluid moving u n i f o d y in conducting circuits, which
oppose a resistance to the current which has to be overcome by the application
of an electro-motive force at some part of the circuit. On account of this
resistance to the motion of the fluid the pressure must be dXerent at different
points in the circuit. This pressure, which is commonly called electrical tension,

* Exp.

Ree. (2429), (3320).

1856, p. 237.
t Eq. Ra, (2836), &c.

Tram.
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See Weber, Poggendorff,

L X ~ ~ ~ p.
I I .145.

Prof. Tyndall, PM.

is found to be physically identical with the potential in statical electricity, and
thus we have the means of connecting the two sets of phenomena. If we knew
what amount of electricity, measured statically, passes dong that current which
we assume as Our unit of current, then the connexion of electricity of tension
with current electricity would be completed*. This bas as yet been done only
approximately, but we know enough to be certain that the conducting powers of
diEerent substances differ only in degree, and that the dxerence between glass
and mehl is, that the resishnce is a great but finite quantity in ghss, and a
small but finite quantity in metal. Thus the analogy between statical electricity
and fluid motion turne out more perfect than we might have supposed, for there
the induction goes on by conduction just as in current electricity, but the quantity conducted is insemible owing to the great resistance of the dielectricst.

When a unif'orm current exista in a closed circuit it is evident that some
other forces must act on the fluid besides the pressures. For if the current
were due to difference of pressures, then 'it would flow from the point of
greatest pressure in both directions to the point of least pressure, whereas in
reality i t circulates in one direction constantly. W e must therefore admit the
existence of certain forces capable of keeping up a constant current in a closed
circuit. Of these the most remarkable is that which is produced by chernical
action. A cell of a voltaic battery, or rather the surface of separation of the
fluid of the cell and the zinc, is the seat of an electro-motive force which
c m maintain a current in opposition to the resistance of the circuit. If me
adopt the usual convention in speaking of electric currents, the positive current
is from the fluid through the platinum, the conducting circuit, and the zinc,
back to the fluid again. If the eledro-motive force act only in the surface of
separation of the fluid and zinc, then the tension of electricity in the fluid
must exceed that in the zinc by a quantity depending on the nature and
length of the circuit and on the strength of the current in the conductor.
In order to keep up this difference of pressure there must be an electro-motive
force whose intensity is measured by that difFerence of pressure. If F be the
electro-motive force, 1 the quantity of the current or the number of electrical

* See Eq. Res. (371).
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units delivered in unit of time, and K a quantity depending on the length
and resistance of the conducting circuit, then
where p is the electric tension in the fluid and p' in the zinc.
If the circuit be broken at any point, then since there is no current the
tension of the part which remains attached to the platiniim will be p , and
that of the other will be p', p-p' or F affords a measure of the intensity
of the cument. This distinction of quantity and intensity is very usefiil*,
but must be distinctly understood to mean nothing more than this :-The
quantity of a current is the amount of electricity which it transmits in unit
of time, and is measured by I the number of unit currents which it contains.
The intensity of a current is its power of overcoming resistance, and is
measured. by F or IK, where K is the resistance of the whole circuit.
The sanie idea of quantity and intensity may be applied t o the case of
magnetismt. The quantity of magnetization in any section of . a magnetic
body is measured by the number of lines of magnetic force which pass througb
it. The intensity of magnetization in the section depends on the resisting
power of the section, as well as on the number .of lines which pass through
it. If k be the resisting power of the material, and S the area of the section,
and 1 the number of lines of force which pass through it, then the whole
intensity throughout the section

When magnetization is produced by the influence of other magnets only,
we may put p for the magnetic tension at any point, then for the whole
magnetic solenoid

When a solenoidal magnetized circuit returns into itself, the magnetization
does not depend on difference of tensions only, but on some magnetizing force
of which the intensity is F.

I f i be the quantity of the magnetization a t any point, or the number of
lines of force pitssing thmugh unit of area in the section of the solenoid, the;

* Exp.

Res. Vol.
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(2870), (3293).

the total quantity of mapetization in the circuit is the number of lines which
pass through any section, I=Lidydz, where dydz is the element of the section,
and the summation is ,performed over the whole section.
The intensity of magnetization at any point, or the force required to
keep up the magnetization, is measured by h=f, and the total intensity of
magnetization in the circuit is measured by the sum of the local intensities all
round the circuit,

F = 2 cfd.),
where dx is the element of length in the circuit, and the summation is extended
round the entire circuit.
In the same circuit we have always F=IK, where K is the total resistance
of the circuit, and depends on its form and the matter of which it is
composed.

On the Action of closed Currents ut a Distance.
The mathematical laws of the attractions and repulsions of conductors have
been most ably investigated by Ampère, and his results have stood the test of
subsequent experiments.
From the single assiimption, that the action of an element of one current
upon an element of another current is an attractive or repulsive force acting
in the direction of the line joining the two elements, he has determined by
the simplest experiments the mathematical form of the law of attraction, and
has put this- law into several most elegant and useful forms. We must
recollect however that no experiments have been made on these elements of
currents except under the form of closed currents either in rigid conductors
or in fluids, and that the laws of closed currents can only be deduced from
such experiments. Hence if Ampère's fornulte. applied to closed currents give
true results, their truth is not proved for elements of currents unless we
assume that the action between two such elements must be along the line which
joins them. Although thii assumption is most warrantable and phiosophical in
the present atate of science, it will be more conducive to fieedom of investigation if we endeavour to do without it, and to assume the laws of closed currents
as the ultimate datum of experiment.
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Ampère has shewn that when currents are combined according t o the law
of the parallelogram of forces, the force due to the resultant current LI the
resultant of the forces due to the component currents, and that equal and
opposite currents generate equal and opposite forces, and when combined
neutralize each other.
He has also shewn that a closed circuit of any form has no tendency to
turn a moveable circular conductor about a fixed axis through the -centre of
the circle perpendicular to its plane, and that therefore the forces in the case
of a closed circuit render Xdx + Ydy + Zdz a complete diierential.
FinaUy, he has shewn that if there be two systems of circuits similar
and similarly situated, the quantity of electrical current in corresponding
conductors being the same, the resultant forces are èqual, whatever be the
absolute dimensions of the systems, which proves that the forces are, cæteris
paribus, inversely as the square of the distance.
From these results it follows that the mutual action of two closed currents
whose areas are very small is the same as that of two elementary magnetic
bars magnetized perpendicularly to the plane of the currents.
The direction of magnetization of the equivalent magnet may be predicted by remembering that a current travelling round the earth from east
to west as the Sun appears to do, would be equivalent to that magnetization
which the earth actually possesses, and therefore in the reverse direction to
that of a magnetic needle when pointing freely.
If a number of closed unit currents in contact exist on a surface, then at
all points in which two currents are in contact there mil1 be two equal and
opposite currents which will produce no effect, but all round the boundary of the
surface occupied by the currents there will be a residual current not neutralized
by a@ other; and therefore the result will be the same as that of a single
unit current round the boundary of al1 the currents.
From this it appears that the external attractions of a shell uniformly
magnetized perpendicular to its surface are the same as those due to a current
round its edge, for each of the elementary currents in the former case has
the same effect as an element of the magnetic shell.
If we examine the lines of magnetic force produced by a closed current,
we shall h d that they form closed curves passing round the current and
ernbracing it, and that the total intensity of the magnetiziig force all along
the closed line of force depends on the quantity of the electric current only.
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The number of unit limes* of magnetic force due to a closed current depends
on the form as well as the quantity of the current, but the number of unit
ce&? in each complete line of force is measured simply by the number of unit
currents which embrace it. The unit cells in this case are portions of space in
which unit of magnetic quantity is produced by unity of magnetizing force.
The length of a ce11 is therefore inversely as the intensity of the magnetizing
force, and its section inversely as the quantity of magnetic induction a t that
point.
The whole number of cells due to a given current is therefore proportional
to the strength of the current multiplied by the number of lines of force
which pass through it. If by any change of the form of the conductors the
number of cells can be increased, there will be a force tending to produce that
change, so that there is always a force urging a conductor transverse t o the
lines of magnetic force, so as to cause more lines of force t o pass through the
closed circuit of which the conductor forms a part.
The ~iumberof cells due to two given currents is got by multiplying
the number of lines of inductive magnetic action which pass through each by
the quantity of the currents respectively. Now by (9) the number of lines
which pass through the first current is the sum of its own lines and those
of the second current which would pass through the first if the second current
aloné were in action. Hence the whole number of cells will be increased by
any motion which causes more lines of force to pass through either circuit,
and therefore the resultant force will tend to produce such a motion, and the
work done by this force during the motion will be measured by the number
of new cella produced. All the actions of closed conductors on each other may
be deduced from this principle.

On Electric Currents produced by Induction.
Faraday has shewnt that when a conductor moves transversely to the lines
of magnetic force, an electro-motive force arises in the conductor, tending to
produce a current in it. If the conductor is closed, there is a continuous
current, if open, tension is the result. If a closed conductor move transversely
to the lines of magnetic induction, then, if the number of lines which pass
+

Exp. Res. (3122). See Art. (6) of this paper.
$ ET. Res. (3077), &c.
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through it does not change during the motion, the electro-motive forces in the
circuit will be in equilibrium, and there will be no current. Hence the electromotive forces depend on the number of lines whiah are cut by the conductor
during the motion. If the motion be such that a greater number of lines pass
through the circuit formed by the oonductor after than before the motion,
then the electro-motive force will be measured by the increase of the number
of lines, and will generate a current the reverse of 'that which would- have
produced the additional lines. When the number of lines of inductive magnetic
action through the circuit is inoreased, the induoed current will tend to diminish
the number of lines, and when the number is dimiinished the induced current
will tend to increase them.
That this is the true expression for the law of induced currents is shewn
from the fact that, in whatever way the number of lines of magnetic induction
passing through the circuit be increased, the electro-motive efFect is the same,
whether the increase take place by the motion of the condtictor itself, or of other
conductors, or of magnets, or by the change of intensity of other currents, or
by the magnetization or demagnetization of neighbouring magnetic bodiea, or
lastly by the change of intensity of the current itself.
I n al1 these cases the electro-motive force depends on the olzange in the
number of linea of inductive magnetic action which pass through the circuit*.

"

The electro-magnetic forces, which tend to produce motion of the material conductor, must be
carefully distinguished from the electro-motive forces, which tend to produce electric currmts.
Let an electric c u ~ e n tbe passed through a mass of metal of any form. The distribution of
the currents within the metal will be deterrnined by the laws of conduction. Now let a, constant
electric current be passed through another condu~tornear the f i ~ t , If the two currents are in the
same direction the two conductors will be attracted towards each other, and would come nearer if
not held in their positions. But though the material conductors are attracted, the currents (which
are free to choose any course within the metal) will not alter their ori,ainal distribution, or incline
towards each other. For, since no change takes place in the system, there will be no electro-motive
forces to modify the original distribution of currents,
I n this case we have electro-magnetic forces acting on the materid oonductor, without any
electro-motive forces tending to modify the ciment which it carries.
Let us take as another example the case of n linear conductor, .net forrning a closed circuit,
and let it be made to traverse the lines of magnetic force, either by its own motion, or by changes
in the niagnetic field. An electro-motive force will act in the direction of the conductor, and, as it
cannot produce a current, because there is no circuit, it will produce electric tension a t the extremities. There will be no electro-magnetic attraction on the materid conductor, for this a t t b t i o n
depends on the existence of the current within it, and thki is prevented by the circuit not being closed.
Here then we have the opposite case of an electremotive force acting on the electricity in the
conductor, but no attraction on its material particles.
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It is natural to suppose that a force of this kind, which depends on a
change in the number of lines, is due to a change of state which is measured
by the number of these lines. A closed conductor in a magnetic field may
be supposed t o be in a certain state arising from the magnetic action.
As long as this state remains unchanged no effect takes place, but, when the
state changes, electro-motive forces arise, depending as to their intensity and
direction on this change of state. 1 cannot do better here than quote a
passage from the first series of Faraday's E ~ p e ~ m e n t Reseurches,
al
Art. (60).
"While the wire is subject t o either volta-electric or magno-electric
induction it appears to be in a peculiar state, for it resists the formation of
an electrical current in it ; whereas, if in its common condition, such a current
would be produced; and when left uninfluenced it has the power of originating a
current, a power which the wire does' not possess under ordinary circumstances.
This electrical condition of matter has not hitherto been recognised, but it
probably exerts a very important influence in many if not most of the phenomena produced by currents of electricity. For reasons which will immediately
appear (7) 1 have, after advising with several learned friends, ventured to
designate it as the electro-tonic state." Findiig that all the phenomena codd
be otherwise explained without reference to the electro-tonic state, Faraday in
his second series rejected i t as not necessary ; but in his recent researches*
he seems still t o think that there rnay be some physical tmth in his
conjecture about this new state of bodies.
The conjecture of a philosopher so familiar with nature rnay sometimes be
more pregnant with truth than the best established experimental law discovered by empirical inquirers, and though not bound to admit i t as a physical
truth, we rnay accept it as a new idea by which Our mathematical conceptions
rnay be rendered clearer.
In this outline of Faraday's electrical theories, as they appear from a
mathematical point of view, 1 can do no more than simply state the mathematical methods by which 1 believe that electrical phenomena can be best
comprehended and reduced t o cdculation, and my aim has been to present the
mathematical ideas to the mind in an embodied form, as systems of lines or
surfaces, and not as mere symbols, which neither convey the same ideas, nor
readily adapt themselves to the phenomena to be explained. The idea of the
electro-tonic state, however, has not yet presented itself to my mind in such a

*

(3172) (3269):

24-2,
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form that its nature and properties may be clearly explained without reference
to mere symbols, and therefore I propose in the following investigation to use
symbols . freely, and to take for granted the ordiiary mathematical operations,
By a careful study of the laws of elastio solids and of the motions of viscous
fluids, 1 hope to disoover a method of forming a mechanical conception of this
eleotro-tonic d a t e adapted t o general reasoningx.

O?t &raa?uy's

'' Electro-tonic

state."

When a oonductor moves in the neighbourhood of a current of electricity,
or of a magnet, or when a current or magnet near the conductor is moved, or
altered in intensity, then a force acts on the conductor and proùuces electrii
tension,. or a continuous current, according as the circuit is open or closed. This
current is produced only by changes of the electric or magnetic phenomena surrounding the conductor, and as long as these are constant there is no observed
effect on the conductor. Still the conductor is .in different states when near a
current or magnet, and when away fiom its infiuence, since the removal or
destruction of the current or magnet occasions a current, which would not have
existed if the magnet or current had not been previously in action.
Considerations of this kind led Professor Faraday to connect with his
discovery of the induction of electric currents the conception of a state into
which all bodies are thrown by the presence of magnets and currents. This
state does not manifest itself by any known phenomena as long as i t is undisturbed, but any change in this state is indicated by a current or tendency
towards a current. To this state he gave the name of the " Electro-tonic
State," and although he afterwards succeeded in explaining the phenomena
which suggested it by means of less hypothetical conceptions, he has on several
occasions hinted a t the probability that some phenomena might be discovered
which woiild render the electro-tonic state an object of legitimate induction.
These speculations, into which Faraday had been led by the study of laws
which he has well established, and which he abandoned only for want of experi-

* See Prof. W. Thomson On a Mechamical Representatim of Etectrk, Magnetic
Forces. C d . and Dub. Math. Jowr. Jan. 1847.

IRIS - LILLIAD - Université Lille 1

(LW?

Galvanic

mental data for the direct proof of the unknown state, have not, 1 think, been
made the subject of mathematical investigation. Perhaps it rnay be tliought
that the quantitative determinations of the various phenomena are not sufficiently rigorous to be made the basis of a mathematical theory; Faraday,
however, has not contented himself with simply stating the numerical results of
his experiments and leaving the law to be discovered by calculation. Where
he has perceived a law he has a t once stated it, in terms as unambiguous as
those of pure mathematics ; and if the mathematician, receiving this as a physical
truth, deduces from it other laws capable of being tested by experiment, he
has merely assisted the physicist in arranging his own ideas, mhich is confasedly a necessary step in scientific induction.
I n the following investigation, therefore, the laws established by Faraday
will be assumed as true, and it will be shewn that by following out his
speculations other and more general laws can be deduced from them. If it
should then appear that these laws, ori,ginally devised to include one set of
phenomena, rnay be generalized so as to extend to phenomena of a different
class, these mathematical connexions rnay suggest to physicists the means of
establishing physical connexions; and thus mere speoulation rnay be turned to
account in experimental science.
On Quantity and Intensity as Properties of Elect&

Currents.

It is found that certain effects of an electric current are equal a t whatever part of the circuit they are estimated. The quantities of water or of
any other electrolyte decomposed at two different sections of the same circuit,
are always found to be equal or equivdent, however diEerent the material and
form of the circuit may be a t the two sections. The magnetic effect of a
conducting wire is also found to be independent of the form or material of
the wire in the same circuit. There is therefore an electrical effect which is
equal a t every section of the circuit. If we conceive of t.he conductor as the
. channel along which a fluid is constrained to move, then the quantity of fluid
transmitted by each section will be the same, and we rnay define the quuntity
of an electric current t o be the quantity of electricity which passes across a
complete section of the current in unit of tirne. W e rnay for the present
meaaure quantity of eledricity by the qunntity of water which it would 'decoinpose in unit of time.
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I n order to express mathematically the electrical currents in any conductor,
we must have a definition, not only of the entire flow across a complete section,
but also of the flow at a given point in a given direction.

DEF. The quantity of a current at a given point and in a given direction
is measured, when uniform, by the quantity of electricity which flows across
unit of area taken a t that point perpendicular to the given direction, and when
variable by the quantity which would flow across this area, supposing the flow
uniformly the same as a t the given point.
I n the following investigation, the quantity of electric current a t the point
(xyz) estimated in the directions of the axes x, y, z respectively will be denoted
by %Y b 2 , c,.
The quantity of electricity which flows in unit of time through the elementary area dS
=dX (la,+mb,+nc,),
where Z, m, n are the direction-cosines of the normal to dS.
This flow of electricity a t any point of a conductor is due to the electromotive forces which act a t that point. These may be either external or internal.
External electro-motive forces arise either from the relative motion of currents
and magnets, or from changes in their intensity, or from other causes acting
a t a distance.
Internal electro-motive forces arise principally from clifference of electric
tension a t points of the conductor in the imrnediate neighbourhood of the point
in question. The other causes are variations of chernical composition or of temperature in contiguous parts of the conductor.
Let p, represent the electric tension at any point, and X,, Y,, 2, the sums
of the parts of al1 the electro-motive forces arising from other causes resolved
pardel to the CO-ordinateaxes, then if a,, /3, y, be the effective electro-motive
forces

A = Y*-&

t

......................-..a....m..

dpa
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Now the quantity of the current depends on the eleotro-motive force and
on the resistance of the medium. If the resistance of the medium be uniform
in d directions and equal to 7C,,
but if the resistance be digerent in different diirections, the law will be more
complicated.
These quantities s,P,, y, may be considered as representing the intensity
of the electric action in the diirections of x, y, z.
The intensity meamred along an element d g of a c u v e is given by
where 1, m, n are the direction-cosines of the tangent.
The integral jedu taken with respect to a given portion of a curve line,
represents the total intensity along that line. If the curve is a closed one, it
represents the total intensity of the electro-motive force in the closed curve.
Substituting the values of a, /3, y from equations (A)
J E ~ Q=

j(Xdx + Y d y i-Zdz) -p

+ C.

If therefore ( X d x + Y d y +Zdz) is a complete differential, the value of [ € d g for
a closed curve will vanish, and in all closed curves

l ~ d=r j(Xdx + Ydy+ Zdz),
the integration. being effected along the curve, so that in a closed curve the
total intensity of the effective electro-motive force is equal to the total intensity
of the impressed electro-motive force.
The total quantity of conduction through any surface is expressed by

JedS,

where

e=la+mb+nc,

1, m, n being the direction-cosines of the normd,

:.

jedS

= jJadydz

+ jjbdzdx + j jcdxdy,

the integrations being effected over the given surface. When the surface is a
closed one, then we may find by integration by parts
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If we make

where the integration on the right side of the equation is effected over every
part of space within the surface. I n a large class of phenornena, including aJ
cases of uniform currents, the quantity p disappears.

Magnetic Quantity and Intensity.
From his study of the lines of magnetic force, Faraday has been led to
the conclusion that in the tubulnr surface" formed by a system of such limes,
the quantity of magnetic induction across any section of the tube is constant,
and that the alteration of the character of these lines in passing from one
substance to another, is to be explained by a difference of inductive capacity
in the two substances, which is analogous to conductive power in the theory
of electric currents.
I n the following investigation we s h d have occasion to treat of magnetic
quantity and intensity in connection with electric. I n such cases the magnetic
symbols will be distinguished by the s u f i 1, and the electric by the suffix 2.
The equations connecting a, b, c, k, a, P, y, p, and p, are the same in form as
those which we have just given. a, 6, c are the symbols of magnetic induction
with respect to quantity; k denotes the resistance t o magnetic induction, and
may be digerent in different directions; a, P, y, are the effective magnetizing
forces, connected with a, b, c, by equations (B) ; p is the magnetic tension or
potential which will be afterwards explained; p denotes the density of real
magnetic m t t e r and is 'connected with a, b, c by equations (C). As all the
details of magnetic calculations will be more intelligible after the exposition of the
connexion of magnetism with electricity, it will be sufficient here to say that
all the definitions of total quantity, with respect to a surface, the total intensity
t o a curve, apply to the case of magnetism as well as to that of electricity.
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Ampkre has proved the following laws of the attra~t~ions
and repulsions of
electric currents :

1. Equal and opposite currents generate equal and opposite forces.

II. A crooked current is equivalent to a straight one, provided the two
currents nearly coincide throughout their whole length.

III. Equal currents traversing similar and simihrly situated closed curves
act with equd forces, whatever be the linear dimensions of the circuits.
IV. A closed current exerts no force tending to turn a circular conductor
about its centre.

It is to be observed, that the currents with which Ampkre worked were constant
and therefore re-entering. All his results are therefore deduced from experiments
on closed currents, and his expressions for the mutual action of the elements
of a current involve .the assumption that this action is exerted in the direction
of the line joining those elements. This assumption is no doubt warranted by the
universal consent of men of science in treating of attractive forces considered
as due to the mutual action of' particles ; but at present we are proceeding
on a different principle, and searching for the explanation of the phenornena,
not in the currents alone, but also in the surrounding medium.
The first and second laws shew that currents are to be combined like
velocities or forces.
The third law is the expression of a property of all attractions which may
be conceived of as.depending on the inverse square of the distance from a fixed
system of points; and the fourth shews that the electro-magnetic forces may
always be reduced t~ the attractions and repulsions -of imaginary matter properly
distributed.
I n fact, the action of a very small electric circuit on a point in its neighbourhood is identical with that of a small magnetic element on a point outside
it. If we divide any given portion of a surface into elementary areas, and
cause equal currents to flow in the same direction round al1 these little areas,
the effect on a point not in the surface will be the same as that of a shell
coinciding with the surface, and piformly magnetized normal to its surface.
But by the firat law all the currents forming the little circaits will destroy
VOL. 1.
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one another, and leave a single current running round the bounding line. So
t,hat the magnetic effect of a uniformly magnetized shell is equivalent to that
of an electric current round the edge of the shell. If the direction of the current
coincide with that of the apparent motion of the sun, then the direction of
niagnetization of the imaginary shell will be the same as that of the real magnetization of the eartli*.
The total intensity of rnagnetizing force in a closed curve passing through
and embracing the closed current is constant, and may therefore be made a
measure of the quantity of the current. As this intensity is independent of the
form of the closed curve and depends only on the quantity of the current which
passes through it, we may consider the elementary case of the current which
flows through the elementary area dydz.
Let the axis of x point towards the west, z towards the south, and y
upwards. Let x, y, z be the coordinates of a point in the middle of the area
dydz, then the total intensity measured round the four sides of the element is

-

-

d d
+3
3)dz,

dy 2

- dy dz.
(dz d Y )
The quantity of electricity conducted through the elementary area dydz is
a,dydz, and therefore if we define the memure of an electric current to be the
total intensity of magnetizing force in a closed curve embracing it, we shall have
Total intensity =

* See E q & m t a l Research (3265) for the relations between the electrical and magnetic circuit,
considered as nzutually embrming c w e s .
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These equations enable us to deduce the distribution of the currents of
electricity whenever we know the values of a, P, y, the magnetic intensities.
If a, /$ y be exact differentials of a fûnction of x, y, z with respect to x) y
and z respectively, then the values of a,,b,, c, disappem; and we know that the
magnetism is not produced by electric currents in that 'part of the field which
we are investigating. It is due either to the presence of permanent magnetism
within the field, or to magnetizing forces due to extemal causes.

We may observe that the above equations give by difîerentiation
da, db, dc,
-+-+-=O,
dx dy dz
whioh is the eq&tion of oontinuity for closed currents. Our investigations are
therefore for the present limited to closed currents ; and we know little of the
magnetic effects of any currents which are not closed.
Before entering on the calculation of these electric and magnetic states it
may be advantageous to state certain general theorems, the truth of which may
be established analytically.

The equation

d"V d"V

d"v

=+-q+=+4~p=O,

(where V and p are functions of x, y) z never inhite, and vaniahimg for a l l points
a t an infinite distance), can be satisfied by one, and only one, value of V. See
Art. (17) above.

TEEOREM
II.
The value of V which will satisfy the above conditions ie found by integrating the expression

where the limits of x, y, x are such as ta include every point of space where p
is f i t e .
25 -2
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The proofs of these theorems may be found in any work on attractions or
electricity, and in particular in Green's Bssay on the Application of Mathematics
to Electricity. See Arts. 18, 19 of this paper. See also Gauss, on Attractions,
translated in Taylor's ScientiJic Memoirs.

THEOREM
III.
Let

U and V be two functions of x, y,

z, then

Vdx dy dz ;
where the integrations are supposed to extend over dl the space in which
and V have values differing from ().-(Green, p. 10.)

'U

This theorem shews that if there be two attracting systems the actions
between them are equal and opposite. And by making U = V we find that
the potential of a system on itself is proportional to the integral of the square
of the resultant attraction through all space; a result deducible from Art. (30),
since the volume of eacb ce11 is inversely as the square of the velocity (Arts.
12, 13), and therefore the number of cells in a given space is directly as the
square of the velocity.

THEOREM
IV.
Let a, /3, y, p be quantities h i t e through a certain space and vanishing
in the space beyond, and let k be given for all parts of space as a continuous
or discontinuous function of x, y, z, then the eqiiation in p

hm one, and only one solution, in which p is always finite and vanishes a t
an infinite distance.
The proof of this theorem, by Prof. W. Thomson, may be found in the
Ccmbridge and Du blcn Mathematical Journal, Jan. 18 48.
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If a, /3, y be the electro-motive forces, p the electric tension, and k the
coefficient of resistance, then the above equation is i d e n t i d with the equation
of continuity

and the theorem shews that when the electro-motive forces and the rate of
production of electricity at every part of space are given, the value of the
electric tension is determinate.

Since the mathematical laws of. magnetism are identical with those of electricity, as far as we now consider them, we may regard a, /3, y as magnetizing
forces, p as magnetic tedon, and p as rml magnetic density, k being the
coefficient of resistance to magnetic induction.
The proof of this theorem rests on the determination of the minimum value
of

-

where V is got from the equation

and p has to be determined.
The meaning of this integral in electrical language may be thus brought
out. If the presence of the media in which k has various values did not
-affect the distribution of forces, then the "quantity" resolved in a would be
'

dV

dV

simply d;o and the intensity k - But the actual quantity and intensity are
dx '

d p and the parts due t o the distribution of media alone
dx '
are therefore
(a-$$

dV

-& and

d.

a---

dx

&y
dx

Now the product of these represents the work done on account of this
distribution of media, the distribution of sources being determined, and taking
in the terms in y and z we get the expression & for the total work done
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by that part of the whole effect a t any point which is due t o the distribution
of conducting media, and not directly to the prmence of .the sources.
This quantity & is rendered a minimum by one and only one value of p,
namely, that which satisfies the original equation.

If a, b,

c be three functions of x,

y,

z satisfying the equation

it is always possible to find three functions

---k
dB
dz
dy

dy

da

dz-&-

a, /3,

y which shall satisfy the equa-

a ,

- b,

Let A = J c d y , where the integration is to be performed upon c considered
as a function of y, treating x and z as const,ants. Let B=jadz, C = j bdx,
A'= J bdz, H = jcdx, C'-lady, integrated in the same way.

wiU satisfy the given equations ; for

and

IRIS - LILLIAD - Université Lille 1

I n the same way it rnay be shewn that the values of a, 6, y satisfy
may be comidered a t present as
the other given equations. The function
perfectly indeterminate.

+

The method here given is taken from Prof. W. Thomson's memoir on
Magnetism (Phil. Tram. 1851, p. 283).
As we cannot perform the required integrations when a, b, c are discontinuous functions of x, y, z, the following method, which is perfectly general
though more complicated, may indicate more clearly the truth of the proposition.
Let A , B, C be deterrnined from the equations

by the methods of Theorems 1. and IL, so that A, B, C are never idnite,
and vanish when x, y, or x; is infinite.
Also let
d B d C dl,$
a=--dz dy d x '

+-

then

---=-(dy

da
dz

dy

3-(-+-+-)

d d A + dB+d
d x d x d y dz

d'A
d

d'A
dy'

d'A
dz'

If we h d similar equations in y and z, and differentiate the h t by x,
the second by y, and the third by z, remembering the equation between
a, b,

C,

we shall have
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and since A, B, C are always h i t e and vanish at an infinite distance, the
only solution of this equation is

and we have finally

with two similar equations, shewing that a, /3, y have been rig;htly deterrnined.
The function

+ is to be determined from the condition

if the left-hand side of th% equation be always zero, # must be zero also.

THEOREM
VI,

Let a, 6,

c be any three functions of x,

functions a, fi, y and a fourth V, 130 that

and

Let

and let V be found £rom the equation
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y, z, it Is possible to find three

satisfy the condition

and therefore we can h d three functions A, B,
t o satisfy the given equations.

C,and from tbese

a, P, y,

so as

THEOREYVIL
The integral throughout i d n i t y

Q = 111 (al%+

i-clyl)dx dy&

where alblcl, a.$lyl are any functions whatsoever, is capable of transformation into

Q = + 111(4vpld (ad%

&b2

+y&)) dxdydz,

in which the quantities are found fiom the equations

V.4

are determined fiom alblcl by the laat theorem, so that

a,b,c, are found h m a&yl by the equations

and p i8 found from the equation

VOL* 1.
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For, if we put a, in the form

and treat b, and c, similarly, then we have by integration by parts through
infinity, remembering that all the functions vanish a t the limits,

If alb,cl represent the components of magnetic quanéity,' and a&?% those
of magnetic intensity, then p will represent the real magnetic density, and p
the magnetic potential or tension. a,b,c, will be the components of quantity
of electric currents, and a&yO will be three functions deduced from alblcl,
which will be found to be the mathematical expression for Faraday's Electrotonic state.
Let us now consider the bearing of these analyticd theorems on the
theory of magnetisni. Whenever we deal with quantities relating t o magnetism,
Thus alblcl are the components
me shall distinguish them by the s&x (,).
resolved in the directions of x, y, z of the quantity of magnetic induction acting
through a given point, and (LIPly, are the resolved intensities of rnagnetization
at the same point, or, what is the same thing, the components of the force
which would be exerted on a unit south pole of a magnet placed at that
point without disturbing the distribution of magnetism.

The electric currents are found from the magnetic intensities by the equations

When there are no electric currents, then
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a perfect merential of a function of x, y, z.
may c d p, the magnetic tension.

On the principle of analogy we

The forces which act on a mass m of south magnetism at any point are
m - d, ~ l
and - m -+,1
dx
dz
in the direction of the axes, and therefore the whole work dane durhg any
displacement of a magnetic system is equal to the decrement of the intemgal

Q =l . i ~ p l p 1 d dz
x~y
throughout the system.
Let us now cal1 Q the total potenta of the system on itsev. The increaae
or decrease of Q will measure the work lost or gained by any displacement
of any part of the system, and will therefore enable us to determine the
forces acting on that pa,rt of the system.

By Theorem III. Q may be put under the form

in which c&y1
respectively.

are the differential coefficients of pl with respect t o z, y, z

If we now assume that th& expression for Q is tme whatever be the
values of a-,, pl, y,, we pass from the consideration of the magnetism of permanent
magnets to that of the magnetic effects of electric currents, and we have then
by Theorem VII.

So that in the case of electric currents, the components of the currents have
to be multiplied by the functions s, Bo, y, respectively, and the summations of
all such products throughout the system gives us the part of Q due to those
currents.

We have now obtained in the functions s,Bo, y, the meam of avoiding
the consideration of the quantity of magnetic induction which jnwses t h r q h
the circuit. Instead of this artiilcial rnethod we have the natural one of considering the current with reference to quantities existing in the same space
with the current itself To these 1 give the name of Electro-tonic functions, or
cmponents of the &tro-hic
intensity.
26-2
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Let us now oonsider the conditions of the conduction of the electrid
currents within the medium during changes ira the electro-tonic state. The
method which we shall adopt is .an application of that given by Helmholtz in
his memoir on the Conservation of Forcex.
Let there be some external source of electric currents which would generate
in the conducting mass currents whose quantity is measured by a,, b,, c, and
their intensity by %, &, y,.
Then the amount of work due to this cause in the time dt is

dt . f / . f ( a+
a b8a
~ + ciya) d x d y d ~
in the form of resistance overcome, and

in the form of work done mechanically by the electro-magnetic action of these
currents. If there be no external cause producing cumnts, then the quantity
representing the whole work done by the external cause must vanish, and we
have

a2~+b~+c2y.)dxdydz,
where the integrah are taken through any arbitrary space. We must therefore
have
1 d
a&%
+ b& +c2ya= di (aaao + bzSo ciyo)

+

for every point of space ; and it must be rememhered t h a t the variation of
Q is supposed due to variations of a,, A, y,, and not of a2,b,, c,. We mu&
therefore treat a,, b,, c, as constants, and the equation becomes

In order that this equation may be independent of the values of %, ha, c,,
each of these coefficients must = 0; and therefore w e have the following
expressions for the electro-motive forces due t a the action of magnets and
currents at a distance in terms of the electro-tonic functions,
1 da,

%=--- .

47~dt
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'

1 dA
p2= - --

4a dt '

1

dy,

ya3-Gdt"

It appears from experiment that the expression

dt

refers to the change

of electro-tonic state of a given particle of the conductor, whether due to
change in the electro-tonic functions themselves or to the motion of the particle.

If a, be expressed as a function of x, y, x and t, and if s, y, z be the
CO-ordinatesof a moving particle, then the electro-motive force measured in the
direction of x is

The expressions for the electro-motive forces in y and z are similar. The
distribution of currents due to these forces depends on the form and arrangement of the conducting media and on the resultant electric tension a t any
point.

The discussion of these functions would involve us in mathematical formulae,
of which this paper is already too full. It is only on account of their physical
importance as the mathematical expression of one of Faraday's conjectures that 1
have been induced to exhibit them at al1 in their present form. By a more
patient consideration of their relations, and with the help of those who are
engaged in physical inquiries both in this subject and in othera not obviously
connected with it, 1 hope to exhibit the theory of the electro-tonic state in a
fonn in which d its relations may be distinctly conceived without reference t o
analytical calculationa
'

Summclry of

the Theory of the Electro-tonz'c State.

We may conceive of the electro-tonic state a t any point of space as a
quantity determinate in magnitude and direction, and we may represent the
electro-tonic condition of a portion of space by any mechanical system which
has a t every point some quantity, which rnay be a velocity, a displacement, or
a force, whose direction and magnitude correspond to those of the supposed
electro-tonic state. This representation involves no physical theory, it is only
a kind of artxcial notation. I n analytical investigations we make use of the
three components of the electro-tonic state, and call them electro-tonic functions.
We take the resolved part of the electro-tonic intensity a t every point of a
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closed curve, and find by integration what we may cal1 the entire electro-tonic
intensity round the curve.

PROP.1. If on any su@.ce a closed curve be drawn, and if the surface
within it be divided into small areas, then the entire intensity round the closed
curve is epual to the sum of the intensities round euch of the srnall areas, al1
estirnated in the same direction.
For, in going round the small areas, every boundaq line between two of
them is passed along twice in opposite directions, a.nd the intensity gained in
the one case is lost in the other. Every effect of passing along the interior
divisions is therefore neutralieèd, and the whole effect is that due to the
exterior closed curve.

LAW1. The entire electro-tonic intemity round the boundary of an element of
surface masures the quantity of rnagnetic induction which passes through that
surface, or, in other words, the nurnber of Eines of magnetic force which pass
through that surface.
By PROP.1. it appears that what is true of elementary surface8 is true also
of surfaces of finite magnitude, and therefore any two surfaces which are
boiinded by the same closed curve will have the same quantity of magnetic
induction through them.

LAW II. The nzclgnetic intensity at any point is connected with the quuntity
of magnetic induction by a set of linmr equations, called the equations of conductionx.

Law III. 57ie entire magnetic intm'ty round the boundary of any surfae
mernsures the quantity of electric current which passes through that surface.

LAW IV. The quantity and intensity of electric currents are connected by a
ystem of epuations of conduction.

By these four laws the magnetic and electric quantity and intensity may be
deduced from the values of the electro-tonic functions. 1 have not discussed
the values of the units, as that will be better done with reference to actual
experiments. We come next to the attraction of conductors of currents, and to
the induction of currents within conductors.

*
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See Art. (28).

LAW V . The total electro-magnetic potenticcl of a closed current is rneasured
by the product of the quantity of the current multiplied by the entire electro-tonic
intensity .estimated in the same direction round the circuit.
Any displacement of the conductors which would cause an increase in the
potential will be assisted by a force measured by the rate of increase of the
potential, so that the mechanical work done during the displacement will be
measured by the increase of potential.
Although in certain cases a displacement in direction or dteration of intensity of the current might increase the' potential, such an alteration would n o t
itaelf produce work, and there will b e no tendency towards this displacement,
for. alterations in the current are due to electro-motive force, not to electromagnetic attractions, which can only act on the conductor.
LAWVI. The electromotive force on any element of a conductor is measured
by the instantaneous rate of change of the electro-tonic intensity on that element,
whether in magnitude or direction.
The electro-motive force in a closed conductor is measured by the rate of
change of the entire electro-tonic intensity round the circuit referred to unit
of time. It is independent of the nature of the conductor, though the current
produced varies inversely as the resistance; and it is the same in whatever
way the change of electro-tonic intensity hm been produced, whether by motion
of the conductor or by alterations in the external circumstancea
In these six laws 1have endeavoured to express the idea which 1 believe to
be the mathematical foundation of the modes of thought indicated in the Experirnental Researches. 1 do not think that it contains even the shadow of a
true physical theory; in fact, its chief merit as a temporary instrument of
research is that it does not, even in appearance, mcount for anything.
There exists however a professedly physical theory of electro-dynamics, which
is so elegant, so mathematical, and so entirely different from anything in this
paper, that 1 must state its axioms, at the risk of repeating what ought to
be well known. It is contained in M. W. Weber's Electro-dynamic Measurements, and mag be found in the Transactions of the Leibnitz Society, and of the
Royal Society of Sciences of Saxony*. The assurnptions are,
* When this waa written, 1 was not a w m that part of M. Weber's Memoir ia translateci in
Taylor's Scknt$îc Memo+s, VOL Y. Art. XIV. The value of his researches, both experimental and
theoretical, renders the study of his theory necessary to every electrician.
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(1) That two particles of elechicity when in motion do not repel each other
with the same force as when at rest, but that the force is altered by a quantity
depending on the relative motion of the two particles, so that the expression for
the repulsion at distance r is
ee'

s
That when electricity is moving in a conductor, the velocity of the
positive fluid relatively to the m t t e r of the conductor is equal and opposite to
that of the negative fluid.
(2)

(3) The total action of one conducting element on another is the resultant
of the mutual actions of the masses of electricity of both kinds which are
in each.
The electro-motive force a t any point is the dzerence of the forces
acting on the positive and negative fluids. (4)

From these axioms are deducible Amp&reYslaws of the attraction of
conductors, and those of Neumann and others, for the induction of currents.
Here then is a really pbysical theory, satisfying the required conditions better
perhaps than any yet invented, and put forth by a philosopher whose experimental researches forrn an ample foundation for his mathematical investigations.
What is the use then of imagining an electro-tonic state of which we have
no distinctly physical conception, instead of a formula of attraction which we
can readily understand l 1 would answer, that it is a good thing to have
two ways of looking at a subject, and to admit that there a r e two ways of
looking a t it. Besides, 1 do not think that we have any right a t present to
understand the action of electricity, and 1 hold that the chief merit of a
temporary theory is, that it shall guide experiment, without impeding the
progress of the true theory when it appears. There are also objections to
making any ultimate forces in nature depend on the velocity of the bodies
between which they act. If the forces in nature are to be reduced to forces
acting between particles, the principle of the Conservation of Force requires
that these forces should be in the line joining the particles and functions of
the di~tanceonly. The experiments of M. Weber on the reverse polarity of
diarnagnetics, which have been recently repeated by Professor Tyndall, establish
a fact which is equally a consequence of M. Weber's theory of electricity and
of the theory of l i e s of force.
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With respect to the history of the present theorg, 1 may state that the
recognition of certain mathematical functions as expressing the " electro-tonic
state" of Faraday, and the use of them in determining electro-dynamic
potentials and electro-motive forces is, aa far as 1 am aware, original; but the
distinct conception of the possibility O£ the mathematical expressions arose in
my mind from the perusal of Prof W. Thomson's papers "On 'a Mechanical
Representation of Electric, Magnetic and Galvanic Forces," Cambridge and
Dublin Mathematical Journal, January, 1847, and his " Mathematical Theory of
Mapetism," Philosophical Transactions, Part 1. 1851, Art. 78, &c. As an
instance of the help which may be derived from other physical investigations,
1 may state that after 1 had investigated the Theorems of this paper
Professor Stokes pointed out to me the use which he had made of similar
expressions in his 'f Dynamical Theory of DiEraction," Section 1, Cambridge
Transactions, Vol. IX. Part 1. Whether the theory of these functions, considered with reference to electricity, may lead to new mathematical ideas to be
employed in physical research, remains to be seen. 1 propose in the rest of
this paper to discuss a few electrical and magnetic problems with reference t o
spheres. These are intended merely as concrete examples of the methods of
which the theory has been given; 1 reserve the detailed investigation of cases
chosen with special reference to experiment till 1 have the means of testinç
their results.

1. Zheory of Electrical Inmges.
The method of Electrical Images, due to Prof. W. Thomson*, by which
the theory of spherical conductors has been reduced to great geometrical simplicity, becomes even more simple when we see its connexion with the methods
of this paper. We have seen that the pressure a t any point in a uniform
medium, due to a spherical shell (radius=a) giving out fluid a t the rate of
as
4?rPaa units in unit of time, is kP- outside the shell, and kPa inside it,
r

where r is the distance of the point from the centre of the sliell.

* See a series of papers <'On the Mathematical Theory of Electiicity," in the Carnb.dge and
Dublin Math. Jw., beginning March, 1848.
VOL 1.
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If there be two shells, one giving out fluid a t a rate 4?rPa> and the
other absorbing a t the rate of 47rP'a': then the expression for the pressure will
be, outside the shells,

where r and r' are the distances from the centres of the two shells. Equating
this expression to zero we have, as the surface of no pressure, that for which
r'- Pa'"
-r
Pa"

Now the surface, for which the distances to two fixed points have a given
ratio, is a sphere of which the centre O is in the line joining the centres of
the shells CC produced, so that

and its radiue

If at the centre of this sphere we place another source of the fluid, then
the pressiire due t o this source inust be added to that due to the other two;
and since this additional pressure depends only on the distance from the centre,
i t will be constant at the surface of the sphere, where the pressure due to
the two other sources is zero.
We have nom the means of arranging a system of sources within a given
sphere, so that when combined with a given syatem of sources outside the
sphere, they shall produce a given constant pressure a t the surface of the sphere.
Let a be the radius of the sphere, and p the given pressure, and let the
given sources be at distances blJ b,, &c. from the centre, and let their rates of
production be 47rP,, 4nP2,&c.
a'

a2'

&c. (measured in the same direction as b,, b,, &c.
b,' &'
from the centre) we place negative sources whose rates are
Then if a t distances
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the pressure at the surface r = a will be reduced to zero. Now placing a source
47~Pa
- at the centre, the pressure a t the surfctce will be uniforrn and equal to p.

k

The whole amount of fluid emitted by the surface r = a may be found by
adding the rates of production of the sources within it. The result is

To apply this result to the case of a conducting sphere, let us suppose
the external sources 47rP1, 4?rP, to be small electrified bodies, containing el, e,
of positive electricity. Let us also suppose that the whole charge of the conducting sphere is = E previous to the action of the external points. Then d
that is required for the cornplete solution of the problem is, that the surface
of the sphere shall be a surface of equal potential, and that the total charge
of the surface shall be E.
If by any distribution of imaginary sources within the spherical surface we
can effect this, the value of the corxesponding potential outside the sphere is
the true and only one. The potential inside the sphere must really be constant
and equal t o that at the surface.
W e must therefore find the images of the external electrified points, that
is, for every point a t distance b from the centre we must h d a point on the
a'
same radius at a distance -, and at that point we must place a quantity
bl
a
= - e - of imaginary electricity.
bl
At the centre we must put a quantity E' such that

then if R be the distance from the centre, r;, r, &c. the distances from the
elect&ed points, and r',, r',, &c. the distances from their images a t any point
outside the sphere, the potential a t that point will be

IRIS - LILLIAD - Université Lille 1

2 12

ON FARBDAY'S LINES OF FORCE.

This is the value of the potential outside the sphere. At the surface we
have

so that at the surface

and this must also be the value of p for any point within the sphere.
For the application of the principle of electrical images the reader is referred
to Prof Thomson's papers in the Cambridge and Dublin Mathematical Journal.
The only case which we shsll consider is that in which
nitely distant dong the axis of

X,

and

4=4
4

and b, is infi-

E = O.

The value p outside the sphere becomes then

and inside p = 0.

II. On the e&t

of a paramagnetic or diamagnetic sphere in a unifoorm jeld o j
magnetic force".

The expression for the potential of a small magnet placecl at the origin of
CO-ordinatesin the direction of the axis of x is

The effect of the sphere in disturbing the lines of force may be supposed
as a first hypothesis t o be sirnilar to that of a srnall magnet a t the origin,
whose strength is to be determined. (We shall find this to be acourateli tm.)
if See

Prof. Thomson, on the Theory of Magnetic Induction, PhZL MW. March, 1851. The inducthe sphere, according to that paper, is the ratio of the quantity of magnetic induction

tive capacity of

(not the intemity) within the sphere to that without

itig to Our notation.
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1 k'
3k'
It is therefore equal to - B - - - accord1 k - 2k+k'

Let the value of the potential und'iturbed by the presence of the sphere be

p =Ix.
Let the sphere produce an additional potential, which for e x t e d points is

and let the potential within the sphere be

p, =Bx.
Let lû' be the coefficient of resistance outside, and k inside the sphere, then
the conditions to be f u u l e d are, that the interior and exterior potentas should
coincide a t the surface, and that the induction through the surface should be the
same whether deduced from the external or the internal potential. Putting
x = r cos 8, we have for the extenial potential

P=(IT+A:)~~~O,
and for the internal

pl = Br cos 8,
and these must be identical when r =a, or
I+A=B.
The induction through the surface in the external medium is

and that through the interior surface is

and

.*.Fl ( 1 - 2 A ) x 1~ B .

These equations give

The effect outside the sphere is equd to that of a little magnet whose
length is 1 and moment ml, provided
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Suppose this uniforrn field t o be that due to terrestrial magnetism, then,
if k is less than V as in paramagnetic bodies, the marked end of the equivalent magnet will be turned to the north. If k is greater than V as in
diamagnetic bodies, the unmarked end of the equivalent magnet would be turned
t o the north.

III. Magnetic jeld of variable Intensity.
Now suppose the intensity in the undisturbed magnetic field t o Vary in
magnitude and direction fïom one point to another, a.nd that its components
in x, y, s are represented by a, fl, y, then, if as a first appro&ation we regard the intensity within the sphere as sensibly equal to that a t the centre,
the change of potential outside the sphere arising f r o i the presence of t h e
sphere, disturbing the liries of force, will be the sanie as that due to three
small magnets a t the centre, with their axes parallel to x, y, and x, and their
moments equal to

The actual distribution of potential within and without the sphere may be
conceived as the result of a distribution of irnaginary magnetic matter on the
surface of the sphere ; but since the external effect of this superficial ma.gnetism
is exactly the same as that 'of the three small magnets a t the centre, the
mechanical effect of external attractions will be the same as if the three magnets
really existed.
Now let three small magnets whose lengths are Il, l,, S, and strengths
ml, m,, ma, exist a t the point x, y, 5 mith their axes parallel to the axes of
x, y, z ; then resolving the forces on the three magnets in the direction of X, we
have
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Substituting the values of the moments of the imaginary magnets

The force impelling the sphere in the direction of x is therefore dependent
as we move along
on the variation of the square of the intensity or (aS+p+y"),
the direction of x, and the same is true for y and z, so that the law is, that
the force acting on diamagnetic spheres is from places of greater to places of
less intensity of magnetic force, and that in similar distributions of magnetic
force it varies m the mass of the sphere and the square of the intensity.

It is easy by means of Laplace's Coefficients t o extend the approximation
t o the valire of the potential as far as we please, and to calculate the attraction. For instance, if a north or south magnetic pole whose strength is M, be
placed at a distance b from a diamagnetic sphere, radius a, the repulsion will be

a
- is small, the first term gives a sufficient approximation. The repul;
b
sion is then as the square of the strength of the pole, and the mass of the
sphere directly and the fifth power of the distance inversely, considering the
pole as a point.
When

IV.

llwo Sphares

un.lfom f i l c l .

Let two spheres of radius a be connected together so that their centres are
kept a t a distance b, and let them be suspended in a uniform magnetic field,
then, dthough each sphere by itself would have been in equilibrium at any part
of the field, the disturbance af the field will produce forces tending t o make the
balls set in a particular direction.
Let the centre of one of the spheres be taken as origin, then the undisturbed potential is
p = Ir cos 6,
and the potential due t,o the sphere is
k-k;' as
cos 8.
p'=Izki 2. ,,
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The whole potential is therefore equd to

This is the value of the square of the intensity at any point. The moment
of the couple tending t o turn the combination of balls in the direction of the
original force

Thii expression, which must be positive, since b is pester than a, gives the
moment of a force tending to turn the line joining the centres of the spheres
towards the original lines of force.
Whether the spheres are magnetic or diamagnetic they tend to set in the
axial direction, and that without distinction of north and south. If, however,
one sphere be magnetic and the other diamagnetic, the line of centres will set
equatoreally. The magnitude of the force depends on the square of (h-K), and
is therefore quite insensible except in iron*.

Two Spheres between the poles of a Magnet.

V.

Let us next take the case of the same balls placed not in a uniform field
but between a north and a south pole, I M , distant 2c from each other in the
direction of x.

" See Prof. Thomson in Phil. Ma.. March,
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The expression for the potential, the middle of the line joining the poles
being the origin, is
1
p = M (~c.+r>-2cr cos
From this we find as the value of Ia9

and the moment to turn a pair of spheres (radius a, distance 2b) in the
direction in which û is increased is

This force, which tends to turn t.he line of centres equatoreally for diamagnetic
and axially for magnetic spheres, varies directly as the square of the strength of
the magnet, the cube of the radius of the spheres and the square of the distance of their centres, and inversely as the sixth power of the distance of the
poles of the magnet, considered as points. As long as these poles are near each
other this .action of the poles d l be much stronger than the mutual action of
the sphereg so that as a general rule we may say that elongated bodies set
axially or equatoreally between the poles of a magnet according as they are magnetic or diamagnetic. If, instead of being placed between two poles very near
to each other, they had been placed in a uniform field such as that of terrestrial
magnetism or that produced by a spherical electro-magnet (see Ex. VIII.), an
elongated body would set axially whether magnetic or diamagnetic.
In all these cases the phenomena depend on k-Jc', so that the sphere conducts itself magnetically or diamagnetically according as it is more or less
magnetic, or less or more diamagnetic than the medium in which it is placed.

VI. On the Magnetic Phenomena of a Sphere czct from a substance whose
coefiient of resistance is dzferent in di$eerent directions.
Let the axes of magnetic' resistance be parallel throughout the sphere, and
let them be taken for the axes of x, y, x. Let kl,k2, ka, be the coefficients of
resistance in these three directions, and let ic' be that of the external medium,
VOL. I.
28
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and a the radius of the sphere. Let I he the undisturbed magnetic intensity
of the field into which the sphere is introduced, and let its direction-cosines
Let us nom take the case of a homogeneous sphere whose coefficient is k,
placed in a uniform magnetic field whose intensity is II in the direction of x.
The resultant potential outside the sphere would be

and for internal points

So that in the interior of the sphere the magnetization is entirely in the direction of x. It is therefore quite independent of the coefficients of resistance in
the directions of x and y, which may be changed from kl into k2 and ka without disturbing this distribution of rnagnetism. We may therefore treat the sphere
as homogeneous for each of the three components of 1, but we must use a
different coefficient for each. We h d for external points

and for internal points

The external effect is the sanie as that which would have been produced
if the small magnet whose moments are

had been placed at the origin with their directions coinciding with the axes of
5 Y, e- The effect of the original force 1 in turning the sphere about the mis
of x may be found by taking the moments of the components of that force
on these equivalent magnets. The moment of the force in the direction of y
acting on the third magnet is

and that of the force in z on the second magnet is
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The whole couple about. the axis of a is therefore

3p (k- 74 mnI'aa,
(2k+k') (21%,+k')
tending to turn the sphere round from the axis of y towards that of z. Suppose the sphere t o be suspended .so that the axis of x is vertical, and let I
be horizontal, then if 8 be the angle which the axis of y makes with the
direction of 1,m = cos 8, n = - sin 8, and the expression for the moment becomes

tending to increase 8. The axis of least resistance therefore sets arially, but
with either end indifferently towards the north.
Since in al1 bodies, except bon, the vdues of k are nearly the same as in
a vacuum, the coefficient of this quantity can be but little altered by chanahg
the value of K to Ic, the value in space. The expression then becomes

independent of the external medium*.

VII.

Permanent mgnetism in a

spherical shell.

The case of a homogeneous shell of a diamagnetic or paramagnetic substance
presents no difticulty. The intensity within the shell is less than what it would
have been if the shell were away, whether the substance of the shell be diamagnetic or paramagnetic. When the resistance of the shell is infinite, and when
it vanishes; the intensity within the shell is zero.
I n the case of no resistance the entire effect of the shell on any point,
internal or external, may be represented by supposing a superficial stratum of
+ Taking the more general case of magnetic induction referred to in Art. (28), we find, in the
expression for the moment of the magnetic forces, a constant term depending on T,besidea those
terms which depend on sines and cosines of 8. The result is, that in every complete revolution in
the neetive direction round the axia of T,a certain positive amount of work is gained; but, since
no inexhaustible source of work can exist in nature, we must admit that T=0 in al1 aubstsnces,
with respect to magnetic induction. This argument does not hold in the case of electric conduction,
or in the case of a body through which heat or electricity ia passing, for euch states are maintained by the continual expenditure of work. See Prof. Thomson, Pha. Mag. March, 1851, p. 186.

28-2
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magnetic matter spread over the outer surface, the density being given by the
equation
p=3Icos8.
Suppose the shell now to be converted into a permanent magnet, so that the
diitribution of imaginary magnetic matter is invariable, then the external potential due to the shell will be
as
r'

p'= -1- COS 8,
and the internal potential

pl= -Ir cos 8.

Now let us investigate the effect of filling up the shell with some substance
of which the resistance is k, the resistance in the external medium being k'.
The thickness of the magnetized shell may be neglected. Let the magnetic
moment of the permanent magnetism be Iaa, and that of the imaginary superficial distribution due to the medium k= Aaa, Then the potentials are
a"
external p' = (1+
A ) - cos 8,
internal pl= (1+
A) r cos 8.
?

The distribution of real magnetism is the. same before and after the introduction of the medium 74 so that

The externd effect of the magnetized shell is increased or diminished according
as k: is greater or less than k'. It is therefore increased by filling up the shell
with diamagnetic matter, and diminished by filhg it with paramagnetic matter,
such as iron.

V I I I . Electro-magnetic sphel-ical shell.
Let us take as an example of the magnetic effects of electric currents,
an electro-magnet in the f o m of a thin spherical shell. Let its radius be a,
and its thickness t, and let its external effect be that of a magnet whose
moment is laa. Both within and without the shell the magnetic effect may be
represented by a potential, but within the substance of the shell, where ihere
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are eledric currents, the magnetic effects cannot be represented by s potentia;l.
Let pO,pl be the externa3 and internal potentials,
a
'
pO=I-cos0,
r=

p,=Arcos0,

and sinca there is no permanent magnetism,

b= d- when
dr dr '

r =a,

If we draw any closed curve cutting the shell at the equator, and a t some
other point for which 8 is known, then the total magnetic intensity round this
curve will be 3Ia COS 0, and as this is a measure of the total electric current which
flows through it, the quantity of the current a t any point may be found by
difïerentiation. The quantity which flows through the element tdû is - 3Ia sin 8~28,
so 'that the quantity of the current referred t o unit of area of section is
- 3I a sin B.

I f the shell be composed of a wire coiled round the sphere so that the number
of coils to the inch varies as the sine of 0, then the external effect will be
nearly the same as if the shell had been made of a uniform conducting substance, and ,the currents had been distributed according to the law we have just
given.
If a wire conducting a eurrent of strength I; be wound round a sphere
of radius a so that the distance between successive coils measured along the
2a
axis of x is -, then there will be n coils altogether, and the value of I, for
n

the resulting electro-mngnet will be

'

The potentids, external and intemal! will be
na
'
p'= I, - - cos 0,

6 r'

The interior of the shell is therefore a d o m magnetic field.
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IX. Efect of the core of the electro-magnet.
Now let us suppose a sphere of diamagnetic or paramagnetic matter introduced into the electro-magnetic. coil. The result may be obtained as in the
la& case, and the potentials become

The externd effect is greater or less than before, according as k' is greater
or less than ic, that is, according as the interior of the sphere is magnetic or
diamagnetic with respect to the external medium, and the interna1 effect is
dtered in the opposite direction, being greatest for a diamagnetic medium.
This investigation explains the effect of introducing an iron core into an
electro-magnet. If the value of k for the core were to vanish altogether, the
effect of the electro-magnet would be three times that which it has without
the core. As k has always a finite value, the effect of the core is less than this.
I n the interior of the electro-magnet we have a uniforrn field of magnetic
force, the intensity of which may be increased by surroundhg the coi1 with a
shell of iron. If li'= O, and the shell infhitely thick, the effect on internd points
would be tripled,
The effect of tlie core is greater in the case of a cylindric magnet, and
greatest of al1 when the core is a ring of soft iron.

X. Electro-tonic finctions in spherical electro-mag.net.
Let us now find the electro-tonic functions due to this electro-magnet.
They will be of the form
a,= O,

Po =wZ,

YO= -ay#

where o is aome function of r. Where there are no electric currents, we must
have a,, b,, c, each = 0, and this implies

the solution of which is
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Within the shell o cannot become &te
; therefore
and outside a must vaniah a t an infinite distance, so that

o = Cl

is the solution,

is the solution ou'tside. The magnetic quantity within the shell is found by last
article to be

therefore within the sphere
a,=

I;n 1
--

2a 3k+k"

Outside the sphere we must determine o so as to coincide a t the surface
with the interna1 value. The exteial value is therefore
o=

1 a
'
--I;n
2a 3k+k' r"

where the shell containing the currents is made up of n coils of wire, conducting a current of total quantity 1,
Let another wire be coiled round the shell according to the same law, and
let the total number of coils be n'; then the total electro-tonic intensity EI,
round the second coi1 is found by integrating

along the whole length of the wire. The equation of the wire is

where n' is a large number ; and therefore
ds = a sin 8d9,

E may be ca;lled the electro-tonic coefncient for the particular wire.
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XI. SpMcal electro-mccgnetic Coil-~mhine.
We have now obtained the electro-tonic function which defines the action
of the one coi1 on the other. The action of each coi1 on itself is found by
putting na or n" for nn'. Let the first coi1 be connected with an apparatus
producing' a variable electro-motive force P. Let us find the effecta on both
mires, supposing their total resistances to be R and E, and the quantity of
the currents I and I
'.
.
.
2.ïr
a
then the electro-motive force of the first
Let N stand for 3 (3k+P)'

wire on the second is

That of the second on itself is

The equation of the current in the second wire is therefore
-Nnn'-

.........................(1).

d1
dr
-Nia'?- =A!"
dt
dt

The equation of the current in the fist wire is

Eliminating the dzerential coefficients, we get

from which t o find 1 and
of F in terms of t.

I', For t h h purpose we require to know the value

Let us first take the case in which. F is constant and 1 and F initially=O.
This is the case of an electro-magnetic coil-machine a t the moment.
when the
. .
connexion is made with the galvanic trough.
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R' and

The primary current inoreases very rapidly fiorn O to
commences a t

F TL'
--IG
n

the ~econdary

and speedily vanishes, owing to the value of

7

being

generally very smalL

The whole work done by either current in heating the wire or in any other
,kiid of action is found from the expression

The total quantity of current is

For the secondary current we h d
F'n" T

[Idt.

Iom
rmt
4,
=

Fn'
j;rdt==

7

The work done and the quantity of the current are therefore the same a~
Fn'
if a current of quantity r=- had passed through the wire for a time T, where
2R'n

This method of considering a variable current of short duration is due to
Weber, whose experimental methods render the determination of the equivalent
current a matter of great precision
Now let the electro-motive force P suddenly ceaae while the current in the
primary wire is & and in the secondary= 0. Then we ahall have for the subaequent time
u

1=I,,e-7,
VOL 1.
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II

Rn'

r=R n

-:

E

.

The equivalent cments are *Io and

fi n
5 , and thebeir duration ia
Z

r.

When the communication with the source 'of the current is cut off, there
will be a change of R. This will produce a change in the value of 7, so that
if R be euddenly increased, the atrength of the secondary current will be increased,
and its duration diminished. This is the case in the ordiiarg coil-machines. The
quantity N depends on the form of the machine, and may be determined by
experiment for a machine of any shape.

XII. $phericd shell revolving

in

magnetic jïdd.

Let us next take the case of a revolving shell of conducting matter under
the influence of a uniform field of magnetic force. The phenornena are explained
by Faraday in his Experirnental Researches, Series II., and references are there
given to previous experiments.
Let the axis of z be the axis of. revolution, and let the angular velocity
be o. Let the magnetism of the field be represented in quantity by 1, inclined
at an angle O to the direction of x, in the plane of zx.
Let R be the radius of the spherical shell, and T the thkkness, Let the
quantities a,, Po, y,,, be the eledro-tonic functiom at any point of space; CL,, b,, cl,
a,, rB,, y, s p b o l s of magnetic quantity and intensity ; a,, b,, c,, s, fi,, y, of
electric quantity and intenaity. Let p, be the electric tension at any point,

da, db,

-+-+-=O
dx dy
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dc,
dz

.................................( 2 ) ;

The.expressions for 4, Po, y, due t o the magnetfsm of the field are

A,,, Bo,

being constant8 ; and the velocities of the particles of the revolving

sphere are

1
- 16n
la {(2+y)
-
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COB 8

-zi sin 81.

These expressions would determine completely the motion of electricity in
a revolving sphere if we neglect the action of these currents on themselves.
They express a system of circular currents about the a i s of y, the quantity
of current a t any point being proportional to the distance from that axie.
The external magnetic effect will be that of a, s m d magnet whoae moment
is

T R d s i n O,
48~k

with its direction along the axis of y, so that the magnetism of

the field would tend to turn it back to the axis of'x*.
The existence of these currents d l of course -alter the 'distribution of
the electro-tonic functions, and so they will react on themselves. Let the
final result of th* action be "a system of currents about an axis in the plane
of xy inclined to the axia of x at' an mgle '4 and producing an external effect
equal to that of a magnet whose moment is FR. ;
The magnetic inductive components within the shell me
I;sinû-2rcos+ in x,
21' sin 4 in y,
1,cos O
in z.

-

Each of these would produce its own system of currents when the sphere
is in motion, and these would give rise to new distributions of magnetism,
which, when the velocity is uniform, must be the same as the original distribution,

T

-

(Ilsin O 21' cos 4) in 3~ produces 2 o (Ilsin O - 2I' cos 4) in y,
48mk
( -2T sin 4) in y produces 2
60s û in

2

T o (2I' sin 4)
48~k

in x ;

prduces no currents.

We must therefore have the following equations, since the s h t e of the'. shell
is the *&me a t every instant,

sin 0-21'

T

cos+=I,sin O+- 2 4rn~02' sin 4

* The expression for p, indicateg a variable electric tension in the
be ooilected by wires touching it at the equator and poles. .
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shell, so

that currentsi might

whence

cot +=

--2T4Rd "

'=+ - J

G
k
.
I, ~
B. ;i

47rk
To upderstand the meaning of these expressions let us take a partic& case.
Let the axis of the revolving shell be vertical, and let the revolution be
from north to west. Let 1 be the total intensity of the terrestrial magnetism,
and let the dip be 8, then IcosB is the horizontal component in the direction
of magnetic north.

The result of the rotation is to produce currente in the ahell about an

'T o to the south of magnetic west, and
24~k

axis inclined at a small angle =tan"

the external effect of these currents is the same as that of a magnet whose
moment is

The moment of the couple due to terrestrial magnetism tending to stop the
rotation is
241rk
2

24sk15+

Po'

h?P COS' 0,

and the loss of work due to this in unit of time is
24~k
h?P coss B.
2 24?rk1'+ Po'

This loss of work is made up by an evolution of heat in the substance of
the shell, as is proved by a recent experiment of M. Foucault (see Comptes
MUS,
XLI. p. 450).
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@?romthe Transactions of the Royal Ecott.ish Society of Arts, Vol IV.

IX.

PItrt IV.]

a New Fwrn of the Platmter, an Instrumen€ folr
meamring the Arem of Phne Figures d r a m on Pcvper*.

Description

of

1. T m measurement of the area of a plane figure on. a map or plan is an,
operation so frequently occurring in practice, that any method by which it may
be easily and quickly performed is deserving of attention. A very able exposition of the principle of such instruments WU be f o n d in the article on
Planimeters in the Reports of the Juries of the Great Exhibition, 1851.
I n considering the principle of instruments of this kind, it will: be most
convenient to suppose the area of the figure meamred by an imaginary atraight
line, which, by moving parallel to itselc and a t t h a same
time altering in length to suit the form of. the area,
accurately sweeps it out.
Let AZ be a fixed vertical lhe, A P Q Z the boundary
of the area, and let a variable horizontal Kne move
p a d e l to itself hm;A t o Z, sa ara to have its extrenzit
th, 1?, M, in the curve ancl in the fhed etraight h e . .
Now, suppose the horizontal line (which we shall call the
generating line) to move from the position PM to QN,
MN being some small quantity, say one inch for distinctness. During this movement, the generating line will
have ewept out the narrow strip of the surface, l'MN&,
which exceeds the portion PMNp by the srnall triangle PQp.
But since MN, the breadth of the strip, is one inch, the strip will contain
as many square inches as PM is inches long; so that, when the generating
2.

* Rad to the Society, 22nd Jan.
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line descends one inch, it sweeps oui; a nrimber of square S e s equal to the
number cd linear inches in its length
Therefore, if we have a machine with an index of any kind, which, while
the generating line moves one inch downwards, moves forward as many degrees
as the generating line is inches long, and if the generating line be alternately
moved an inch and dtered in length, the index will mark
the number of square inches swept over during the whole
operation. By the ordinary method of limita, i t may be
shown that, if these changes be made continuous instead
of sudden, the index will still measure the area of the
curve traced by the extremity of the generating line.
3. When the area is bounded by a olosed curve, as
ABDC, then to determine the area we must &rry the tracing point from some point A of the curve, completely round
the circumference to A again. Then, while the tracing point
moves from A to C, the index d l go forward and measure the number of square inches in ACRP, and, while it
moves from C to D, the index will measure backwaxds the
square inches in CRPD, 0 0 that it will now indicate the

square inches in ACD. Similarly, during the other part of the motion from
D to B, and from B to D, the part DBA will be measured; so that when
the tracing point returns to D, the instrument will have meaaured the area
ACDB. It is evident that the whole area will appear positive or negative
according as the tracing point is carried round in the direction ACDB or ABDC.
We have next to consider the various methods of communicating the
required motion to the index. The first is by means of two discs, the first
having a &t horizontal rough surface, turning on a vertical
axis, O&, and the second vertical, with its circumference resting on the flat surface of the first at P, so as to be driven
round by the motion of the first disc. The velocity of the
second disc will depend on OP, the distance of the point of
Q
contact from the centre cd the first disc; so that if O P be
made always equal to the generating line, the conditions of the instrument wiil
be fulfilled.
This is accomplished by causing the index-disc to slip dong the radius of
4.
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the horizontal disc; so that in working the instrument, the motion of the indexdisc is compounded of a rolliig motion due t o the rotation of the first disc,
and a slipping motion due to the variation of the generating line.

I n the instrument presented by Mr Sang to the Society, the first disc is
replaced by a cone, and the action of the instrument corresponds to a mathe5.

matical valuation of the area by the use of oblique CO-ordinates. As he has
himself explained it very completely, it will be enough here to Say, that the
index-wheel has still a motion of slipping as well as of rolling.
6. Now, suppose a wheel rolling on a surface, and pressing on it with a
weight of a pound; then suppose the coefficient of friction to be 4, it will
require a force of 2 oz. at l e s t to produce slipping a t all, so that even if the
resistance of the axis, &c., amounted to 1 oz., the rolling would be perfect. But
if the wheel were forcibly pulled sideways, so as to slide dong in the direction
of the axis, then, if the friction of the axis, $c., opposed no resistance to the
turning of the wheel, the rotation would still be that due to the forward motion;
but if there were any resistance, however small, i t would produce its effect in
diminishing the amount of rotation
The case is that of a mass resting on a rough surface, which requires a
great force to produce the slightest motion; but when some other force acts
on it and keeps it in motion, the very smdest force is s d c i e n t to alter that
motion in direction.

7. This effect of the combination of slipping and rolling has not escaped
the observation of Mr Sang, who has both measured its amount, and shown how
to eliminate its effect. I n the improved instrument as constructed by him, 1
believe that the greatest error introduced in this way does not equal the ordinary errors of measurement by the old process -of triangulation. This accuracy,
however, is a proof of the excellence of the workmanship, and the smoothness
of the action of the instrument; for if any considerable resistance had to be
overcome, i t would display itself in the results.

8. Having seen and admired these instruments at the Great Exhibition in
1851, and being convinced that the combination of slipping and rolling was a
drawback on the perfection of the instrument, 1 began to search for same
arrangement by which the motion should be that of perfect rolling in every
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motion of which the instrument is capable. The forma of the rolling parts which
1 considered were1. Two equd spheres.
2. Two spheres, the diameters being as 1 to 2.
3. A cone and cylinder, axes a t right angles.

Of these, the first combination only suited my purpose. 1 devised several modes
of mounting the spheres so as to make the principle available. That which 1
adopted is borrowed, as to many details, from the instruments already constructed, so that the originality of the device may be reduced to thii principleThe abolition of slipping by the use of two equal spheres.
The instrument (Fig. 1) is mounted on a fmme, which rolls on the two
connected wheels, MM, and is thus' constrained to travel up and down the
paper, moving parallel to itself.
CH is a horizontal axis, pasaing through two supports attached to the
frame, and carrying the wheel K and the hemisphere LAP. The wheel K rolls
on the plane on which the instrument travels, and communicates its motion to
the hemisphere, which therefore revolves about the axis AH with a velocity
proportional to that with which the instrument moves backwards or forwards.
PCO is a framework (better seen in the other figures) capable of revolving
about a vertical axis, Cc, being jained at C and c to the frame of the instrument. The parts CF and CO are a t right angles to each other and horizontal.
The part CO carries with it a ring, SOS, which turns about a vertical axis 00.
This ring supports the index-sphere Bb by the extremities of its axis Ss, just
as the meridian circle carries a terrestrial globe. By this arrangement, it will
be seen that the axia of the sphere is kept always horizontal, while its centre
moves so as to be always a t a constant distance from that of the hemisphere.
This distance miwt be adjusted so that the spheres may always remain in contact, and the pressure at the point of contact may be regulated by means of
springs or compresses a t O and O acting in the direction OC, oc. I n this way
the rotation of the hemisphere is made to drive the index-sphere.
9.

10. Now, let us consider the working of the instrument. Suppose the a m
CE placed so as to coincide with CD, then O, the centre of the index-sphere

will be "in the prolongation of the mis HA. Suppose also that, when in this
position, the equator bB of the index-sphere ie in contact with the pole A of
the hemisphere. Now; let the arch be turned into the position CE as in the
VOL. I.
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figure, then the rest of the fiamework will be turned through an equal angle,
and the index-sphere will roll on the hemisphere till it corne into the position
represented in the figure. Then, if there be no slipping, the arc A P = BP, and
the angle ACP =BOP.
Next, let the instrument be moved backwards or forwards, so as to turn
the wheel Kk: a n d . the hemisphere Li, then the index-sphere will be turned
about its axis f i by the action of the hemisphere, but the ratio of their velocities will depend on their relative positions. If we draw PQ, PR, perpendiculars
from the point of contact on the two axes, then the angular motion of the
index-sphere will be to that of the hemisphere, as PQ is t o P R ; that is, as
P Q is to QC, by the equal triangles PO&, PQC; t h a t is, as ED is to DC,
by the similar triangles CQP, CDE.
Therefore the ratio of the angular velocities is as ED to DC, but since
DC is constant, this ratio varies as ED. We have now only to contrive some
way of making ED act as the generating line, and the machine is complete
(see art. 2).
Il. The arm CF is moved in the following manner :-Tt is a rectangular
metal beam, fixed to the frame of the instrument, and parallel to the axis AH.
eEe is a little carriage which rolls dong it, having tmo rollers on one side and
one on the other, which is pressed against the, beam by a spring. This carriage
carries a vertical pin, E, turning in its socket, and having a collar above,
through which the arm CF works smoothly. The tracing point G is attached
t o the carriago by a jointed frame eGe, which is so arranged that the point
may not bear too heavily on the paper,

When the maohine is in action, the traoing point is plmed on a point
in the boundary of the figure, and made to move round i t always in one
direction till it arrives a t the same point again. The up-and-down motion of
the tracing point moves the whole instrument over the paper, turns the wheel
I< the hemisphere LI, and the index-sphere Bb; while the lateral motion of
the tracing point moves the carriage E on the beam Tt, and so works the arm
CR and the framework CO; and so ohanges the relative velocities af the two
spheres, as has been explained.
12.

I n this way the instrument works by a perfect rolling motion, in whatever direction the tracing point is moved; but since the accuracy of the result
depends on the equality of the arcs AP and BP, and ainae the omallest errar
13.
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of adjustment would, in the course of time, produce a considerable deviation
from this equality, some contrivance is necessary to secure it. For this purpose
a wheel is fixed on the same axis with the h g SOS, and another of the same
size is fixed to the frame of the instniment, with its centre coinciding with the
vertical axis through C. These wheels are connected by two pieces of watchspring, which are arranged so as t o apply closely to the edges of the wheels.
The first is firmly attached to the nearer side of the fixed wheel, and to the
farther side of the moveable wheel, and the second to the farther side of the
fixed wheel, and the nearer side of the moveable wheel, crossing beneath the
first steel band. I n this way the spheres are maintained in their proper relative
position; but since no instrument can be perfect, the wheels, by preventing
derangement, must cause some slight slipping, depending on the errors of workdanship. This, however, does not ruin the pretensions of the instrument, for it
may be shown that the error introduced by slipping depends on the distance
through which the lateral slipping takes place; and since in this case i t must
be very s m d compared with its necessarily large amount in the other instruments, the error introduced by it rnust be diminished in the same proportion.

1 have shewn how the rotation of the index-sphere is proportiond to
the area of the figure traced by the tracing point. This rotation must be
measured by means of a graduated circle attached to the sphere, and read off'
by rneans of a. vernier. The result, as measurèd in degrees, may be interpreted
in the following manner :Suppose the instrument to be placed with the arm CF coinciding with CD,
the equator Bb of the index-sphere touching the pole A of the hemisphere, and
the index of the vernier at zero : then let these four operations be performed :(1) Let the tracing point be moved to the right till DE =DC; and therefore DCE, ACP, and POB=45'.
(2) Let the instrument be rolled upwards till the wheel K has made a
complete revolution, carrying the hemisphere with it ; then, on account of the
equality of the angles SOP, PCA, the index-sphere will also make a complete
revolution.
(3) Let the arm CF be brought back again till P coincides with D.
14.

(4) Let the instrument be rolled back again through a complete revolutioiz
of the wheel K. The index-sphere will not rotate, because the point of contact
is at the pole of the hemisphere.
30-2
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The tracing point hm now traiersed the boundari of a rectangle, whoie
length is the circumference of the wheel K , and its breadth is equal 'to CD;
and during this 'operation, the index-sph&e has made a complete revolution.
360' on the sphere, therefore, correspond to an area equal to the ,rectangle contained by the circumference of the wheel and the distance CD. The size of
the wheel K being known, different values may be given to CD, so as to make
the instrument measure according to any required scale. This may be done,
eitlzer by shifting the position of the beam Tt, or by having several sockets
in the carriage E for the pin which directs the arm to work in.

If 1 have been too prolix in describing the action of an instrument
which has never been constructed, it is because 1 have myself derived great
15.

satisfaction from following out the mechanical consequences of the mathematicd
theorem on which the truth of this method depends. Among the other forms
of apparatus by which the action of the two spheres may be rendered available,
is one which might be found practicable in cases to which that here given
would not apply. I n this instrument (Fig. 4) the areas are swept out by a
radius-vector of variable length, turning round a fixed, point in the plane. The
area is thus swept out with a velocity varying as the angular velocity of the
radius-vector and the square of its length conjointly, and the construction of the
machine is adapted t o the case as follows :The hemisphere is Jixed on the top of a vertical pillar, about which the rest
of the instrument turns. The index-sphere is supported as before by a ring and
framework. This framework turns about the vertical pillar along with the tracing point, but has also a motion in a vertical plane, which is communicated to
it by a curved slide connected with the tracing point, and which, by means of a
prolonged arm, moves the framework as the tracing point is moved to and from
the pillar.
The form of the curved slide is such, that the tangent of the angle of
inclination of the line joining the centres of the spheres with the vertical is
proportional to the square of the distance of the tracing point from the vertical
axis of the instrument. The curve which fulfils this condition is an hyperbola,
one of whose asymptotes is vertical, and passes through the tracing point, and
the other horizontal through the centre of the hemisphere.
The other parts of this instrument are identical with those belonging t a
that already described.
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When the tracing point is made to traverse the boundary of a plane figure,
there is a continued rotation of the radius-vector combined with a change of
length. The rotation causes the index-sphere to roll on the fixed hemisphere,
while the length of the radius-vector determines the rate of its motion about its
axis, so that its whole motion measures the area swept out by the radius-rector
during the motion of the tracing point.
The areas measured by this instrument may either lie on one side of the
pillar, or they may extend al1 round it. I n either case the action of the
i n s t h e n t is the same as in the ordinary case. In this f o m of the instrument
we have the advantages of a fixed .stand, and a simple motion of the tracing
point; but there seem to be diiculties in the way of supporting the spheres
and arranging 'the slide; and even then the instrument would require a tall
pillar, in order t o take in a large area.
16. It will be observed that 1 have said little or nothing about the prac-

tical details of these instruments. Many useful hints will be found in the large
work on Platometers, by Professor T. Gonnellu, who has given us an account
of the diffrculties, as well as the results, of the construction of his most
elabornte instrument. He has also given some very interesting investigations
into the errors produced by various irregularities' of construction, although, as
far as' 1 am aware, he has not even suspected the error which the sliding of
the index-wheel over the disc must necessarily introduce. With respect to this,
and other points relating to the working of the instrument, the memoir of
Mr Sang, in the Transactions of this Society, is the most complete that 1
have met with. It may, however, be as welll ko &,te, that a t the time when
1 devised the improvements here auggested, had riuG,?een that paper, though
1 had seen the instrument standing a t rest in\the Crystal Pqlace.

f

39th Jantmy, 1855.
EDINBUBOH,
No~~.-Since the design of the above instrument wak submitted td the Society of Arts,
1 have met with a description of an instrument ~ o r n b i n i nsimplicity
~
of construction with
the power of adaptation to designs of any size, and a t the same tirne more portable than
any other instrument of the kind. Although it does not act by perfect rolling, and therefore belongs to a different class of instruments from that described in this paper, 1 think
that its simplicity, and the beauty of the principle on which i t acts, render it worth the
attention of engineers and mechanists, whether practical or theoretical. A full account of
this instrument is to be found in Moigno's "Cosmos," 5th year, VOL VIII., Part VIII., p. 213,
published 20th February 1856. Description et Thdorz'e du planimbtre polaire, inventé par
J. AmsEer, de Schafouse en Suisse.
30th A p d , 1856.
CAMBRIDGE,
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X.

O?t

the Elemcntary fieory

of Optical

Instruments.

THE object of this communication was to shew how the magnitude and
position of the image of any object seen through an optical instrument could
be ascertained without knowing the construction of the instrument, by means
of data derived from two experiments on the instrument. Optical questions
are ganerally treated of with respect to the pencils of rays which pass through
the instrument. A p e n d is a collection of rays which have passed through one
oint, and may again do so, by some optical contrivance. Now if we suppose
al1 the points of a plane luminous, each will give out a pencil of rays, and
that collection of pencils which passes through the instrument may be treated
as a beanz of light. I n a p e n d only one ray passes through any point of
space, unless that point be the focus. In a beam an infinite number of rays,
corresponding each to some point in the luminous plane, passes through any
point; and we may, if we choose, treat this collection of rays as a pencil
proceeding from that point. Hence the same beam of light may be decomposed
into pencils in an infinite variety of ways; and yet, since we regard it as the
same collection of rays, we may study its properties as a beam independently
of the particular way in which we conceive it analysed into pencils.
Now in any instrument the incident and emergent beams are composed
of the same light, and therefore every ray in the incident beam has a
corresponding ray in the emergent beam. We do not know their path within
the instrument, but before incidence and after emergence they are straight
lines, and therefore any two points serve to determine the direction of each.
Let us suppose the instrument such that it forms an accurate image of a
plane object in a given position. Then every ray which passes through a given
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point of the object before incidence passes through the corresponding point of
the image after emergence, and this determines one point of the emergent ray.
If a t any other distance from the instrument a plane object has an accurate
image, then there will be two other corresponding points given in the incident
and emergent rays.. Hence if we know the points in which an incident ray
meets the planes of the two objects, we may fmd the incident ray by joining
the points of the two images corresponding to them.

It was then shewn, that if the image of a plane object be distinct, Bat, and
similar to the object for two different distances of the objed, the image of any
other plane object perpendicular to the axis will be distinct, flat and similar
to the object.
When the object is a t an infinite distance, the plane of its image is the
principal focal plane, and the point where it cuts the axis is the p&.cipal
focus. The line joining any point in the object to the corresponding point of
the image cuts the axis a t a fixed point called the focal centre. The distance
of the principal focus from the focal centre is called the principul focal length,
or simply the focal Eength.
There are two principal foci, etc., formed by incident parallel rays passing
in opposite directions through the instrument. If we suppose light always t o
pass in the same direction through the instrument, then the focus of incident
rays when the emergent rays are parallel is the jrst principal focus, and the
focus of emergent rays when the incident rays are parallel is the second
principal focus,
Corresponding t o these we have first and second focal centre8 and focal
lengths.
Now let Q, be the focus of incident rays, Pl the foot of the perpendicular
from Q, on the axis, Q, the focus of emergent rays, Pa the foot of the corresponciing perpendicular, FIFathe first and second principal foci, AlAa the first and
second focal centres, then

lines being positive when measured in the direction of the light. Therefore
the position and magnitude of the image of any object is found by a simple
proportion.
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In one important class of instruments there are no principal foci or focal
centres. A telescope in which parallel rays emerge parallel is an instance. In
such instruments, if m be the angular m a g n i f ' g power, the linear dimensions
1

of the image are - of the object, and the distance of the image of the object
m

from the image of the. object-glass is

1

-

m2

of the distance of the object from

the object-glass. Rules were then laid d o m for the composition of instruments,
and suggestions for the adaptation of this method to second approximations, and
the method itself wa.s considered with reference to the labours of Cotes, Smith,
Euler, Lagrange, and Gauss on the same subject.
'
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XI.

Or, a Method of Drawing the Theoretical F o m of Faraday's Lines of

Force without Calculation.

THE method applies more particularly t o those cases in which the lines
are entirely parallel t o one plane, such as the lines of electric currents in a
thin plate, or those round a system of parallel electric currents. In such cases,
if we know the forms of the lines of force in any two mes, we may combine
them by simple addition of the functions on which the equations of the lines
depend. Thus the system of lines in a uniforrn magnetic field is a series of
p a , d e l straight lines at equal i n t e d s , and that for an infinite straight electric
current perpendicular t o the paper is a series of concentric circles whose radii
are in geometric progression. Having drawn these two sets of lines on two
separate sheets of paper, and laid a third piece above, draw a third set of lines
through the intersections of the first and second sets. This will be the system
of lines in a uniform field disturbed by an electric current. The most interesting
cases are those of uniform fields dkturbed by a s m d magnet. If we draw a
circle of any diameter with the magnet for centre, and join those points in which
the circle cuts the lines of force, the straight lines so drawn will be parallel and
equidistant; and it is easily show. that they represent the actual lines of
force in a paramagnetic, diamagnetic, or crystallized body, according to the
nature of the original limes, the size of the circle, &c. No one can study
Faraday's researches without wishing to see the forms of the lines of force.
This method, therefore, by which they may be easilp drawn, ia recommended
t o the notice of electrical students.

VOL. 1.

IRIS - LILLIAD - Université Lille 1

[From the Report of th British Assocktion,1856.1

XII. On

the Unequa1 Sensibility of the Foramen Centrale t o
di$erent Colours.

Light

of

WHENobserving the spectrum formed by looking at a long vertical slit
through a simple prism, 1 noticed an elongated dark spot running up and down
in the blue, and following. the motion of the eye as it moved up and down
the spectrum, but refusing to pass out of the blue into the other coloum. It
was plain that the spot belonged both to the eye and to the blue part of the
spectrum. The result to which 1 have come is, that the appearance is due t o
the yellow spot on the retina, cornrnonly called the Foramen Centrale of Soemmering. The most convenient method of observing the spot is by presenting
to the eye in not too rapid succession, blue and yellow glasses, or, still better,.
dlowing blue and yellow papers to revolve slowly before the eye. . I n this way
the spot is seen in the blue. It fades rapidly, but is renewed every time the
yellow comes in to relieve the effect of the blue. By using a Nicol's prism
dong with this apparatus, the brushes of Haidinger are well seen in connexion
mith the spot, and the fact of the brushes being the spot analysed by polarized
light becomes evident. If we look steadily at an objecb behind a series of bright
bars which move in fiont of it, we shall see a curious bending of the bars as
they come up to the place of the yellow spot. The part which cornes over the
spot seems to start in advance of the rest of the bar, and this would seem t o
indicate a greater rapidity of sensation a t the yellow spot than in the surrounding retina. But 1 find the experiment difficult, and 1 hope for better results
from more accurate observers.
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XIII.

On the Theoîmy of Compound Colours with reference to Mixtures of Blue
,and Yellow Light.

WHENwe mix together blue and yellow paint, we obtain green paint. This
f u t is well known to al1 who have handled colours; and i t is universally
admitted that blue and yellow make green. Red, yellow, and blue, being the
primary colours among painters, green is regarded as a secondary colour, arising
from the mixture of blue and yellow. Newton, however, found that the green
of the spectrum was not the same thing as the mixture of two colours of the
spectrum, for such a mixture could be separated by the prism, while the green
of the spectrum resisted further decomposition. But still it waa believed that
yellow and blue would make a green, though not that of the spectrum. A8
far as 1 am aware, the first experirnent on the subject is that of M. Plateau,
who, before 1819, made a disc with alternate sectors of prussian blue and gamboge, and observed that, when spinning, the resultant tint was not green, but
a neutral gray, inclining sometimes to yellow or blue, but never to green. Prof.
J. D. Forbes of Edinburgh made similar experiments in 1849, with the same
result. Prof. Helmholtz of Konigsberg, to whom we owe the most complete
investigation on visible colour, has given the true explanation of this phzenomenon.
The result of mixing two coloured powders is not by any means the same as
mixing the beams of light which flow from each separately. I n the latter case
we receive all the light whi& cornes either from the one powder or the other.
In the former, much of the light coming from one powder falls on particles of
the other, and we receive only that portion which has escaped absorption by one
or other. Thus the light coming from a mixture of blue and yellow powder,
consists partly of light coming directly from blue particles or yellow particles,
and partly of light acted on by both blue and yellow particles. This latter light
is green, since the blue stops the red, yellow, and orange, and the yellow stops
31-2,
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the blue and violet. 1 have made experiments on the mixture of blue and
yellow light-by rapid rotation, by combined reflexion and transmission, by viewing them o u t of focus, in stripes, a t a great distance, by throwing the colours
of the spectrum on a screen, and by receiving them into the eye directly ; and
1 have arranged a portable apparatus by which any one may see the result of
this or any other mixture of the colours of the spectrum. I n al1 these cases
blue and yellow do not make green. 1 have also made experiments on the
mixture of coloured powders. Those which 1 used principally were " mineral
blue" (from copper) and "chrome-yellow." Other blue and yellow pigments gave
curious results, but it was more difficult to make the mixtures, and the greens
were less uniform in tint. The mixtures of these colours were made by weight,
and were painted on discs of paper, which were dterwards treated in the manner
described in my paper "On Colour as perceived by the Eye," in the Transactions
of the Royal Society of Edinburgh, Vol. XXI. Part 2. The visible effect of the
colour is estimated in terms of the standard-coloured papers :-vermilion
(Y),
ultramarine (U), and emerald-green (E). The accuracy of the results, and their
significance, can be best understood by referring to the paper before mentioned.
1 shall denote mineral blue by B, and chrome-yellow by Y ; and B, Y, means
a mixture of three parts blue and five parts yellow.
Given Colonr.

B,
B, Y,
B, Y,

, 100

, 100

, 100

B, Y*, 100
B, Y, , 100

Ba Y, , 100
B, y,, 100
B, Y,, 100
Y, , 100

Standard Colours.
V. U. E.
7
=
2 36
=
1 18 17
=
4 11 34
=
9
5 40
= 15
1 40
= 22
2 44
= 35 - 10
51
= 64 - 19
64
= 180
27 124

Coefficient
of brightness.
............ 45

............

37

-

............
............
............
...........

-

............ 109
............ 277

49

54
56
64

............ 76

The columns V, U, E give the proportions of the standard colours which
are equivalent to 100 of the given colour; and the sum of V, U, E gives a coefficient, which gives a general idea of the brightness. It will be seen that the
fkst admixture of yellow diminishes the brightness of the blue. The negative
values of U indicate that a mixture of V, U, and E cannot be made equivalent
to the given colour. The experiments from which these resdts were taken h d
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the negative d u e s transferred to the other side of the equation. They were
al1 made by means of the colour-top, and were verified by repetition at different
times, It may be necessary t o remark, in conc1u~ion,with seference t o t h e mode
of regidering visible colours in terms of three arbitrary standard colours, that it
proceeds upon that theory of three primnry elements in the sensation of colour,
which treata the investigation of the lnws of visible colour as a branch of human
physiology, incapable of being deduced fiom the laws of light itself, as set forth
in physical optics. It takea advantage of the methods of optics t o study vision
itself; and its appeal is not t o phpsical principles, but t a our conscioumess of
our own seiisations.
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XIV. On an Instmment to illustrate Poinsôt's Theory of Rotation.

INstudying the rotation of a solid body according to Poinsôt's method, we
have to consider the successive positions of the instantaneous axis of rotation
with reference both to directions fixed in space and axes assumed in the moving
body. The pat-hs traced out by the pole of this axis on the invariable plane and
on the central ellipsoid form interesting subjects of mathematical investigation.
But when we attempt to follow with our eye the motion of a rotating body,
we find it d a c u l t to determine through what point of the body the instantaneous
axis passes a t any time,-and
to determine its path must be stiil more difllcult.
1 have endeavoured to render visible the path of the instantaneous axis, and to
Vary the circumstances of motion, by means of a top of the same kind as that
used by Mr Elliot, to illustrate precessioni'. The body of the instrument is a
hollow cone of wood, rising from a ring, 7 inches in diameter and 1 inch thick.
An iron axis, 8 inches long, screws into the vertex of the cone. The lower
extremity has a point of hard steel, which rests in an agate cup, and forms the
support of the instrument. An iron nut, three ounces in weight, is made to
screw on the axis, and to be fixed at any point; and in the wooden ring are
screaed four bolts, of three ounces, working horizontally, and four bolts, of one
ounce, working vertically. On the upper part of the axis is placed a disc of
card, on which are drawn four concentric rings. Each ring is divided into four
quadrants, which are coloured red, yellow, green, and blue. The spaces between
the rings are white. When the top is in motion, it is easy t o see in which quadrant the instantaneous axis is a t any moment and the distance between it and
the axis of the instrument; and we observe,-1st.
That the instantaneous axis
travels in a closed curve, and returns to its original position in the body. 2ndly.

* Transactions of

IRIS - LILLIAD - Université Lille 1

th R o y d Scottidi Society of Arts, 1855.

ON AN INSTRUMENT TO ILLUSTUTE POINSÔT'S THEORY OP ROTATION.

247

That by working the ,vertical bolts, we can make the axis of the instrument
the centre of this closed curve. It will then be one of the principal axes of
inertia. 3rdly. That, by working the nut on the axis, we can make the order
of colours either red, yellow, green, blue, or the reverse. When the order of
colours is in the same direction as the rotation, it indicates that the axis of the
instrument is that of greatest moment of inertia. Ithly. That if we screw the
two pairs of opposite horizontal bolts t o different distances fiom the axis, the
path of the instantaneous pole will no longer be equidiistant from the axis, but
will describe an ellipse, whose longer axis is in the direction of the mean ami
of the instrument. Sthly. That if we now rnake one of the two horizontal axes
less and the other greater than the vertical axis, the instantaneous pole will
separate from the axis of the instrument, and the axis will incline more and more
till the spinning can no longer go on, on account of the obliquity. It is easy
to see that, by attending to the laws of motion, we may produce any of the
above effects at pleasure, and illustrate many difTerent propositions by means of
the same instrument.
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Part IV.]

XV. On a Dynamical Top, for exhibiting the phenornena of the motion of cc
system of invariable f m about a j x e d point, &th some suggestions as t o
the Earth's motion.
(Read 20th April, 1857.)

To those who study the progress of exact science, the common spinning-top
is a symbol of the labours and the perplexities of men who had successfully
threaded the mazes of the planetary motions. The mathematicians of the last
age, searching through nature for problems worthy of their analysis, found in
this toy of their youth, ample occupation for their highest mathematical powers.
No illustration of astronomical precession can be devised more perfect than
that presented by a properly balanced top, but yet the motion of rota,tion has
intricacies far exceeding those of the theory of precession.
Accordingly, we find Euler and D'Alembert devoting their talent and their
patience to the establishment of the laws of the rotation of solid bodies.
Lagrange has incorporated his own analysis of the problem with his general
treatment of mechanics, and since his t h e M. Poinsôt has brought the subject
under the power of a more searching analysis than that of the calculus, in
which ideas take the place of symbols, and intelligible propositions supersede
equations.
In the practical department of the subject, we must notice the rotatory
machine of Bohnenberger, and the nautical top of Troughton. In the first of
these instruments we have the mode1 of the Gyroscope, by which Foucault has
been able to render visibls the effects of the earth's rotation. The beautiful
experirnents by which Mr J. Elliot has made the ideas of precession so familiar
to us are performed with a top, similar in some respects t o Troughton's, though
not borrowed from his.
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The top which 1 have the honour to spin before the Society, difTers fiom
that of Mr Elliot in having more adjustments, and in being designed to exhibit
f u more complicated phenomena.
The arrangement of these adjustments, so as to produce the desired effects,
depends on the mathematical theory of rotation. The method of exhibiting the
motion of the axis of rotation, by means of a coloured Tic, is essential to the
success of these adjustments. This optical contrivance for rendering visible the
nature of the rapid motion of the top, and the practical methods of applying
the theory of rotation to such an instrument as the one before us, are the
grounds on which 1 bring my instrument and experiments before the Society
as my own.
1 propose, therefore, in the ârst place, to give a brief outline of such parts
of the theory of rotation as are necessary for the explanation of the phenomena
of the top.
1 shall then describe the instrument with its adjustments, and the effect of
each, the mode of observing of the coloured disc when the top is in motion, and
the use of the top in illustrating the mathematical theory, with the metbod of
making the different experiments.
Lastly, 1 shall attempt to explain the nature of a possible variation in the
earth's axis due to its figure. This variation, if it exists, must cause a periodic
inequality in the latitude of every place on the earth's surfhce, going through its
periocl in about eleven months. The amount of variation must be very small,
but its character gives it importance, and the necessary observations are dready
made, and only require reduction.

On the î n e o y of Rotation.

The theory of the rotation of a rigid system irr strictly deduced from the
elementary Iaws of motion, but the complexity of the motion of the particles of
a body freely rotating renders the subject so intricate, that it has never been
thoroughly understood by any but the most expert mathematicians. Many who
have mastered the lunar theory have corne to erroneous conclusions on thia subje&; and even Newton has chosen to deduce the disturbance of the earth's axis
from his theory of the motion of the nodes of a free orbit, rather than attack
the problem of the rotation of a solid body.
VOL. 1.
32
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The method by which M. Poinsôt has rendered the theory more manageable,
is by the liberal introduction of "appropriate ideas," chiefly of a, geometricd
character, most of which had been rendered familiar to mathematicians by the
writings of Monge, but which then first became illustrations of this branch of
dynamics. If any further progress is to be d e in simplifjhg and arranging
the tbeory, it m u t be by the method which Poins& has repeatedly pointed out
as the only one which can Eead to a true knowledge of the subject,-that of
proceeding from one distinct idea to another, instead of trusting to symbols and
equations.
An important contribution to Our stock of appropriate idem and methods has
lately been made by M i R. B. Hayward, in a paper, " On a Direct Method of
estimating Velocities, Accelerations, and all sirnilar quantities, with respect to axes,
moveable in any manner in Space." (Trans. C%vmb~@ePhil, Soc. Vol. x. Part 1.)
* In this communication 1 intend to confine myself t o that part of the
subject which the top is intended to illustrate, namely, the dteration of the
position of the axis in a body rotating freely about ita centre of gravity. I
s h d , therefore, deduce the theory as briefly aa possible, from two consider*
tions only,-the permanence of the original a n g u b m m e n t m in direction and
magnitude, and the permanence of the original vis &a.
" The mathematical difficulties of the theory of rotation arise chiefly from
the want of geometrical illustrations and sensible images, by which we might
fix the results of analy~isin our min&.
It is eaay to understand the motion of a body revolving about a h e d axle.
Every point in the body describes a circle about the a i s , and returns to ite
original position after each complete revolution. But if the axle itself be in
motion, the paths of the dXerent points of the body will no longer be circular
or re-entrant. Even the velocity of rotation about the axis requires a careful
definition, and the proposition that, in all motion about a fixed point, there is
always one line of particles forming an instantaneous axis, is usually given in
the farm of a very repulsive mass of calculation. Most of these difhdties may
be got rid of by devoting a Little attention to the mechanics and geometry of
the problem before entering on the discussion of the equations.
Mr Hapward, in his paper already referred to, has made great use of the
mechanical conception of Angular Momentum.

* 7th May, 1857.
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DEPINIT~oN.-T~~
Angular Mmentum of a particle about

axis is meamred by the product of the m a s of the particle, its velocity resolved in the n m d
plane, and the perpendiczclar from th axis on the direction of motion.
an

" The

angular momentum of any system about an axis is the algebraical
sum of the angular momenta, of its parts.
As the rate of change of the lànear momentum of a particle measures the
mowing force which acts on it, BO the ~ a t eof change of angular momenturn
measures the moment of that force about an axis.
All actions between the parts of a system, being pairs of equal and opposite
forces, produce equal and opposite cha.nges in the angular momentum of those
parts. Hence the whole angular momentum of the system is not affected by
these actions and re-actions.
" When a system of invariable form revolves about an axk, the aagular
velocity of every part is the same, and the angular momentum about the axis is
the product of the angular velocity and t h e mornent of inertia about that axis.
It is only in particular cases, however, that the whole angular momentum
Gan be estimated in this way. I n general, the axis of angular momentum differs
from the axis of rotation, so that there d be a residual angular momentum
about an axis perpendicular to that of rotation, unless that axis hm one of three
positions, called the principal axes of the body.
By referring everything to these three axes, the theory is greatly simplified.
The moment of inertia about one of these axes is greater than that about any
other axis through the same point, and that about one of the others is a minimum. These two are a t right angles, and the third axis is perpendicular t o
their plane, and is called the mean axis.
* Let A, B, C be the moments of inertia about the principaI axes through
the centre of gravity, taken in order of magnitude, and let o, o, o, be the
angular velocities about them, then the angular momenta will be Au,, Bo2
and Co,.
Angular momenta may be compounded like forces or velocities, by the
law of the " paralleIogram," and since these three are at right angles t o each
other, their resultant is

JA"~,"+

+ C~U;=H ...........................(1)s

and this must be. constant, both in magnitude and direction in space, since no
e x t e m l forces act on the body.
32-2
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We shall call this axis of angular momentum the ZnvarWlble axis. It is
perpendicular to what has been called the invariable plane. Poinsdt cdls it
the axis of the couple of impulsion. The direction-coshaes of this axis in the
body are,

Since Z, m and n Vary during the motion, we need some additional
condition to determine the relation between them. We find this in the property
of the vis viva of a system of invariable form in which there is no friction.
The vis viva of such a system must be constant. We express thii in the
equation

Au,"+Bo;+
Substituting the values of ru,, o,,

1

Let -=aa,

A

and this equation becomes

1

w,

B=ba,

C'= V ................................. (2).
in terms of 1, m, n,

1

--

a-~:

V
p=e9,

UT+ bsm2+c2n2=en................................ (3)s

and the equation to the cone, described by the invariable axis within the
body, is
(a" ea)x2+ ((aa - e2)ya+ (c2 - e2)2% O
(4).

......................

The intersections of this cone with planes perpendicular to the principal
axes are found by putting x, y, or z, constant in this equation. By giving
e various values, all the diierent paths of the pole of the invariable axis,
'
.
corresponding to dXerent initial circurns~nces,may be traced.
*In the figures, 1 have supposed a'= 100, b2=107, and cs= i l o . The
first figure represents a gection of the -various cones by a plane perpendicular
to the G s of x, which is that of greatest moment of inertia. These sections
are ellipses having their major axis parallel to the axis of b. The value of e'
corresponding to each of these curves i8 indicated by figures beside the curve.
The ellipticity increases with the size of the ellipse, so that the section
corresponding to $= 107 would be two paralle1 straight lines (beyond the bounds
of the figure), after which the sections would be hyperbolas.
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"The second figure represenb the sections made by a, plane, perpendicular
to the mean axis. They are all. hyperbolas, except when e"= 107, when the
section is two intersecting straight lines.
The third figure shows the sections perpendicular to the axis of leaat
moment of inertia. From e"= 110 to 8=107 the sections are ellipses, 8 = 1 0 7
gives two parallel straight lines, and beyond these the curves are hyperbolas.
*The fourth and B t h figures show the sections of the series of cones
made by a cube and a sphere respectively. The use of these figures is to
exhibit the connexion between the dXerent curves described about the three
principal axes by the invariable axis duriog the motion of the body.
"We have next to compare the velocity of the invariable axis with respect
to the body, with that of the body itself round one of the principd axes.
Since the invariable axis is k e d in space, its motion relative to the body
must be equal and opposite to that of the portion of the body through which
it passes. Now the angular velocity of a portion of the body whose directioncosines are Z, m, n, about the axis of % is

--0 1

1-1'

+

1
1-la (lu,+ mo, no,).

Substituting the values of a,, o,, o,, in terms of 2, m, n, and taking
account of equation (3), this expression becomes
(a' - 8 )

H - 1 -la 1.
0

Changing the sign and putting Z=+
we have the angular velocity of
aH
the invariable axis about that of x

always positive about the axis of greatest moment, negative about that of least
moment, and positive or negative about the mean axis according to the value
of 8. The direction of the motion in every case is represented by the arrows
in the figures. The arrows on the outside of each figure indicate the direction
of rotation of the body.
*If we attend to the curve described by the pole of the invariable axis
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on the ~pherein fig. 5, a e ~ h see
d that the axeas described by that point,
if projected on the plane of yz, are swept out a t the rate
e" -'
a
O,-$-

Now the semi-axes of the projection of the spherioal ellipse described by
the pole are
e2 a
'
J
b2E
-a2 ancl
c2-as*

,/=

Dividing the area of this ellipse by the area described during one revolution of the body, we h d the number of revolutions of the body during
.,,
the description of the ellipse-

The projections of the spherical ellipses upon the plane of yz are all
similar ellipses, and described in the same number of revolutions; and in each
ellipse so projected, the area described in any ti&e is proportional t o the
number of revolutions of the body about the axis of x, so that if we measure
time by revolutions of the body, the motion of the projection of the pole of
the invariable axis is identical with that of a body acted on by an attractive
central force varying directly as the distance. In the case of the hyperbolas
in the plane of the greatest and least axis, this force must be supposed
repulsive. !Che dots in the figures 1, 2, 3, are intended t o indicate roughly
the progress made by the invariable axis during each revolution of. the body
about the axis of x, y and B respectively. It must be remembered that the
rotation about these axes varies with their inclination to the invariable axis,
so that the angular velocity diminishes as the inclination increases, and therefore the areas in the ellipses above mentioned are not described with uniform
velocity in absolute time, but are less rapidly swept out at the extremities of
the major axis than a t those of the mirior.
"When two of the axes have equal moments of inertia, or b =c, then
the angular velocity o, is constant, and the path of the invariable axis is
circular, the number of revolutions of the body during one circuit of the
invariable axis, being
a
'
bQ-aa*
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The motion is in the same direction as that of rotation, or in the opposite
direction, according as the axis of x is that of greatest or of least moment
of inertia.
"Both in this case, and in that in which the three axes are unequal, the
motion of the invariable axk in the body may be rendered very slow by
diminishing the difTerence of the moments of inertia. The angular velocity of
the axis of z about the invariable axis in space is

which ia greater or less than o,, as e' is greater or less than a', and, when
these quantities are nearly equal, is very nearly the same as o, &el£
This
quantity indicates the rate of revolution of the axle of the top about its
mean position, and is very easily observed.
"The instantaneous axis k not so easily observed. It revalves round the
invariable a i s in the same time with the axis of x, a t a distance which ia very
small in the case when a, b, c, are nearly equal. From its mpid angular motion
in space, and its near coincidence with the invariable mis, there is no advantage
in studying its motion in the top.
*By making the moments of inertia very unequal, and in dehite proportion
t o each other, and by drawing a few strong lines as diameters of the disc, the
combination of motions will produce an appearance of epicycloids, which are the
result of the continued intersection of the mccessive positions of these lines, and
the cusps of the epicycloids lie in the curve in which the instantaneous axis
travels. Some of the figures produced in this way are very pleasing.
I n order to illustrate the theory of rotation experimentally, we must have
a body balanced on its centre of gravity, and capable of having its
axes and moments of inertia altered in form and position within certain limits.
We must be able t o make the axle of the instrument the greatest, least, or
mean principal &, or to make it not a principal & a t d,and we must be
able to see the position of the invariable axia of rotation at any time. There
must be three adjustments to regulate the position of the centre of gravity,
three for the magnitudes of the moments of inertia, and three for the directions
of the principal axes, nine independent adjustments, which may be distributed
as we please among the screws of the instrument.
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The form of the body of the instrument which 1 have found most suitable is
that of a bell (p. 262, fig. 6). C is a hollow cone of brass, R 'is a heavy
ring cast in the same piece. Six screws, with heavy hm&, x, y, z, x', y', z',
work horizontdy in the ring, and three similar screws, 1, m, n, work vertically
through the ring at equal intervals. AS is the axle of the instrument, SS is
a b r a s screw working in the upper part of the cone C, and capable of being
firmly clamped by means of the nut c. B is a cylindrical brass bob, which may
be screwed up or down the axis, and h e d in its place by the nut b.
The lower extremity of the axle is a fine steel point, S h e d without emery,
and afterwards hardened. It runs in a little agate cup set in the top of the
pillar. P. If any emery had been embedded in the steel, the cup would soon
be worn .out. The upper end of the axle has alsa a steel point by which it may
be kept steady while spinning.
When the instrument is in use, a coloured diic is attached to the upper
end of the axle.
It will be seen that there are eleven adjustments, nine screws in the brass
ring, the axle screwing in the cone, and the bob screwing on the axle. The
advantage of the last two adjustments is, that by them large alterations can be
made, which are not possible by means of the small screws.
The fkst thimg to be done with the instrument is, to make the steel point
at the end. of the axle coincide with the centre of gravity of the whole. This
is done roughly by screwing the axle to the right place nearly, and then balztncing
the instrument on its point, and screwing the bob and the horizontal screws till
the instrument will remain balanced in any position in which it is placed.
When this adjustment is carefully made, the rotation of the top h a no
tendency to shake the steel point in the agate cup, however irregular the motion
rnay appear to be.
The next thing to be done, is to make one of the principal axes of the
central ellipsoid coincide with the axle of the top.
To effect this, we must begin by spinning the top gently about its axle,
steadying the upper part with the finger a t first. If the. axle is already a
principal axis the top will continue to revolve about its axle when the finger is
removed. If it is not, w.e observe that the top begins to spin about some other
axis, and the axle moves away from the centre of motion and then baok to it
again, and so on, alternately widening ita circles and contracting them
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It is impossible to observe this motion successfully, without the aid of the
colowed disc placed near the upper end of the axis. This disc is divided inta
sectors, and strongly coloured, rio that each sector rnay be recogniged by its colour
when in rapid motion. If the axis about which the top is really revolving, . f d s
within this disc, its position rnay be ascertained by the colour of the spot a t the
centre of motion. If the central spot appears red, we know that the invariable
axis a t that instant passes through the red part of the disc.
I n this way we can trace the motion of the invariable axis in the revolving
body, and we find that the path which it describes upon the disc may be a circle,
an ellipse, an hyperbola, or a straight line, according to the arrangement of the
instrument.
I n the case in which the invariable axis coincides at first with the axle of
the top, and returns to it after separating from it for a time, its true path is
a circle or an ellipse having the axle in its circumference. The true principal
axis is a t the centre of the closed curve. It must be made to coincide with the
axle by adjusting the vertical screws 1, m, n.
Suppose that the colour of the centre. of motion, when fasthest from the
axle, indicated that the axis of rotation passed through the sector L, then the
principal axis must also lie in that sector at half the distance from the axle.
If this principal axis be that of greatest moment of inertia, we must raise
the screw 1 in order to bring it nearer the axle A. If it be the axis of least
moment we must lower the screw 1. I n this way we rnay make the principal
axis coincide with the . d e . Let us suppose that the principal axis is that of
greatest moment of inertia, and that we have made it coincide with the axle of
the instrument. Let us also suppose that the moments of inertia about the
other axes are equal, and very little less than that about the axle. Let the top
be spun about the axle and then receive a disturbance which causes it to spin
about some other axis. The instantaneous axk will not remain at rest either
in space or in the body. I n space it will describe a right cone, completing a
revolution in somewhat less than the time of revolution of the top. I n the
body it will describe another cone of larger angle in a period which is longer
as the difference of axes of the body is smaller. The invariable axis will be
fixed in space, and describe a cone in the body.
The relation of the different motions rnay be understood from the following
illustration. 'Take a hoop and make it revolve about a stick which remains a t
rest and touches the inside of the hoop. The section of the stick represents the
VOL. 1.
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path of the instantaneous axis in space, the hoop that of the same axis in the
body, and 'the axis of the stick the invariable axis.. The point of contact represents the pole of the instantaneous axis itself, travelling many times round the
stick before it gets once round the hoop. It is easy to see that the direction in
which the instantaneous axis travels round the hoop, is in this case the same as
that in which the hoop moves round the stick, so that if the top be spinning in
the direction L, M, IV, the colours will appear in the same order.
By screwing the bob B up the axle, the difTerence of the axes of inertia
may be diminished, and the tirne of a complete revolution of the invariable
axis in the body increased. By observing the number of revolutions of the top
in a complete cycle of colours of the invariable axis, we may determine the
ratio of the moments of inertia.
By screwing the bob up hrther, we may make the axle the principal axis of
l m t moment of inertia.
The motion of the instantaneous axis will then be that of the point of
contact of the stick with the outside of the hoop rolling on it. The order of
colours will be N, M, L, if the top be spinning in the direction L, M, N, and
the more the bob is screwed up, the more rapidly will the colours change, tiU
it ceases t o be possible t o make the observations correct'ly.
In calculating the dimensions of the parts of the instrument, it is necessary
to provide for the exhibition of the instrument with its axle either the greatest
or the least axis of inertia. The dimensions and weights of the parts of the top
which 1 have found most suitable, are given in a note at the end of this paper.
Now let us make the axes of inertia in the plane of the ring unequal, We
may do thie by screwing the balance screws x and z1 farther from the axle
without altering the centre of gravity.
Let ue suppose the bob B screwed kp so as t o make the axle the axis of
least inertia. Then the mean axis is parallel to ml, and the greateat is at right
angles t o 2 2 in the horizontal plane. The path of the invariable axk on the
disc is no longer a circle but an ellipse, concentric with the disc, and having
its major axis parallel to the mean axis xd.
The smder the clifference between the moment of inertia about the axle and
about the mean axis, the more eccentric the ellipse will be; and if by screwing
the bob down, the axle be made the mean axis, the path of the invariable axis
will be no longer a closed curve, but an hyperbola, so that it will depart altogether from the neighbourhood of the axle. When the top is in this condition
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it must be spun gently, for it is very diEcult to manage it when its motion
gets more and more eccentric.
When the bob is screwed still farther d o m , the axle becomes the axis of
greatest inertia, and xd the least. The major axis of the ellipse described by
the invariable axis will now be perpendicular to xsc', and the farther the bob
is screwed do%, the eccentricity of the ellipse wiU diminish, and the velocity
with which it is described will increase.
1 have now described all the phenomena presented by a body revolving fieely
on its centre of gravity. If we wish t o trace the motion of the invariable axis
by means of the coloured sectors, we must make its motion very slow compared
with that of the top, It is necessary, therefore, to make the moments of inertia
about the principal axes very nearly equal, and in this case a very small change
in the position of any part of the top mill greatly derange the position of the
principal axis. So that when the top is well adjusted, a single turn of one of
the screws of the ring is sufficient to make the axle no longer a principal axis,
and to set the true axis at a considerable inclination to the axle of the top.
Al1 the adjustments must therefore be most carefully arranged, or we may
have the whole apparatus deranged by some eccentricity of spinning. The method
of making the principal axis coincide with the axle must be studied and practised, or the first attempt a t spinning rapidly may end in the destruction of
the top, if not of the table on which it is spun.

0% the EartJts Motion.
We must remember that these motions of a body about its centre of gravity, are not illustrations of the theory of the precession of the Equinoxes.
Precession can be Uustrated by the apparatus, but we must arrange it so that
the force of gravity acts the part of the attraction of the aun and moon in
pmdtxcing a force tending to alter the axis of rotatioq. This is easily done by
bringing the centre of gravity of the whole a little below the point on which
it spins. The theory of such motions iy far more emily comprehended than
that which we have been investigating.
But the earth is a body whose principal
axes are unequal, and fiom the
. .
phenomena of precession we can determine the ratio of the polar and equatorial
axes of the <'central ellipsoid;" and supposing the earth t o have been set in
motion about 'any a i i i except 'the principal axii, or -to have had its original
33-2
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axis disturbed in any way, its subsequent motion would be that of the top
when the bob is a little below the critical position.
The axis of angular momentum would have an invariable position in space,
and would travel with respect to the earth round the axis of figure with a velocity = O

C- A
where
A
.

o

is the sidereal angular velocity of the earth. The apparent

\

pole of the ear& would travel (with respect to the earth) from west to east

A

round the true pole, completing its circuit in -sidereal days, which appears
C- A
to be about 325.6 solar days.
The instantaneous axis would revolve about this axis. in space in about
a day, and would always be in a plane with the true axis of the earth and
the axis of angular momentum. The effect of such a motion on the apparent
position of a star would be, that its zenith distance would be increased and
diminished during a period of 325.6 days. This alteration of zenith distance
is the same above and below the pole, so that the polar distance of the star
is unaltered. I n fact the method of finding the pole of the heavens by observations of stars, gives the pole of the invariable m ' s , which is altered only by
external forces, such as those of the sun and moon.
There is therefore no. change in the apparent polar distance of stars due t~
this cause. It is the latitude which varies. The magnitude of this variation
cannot be determined by theory. The periodic time of the variation may be
found appxoximately £rom the known dynamical properties of the earth. The
epoch of, maximum latitude cannot be found except by observation, but it must
be later in proportion to the east longitude of the observatory.
In order to determine the existence of such a variation of latitude, 1 have
examined the observations of Polads with the Greenwich Transit Circle in 'the
years 1851-2-3-4. The observations of the upper transit during each month were
collected, and the mean of each month found. The same was done for the lower
transits. The difference of zenith distance of upper and lower transit is twice
the polar distance of Polaris, and half the sum gives the CO-latitudeof Greenwich.
In th% way 1 found the apparent CO-latitude of Greenwich for each month
of the four years specified.
There appeared a very slight indication of a maximum belonging to the set
of months,
J

March, 51.
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Feb. 52.

Dec. 52.

Nov. 53.

Sept. 54.
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This result, however, is to be regarded as very doubtful, as there did not
appear to be evidence for any variation exceeding half a second of space, and
more observations would be required t o establish the existence of so small a
variation a t aU
1 therefore conclude that the earth has been for a long time revolving
about an axis very near to the axis of figure, if not coinciding with it. The
cause of this near coincidence is either the original softness of the earth, or
the present fluidity of its interior. The axes of the earth are so nearly equal,
that a considerable elevation of a tract of country might produce a deviation
of the principal axis within the limits of observation, and the only cause which
would restore the uniform motion, would be the a.ction of a fluid which would
gradually diminish the oscillations of latitude. The permanence of latitude essentially depends on the inequality of the earth's axes, for if they had been al1
equal, any alteration of the crust of the earth would have produced new principal axes, and the axis of rotation would travel about those axes, altering the
latitudes of al1 places, and yet not in the least altering the position of the
axis of rotation among the stars.
Perhaps by a more extensive search and analysis of the observations of
difîerent observatories, the nature of the periodic variation of latitude, if it exist,
may be deterrnined. 1 am not aware of any calculations having been ma.de to
prove its non-existence, although, on dynamical grounds, we have every reason
ta look for some very small variation having the periodic time of 325.6 days
nearly, a period which is clearly distinguished from any other astronomical cycle,
and therefore easily recognised.

IRIS - LILLIAD - Université Lille 1

ON A -DYNAMICAL 'TOP.

NOTE.

Dzmembns and Weights of the parts of the Dynam.icaE Top.
Body of the topMean diameter of ring, 4 inches.
Section of ring, 4 inch square.
The conical portion rises from the upper and inner edge of the ring, a
height of 1& inches from the base.
The whole body of the top weighs
Each of the nine adjusting screws has its screw 1 inch long, and the
screw and head together weigh 1 ounce. The whole weigh
'

'

.

II. Axle, &c.- .
Length of axle 5 inches, of which 4 inch a t the bottom is occupied by
the steel point, 3 i inches are brass with a good screw turned on it,
and the remaining inch is .of steel, with a sharp point a t the top.
The whole weighs
The bob B has a diameter of 1.4 inches, and a thickness of .4. It weighs
The nuts b and c, for clamping t.he bob and the body of the top on the
d e , each weigh & oz.

.

.

. . . .

Weight of whole top

1lb.

7 oz.
9 ,,

14

,y

2$ ,,

1

,,

2 lb. 5% oz:

The best arrangement, for general observations, is to have the disc of card divided
into four quadrants, coloured with vermilion, chrome yellow, emerald green, and ultramarine.
These are bright colours, and, if the vermilion is good, they combine into a grayish tint
when the revolution is about the axle, and burst into brilliant colours whon the axis is
disturbed. It is useful to have some concentric circles, drawn with ink, over the colours,
and about 12 radii drawn in strong pencil lines. I t is easy to distinguish the ink from
the .peucil lines, as they cross the invariable a&, by their want of lustre. I n this way,
the path of the invariable mis may be identified with great accuracy, and compared mith
theory.
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X V I . Account of Experimnts on the Perception of Colour.

To the Editors of

GENTLEMEN,
.Tm experiments which 1 intend to describe were undertaken in order
to render more perfect the quantitative proof of the theory of three primary
colours. According to that theory, every sensation of colour in a perfect human
eye is disthguished by three, and only three, elementary qualities, so that in
mathematical laquage the quality of a colour may be expressed as a function
of three independent variables. There is very little evidence a t present for
deciding 'the precise tints of the true primaries. 1 have ascertained that a
certain red is the sensation wanting in colour-blind eyes, but the mathematical
theory relates to the nurnber, not to the nature-& the primaries. If, with Sir
David Brewster, we assume red, blue, and yellow to be the primary colours, this
amounts to saying that every conceiva~\e:,tin€ may be produced by adding
together so much red, so much yellow, and'xa rnuch blue. .This is perhaps the
best method of forming a proviaional notion o h e theory. It is evident that if
any colour could be found which could not be accurately d e h e d as so much of
each of the three primaries, the theory would fall to the ground. Besides th%,
the truth of the theory requires that every mathematical consequence of assuming
every colour to be the result of mixture of three primaries should also be true.
1 have made experiments on upwards of 100 different artXcial colours, consist* of the pigments nsed in the arts, and their mechanical mixtures. These
experiments were made primarily to trace the effects of mechanical mixture on
various coloured powders; but they also afFord evidence of the truth of the
theory, that all these various colours can be referred to three primaries. The
'

.

tire Philosophz'cal Magazh and Journal.
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following experiments relate to the combinations of six well-defined colours only,
and 1 shall describe them the more minutely, as 1 hope to induce those who
have good eyes to subject them to the same trial of akill in distinguishing
tints.
The method of performing the experiments is described in the Transactions
of the Royal Society of Edinbwgh, Vol. XXI. Part 2. The colour-top or teetotum
which 1 used may be had of Mr J. M. Bryson, Edinburgh, or it rnay be easily
extemporized. Any rotatoi-y apparatus which will keep a disc revolving steadily
and rapidly in a good light, without noise or disturbance, and can be easily
stopped and shifted, will do as well as the contrivance of the spinning-top.
The essential part of the experiment consists in placing several diacs of
coloured paper of the same size, and dit along d radius, over- one another, so
that a portion of each is seen, the rest being covered by the other discs. Ey
sliding the discs over each other the proportion of each colour rnay be varied,
and by means of divisions on a circle on which the discs lie, the proportion of
each colour rnay be read off. My circle was divided into 100 parts.
On the top of this set of discs is placed a srnaller set of concentric diacs,
so that when the whole is in motion round the centre, the colour resulting from
the mixture of colours of the small discs is seen in the middle of that arising
from the larger discs. It is the object of the experimenter to shift the colours
till the outer and inner tints appear exactly the same, and then to read off the
proportions.
It is easy .to deduce from the theory of three primary colours what must
be the nurnber of discs exposed a t one time, and how much of each colour must
appear.
Every colour placed on either circle consists of a certain proportion of each
of the primaries, and in order that the outer and inner circles rnay have precisely
the same resultant colour in every respect, there must be the same amount of
each of the primary colours in the outer and inner circles. Thus we have as
many conditions to fulfil as there are primary colours; and besides these we
have two more, because the whole number of divisions in either the outer or
the inner circle is 100, so that if there are three primary colours there will be
five conditions to fiEl, and this will require five discs to be disposable,' and
these must be arranged so that three are matched against two, or four against one.
If we take six different colours, we may leave out any one of the six, and
so form six different combinations of five colours. It is plain that these six
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combiitions must be equivalent to two equations only, if the theory of three
primaries be true.
The method which 1 have found most convenient for registering the result
of an experiment, after an identity of tint has been obtained in the inner and
outer circles, is the following:Write down the names or symbols of the coloured discs each a t the top of
a colurnn, and underneath write the number of degrees of that colour observed,
calling i t + when the colour is in the outer circle, and- when if is in the inner
eircle; then equate the whole to zero. I n this way the account of each colour
is kept in a separate column, and the equations obtained are easily combined and
reduced, without danger of confounding the colours of which the quantities have
been measured. The following experiments were made betmeen the 3rd and 11th
of September, 1856, about noon of each day, in a room fronting the north,
without curtains or any bright-coloured object near the window. The same
combination was never made twice in one day, and no thought was bestowed
upon the experiments except a t the time of observation. Of course the graduation was never consulted, nor former experiments referred to, till each combination' of colours had been h e d by the eye alone; and no reduction was
attempted till all the experiments were concluded.
The coloured discs were cut from paper painted of the following colours :Vermilion, Ultramarine, ' Emerald-green, Snow-white, Ivory-black, and Pale
Chrome-yellow. They are denoted by the letters V, U, G, W, B, Y respectively.
These colours were chosen, because each is well distinguished from the rest, so
that a small change of its intensity in any combination can be observed. Two
discs of each colour were prepared, so that in each combination the colours might
occasionally be transposed from the outer circle to the inner.
The f i s t equation was formed by leaving out vermilion. The remaining
colours are Ultramarine-blue, Emerald-green, White, Black, and Yellow. We
might suppose, that by mixing the blue and yellow in proper proportions, we
should get a green of the same hue as the emerald-green, but not so intense,
so that in order to match it we should have to mix the green with white to
dilute it, and with black to make it darker. But it is not in this way that we
have t o arrange the colours, for Our blue and yellow produce a pinkish tint, and
never a green, so that we must add green to the combination of blue and yellow,
to produce a neutral tint, identical with a mixture of white and black.
VOL 1.
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Blue, green, and yeliow must therefore be combined on the large diics, and
stand on one side of the equation, and black and white, on the small discs, must
stand on the other side. In order to facilitate calculations, the colours are
always Put down in the same order; but those belonging to the small discs
are marked negative. Thus, instead of writing

we write

+54U+14G:-32W.-68B+32Y=O.

The sum of al1 the positive terms of such an equation is 100, being the
whole number of divisions in the circle. The sum of the negative terms is
also 100.
The second equation consists of all the colours except blue; and in this
way we obtain six different combinations of five colours.
Each of these combinations was formed by the unassisted judgment of my
eye, on six different occasions, so that there are thirty-six independent observations of equations between five colours.
'

Table 1. gives the actual observations, with their dates.
Table II. gives the result of summing together each group of six equations.
Each equation in Table II. has the sums of its positive and negative coefficients each equal to 600.
Having obtained a number of observations of each combination of colours,
we have next to test the consistency of these results, since theoretically two
equations are sufficient t o determine all the relations among six colours. .We
rnust therefore, in the first place, determine the comparative accuracy of the
different sets of observations. Table III. gives the averages of the errors of
each of the six groups of observations. It appeam that the combination IV. is
the least accurately observed, and that VI. is the best.
Table IV. gives the averages of the errors in the observation of each colour
in the whole seriea of experiments. This Table was computed in order to detect
any tendency to colour-blindness in my own eyes, which might be less accurate
in discriminating red and green, than in detecting variations of other colours.
It appears, however, that rny observations of red and green were more accurate
than those of blue or yellow. White is the most easily observed, from the

IRIS - LILLIAD - Université Lille 1

EXPERIMENTS ON THE PERCEPTION OF COLOUR.

267

brilliancy of the colour, and black is liiable to the greatest mistakes. 1 would
recommend this method of examining a series of experiments as a means of
detecting partial colour-blindness, by the difFerent accuracy in observing diiTerent colours. The next operation is to combine all the equations according to
their values. Each was first multiplied by a coefficient proportional t o its accuracy, and to the coefficient of white in that equation. The result of adding
all the equations so found is given in equation (W).
'

Equation (Y) is the result of similar operations with reference to the
yellow on each equation.
We have now two equations from which to deduce six new equations, by
eliminating each of the six colours in succession. We must first combine the
equations, so as to get rid of one of the colours, and then we must divide by
the sum of the positive or negative coefficients, so as to reduce the equations
to the form of the observed equations. The results of these operations are given
in Table V., along with the means of each group of six observations. It will
be seen that the dserences between the results of calculation from two equations
and the six independent observed equations are very small. The errors in red
and green are here again somewhat less than in blue and yellow, so that there
is certainly no tendency to mistake red and green more than other colours.
The average difference between the observed mean value of a colour and the
calculated value is -77 of a degree. The average error of an observation in any
group from the mean of that group wm -92. No observation was attempted
to be registered nearer than one degree of the top, or +Oa of a ckcle ; so that
this set of observations agrees with the theory of three primary colours quite
as far as the observations can warrant us in Our calculations; and 1 think that
the human eye has seldom been subjected to so severe a test of its power of
distinguishing colours. My eyes are by no means so accurate in this respect as
many eyes 1 have examined, but a Little practice produces great improvement
even in inaccurate observers.

1 have laid down, according to Newton's method, the relative positions of
the five positive colours with which 1 worked. It will be seen that W lies
within the triangle V U G, and Y outside that triangle.
The f i s t combination, Equation Z., consisted of blue, yellow, and green,
taken in suçh propo&ioas that their centre of gravity f d s at W.
34-2
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I n Equation II. a mixture of red and green, represented in the diagram
by the point 2, is seen to be equivalent to a mixture of white and yellow, also
represented by 2, which is a pale yellow tint.
Equation III. is between a mixture of blue and yellow and another. of
white and red. The resulting tint is a t the intersection of YU and WV; that
is, at the point 3, which represents a pale pink grey.
Equation IV. is between VG and UY, that is, at 4, a dirty yellow.
Equation V. is between a mkture of white, red, and green, and a mixture
of blue and yellow at the point 5, a pale dirty yellow.
Equation VI. hm W. for its resulting tint.
Blue, U.

Y , Yellow.

Of all the resulting tinta, that of Equation IV. is the furthest from white ;
and we f h d that the observations of this equation are dected with the greatest
errors. Hence the importance of reducing the resultant tint to as nearly a
neutral colour as possible.

It is hardly necessary for me to observe, that the whole of the numericd
results which 1 have given apply only to the coloured papers which 1 used,
and to them only when illuminated by daylight from the north a t mid-day in
September, latitude 55" In the evening, or in winter, or by candlelight, the
results are very difTerent. 1 believe, however, that the results would dXer far
less if obsemed by different persons, than if observed under dxerent lights;
for the apparatus of vision is wonderfully similar in d3erent eyes, and even in
colour-blind eyes the system of perception is not dXerent, but defective.
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TABLE1.-The
EquationI.

V=O.

+U.

+Cr.

1856, Sept. 3.
4.
5.
6.
8.
9.

O
O
O
O
O
O

54
58
55
54
54
53

12
14
12
14
14
15

-W.
34
31
32
32
32
32

observations arranged in' groups.
+Y.
34
28
33
32
32
32

-B.

66
69
68
68
68
68

W=O. +B.

EquationIV.

-V.

+U.

-G.

1856, Sept. 3.
4.
5.
6.
8.
9.

62
63
64
62
62
63

15
17
16
19
19
17

38
37
36
38
38
37

O
O
O
O
O

+V.
38
39
40
38
39
39

+U.
27
27
26
28
28
27

+G.

-W.

35
34
34
34
33
34

24
24
24
24
24
23

O

53
46
50
46
47
49

+Y.

32
37
34
35
34
34

Equation II.

Sept. 3.
4.
5.
6.
8.
9.
Equation IU.

EqnationVI.

Sept. 3.
4.

Sept. 3.
4.
5.
6.
8.
11.

TABLEII.-The
V.
Equation 1.
... II.
... III.
IV.
... V.
VI.

...
...

TABLEIII.-The

TABLEIV.-The

O
- 361
+129
-376
4-334
+233

-B. Y=O.
76
O
76
O
O
76
76
O
76
O
77
O

sums of the observed equations.
U.

+ 328

O
-341
+IO3
-292
+163

G.

+

81
-239
O
-224
+157
+204

W.
-193
+ 55
+ 176
O
+109
-143

B.
-407
+409
+295
+291
O
-457

Y.
+191
+136
-259
+206
308
O

-

averages of the errors of the several equations from the means expressed in
& parts of a circle.
Equatione.

1.

Errors.

-94

IL
-85

III.

IV.

1.O5

1.17

V.
1.O8

VI.
-40

averages of the errors of the several colours from the means in
a circle.
Colours.

P.

Errora
-83
Average error on the whole -92.

U.
-9 9

G.

W.

-80

-61

B.

1.15

& parts of

Y.

1.09

The equations from which 'he reduced r e d h were obtained were calculated as f o l h :Equation for (W) = (II) + 2 (III) + (V) - 2 (1) - 4 (VI).
Equation for (Y) = 2 (1) + 2 (II) - 3 (III) + 2 (IV) - 3 (9
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These operations being performed, gave

V.

(W)
.

(Y)

W.

G

U.

B.

Y.

+ 701 + 2282 + 1060 - 1474 - 3641 + 1072 =O.

+ 2863 - 2761 + 1235 + 1131 +

299 - 2767 =O.

From these were obtained the following results by e1imination:-

TABLEV.
Equation

From (W) and (Y)
From
observation
I*

O
O

{
From (W) and (Y) - 59.6
II. { From observation - 60-2
(W) and (Y) - 21.7
III. { From
From observation -21.5
From (W) and (Y) - 62.4
IV. { From
observation - 62.7
From (W) and (Y) + 55.6
From observation +-55.7

- 54.1

- 13.9

- 54.7

- 13.5

O
O

- 40.4

+ 57.4

O
O

+ 56.8

-39.8

+ 18.6 - 37-6
+ 17.2 - 37.3
-49.0
- 48.7

+25.2
+ 26.1

From (W) and (Y) - 39.7 - 26.6
VI. From
observation - 38'8 -27.2

- 34.0

{
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- 33.7

+ 32.0 + 68.0 - 32.0
+ 32.1 + 67.9 - 31%
+ 10.4 + 66.0 + 23.6
+ 9.2 + 68.2 + 22.6
- 30.2 -48.1 + 42.6
- 29.3 -49.2 + 43.2
,

O

-t. 45.7

O

+48.5

+ 19.2 O
+ 18.2 O
+ 22.7 + 77.3
+ 28.3 + 76.2

+ 35.7
+ 34.3
-51-0
51.3

-

O
O

[From The Quarterly Journa2 of Pure and Appl.ied Mathematics, VOL II.]

XVII. On the General h w s of Optical Instruments.
TEE optical .effects of compound instruments have been generally deduced
from those of the elementary parts of which they are composed. The formulæ
given in most works on Optics for calculating the effect of each spherical surface are simple enough, but, when we attempt to carry on our calculations from
one of these surfaces to the next, we arrive at fractional expressions so cornplicated as to make the subsequent steps very troublesome.
Euler (Acad. R. de Berlin, 1757, 1761. Acad. R. de Paris, 1765) has attacked
these expressions, but his investigations are not easy reading. Lagrange (Acad.
Berlin, 1778, 1803) has reduced the case to the theory of continued fractions
and so obtained general laws.
Gauss (Dioptrische Untersuchungen, Gottingen, 1841) hm treated the subject
with that combination of analyticd skill with practical ability which he di~plays
elsewhere, and has made use of the properties of principal foci and principal
planes. An account of these researches is given by Prof. Miller in the third
volume of Taylor's Scient& Memoirs. It is also given entire in French by
M. Bravais in uiauville's Journal for 1856, with additions by the translator.
The method of Gauss has been followed by Prof. Listing in his Treatz'se
on the Dioptries of the Eye (in Wagner's Handworterbuch der Physiologie) from
whorn 1 copy these references, and by Prof. Helinholtz in his Treatise on
Physiological Optics (in Karsten's C y c l o ~ e ) .
The earlieat general investigations are those of Cotes, given in Smith's
Optics, II. 76 (1738). The method there is geometrical, and perfectly general,
but proceeding from the elementary cases t o the more complex by the method
of mathematical induction. Some of his modes of expression, as for incltance his
measure of "apparent distance," have never come into use, although his results
may easily be expressed more intelligibly; and indeed the whole fabric of
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Geometrical Optics, as conceived by Cotes and laboured by Smith, has fallen
into neglect, except among the writers before named. Smith tells us that it
was with reference to these optical theorems that Newton said "If N r Cotes
had lived we might have known something."
The investigations which 1 now offer are htended t o show how simple and
how general the theory of instruments may be rendered, by considering the
optical effects of the entire instrument, without examining the mechanism by
which those effects are obtained. 1 have thus established a theory of "perfect
instruments," geometrically complete in itself, although 1 have also shown, that
no instrument depending on refraction and reflexion, (except the plane mirror)
can be optically perfect.
The first part of this theory was communkatid to
the Phiosophical Society of Cambridge, 28th April, 1856, and an abstract will
be found in the Philosophical Magazine, November, 1856. Propositions VIII.
and IX. are now added. 1 am not aware that the last has been proved before.
I n the following propositions 1 propose to establish certain rules for determining, from simple data, the path of a ray of light after passing through any
optieal instrument, the position of the conjugate focus of a luminous point, and
the magnitude of the image of a given object. The method which 1 shall use
does not require a knowledge of the interna1 construction of the instrument and
derives all its data from two simple experiments.
There are certain defects incident to optical instruments from which, in the
elementary theory, we suppose them t o be free. A perfect instrument 'must
f&l three conditions :

1. Every ray of the pend, proceeding from a single point of the object,
must, after passing through the instrument, converge to, or diverge from, a
single point of the image. The corresponding defect, when the emergent rays
have not a common focus, has been appropriately called (by Dr Whewell)
Astigmatism.

II. If the object is a plane surface, perpendicular to the axis of the
instrument, the image of any point of it must also lie in a plane perpendicular
to the axis. When the points of the image lie in 9 curved surface, it is said
to have the defect of curvature.
III. The image of an object on this plane must be similar to the object,
whether its linear dimensions be altered or not; when the image is not similar
to the object, it ia said to be distorted.
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An image free nom these three defects is said to be perfect.
I n Fig. 1, p. 285, let Alal% represent a plane object perpendicular to the
axis of an instrument represented by I., then if the instrument is perfect, as
regards an object at that distance, an image A,%% will be formed by the
emergent rays, which will have the following properties :

1. Every ray, which passes through a point a, of the object,

-ïvill

pus

through the corresponding point a, of the image.

II. Every point of the image will lie in a plane perpendicular to the a i s .
III. The figure Asa,% will be similar and similarly situated to the figure
Alal%.
Now let us assume that the instrument is also perfect as regards an object
in the plane Blb& perpendiklar to the axis through Bl, and that the image
of such an object is in the plane Bab$* and sirnilar to the object, and we
shall be able to prove the following proposition:

PROP.1. If an instrument give a perfect image of a plane object a t two
difFerent distances from the instrument, al1 incident rays having a common focus
will have a common focus after emergence.
Let Pl be the focus of incident rays. Let Plqbl be any incident ray.
Then, since every ray which passes through cc, passes through a,, its image after
emergence, and since every ray which passes through b, passes through b,, the
direction of the ray Plalbl after emergence must be a,b,.
Sirnilarly, since a, and P, are the images of a, and
if
be any
other ray, its direction afier emergence will be a&.
Join al$, b&, ae%, bas;then, since the parallel planes Alal% and B1b&
are cut by the plane of the two raya through P l , the intersections a,% and
bJ?, are parallel.
Also, their images, being aimilady situated, are parallel to them, therefore
a,% is parallel to b&, and the lines a,b, and @, are in the same plane, and
therefore either meet in a point P, or are pardel.
Now take a third ray through Pl, not in the plane of the two former.
After emergence it must either cut both, or be parallel to them. If it cuts
both it must pass through the point Pz,and then every other ray must pass
through P,,for no line can intersect three lines, not in one plane, without
passing through their point of intersection. If not, then all the emergent raya
VOL. 1.
35
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IRIS - LILLIAD - Université Lille 1

274

ON THE GENERAL LAWS OF OPTICAL INSTRUMENTS.

are parallel, which is a particular case of a . perfect pencil. So that for every
position of the focus of incident rays, the emergent pencil is free from astigrnatim.

PROP.II. I n an instrument, perfect a t two different distances, the image
of any plane object perpendicular to the axis will be free from the defects of
curvature and distortion.
Through the point Pl of the object draw any line PlQI in the plane of
the object, and through PlQI draw a plane cutting the planes A,, B, in the lines
alal, b$,.
These lines will be parallel to PlQI and to each other, wherefore
also their images, a,%, b&, will be parallel to Pl&,and to each other, and
therefore in one plane.
Now suppose another plane drawn through PlQI cutting the planes A, and
BI in two other lines parallel to Pl&,. These will have pardel images in the
planes A, and B,, and the intersection of the planes passing through the two
pairs of images will define the line P,Q2 which will be parallel to them, and
therefore to Pl&,, and will be the image of Pl&,. Therefore P,Q2, the image
of P,Ql ia parallel to it, and therefore in a plane perpendicular to the axis.
Now if al1 corresponding lines in any two -figures be parallel, however the lines
be drawn, the @es are similar, and similarly situated.
From these two propositions it .follows that an instrument giving a perfect
image a t two different distances will give a perfect image a t all distances. We
have now only to determine the simplest method of hding the position and
magnitude of the image, remembering that wherever two rays of a p e n d intersect, al1 other rays of the p e n d must meet, and that dl parts of a plane
object have their images in the same plane, and equally magnitied or diminished.

PROP.III. A ray is incident on a perfect instrument parallel to the axis,
to find its direction afier emergence.
Let a,b, (fig. 2) be the incident ray, A,a, one of the planes a t which an
object has been ascertained t o have a perfect image. A,a, that image, similar
to Alal but in magnitude such that A,a,=zA1a,.
Similarly let B2b* be the image ,of Blbl, and let B,b,=yB,b,.
Also let
AIB,=c, and AJ2=c,.
Then since a2 and b, are the images of a, and b,, the line F&b2 will be
the direction of the ray after emergence, cutting the axis in Pa, (unless x = y,
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when aJ, becomes parallel to the axis). The point Fs may be found, by
remembering that A,al = Blb,, A,a, =xAla,, Bab,= YB$,. We h d -

Let g, be the point a t which the emergent ray is a t the same distance
from the axis as the incident ray, draw g,G, perpendicular to the axis, then
we have

~ i m i l a r l ~if, a&F1 be a ray, which, after emergence, becornes parallel t o
the axis; and glGl a line perpendicular to the axis, equal to the distance of
the parallel emergent ray, then

Y
AlF, =cl x-y'

c1xy
FIGl= -

x-y'

1. The point FI, the focus of incident rays when the emergent rays are
parallel to the axis, is called the Jirst principal focus of the instrument.

II. The plane Gg, a t which incident rays through Pl are a t the same
distance fiom the axis as they are after emergence, is called the Jirst principal pbne of the instrument. FIGl is called the Jirst focal length.
III. The point F,, the focus of emergent rays when the incident rays
are parallel, is called the second principd focus.
IV. The plane Gg,, a t which the emergent rays are at the' same distance
from the axis, as before incidence, is called the. second principal plane, and
PIG, is called the second focal length.
When $=y, the ray is parallel to the a&, both a t incidence and emergence, and there are no such points as P and G. The instrument is then
called a telescope. x (=y) is called the linear mgnifying power and is denoted

by 1, and the ratio

4 is

denoted by n, and rnay be called the elongatia.

Cl

In the more general cam, in which x and y are different, the principal
foci and principal planes afFord the readiest means of hding the position of
images.
3 5-2
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PROP.IV. Given the principal foci and principaJ planes of an instrument,
to find the relations of the foci of the incident and emergent pencils.
Let FI, Fa (fig. 3 ) be the principal foci, Gl, G, the principal planes, Ql
the focus 'of incident light, QIPl perpendicular to the mis.
Through Ql draw the ray QlglFl. Since this ray passes through FI it
emerges parallel to the axis, and at a distance fiom it equal to G,gl. Its
direction after emergence is therefore Q2g, where G2ga=Glg,. Through Ql draw
Qlyl parallel to the axis. The corresponding emergent ray will pass through
F,, and will cut the second principal plane a t a distance Gq,= G,yl, so that
Fayais the direction of this ray after emergence.
Since both rays pass through the focus of the ernergent pencil,' Q,, the
point of intersection, is that focus. Draw Q P 2 perpendicular to the axis.
Then PlQl= Glyl= Gaya,asd Glgl= Gaga
= P,Q,. By similar triangles FIPIQland

FlGfll
PIFl : F,Gl :: PlQl : (Glgl=)Pa&,.
And by aimilar triangles P2P,Qaand FaGa
We may put these relations into the concise form

and the values of FaP, and P,Q, are

These expressions give the distance of the image from Ii2 measured along the
axis, and also the perpendicul.ar distance fiom the axis, so that they serve to
determine completely the position of the image of .any point, when the principal foci and principal planes are known.

PROP.V. TO h d the focus of emergent rays, when the instrument is a
telescope.
Let Q, (fig. 4) be the focus of incident rays, and let Q,albl be a ray
parallel to the axis ; then, since the instrument is telescopic, the emergent
ray Q,a,b, will be parallel to the axis, and Q,P,= l . &,Pl.
~
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Let Q,a,B, be a ray through BI, the emergent ray will be
A,% = 1 4%.

QlaB2,and

Now

- A.B'=n,

so that

PIBl- A
-

a constant ratio.

Cor. If a point C be taken on the axis of the instrument so that

De$

The point C is called the centre of the telescope.

It appears, therefore, that the image of an object in a telescope has its
dimensions perpendicular to the axis equal to 1 times the corresponding dimensions of the object, and the distance of any part fiom the plane through C
equal to n times the distance of the corresponding part of the object. Of
course all longitudinal distances among objecta must be multiplied, by n to
obtain those of their images, and the tangent of the angular magnitude of an
1
object as seen fiom a given Point in the axis must be multiplied by - to
n

obtain that of the image of the object as seen from the image of the given
1
point. The quantity - is therefore called the angular magnifying power, and
12

is denoted by m.

PROP.VI. TO find the principal foci and principal planes of a combination of two instruments having a common axis.
Let 1, I' (fig. 5) be the two instruments, GIFIFaG, the principal foci and
planes of the &st, G:PiPlG,' those of the second, r1+&r2those of the combination. Let the ray g g g i g l pass through both instruments, and let it be
parallel to the axis before entering the f i s t instrument. It will therefore pass
through F, the second principal focus of the first instrument, and through g,
so that Gd2= Glgl.
On emergence from the second instrument it will pass through
the
focus conjugate to F,, and tbough g: in the second principal plane, so that
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is by definition the second principal focus of the combination
of instruments, and if r~ be the second principal plane, then I?,y,= G,g,.

G,'g,'= G:g:.

+a

We have now to h d the positions of

+a

and

r,.

By Prop. IV., we have

Or, the' distance of the principal focus of the combination, from that of the
second instrument, is equal to the product of the focal lengths of the second
instrument, divided by the distance of the second principal focus of the first
instrument from the first of the second. From this we get

Multiplying the two aides of the former equation respectively by the first and
last of these equal quantities, we get
,

Or, the second focal distance of a combination is the product of the second
focal lengths of its two components, divided by the distance of their consecutive
principal foci

If we d the focal distances of the first instrument f, and fa, those of
the second f: and f ,; and those of the. combination
3, and put F$;=d,

x,

then the positions of the principal foci are found from the values

and the focal len@hs of the combination from
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When d = O, all these values become infinite, and the compound instrument
becomes a telescope.
'

PROP.
VII. TO find the h e m magnifyhg power, the elongation, and the
centre of the instrument, when the combination becomes a telescope.
Here (fig. 6) the second principal focus of the fbst instrument coincides a t P
with the f i s t of the second. (In the figure, the focal distances of both instruments are taken in the opposite direction from that formerly assumed. They are
therefore to be regarded as negative.)
I n , the first place, F; is conjugate to FI, for a pencil whose focus before
incidence is FI WU be parallel to the axis between the instruments, and will
converge €0 Fi afier emergence.
Also if Gg, be an object in the first principal plane, G,g, will be its first
image, equal to itself, and if
be its final image

Hh

F:H
FlG, '

Now the linear magnifying power is -, and the elongation is -

Cs1

because Fa ,and H are the images of F, and

l=

-fi

fi '

G, respectively ; . therefore

and n=-.
fh'
~lfp

, .
The angular magnifYing power = m = -E =f -n

f:

The centre of the telescope is a t the point C, such that

When ri, becomes 1 the telesçope has no centre. The effect of the instrument
is then simply to alter the position of an object by a certain distance measured
along the mis, as in the case.of refraction through a plate of glass bounded by
parallel planes. I n certain c&s this constant distance itself disappears, as in
the case of a, combination of three convex lenses of whioh the focal Iengtha are
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4, 1, 4 and the distances 4 and 4. This combination simply inverts every object
without altering its magnitude or distance dong the axis.
The preceding theory of perfect instruments is quite independent of the
mode in which the course of the rays is changed within the instrument, as
we are supposed to know only that the path' of every ray is straight before
it enters, and after it emerges fiom the instrument. We have now to conaider, how far these results can be applied to actual instruments, in which
the course of the rays is changed by reiiexion or refraction. We know that
such instruments may be made so as to fulfil approximately t h e conditions of
a perfect instrument, but that absolute perfection has not yet been obtained.
Let us inquire whether any additional general law of optical instruments c m
be deduced from the laws of reflexion and refraction, and whether the imperfection of instruments is necessary or removeable.
The following theorem is a necessary consequence of the known laws of
reflexion and refraction, whatever theory we adopt.
If we multiply the length of the parts of a ray which are in different
media by the indices of refraction of those media, and cal1 the sum of these
products the reduced path of the ray, then :

1. The extremities of a l l rays from a given origin, which have the same
reduced path, lie in a surface normal to those rays.

II. ,When a pencil of rays is brought to a focus, the reduced path from
the origin to the focus is the same for every ray of the pencil.

In the undulatory theory, the

reduced path" of a ray is the distance
through which light would travel in space, during the t h e which the ray
takes to traverse the various media, and the surfilce of equal "reduced paths"
is the wave-surface. I n extraordinary refraction the wave-surfwe is not always
normal to the ray, but the other parts of the proposition are true in this and all
other cases.
"

From this general theorem in optics we may deduce the following propositions, true for all instruments depending on rehction and reflexion.

PROP.VIII. In any optical instrument depending on refraction or reflexion, if a,%, b& (fig. 7) be two objects and a2s, b& their Mages, A,B, the
distance of the objects, A& that of the images, p, the index of refraction of
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the medium in which the objects are, p, that of the medium in which the
images are, then

approximately, when the objects are small.
Since a, is the image of q, the reduced path of the ray albla, will be
and %bla,wiU
equal t o that of a&aa, m d the reduced paths of the rays
be equal.
Also because b& and b& are conjugate foci, the reduced paths of the
and P,a& will be equal. So that the
rays bla,b, and bla&,, and of
reduced paths
a1b1 + 4%= a#, + B,a,
4
1 + BI% = a1b1+ bla,

these being still the reduced paths of the rays, that is, the length of eacli
ray multiplied by the index of refraction of the medium.
If the figure is symmetrical about the axis, we may write the equation
PL(aiPl - q b i ) = ~2 (a82- aabJ,

where aiPl, &c. are now the actud bngths of the rays so named.

and

So that the equation
VOL. 1.
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is true acciirately, and since when the objects are small, the denominators are
nearly 2A& and 2AJ8, the proposition ie proved approximately true.
Using the expressions of Prop. III., this equation becomes

Now hy Prop III., when x and y are difEerent, the focal lengths

f, and f,

are

-6fi-

therefore

c2.

=

CCs

by the present theorem.

So that in any instrument, not a telescope, the focal lengths are directly as
the indices of refraction of the media to which they belong. If, as in most
cases, these media are the same, then the two focal distances are equal.
When x= y, the instrument becomes a telescope, and we have, by Prop. V.,
1 = x, and n = 5 ; and therefore by this theorem
Cl

We may find 1 experimentally by measuring the aotual diameter of the
image of a known near object, such as the aperture of the object glass. If O be
the diameter of the aperture and o that of the circle of light a t the eye-hole
(which is its image), then

From this w e find t h elmgation and the angular magnifying power
n=-

la, and m = h
- l-

Pi

çcalL

1 O
When p, =p,, as in ordinary cases, m = - = - which is Gauss' mle for deter1

mining the magnifying power of a telescope.
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PROP.IX. It is imposaible, by means of any combination of reflexions
and refractions, to produce a perfect image of an object at two difîerent distances,
unless the instrument be a telescope, and
l=n=-,

m=l.

Pa

It appears from the investigation of Prop. VIII. that the results there
obtained, if tme when the objects are very small, will be incorrect when the
objects are large, unless

and it is easy to prove that this cannot be, unless all the lines in the one figure
are proportional to the corresponding lines in the other.
I n this way we might show that we cannot in general have an astigmatic,
plane, undistorted image of a plane object. But we can prove that we cannot
get perfectly focussed images of an object in two positions, even at the expense
of curvature and distortion.
We shall first prove that if two objects have perf'ect images, the reduced
path of the ray joining any given points of the two objects is equal to that
of the ray joining the corresponding points of the images.
Let a, (fig. 8) be the perfect image of n, and /3, of

Pl.

Let

Draw alD1 pardel to the axis to meet the plane BI, and a$2 t o the plane
of 33,.

Since everything is symrnetrical about the axis of the instrument we shall
have the angles DIB&= D&&= 0, then in either figure, omitting the s u f i e s ,

It hm been shown in Prop. VIII. that the clifference of the reduced paths
of the rays %b1, a& in the object must be equal t o the clifference of the reduced
paths of a4ba,aBa in the image. Therefore, since we may assume any value for 0
pl J(a;

+ bi +G' - 2qbl

COS

0)

-tr,J(a,' +b t +c,' -2aab,cos 8)
36-2
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is constant for all values of O.

This can be only when

and
which shows that the constant m u t vanish, and that the lengths of lines
joining corresponding points of the objects and of the images must be inversely
as the indices of refraction before incidence and after emergence.
Next let ABC: DEF (fig. 9) represent
and three points in the other object, the figure
al1 the lines in the figure are the actual lines
the figure represent the reduced paths of the
points of the objects.

three points in the one ~ b j e c t
being drawn to a scale so that
multiplied by p,. The lines of
rays between the corresponding

Now it may be shown that the form of this figure cannot be altered without altering the length of one or more, of the nine lines joining the points -ABC
to DEF. Therefore since the reduced paths of the rays in the image are e q d
to those in the object, the figure must represent the image on a scale of
to 1, and therefore the instrument must magnify every part of the object alike
and elongate the distances parallel t o the axis in the same proportion. It is
therefore a telescope, and m = 1.
If pl=p,, the image is exactly equal to the object, which is the case in
reflexion in a plane rnirror, which we know t o be a perfect instrument for al1
distances.
The only case in which by refraction at a aingle surface we can get a
perfect image of more than one point of the object, is when the refracting
surface is a sphere, radius r, index p, and when the two objects are spherical.
surfaces, concentric with the sphere, their radii being

'9

-, and

P

r ; and the two

images also concentric spheres, radii pr, and r.
I n this latter case the image is perfect, only a t these particular distances
and not generally.
1 am not aware of any other case in which a perfect image of an object
can be formed, the rays being straight before they enter, and after they emerge
from the instrument. The only case in which perfect astigmatism for aU pencils
has hitherto been proved to exist, was suggested to me by the consideration
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of the structure of the crystalline lem in fish, and was published in one of
J o u m l . My
the problem-papers of the Cambridge and Dublin M~~thematical
own method of treating that problem is to be found in that Journal, for
February, 1854. The case is that of a medium whose index of refraction varies
with the distance from a' centre, so that if r, be its value a t the centre, a
a given line, and r the distance of any point where the index is p, then

The path of every ray within this medium is a circle in a plane passing through
the centre of the medium.
Every ray from a point in the medium, distant b from the centre, will
a"

converge to a point on the opposite side of the centre and distant from it - .
b

It will be observed that both the object and the image are included in
the variable medium, otherwise the images would not be perfect. This case
therefore forms no exception to the result of Prop. IX., in which the object and
image are supposed to be outside the instrument.
Aberdeen, 12th Jan., 1858.
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[From the Proceedings of the Royal Society of Edinburgh, Vol. IV.]

XVIII.

On n e o r i e s of

the Constitution

of

Saturn's

Rings.

THE planet Saturn is surrounded by several concentric flattened rings, which
appear to be quite fiee from any connection with each other, or with the planet,
except that due to gravitation.
The exterior diameter of the whole system of rings is estimated at about
176,090 miles, the breadth from outer to inner edge of the entire system,
36,000 miles, and the thickness not more than 100 miles.
It is evident that a system of %bis kind, so broad and so thin, must
depend for its stability upon the dynamical equilibrium between the motions of
each part of the system, and the attractions which act on it, and that the
cohesion of the parts of so large a body can have no effect whatever on its
motions, though it were made of the most rigid material known on earth. It
is therefore necessary, in order to satis5 the demands of physical astronomy,
to explain how a material system, presenting the appearance of Saturn's Rings,
can be maintained in permanent motion consistently with the laws of gravitation.
The principal hypotheses which present themselves are these-

1. The rings are solid bodies, regular or irregular.
II. The rings are fluid bodies, liquid or gaseous.
III. The rings are composed of loose materiah.
The results of mathematical investigatiolr applied to the first case are,1st. That a ,uniform ring c a ~ o have
t
a permanent motion.
2nd. That it is possible, by loading one side of the ring, to produce
stability of motion, but that this loading must be very great compared with
the whole mass of the rest of the ring, being arj 82 to 18.
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3rd. That this loading must not only be very great, but very nicely
adjusted; because, if it were less than .81, or more than .83 of the whole,
the motion would be unstable.
The mode in which such a system would be destroyed would be by the
collision between the planet and the inside of the ring.
And it is evident that as no loading so enormous in comparison with the
ring actually exists, we are forced to consider the rings as fluid, or at least
not solid; and we h d that, in the case of a fluid ring, waves would be generated, which would break it up into portions, the number of which would
depend on the mass of Saturn directly, and on that of the ring inversely.
It appears, therefore, that the only constitution possible for such a ring is
a series of disconnected masses, which may be fluid or solid, and need not be
equal. The complicated interna1 motions of such a ring have been investigated,
and found to consist of four series of waves, which, when combined together,
will reproduce any form of original disturbance with all its consequences. The
motion of one of these waves was exhibited to the Society by means of a small
mechanical mode1 made by Rama,ge of Aberdeen.
This theory of the rings, being indicated by the mechanical theory as the
only one consistent with permanent motion, is further confirmed by recent observations on the inner obscure ring of Saturn. The limb of the planet is seen
through the substance of this ring, not refracted, as it would be through a
gas or fluid, but in its true position, as would be the case if the light passed
through interstices between the separate particles composing the ring.
As the whole investigations are shortly t o be published in a separate form,
the mathematical methods employed were not laid before the Society.
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XIX. On the Stability

of

the motion of Xaturn7s Rings.

[An Essay, whioh obtained the Adams Prize for the year 1856, in the University
of Cambridge.]

THE Subject of the Prize was announced in

t h e following terras :-

The University having accepted a fund, raised by several members of St John's College,
for the purpose of founding a Prize to be called the ADAMSPRIZE,
for the best Essay
on some subject of Pure Mathematice, Astronomy, or other branch of Natural Philosophy,
the Prize to be given once in two years, and to be open to the cornpetitbn of al1 persons
w h have at any tirne been admitkd to a degree in tl~kUniversity :-

The Examiners give Notice, that the following is t h e subject for the Prize to be adjudged
in 1857 :The Motions of Saturn's Rings.
Y+* The problem may be treated on the supposition that the system of -Rings is exactly or
very approximately concentrio with Saturn and symmetrically disposed about the plane of his Equator,
%nd different hypotheses rnay be made respecting the physical constitution of the Rings. It may
be supposed (1) that they are rigid : (2) that they are tluid, or in part aeriform: (3) that they
consist of masses of matter not mutually coherent. The question WU be considered to be answered
by ascertainhg on these hypotheses severally, whether the conditions of mechanicd stabilitj are
satisfied by the mutual attractions and motions of the Planet and the Rings,

It is desirable that an ittempt should also be made to determine on which of the above
hypotheses the appearances both of the bright Rings and the recently discovered dark Ring may
be most satisfactorily explained; and to indicate any causes to which a change of form, such as
is supposed from a cornparison of modern with the earlier observations to have taken place, may
be attributed.
E. OUEST, ViceChamelh-.
J. CHALLIS.
S. PARKINSON.
W. THOMSON.
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THEREare some questions in Astronomy. to which we are attracted rather
on account of their peculiarity. as the possible illustration of 'some unknown
principle. thsn from any direct advantage which their solution would afford to
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mankind. The theory of the Moon's inequalities, though in its first stages if
presents theorems interesting to al1 students of mechanics, hm been pursued into
sucb intricacies of calculation as can be followed up only by those who make
the 'improvement of the Lunar Tables the object of their lives. The value of
the labours of these men is reecognised by al1 who are aware of the importance
of such tables in Practical Astronomy and Navigation. The methods by which
the results are obtained are admitted to be sound, and we leave to professional
astronomers the labour and the merit of developing them,
The questions which are suggested by the appearance of Saturn's Rings
cannot, in the present state of Astronomy, c d forth so great an amount of
labour among mathematicians. 1 am not aware that any practical use has been
made of Saturn's Rings, either in Astronomy or in Navigation. They are too
distant, and too insignificant in mass, to produce any appreciable effect on the
motion of other parts of the Solar system ; and for this very reason it is di&cult to determine those elements of their motion which we obtain so accurately
in the case of bodies of greater mechanical importance.
But when we contemplate the Rings from a purely scientific point of view,
they become the most remarkable bodies in the heavens, except, perhaps, those
spiral nebula When we have actually seen that
still less useful bodies-the
great arch swung over the equator of the planet without any visible connexion,
we cannot bring Our minds to rest. We cannot simply admit that such is the
case, and describe it as one of the observed facts in nature, not admitting or
rkquiring explanation. W e must either explain its motion on the principles of
mechanics, or admit that, in the' Saturnian realms, there can be motion regulated by laws which we are unable to explain.
The arrangement of the rings is represented in the figure (1) on a scale
of one inch to a hundred thousand miles. S is a section of Saturn through
his equator, A, B and C are the three rings. A and B have been known for
200 years. They were mistaken Iny Galileo for protuberances on the planet itself,
or perhaps satellites. .Huyghens discovered that what he saw was a thin flat
ring not touching the planet, and Bal1 discovered the. division between A and B.
Other divisions have been observed splitting these aogain into concentric rings,
but these have not continued visible, the only well-established division being one
in the middle of A. The third ring C was first detected by Mr Bond, a t
Cambridge U.S. on November 15, 1850 ; Mr Dawes, not aware of Mr Bond's
discovery, observed it on November 29th, and Mr Lassel a few days later. It
3 7-2
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gives little light compared with the other rings, and is seen where it crosses
the planet as an obscure belt, but it is so transparent that the limb of the
planet is visible through it, and this without distortion, shewing that the rays
of light have not passed through a transparent substance, but between the
scattered particles of a discontinuous stream.
It is diiücult to estimate the thickness of the system; according to the
best estimates it is not more than 100 miles, the diameter of A being 176,418
miles; so that on the scale of Our figure the thickness would be one thousandth
of an inch.
Such ia the scale on which this mapificent system of concentric rings is
constructed; we have next to account for their continued existence, and to
reconcile i t with the known laws of motion and gravitation, so that by rejecting
every hy~othesiswhich leads t o conclusions at variance with the facts, we may
learn more of the nature of these distant bodies than the telescope can yet
ascertain. We must account for the rings remaining suspended above the planet,
concentric with Saturn and in his equatoreal plane; for the flattened figure of the
section of each ring, for the transparency of the inner ring, and for the gradua1
approach of the inner edge of the ring to the body of Saturn as deduced
from all the recorded observat.ions by M. Otto Struvé (Sur les dimensions des
Anneaux de Saturne-Recueil de Mémoiies Astronomiques, Poulkowa, 15 Nov.
1851). For an account of the general appearance of the rings as seen from the
planet, see Lardner on the Uranography of Saturn, Mem. of the Astrono~nicat
Society, 1853. See also the article "Saturn" in Nichol's Cyclopœdia of the
Physical Sciences.
Our curiosity with respect to these questions is rather stimulated tha,n
appeased by the investigations of Laplace. That great mathematician, though
occupied with many questions which more imperiously demanded his attention,
has devoted several chapters in various parts of his great work, to points connected with the Saturnian System.
He has investigat,ed the law of attraction of a ring of srnall section on a
point very near it (Méc. Cél. Liv. I I I . Chap. VI.), and from this he deduces the
equation from which the ratio of the breadth to the thickness of each ring is
to be found,

where R is the radius of Saturn, and p his density ; cc the radius of the ring,
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and p' its density ; and X the ratio of the breadth of the ring t o ita thickness. The equation for determining X when e is given has one negative root
which must be rejected, and two roots which are positive while ec0.0543, and
impossible when e has a greater value. At the critical value of e, X=2.594
nearly.
The fact that X is impossible when e is above this value, shews that the
ring cannot hold together if the ratio of the density of the planet to that of
the ring exceeds a certain value. This value is estirnated by Laplace a t 1.3,
assuming a = 2R.
We may easily follow the physical interpretation of this result, if we observe
that the forces which act on the ring may be reduced to-

(1) The attraction of Saturn, varying inversely as the square of the distance from his centre.
The centrifugai force of the particles of the ring, acting outwards, and
varying directly as the distance from Saturn's polar axis.
(2)

(3)

The attraction of the ring itself, depending on its form and density,

and directed, roughly speaking, towards the centre of its section.
The first of these forces must balance the second somewhere near the mean
distance of the ring. Beyond this distance their resultant will be outwards,
within this 'distance it will act inwards.
If the attraction of the ring itself is not sufficient to balance these residual
forces, the outer and inner portions of the ring will tend to separate, and the
ring will be split up; and it appears from Laplace's result that this will be
the case if the density of the ring is less than +# of that of the planet.
This condition applies to al1 rings whether broad or narrow, of which the
parts are separable, and of which the outer and inner parts revolve with the
same angular velocity.
Laplace has also shewn (Liv. v. Chap. III.), that on account of the oblateness of the figure of Saturn, the planes of the rings will follow that of Saturn's
equator through every change of its position due to the disturbiig action of
other heavenly bodies.
Besides this, he proves most distinctly (Liv. III. Chap. VI.), that a solid uniform ring cannot possibly revolve about a central body in a permanent manner,
for the slightest displacement of the centre of the ring from the centre of the
planet would originate a motion which would never be checked, and would

IRIS - LILLIAD - Université Lille 1

irievitably precipitate the ring upon the planet, not necessarily by breaking the
ring, but by the inside of the ring falling on the equator of the planet.
He therefore infers that the rings are irregular solids, whose centres of
gravity do not coincide with their centres of figure. We may draw the conclusion more formally as follows, " If the rings were solid and uniform, their
motion mould be unstable, and they would be destroyed. But they are not
destroyed, and their motion is stable; therefore they are either not uniform or
nob solid."
1 have not discovered* either in the works of Laplace or in those of more
recent mat'hematicians, any investigation of the motion of a ring either not uniform or not solid. So that in the present state of mechanical science, we do
not know whether an irregular solid ring, or a fluid or disconnected ring, c m
revolve permanently about a central body; and the Saturnian system still remains an unregarded witness in heaven to some necessary, but as yet unknown,
development of the laws of the universe.
We knom, since it has been demonstrated by Laplace, that a uniform solid
ring cannot revolve perrnanently about a planet. We propose in this Essay to
determine the amount and nature of the irregularity which would be required
to make a permanent rotation possible. We shall find that the stability of the
motion of the ring would be ensured by loading the ring at one point with a

* Since this was written, Prof Challis has pointed out to me three important papers in Gould's
Astronomical Jou~1~1.l:-Mr G. P. Bond on the Rings of Satum (May 1851) and Prof. B. Pierce of
Harvard University on the Constitution of h'aturn'p Rings (June 18.51)' and on the Adams' Prixe
P r o b l m for 1856 (Sept. 1855). These American mathenlaticians have both considered the conditions
of statical equilibrium of a transverse section of a ring, and have come to the conclusion that the
rings, if they move each as a whole, must be very narrow compared with the observed rings, so
that in resllity there must be a great number of them, each revolving with its own velocity. They
have also entered on the question of the fluidity of the rings, and Prof Pierce has made an
investigation as to the permanence of the motion of an irreplar solid ring and of a fluid ring.
The paper in which these questions are treated a t large has not (so far as 1 am aware) been
published, and the references to it in Gould's Journal are intended to give rather a popular account
of the results, than an accurate outline of the methods eniployed. I n treating of the attractions of
an irregular ring, he makes admirable use of the theory of potentials, but his published investigation of the motion of such a body contains some oversights which are due perhaps rather to the
imperfections of popular language than to any thing in the mathematical theory. The only part of
the theory of a fluid ring which he ha,^ yet given an account of, is that in which he considers
the form of the ring a t any instant as an ellipse; corresponding to the case where n=o, and
m = l . As 1 had only a limited time for reading these papers, and as 1 coiild not ascertain the
methods uxed in the original investigations, 1 am unable at present to state how far the results of
th* emay agree with or differ from those obtained by Prof. Pierce.
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heavy satellite about 49 tirnes the weight of the ring, but this load, besides
being inconsistent with the observed appearance of the rings, must be far too
artificially adjusted to agree with the natural arrangements observed elsewhere,
for a very small error in excess or defect would render the ring again unstable.
We are therefore constrained t o abandon the theory of a solid ring, and
to consider the case of a ring, the parts of which are not rigidly connected,
as in the case of a ring of independent satellites, or a fluid ring.
There. is now no danger of the whole ring or any part of it being precipitated on the body of the planet. Every particle of the ring is now to be
regarded as a satellite of Saturn, disturbed by the attraction of a ring of
satellites a t the same mean distance from the planet, each of which however is
subject t o slight displacements. The mutual action of the parts of the ring will
be so small compnred with the attraction of the planet, that no part of the
ring can ever cease to move round Sa,turn as a satellite.
But the question now before us is altogether different from that relating to
the solid ring. We have now t o take account of variations in the form and
arrangement of the parts of the ring, as well as its motion as a whole, and
we have as yet no security that these variations may not accumulate till the
ring entirely loses its original form, and collapses into one or more satellites,
circulating round Saturn. In fact such a reault is one of the leading doctrines
of the "nebular theory" of the formation of planetary systems: and we are
familiar with the actual breaking up of fluid rings under the action of "capillary " .force, in the beautiful experirnents of M. Plateau.
I n this essay 1 have shewn that such a destructive tendency actually exists,
but that by the revolution of the ring it is converted into the condition of
dynamical stability. As the scientific interest of Saturn's Rings depends a t
present mainly on this question of their stability, 1 have considered their motion
mther as an illustration of general principles, than as a subject for elaborate
caloulation, and therefore 1 have confined myself to those parts of the subject
which bear upon the question of the permanence of a given form of motion.
There is a very general and very important problem in Dynamics, the solution of which would contain all the results of this Essay and a great deal
more. It is this"Having found a particular solution of the equations of motion of any
material system, to determine whether a slight disturbance of the motion indi-
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c-ated by the solution would cause a small periodic variation, or a total
derangement of the motion."
The question may be made to depend upon the conditions of a maximum
or a minimum of a function of many variables, but the theory of the tests
for distinguishing maxima from minima by the Calculus of Variations becomes
so intricate when applied to functions of severd variables, that 1 think it doubtful whether the physical or the abstract problem will be first solved.

PART 1.
ON THE MOTION OF A RIGID BODY OF ANY FORM ABOUT A SPHERE.

WE c o h e Our attention for the present to the motion in the plane of
reference, as the interest of our problem belongs to the character of this motion,
and not t o the librations, if any, from this plane.
Let S (Fig. 2) be the centre of gravity of the sphere, which we may cal1
Saturn, and R that of the rigid body, which we rnay c d the Ring. Join RS,
and divide it in G so that
SG : GR :: R : S,

R and S being the mwses of the Ring and Satuni respectively.
Then G d l be the centre of gravity of the system, and its position will
be undected by any mutual action between the parts of the aystem. Assume G
as the point to which the motions of the system are to be referred. Draw GA
in a direction fixed in space.
AGR = 8, and SR =r,
Let
R
S
r, and GS= GR=S+R"
S+R
so that the positions of S and R are now determined.
Let B R R be a straight line through
of the ring, and let BRK=+.

IRIS - LILLIAD - Université Lille 1

R, &d

with respect to the substance

This determines the angular position of the ring, so that from the values
of r , ,O, and 4 the codguration of the system may be deduced, as f a as relates
to the plane of reference.
We have next to determine the forces which act between the ring and
the sphere, and this we shall do by means of the potential function due to
the ring, which we shall cal1 V.
The value of V for any point of space S, depends on its position relatively
t o the. .ring, and it is found from the equation

where dm is an element of the mass of the ring, and r' is the distance of that
element from the given point, and the summation is extended over every element
of mass belonging to the ring. V will then depend entirely upon the position
of the point S relatively to the ring, and may be expressed as a function
of r, the distance of S from R, the centre of gravity of the ring, and +, the
angle which the line SB makes with the line RB, fixed in the ring.
'

A particle P, placed a t S, will, by the theory of potentials, experience a
dV
.i dV
moving force P - in the direction which tends to increase r, and P - dr
y d4
in a tangential direction, tending t o increase +.
]New we know that the attraction of a sphere is the same as that of

a particle of equal mass placed a t its centre.

The forces acting between the

dV
sphere and the ring are therefore S - tending to increase Y, and a tangential
dr
1 dV
force S - - applied a t S tending to increase
In estimating the effect of
r d+'
1 dV
this latter force on the ring, we must resolve it into a tangential force X - -r d+
dV
acting a t R, and a couple S - tending to increase $,
d+ -

+.

We are now able to form the equations of motion for the planet and the
hg.
VOL T.
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For the planet

R

s dV
- .....................(0

For the centre of gravity of the ring,

s sdV
.................. (3L

For the rotation of the ring about its centre of gravity,

where k: ie the radius of gyration of the ring about its centre of gravity.
Equation (3) and (4) are necessarily identical with (1) and (2), and shew
that the orbit of the centre of gravity of the ring must be similar to tliat
of the Planet. Equations (1) and (3) are equations of areas, (2) and (4) are
those of the radius vector.
Equations (3), (4) and ( 5 ) may be thus written,

Rkl

$0

d2+
dV
-s+-8(dt
dtJ
d+

These are the n e c e s s q and sufficient data for determining the motion of
.the ring, the initial circumstances being given.

PROB.1. TO find the conditions under which a uniform motion of the
ring is possible.
By a uniform, motion is here meant a motion of uniform rotation, during
which the position of the centre of the Planet with respect to the ring does
not change.
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In this cage r and 4 are constant, and therefore V and its differential
coefficients are given., Equation (7) becomes,

which shews that the angular velocity is constant, and that

26

Hence, -= 0, and therefore by equation
dt3

(a),

Equations (9) and (10) are the conditions under wliich the uniform motion
is possible, and if they were exactly fulfilled, the uniform motion would go on
for ever if not disturbed. But it does not follow that if these conditions were
nearly fulfilled, or that if when accurately adjusted, the motion were slightly
disturbed, the motion would go on for ever nearly uniform. The effect of the
diturbance might be either to produce a periodic variation in the elements
of the motion, the amplitude of the variation being small, or t o produce a
displacement which would increase indefinitely, and derange the system altogether.
In the one case the motion would be dynamically stable, and in the other it
would be dynamically unstable. The investigation of these displacements while
still very small will form the next subject of inquiry.

PROB.II. TO find the equations of the motion when slightly disturbed.
Let r = r,, 8 = ut and

+ =+, in the case of uniform motion, and let
r =yo

+yl,

e = w t + el'

+=A++v

when the motion is slightly disturbed, where r,, O,, and C#B~ are to be treated
as srnall quantities of the first order, and their powers and products are to be
dV
dV
neglected. We may expand - and - by Taylor's Theorem,
dr
d+
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where the values of the dserential coefficients on the right-hand side of the
equations are those in which r, stands for r, and
for +.

Calling
and taking account of equations (9). and (IO), we may write these equations,

Substituting these values in equations (6), (Y), (B), and retaining a11 small
quantities of the first order while omitting their powers and products, we have
the following system of linear equations in r,, O,, and +,,

( 2

R ~ ~ , ~ - + ~ ~ ~ ) + ( R + S ) ( M V= ~O +
.........
N + (il),
~)

PROB.III. To reduce the three simultaneous equations of motion to the
form of a single linear equation.
Let us write n instead of the symbol
terms of r,, O,, and

+,, they

d
-,
dt

then arranging the equations in

may be written:

( S R , ~ ~ + ( R + S ) M ) ~ , + ( R ~ ~ ~ ~ ) B , + ( R= O+ ......(
S)N+
l4),,
{ ~ d - R d - ( R + s ) L}r,-(2Rrpn) 8,-(R+S) M+,=O

...... (15),

- (SA!) rl + (RPne)0, + (Rk2n2-SN)

...... (16).

+l

=O

+,

Here we have three equations to determine three quantities rl, O,,
; but
it is evident that only a relation can be determined between them, and that
in the process for finding their absolute values, the three quantities .will vanish
together, and leave the following relation among the coefficients,
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+ (R +S)ïK) {~Rr,on}(RPna-SN)
-t {Rna- R d - (R + S ) L) {RPna}{(R + S) N)

- (2Rroon

+ (SM) (Rr:n2) (R +S ) M- (SM) (2Rrown)(R+S)N
+{2Rroon+ (R +S)M) {RKna){(R+S ) M)
-{Rna-R d -

......( 17).

(R + S)){Rr,"n2}{RPn2-SN)

By multiplying up, and arranging by powers of n and dividing by Rn',
this equation becomes

An4+ Bnz+ C= O

................................(1%

where

A =Rar,"P,
B = 3R"r,"7"oa-R (R+ S ) Lr,"j%a
- R {(R + S)Tc"

1 ......(19).

S?} N

Here we have a biquadratic equation in n which may be treated as a
d
quadratic in na, it being remembered that n stands for the operation -,
dt

PROB.IV.

TO determine whether the motion of the ring ia stable or
unstable, by means of the relations of the coefficients A, B, C.
The equations to determine the forrns of r,, O,, and
are al1 of the form

+,

and if

?î

be one of the four roots of equation (18), then

u = De*
will be one of the four terms of the solution, and the values of r,, O,, and
+, will dXer only in the values of the coefficient D.
Let us inquire into the nature of the solution in different cases.
(1) If n be positive, this term would indicate a displacement which
must Uicrease indefinitely, so as to destroy the arrangement of the system.
(2) If n be negative, the disturbance which it belongs to would gradually
die away.
then there
(3) If n be a pure impossible quantity, of the form f a 4-1,
will be a term in the solution of the form Dcos(at+a), and this would indi27r
cate a @riodie variation, whose amplitude is D,and period -,

a
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the first term being positive and
(4) If n be of the form b~ J-la,
the second impossible, therb will be a term in the solution of the form

DebtCOS (at + a),
which indicates a periodic disturbance, whose amplitude continually increases
till it disarranges the system.
If n be of the form - b f J-ia, a negative quantity and an impossible one, the corresponding term of the solution is
(5)

COS

(at + a),

which indicates a periodic disturbance whose amplitude is constantly diminishing.

It is manifest that the h s t and fourth cases are inconsistent with the
permanent motion of the system. Now since equation (18) contains only even
powers of n, it must have pairs of equal and opposite roots, so that ,every
root coming under the second o r Uth cases, implies the existence of another
root belonging to the first or fourth. If such a root exists, some disturbance
may occur to produce the kind of derangement corresponding t o it, so that
the system is not safe unless roots of the first and fourth kinds are altogether
excluded. This cannot be done without excluding those of the second and fifth
kinds, so that, to insure stability, all the four roots must bo of the third kind,
that is, pure impossible quantities.
That this may be the case, both values of n3 must be real and negative,
and the conditions of this are1st. That A, B, and C should be of the same sign,
2ndly. That B" > 4AC.
When these conditions are fulfllled, the disturbances will be periodic and
consistent with stability. When they are not both fulfilled, a small disturbance
may produce total derangement of the system.

PROB.
V.

TO find the centre of gravity, the radius of gymtion, and the
variations of the potential near the centre of a circular ring of small but variable
section.
Let a be the radius of the ring, and let 9 be the angle subtended a t the
centre between the radius through the centre of gravity and the lime through
a given point in the ring. Then if p be the mass of unit of length of the
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ring near the given point, p will be a periodic function of 8, and may therefore be expanded by Fourier's theorem in the series,

where f, y, h, &c. are arbitrary coefficients, and

R is the

mass of the ring.

(1) The moment of the ring about the diameter perpendicular to the

prime radius is
RT.= r r a 2cos BdO = RaJ
O

therefore the distance of the centre of gravity from the centre of the ring,

(2) The radius of gyration of the ring about its centre in its own plane
is evidently the radius of the ring =a, but if k be that about the centre of
gravity, we have
?2+r,"=a2;

.:

ICa=aa(l-fa).

The potential at any point h found by dividing the mass of each
element by its distance from the given point, and integrating over the whole
mass.
(3)

Let the given point be near the centre of the ring, and let its position be
defined by the CO-ordinatesr' and I), of which r' is s r n a compared with a.
The distance (p) between this point and a point in the ring is

r'

The other terms contain powers of - higher than the second.
a

We have now to determine the value of the integral,

and in multiplying the terms of (p) by those of

Q

, we

need retain only

those which contain constant quantities, for all those which contain sines or
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cosines of multiples of ($-8) will vanish when integrated between the limits.
I n this way we h d

The other terms containing higher powers of

r'

-.
a

I n 'order to express V in terms of r, and +1, as we have assiimed in the
former investigation, we must put
r' cos = -rl *r,+,P,
Y' sin $ = - T&,

+

+

R

From which we' find - = --JI
a2

These results may be confirmed by the following considerations applicable to
any circular ring, and not involving any expansion or integration. Let af be
the distance of the centre of gravity from the centre of the ring, and let
the ring revolve about its centre with velocity o. Then the force necessary
to keep the ring in that orbit will be Rafo".

-

But let S be a mass fixed a t the centre of the ring, then if
ma,-

s

u3'

every portion of the ring will be separately retained in its orbit by the attraction of S, so that the whole ring will be retained in its orbit. The resultant
attraction must therefore pass through the centre of gravity, and be

-Rafwa= -RS fur
'
therefore
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The equation
is true for any system of matter attracting according to the law of gravitation.
If we bear, in mind that the 'expression is identical in form with that which
masures the total efflux of fluid from a ditIérentia1 element of volume, where
dV dV d V .
-, - are the rates a t which the fluid passes through its sides, we may

&'

dy

dz

easily form the equation for any other case. Now let the position of a point
in space be determined by the CO-ordinatesr,
and z, where z is measured
perpendicularly to the plane of the angle 4. Then by choosing the directions
of the axes x, yj z, so as to coincide with those of the radius v e c t ~ rr, the perpendicular to it in the plane of 4, and the normal, we shall have
dx = dr,
dy =rd+,
dz = dz,

+

The quantities of fluid passing through an element of area in each direction are

so that the expression for the whole efflux is '
1 d
V d",
-+-+r d r
dra

1 d a+ d2V
-........................
gdfl
dz2
(251,

which is necessarily equivalent to the former expression.
d2v
Now at the centre of the ring - may be found by &midering the attracdz"
tion on a point just above the centre at a distance z,
d-V
z
=-R
dz
(a.+zay '
d=V
R when z = 0.
-- - -dz2
as'
i dV - R
Also we know
- 2 , and r=aJ

z-

d"
1
-+de a 7
an equation satisfied by the former values

so that in any circular ring

VOL. 1.
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d2V

-df= 2 -

R
a3 .......................... (26h

of L and AT.

By referring to the original expression' for the variable section of the ring,
it appears that the effect of the coefficient f is to make the ring thicker on
one, aide and thinner on the other in a uniformly graduated manner. The effect
of g is t o thioken the ring a t two opposite aides, and d i i h its section in
the parts between. The coefficient h. indicntes an inequality of the same kind,
only not symmetrically disposed about the diameter. through the centre of
gravity.
Other terms indicating inequalities recurring three or more times in the
circumference of the ring, have no effect on the values of L, M and N. There is
one remarkable case, however, in which the irregularity consists of a single
heavy particle placed at a point on the circumference of the ring.
Let P be the mass of the particle, and Q that of the uniform ring on
which it is fixed, then R = P + Q,

PROB.VI. TO determine the conditions of stability of the motion in terms
of the 'coefficientsf, g, h, which indicate the distribution of mass in the ring.
The quantities which enter into the differential equation of motion (18);
are R, S, P, r,, oa,6, M,N. We must observe that S is very large compared
with R, and therefvre we neglect R in those terms in which it is added to S,
and we put

S =do2,
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Substituting these values in equation (18) .and dividing by Ray, we obtain
The condition of stability is t)iat this equation shall give both values of n2
negative, and this renders it necessary that all the coefficients should havq the
same sign, and that the square of the second should exceed four times the
product of the first and third.
(1) Now if we suppose the ring to be uniform,

and the equation becomes
2 2
n4+nw
+$=O

f,

y and h disappear,

.................................(29)s

which gives impossible values t o na and indicatee the instability of a uniform
ring.

If we make g and h=O, we have the case of a ring thicker at one
than the other, and varying in section according to the simple law of sines.
must remember, however, that f must be less than +, in order that the
section of the ring at the thinnest part may be real. The equation becomes
(2)

(1

-y)n 4 + ( l -*y)n'a2+($-6fl)w4=0 ..................(30)-

The condition that the third terra should be positive gives

$c '375.
The condition that nashould be real gives
7ly - 112f'+ 32 negative,
which requires f'" to be between ,37445 and 1.2.
The condition of stability is therefore that f' should lie between .
*37445 and 0375,
but the construction of the ring on this principle requires that f' should be
less than '25, so that it is impossible t o reconcile thii fonn of. the ring with
$he conditions of stability.
Let us next take the case of a uniform ring, loaded with a heavy
particle at a point of its circumference. We have then g = 35 h = O, and the
equation becomes
(3)
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Dividing each term by 1 -f, we get

( l + f ) n 4 + ( l + f - 8 f")
n2w2+$(3 ( l + f ) - 8 f " } 0 4 = 0

............-(32 ) .

The first condition gives f less than -8279.
The second condition gives f greater than '8 15 8 6 5 .
Let us assume as a particular case between these limits f = ' 8 2 , which
makes the ratio of the rnass of the particle to that of the ring as 82 t o 18,
then the equation becomes

which gives

J y n = I'5916u or &.30760~.

These values of n indicate variations of Y,, O,, and $,, which are compounded of two simple periodic inequdities, the period of the one being 1-69
revolutions, and that of the other 3.251 revolutions of the ring. The relations
between the phases and amplitudes of these inequalities must be deduced from
equations (14), ( 1 5 ) , (16), in order that the .character of the motion may be
completely deterrnined.
Equations ( 1 4 ) , ( 1 5 ) , (16) may be written as follows:
(4nw+hw"

3
i2fn201+f(3-54
a

o'+L=O

................(34)s

( n a - - P ( 3 + g ) } ~ - ~ f ~ n ~ l - + f h d +..................
l=~
(35)s

By eliminating one of the variables between any two of these equations,
we may determine the relation between the two remaining variables. Assuming
one of these to be a periodic function of t of the form A cosvt, and rememd

bering that n stands for the operation - we may find the form of the other.
dt '
Thus, eliminating 8, between the first and second equations,
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5
= A sin vt,
CG

Assuming

and

cj1 = & cos (vt

-P),

+

{ - vS++vua(5 -g)} A cos vt +hoaA sin vt +fWS (3 - y ) &cos(vt -p) + f ho2vQsin (vt - PIEquating vt to 0, and to ?, we get the equations
2

-

{v3 +vua( 5 -g)) A =foaQ ((3 - y ) o cos p - +hv sin P},
.

-

-hw"A=fw~{(3-g)osinp+~hvcosp},

.from which to determine Q and P.
I n all caxses in which the mass is disposed aymmetrically about the diameter
through the centre of gravity, h = O and the equations may be greatly simplified.

-

Let 8, = P cos (ut a), then the second equation becomes

(9+40' (3 +y)) A sin vt = 2Pfov sin (vt - a),
whence
The first equation becomes
,

.

,

4Aov cos vt - 2Pfvacos vt

+ &f (3 -g) oacos (vt -p) = O,

whence
I n the numerical example in which a heavy particle was fixed t o the circumference of the ring, we have, when f = '82,

so that if we put o t = 8, =the mean anomaly,

8, = 3.21 A cos (5916 8,-a)+ 5'72 B cos ('3076 8,-P)

t$l=

............

- 1 * 2 2 9 A c o ~ ( * 5 9 1 6 8 ~ - a ) - 5 * 7 9 7 B c o s ( ~ 3 0eo-p)
76

(41)9

... (42).

These three equations serve t o determine r,, 8, and t$I when the original
motion is given. They contain four arbitrary constants A, B, a, 6. Now since
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the original values 1;, O,, +1, and also their first differential coefficients with
respect to t, are arbitrary, it would appear that six arbitrary constants ought
to enter into the equation. The reason why they do not ia that we assume
r, and O, as the mean values of r and 0 in the ccctual motion. These quantities
therefore depend on the original circumstances, and the two additional arbitrary
constants enter into the values of r, and O,. I n the a-nalytical treatment of the
problem the dserential equation in n was originally of the sixth degree with a
solution n'=O, which implies the possibility of terms in the solution of the
forru Ct D.

+

The existence of such terms depends on the previous equations, and we find
that a term of thii form may enter into the value of O, and that rl may contain
a constant term, but that in both cases these additions will be absorbed into
the valiies of O,, and r,.

PART II.
ON THE MOTION OF A RING, THE PARTS OF WEiICH ARE NOT RIGIDLY CONNECTED.

1. IN the case of the Ring of invariable form, we took advantage of the
principle that the mutual actions of the parts of any system form a t aU tirnes
a system of forces in equilibrium, and we took no account of the attraction
between one part of the ring and any other part, since no motion could result
from thii kind of action. But when we regard the dXerent parts of the ring
as capable of independent motion, we must take account of the attraction on
each portion of the ring as dected by the irregularities of the other parts, and
therefore we must begin by investigating the statical part of the problem in'
order to determine the forces that act on any portion of the ring, as depending
on the instantaneous condition of the rest of the ring.
In order to bring the problem within the reach of our mathernaticd methods,
we limit i t to the case in which the ring is nearly circular and uniform, and has
a transverse section very small compared with the radius of the ring. By
analysing the difEculties of the theory of a linear ring, we shall be better able
to appreciate those which occur in the theory of the actual rings.
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The ring which we consider is therefore small in section, and very nearly
circular and uniform, and revolving with nearly uniform velocity. The variations
from circular form, uniform section, and uniform velocity must be expressed by a
proper notation.
2.

To express 'the position of an element of a variable ring a t a given time

in teims of the original position of the element in the ring.
Let S (fig. 3) be the central body, and SA a direction fixed in space.
Let SB be a radius, revolving with the mean angular velocity
ring, so that ASB =ut.

o

of the

Let .rr be an element of the ring in its actual position, and let P be the
position it would have had if i t had moved uniformly with the mean velocity o
and had not been displaced, then BSP is a constant angle =s, and the value
of s enables us to identify any element of the ring.
The element may be removed from its mean position P in three different
ways.
(1)

By change of distance from S by a quantity p x = p .

(2)

By change of angular position through a space Pp= u.

(3)

By displacement perpendicular to the plane of the paper by a quantity 5.

I f we could calculate the attractions on any element as depending on the form of these functions, we might
determine the motion of the ring for any given original disturbance. We cannot,
however, make any calculations of this kind without knowing the form of the
functions, and therefore we must adopt the following method of separating the
original disturbance into athers of simpler form, h t given in Fourier's Trctitd
p, a and f: are

d functions of

s and t.

de Chaleur.

Let U be a function of s,. it is required to express U h a series of
aines and cosines of multiples of s between the values s = O and s =gr.
3.

Assume

U =A, cos s + A , cos 2s + &c. + A , cos ms + A , cos ns
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Multiply by cos msds and integrate, then all terms of the form

-

J cos ms cos nsds and j cos ms sin nsds
will vanish, if we integrate from s = O t o s = Zn, and there remains

r u COS W

~ S
= r~,,

r~sinmxiS=~~,.

If we can determine the values of these integrah in the given case, we
can find the proper coefficients A,, B,, &c., and the series will then represent
the values of U from s = O to s = 277; whether those values be continuous or
discontinuous, and when none of those values are infinite the series will be
convergent.

I n this way we may separate the most complex disturbances of a ring into
parts whose form is that of a circular function of s or its multiples. Each of
these partial disturbances may be investigated separately, and its effect on the
attractions of the ring ascertained .either accurately or approximately.
To find the magnitude and direction of the attraction between two
elements of a diiturbed ring.
4.

Let P and Q (fig. 4) be the two elements, and let their original positions
denoted by sl and s, the values of the arcs BP, BQ before displacement.
~e displacement consists in the angle BSP being increased by cl and BSQ
u,,while the distance of P from the centre is increased by p, and that of
Q by p,. We have t o determine the effect of these displacements on the distance
P Q and the angle SPQ.
Let the radius of the ring be unity, and s2-,r, =28, then the original
value of PQ will be 2 sin O, and the increase due to displacernent

+

= (p2 pi) sin 8

+ (us- cl)cos 0.

We may write the complete value of PQ thus,

P Q = ~ s i n 8 { ~ + - & ( ~ ~ + ~ , ) + ~8)(.............
~ ~ - ~ ~ ,.
) c(1).
ot
The original value of the angle SPQ was ?-O,
2
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and the increase due to
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so that we may write the values of sin S P Q and cosSPQ,

............ ( 2 ) ~
cosSPQ=sin6{1-+(p,-p,)cotgO++(~2-ul)
cot 6) ...... (3).

sinSPQ=cos 6 { 1 + ~ ( ~ , - ~ , ) - + ( u ~ - u ,tan
) 6)

If we assume the masses of P and Q each equal to 2 R, where R is the

P
mass of the ring, and p the number of satellites of which it is composed, the
accelerating effect of the radial force on P is
1 cosSPQ 1 R
--R
p4sinO (1 -(p2+p1) -4 (pa-pl) cot26-* (us- +ot
P&"

O}... (4),

and the tangential force

-'P@
1

EL

sin S P Q = 1 ---Rcos B
(1 -&p2- 3p1- (a2 cl)
(cot O
p4sin26

-

++ t,an 8))......( 5 ) .

1 Q-5,
The normal force is p-A-8 sin36 '

5. Let us substitute for p, a and 5 their values expressed in a series of
sines and cosines of multiples of s, the terms involving ms being

+
a,= B sin (ms +p),

u2=Bsin (ms+p+ 26),

[l=cco~(ms+y),

5, = CCOJ(w+y+26).

pl = A cos (ms a),

p2=Acos(ms+u+28),

The radial force now becomes

?H[

t~4sin8

+

+

+

1 -A cos (ms a) (1 cos 2m8) + A sin (ms a)sin 2m6
+*A cos (ms + a) (1- cos 2m8) cot2O -&A sin (ms a) sin 2m6 cotV

+

+&Bsin (ms +p) (1- cos 2mO) cot 6 -+Bcos ( m s +B) sin 2m8 cot 8

1

(6).

The radial component of the attraction of a corresponding particle on the
0 t h side of P may be found by changing the sign of 8. Adding the two
togethers we have for the effect of the pair
1 R
--

pZsi1.16 {1 - A cos (ms + a) (2 C O S % ~

- sin' m8 cotaO)

-Bcos (ms+p)&sin2mf?cot8) ............(7).
VOL. 1.
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4O

sin' m0 cosa0

Let us put

cos%

sin 2 d cos
M='(
,sina@

J=x (

sinam9

me)

where the summation extends to all the satellites on the same side of P,

x

that is, every value of 8 of the f o m -7 where x is a whole number lem
P

The radial force may now be written

* The following values of several quantities which enter into these investigations are calculated for a
ring of 36 satellites.

m= O
m= 1
m= 2

m= 3
4

na =

m=

9

m = 18

When p is very great,
P
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L= -5259 when n =P2'

The tangential force may be calculated in the same way, it is

T = RIMA sin ( m + a ) +NBain (ms+p)}...............(10).
P

The normal force is

Z=

1
-RJCCOS
( m + y ) ........................ (11)P

We have found the expressions for the forces which act upon each
member of a system of equal satellites which originally formed a uniform ring,
but are now dected with displacements depending on circular functions. If
these displacements can be propagated round the ring in the form of waves
6.

m
n'

with the velocity - the quantities a, P, and y will depend on t, and the
complete expressions will be
p==Acos(ms+nt
a = B sin (ms+nt
5 = Ccos (ms+n't

+ a)
+fi) ...........................(1%

+y )

Let us find in what cmes expressions such as these will be true, and
what will be the result when they are not true.
Let the position of a satellite at any time be determined by the values
of r, 4, and 5, where r is the radius vector reduced to the plane of reference,
the angle of position measured on that plane, and 5 the distance from it.
The equations of motion will be

+

If we substitute the value of 5 in the third equation and remember that r
is nearly = 1, we find
1
%'2 -S+- RJ. ................................(14)P

As t h expression is necessarily positive, the value of n' is always real,
and the disturbances normal to the plane of the ring caii always be propa40-2
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gated as waves, and therefore cm never be the cause of instability. We
therefore confine Our attention to the motion in the plane of the ring as
deduced from the two former equations.
Putting r = i + p and +=ut +s+c+,
p, u and their dxerential coefficients,
02+++2w

and omitting powers and products of

du

-

dt dt"
dp au
2~-+-=Y'
dt dt"

..................

(15).

Substituting the values of p and u as given above, these equations become

Putting for (ms+nt) any two different values, we find from the second
equation ( 1 7)
a=/3

.......................................(18),

1
1
(2on+- RM) A + ( n a + - R N ) B=O
P
P
1
1

and

...................(19)9

and from the first ( 1 6 ) (wa+2S-- RI;+na)A+(2wn+-RM) B = o
P

P
l

w=-S--RK=o

and

P

.........(20),

.................................( 2 1 ) .

Eliminating A and B from these equations, we get

a biquadratic equation to determine n.
Bor every real value of n there are terms in the expressions for p and
of the form
Acos (ms+nt+a).
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For every pure impossible root of the form & f i n ' there are terms of
the forms

AE*"'~
COS (ms + a).

Although the negative exponential coefficient indicates a continually diminishing
diplacement which is consistent with stability, the positive value which necessarily accompanies it indicates a continually increasing disturbance, which would
completely derange the system in course of time.

For every mixed root of the form I J - l n ' + n ,

there are terms of the form

A i n f cos
t (ms + nt + a).

If we take the positive exponential, we have a series of m waves travelling
n
and increasing in amplitude with the coefficient E+"".
The
m
negative exponentid gives us a series of m waves gradually dying away, but

with velocity

-

the negative exponential cannot exist without the possibility of the positive one
having a finite coefficient, so that it is necessary for the stability of the motion
that the four values of n be all real, and none of them either impossible
quantities or the sums of possible and impossible quantities.
We have therefore to determine the relations among the quantities K, L,

M, N, R, S, that the equation

1

1

1

1

-40-RMn+{3S+- R ( K - L ) ) - RN- - RM"
CL
II
II
CL8
may have four real roots.

U=O

7. I n the first place, U is positive, when n is a large enough quantity,
whether positive or negative.

It is also positive lwhen
1

pared with - RL,
P

1
-

P

RM and

n= O,

1
-

CL

provided S be large, as it must be, com-

RN.

If me can now find a positive and a negative value of n for which U
is negative, there must be four real values of n for which U = O, and the four
roots will be real.
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Now if we put n= IJ&JS,

which is negative if S be large compared to R.
So that a ring of satellites can always be rendered stable by increasinp;
the mass of the central body and the angular velocity of the ring.
The values of L, M, and N depend on m, the number of undulations in
the ring.

When m = e

2'

the values of L and N will be a t their maximum

and M=O. If we determine the relation between S and R in this case so
that the system may be stable, the stability of the system for every other
displacement d be secured.
To find the mass which must be given to the central body in order
that a ring of satellites may permanently revolve round it.
8.

We have seen that when the attraction of the central body is s5ciently
great compared with the forces arising from the mutual action of the satellites,
a permanent ring is possible. Now the forces between the satellites depend on
the manner in which the displacement of each satellite takes place. The conception of a perfectly arbitrary displacement of all the satellites may be rendered
manageable by separating it into a number of partial displacements depending
on periodic functions. The motions arising froin these small displacements will
take place independently, so that we have to consider only one at a time.
Of all these diiplacements, that which produces the greatest disturbing
forces is that in which consecutive satellites are oppositely displaced, that is,
when m = - ,

2

for then the nearest satellites are displaced so as t6 increase as

much as possible the effects of the displacement of the satellite between thern.
If we make p a large quantity, we shall have

f;=-

7r3

'5259,
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M= O,

N=2L,

K very small.

1

Let - R L = x , then the equation of motion will be
P

n4-(S-x) na+2x(3S-x)=

U = O.......................( 2 3 ) .

The conditions of this equation having real roots are

S >x

(24h
( X - x ) ' > 8 2 ( 3 s - x ) ........................... P 5 ) .
....a....

The last condition gives the equation
26Sx

whence

+ 9x2> O ,

S B 26'6422, or S< 0 . 3 5 1 ........................
~
(26).

The last solution is inadmissible because S must be greater than x, so that
the true condition is

S>25'649x,
S > ' 4 3 5 2 ~ ' R................................... (27).

So that if there were 100 satellites in the ring, then

S > 4352 R
is the condition which must be fulfilled in order that the motion arising from
every conceivable displacement may be periodic.

If this condition be not fuuled, and if S be not sufEcient to render the
motion perfectly stable, then although the motion depending upon long undulations may remain stable, the short undulations will increase in amplitude till
some of the neighbouring satellites are brought into collision.
To determine the nature of the motion when the system of satellites
is of small mass compared with the central body.
9.

The equation for the determination of n is

,

When R is very s m d we may approximate t o the values of n by assuming
that two of them are nearly w, and that the other two are small.
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If we put n =

+ a,
-

t

,

Therefore the corrected values of n are

1

The small values' of n are n e a r l y I 4 ~ - RN: correcting them in the same
P

way, we find the approximate values

The four values of n are therefore

and the complete expression for p, so far as it depends on terms containing ms,
is therefore

p = ~ l c o (sm s + n l t + ~ ) + A , c o s ( m s + n 2 t + ~ )

and there will be other systems, of four terms each, for every value of m. in
the expansion of the original disturbance.

We are now able to determine the value of a from equations (12), (20), by
putting /3 = a, and

B=

-

2wn+-

1

P

1

RM

na+- RN
C.c
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A

........................... (33).
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32 1

So that for every term of p of the form
p=

A cos (ms+nt +a)

........................... (3419

there is a corresponding term in cr,

IO. Let us now fix Our attention on the motion of a single satellite,
and determine its motion by tracing the changes of p and u while t varies
and s is constant, and equal to the value of s corresponding to the satellite
in question.
We must recollect that p and cr are measured outwards and forwards from
an imagina7 point revolving a t distance 1 and velocity o, so that the motions
we consider are not the absolute motions of the satellite, but its motions
relative to a point fixed in a revolving plane. This being understood, we may
describe the motion as elliptic, the major axis being in the tangential direction, and the ratio of the axes being nearly 2 z which is nearly 2 for n, and n4
na

and is very large for

1î,

and na.
Zn
n '

The time of revolution is - or if we take a revolution of the ring as
the unit of time, the time of a revolution 'of the satellite about its mean
position is - .
.O

n

The direction of revolution of the satellite about its mean position ia in
every case opposite to that of the motion of the ring.
The absolute motion of a satellite may be found from its motion
relative t o the ring by writing
11.

VOL. 1.
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When n is nearly equal to k w , the motion of each mtellite in space is
nearly elliptic. The eccentricity is A, the longitude at epoch s, and the longitude when a t the greatest distance from Saturn is for the negative value n,

and for the positive value n,

We must recollect that in al1 cases the quantity within brackets is negative,
so that the major axis of the ellipse travels fornards in both cases. The chief
difference between the two cases lies in the arrangement of the major axes of
the ellipses of the different satellites. I n the first case as we pass from one
satellite to the next in front, the axes of the fwo ellipses lie in the same
order. I n the second case the particle in front haa its major axis behind that
of the other. I n the cases in which n is small the radius vector of each
satellite inoreases and diminishei during a periodic time of several revolutions.
Thia gives rise to an inequality, in which the tangential displacement far exceeds
the radial, as in the oase of the annual equation of the Moon.
12. Let us next examine the condition of the ring of satellites a t a given
instant. We must therefore fix on a particular value of t and trace the changes
of p and a for different values of S.

From the expression for p we learn that the satellites forrn a wavy line,
which is furthest from the centre when (ms+nt + a) is a multiple of Zn, and
nearest to the centre for intermediate values.
From the expression for u we learn that the satellites are sometimes in
advance and sometimes in the rear of their mean position, so that there are
places where the satellites are crowded together, and others where they are
drawn asunder. When n is positive, B is of the opposite sign to A, and the
crowding of the satellites takes place when they are furthest from the centre.
When 12 is negative, the satellites are separated most when furthest from the
centre, and crowded together when they approach it.
The form of the ring a t any instant is therefore that of a string of beads
forming a re-entering curve, nearly circular, but with a small variation of distance
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from the centre recurring m times, and forming rn regular waves of transverse displacement a t equal intervals round the circle. Besides these, there are
waves of condensation and rarefaction, the effect of longitudinal displacement.
When n is positive the points of greatest distance from the centre are points
of greatest condensation, and when n is negative they are points of greatest
rarefaction.
13. We have next to determine the velocity with which these waves of
disturbance are propagated round the ring. We fixed our attention on a particular satellite by making s constant, and on a particular instant by making t
constant, and thus we determined the motion of a satellite and the form of the
ring. W e must now fix our attention on a phase of the motion, and this we
do by making p or cr constant. This implies

+ + a = constant,

ms nt

So that the particular phase of the disturbance travels round the ring with an
n
angular velocity = - - relative to the ring itself. Now the ring is revolving
\

m

in space with the velocity o, so that the angular velocity of the wave in space is

Thus each satellite moves in an ellipse, while the general aspect of the
ring is that of a curve of m waves revolving with velocity m. This, however,
is only the part of the whole motion, which depends on a single term of the
solution. In order to understand the general solution we must shew how to
determine the whole motion fkom the state of the ring at a given instant.

Given the position and motion of evey satellite ut any one time, to
calculate the position and motion o f every satellite at any other tirne, prmOZn,ded
thut the.codtion of stability is fuljillecl.
14.

The position of any satellite may be denoted by the values of p and rr for
that satellite, and its velocity and direction of motion are then indicated by the
dp
du
values of - and - a t the given instant.
dt
dt
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These four quantities may have for each satellite any four a<rbitraryvalues,
as the position and motion of each satellite are independent of the rest, a t the
beginning of the motion.
Each of these quantities is therefore a perfectly arbitrary finction of s, the
mean qngular position of the satellite in the ring.
But any function of s from s = O to s = Zn, however arbitrary or discontinuous,
can be expanded in a series of terms of the form A cos (s + a) + A fcos (2s + a') + &c.
See 8 3.
dp
dv
Let each of the four quantities p, %, a, dt be expressed in terms of. such
a series, and let the terms in each involving ms be
p= Ecos (m+e)

.............................. (37h

a = G cos (m+g).

.............................(391,

These are the parts of the values of ehch of the four quantities which are
capable of being expreased in the form of periodic functions of rns. It is
evident that the eight quantities E, F, G, H, e, f, g, h, are d independent and
arbitrary.
The next operation is to find the values of L, M, N, belonging to disturbances in the ring whose index is m [see equation (a)], t o introduce these
values into equation (28), and to determine the four values of n, (n,, nz, na,n,).
This being done, the expression for p is that given in equation (32), which
contains eight arbitrary quantities (A,, A,, A,, A , a,, a,, a,, a,).
Giving t its original value in this expression, and equating it to E cos (ms + e),
we get an equation which is equivalent to two. For, putting ms = O, we have
A,cos a,+A,cosa,+A,cosa,+A, cosa,=Ecose
IT

And putting ms =-

2'
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we have another equation

............(41).

Differentiating (32) with respect t o t, we get two other equations

- Alnl sin a-&c.=Pcos f ........................... (4319
Bearing in mind that Bl, B,, &c. are conneded with A,, A,, &c. by equation (33), and that B is therefore proportional to A, we may write B=A/3,
where

/3 being thus a function of

n,

and a known quantity.

The value' of cr then becomes a t the epoch
cr =A& sin (ms

+ %) + &c. = G cos (ms +g),

from which we obtain the two equations

A$, sin a, +&c.= G cos g ...............................
(45)~
A& cosq+&c. =

- Gsing ........................... (46).

Difîerentiating with respect to t, we get the remaining equations

+
A&n, sin a,+ &c. = Hsin h. ..........................(48).

A&nl cos cc, &c. = H cos h ......................... (47)s

We have thus found eight- equations to determine the eight quantities
A,, &c. and a,, &c. To solve them, we may take the four in which A, cos a,,
&c. occur, and treat them as simple equations, so as to find Alcos a,, &c. Then
taking those in which A, sin%, &c. occur, and determining the values of those
quantities, we c m easily deduce the value of A, and a,, &c. from these.
We now know the amplitude and phase of each of the four waves whose
index is m. A l l other systems of waves belonging t o any other index must
be treated in the same way, and since the original disturbance, however arbitrary,
can be broken up into periodic functions of the form of equations (37-do),
our solution is perfectly general, and applicable ti every possible disturbance of
a ring fulfilling the condition of stability (27).
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15. We corne next t o consider the effect of an external disturbing force,

due either to the irregularities of the planet, the attraction of satellites, or
the motion of waves in other rings.

All disturbing forces of this kind may be expressed in series of which the
general term is
A cos (vt + ms + a),
where v is an angular velocity and m a whole number.

+

Let P cos (ms vt + p ) be the central part of the force, acting inwards, and
Q sin (ms +ut + q) the tangential part, acting forwards. Let p = A cos (ms vt a)
and cr = B sin (ms +ut +p), be the terms of p and a which depend on the
external disturbing force. These will simply be added to the terms depending
on the original disturbance which we have already investkted, so that the
complete expressions for p and u wiU be as general as before. I n consequence
of the additional forces and displacements, we must add to equations (16) and
(17), respectively, the following terms :
1

+ +

(ZK+L)+v? A cos ( m + v t + a )

(30"-a

P

1
(2ov+ - RM)A sin (ms+vt+a)
P

1

+(v'+- RN) Bsin(ms+vt+B)+ &sin ( m + v t + q ) = 0 .........(50).
P

Making ms +ut = 0 in the b t equstion and
1

in the second,

1
P
I
1
(2ov+-RIM) Acosa+(~9+-RN)Bcos~+Qcosq=~......(~~).
(-L
P

{3u2--R(2K+L)+3) A cos a+(2ov + - R q Bcosp-Pcosp=O ......(51).
P

+(3m1--&
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1
P

1
P

1

(2K-t-4)-RN- aRaM2.........(53),
P
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we shall find the value of A cos a and B cos P ;

BcosB=

-

IWV+-

1

1

$+3wa--B(K+L)

RM

U'

Pcosp-

P

U'

Q cos q........(55).

Substituting sines for cosines in equations (51), (52), we may h d the
valiies of A sin a and B sin p.
Now U' is precisely the same function of u that U is of n, so that if v
coincides with one of .the four values of n, U' will vanish, the coefficients A
and B will become infinite, and the ring will be destroyed. The disturbing
force is supposed to arise from a revolving body, or an undulation of any kind
which h a an angular velocity

u
-m
-

relatively to the ring, and therefore an

v
absolute angular velocity = o - m'
If then th0 absolute angdar velocity of the disturbing body is exactly or
~iearlyequal to the absolute angular velocity of any of the free waves of the
ring, that wave will increase till the ring be destroyed.
The velocities of the free waves are nearly
w

(i+I),
m a
+
' m ,/Y~Bx>
P

W-'&LRN,
m

P

and

ai

...... (56).

When the angular velocity of the disturbing body is greater than that of
the first wave, between those of the second and third, or less than that of
the fourth, U' is positive. When it is between the first and second, or between
the third and fourth, U' is negative.
Let us now simplify our: conception of the disturbance by attending to the
central force only, and let us put p = 0, so that P is a maximum when m + v t
is a multiple of Zn. We h d in th& case a = 0, and /3 = 0. Also

A=
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v ' + i RN
P

U'

P ................................. (57h

When U' is positive, A will be of the same sign as P, that is, the parts
of the ring will be furthest from the centre where the disturbiig force towards
the centre is greatest. When U' is negative, the contrary will be the case.
When v is positive, B WUbe of the opposite sign to A, and the parts
of the ring furthest from the centre will be most crowded. When v is negative,
the contrary will be the case.
Let us now attend only to the tangential force, and let us put q=O.
find in this case also a = O, /3 = O,

We

The tangential displacement is here in the same or in the opposite direction t o the tangential force, according as U' is negative or positive. The
crowding of satellites is a t the points farthest from or nearest to Saturn
according aa v is positive or negative.
The effect of any disturbing force is to be deterrnined in the following
manner. The disturbiig force, whether radial or tangential, acting on the ring
may be conceived to Vary from one satellite to another, and to be different at
di£Ferent times. It is therefore a perfectly arbitrary function of s and t.
16.

Let Fourier's method be applied to the general disturbing force so as to
divide it up into terms depending on periodic functions of s, ao that each term
is of the form P (t)cos (ms + a), where the function of t is still perfectly azbitrary.
But it appears from the general theory of the permanent motions of the
heavenly bodies that they may all be expressed by peGodic functions of t
arranged in series. Let ut be the argument of one of these terms, then the
correspondhg term of the disturbance will be of the form

P cos (ms + ut + a).
This term of the disturbing force indicates an alternately positive and
negative action, disposed in rn waves round the ring, completing its period
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relatively to each particle in the time
the particles with an angular velocity
space being of course o-

v
-.
m

2
v

- m-v '

and travelling as a wave arnong

the angular velocity relative to fked

The whole disturbing force may be split up into

terms of t h kind.
Each of these elementary disturbances will produce its own wave in
the ring, independent of those which belong to the ring itself. This new wave,
due to external disturbance, and following different laws from the naturd waves
of the ring, is called the forced wave. The angular velocity of the forced wave
is the same as that of the disturbing force, and its maxima and minima coincide with those of the force, but the extent of the disturbance and its direction
depend on the comparative velocities of the forced wave and the four natural
waves.
When the velocity of the forced wave lies between the velocities of the
two middle free waves, or is greater than that of the s d t e s t , or less than
that of the slowest, then the radial displacement due t o a radial disturbing
force is in the sa.me direction as the force, but the tangential displacement
due to a tangential disturbing force is in the opposite direction to the force.
The radial force therefore in th* case produces a positive forced wave, and
the tangential force a negative forced wave.
17.

When the velocity of the forced wave is either between the velocities of
the first and second free waves, or between those of the third and fourth, then
the radial disturbance produces a forced wave in the contrary direction to that
in which it acts, or a negative wave, and the tangential force produces a positive
wave.
The coefficient of the forced wave changes sign whenever its velocity passes
through the value of any of the velocities of the free waves, but it does so
by becoming infinite, and not by vanishing, so that when the angular velocity
very nearly coincides with that of a fiee wave, the forced wave becomes very
great, and if the velocity of the disturbing force were made exactly equal to
that of a free wave, the coefficient of the forced wave would become infinite.
In such a case we should have to readjust our approximations, and to find
whether such a coincidence might involve a physical impossibiity.
VOL. I.
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The forced wave which we have just investigated is that which would maintain itself in the ring, supposing that it had been set agoing a t the commencement of the motion. It is in fact the form of dynamical equilibrium of the
ring under the influence of the given forces. I n order to find the actual motion
of the ring we must combine this forced wave with all the free waves, which
go on independently of it, and in this way the solution of the problem becomes
perfectly complete, and we can determine the whole motion under any given
initial circumstances, as we did in the case where no disturbing force acted.

,

For instance, if the ring were perfectly uniform and ckcular at the instant
when the disturbing force began t o act, we should have to combine with the
constant forced wave a system of four free waves so disposed, that a t the given
epoch, the displacements due ta them should exactly neutralize those due to the
forced wave. By the combined effect of these four free waves and the forced
one the whole motion of the ring would be accounted for, beginning from its
undisturbed state.
The disturbances which are of most importance in the theory of Saturn's
rings are those which are produced in one ring by the action of attractive
forces arising from waves belonging to another ring.
The effect of this kind of action is to produce in each ring, besides its
own four free waves, four forced waves corresponding to the free waves of the
other ring. There will thus be eight waves in each ring, and the corresponding
waves in the two rings will act and react on each other, so that, strictly speaking, every one of the waves will be in some measure a, forced wave, although
the system of eight waves wiU be the free motion of the two rings taken
together. The theory of the mutual disturbance and combined motion of two
concentric rings of satellites requires special consideratioil.
18. On the motion of a ring of satellites when the conditions of stability
are not f u u e d .

We have hitherto been occupied with the case of a ring of satellites, the
stability of which was ensured by the smallness of mass of the satellites cornpared with that of the central body. We have seen that the statically unstable
condition of each satellite between its two immediate neighbours may be compensated by the dynamical effect of its revolution round the planet, and a planet
of sufficient mass can not only direct the motion of such satellites round its
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own body, but can Ekewise exercise an influence over their relations to each
other, so as to overrule their natural tendency to crowd together, and distribute
and preserve them in the form of a ring.
We have traced the motion of each satellite, the general shape of the
disturbed ring, and the motion of the various waves of disturbance round the
ring, and determined the laws both of the natural or fiee waves of the ring,
and of the forced waves, due to extraneous disturbing forces.
We have now to consider the cases in which such a permanent motion of
the ring is impossible, and to determine the mode in which a ring, originally
regular, will break up, in the different cases of instability.
The equation from which we deduce the conditions of stability is-

The quantity, which, in the critical cases, determines the nature of the
roots of this equat,ion, is N. The quantity M in the third term is always
small compared with L and N when rn i~ilarge, that is, in the case of the
dangerous short waves. We may therefore begin our study of the critical cases
by leaving out the third term. The equation then becomes a quadratic in na,
and in order that al1 the values of w may be real, both values of n' must be
real and positive.
The condition of the values of n2 being real is

which shews that J must either be about 14 times a t least smaller, or about 1 4
1

times a t least greater, than quantities Lke - R N .
P

That both values of na rnay be positive, we must have
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We must therefore take the larger value of d, and also add the condition
that N be positive.
RN
We may therefore state roughly, that, to ensure stability, -, the coefficient
EL

of tangential attraction, must lie between zero and &-of If the quantity be
negative, the two s m l l values of n will become pure impossible quantities. If
it exceed &w3, all the values of n will take the form of mixed impossible
quantities.
1
If we write x for - RN, and o d t the other disturbing forces, the equation
P

becomes
whence
If x be small, two of the values of n are nearly km, and the others are
small quantities, real when x is positive and impossible when x is negative.
If x be greater than (7 -J48) wa, or

-

ha
14

nearly, the term under the radical

becomes negative, and the value of n becomes
where one of the terms is a real quantity, and the other impossible. Every
solution may be put under the form
n = p f ~ .................................
q
(66),
where q = O for the case of stability, p = O for the pure impossible roots, and p
and q finite for the mixed roots.
Let UV now adopt this general solution of the equation for n, and determine
its mechanical sigdcance by substituting for the impossible circular functions
their equivalent real exponential functions.
Substituting the general value of n in equations (34), (35),

... (67),

p=~[cos{m+(p+~~)t+.)+cos{~+(p-~~ia)t+~]
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Introducing the exponential notation, these values become

.....................(69),
p (pl + f + x) (cqt +
sin (ms +pt + a)
} ...(70).

p=A(et+c-@) COS ( m + p t + a )
c=

-

2uA
(@+q2)"+2@-f)x+xa

E-Qt)

+ q W + q q " - x ) (8-~'*~)cos(ms+pt+a)

We have now obtained a solution free from impossible quantities, and applicable
to every case.
When p= O, the case becomes that of real roots, which we have already
discussed. When p = O, we have the case of pure impossible roots arising from
the negative values of na. The solutions corresponding to these roots are
= A (eqt

+

e-qt)

--2oqA
qa-x

-

(eqt

+ ........................ (71)- r-Q*)cos (ms + a) ..................(72).
COS

(m a)

The part of the coefficient depending on c-qt diminishes indehitely as the
time increases, and produces no marked effect. The other part, depending on
Pt, increases in a geometrical proportion as the time increases arithmetically, and
so breaks up the ring. I n the case of x being a small negative quantity, q' is
nearly 32, so that the coefficient of a becomes

It appears therefore that the motion of each particle is either outwards and
backwards or inwards and forwards, but that the tangential part of the motion
greatly exceeds the normal part.

It may seem paradoxical that a tangential force, acting towards a position
of equilibrium, should produce instability, while a s m d tangential force from that
position ensures stability, but it is easy to trace the destructive tendency of
apparently conservative force.

te

Suppose a particle slightly in front of a crowded part of the ring, then
if x is negative there d l be a tangential force pushing it forwards, and this
force will cause its distance from the planet to increase, its angular velocity to
diminish, and the particle itself to fall back on the crowded part, thereby
increasing the irregularity of the ring, till the whole ring is broken up. I n
the same >way it may be shewn that a particle b e h i d a cromded part will be
pushed into it. The only force which could preserve the ring frorn the effect
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of this action, is one which would prevent the particle from recediig from the
planet under the influence of the tangential force, or a t least prevent the diminution of angular velocity. The transversal force of attraction of the ring is of
this End, and acts in the right direction, but i t can never be of s f i c i e n t magnitude to have the required effect. I n fact the thing to be done is to render the
last term of the equation in n2 positive w h e n N ia negative, which requires

and this condition is quite inconsistent with any constltution of the ring which
fulfils the other condition of stability which we shall arrive a t presently.
We may observe that the waves belonging to the two real values of n,
+ w, must be conceived t o be travelling round the ring during the whole time
of its breaking up, and conducting themselves like ordinary waves, till the
excessive irregularities of the ring become inconsistent with their uniform propagation.
The irregularities which depend on the exponential solutions do not travel
round the ring by propagation among the satellites, but remain among the same
satellites which first began to move irregularly.
W e have seen the fate of the ring when x is negative. When z is small
we have two small and two large values of n, which indicate regular waves,
as we have already shewn. As x increases, the small values of n increase, and
the large values diminish, till they meet and form a pair of positive and a
pair of negative equal roots, having values nearly & *68w. When x becomes
greater than about ho" then all the values of n become impossible, of the
form p
- iq, q being small when x first begins to exceed its b i t s , and p
being nearly & -680.

+

27T

The values of p and a indicate periodic inequalities having the period - ,

P

but increasing in amplitude a t a rate depending on the exponential el A t the
beginning of the motion the oscillations of the particles are in ellipses as in the
case of stability, having the ratio of the axes about 1 in the normal direction
to 3 in the tangential direction. As the motion continues, these ellipses increase
in magnitude, and another motion depending on the second term of a is combined 6-ith the former, so as to increase the ellipticity of the oscillations and to
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turn th.e major axis into an inclined position, so that its fore end point;s a little
inwards, and its hinder end a little outwards. The oscillations of each particle
mund its mean position are therefore in ellipses, of which both axes increase
continually while the eccentricity increases, and the major axis becomes slightly
inclined to the tangent, and this goes on till the ring is destroyed. I n the
mean time the irregularities of the ring do not remain among the same set of
particles as in the former case, but travel round the ring with a relative angular
velocity

-2.
m

Of these waves there are four, two travelling forwaids among the

satellites, and two travelling backwards. One of each of these pairs depends
on a negative value of q, and consists of a wave whose amplitude continudy
decreases. The other depends on a positive value of q, and is the destructive
wave whose character we have just described.
We have taken the case of a ring composed of equal satellites, as
that with which we may compare other oases in which the ring is constructed
of loose materials differently arranged.
19.

I n the first place let us consider what will be the conditions of a ring
composed of satellites of unequal mass. We shall find that the motion is of
the same kind as when the satellites are equal.
For by arranging the satellites so that the smaller satellites are doser
together than the larger ones, we may form a ring which will revolve uniformly about Saturn, the resultant force on each satellite being just suficient
to keep i t in its orbit.
To determine the stability of this kind of motion, we must calculate the
disturbing forces due t o any given displacement of the ring. This calculation
will be more complicated than in the former case, but will lead to results of
the same general character. Placing these forces in the equations of motion,
we shall End a solution of the same general character as in the former case,
only instead of regular waves of displacement travelling round the ring, each
wave will be split and refleded Ghen it cornes t o irregularities in the chain of
satellites. But if the condition of stability for every kind of mave be fulfilled,
the motion of each satellite will consist of small oscillations about its position
of dynamical equilibrium, and thus, on the whole, the ring will of itself assume
the arrangement necessary for the continuance of its motion, if it be origindy
in a state not very difF.erent from that of equilibrium.
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W e now pass to the case of a ring of an entirely different construction. It is possible to conceive of a quantity of matter, either solid or liquid,
not collected into a continuous mass, but scattered thinly over a great extent
of space, and having its motion regulated by the gravitation of its parts to
each other, or towards some dominant body. A shower of rain, hail, or cinders
is a familiar illustration of a number of uncomected particles in motion; the
visible stars, the milky way, and the resolved nebula, give us instances of a
similar scattering of bodies on a larger scale. I n the terrestrial instances we
see the motion plainly, but it is governed by the attraction of the earth, and
retarded by the resistance of the air, so that the mutual attraction of the
parts is completely masked. In the celestial cases the distances are so enormous, and the tirne during which they have been observed so short, that we
can perceive no motion a t all. Still we are perfectly able to conceive of a
collection of particles of small size compared with the distances between them,
acting upon one another only by the attraction of gravitation, and revolving
round a central body. The average density of such a system may be smaller
than that of the rarest gas, while the particles themselves may be of great
density ; and the appearance from a distance will be that of a doud of vapour,
with this clifference, that as the space between the particles is empty, the rays
of light will pass through the system without being refracted,' as they would
have been if the system had been gaseous.
20.

Such a system will have an average density which may be greater in some
places than others. The resultant attraction will be towards places of greater
average density, and thus the d.ensity of those places will be increased so as
to increase the irregularities of density. The system will therefore be statically
unstable, and nothing but motion of some kind can prevent the particles from
forming agglomerations, and these uniting, till all are reduced to one solid
mass.

We have already seen how dynamical stability cm exist where there is
statical instability in the case of a row of particles revolving round a central
body. Let us now conceive a cloud of particles forming a ring of nearly uniform density revolving about a central body. There will be a primary effect of
inequalities in density tending to draw particles towards the denser parts of the
ring, and this will elicit a secondary effect, due to the motion of revolution,
tending in the contrary direction, so as to restore the rings t o uniformity. The
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relative magnitude of these two opposing forces determines the destruction or
preservation of the ring.
To calculate these effects we must begin with the statical prob1em:-To
determine the forces arising from the given displacements of the ring.
The longitudinal force arising from longitudinal displacements is that which
has most effect in determinhg the stability of the ring. In order to estimate its
limiting value we shall solve a problem of a sirnpler form.

An infinite mass, originally of uniform density k, hm its, particles
displaced by a quantity f parallel to the axis of x? so that f=Acosmx, to
21.

determine the attraction on each particle due to this &placement.
The density at any point will differ from the original density by a quantity
V, so that
@+,Y) (dx+dc) =kdx ............................ (73)'
dt
F=-k-=AE
dx

'
msinmx..........................

(74).

The potential a t any point will be V+ V', where V is the original potential,
and V' depends on the displacement only, so that

d2V' #V'
+-2z dy" +-+4d'=O
dz"
d2v'

Now

........................(75).

V' is a function of s only, and therefore,
1
V' = 4rAk m
- sip mrr; ............................
(7613

and the longitudinal force is found by differentiating V' with respect to x.

dv'
dx

X = --=4?~kAcosmx=4?~k[

.....................(77);

Now let us suppose this mass not of i n h i t e extent, but of finite section
parallel to the plane of yz. This change amounts to cutting off' all portions
of the mass beyond a certain boundary. Now the effect of the portion so cut
off upon the longitudinal force depends on the value of m. When m is large,
so that the wave-length is s m d , the effect of the external portion is insk,nsible,
so that the longitudinal force due to short waves is not diminished by cutting
off a great portion of the mass.
VOL. I.
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Applying this result to the case of a ring, and putting s for x, and
a for f we have
. u.=A cos ms, and T = 4 ~ k A
cos ms,
22.

so that

1
- RN = 4&,

P

when m is very large, a.nd this is the greatest value of N.
The value of L has little effect on the condition of stability. If L and
M are both neglected, that condition is
0527'856 (2nk) ..............................(7f3)9
and if L be as much as +N, then
wa> 25'649 (27rk) ..............................(79h
so that it is not important whether we calculate the value of L or not.

The condition of stability is, that the average density must not exceed a
certain value. Let us ascertain the relation between the maximum density of
the ring and that of the planet.
Let b be the radius of the planet, that of the ring being unity, then the
maas of Saturn is ~nb3k'=u2if k' be the density of the planet. If we assume
that the radius of the ring is twice that of the planet, aa Laplace has done,
and
then b
'k-- 334'2 to 307'7 ..............................
li;(f30),

=+

so that the density of the ring cannot exceed & of that of the planet. Now
Laplace has ahewn that if the outer and inner parts of the ring 'have the same
angular velocity, the ring will not hold together if the ratio of the density of
the planet to that of the ring exceeds 1.3, so that in the first place, our ring
cannot have uniforrn angular velocity, and in the second place, Laplace's ring
cannot preserve its form, if it is composed of loose materials acting on each
other only by the attraction of gravitation, and moving with the same angular
velocity throughout.
On the forces arising from inequalities of thickness in a thin stratum
of fluid of indefinite extent.
23.

The forces which act on any portion of a continuous fluid are of two kinds,
the pressures of contiguous portions of fluid, and the attractions of al1 portions of
the fluid whether near or distant. I n the case of a thin stratum of fluid, not
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acted on by any external forces, the pressures are due mainly to the component
of the attraction which is perpendicslar to the plane of the stratum. It is
easy to shew that a fluid acted on by such a force will tend to assume a
positiQn of equilibrium, in which its free surface is plane ; and that any irregularities will tend to equalise t.hemselves, so that the plane surface will be one
of stable equilibrium.
It is also evident, that if we consider only that part of the attraction
which is parallel t o the phne of the stratum, we shall find it always directed
towards the thicker parts, so that the effect of this force is to draw the fluid
from thinner t o thicker parts, and so to increase irregularities and destroy
equilibrium.
The normal attraction therefore tends to preserve the stability of equilibriunz,
while the tangentid attraction tends to render equilibrium unstable.
According t o the nature of the irregularities one or other of these forces
d l prevail, so that if the extent of the irregularities is small, the normal
forces will ensure stability, while, if the inequalities cover much space, the
tangentid forces will render equilibrium unstable, and break up the stratum into
beads.
To fix Our ideas, let us conceive the irregularities of the stratum split up
into the form of a nurnber of systems of waves superposed on one another,
then, -by what we have just said, it appears, that very short waves will disappear of themselves, and be consistent with stability, while very long waves will
tend to increase in height, and will destroy the form of the stratum.
I n order to determine the law according to which these opposite effects
take place, we must subject the case to mathematical investigation.
Let us suppose the fluid incompressible, and of the density k, and let it
be originally , contained between two parallel planes, at distances + c and - c
from that of (xy), and extendhg to infinity. Let us next conceive a series of
imaginary planes, parallel to the plane of (yz), to be plunged into the fluid
stratum at infinitesimal distanoes from one another, so as to divide the fluid
into imaginary slices perpendiculai to the plane of the stratum.
Next let these planes be displnced parallel t o the axis of x according to this
law-that if x be the original distance of the plane from the origin, and its
displacement in the direction of x,
t$=

A

CO6 WLX

.......... ........................ (81).
43 -2
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According to this law of displacement, certain alterations will take place in
the distances between consecutive planes; but since the fluid is incompressible,
and of indefinite extent in the direction of y, the change of dimension must
occur in the direction of z. The original thickness of the stratum was 2c. Let
its thickness at any point after displacement be 2c+ 2C then we must have

Let us assume that the increase of thickness 25 is due t o an increase of 5
a t each surface ; this is necessary for the equilibrium of the fluid between the
imaginary planes.
We have now produced artificially, by means of these planes, a system of
2?r
m

waves of longitudinal displacement whose length is - and amplitude A ; and
we have found that this hm produced a system of waves of normal displacement on each surface, having the same length, with a height =cmA.
I n order to determine the forces arising from these displacements, we must,
in the first place, determine the potential function a t any point of space, and
this depends partly on the state of the fluid before displacement, and partly
on the displacement itself. We have, in al1 cases-

Within the fluid, p= k ; beyond it, p= O.
Before displacement, the equation is reduced to

Instead of assumhg
and since in this case all
within the fluid
a t the bounding planes
beyond them
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V = O a t inhity, we shall assume V=O at the origin,
ia s p m & i c d , we have
VI= - 21rkza; dK = - 4wkz
dz

1

the upper sign being understood to refer to the boundary a t distance +c, and
the lower to the boundary a t distance - c from the origin.
Having ascertained the potential of the undisturbed stratum, we find that
of the disturbance by calculating the effect of a straturn of density k and
thickness 5, spread over each surface according to the law of thickness already
found. By supposing the coefficient A small enough, (as we may do in calculating the &placements on which stability depends), me may diminish the
absolute thickness indefinitely, and reduce the case t o that of a mere " superficial density," such as is treated of in the theory of electricity. We have here,
too, t o regard some parts as of negative density ; but we must recollect that we
are dealing with the di$rence between a disturbed and an undisturbed sy8tem,
which may be positive or negative, though no real mass can be negative.
Let us for an instant conceive only one of these surfaces to exist, and let
us transfer the origin to it. Then the law of thickness is

fl= mcA sin mx ................................(83)s
and we know that the normal component of attraction a t the surface is the
same as if the thickness had been uniform throughout, so that

on the positive side of the surface.
Also, the solution of the equation

consists of a series of terms of the form CPsinix.
Of these the only one with which we have to do is that in which i = - m.
Applying the condition as t o the normal force a t the surface, we get
'

V = ~ ? r k c r -sin
~ Amx

........................... ( 8 7 ) ~

for the potential on the positive aide of. the surface, and

V = 2nkc~"UCA
sin mx
on the negative aide.

IRIS - LILLIAD - Université Lille 1

..............................(8%

Calculating the potentials of a pair of such surfaces a t distances + c and -c
from the plane of xy, and calling V' the sum of their potentials, we have for
the space between these planes
beyond them

V i= ZnhA sin mxe-" (P+ c
V i = 27rhA sin mxer""(cm +

- ~ )

................., (8 9) ;

the upper or lower sign of the index being taken according as z is positive or
negative.
These potentials must be added to those formerly obtained, to get the
potential a t any point after displacement.
We have next t o calculate the pressure of the fluid a t any point, on the
supposition that the imaginary planes protect each slice of the fluid from the
pressure of the adjacent dices, so that it is in equilibrium under the action of
the forces of attraction, and the pressure of these planes on each side. Now
in a fluid of density k, in equilibrium under forces whose potential is V, we
have always-

so that if we know that the value of p is p,, whère that of V is V,, then at
any other point
Now, a t the free surface of the fluid, p=O, and the distance from the
free surface of the disturbed fluid t o the plane of the original surface is 5, a
small quantity. The attraction which a.cts on this stratum of fluid is, in the
first place, that of the wdisturbed stratum, and this is equal to 4 d c , towards
that stratum. The pressure due t o this muse a t the level of the original
surface will be 47rPc[, and the 'pressure arising from the attractive forces due
t o the displacements upon this thin layer of fluid, will be smdl quantities of
the second order, which we neglect. We thus find the pressure when z = c t o be,

po= 4~Pc'mAsin m.
The potential of the undisturbed mass when

x=c

is

v,= - 2~lCcl,
and the potential of the disturbance itself for the same value of z, is
V: =27rkcA sin m (1+ E-"").
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So that we h d the generd value of p a t any other point t o be

-

p = 2 ~ (ca
2 z2) + 2?rkacAsin mx (2cm - 1- E--

+ P (? + E - ~ ) ) ... (90).

This expression gives the pressure of the fluid a t any point, aa depending
on the state of constraint produced by the displacement of the imaginary planes.
The accelerating effect of these pressures on any particle, if it were allowed to
move parallel to x, instead of being c o h e d by the planes, would be

-1 0113
-

Ic dx'

The accelerating effect of the attractions in the same direction is
. dV
dx '
so that the whole acceleration parallel to x is
X = - 2 ? r h A cos mx (2mc - E-- - 1) .................. (91).

It is to be observed, that this quantity is independent of z, so that every
particle in the slice, by the combined effect of pressure and attraction, is urged
with the same force, and, if the imaginary planes were removed, each slice
would move parallel to itself without distortion, ~EI long as the absolute displacements remained small. We have now t o consider the direction of the
resultant force X, and its changes of magnitude.
We must remember that the original displacement is A cos mx, if therefore
(2m-r-"1) be positive, X will be opposed to the displacement, and the
equilibrium will be stable, whereas if that quantity be negative, X will act
dong with the displacement and increase it, and so constitute an unstable
condition.
It may be seen that large values of mc give positive results and small
ones negative. The sign changes when
. 2 m = 1'147 .................................... (9%
which corresponds to a wave-length

The length o f Lthe complete wave in the critical case is 5.471 times the
thickness of the stratum. Waves shorter than this are stable, longer waves
are unstable.
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The quantity
has a minimum when

- il,
2mc = .607....................................(9419

2mc (2mc - E-'

and the wave-length is 10.353 times the thickness of the stratum.
I n this case

2 m ~ ( 2 m ~ - c - ~ - l )-'509
=

X = -509dA cos mx

and

........................ (95),

........................... (96).

24. Let us now conceive that the stratum of fluid, instead of being i d h i t e
in extent, is limited in breadth to about 100 times the thickness. The pressures
and attractions will not be much altered by this removal of a distant part of
the stratum. Let us also suppose that this thin but broad strip is bent round
in its own plane into a circular ring whose radius is more than ten times the
breadth of the strip, and that the waves, instead of being exactly parallel to
each other, have their ridges in the direction of radii of the ring. We shall
then have transformed Our stratum into one of Saturn's Rings, if a e suppose
those rings to be liquid, and that a considerable breadth of the ring has the
same angular velocity.
Let us now invest.igate the conditions of stability by putting

into the equation for n.

We know that a must lie between O and

O"

to
13 9
ensure stability. Now the greatest value of x in the fluid stratum is .509dc.
Taking Laplace's ratio of the diameter of the ring to that o f the planet, this
gives 42.5 as the minimum value of the density of the planet divided by thai;
of the fluid of the ring.
Now Laplace has shewn that any value of thii ratio greater than 1.3 is
inconsistent with the rotation of any considerable breadth of the fluid at the
same angular velocity, so that our hypothesis of a broad ring with uniform
velocity is untenable.
But the stability of such a ring is impossible for another reason, namely,
that for waves in which 2mc> 1.147, x is negative, and the ring WUbe destroyed
by these short waves in the manner described at page (333).
When the fluid ring is treated, not as a broad strip, but as a flament of
circular or elliptic section, the mathematical difûculties are very mnch increased,
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but it may be shown that in this case &O there will be a maximum value
of z, which will require the density of the planet to be several times that of
the ring, and that in a l l cases short waves w i l l give rise to negative values
of' z, inconsistent with the stability of the ring.
It appears, therefore, that a ring composed of a continuous liquid rnass
cannot revolve about a central body without being broken up, but that the
parts of such a broken ring may, under certain conditions, form a permanent
ring of satellites.

On. the Mutual Perturrbatiom

of

Two Rings.

25. We shall assume that the difference of the mean radii of the rings
is s m d compared with the radii themselves, but large compared with the
distance of consecutive satellites of the same ring. We shall also assume that
each ring aeparately satisfies the conditions of stability.

We have seen that the effect of a disturbing force on a ring is t o produce
a series of waves whose number and period correspond with those of the disturbing force which produces them, so that we have only to calculate the
coefficient belonging to the wave from that of the disturbing force.
Hence in investigating the simult&eous iuiotions of two rings, we may
assume that the mutually disturbing waves t r a ~ ~ ewith
l
the same absolute
angular velocity, and that a maximum in one corresponds either to a maximum
or a minimum of the other, according as the coefficients have the same or
opposite signs.
Since the motions of the particles of each ring are affected by the disturbance
of the other r i n i as well ari of that to which they belong, the equations of
motion of the two rings will be involved in each other, and the final equatiori
for determinhg the wave-velocity WU have eight roots instead of four. But as
each of the rings has four free waves, we may suppose these to originate forced
waves in the other ring, so that we may consider the eight waves of each ring
as consisting of four free waves and four forced ones.
In strictness, however, the wave-velocity of the " free" wares will be
&cted by the existence of the forced waves which they produce in the othec
ring, so that none of the waves are really " free" in either ring independently,
though the whule motion of the system of two rings as a whole is free.
VOL 1.
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We shall find, however, that it is best to consider the waves firat -as free,
and then to determine the reaction of the other ring upon them, which is such
as to alter the wave-velocity of both, as we shall see.
The forces due t o the second ring rnay be separated into three parts.
1st. The constant attraction when both rings are a t rest.
2nd. The variation of the attraction on the fist ring, due to its own
disturbances.
3rd. The variation of the attraction due to the disturbances of the second
ring.
The n s t of these affects only the angular velocity. The second affects the
waves of each ring independently, and the mutual action of the waves depends
entirely on the third class of forces.
26.

To cletmine the attmtions between two rings.

Let R and a be the mass and radius of the exterior ring, R' and a' those
of the interior, and let all quantities belonging to the interior ring be marked
with accented letters. (Fig. 5.)
1st. Attraction between the rings when at rest.
Siice the rings me at a distance small compared with their radii, we may
calculate the attraction on a particle of the first ring as if the second were an
infinite straight line a t distance a'-a from the first.

R'

The mass of unit of length of the second ring is - and the accelerating
277a' '
effect of the attraction of such a filament on an element of the first ring is

R
ITU'

-

(a a')

inwards

......................,.......(97).

The attraction of the first ring on the second rnay be found by transposing
accented and unaccented letters.

In consequence of these forces, the outer ring will revolve faster, and the
inner ring slower than would otherwise be the case. Theae forces enter into
the constant térms of the equations of motion, and rnay be included in the
value of K.
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2nd.

Variation due. to disturbance ofJirst ring.

If we put a (1 +p) for a in the last expression, we get the attraction
when the first ring is displaced. The part depending on p is

- par (Ra-a a'y p

inwards

........................(98)-

This is
first ring.
3rd.

the only variation of force arising h m the displacement of the
It affects the value of L in the equations of motion.

Variatwn dzce to wavm in the second ring.

On account of the waves, the second ring varies in distance from the
first, and also in mass of unit of length, and each of these alterations produces
variations both in the radial and tangential force, so that there are four things
to be calculated :

Radial force due to radial disphcement.
2nd. Radial force due to tangential displacement.
3rd. Tangential force due to radial displacement.
4th. Tangential force due to tangential displacement.
1st.

1st.

P u t d (1 +p') for a', and we get the term in p'

22' (2a'-a) ,
inwards = X'p',
na' (at- a)'

2nd.

say

............. (99)-

By the tangentid displacement of the second ring the section is
du'

reduced in the proportion of 1 to 1-,
and
z,
therefore there k an alteration
of the radial force equal to

- va' (aR'-a') du'
- inw&=
ds'

du'
- p ,Say............. (100).
GY

3rd. By the radial displacement of the second ring the direction of the
filament near the part in question is altered, so that the attraction is no longer
radial but forwards, and the tangential part of the force is
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4th. By the tangential displacement of the second ring a tangential force
arises, depending on the relation between the length of the waves and the
distance between the rings.
a - a'
If we make m --a# -Pj

R

the tangential force is

'

' a n u 8 = vT'

wa' (a-a )

#

(102).

a.......................

We may now write down the values of X, p, and v by transposing accented
and unaccented letters.

Comparing these values with those of X', p', and v', it will be seen that
the following relations are approximately true when a is nearly equal t o a':

27. To form the equations of motion.
*The original equations were
.
du
C O ~ + O J ~ ~--$=P=s+K-(28-L)
dt+ ~ Udt2

du'
A~-MB~+X'~'-~'~,

daa
=Q=MA~+NB~+~
dt"
ds'
p = A cos(ms+nt), u=Bsin(ms+nt),
P' =A' cos (ms + nt), c
' =-23' sin (ms nt),

dp
zO-+dt
Putting

g+vv.
+

09=X+K

then

(oa+2S+na-L) A + ( 2 o n + M ) B-A'A'+p'mB'=O
(2on+M) A+(n8++) B-p'mA8+v'B'=O

.........(105).

The corresponding epuations for th; second ring rnay be found by transposing accented and unaccented letters. We should then have four equations
to determine the ratios of A, B, A', B', and a resultant equation of the eighth
degree to determine n. E u t we may make use of a more convenient method,
since X', p', and 'v are small. Eliminating B we find
An4- A (a2+ 2K+ L - N) n8- 4AoMn +A N ( 3 4
=O
(1O 6).
( - X'A' +p'mE) na+ (p'rnA' - v'B') 20n

...........

* [Tne analpis in this article ia somewhat unsatisfactory, the equations of motion employed being
those which were applicable in the case of a ring of radius unity; ED.]
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B=PA, A'=xA, B'=KAD=flxA,
n4-(ci? (+ 2 K ) + L - N ) na( - X + p'mp) nSx+ (p,'nz - v'F) 2onx

Putting
we have

4"Mn+309N)=
U=O.....(107).

+

X'n -,uPmFn- 2p,'rno + 2v'p'w
&=
4n2- 20'

dn

whence

................(11O).

If we were to solve the equation for n, leaving out the teinvolving
x, we should h d the wave-velocities of the four free waves of the h t ring,
supposing the second ring to be prevented from being disturbed. But in reality
the waves in the h s t ring produce a diaturbance in the second, and these in
turn react upon the first ring, so that the wave-velocity is somewhat different
fiom that which it would be in the supposed case. Now if x be the ratio
of the radial amplitude of displacement in the second ring to that in the first,
and if C be a value of n supposing x= O, then by Maclaurin's theorem,
28.

The wave-velocity relative to the ring is

n
-m'

and the absolute angular

velocity of the wave in space is

where p -a--

n

1 dn

m' and q = &

&.
.

Sirnilarly in the second ring we should have

& = p ' - g - x .................................
(114) ;
1

and shce the correspondhg waves in the two rings must have the same absolute anguZar velocity,
==P', or p-qx=p'-p'
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1
-

Z

....................... (115).

This is a quadratic equation in cc, the roots of which are real when

(P

-PI)"

+ 4w'

is positive. When this condition is not fulfilled, the roots are impossible, and
the generd solution of the equations of motion will contain exponential factors,
indicating destructive oscillations in the rings.

Since q and q' are s m d quantities, the solution is always real whenever
p and p' are considerablp dfirent. The absolute angular velocitiea of the two
pairs of reacting waves, are then nearly

instead of p and p8, as they would have been if there had been no reaction
of the forced wave upon the free wave which produces it.
When p and p are equal or nearly equal, the character of the solution
wïb depend on the sign of qq'. We must therefore determine the signs of p
and q' in such cases.
2W

Putting /3'= - we may write the values of q and
n'

'

Referring to the values of the disturbing forces, we find that

Hence
Since pq' is of the same aign as
2n

'
-On'

and 2n'

a#a
-are
n '

F"

we have only to determine whether

of the same or of different signs. If these quantities

are of the same sign, qq' is positive, if of different signs, qq' is negative.
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Now there are four values of n, which give four corresponding values of
J
2%-- is negative,
n1

n, = -a

n3=

s m d quantity, 2n, - - is positive,
n,
O=

+a mal1 quantity, Zn,-is negative,
na

n, =O

O'

-&c.,

--%w= is positive.

2n4

The quantity with which we have t o do is therefore positive for the even
orders of waves and negative for the odd ones, and the corresponding quantity
in the other ring obeya the same law. Hence when the waves which act upon
each other are either both of even or both of odd names, qq' will be positive,
but when one belongs to an even series, and the other to an odd aeries, qq'
is negative.
29. The values of p and p' are, roughly,

p: is the greatest, and p4 the least of these
values, and of those of the same order, the accented is greater than the unaccented. The following cases of equdity are therefore possible under suitable
circumstances :
$4 =p;,
pl =p:,
pa =pl,
pl =pl9
p4=p: (when m = ï), p2=p:,
p8=~;#
u
' is greater than o, so that

In the cases in the k t column qg' will be positive, in those in the second
column qq' will be negative.
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30. Now each of the four values of ÿ is a function of rn, the number
of undulations in . t h e ring, and of a the radius of the ring, varying nearly
as a-*. Hence m being given, we may alter the radius of the ring till any
one of the four values of p becomes equal to a, given quantity, say a giveii
value of p', so that if an indehite number of rings coexisted, so as to form
a sheet of rings, it would be always possible to discover instances of the
equality of p and p' among them. If such a case of equality belongs to the
h t column given above, two constant waves will mise in both rings, one
travelling a little faster, and the other a little slower than the free waves.
If the case belongs to the second column, two waves will also arise in each
ring, but the one pair will gradually die away, and the other pair will increase
in amplitude indefinitely, the one wave strengthening the other till a t last both
rings are thrown into confusion.
The only way in which such an occurrence can be avoided is by placing
the rings a t such a distance that no value of m shall give coincident values
of p and p.. For instance, if or 2w, but w ' c 3w, no such coincidence is possible.
For p, is always less than p:, it is greater than p4 when m = l or 2, and leas
than p4 when m is 3 or a greater number. There are of course an infinite
number of ways in which this noncoincidence might be secured, but i t is plain
that if a number of concentric rings were placed a t small intervals from each
other, such coincidences must occur accurately or approximately between some
pairs of rings, and if the value of (p-p')" is brought lower than -4qq', there
will be destructive interference.
This investigation is applicable to any number of concentric rings, for, by
the principle of superposition of small displacements, the reciprocal actions of
any pair of rings are independent of a l l the rest.
31.

On the efect

of long-continued

disturbances on a system of rings.

The result of our previous investigations. has been to point out several
ways in which disturbances may accumulate till collisions of the different particles of the rings take place. After such a collision the particles d l still
continue to revolve about the planet, but there will be a loss of energy in
the system during the collision which can never be restored. Such collisions
however will not affect what i~ called the h g u l a r Momentum of the system
about the planet, which will therefore remain constant.
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Let M be the mass of the system of rings, and -am that of one ring
whose radius is r, and angi~lar velocity m = S i r - t The angular momentum of
the ring is
wr%n =S r % m ,
+wV8m = &Sr-' Sm.

half its vis viva is

The potential energy due to Saturn's attraction on the ring is

The angular momentum of the whole system is invariable, and is

The whole energy of the system is the sum of half the vis viva and the
potential energy, and is
-+sz la^) =E
(120).

...........................

A is invariable, while E necessarily diminishes. We shall find that as E
diminishes, the distribution of the rings must be altered, some of the outer
rings moving outwards, while the inner rings move inwards, so as either t o
spread out the whole system more, both on the outer and on the inner edge
of the system, or, without affecting the extreme rings, to diminish the density
or number of the rings a t the mean distance, and increaae it at or near the
inner and outer edges.
Let us put x = rq then

A = @f (xdm) ie constant.
2 (xdm)
x1= Z (dm) '

Now let
and

X=X,SX',

then we may write

--2E - 8 (r-' am)= f
S

(x-*dm),

1
2
= - 2 (dm) .
- Z (x'dm)

x:

VOL. 1.
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XIa

+ x,3 8 (x"8m) - &c.. ...(1 21).
45

.

Now 2 (dm) = M a constant, S (x'dm) =O, and 2 (x"86m) is a quantity which
increases when the rings are spread out from the mean distance either way,
' being subject only to the restriction 2,(x'dm) = O. But 2: (x"drn) may
increase without the extreme values of x' being increased, provided some other
values be increased.
32. In fact, if we consider the very innermost partide as nioving in an
ellipse, and at the further apse of its orbit encountering another particle
belonging to a larger orbit, we know that the second particle, when at the
same distance from the planet, moves the faster. The result is, that the
interior satellite will receive a forward impulse a t its further apse, and will
move in a larger and less eccentric orbit than before. I n the same way one
of the outermost particles may receive a backward impulse at its nearer apse,
and so be made to move in a smaller and less eccentric orbit than before.
When we come to deal mith collisions among bodies of unknown number, sir&,
and shape, we can no longer trace the mathematical laws of their motion with
a.ny distinctness. Al1 we can now do is to collect the results of our investigations and to make the best use we can of them in forming an opinion as
to the constitution of the actual rings of Saturn which are still in existence
and apparently in steady motion, whatever catastrophes may be indicated by
the various theories we have attempted.

To find the Loss of Enmyy due to intemal friction in a broad F h i d
Ring, the p a ~ t sof which revolve about the Plnnet, each with the aelocity of a
satellite at the same distance.
Conceive a fluid, the particles of which move parallel to the axis of x
with a velocity u, u being a function of z, then there will be a tangential pressure on a plane parallel to xy
du
' P z on unit of area
33.

due to the relative sliding of the parts of the fluid over each other.

In the case of the ring we have

Sa y-+.

,
l
=
,

The absolute velocity of any particle is or. That of a particle at distance
( r + Sr) is
d
UT- - (UV) Sr.

+dr
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If the angular velocity had been uniform, there would have been no sliding,
and the velocity would have been
wr+osr.

The sliding is therefore
r

do
- Sr,
dr

and the friction on unit of area perpendicular t o r is pr

do
-.
dr

The loss of Energy, per unit of area, is the product of the sliding by the
friction,

3

p r S sr in unit of time.

The loss of Energy in a part of the Ring whose radius is r, breadth
Sr, and thickness c, is

I n the case before us it is

# ~ p S c rSr.
-~

I f the thickness of the ring is uniform between r = a and r = b, the whole
loss of Energy is
in unit of time.

Now half the vis viva of an elementary ring is
and this between the limits r =a and r = b gives
rpcS (a- 71).

The potential due t o the attraction of S is twice this quantity with the
sign changed, so that
E= - ~ ~ c S ( a - b ) ,
and

IRIS - LILLIAD - Université Lille 1

4

Now Professor Stokes h d s

-=Os0564 for water,

and

= 0.116 for air,

taking the unit of space one English inch, and the unit of time one second.
W e may take a= 88,209 miles, and b = 77,636 for the ring A ; and a= 75,845,
and b = 58,660 for the ring B. We may also take one year as the unit of
time. The quantity representing the ratio of the loss of energ-y in a year to
the whole energy is
for the ring A,
ror the ring B,
showing that the effed of interna1 friction in a ring of water moving with
steady motion is inappreciably small. It cannot be from this cause therefore
that any decay can take place in the motion of the ring, provided that no
waves arise to disturb the rnotion.
. .

Recapitulation of the Theory of the Motion of a Rigid Ring.
The position of the ring relative to Saturn a t any given instant is defined
by three variable quantities.
1st. The distance between the centre of gravity of Saturn and the centre
of gravity of the ring. This distance we denote by r.
.

.

2nd. The angle which the line r rnakes with a fixed line in the plane of
the motion of the ring. This angle is called B.
3rd. The angle between the 'line r and a Line fixed with respect to the
ring so that it coincides with T when the ring is in its mean position. This is
the angle +.
The values of these three quantities determine the position of the ring so
fhr as its motion in its own plane is concerned. They may be referred to as
the radius vector, longitude, and angle of libration of the ring.
The forces which act between the ring and the planet depend entirely upon
their relative positions. The method adopted above consists in determining the
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potential (V) of the ring a t the centre of the planet in terms of r and +. Then
the work done by any displacement of the system is measured by the change
of VS during that displacement. The attraction between the centre of gravity
dV
of the Ring and that of the planet h S --, and the moment of the couple
dr
dV
tending to turn the ring about its centre of gravity is S d+
It is proved in Problem V, that if a be the radius of a circular ring, r,=af
the distance of its centre of gravity from t h e centre of the circle, and R the
dV
R dV
mass of the ring, then, at the centre of the ring, -- = - -f -- o.
dr
a' ' d+
d"v R
It also appears that
à, (1 +y), mhich is positive when g > - 1,
dr"
d"V R
and that - =& -f" (3 -g), which is positive when g < 3.

-

-=+

df

a

d2V
7is positive, then the attraction between the centres decreases as the
dr
distance increases, so that, if the two centres were kept at rest at a given
d"v
distance by a constant force, the equilibrium would be unstable. If - 1s positive,
dP
then the forces tend to increase the angle of libration, in whichever direction
the libration takes place, so that if the ring were fixed by an axis through its
centre of gravity, its equilibrium round that axis would be unstable..
In tlie case of the uniform ring with a heavy particle on its circumference
whose weight = '82 of the whole, the direction of the whole attractive force of
the ring near the centre will pass through a point lying in the aame radius as
the centre of gravity, but at a distance from the centre=#a. (Fig. 6 . )
If we call this. point 0, the line S O will indicate the direction and position
of the force acting on the ring, which we may call F.
It is evident that the force F, acting on the ring in the line OS, will tend
to turn it round its centre of gravity R and t o increase the angle of libration
KRO. The direct action of this force can never reduce the angle of libration
to zero again. To understand the indirect action of the force, we must recollect
that the centre of gravity (R) of the ring is revolving about Saturn in the
direction of the arrows, and that the ring is revolving about its centre of gravity
If

.
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with nearly the same velocity. If the angular velocity of the centre of gravity
about Saturn were always equal to the rotatory velocity of the ring, there
would be no libration.
Now suppose that the angle of rotation of the ring is in advance of the
longitude of its centre of gravity, so that the line RO has got in advance of
SRK by the angle of libration KRO. The attraction between the planet and
the ring is a force F acting in SO. We resolve this force into a couple, whose.
moment is FRN, and a force P acting through R the centre of gravity of the
ring.
The couple affects the rotation of the ring, but not the position of its centre
of gravity, and the force RF acts on the centre of gravity without decting the
rotation.
Now the couple, in the case represented in the figure, acts in the positive
direction, so as to increase the a n p l a r velocity of the ring, which was already
greater than the velocity of revolution of R about S, so that the angle of
libration would increase, and never be reduced to zero.
The force R F does not act in the direction of S, but behind it, s o that it
becomes a retarding force acting upon the centre of gravity of the ring. Now
the effect of a retarding force is to cause the distance of the revolving body to
decrease and the angular velocity t o increase, so that a retarding force increases
the angular velocity of Ii about S.
The effect of the attraction along XO in the case of the figure is, first, to
increase the rate of rotation of the ring round R, and secondly, to increase the
angular velocity of R about S. If the second effect is greater than the first,
then, although the line RO increases its angular velocity, SR will increase its
angular velocity more, and WU overtake BO, and restore the ring to its original
position, so that S R 0 d l be made a straight line as at first. If this accelerating effect is not greater than the acceleration of rotation about R due to the
couple, then no compensation will take place, and the motion will be essentially
unstable.

+

negative instead of positive, then the
If in the figure we had drawn
couple would have been negative, the tangential force on R accelerative, r would
have increaaed, and in the cases of stability the retardation of 0 would be greater
than that of (O++), and the normal position would be restored, aa before.
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~ h object
e
of the investigation is to find the conditions under which this
compensation is possible.

It is evident that when SR0 becomes straight, there is still a difference
of angular velocities between the rotation of the ring and the revolution of
the centre of gravity, so that there will be an oscillation on the other side,
and the motion will proceed by alternate oscillations witliout limit.

+

If we begin with r at its mean value, and
negative, then the rotation
of the ring will be retarded, r will be increased, the revolution OP r will be
more retarded, and thus C$ will be reduced to zero. The next part of the
motion will reduce r to its mean value, and bring 4 to its greatest positive
will vanish. Lastly r
value. Then r will diminish to its least value, and
will return to the mean value, and C$ to the greatest negative value.

+

It appears fiom the calculations, that there are, in general, two different
ways in which this kind of motion may take place, and that these may have
different periods, phases, and amplitudes. The mental exertion required in following out the results of a combined motion of this kind, with al1 the variations of
force and velocity during a complete cycle, would be very great in proportion t o
the additional knowledge we should derive from the exercise.
The result of this theory of a rigid ring shows not only that a perfectly
uniform ring cannot revolve permanently about the planet, but that the irregularity of a permanently revolving ring must be a, very observable quantity, the
distance between the centre of the ring and the centre of gravity being between
'8158 and '8279 of the radius. As there is no appearance about the rings
justifying a belief in so great an irregularity, the theory of the solidity of khe
rings becomes very improbable.
When we come to consider the additional difEculty of the tendency of the
fluid or loose parts of the ring to accumulate a t the thicker parts, and thus
to destroy that nice adjustment of the load on which stability depends, we
have another powerful argument against solidity.
And when we consider the immense size of the rings, and their comparative
thinness, the absurdity of treating them as rigid bodies becomes self-evident.
An iron ring of such a size would be not only plastic but semifluid under the
forces which it would experience, and we have no reason to believe these rings
t o be artxcially strengthened with any material unknown on this earth.
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Recapitulation of the Theory o f a Ring o f epual Satellites.
In attempting to conceive of the disturbed motion of a ring of unconnected
satellites, a e have, in the first place, to devise a method of identifying each
satellite a t any given t h e , and in the second place, to express the motion of
every satellite imder the same general formula, in order that the mathematical
methods rnay embrace the whole system of bodies a t once.
By conceiving the ring of satellites arranged regularly in a circle, we rnay
easily identify any satellite, by stating the angular distance between i t and a
known satellite when so arranged. If the motion of the ring were undisturbed,
this angle would remain unchanged during the motion, but, in reality, the
satellite has its position altered in three ways: lst, i t rnay be further from
or nearer to Saturn; Bndly, it rnay be in advance or in the rear of the position
it would have had if undisturbed; 3rdly, it rnay be on one side or other of
the mean plane of the ring. Each of t-hese displacements rnay Vary in any way
whatever as we pass from one satellite t o another, so that it is impossible
to assign beforehand the place of any satellite by knowing the places of the
rest. $ 2.
The formula, therefore, by which we are enabled t o predict the place of
every satellite at any given tirne, must be such as to allow the initial position
of every satellite t o be independent of the rest, and must express al1 future
positions of that satellite bv inserting the corresponding value of the quantity
denoting time, and those of every other satellite by inserting the value of the
angular distance of the given satellite frorn the point of reference. The three
displacements of the satellite will therefore be functions of two variables-the
angular position of the satellite, and the time. When the time alone is made
to Vary, we trace the complete motion of a single satellite; and when the time
is made constant, and the angle is made to Vary, we trace the form of the
ring a t a given time.
It is evident that the form of this function, in so far as it indicates the
state of the whole ring a t a given instant, must be wholly arbitrary, for the
form of the ring and its motion a t starting are limited only by the condition
that the irregularities must be small. We have, however, the means of breaking
up any function, however complicated, into a series of simple functions, so that
the value of the function between certain limits rnay be accurately expressed
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as the sum of a series of sines and cosines of multiples of the variable. This
method, due to Fourier, is peculiarly applicable to the case of a ring returning
into itself, for the value of Fourier's series is necessarily periodic. We now
regard the f o m of the disturbed ring a t any instant as the result of the
superposition of a number of separate disturbances, eqch of which is of the nature
of a series of equal waves replnrly arranged round the ring. Each of these
elementary disturbances is characterised by the number of undulations in it, by
their amplitude, and by the position of the fht maximum in the ring. 5 3.
When we know the form of each elementary disturbance, we may calculate
the attraction of the disturbed ring on any given particle in terms of the constants belonging to that disturbance, so that as the actual displacement is the
resultant of the elementary displacements, the actual attraction will be the
resultant of the ciorresponding elementary attractions, and therefore the actual
motion will be the resultant of all the motions arising from the elementary
disturbances. We have therefore only to investigate the elementary disturbances
one by one, and having established t h e theory of these, we calculate the actual
motion by combining the series of motions so obtained.
Assuming the motion of the satellites in one of the elementary disturbances
to be that of oscillation about a mean position, and the whole motion to be
that of a uniformly revolving series of undulations, we find our supposition to
be correct, provided a certain biquadratic equation is satisfied by the quantity
denoting the rate of oscillation. 5 6.
When the four roots of this equation are all real, the motion of each
satellite is compounded of four different oscillations of different amplitudes and
periods, and the motion of the whole ring consists of four series of undulations,
travelling round the ring with difîerent velocities. When any of these roots
are impossible, the motion is no longer oscillatory, but tends to t4he rapid
destruction of the ring.
To determine whether the motion of the ring is permanent, we must assure
ourselves that the four roots of this equation me real, whatever be the number
of undulations in the ring; for if any one of the possible elementary disturbances should lead to destructive oscillations, that disturbance might sooner or
later commence, and the ring would be destroyed.
Now the number of undulations in the ring may be any whole number
from one up to half the niimber of satellites. The forces fiom which danger
VOL. I.
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is t o be apprehended are greatest when the number of undulations is greatest,
and by taking that number equal to half the number of satellites, we find the
condition of stability to be
S>. 4352 $R,
where S is the mass of the central body, R that of the ring, and p the number
of satellites of which it is composed. $ 8. If the number of satellites be too
great, destructive oscillations wiU commence, and finally some of the satellites
will come into collision with each . other and unite, so that the number of
independent satellites will be reduced to that which the central body can retain
and keep in discipline. When this has taken place, the satellites will not only
be kept a t the proper distance fïom the primary, but will be prevented by its
preponderating mass from interfering with each other.
We next considered more carefully the case in which the mass of the ring
is very small, so that the forees arising from the attraction of the ring are
small compared with that due to the central body. I n this case the values
of the roots of the biquadratic are all real, and easily estimated. fj 9.
If we consider the motion of any satellite about its mean position, as
referred to axes fixed in the plane of the ring, we 8ha.U find that it describes
an ellipse in the direction opposite to that of the revolution of the ring, the
periodic time being to that of the ring as o to n, and the tangential amplitude of oscillation being to the radial as 2u to n. § 10.
The absolute motion of each satellite in space is nearly elliptic for the large
values of n, the a,xis of the ellipse always advancing slowly in the direction of
rotation. The path of a satellite corresponding t o one of the small values of
n is nearly circular, but the radius slowly increases and dimiiishes during a
period of many revolutions. 5 11.
The form of the ring a t any instant is that of a re-entering curve, having
nz alternations of distance from the centre, symmetrically arranged, and ni points
of condensation, or crowding of the satellites, which coincide with the points of
greatest distance when n is positive, and with the points nearest the centre
when n is negative. § 12.

This system of undulations travels with an angular velocity

n
-m

relative to

n
in space, so that during each oscillation of a satellite n
rn

the ring, a.nd o--

complete wave passes over it.
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5 14.

To exhibit the movements of the satellites, 1 have made an arrangement
by which 36 little ivory balls are made t o go through the motions belonging
to the first or fourth series of waves. (Figs. 7, 8.)
The instrument stands on a pillar A, in the upper part of which turns
the cranked axle CC. On the parallel parts of this axle are placed two wheels,
RB and TT, each of which has 36 holes a t equal distances in a circle near
its circumference. The two circles are connected by 36 small cranks of the
form KK, the extremities of which turn in the corresponding holes of the two
wheels. That axle of the crank K which passes through the hole in the wheel
S is bored, so as to hold the end of the bent wire which carries the satellite S.
This wire may be turned in the hole so as to place the bent part carrying
the satellite a t any angle with the crank. A pin P, which passes through the
top of the pillar, serves t o prevent the cranked axle from turning; and a pin Q,
passing through the pillar horizontally, may be made to fix the wheel R, by
inserting it in a hole in one of the spokes of that wheel. Tiiere is also a
handle H, whkh is in one piece with the wheel T, and serves to turn the axle.
Now suppose the pin P taken out, so as to allow the cranked axle to
turn, and the pin Q inserted in. its hole, so as to prevent the wheel R from
revolving; then if the crank C be turned by means of the handle H, the.
wheel T will have ita centre carried round in a vertical circle, but will remain
parallel to itself during the whole motion, so that every point in its plane will
describe an equal c i d e , and al1 the cranks K will be made to revolve exactly
as the large crank C does. Each satellite will therefore revolve in a small
circular orbit, in the same time with the handle H, but the position of each
satellite in th& orbit rnay be arranged as we please, according as we turn the
wire which supports it in the end of the crank.
In fig. 8, which gives a front view of the instrument, t.he satellites are so
placed that each is turned 60° further round in its socket than the one behind
it. As there are 36 satellites, this process d l bring us back to Our startingpoint after six revolutions of the direction of the a m of the satellite; and
therefore atj we have gone round the ring once in the same direction, the arm
of the satellite will have orertaken the radius of the ring five times.

Hence there will be five places where the satellites are beyond their mean
distance from the cestre of the ring, and five where they are within it, so
that we have here a series of five undulations round the circumference of the
46-2
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ring. I n this case the satellites are crowded together when nearest to the centre,
so that the case is that of the Jirst series of waves, when m = 5.
Now suppose the cranked axle C to be turned, a.nd al1 the small cranks
K to turn with it, as before exphined, every satellite will then be carried
round on its own arm in the sarne direction; but, since the direction of the
arms of dxerent satellites is different, their phases of revolution will preseme
the same dxerence, and the aystem of satellites will still be arranged in five
undulations, only the undulations will be propagated round the ring in the
direction opposite to that of the revolution of the satellites.
To understand the motion better, let us conceive the centres of the orbits
of the satellites to be arranged in a straight line instead of a circle, as in
fig. 10. Each satellite is here represented in a d3erent phase of its orbit, so
that as we pass from one t o another from left to right, we find the position
of the satellite in its orbit altering in the direction opposite to that of the
hands of a watch. The satellites al1 lie in a trochoidal curve, indicated by
the line through them in the figure. Now conceive every satellite to move in
its orbit through a certain angle in the direction of the arrows. The satellites
will then lie in the dotted l i e , the form of which is the same as that of
the former curve, only shifted in the direction of the large arrow. It appears,
therefore, that as the satellites revolve, the undulation travels, so that any
part of it reaches successively each satellite as it comes into the same phase
of rotation. It therefore travels from those satellites which are most advanced
in phase t o those which are less so, and passes over a complete wave-length
in the time of one revolution of a satellite.
Now if the satellites be arranged as in fig. 8, where each is more advanced
in phase as we go round the ring in the direction of rotation, the wave will
travel in the direction opposite to that of rotation, but if they are arranged
as in fig. 12, where each satellite is less advanced in phase as we go round
the ring, the wave will travel in the direction of rotation. Fig. 8 represents
the Jirst series of waves where m=5, and fig. 12 represents the fourth series
where m= 7. By arranging the satellites in their sockets before starting, we
might make m equal to any whole nurnber, fiom 1 t o 18. If we chose any
number above 18 the result would be the same as if we had taken a number
as much below 18 and changed the arrangement from the înst wave to the
fourth.
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I n this way we can exhibit the motions of the satellites in the first and
fourth waves. I n reality they ought to move in ellipses, the major axes being
twice the minor, whereas in the machine they move in circles: but the character
of the motion is the same, though the form of the orbit is diierent.
We may now show these motions of the satellites among each other, combined with the motion of rotation of the whole ring. For this purpose we
put in the pin P, so as to prevent the crank axle from turning, and take
out the pin Q so as to allow the wheel R to turn. If we then turn the
wheel T,all the small cranks will remain parallel to the k e d crank, and the
wheel R will revolve a t the same rate as T. The a m of each satellite will
continue parallel to itself during the motion, so that the satellite will describe
a circle whose centre is at a distance' h m the centre of R, equal to the arm
of the satellite, and measured in the same direction. I n our theory of real
satellites, each moves in an ellipse, having the central body in its focus, but
this motion in an eccentric circle is sufficiently near for illustration. The
motion of the waves relative to the ring k the same as before. The waves
of the first kind travel faster than the ring itself, and overtake the satellites,
those of the fourth kind travel slower, and are overtaken by them.
In fig. 11 we have an exaggerated representation of a ring of twelve satellites affected by a wave of the fourth kind where m = 2. The satellites here lie in
an ellipse a t any given instant, and as each moves round in its circle about
its mean position, the ellipse also moves round in the same direction with half
their angular velocity. I n the figure the dotted line represents the position of
the ellipse when each satellite has moved fonvard into the position represented
by a dot.
Fig. 13 represents a wave of the &st kind where m = 2. The satellites a t
any instant lie in an epitrochoid, which, as the satellites revolve about their
mean positions, revoIves in the opposite direction with half their angular velocity,
so that when the satellites corne into the positions represented by the dots,
the curve in which they lie turns round in the opposite direction and forms the
dotted curve.
I n fig. 9 we have the same case as in fig. 13, only that the absolute orbits
of the satellites in space are given, instead of their orbits about their mean
positions in the ring. Here each moves about the central body in an eccentric
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circle, which in strictness ought to be an ellipse not differing much $om the
circle.
As the satellites move in their orbits in the direction of the arrows, the
curve which they form revolves in the same direction with a velocity 1+ times
that of the ring.

By considering these figures, and still more by watching the actual motion
of the ivory balls in the model, we may form a distinct notion of the motions
of the particles of a discontinuous ring, although the motions of the mode1 are
circular and not elliptic. The model, represented on a scale of one-third in figs.
7 and 8, was made in brass by Messrs. Smith and Ramage of Aberdeen.
We are now able. to understand the mechanical principle, on account of
which a massive central body is enabled to govern a numerous assemblage of
satellites, and to space them out into a regular ring; while a smaller central
body would allow disturbances t o arise among the individual satellites, and
collisions to take place.
When we calculated the attractions among the satellites composing the ring,
we found that if any satellite be displaced tangentially, the resultant attraction
will draw it away from its mean position, for the attraction of the satellites it
approaches will increase, while that of those it recedes from will diminish, so that
its equilibrium when in the mean position is unstable with respect t o tangential
displclcements; and therefore, since every satellite of the ring is statically unstable
between its neighbours, the slightest disturbance would tend to produce collisions
among the satellites, and to break up the ring into groups of conglomerated
satellites.
But if we consider the dynamics of the problem, we shall b d that this
effect need not necessarily take place, and that this very force which tends
towards destruction may become the condition of the preservation of the ring.,
Suppose the whole ring to be revolving round a central body, and that one
satellite gets in advance of its mean position. It will then be attracted forwards,
its path will become less concave towards the attracting body, so that its distance
from that body will increase. At this increased distance its angular velocity
will be less, so that instead of overtaking those in front, it may by this means
be made to f d l back t o its original position. Whether it does so or not must
depend on the actual values of the attractive forces and on the angular velocity
of the ring. When the angular velocity is great and the attractive forces small,
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the compensating pracess will go on vigorously, and the ring W U be preserved.
When the angular velocity is small and the attractive forces of the ring great,
the dynamical effect will not compensate for the disturbing action of the forces
and the ring wiLl be destroyed.
If the satellite, instead of being displaced forwards, had been originally
behind its mean position in the ring, the forces would have pulled it backwards,
its path would have become more concave towards the centre, its distance fiom
the centre would diminish, its angular velocity would increase, and it would
gain upon the rest of the ring till i t got in front of its mean position. This
effect is of course dependent on the very same conditions as in the former case,
and the actual effect on a disturbed satellite would be to make it describe an
orbit about its mean position in the ring, ao that if in advance of its mean
position, it k t recedes from the centre, then falls behind its mean position in
the ring, then approaches the centre within the mean distance, then advances
beyond its mean position, and, lastly, recedes from the centre till it reaches its
starting-point, after which the process is repeated indefinitely, the orbit being
always described in the direction opPosite to that of the revolution of the
hg.
We now understand what would happen to a disturbed satellite, if all the
others were preserved from disturbance. But, since d the satellites are equally
free, the motion of one will produce changes in the forces acting on the rest,
l propagated from one
and this will set them in motion, and this motion ~ i l be
satellite to another round the ring. Now propagated disturbances constitute
waves, and all waves, however complicated, may be reduced to combinations of
simple and regular waves; and therefore all the disturbances of the ring may
be considered as the resultant of many series of waves, of différent lengths, and
travelling with dserent velocities. The investigation of the relation between
the length and velocity of these waves forms the essential part of the problem,
after which we have only to split up the original disturbance into its simple
elements, to calculate the effect of each of these separately, and then to combine
the results. The eolution thus obtained will be perfectly general, and quite
independent of the particular'fonn of the ring, whether regular or irregular at
starting.
14.
We next investigated the effect upon the ring of an external disturbing.
force. Having split up the disturbing force into components of the same type

IRIS - LILLIAD - Université Lille 1

'

.

with the waves of the ring (an operation which is always possible), we found
that each term of the disturbing force generates a "forced wave" travelling with
its own angular velocity. The magnitude of the forced wave depends not only
on that of the disturbing force, but on the angular velocity with which the disturbance travels round the ring, being greater in proportion as this velocity
more nearly coincides with that of one of the "free waves" of the ring. W e
also found that the displacement of the satellites was sometirnes in the direction
of the disturbing force, and sometimes in the opposite direction, according to
the relative position of the forced wave among .the four natural ones, producing
in the one case positive, and in the other negative forced waves. In treatinç
the problem generally, we must determine the forced waves belonging to every
term of the disturbing force, and combine these with such a system of fiee
waves as shall reproduce the initial state of the ring. The aubsequent motion
of the ring is that which would result from the free waves and forced waves
together. The most important class of forced waves are those which are produced by waves in neighbouring rings. § 15.
W e concluded the theory of a ring of satellites by tracing the process by
which the ring would be destroyed if the conditions of stability were not
fulfilled. We found, two cases of instability, depending on the nature of the
tangential force due 'to tangential diplacement. If this force be in the direction
opposite to the displacement, that is, if the parts of the ring are statically
stable, the ring will be destroyed, the irregularities becorning larger and larger
without being propagated round the ring. When the tangentid force is in the
direction of the tangential displacement, if it is below a certain value, the
disturbances will be propagated round the ring without becoming larger, and
we have the case of stabiity treated of a t large. If the force exceed this value,
the disturbances will still travel round the ring, but they will increaae in amplitude continually till the ring f d s into confusion. § 18.
W e then proceeded to extend Our method to the ca.se of rings of diierent
constitutions. The first case was that of a ring of satellites of unequal size.
If the central body be of sufficient maas, such a ring will be spaced out, so that
the larger satellites will be at wider intervals than the smaller ones, and the
waves of disturbance will be propagated as before, except that there may be
reflected waves when a wave reaches a part of the ring where there is a change
in the average size of the satellites. 5 19.
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The next ,case was that of an annular cloud of meteoric stones, revolving
uniformly about the planet. The average density of the space through which
these small bodies are scattered will Vary with every irregularity of the motion,
and this variation of density will produce variations in the forces acting upon
the other parts of the cloud, and so disturbances will be propagated in this
ring, as in a ring of a finite number of satellites. The condition that such a
ring should be free from destructive oscillations is, that the density of the
planet should be more than three hundred times that of the ring. This would
make the ring much rarer than common air, as regards its average delzsity,
though the density of the particles of which it is composed may be great.
Comparing this result with Laplace's minimum density of a ring revolving as
a whole, we find that such a ring cannot revolve as a whole, but that the inner
parts must have a greater angular velocity than the outer parts. fj 20.

We next took up the case of a flattened ring, composed of incompressible
fluid, and moving with uniform angular velocity. The interna1 forces here arise
partly from attraction and partly from fluid pressure. We began by taking the
case of an infinite stratum of fluid affected by regular waves, and found the accurate
values of the forces in this case. For long waves the resultant force is in the
same direction as the displacement, reaching a maximum for waves whose
length is about ten times the thickness of the stratum.. For waves about five
times as long as the stratum is thick thero is no resultant force, and for shorter
waves the force is in the opposite direction to the displacement. 5 23.
Applying these results t o the case of the ring, we find that it will be
destroyed by the long waves unless the fluid is less than & of the density of
the planet, and that in all cases the short waves will break up the ring into
small satellites.
Passing to the case of narrow rings, we should find a somewhat larger
maximum density, but we should still find that very short waves produce forces
in the direction opposite to the displacement, and that therefore, as already
explained (page 333), these short undulations would increase in magnitude without
being propagttted along the ring, till they had broken up the fluid filament into
drops. These drops may or may not fiilfil the condition formerly given for the
stability of a ring of equal satellites. If they fulfil it, they will move as a
permanent ring. If they do not, short waves will arise and be propagated among
the satellites, with ever increasing magnitude, till a s&cient number of drops
VOL. 1.
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have been brought into collision, so as to unite and form a smaller number of
larger drops, which may be capable of revolving as a permanent ring.
We have already investigated the disturbances produced by an external
force independent of the ring; but the special case of the mutual perturbations
of two concentric rings is considerably more complex, because the existence of a
double systern of waves changes the character of both, and the waves produced
react on those that produced them.
We determined the attraction of a ring upon a particle of a concentric
ring, first, when both rings are in their undisturbed state; secondly, when the
particle is disturbed; and, t h i r d l ~ ,when the attracting ring is disturbed by a
series of waves. 5 26.
We then formed the equations of motion of one of the rings, taking in the
disturbing forces arising from the existence of a wave in the other ring, and
found the small variation of the velocity of a wave in the first ring as dependent
on the magnitude of the wave in the second ring, which travels with it.
27.
The forced wave in the second ring must have the same absolute angular
velocity as the free wave of the first which produces it, but this velocity of
the free wave is slightly altered by the reaction of the forced wave upon it.
W e find that if a free wave of the first ring has an absolute angular velocity
not very different from that of a free wave of the second ring, then if both
free waves be of even orders (that is, of the second or fourth varieties of waves),
or both of odd orders (tliat is, of the first or third), then the swifter of the
two free waves has its velocity incremed by the forced wave which it produces,
and the slower free wave is rendered still slower by its forced wave; and even
when the two free waves have the same angular velocity, their mutual action
will make them both split into two, one wave in each ring travelling faster,
and the other wave in each ring travelling slower, than the rate with which
they would move if they had not acted on each other.
But if one of the free waves be of an even order and the other of an odd
order, the swifter free wave will travel slower, and the slower free wave will
travel swifter, on account of the reaction of their respective forced waves. If
the two free waves have naturally a certain amall diierence of velocities, they
will be made t o travel together, but if the dserence is less than this, they
will again split into two pairs of waves, one pair continually increasing in
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magnitude without limit, and the other continually diminishing, so that one
of the waves in each ring will increase in violence till it has thrown the ring
into a state of confusion.
There are four cases in which this rnay happen. The b u t wave of the
outer ring rnay conspire with the second or the fourth of the inner ring, the
second of the outer with the third of the inner, or the third of the outer with
the fourth of the inner. That two rings rnay revolve permanently, their distances
must be arranged so that none of these conspiracies rnay arise between odd
and even waves, whatever be the value of m. The number of conditions to
be fuIfilled is therefore very great, especially when the rings are near together
and have nearly the same angular velocity, because then there are a greater
number of dangerous values of m to be provided for.
I n the case of a large number of concentric rings, the stability of each pair
must be investigated separately, and if in the case of' any two, whether consecutive rings or not, there are a pair of conspiring waves, those two rings will
be agitated more and more, till waves of that kind are rendered impossible by
the breaking up of those rings into some dXerent arrangement. The prevence
of the other rings cannot prevent the mutual destruction of any pair which
bear such relations to each other.

It appears, therefore, that in a system of many concentric rings there will
be continually new cases of mutual interference between different pairs of rings.
The forces which excite these disturbances being very small, they will be slow
of growth, and i t is possible that by the irregularities of catch of the rings the
waves rnay be so broken and confused (see f~ 19)) as t o be incapable of mountiiig
up t o the height a t which they would begin to destroy the arrangement of the
ring. I n this way it rnay be conceived to be possible that the gradua1 disarrangement of the system rnay be retarded or indefinitely postponed.

But supposing that these waves mount up so as to produce collisions among
the particles, then we rnay deduce the result upon the system from general
dynamical principles. There will be a tendency among the exterior rings to
remove further from the planet, and among the interior rings to approach the
planet, and this either by the extreme interior and exterior rings diverging
f?om each other, or by intermediate parts of the system moving away froin the
mean ring. If the interior rings are observed to a,pproach the planet, while it
47 -2
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is known that none of the other rings have expanded, then the cause of the
change cannot be the mutual action of the parts of the system, but the resistance
of some medium in which the rings revolve. 5 31-

There is another cause which would gradually act upon a broad fluid ring
of which the parts revolve each with the angular velocity due to its distance
from the planet, namely, the interna1 friction produced by the slipping of the
concentric rings with different angular velocities. It appears, however (5 33),
that the effect of fluid friction would be insensible if the motion were regular.
Let us ~iowgather together the conclusions we have been able to draw
from the mathematical theory of various kinds of conceivable rings.
We found that the stability of the motion of a solid ring depended on
so delicate an adjustment, and a t the same time so unsymmetrical a distribution
of mass, that even if the exact condition were fulfilled, i t could scarcely last
long, and if it did, the immense preponderance of one side of the ring would
be easily observed, contrary to experience. These considerations, with others
derived from the mechanical structure of so vast a body, compel us to abandon
any theory of solid rings.
We next examined the motion of a ring of equal satellites, and found that
if the mnss of the planet is sufficient, any disturbances produced in the arrangement of the ring will be propagated round it in the form of waves, and will not
introduce dangerous confusion. If the satellites are unequal, the propagation of
the waves will no longer be regular, but disturbances of the ring will in this,
as in the former case, produce only waves, and not growing confusion. Supposing the ring to. consist, not of a single row of large satellites, but of a cloud
of evenly distributed unconnected particles, we found that auch a cloud must
have a very sinal1 density in order to be permanent, and that this is inconsistent
with its outer and inner parts moving with the same angular velocity. Supposing
the ring to be fluid and continuous, we found that it will be necessarily broken
up into small portions.
We conclude, therefore, that the rings must consist
these may be either solid or liquid, but they must be
system of rings must therefore consist either of a series
each moving with its own velocity, and having its own
of a confused multitude of revolving particles, not
continually coming into collision with each other.
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of disconnected particles;
independent. The entire
of many concentric rings,
systems of waves, or else
arranged in rings, and

Taking the first case, we found that in an indebite number of possible
cases the mutual perturbations of two rings, stable in themselves, might mount
up in time to a destructive magnitude, and that such cases must continually
occur in an extensive system like that of Saturn, the only retarding cause being
the possible irregularity of the rings.
The result of long-continued disturbance was found t o be the spreading
out of the rings in breadth, the outer rings pressing outwardg while the inner
rings press inaards.
The final result, therefore, of the mechanical theory is, that the only system
of rings which can exist is one composed of an indefinite number of unconnected
particles, revolving round the planet with difl'erent velocities according to their
respective distances. These particles may be arranged in series of narrow rings,
or they may move through each other irregularly. I n the h s t case the destruction of the system will be very slow, in the second case it will be more rapid,
but there may be a tendency towards an arrangement in narrow rings, which
rnay retard the process.

We are not able to ascertain by observation the constitution of the two
outer divisions of the system of rings, but the inner ring is certainly transparent,
for the limb of Saturn has been observed through it. It is also certain, that
though the space occupied by the ring is transparent, it is not through the
material parts of it that Saturn was seen, for his limb was observed without
distortion; which shows that there was no refraction, and therefore that the
rays did not pass through a medium at all, but between the solid or liquid
particles of which the ring is composed. Here then we have an optical argument
in favour of the theory of independent particles as the material of the rings.
The two outer rings rnay be of the same nature, but not so exceedingly rare
that a ray of light can pass through their whole thickness without encountering
one of the particles.
FinaJly, the two outer rings have been observed for 200 years, and it appeam,
from the careful analysis of all the observations by M. Struvé, that the second
ring is broader than when first observed, and that its inner edge is nearer the
planet than formerly. The inner ring also is suspected t o be approaching the
planet ever since its discovery in 1850. These appearances seem to indicate
the same slow progress of the rings towards separation which we found to be
the result of theory, and the remark, that the inner edge of the inner ring is
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most distinct, seems to indicate that the approach towards the planet is less
rapid near the edge, as we had reason to conjecture. As to the apparent
unchangeableness of the exterior diameter of the outer ring, we must remember
that the outer rings are certainly far more dense than the inner one, and that
a small change in the outer rings must balance a great change in the inner
one. It is possible, however, that some of the obeerved changes may be due
to the existence of a resisting medium. If the changes already suspected should
be co&med by repeated observations with the same instruments, it will be
worth while to investigate more carefully whether Saturn's Rings are permanent
or transitionary elements of the Solar System, and whether in that part of
the heavens we see celestial immutability, or terrestrial corruption and generation,
and the old order giving place to new before our .own eyes.

APPENDIX.
On the Stabilz'ty of the Steady Motion of a Rigid Body about a Pbed Centre of Force.
By PROFESSOR
W. THOMSON
(comrnunicated in a letter).

THE body will be supposed to be symmetrical on the two sides of a certain plane
containing the centre of force, and no motion except that of parts of the body parallel
to the plane will be considered. Taking it as the plane of construction, let G (fig. 14)
be the centre of gravity of the body, and O a point at which the resultant attraction of
the body is in the line OG towards G. Then if the body be placed with O coinciding
with the centre of force, and set in a state of rotation about that -point as an axis, with
an angular velocity equal to

dg,

(where f denotes the attraction of the body on a

unit of matteï at O, S the amount of matter in the central body, M the mass of the
revolving body, and a the distance OG), it will continue, provided it be perfectly undisturbed, to revolve uniformly a t this rate, and the attraction Sf on the moving body will
be constantly balanced by the centrifuga1 force oBaM of its motion.
Let us now suppose the motion to be slightly disturbed, and let it be required to
investigate the consequences. Let X, 8, Y, be rectangular axes of reference revolving
uniformly with the angular velocity a, round S, the fixed attracting point. Let z, y, be
the CO-ordinatesof G with reference to these axes, and let XS, YS denote the components
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of the whole force of attraction of S on the rigid body.
line through S, its moment round B is

Then since this force is in the

SYZ - SX y;
the components of the forces on the moving body being reckoned as positive when they
tend to àiminish z and Y respectively. Hence if k denote the radius of gyration of the
body round G, and if # denote the angle which OC2 makes with SX (ie. the angle GOK),
the equations of motion are,

I n the first place we see that one integral of these equations is

This is the "equation of angular momentum."
I n considering whether the motion round S with velocity o when O coincides with
S is stable or unstable, we must find whether every possible motion with the same
"angiilar momentum" round S is such that it will never bring O to m.ore than a n infinitely
small distance from S: that is to Say, we must find whether, for every possible solution
in which H = M (aa+IC3 o, and for which the CO-ordinates of O are infinitely small at one
time, these CO-ordinates remain infinitely small. Let these values at time t be denoted
thus : SN= 5, and NO= .>I ; let OC be at first 'infinitely nearly parallel to OX, i.e. let C#
be infinitely small (the full solution will tell us whether or not
remains infinitely small) ;
then, as long as c$ is infinitely small, we have

+

and the equations of motion have the forms

and we may m i t e the equat,ion of angular momentum instead of the third equation,

If now we suppose
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and 7 to be infinitely small, the last of these equations becomes
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If p and p denote the components parallel and perpendicular to OG of the attraction
of the body on a unit of matter at 8) we have
X=pcos+-qsin$=p,

and Y = p s i n + + q c o s + = p + + q ,

since q and $ are each infinitely small; and if we put
&,a

>

V = potential

a t 8) and

r=-

If we make these substitutions for X and Y, and take into account that

the first and second equations of motion become

Combining equations (a), (c), and (d), by the same method as that adopted in the text,
we find that the differential equation in 5, q, or +, is of the form

where

A = P,

I n comparing this result with that obtained in the Essay, we must put
T,,

for a,

R for Ml
R + S for S,
L for a,
Nr," for p,
Mr, for ry.
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[From the Philosophical Magmine for January and July, 1860.1

XX. Blustmtions of the Dynarnicul Themy of Gases*.
PART 1.

So many of the properties of matter, especially when in the gaseous form,
can be deduced from the hypothesis that their minute parts are in rapid motion,
the velocity increasing with the temperature, that the precise nature of this
motion becomes a ,s&ject of rational curiosity. Daniel Bernouilli, Herapath,
Joule, Gomg, Clausius, &c. have shewn that the relations between pressure,
temperature, and density in a perfect gas can be explained by supposing the
particles to move with uniform velocity in straight lines, striking against the
sides of the containing vesse1 and thus producing pressure. It is not necessary
t o suppose each padicle to travel tq any great -distance in the same straight
l b e ; for the effect ,in producing pressure will be the same if the particles
strike against each other ; so that the s%rai& --linqdeacribed may be verg short.
M. ~ k x t i u sbas determined the mean length of path in terms of the average
distapce of the particles, and the distance between the centres of two particles
whea ,collision takes place. ;We have at present no means of ascertaining either
of these d;st;F~ces;but certain phenomena, such as the interna1 friction of gases,
the conduetien .of heat through a gas, and the diffusion of one gas through
another, seem to indicate the possibility of determining accurately the mean
length of path which a particle describes between two successive collisions. I n
order to lay the foundation of such investigations on strict mechanical principles,
1 shall demonstrate the laws of motion of an indefinite number of small, hard,
and perfectly elastic spheres acting on one another only during impact.

*
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If the properties of such a system of bodies are found to correspond t o
those of gases, an important physical andogy will be established, which may
lead to more accurate knowledge of the properties of matter. If experiments
on gases are inconsistent with the hypothesis of these propositions, then our
theory, though consistent with itself, is proved to be incapable of explaining
the phenomena of gases. I n either case it is necessary to follow out the
consequences of the hypothesis.
Instead of sa+g that the particles are hard, spherical, and elastic, we rnay
if we please Say that the particles are centres of force, of which the action is
insensible except at a certain small distance, when it suddenly appears as a
repulsive force of very great intensity. It is evident that either assumption
will lead to the same results. For the sake of avoiding the repetition of a
long phrase about these repulsive forces, 1 shall proceed upon the assumption
of perfectly elastic spherical bodies. If we suppose those aggregate molecules
which move together to have a bounding surface which is not spherical, then
the rotatory motion of the system will store up a certain proportion of the
whole vis &va, as has been shewn by Clausius, and in this way we mny
account for the value of the specific heat being greater than on the more
simple hypothesis.

*,

On the Motion und Collision of Pe~fectlyElastic Spheres.

Prop. 1. Two spheres moving in opposite directions with velocities inversely
as their masses strike one another ; to determine their motions afker impact.

Let P and Q be the position of the centres at
impact; AP, BQ the directions and magnitudes of
the velocities before impact; Pa, Qb the same after
impact; then, resolving the velocities parallel and perpendicular to P Q the line of centres, we find that
the velocities parallel t o the line of centres are exactly
reversed, while those perpendicular t o that line are
unchanged. Compounding these velocities again, we find that the velocity of
each bal1 is the same before and after impact, and that the directions before
and after impact lie in the same plane with the line of centres, and make equal
angles with it.
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Prop. II. To find the probability of the direction of the velocity after
impact lying between given limits.
I n order that a collision may take place, the line of motion of one of the
balls must pass the centre of the other a t a distance less than the sum of
the& radii; that is, i t must pass through a circle whose centre is that of the
other ball, and radius (s) the sum of the radii of the balls. Within this circle
every position is equally probable, and therefore the probability of the distance
from the centre being between r and r + d r is

Now let C#I be the angle APa between the original direction and the direction
after impact, then APN=B+, and r = s sin+$, and the probability becomes
The area of a spherical zone between the angles of polar distance

+ and ++d+

is

2 7 ~sin #d+ ;

therefore if o be any small area on the surface of a sphere, radius unity, the
probability of the direction of rebound passing through this area is

so that the probability is independent of
are equally likely.

+,

that is, all directions of rebound

Prop. III. Given the direction and magnitude of the velocities of two
spheres before impact, and the line of centres n t impact; to find the velocities
after impact. Let OA, OB represent the velocities before impact, BO that if there had been
no action between the bodies they would
have been at A .and B a t the end of a
second. Join AB, and let G be their centre
of gravity, the position of which is not
a
dected by their mutual action. Draw GN
parallel t o the line of centres a t impact (not
necessarily in the plane AOB). Draw aGb
in the plane AGN, making NGa= NGA, and Ga = GA and Gb = GB ; then by
48-2

+
,&
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Prop. 1. Ga and Gb will be the velocities relative t o G ; and compounding
these with OG, we have Oa and Ob for the true velocities after impact.
By Prop. II. al1 directions of the line aGb are equally probable. It appears
therefore that the velocity after impact is compounded of the velocity of the
centre of gravity, and of a velocity equal to the velocity of the sphere relative
to the centre of gravity, which may mith equd probability be in any direction
whatever.
If a great many equal spher;cal particles were in motion in a perfectly
elastic vesse], collisions would take place among the particles, and their velocities
would be altered a t every collision; so that after a certain time the vis u i ~ c c
will be divided among the pa.rticles according to some regula~l m , t h e average
number of particles w h m velocity lies between certain limits being ascertainable,
though the velocity of each particle changes at every collision.
Prop. IV. To find the average number of particlus whose velocities lie
between given limits, after a great number of collisions among a great number
of equal particles.
Let N be the whole number of particles. Let z, y, z be the components
of the velocity of each particle in three rectangular directions, and let the number
of particles for which x lies between x and x+dx, be Nf (x)dx, where f (x) is
a function of x t o be detet'mined.
The number of particles for which y lies between y and y + dy will be
Nf (y)dy ; and the number for whieh i lies between z and z + dx will be Nf(z)dz,
where f alwaye ~ t a n d sfor the aame function.
Nom the existence of the velocity x does not in any way affect that of
the velocities y or zj .sime these are all a t right angles t o each other and
independent, so that the number of particies whose veloeity lies between x and
x + dx, and also between y and y +dy, and also between z and z + dz, is

Nf (4f(y)f ( 4 dx dy dz.
If we suppose the N particles t o start from the origin at the same instant,
then this will be the number in the element of volume (dx dydz) after unit of
time, and the number referred t o unit of volume will be
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But the directions of the coordinates are perfectly arbitrary, and therefore this
number must depend on the distance fiom the origin alone, that is

f(4f( ~ )(4f = +(2+ Y' + z2).
Bolving this functional eqilation, we find

Cj (yz) = C3ed".

f (x)= C&*,

I f we make A positive, the number of partieles will increase with the
velocity, and we should find the whole number of particles infinite. We there-

-a
' '

fore make A negative and equal to

Jntegrating from x=

rr

ca

,

to x=

+ m,

so that the nurnber between s and

we find the whole number of particles,

f( x ) is therefore
Whence we may draw the following conclusions :1st. The number of particles whose velocity, resolved in a certain direction,
lies between x and x dx is

+

2nd. The number whose actual velocity lies between v and v+dv is
a,
4
-N -v'e as du.. ...............................(2).

J?r

as

3rd. To find the mean value of v, add the velocities of all the particles
together and divide by the number of particles ; the result is

.

2a

mean velocity = - ..................................
(3)

Ji

4th. To find the mean value of vq, add all the values together and
divide by N,
mean value of v'= +az..............................(4).
This is greater than the square of the mean velocity, as i t ought t o be.
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It appears from this proposition that the velocities are distributed among
the particles according to the same law as the errors are distributed among
the observations in the theory of the " method of least squares." The velocities
range from O to oo , but the number of those having great velocities is cornparatively small. I n addition to these velocities, which are in al1 directions
equally, there may be a general motion of translation of the entire system of
particles which must be compounded with the motion of the particles relatively
to one another. W e may cal1 the one the motion of translation, and the other
the motion of agitation.

PROP.V. TWOsystems of particles move each according to the law stated
in Prop. IV. ; to find the nurnber of pairs of particles, one of each system,
whose relative velocity lies between given limits.
Let there be N particles of the first system, and N' of the second, then
NN' is the whole number of such pairs. Let us consider the velocities in the
direction of x only; then by Prop. IV. the number of the first kind, whose
velocities are between x and x + dx, is

The number of the second kind, whose velocity is between x + y and x+ y

where

B is

+ dy, is

the value of a for the second system.

The number of pairs which fuXl both conditions is

Now x may have any value from - w to + ca consistently with the difference
of velocities being between y and y dy ; therefore integrating between these
limits, we find

+

for the whole number of pairs whose diflerence of vdocity lies between y and
Y t-dy.
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This expression, which is of the same form with (1) if we put NN' for
N, a"++P" for a", and y for x, shews that the distribution of relative velocities
is regulated by the same law as that of the velocities themselves, and that
the mean relative velocity is the square root of the sum of the squares of the
mean velocities of the two systems.
Since the direction of motion of every particle in one of the systems may
be reversed without changing the distribution of velocities, it follows that the
velocities compounded of the velocities of two particles, one in each system, are
distributed according to the same formula (5) as the relative velocities.

PROP.VI.

TWO systems of particles move in the same vessel; to prove
that the mean vis viva of each particle will become the same in the two
systems.
Let P be the mass of each particle of the first system, & that of each
particle of the second. Let p, q be the mean velocities in the two systems before impact, and let p', q'
be the mean velocities after one impact. Let OA = p A
and OB=q, and let A O B be a right angle; then, by
Prop. V., A B will be the mean relative velocity, OG will
be the mean velocity of the centre of gravity ; and drawing
aGb a t right angles t o OG, and making a G = A G and
bG =BG, then Ou will be the mean velocity of P after
impact, compounded of OG and Ga, and Ob will be that of Q after impact.

p g = Oa--

therefore

Jv ( p z+q2)+P p 2+ &1q2
PTQ

3

and
and

ppe - Qqp2
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=

(-)PP +- QQ '(Ppa- Qq2)............................ (6).
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It appears therefore that the quantity Pp2- & f i s diminished at every impact
in the same ratio, so that after many impacts it will vanish, and then

3n
8

Now the mean &s wiva is +Paa=- Pp3 for P, and

37~

8- Qqa for Q ; and it ia

manifest that these quantities will be equal when Pp" Qqa.
If any number of dxerent kinds of particles, having masses P, Q, R and
velocities p, p, T respectively, move in the same vessel, then after many impacts

PROP.VII. A particle moves with velocity r relatively to a number of
particles of which there are N in unit of volume; to find the number of these
which it approaches withii a distance s in unit of tirne.
If we describe a tubular sdace. of wEiich the axis is the path of the
particle, and the radius the distance s, the content of this surface generated
in unit of time will be ms', and the. numler of particles included in it will be

which is the number of particles to which .the mwing particle approaches within
a distance S.

PROP.
VIII. A particle moves with velocity v in a system moving according
to the law of Prop. IV.; t o h d the number of particles which have a velocity
relative t o the moving particle between r and r+dr.
Let u be the actual velocity of a particle of the aystem, v that of the
original particle, and r their relative velocity, and 0 t.he angle between v and r,
then
PC"=vZ+r'-2vr cos 8.

If we suppose, as in Prop. IV., al1 the particles to start . from the origin at
once, then after unit of time the "density" or number of particles to unit of
volume at distance u will be

-,
.
a8n8

N 1 e
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From this we have to deduce the number of particles in a shell whose centre
is a t distance v, radius = r, and thickness = dr,

'

which is the number required.

COR. It is evident that if we integrate this expression from r = O to
r = a,, we ought to get the whole number of particles = N , whence the following
mathematical result,

PROP.IX. Two sets of particles move as in Prop. V.; to find the number
of pairs which approach w i t l i i a distance s in unit of tirne.
The number of the second kind which have a velocity between v and v+dv is

The number of the first kind whose velocity relative t o these is between r
and r +dr is

and the number of pairs which approach within distance s in unit of time is
nn'ws',

By the la& proposition we are able to integrnte with respect to v, and get

Integrating this again from r = O to r = a,
2

m ,& J W s 2 . .

.............................(11)

is the number of collisions in uni$ of time which take place in unit of volunie
between particles of differen-t kinds, s being the distance of centres a t collision.
VOL. 1.
49
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The number of collisions between two particles of the first kind,, sl being the
striking distance, is
2P

and for the second system it is

& ,&si;

Jn .iZpds;.

2xa

2a

28

so that if
and
and
z
&;
distances travelled by particles of the first and second systems

The mean velocities in the two systema are

l,

1,

be the mean
between each collision, then

PROP.X. To h d the probability of a particle reaching a given distance
before striking any other.
Let us suppose that the probability of a particle being stopped while
passing through a distance &, is adx; that ia, if N particles arrived at a
distance x, Nadx of them would be stopped before getting to a distance x+dx.
Putting this mathematically,
dN
-dx - -Na, or N = Ce-.
Putting N = 1 when x=O, we find e-" for the probability of a particle not
striking another before it reaches a distance x.
1

The m a n distance travelled by each particle before striking is - =l. The
a

probability of a particle reaching a distance=nl without being stmck is e-".
(See a paper by M. Clausius, Philosophical Magazine, February 1 8 5 9.)
If all the particles are at rest but one, then the value of a is
a = lrs9N,
where s is the distance between the centres a t collision, and M is the number
of particles in unit of volume. If v be the velocity of the moving particle
relatively t o the rest, then the number of collisions in unit of time will be
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and if v, be the actual velocity, then the number will be v,a; therefore

where v, is the actual velocity of the striking particle, and v its velocity
relatively to those it strikes. If v, be the actual velocity of the other particles,
then v =.Jvp + vi. If vl= us, then v = Jav,, and
Cr

Note

".

=& d ~ .

M. Clausius makes a =$maN.

PRop. X I . I n a mixture of particles of two dXerent kinds, to find the
mean path of each particle.
Let %here be N, of the first, and N, of the second in unit of volume.
Let s, be the distance of centres for a collision between two particles of the
first set, s, for the second set, and s' for collision between one of each kind.
Let v, and v, be the coefficients of velocity, Ml, Ma the mass of each particle.
The probability of a particle M, not being struck till after reaching a
distance xl by another particle of the same kind is
e- ~

~

8

,

w

l

~

[In the Philosophkal Xagazine of 1860, VOL r. pp. 434-6 Clausius e x p l a h the method by
which he found his value of the mean relative velocity. I t is briefly as follows: If u, v be the
velocities of two particles their relative velocity is Jus + b 2uv cos 8 and the mean of t h b as
regards direction only, al1 directions of v being equally probable, iri shewn to be
+

-

1 us
1 zlP
- when u < v , and u + - - when u z v .
3 pi
3 21
If v = u these expressions coincide. Clausius in applying this result and putting u, v for the
mean velocities assumes that the mean relative velocity ia given by expressions of the same form,
so that when the mean velocities are each equal to u the mean relative velocity would be gu.
This step is, however, open to objection, and in fad if we take the expressions given above for the
mean velocity, treating u and v as the velocities of two particlee which mtiy have an7 values between
O and oo, to calculate the mean relative velocity we should proceed as follows: Since the number of
Ur
4
use-zdu, the mean relative velocity is
particles with velocities between u and u + du is N
pi+-

aaJn

This expression, whe'n reduced, leads to
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- which i8 the result in the text,

& Jas+ P',

Ed]
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The probability of not being struck by a particle of the other kind in the same
,
distance is
e

-J I L $ T ~ ~ f l

Therefore the probability of not being struck by any particle before reaching a
distance x is
e

- = ( & , ~ N ~ + J I + $ ~ N , )S .
s

and if Z, be the mean distance for a particle of the first End,

Similarly, if Z, be the mean distance for a particle of the second kind,

The mean density of the particles of the first kind is NlMl=p, and that of
the second NJf2=pz. If we put

and

PROP.XII. TO find the pressure on unit of area .of the side of the vesse1
due to the impact of the particles upon it.
Let N = number of particles in unit of volume ;

IV=mass of each particle ;
v = velocity of each particle ;
Z = mean path of each particle ;

then the number of particles in unit of area of a stratum dz thick is
Ndz ........................................(17)The number of collisions of .these particles in unit of time is
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The number of particles which after collision reach a distance between nl and
(n+ dn) t is
v
N - e-" dzdn

..............................(19)-

z

.

The proportion of these which strike on unit of area a t distance z is
nl-a
2nl

.......................................(20) ;

the mean velocity of these in the direction of z is

Multiplying together (19), (20), and (21), and M, we find the momentum a t
impact

d
MN(n2P-z" ee-"dzdn.
4nY3
Integrating with res2ect to z from O to

let,

we get

6MNv"ne-" dn.
Integrating with respect to n from 0 t o

m,

we get

*MW
for the momentum in the direction of z of the striking particles ; for the
momentum of the particles after impact is the same, but in the opposite
direction; so that the whole pressure on unit of area is twice this quantity, or

p =+ M W .
This value of p is independent of 2 the length of path. I n applying this
result to the theory of gases, we put MN=p, and v"= $2, and then

p = 43'
which is Boyle and Mariotte's law. By (4) we have
$=+a9,

:.

aS=2k

............................(23).

We have seen that, on the hypothesis of elastic particles moving in straight
lines, the pressure of a gas can be explained by the assumption that the square
of the velocity is proportional directly to the absolute temperature, and inversely
to the specifk gravity of the gas at constant temperature, so that at the same
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pressure and temperature the value of N M ~is' the same for all gases. But
we found in Prop. VI. that when two sets of particles communicate agitation
to one another, the value of Mv' is the same in each. From this it appears
that N, the number of particles in unit of volume, is the same for dl gases
at the aame pressure and temperature. ~ h i sresult agrees with the chernical law,
that equal volumes of gases are chemically equivalent.
We have next to determine the value of Z, the mean length of the path
of a particle between consecutive collisions. The most direct method of doing
this depends upon the fact, that when d s e r e n t strata of a gas slide upon.
one another mith different velocities, they act upon one another with a tangentid force tending t o prevent this sliding, and similar in its results to the
friction between two solid surfaces sliding over each other in the same way.
The explanation of gaseous friction, according to Our hypothesis, is, that particles
having the mean velocity of translation belonging t o one layer of the gas, pass
out of it into another layer having a different velocity of translation; and
by striking against the particles of the second layer, ekert upon it a tangential
force which constitutes the interna1 friction of the gas. The whole friction
between two portions of gas separated by a plane surface, depends upon the
total action between al1 the layers on the one side of that surface upon all the
layers on the other side.
5

PROP.
XIII. To find the interna1 friction in a system of moving particles.
L e t . the syatem be divided into layers parallel to the plane of q,and
let the motion of translation of each layer be u in the direction of x, and
let u = A + Bz. W e have to consider the mutual action between the layers on
the positive and negative sides of the plane xy. Let us first determine the
action between two layers dz and dz', a t distances z and -x' on opposite sides
of this plane, each unit of area. The number of particles which, starting from
dz in unit of time, reach a distance between nl and (n+dn) 1 is by (19),

é-" dz dn.
1
The number of these which have the ends of their paths in the layer dz' is
N

v
2nP

N -e-" dz d i dn.
The mean velocity in the direction of x which each of these bas before impact
is A + Bz, and after impact A +Bz'; and its mass is M, so that a mean
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momentum MB (2-2') ie communicated by each particle. The whole action due
to these collisions is therefore

NMB -!(z
-2')
2nla

e-"

di dd dn.

We must first integrate with respect to z' between z'= O and z' =x
gives

- nZ ; this

for the action between the layer dz and all the layers below the plane xy.
Shen integrate from x=0 to z=nZ,

+MNBlvnae-adn.
Integrate from n = 0 to n = co , and we find the whole friction between unit
of area above and below the alane to be

w h r e p is the ordinary coefficient of interna1 friction,

where p is the density, 1 the mean length of path of a particle, and v the

Now Professor Stokes finds by experiments on air,
t-

If we suppose &=930

feet per second for air a t 60°, and therefore the mean
velocity v=1505 feet per second, then the value of Z, the mean distance
travelled over by a particle between consecutive collisions, =&=th
of an
inch, and each particle makes 8,Or 7,200,O 00 collisions per second.

A remarkable result hem presented t o us in equation (24), is that if this
explmation of gaseous friction be true, the coefficient of friction is independent
of the density. Such a consequence of a mathematical theory is very startling,
and the only experiment 1 have met with on the subject does not seem t o
c o ~ r mit. We must next compare Our theory with what is known of the
diffusion of gases, and the conduction of heat through a gas.
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PART II.

* ON THE

PROCESS
OF DIFFUSION
OP

TWO OR MORE KINDB OF MOVING PARTICLES

AMONG ONE ANOTHER.

I

We have shewn, in the first part of this paper, that the motions of a
system of many small elastic particles are of two kinds : one, a general motion
of translation of the whole system, which may be called the motion in mass;
and the other a motion of agitation, or molecular motion, in virtue of which
velocities in all directions axe distributed among the particles according to a
certain law. I n the cases we are considering, the collisions are so frequent that
the law of distribution of the molecular velocities, if disturbed in any way,
will be re-established in an inappreciably .short tirne; so that the motion will
always consist of this definite motion of agitation, combined with the general
motion of translation.
When two gases are in communication, streams of the two g s e s might
run freely in opposite directions, if it were not for the collisions which take
place between the particles. The rate a t which they actually interpenetrate each
other must be investigated. The diffusion is due partly to the spreading of the
particles by the molecular agitation, and partly to the actual motion of the
two opposite currents in mass, produced by the pressure behind, and resisted

* [The methods and results of this paper have been criticised by Clausius in a memoir published
in Poggendorff's Annalen, VOL cxv., and in the Philosophical Magazine, Vol. XXIIL H i s main objection is that the vaxious circumstances of the strata, discussed in the paper, have not b e n sufüciently
represented in the equations. I n particular; if there be a series of strata a t different temperatures
perpendicular t o the axis of x, then the proportion of molecules whose directions form with the
axis of x angles whose cosines lie between p and p+dp ie not i d p as haa been assumed by Maxwell
throughout his work, but frfldp where H is a factor to be determined. I n discussing the steady
conduction of heat through a gas Clausius assumes that, in addition to the velocity attributed to
the molecule according to Maxwell's theory, we must also suppose a velocity normal to the stratum
and depending on the temperature of the stratum. On this assumption the factor H is investigated
along with other modifications, and an expression for the assumed velocity is determined fmm the
consideration that when the flow of heat is steady there is no movement. of the mass. Clausius
combining his own results with those of Maxwell points out that the expression contained in (28)
of the paper involves as a result the motion of the gas. H e also disputes the accuracy of expression (59) for the Conduction of Heat. In the introduction to the memoir published in the
Phü. Trans., 1866, it will be found that Maxwell expresses dissatisfaction with his former theory
of the Difïusion of Gases, and admib the force of the objections made by Clausius to bis expression
for the Conduction of Heat. Ed]
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by the collisions of the opposite stream.

When the. densities are eqiial, .the
diffusions due to these two causes respectively are as 2 to 3.

PROP.XIV. I n a szjstem of particles whose density, velocity, &c. are
functions of x, to Jind the quantity of matter tmnsjerred across the plane of yz,
due to the motion of agitation alone.
If the number of particles, their velocity, or their length of path is greater
on one side of this plane than on the other, then more particles will croM the
plane in one direction than in the other ; and there d l be a transference of
matter across the plane, the amount of which may be calculated.
Let there be taken
stratum whose thickness is dx, and
area unity, a t a distance x from the origin. The mumber of
collisions taking place in this straturn in unit of t h e will b e
,

.

.-

N ? dx.

1
The proportion of these which reach a distance between nl and (n+ dn)l before
they atrike another particle is .
e-" dn.
The proportion of these which pass through the plane yz is
nl+x
when x is between -n1 and 0,
2nl

and

--nl-x

2nl

when x ia between O and C nl ;

the sign being negative in the latter case, because the particles cross the plane
in the negative direction. The mass of each particle is M; so that the quantity
of matter which is pojected from the stratum dx, crosses the plane yz in a
positive direction, and strikes other particles a t distances between nl and
(n+dn) 1 is

where x must be between ~ n l and
,
the upper or loaer sign is to be taken
according as x is positive or negative.
In integrating thii expression, we must remember that N, v, and 1 are
functions of x, not vanishing with x, and of which the variations are very
small between the limits 2 = nl and x = + nl.
VOL. 1.
5O

-
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As we may have occasion to perform similar integritions, we may state
here, to Save trouble, that if U and r are functions of x not vanishing with x,
whose variations are very small between the limits x = + r and x = - r ,
'

When m i~ an odd number, the upper sign only is to be considered;
when im is even or zero, the upper sign is to be taken with positive values
of X, and the lower with negative values. Applying this to the case before us,

n being taken ûorn O t o m .

WB thus find for the quantity of matter trans-

ferred across unit of area by the motion of agitation in unit of time,

where p=MN is the density, v the mean velocity of agitation, and
length of path.

-

Z the mean

PROP.XV. The qwntity transferred, in consequeme of a mean motion of
translation

would obviously be

PROP.XVI. TO&d
which

take p

h in a given

the

resultant

dynamkal e&t

of

al1

the coll&ons

stratum.

Suppose the density and velocity of the particles to be functions of x,
then more particles will be thrown into the given stratum from that side
on which the density is greatest; and those particles which have greatest
velocity will have the greatest effect, so that the stratum will not be generally
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in equilibrium, and the dynamical measure of the force exerted on the stratum
will be the resultant momentum of all the particles which lodge in it during
unit of' time. We shall first take the case in which there is no mean motion

of trandation, and then consider the effect of auch motion separately.
Let a stratum whose thickness is a (a small quantity
compared with Z), and area unity, be taken zlt the origin,
perpendicular to the mis of x ; and let another stratum, of
thickness dx, and area unity, be taken at a distance x from
the first.

If M, be the masa of a partiele, N the number in unit of volume, v the
velocity of agitation, E the mean length of path, then the number of collisions
which take place in the stratum dx is

The proportion of these which reach a distance between nl and (n+dn)l is
e-" dn.

The proportion of these which have the extremities of their paths in the
stratum a is

The velocity of these particles, resolved in the direction of x, is

and the mass is M; so that multiplying dl thew t e m together, we get

for the mornentum of the partides fulfilling the above conditions.
To get the whole momentum, we must h t integrate with respect to x
from x = ?11 t o x = + nl, remembering that 2 may be a fiinction of x, and is a
very small quantity. The result is

-

-6
dsc
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Integrating with respect to ' n from n = 0 to

lz = oo

, the

result is

as the whole resultant force on the stratum a arising from these collisions.

NMv"

Now -= p by Prop. XII., and therefore we rnay write the equation
3

the ordinary hydrodynamical equation.

PROP.XVII. To Jind the resultant eject of the collisions upoy~ each of
several dzfeerent systerns of particles mixed together.
Let Ml, M,, &c. be the masses of the different kinds of particles, Nl,
N,, &c. the number of each kind in unit of volume, v,, v,, &c. their velocities
of agitation, l,, 1, their mean paths, pl, p,, &b. the pressures due t o each
system of particles ; then

The number of collisions of the first kind of particles with ea.ch other in unit
-

of time will be

~1v1Ap1.
The number of collisions between particles of the h s t and second kinds will be
.

.

.

N!v1Bp9, or N,u,Cp1,because v,BB = v," C.

The number of collisions between particles of the second kind will be
N,v&, and so on, if there aré more h d s of particles.
'

Let us now consider a thin stratum of the mixture whose volume is unity.
The resultant momentum,of the particles of the first kind which lodge in
it during unit of tirne is

rpl
--ddcç'
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The proportion of these which strike' particles of the first kind is
. .

Ap1Z1.

The whole momentum of these remains among the particles of the first kind.
The proportion which strike particles of the second kind is
,

,

Bp24

I

The momentum of these iu divided between the striking particles in the ratio
'XA

of their masses ; s s that
kind, and

lul

Ml+&

.

'

of the whole goes to particles of the first

M, to particles of the second End,
Ml+&

The effect of these collisions is therefore to produce a force

on particles of the first system, a.nd

on particles of the second system.
The effect of the collisbns of those particles of the second system which
strike into the stratum, is to produce a force

on the first system, and

on the second.

.

'

The rhole effect of these collisions is therefore to produce a resultant force

on the first system,

on the second, &d so on.
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PROP.XVIII. To Jind the

mechankat e&ct of a
velocity of tmnslation of t.wo systems of movky particles.

Let F:,

di$el--en

in

the mean

V3 be the mean velocities of translation of the two systems

M,", ( VI- YJ is the rnean momentum lost by a. particle
Ml +M
2
of the first, and gained by a particle of the second at collision. The number
of such collisions in unit of volume is

respectively, then

~ 1 ~ p z v or
1 , -W,~p1v*;
therefore the whole effect of the collisions is to produce a force

on the first system, and an equal and opposite force

on unit of volume of the second system.
in the case of two gases dzfusing
PROP.XIX. TOjind the law cf d~fuszUSZon
into each other thmugh a plug made of a porous nzaterinl, cls in the case of
the experiments of GrchImm.
The pressure on each side of the plug being equal, it was found by Graham
that the quantities of the gases which passed in opposite directions through the

plug in the same time were directly as the square roots of their specific gravities.
We may suppose the action of the porous material to be sirnilar to that
of a number of particles fixed in space, and obstructing the motion of the
particles of the moving systems. If L, is the mean distance a particle of the
first kind would have to go before s t r i k i g a fixed particle, and L2 the distance
for a particle of the second kind, then the mean paths of particles of each
kind will be given by the equations

The mechanical effect upon the plug of the pressures of the gases on each side,
and of the percolation of the gases through it, may be found by Props. XVII.
and XVIII. to be
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and this must be zero, if the pressures are equal on each aide of the plug,
Now if QI, Q, be the quantities transferred through the plug by the mean
motion of translation, Ql =pl V ,= MIN,Vl; and sime by Graham's law

we shall have

MIN1vl = - M&va

6 = U 'suppose ;

--

dp2 = dp, and the only
and since the pressures on the two sides are equal, dz
dx '
way in which the equation of equilibrium of the plug can generally subsist is
when Ll=L, and Il= la. This irnplies that A = C and B=D. Now we know

that v,"B=v,SC. Let K= 3

and

A

7 , then

Vl

we shall have

1 1
+ 1 ...........................( 4 9
g = c -- K (v1fi+vgp2)

The diiusion is due partly to the motion of translation, and partly to that of
agitation. Let us find the part due to the motion of translation.
The equation of motion of one of the gases through the plug is found by
adding the forces due to pressura to those due t o resistances, and equating
these to the moving force, which in the case of s l o ~motions rnay be neglected
altogether. The result for the first ie

Making use of the sirnplt6cations we have just discovered, this becomes

whence
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whence the rate of diffusion due t o the motion of translation may be found; for

To find the diffusion due to the motion of agitation, we must find the
value of pl.
-

The values of q, and q2 have a
term not following Graham's law of the square, i-oots of the specific gravkies,
but following the law of equal volumes. The closer the material of the plug,
the less will this term affect the resuft.

The whole diffusions are Ql+ql and Q,+q,.

.

Our assumptions that the porous plug acts like a system of fixed particles,
and that Graham's law is fuEüed more wccurateIy the more compact the
material of the plug, are scarcely snf%ciently well verified for the foundation ofa theory of p e s ; and even if we admit the original assumption that they are
systems of moving elastic particles, we have not very good evidence as yet for
the relation among the quantities A, B, C, and D.

PROP.XX. TOJind the rate of difusion between two vessels connected by a
tube.
When diffusion takes place through a large opening, such as a tube connecting two vessels, the question is simplified bp the absence of the porous
diffusion plug; and silice the pressure is constant throughout the apparatus, the
volumes of the two gases passing .opposite ways through the tube a t the same
time must be equal. Now the quantity of gas which passes through the tube
is due partly to the motion of agitation as in Prop. XIV., and partly to the
rnean motion of translation as in Prop. XV.
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Let us suppose the volumes of the two vessels t o be a and b, and the
length of the tube between them c, and its transverse section S. Let a be filled with the first gas,
and b with the second a t the commencement of
the experiment, and let the pressure throughout
the apparatus be P.
Let a volume y of the first gas pass from a to b, and a volume y' of the
second pass from b to a ; then if p, and p, represent the preesures in a due
t o the first and second kinds of gas, and pr1 and pi the same in the'vessel b,

Since there is still equilibrium,

Pl +P,=p'1+ p:
which gives

9

y=y' and pl+pa=P=p:+p:

The r i t e of diffusion will be

+-dy
dt

.....................(49).

for the one gas, and

-9
for the
dt

other,

measured in volume of gas a t pressure P.
Now the rate of diffusion of the'first gas will be

and that of the second,

We have also the equation, derived from Props. XVI. and XVII.,

& in
From these three equations we c m eliminate VI and V,, and find dt
terms. of p and

*

dx ' so that we may writ.6

VOL. 1.
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Since the capacity of the tube is small compared with that of the vessels,
we may consider d~
- constant through the whole length of the tube. W e may
dt
then solve the dxerential equation in p and x ; and then making p=pl when
x = 0, and p =P'~ when x =c, and substituting for p, and P'~ their values in
terms of y, we shall have a differential equation in y and t, which being solved,
will give the amount of gas difîused in a given time.
The solution of these equations would be difficult unless we assume relations amont; the quantities A, B, C, D, which are not yet sufficiently established in the case of gases of dzerent density. Let us suppose that in a
particular case the two gases have the same density, and that the four quantities A, B, C, D are al1 equal.
The volunie diffused, owing to the motion of agitation of the particles, is

and that due to the motion of translation, or the interpenetration of the two
gases in opposite streams, is
s dp
-- -k1
Pdx v'
The values of v are distributed according to the l a a of Prop. IV., so that
2a

the mean value of v is - and that of

Jn '

1
-.

v

2

is -, that of k being

J&

*aa.

The

diffusions due t o these two causes are therefore in the ratio of 2 to 3, and
their sum is

dy constant throughout the tube, or, in other words, if we
If we suppose dt

regard the motion as steacly for a short time, then d~
- will be constant and
dx
qua1 to'*'I-pl;
C

or substituting from (48),

whence

IRIS - LILLIAD - Université Lille 1

ab
(1-e
a+b

y=--

-:@&+wt

) ...........................(56).
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By choosing pair8 of gases of equal density, and ascertaining the amount
of diffusion in a given time, we might determine the value of 1 in this expresaion. The diffusion of nitrogen into carbonic oxide or of deutoxide of nitrogen
into carbonic acid, would be suitable cases for experiment. The only existing
experiment which approximately fidfds the conditions is one by Graham, quoted
by Herapath from Brande's Qdarterly Journal of Science, Vol. XVIII. p. 76.

A tube 9 inches long and 0.9 inch diameter, communicated with the
atmosphere by a tube 2 inches long and 0.12 inch diameter; 152 parts of
olefiant gas being placed in the tube, the quantity remaining after four hours
was 99 parts.
In this case there is not much dserence of specific gravity between the
7T

gases, and we have a= 9 x (0.9)" - cubic inches, b = C O , c = 2 inches, and
4
Ir

s = (0.12)' - square inches ;

4

.:

1 =0.00000256 inch =3s+m

inch .................. (58).

PROP.XXI.

TOJind the amount of energy which crosses unit o f area i n
unit of time when the velocity of agitation is gyeuter on one side o f the areu
than on the other.
The energy of a single particle is composed of two parts,-the
of the centre of gravity, and the vis viva of the various motions of
round that centre, or, if the particle be capable of interna1 motions,
viva of these. We shall suppose that the whole vis viva bears a
proportion to that due to the motion of the centre of gravity, or

vis viva
rotation
the vis
constant

where 6 ~.EI a coefficient, the experimental value of which is 1.636. Substituting
E for M in Prop. XIV., we get for the transference of energy across unit
of area in unit of time,
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where J is the mechanical equivalent of heat in foot-pounds, and q is the
transfer of heat in thermal units.
Now M N = p , and

Z=-,

1

AP

1

so that MM=;q ;

Also, if T is the absolute temperature,

where p must be measured in dynamical units of force.
Let J = 772 foot-pounds, p = 2116 pounds t o square foot, Z =
v = 1505 feet per second, T = 522 or 62' Fahrenheit ; then

,&inch,

where q is the flow of heat in thermal units per square foot of area; and T
and T are the temperatures a t the two sides of a stratum of air x inches thick.

In Prof. Rankine's work on the Steam-engine, p. 239, values of the thermal
resistance, or the reciprocal of the conductivity, are given for various substances
as computed from a Table of conductivities deduced by M. Peclet from experiments by M. Despretz :Besistance.

Gold, Platinum, Silver.. ..........0.0036
Copper ............................. :..0.0040
Iron ....................................0'0096
Lead ..................................0.0198
Brick ..................................O-3306

Air by

OUT

calculation.. ......... .40000

It appears, therefore, that the resistance of a straturn of air to the conduction of heat is about 10,000,000 times greater than that of a stratum of
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copper of equal thickness. It would be almost impossible t o establish the value
of the conductivity of a gas by direct experiment, as the heat radiated from the
sides of the vesse1 would be far greater than the heat conducted through the
air, eren if currents coiild be entirely prevented*.

PART III.
ON THE COLLISION OF PERFECTLY ELASTIC BODIES OF ANY FORM.

When two perfectly smooth spheres strike each ,other, the force whicli acts
between them always passes through their centres of gravity ; and therefore their
motions of rotation, if they have any, are not affected by the collision, and
do not enter into our calculations. But, when the bodies are not spherical,
the force of compact will not, in general, be in the line joining their centres
of gravity ; and therefore the force of impact will depend both on the motion
of the centres and the motions of rotation before impact, and i t will affect
both these motions after impact.

In this way the velocities of the centres and the velocities of rotation
will act and react on each other, so that finally there will be some relation
established between them; and si&e the rotations of the particles about their
three axes are quantities related t o each other in the saine way as the three
velocities of their centres, the reasoning of Prop. IV. will apply t o rotation as
well a.s velocity, and both will be distributed according to the law

* [Clausius, in the memoir cited in the lest foot-note, lias pointed out two oversights in tlis
calculation. I n the first place the numbers have not beeu properly reduced to English nieasure,
and have still to be multiplied by -4356, the ratio of the English pound t o the kilogramme. The
numbers have, further, been calculated with one hour as t h e unit of tirne, whereas Maxwell has
used them as if a second had been the unit. Taking account of these circumshcces and using his
on the
own expression for the oondiiction which differs from (59) only in having z; in place of
righkhand eide, Clausius finds that the resistance of a stratum of air to the conduction of heat iu
1400 times greater than that of a stratum of lead of the same thickness, or about 7000 times greater
than that of copper. Ed.]

4
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Also, by Prop. V., if x be the average velocity of one set of particles, and y
that of another, then the average value of the sum or difference of the velocities is

J W ;
from which it is easy to see that, if in each individual case
where x, y, z are independent quantities distributed according t o the law above
stated, then the average values of these quantities will be connected by the
equation
us= a%' + by + c2zn'.

PROP.XXII. Two perfectly elastic bodies of any form strike each other:
giuen their motions before impact, and the line cf impact, to Jind their motions
ofter impact.
Let M, and M, be the centres of gravity of the two bodies. J&X,, MIY,,
and MIZl the principal axes of the fimt; and M A 2 ,
M,Y, and M& those of the second. Let 1 be the
point of impact, and RlIR2 the line of impact.
Let the CO-ordinatesof 1 with respect t o Ml be
xglzl, and with respect to M, let them be xggs.
Let the direction-cosines of the line of impact
&IR, be Zlmlnl with respect t o Ml, and Z2m2n,with
respect to M,.
Let Ml and M, be the masses, and AIBIG and A2B2C the moments of
inertia of the bodies about their principal axes.
Let the velocities of the centres of gravity, resolved in the direction of
the principal axes of each body, be
Ul,

and

q, TVl,

c,-Vu

and U,,V,, W,, before impact,
TVl, and U2,
K, W', after impact.

Let the angular velocities round the same axes be
and

'

pl, qU rl, and pz, q2, ru before impact,
p',, qi, r', and p',, q', r', after impact.
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Let R be the impulsive force between the bodies, measured by the momentum
it produces in eacli.
Then, for the velocities of the centres of gravity, we have the following
eu uations :

with two other pairs of equations in V and W.
The equations for the angular velocities are

R

R

P'~=pl -t-(yl% - z,ml),P'~=p2- -(yp,- z2m2)...........
Al
A,
(63h
with two other pairs of equations for q and r.
The condition of perfect elasticity is that the whole vis viva s h d be the
sarne after impact as before, which gives the equation

The terms relating to the axis of x are here given; those relating to y and
z may be easily written down.
Substituting the values of these terms, as given by equations (62) and (63),
and dividing by R,, we find

Now if v, be the velocity of the striking-point of the first body before
impact, resolved dong the line of impact,

and if we put va for the velocity of the sther striking-point resolved along the
same. lin&, and v', and v', the same quantities aker impact, we may write,
equation (65),
. vl+v:-v,-v'2=o
..............................(6619
which shows that the velocity of separation of the striking-points resolved in
the line of impact is equal to that of approach.
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Substituting the values of the accented quantities in equation (65) by means
of equations (63) and (64), and transposing terms in R, we find
2 {VI 1,

- u2k +pl (y1n1-

~ 1 % )-p2

(Y,% - zfl2))

+

the other terrns being related to y and z as these are to x. From this equation
we may find the value of R ; and by substituting this in equations (63), (64),
Ne rnay obtain the values of all the velocities after impact.
We may, for example, find the value of ü', from the equation

PROP.XXIII.

To Jind the relations between the average velocities

of

trans-

lation and rotation ufter many collisions among many bodies.
Taking equation (69), which applies t o an individual collision, we see that
V l is expressed as a linear function of Ul, U2, pl, p2, &c., all of which are
quantities of which the values are distributed among the different particles
according to the law of Prop. IV. It follows from Prop. V., that if we square
every term of the equation, we shall ha,ve a new equation between the average
values of the di6erent quantities. It is plain that, as soon as the required
relations have been established, they will remain the same after collision, so that
we rnay put U . = U; in the equation of averages. The equation between the
average values may then be mritten

(M,U:-~U;))-

M2

+ (MlU:-Ag:)

(yl%- zlml)"+
Al

U: - A ~ ~(y'n2
:)

n

+ 6e. = O.

Z2m2y

~

-

4

Now since there are collisions in every possible way, so that the values of
1, m, n, &c. and x, y, z, &c. are infinitely varied, this equation cannot subsist
unless
MIU,"= M,Ut=Alp,"= A,p:=&c,
The final state, therefore, of any number of system of moving particles of
any form is that in which the average vis viva of translation along each of the
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three axes is the same in al1 the systems, and equal t o the average vis wiva
of rotation about each of the three principal axes of each particle.
Adding the vires vivæ with respect to the other axes, we h d that the
whole vis viva of translation is equal to that of rotation in each system of
particles, and is also the same for d8erent systems, as was proved in Prop. VI.
This result (which is true, however nearly the bodies approach the spherical
form, provided the motion of rotation is at al1 affected by the collisions) seems
decisive against the u n q u a e d acceptation of the hypothesis that gases are such
systems of hard elastic particles. For the ascertained fact that y, the ratio of
the spec5c heat at constant pressure to that a t constant volume, is equal to
1.408, requires that the ratio of the whole vis &va to the vis &va of translation
should be
O

whereas, according t o Our hypothesis, /3= 2.
We have now followed the mathematical theory of the collisions of hard
elastic particles through various cases, in which there seems t o be an analogy
with the phenornena of gases. We have deduced, as others have done already,
the relations of pressure, temperature, and density of a single gas. We have
also proved that when two di£ferent gases act freely on each other (that is, when
at the sarne temperature), the mass of the single particles of each is inversely
proportional to the square of the molecular velocity ; and therefore, a t equal
temperature and pressure, the number of purticles in unit of volume is the same.
We then offered an explanation of the interna1 friction of gases, and deduced
from experiments a value of the mean length of path of a particle between
successive collisions.
We have applied the theory to the law of diffusion of gases, and, from an
experiment on olefiant gas, we have deduced a value of the length of path not
very difFerent from that deduced from experiments on friction.
Using this value of the length of path between collisions, we found that the
resistance of air t o the conduction of heat is 10,000,000 times that of copper, a
result in accordance with experience.
Finally, by establishing a necessary relation between the motions of translation and rotation of al1 particles not spherical, we proved that a system of
such particles could not possibly satisfy the known relation between the two
specific heats of al1 gases.
VOL. 1.
52
'
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Compound Colours, and the Relations of the Colours
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On the Theory of

~

(Received January 5,-Read

March 22, 1860.)

§ 1. Introduction.
ACCORDING
to Newton's analysis of light*, every colour in nature is produced by the mixture, in various proportions, of the different kinds of light
into which white light is divided by refraction. By means of a prism we may
analyse any coloured light, and determine the proportions in which the different
homogeneous rays enter into i t ; and by means of a lens we may recombine
these rays, and reproduce the original coloured light.
Newton has also shewnt how t o combine the different rays of the spectrum
so as to form a single beam of light, and how t o alter the proportions of the
different colours so as to exhibit the result of combining them in any arbitrary
manner.
The number of different kinds of homogeneous light being infinite, and the
proportion in which each may be combined being also variable indefinitely, the
results of such combinations could not be appreciated. by the eye, unless the
chromatic effect of every mixture, however complicated, could be expressed in
some simpler form. Colours, as seen by the human eye of the normal type, can
al1 be reduced t o a few classes, and expressed by a few well-known names; and
even those colours which have different names have obvious relations among 'themselves. Every colour, except purple, is similar to some colour of the spectrum$,

* Optks,

Book L Part 2, Prop. 7.
1- L e c t i m Opticœ, Part 2, § 1, pp. 100 to 105; and Optks, Book
$ Optics, Book L Part 2, Prop. 4.
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although less intense; and all purples rnay be compounded of blue and red,
and diluted with white t o any required tint. Brown colours, which at first
sight seem different, are rnerely red, orange or yellow of feeble intensity, more
or less diluted with white.
It appears therefore that the result of any mixture of colours, however
complicated, rnay be defined by its relation to a certain small number of
well-known colours. Having selected Our standard colours, and determined the
relations of a given colour t o these, we have defined that colour completely as
to its appearance. Any colour which has the same relation t o the standard
colours, will be identical in appearance, though its optical constitution, as
revealed by the prism, rnay be very diierent.
We rnay express this by saying that two compound colours rnay be chromaticaliy identical, but optically different. The optical properties of light are
those which have reference t o its origin and propagation through media, till it
falls on the sensitive organ of vision; the chromatical properties of light are
those which have reference t o its power of exciting certain sensations of oolour,
perceived through the organ of vision.
The investigation of the chromatic relations of the rays of the spectrum
must therefore be founded upon observations of the apparent identity of compound colours, as seen by an eye either of the normal or of some abnormal
type ; and the results to which the investigation leads must be regarded as
partaking of a physiological, as well as of a physical character, and as indicating
certain laws of sensation, depending on the constitution of the organ of vision,
which rnay be different in diierent individuals. We have t o determine the
laws of the composition of colours in general, to reduce the number of standard
colours to the smallest possible, to discover, if we can, what they are, and to
ascertain the relation which the homogeneous light of different parts of the
spectrum bears to the standard colours.

I I . History of the Theory of Compound Colours.
The foundation of the theory of the composition of colours was laid by
Newton*. He first shews that, by the mixture of homogeneal light, colours
may be produced which are "like t o the colours of homogeneal light as to
the appearance of colour, but not as to the immutability of colour and consti+

Optics, Book

I.

Part 2, Props. 4, 5, 6.

5 2-2
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tution of light." Red and yellow give an orange colour, which is chromatically
similar t o the orange of the spectrum, but optically different; because it is
resolved into its cumponent colours by a prism, while the orange of the spectrum
reinains unchanged. When the colours to be mixed lie a t a distance from one
another in the spectrum, the resultant appears paler than that intermediate
colour of the spectrum which it most resembles ; and when several are mixed,
the resultnnt may appear white. NewtonX is always careful, however, not to
cal1 any mixture white, unless it agrees with common white light in its optical
as well as its chromatical properties, and is a mixture of al1 the homogeneal
colours. The theory of compound colours is first presented in a mathematical
form in Prop. 6, " I n a mixture of primary colours, the quantity and quality
of each being given, to know the colour of the compound." H e divides the
circumference of a circle into seven parts, proportional to the seven musical
intervals, in accordance with his opinion about the proportions of the colours
in the spectrum. A t the centre of gravity of each of these arcs he places a
little circle, whose area is proportional to the number of rays of the corresponding colour which enter into the given mixture. The position of the centre
of gravity of al1 these circles indicates the nature of the resultant colour. A
radius drawn through it points out that coloiir of the spectrum which it most
resembles, and the distance from t,he centre determines the fulness of its colour.
With respect to this construction, Newton says, "This rule 1 conceive
practice, though not mathematically accurate." H e gives no
accurate enough
reasons for the different parts of his rule, but we shall find that his method
of finding the centre of gravity of the coniponent colours is completely confirmed by my observations, and that it involves mathematically the theory of three
elernents of colour ; but that the disposition of the colours on the circumference
of a circle was only a provisional arrangement, and that the true relations of
the colours of the spectrum can only be determined by direct observation.
Young t appears to have originated the theory, that the three elements of
colour are determined as much by the constitution of the sense of sight as by
anything external to us. He conceives that three different sensations may be
excited by light, but that the proportion in which each of the three is excited
depends on the nature of the light. H e conjectures that these primary sensa-

kr

*

7th and 8th Letters to

Oldenburg.

-t. Young's Lectures on. Natural Ph%osophy, Kelland's Edition, y. 345, or Quarto, 1807, Vol.
p. 441 ; see also Young in Philosophical Transwtions, 1801, or Works in Quarto, VOL II. p -617.
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tions correspond to red, green, and violet. A blue ray, for example, though
homogeneous in itself, he conceives capable of exciting both the green and the
violet sensation, and therefore he would cal1 blue a compound colour, though
the colour of a simple kind of light. !ïhe quality of any colour depends,
according t o this theory, on the ratios of the intensities of the three sensations
which it excites, and its brightwss depends on the sum of these three intensities.
Sir David Brewster, in his paper entitled "On a New Analysis of Solar
Light, indicating three Primary Colours, forming Coincident Spectra of equal
length*," regards the actual colours of the spectrum as arising fiom the intermixture, in various proportions, of three primary kinds of light, red, yellow,
and blue, each of which is variable in intensity, but uniform in colour, from
one end of the spectrum to the other; so that every colour in the spectrum
is really compound, and might be shewn to be so if we had the means of
separating its elements.
Sir David Brewster, in his researches, employed coloured media, which,
according to him, absorb the three elements of a single prismatic colour in
different degrees, and change their proportions, so as to alter the colour of the
light, without altering its refrangibility.
In this paper 1 shall not enter into the very important questions decting
the physical theory of light, which can only be settled by a careful inquiry
into the phenomena of absorption. The physiological facts, that we have a
threefold sensation of colour, and that the three elements of this sensation are
affected in difFerent proportions by light of difl'erent refrangibilities, are equally
true, whether we adopt the physical theory that there are three kinds of light
corresponding to these three colour-sen~ations, or whether we regard light of
definite refrangibility as an undulation of known length, and therefore variable
only in intensity, but capable of producing different chemical actions on diierent
substances, of being absorbed in different degrees by different media, and of
exciting in different degrees the three different colour-sensations of the human
eye.
Sir David Brewster has given a diagram of three curves, in which the
base-line represents the length of the spectrum, and the ordinates of the curves
represent, by estimation, the intensities of the three kinds of light a t each point
of the spectrum. 1 have employed a diagram of the same kind to express the

*

Tramact.ione of t h
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results arrived a t in this paper, the ordinates being made to represent the
intensities of each of the three elements of colour, as calculated from the
experiments.
The most cornplete series of experiments on the mixture of the colours of
the spectrum, is that of Professor Helmholtz*, of Konigsberg. By using two
dits a t right angles t o one another, he formed two pure spectra, the fixed
lines of which were seen crossing one another when viewed in the ordinary
way by means of a telescope. The colours of these spectra were thus combined
in every possible way, and the effect of the combination of any two could be
seen separately by drawing the eye back from the eye-piece of the telescope,
when the compound colour was seen by itself a t t,he eye-hole. The proportion
of the components was altered by turning the combined slits round in their
own plane.
One result of these experiments wa.s, that a colour, chromatically identical
with white, could be formed by combining yellow with indigo. M. Helmholtz
was not then able to produce white with any other pair of simple colours, and
considered that three simple colours were required in general to produce white,
one from each of the three portions into which the spectrum is divided by
the yellow and indigo.
Professor Grassmannj- shewed that Newton's theory of compound colours
implies that there are an infinite number of pairs of complementary colours in
the spectrum, and pointed out the means of finding them. He also shewed
how colours may be represented by lines, and combined by the method of the
parallelogram.
I n a second mernoir$, M. Helmholtz describes his method of ascertaining
these pairs of complementary colours. He formed a pure spectrum by means
of a slit, a prism, and a lens; and in this spectrum he placed an apparatus
having two parallel slits which were capable of adjustment both in position
and breadth, so as to let through any two portions of the spectrum, in any
proportions. Behind this slit, these rays were united in an image of the prism,
which was received on paper. By arranging the slits, the colour of this Mage
may be reduced to white, and made identical with that of paper illuminated with
white light. The wave-lengths of the component colours were then measured by
observing the angle of =action
through a grating. It was found that the

*

PoggendorfPs A d e n , Band LXXXVIL (Philosophical Magazine,
Band LXXXIX. (P7dosophkal Magasim, 1854, April).
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colours from red to green-yellow (A= 2082) were complementary t o colours ranging
from green-blue (A = 1818) to violet, and that the colours between green-yellow
and green-blue have no homogeneous complementaries, but must be neutralized
by mixtures of red and violet.
M. Helmholtz also gives a provisional diagram of the curve formed by the
spectrum on Newton's diagram, for which his experiments did not furnish him
with the complete data.
Accounts of experiments by myself on the mixture of artificial colours by
rapid rotation, may be found in the Transactions of the Royal Society of
Edinburgh, Vol. xxr. Pt. 2 (1855); in an appendix to Professor George Wilson's
work on Colour-Blindness ; in the Report of the British Association for 1856,
p. 12 ; and in the ,Philosophical Magazine, July 1857, p. 40. These experiments
shew that, for the normal eye, there are three, and only three, elements of
colour, and that in the colour-blind one of these is absent. They also prove
that chromatic observations may be made, both by normal and abnormal eyes,
with such accuracy, as to warrant the employment of the results in the calculation of colour-equations, and in laying down colour-diagrams by Newton's rule.
The first instrument which 1 made (in 1852) t o examine the mixtures of
the colours of the spectrum was similar to that which 1 now use, but smaller,
and it had no constant light for a term of comparison. The second was 6 4 feet
long, made in 1855, and shewed two combinations of colour side by side. 1 have
now succeeded in making the mixture much more perfect, and the comparisons
more exact, by using white reflected light, instead of the second compound
colour. An apparatus in which the light passes through the prisms, and is
reflected back again in nearly the same path by a concave mirror, was shewn
by me to the British Association in 1856. It has the advantage of being
portable, and need not be more than half the length of the other, in order
to produce a spectrum of equal length. 1 am so well satisfied with the working
of this form of the instrument, that 1 intend to make use of it in obtaining
equations from a greater variety of observers than 1 could meet with when 1
was obliged to use the more bulky instrument. It is di6cult a t first to get
the observer t o believe that the compound light can ever be so adjusted as to
appear to his eyes ideritical with the white light in contact with it. He has to
learn what adjustments are necessary to produce the requisite alteration under
all circumstances, and he must never be satisfied till the two parts of the
field are identical in colour and illumination. To do this thoroughly, implies
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not merely good eyes, but a power of judging as to the exact nature of the
difference. bet ween two very pale and nearly identical tints, whet her they differ
in the amount of red, green, or blue, or in brightness of illumination.
I n the following paper 1 shall first lay down the mathematical theory of
Newton's diagram, with its relation t o Young's theory of the colour-sensation.
1 shall then describe the experimental method of mixing the coloura of the
spectrum, and determining the wave-lengths of the colours mixed. The results
of my experiments will then be given, and the chromatic relations of the
spectrum exhibited in a system of colour-equations, in Newton's diagram, and
in three curves of intensity, as in Brewster's diagram. The differences between
the results of two observers will then be discussed, shewing on what they
depend, and in what way such dittérences may affect the vision of persons
otherwise free from defects of sight.

5 III.

Mathematical Theory of Newton's Diagram of

Colours.

Newton's diagram is a plane figure, designed to exhibit the relations of
colours to each other.
Every point in the diagram represeuts a colour, simple or compound, and
we may conceive the diagram itself so painted, that every colour is found at
its corresponding point. Any colour, difXering only in quantity of illumination
from one of the colours of the diagram, is referred to it as a unit, and is
measured by the ratio of the illumination of the given colour to that of the
corresponding colour in the diagram. In this way the quantity of a colour is
estimated. The resultant of mixing any two colours of the diagram is found
by dividing the line joining them inversely as the quantity of each; then, if
the sum of these quantities is unity, the resultant will have the illumination
as well as the colour of the point so found; but if the sum of the components
is different from unity, the quantity of the resultant will be measured by the
sum of the components.
This method of determining the position of the resultant colour is mathematically identical with that of h d i n g the centre of gravity of two weights,
and placing a weight equal to their sum a t the point so found. W e shall
therefore speak of the resultant t i n t as the sum of its components placed at
their centre of gravity.
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By compounding this resultant tint with some other colour, we may h d the
position of a mixture of three colours, a t the centre of gravity of its components;
and by taking these components in different proportions, we may obtain colours
corresponding to every part of the triangle of which they are the angular points.
I n this way, by taking any three colours we should be able to construct a
triangular portion of Newton's diagram by painting it with mixtures of the three
colours. Of course these mixtures must be made to correspond with optical
mixtures of light, not with mechanical mixtures of pigments.
Let us now take any colour belonging to a point of the diagram outside
this triangle. To make the centre of gravity of the three weights coincide mith
this point, one or more of the weights muat be made negative. This, though
following from mathematical principles, is not capable of direct physical interpretation, as we cannot exhibit a negative colour.
The equation between the three selected colours, x, y, z, and the new colour
u, may in the first case be written
x, y, z being the quantities of colour required to produce u.
suppose that z must be made'negative,

In the second case

As we cannot realize the term - a as a negative colour, we transpose it to the
other side of the equation, which then becomes
which may be interpreted to mean, that the resultant tint, u+z, is identical
with the resultant, x + y. W e thus h d a mixture of the new colour with one
of the selected colours, which is chromatically equivalent to a mixture of the
other two selected colours.
When the equation takes the form

two of the components being negative, we must transpose them thus,
which means that a mixture of certain proportions of the new colour and two
of the three selected, is chromatically equivalent to the third. We may thus in
all cases find the relation between any three colours and a fourth, and exhibit
VOL. L
53
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thk relation in a form capable of experimental verification; and by proceeding
in this way we may map out the positions of all colours upon Newton's diagram.
Every colour in nature d l then be defined by the position of the coimsponding
colour in the diagram, and by the ratio of its illumination to that of the
colour in the diagram.

1

Methd of representing Colours by Straight Lines drawn from a Point.

To extend our ideas of the relations of colours, let us form a new geometrical conception by the aid of solid geometry.
Let us take as origin any point not in the plane of the diagram, and let
US draw lines through t b point to the different points of the diagram; then
the direction of any of these Lines will depend upon the position of the point
of the diagram through which it passes, so that we may take this line as the
represenhtive of the corresponding colour on the diagram.
In order t o indicate the quantity of this colour, let it be produced beyond
the plane of the diagram in the same ratio as the given colour exceeds in
illumination the colour on the diagram. I n this a a y every colour in nature wilI
be represented by a line drawn through the origin, whose direction indicates
the quality of the colour, while its length indicates its qwxntity.
Let us find the resultant of two colours by this
method. Let O be the origin and AB be a section
of the plane of the diagram by that of the paper.
Let OP, O& be lines representing colours, A, B the

OP corresponding points in the diagram; then the quantity of P will be OA -P,
and that of & will be OQ
The resultant of these will be represented in

m=q.

the diagram by the point C, where AC : CB ::q : p , and the quantity of the
resultant d l be p +q, so that if we produce OC to R, so that OR= ( p+ ¶)OC,
the line O R will represent the resultant of OP and O& in direction and
magnitude. It is easy t o prove, from this construction, that OR is the diagonal
of the pardelogram of which O P and O& are two sides. It appears therefore
that if colours are represented in quantity and quality by t h e magnitude and
direction of straight lines, the nile for the composition of colours is identical
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with that for the composition of forces in mechanics. This analogy has been
well brought out by Professor Grassmann in Poggendorff's Annalen, Bd. LXXXIX.
We may conceive an arrangement of actual colours in space founded upon
this construction. Suppose each of these radiating lines representing a given
colour to be itself illuminated with that colour, the brightness increasing from
zero at the origin to unity, where it cuts the plane of the diagram, and
becoming continudy more intense in proportion to the distance from the origin.
I n this way every colour in nature may be matched, both in quality and
quantity, by some point in this colonred space.
If we take any three lines through the origin as axes, we may, by co-ordinates paralle1 t o these lines, express the position of any point in space. That
point will correspond to a, colour which is the resultant of the three colours
represented by the three co-ordinates.
This system of co-ordinates is an illustration of the resolution of a colour
into three components. According to the theory of Young, the human eye is
capable of three distinct primitive sensations of colour, which by their composition
in various proportions, produce the sensations of actual colour in a l l their varieties.
Whether any kinds of light have the power of exciting these primitive sensations
separately, has not yet been determined.
If colours corresponding to the three primitive sensations can be exhibited,
then all colours, whether produced by light, disease, or imagination, are compounded of these, and have their places within the triangle formed by joining
the three prirna~es. If the colours of the pure spectrum, as laid down on the
diagram, form a triangle, the colours a t the angles may correspond to the primitive
sensations. If the curve of the spectrum does not reach the angles of the circumscribing triangle, then no colour in the spectrum, and therefore no colwr in
nature, corresponds to any of the three p r i m q sensations.
The only data a t present existing for determining the primary colours, are
derived from the comparison of observations of colour-equations by colour-blind,
and by normal eyes. The colour-blind equations difFer from the others by the
non-existence of one of the elements of colour, the relation of which to known
colours can be ascertained. It appears, fiom observations made for me by two
colour-blind persons", that the elementary sensation which they do not possess
is' a red approaching to crimson, lying beyond both vermilion and canriine. These

*
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observations are conûrmed by those of Mr Pole, and by others which 1 have
obtained since. 1 have hopes of being able to procure a set of colour-blind
equations between the colours of the spectrum, which will indicate the missing
primary in a more exact manner.
The experiments which 1 am going to describe have for their object the
determination of the position of the colours of the spectrum upon Newton's
diagram, from actual observations of the mixtures of those colours. They were
conducted in such a way, that in every observation the judgment of the observer
was exercised upon two parts of an illuminated field, one of which was so
adjusted as to be chromatically identical with the other, which, during the whole
series of observations, remained of one constant intensity of white. I n this way
the effects of subjective colours were entirely got rid of, and all the observations vere of the same kind, and therefore may claim to be equally accurate;
which is not the case when comparisons are made between bright colours of
different kinds.
The chart of the spectrum, deduced from these observations, exhibits the
colours arranged very exactly dong two sides of a triangle, the extreme red and
violet forming doubtful portions of the third side. This result greatly simpliûes
the theory of colour, if it doea not actually point out the three primary colours
themselves.

§ V. Description of an I n s t r u m t for mkinq deJinite Mixtures o f the
Colours o f the Spectrum.
The experimental method which 1 have used consists in forming a combination of three colours belonging to different portions of the spectrum, the quantity
of each being so adjusted that the mixture shall be white, and equal in intensity
to a given white. Fig. 1, Plate VI. p. 444, represents the instrument for
making the observations. It consista of two tubes, or long boxes, of deal, of
rectangular section, joined together a t an angle of about 100°.
The part A R is about five feet long, seven inches broad, and four deep ;
KN is about two feet long, five inches broad, and four deep ; BD is a partition
parallel to the side of the long box. The whole of the inside of the instrument
is painted black, and the only openings are a t the end AC, and a t E. At the
angle there is a lid, which is opened when the optical parts have to be adjusted
or cleaned.
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At E is a b e vertical slit ; L is a lena; a t P there are two equilateral
prisms. The slit E, the lem L, and the prisms P are so adjusted, that when
light is admitted a t E a pure spectmm is formed a t AB, the extremity of the
long box. A mirror at M is also adjusted so as to reflect the light from E
along the narrow compartment of the long box t o BC. See Fig. 3.
At AB is placed the contrivance shewn in Fig. 2, Plate 1. A'B' is a rectan&
frame of brass, having a rectangular aperture of 6 x 1 inches. On this
£rame are placed six brass sliders, X, Y, 2. Each of these carries a knife-edge
of brass in the plane of the surface of the fiame.
These six moveable knife-edges form three slits, X, Y, 2, which may be
so adjusted as to coincide with any three portions of the pure spectrum formed
by light from E. The intervals behind the sliders are closed by hinged ,shutters,
which allow the sliders to move without letting light pass between them.
The inner edge of the braas frame is graduated t o twentieths of an inch,
so that the position of any slit can be read off. The breadth of the slit is
ascertained by means of a wedge-shaped piece of metal, six inches long, and
tapering to a, point from a breadth of half an inch. This is gently inserted into
each slit, and the breadth is determined by, the distance to which it enters, the
divisions on the wedge corresponding t o the 200th of an inch difference in
breadth, so that the unit of breadth is -005 inch.
Now suppose light to enter a t E, to paas through the lens, and to be
refiacted by the two prisms a t P; a pure spectrum, shewing Fraunhofer's lines,
is formed a t AB, but only that part is allowed to pass which falls on the three
slits X, Y, 2. The rest is stopped by the shutters. Suppose that the portion
&g
on X belongs to the red part of the spectrum; then, of the white light
entering at E, only the red will come through the slit X. If we were to admit
red light a t X it would be refracted t o E, by the principle in Optics, that the
course of any ray may be reversed. If, instead of red light, we were to admit
white light at X, still only red light would come to E ; for all other light
would be either more or less refracted, and would not reach the slit a t E.
Applying the eye a t the slit E,we should see the prism P uniformly illuminated
with red light, of the kind corresponding to the part of the spectrum which
falls on the slit X when light is admitted a t E.
Let the slit Y correspond to another portion of the spectrum, Say the green ;
then, if white light is admitted at Y, the prism, aa seen by an eye a t E, will
be uniformly illuminated with green light; and if white light be admitted a t X

IRIS - LILLIAD - Université Lille 1

422

ON THE THEORY OP COIvfPOUND COLOURS.

and Y simultaneously, the colour seen a t E will be a compound of red and green,
the proportions depending on the breadth of the slits and the intensity of the
light which enters them. The third slit 2, enables us t o combine any three kinds
of light in any given proportions, so that an eye at E shall aee the face of the
prism a t P uniformly illuminated with the colour resulting fkom the combination
of the three. The position of these three rays in the spectrum is found by
admitting the light at E, and cornparing the position of the slits with the
position of the principal h e d lines ; and the breadth of the dits is determined
by means of the wedge.
At the sarne time white light is admitted through BC to the mirror of black
glatjs at M, whence it is reflected to E,past the edge of the prism at P, so that
the eye a t E sees through the lens a field consisting of two portions, separated
by the edge of the prism; that on the left hand being compounded of three
colours of the spectrum refracted by the prism, while that on the right hand is
white light reflected from the mirror. By adjusting the slits properly, these two
portions of the field may be made equd, both in colour and brightness, so that
the edge of the prism becomes almost invisible.
I n making experiments, the instrument was placed on a table in a room
moderately Lighted, with the end AB turned towards a large board covered with
white paper, and placed in the open air, so as to be uniforrnly illuminated by
the sun. I n this way the three slits and the mirror M were all illuminated
with white light of the same intensity, and d were affected in the same ratio
by any change ,of illumination; so that if the two halves of the field were
rendered equal when the sun was under a cloud, they were found nearly correct
when the sun again appeared. No experiments, however, were considered good
unless the sun remained uniformly bright during the whole series of experiments.
Mter each set of experiments light was admitted a t 3, and the position of
the fked lines D and P of the spectrum was read off on the male a t AB. It
was found that after the instrument had been some time in use these positions
were invariable, shewing that the eye-hole,. the prisms, and the scale might be
considered as rigidly connected.
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8 VI.

Method

of detmining

the Wave-length corresrponding to any point
of thè Spectrum on the Scale AB.

Two plane surfaces of glass were kept apart by two parallel strips of goldbeaters' leaf, so as to enclose a straturn of air of nearly uniform thickness. Light
reflected from this stratum of air was admitted a t E, and the spectrun formed
by it was examined a t AB by means of a lem. This spectrum consists of a
large number of bright bands, separated by dark spnces at nearly uniform intervals,
these intervals, however, being considerably larger as we approach the violet end
of the spectrum.
The reason of these alternations of brightness is easily explained. By the
theory of Newton's rings, the light reflected from a stratum of air consists of
two parts, one of which ha^ traversed a path longer than that of the other, by
an interval depending on the thickness of the stratum and the angle of incidence.
Whenever the interval of retardation is an exact multiple of a wave-length, these
two portions of light destroy each other by interference ; and when the interval
is an odd number of half wave-lengths, the resultant light is a maximum.
In the ordinary case of Newton's rings, these alternations depend upon the
varying thickness of the stratum; while in this case a pencil of rays of different
wave-lengths, but al1 experiencing the same retardation, is analysed into a spectrum,
in which the rays are arranged in order of their respective wave-lengths. Every
ray whose wave-length is an exact submultiple of the retardation will be destroyed
by interference, and its place will appear dark in the spectrum; and there will
be as many dark bands seen. as there are rays whose wave-lengths fulfil this
condition.
If, then,' we observe the positions of the dark bands on the scale AB,
the wave-lengths corresponding to these positions will be a series of submultiples
of the retardation.
Let us call the h s t dark band visible on the red side of the spectrum zero,
and let us number them in order 1, 2, 3, &c. towards the violet end. Let N
be the number of undulations corresponding to the band zero which are contained in the retardation R ; then if n be the number of any other band, N + n
will be the nurnber of the corresponding wave-lengths in the retardation, or in
symbols,
R = ( N +n)X . .
.. .......... ...(6).

.. .... ........... .
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Now observe the position of two of Fraunhofer's k e d lines with respect to
the dark bands, and let n, n, be their positions expressed in the number of
be the wave-lengths
bands, whole or fractional, reckoning from zero. Let &,
of these h e d lines as determined by Fraunhofer, then

R=(N+nJ & = ( N + ~ u&,
,)

...........................(7);

whence
and
Having thus found N and R, we may h d the wave-length corresponding to
the dark band n from the formula

In my experiments the line D corresponded with the seventh dark band, and
F was between the 15th and 16th, so that %= 15.7. Here then for D,
%=7,
&=2175
in Fraunhofer's measure
n2= 15-7, &= 1794
(il),
and for F,
whence we find
N = 34, R = 89175 ................................. (12).

..........

There were 22 bands visible, corresponding to 22 difTerent ~ositionson the
scale AB, as determined 4th August, 1859.

TABLE1.
Bmd. Sade.

a= 1

2
3

4
6
6

7
8

'

17
19
214
23)
26
284
31
33)

Band. Bode.

Band. Scde.
m=

9
10
11
12
13
14
16

36
39
42
46
48
51
54

m=

16
17
18
19
20
21
22

57
61
65
69
73
77
82

Sixteen equidktant points on the scale were chosen for standard colours
in the experiments to be described The following Table gives the reading on'
the scale AB, the value of N + r , and the calculated wave-length for each of
these :-
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TABLE

II.
Colour.

Red.
Scarlet
orange.
Yellow.
Yellow-Green.
Green
Green.
Bluish green
Blue-green.
areenish blue.
Blue.
Blue.
Blue.
Indigo.
Indigo.
Indigo.

Haviiig tlius selected sixteen distinct points of the spectrum on which to
operate, and determined their wave-lengths and apparent colours, 1 proceeded
to ascertain the mathematical relations between these colours in order to lay
tliem down on Newton's diagram. For t,his purpose 1 selected three of these
as points of reference, namely, those a t 24, 44, and 68 of the scale. 1 chose
these points because they are well separated from each other on the scale, and
because the colour of the spectrum a t these points does not appear to the eye
. t o Vary very rapidly, either in hue or brightness, in passing from one point to
another. Hence a small error of position will not make so serious an alteration
of colour at these points, as if we had taken them a t places of rapid variation;
and we may regard the amount of the illumination produced by the light
entering through the slits in these positions as sensibly proportional to the
Breadth of the slits.
(24) corresponds to a bright scarlet about 'one-third of the distance from
6J to D ; (44) is a green very near the line E ; and (68) is a blue about onethird of the distance from P to G.

VOL. 1.
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8

VIL Method

of Observation.

The instrument k turned with the end AB towards a board, covered with
white paper, and illuminated by sunlight. The operator sits at the end AB, to
inove the sliders, and adjust the slits; and the observer sits a t the end E:
which is shaded-from any bright light. The operator then pla,ces the slits sj
that their centres correspond t o the three standard colours, and adjusts their
breadths till the observer sees the prism illuminated with pure white light of
the same intensity with that reflected by the mirror M. In order to do this,
the observer must tell the operntor what difference he observes in the two halves
of the illuminated field, and the operator must alter the breadth of the slits
ascordingly, always keeping the centre of each slit a t the proper point of the
scale. The observer may cal1 for more or less red, blue or green; and then
the operator must increase or diminish the width of the slits X, Y, and Z
respectively. If the variable field is darker or lighter than the constant field,
the operator must widen or narrow al1 the slits in the sarne proportion. When
the variable part of the field is nearly adjusted, it often happens that thé
constant white light froin the mirror appears tinged with the complementary
colour. This is an indication of what is required to make the resemblance of
the two parts of the field of view perfect. When no difference can be detected
between the two parts of the field, either in colour or in brightness, the observer
must look away for some time, to relieve the strain on the eye, and then look
again. If the eye thus refreshed still judges the two parts of the field t o be
equal, the observation may be coneidered complete, and the operator must measure
the breadth of each slit by means of the wedge, as before described, and'write
domn the result as a colour-equation, thus'

This equation means that on the 18th of October the observer J. (myself) made
, an observation in which the breadth of the slit X was 18'5, as measured by
the wedge, while its centre was at the division (24) of the scale; that the breadths
of Y and Z were 27 and 37, and their positions (44) and (68) ; and that the
illumination produced by these slits was exactly equal, in my estimation aa an
observer, to the constant white W.
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The position of the slit X was then ahifted from (24) to (28), and when
the proper adjustments were made, 1 found a second colour-equation of this foïmOct. 18, J.

16 (28)

+ 21 (44) + 37 (68) = W ..................... (14).

Subtracting one equation from the other and remembering that the figures in
brackets are merely symbols of position, not of magnitude, we find
1 6 (28) = 18'5 (24)

+ 6 (44) ..........................(15))

shewing that (28) can be made up of (24) and (44), in the proportion of 18.5
to 6.
I n this way, by combining each colour with two standard colours, we may
produce a white equal t o the constant white. The red and yellow colours froni
(20) to (32) must be combined with green and blue, the greens from (36) to (52)
with red and blue, and the blues from (56) t o (80) with red and green.
The followirig is a specimen of an actua,l series of observations made in this
way by another observer (K.) :-

TABLEIII.
Oct. 13, 1859.

Observer (K.).

(X)
(Y)
(Z)
184(24) + 324(44) + 32 (68) = W*.
174(24) + 32&(44)+ 63 (80) =W.
18 (24) + 32&(44)+ 35 (72) = W .
19 (24) + 32 (44) + 31&(68)= W*.
1 9 (24) + 30&(44)+ 35 (64) = W .
20 (24) + 23 (44) + 39 (GO) = W.
21 (24) + 14 (44) + 58 (56) =W.
22 (24) + 62 (52) + 11 (68) =W.
22 (24) + 42 (48) + 294(68) =W.
19 (24) + 314(44) + 33 (68) = W ?
16 (24) + 28 (40) + 32&(68)= W.
6 (24) + 27 (36) + 323(68) = W.
23 (32) + 11$(44) + 324(68) = W.
17 (28) + 26 (44) + 324(68) = W.
20 (24) + 334(44) + 32&(68)= W*.
46 (20) + 33 (44) + 30 (68) =W.

The. equations marked with an asterisk (') are those whict involve t l e
three standard colours, and since every other equation must be compared d l i .
them, they must be often repeated.
54-il

IRIS - LILLIAD - Université Lille 1

428

ON THE THEORY OP COMPOUND COLOURS.

The following Table contains the wans of four sets of observations by the
same observer (K.) :-

TABLEW. (K.)

5 VIII.

Determination

of the

Average Error i n Observaths of dtfe~ent Ends.

I n order to estimate the degree of accuracy of these observations, 1 have
taken the differences between the values of the three standard colours as
originally observed, and their means as given by the above Table. The sum
of all the errors of the red (24) from the means, was 31.1, and the number
of observations was 42, which gives the average error -74.
The sum of errors in green (44) was 48'0, and the number -of observations 31, giving a mean error 1.55.
The sum of the errors in blue (68) was 46.9, and the number of observations 35, giving a mean error 1.16.
It appears therefore that in the observations generally, the avera.ge error
does not exceed 1.5; and therefore the results, if codrmed by several observations, may safely be trusted to that degree of accuracy.
The equation between the three standard colours was repeatedly observed,
in order to detect any alteration in the character of the light, or any other
change of condition which would prevent the observations from being comparable
with one another; and also because this equation is used in the reduction of
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all the others, and therefore requires to be carefully observed. There are twenty
observations of this equation, the mean of which gives
18.6 (24) + 31.4 (44) + 30.5 (68) = W"

.....................(16)

as the standard equation.
We may use the twenty observations of this equation as a means of
determining the relations between the errors in the different colours, and thus
of estimating the accuracy of the observer in distinguishing colours.
The following Table gives the result of these operations, where R stands
for (24), G for (44), and B for (68) :TABLEV.-Mean

Errors in the Standard Equation.

The f i s t column gives the mean difference between the observed value of
each of the colours and the mean of ali the observations. The second column
shews the average error of the observed dgerences behween the values of the
standards, from the mean value of those clifFerences. The third column shews
the average error of the sums of two standards, from the mean of such Burns.
The fourth column gives the square root of the sum of the squares of the
quantities in the first column. 1 have also given the average error of the
sum of R, G and B, from its mean value, and the value of JR?+Ga+ Ba.
It appears from the first column that the red is more accurately observed
than the green and blue.

1

Relative Accuracy in Observations of Colour and of Bright~ms.

If the errors in t h e . dXerent colours occurred perfectly independent of each
other, then the probable mean error in the siim or difTerence of any two colours
would be the square root of the sum of their squares, as given in the fourth
column. It will be seen, however, that the number in the second column is
always less, and that in the third always greater, than that in the fourth;
shewing that the errors are not independent of each other, but that positive
errors in any colour coincide more often with positive than with negative errors
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in anôther colour. .New the hue of the resultant depepds on the ratios of the
cornponents, while its brightness depends on their sum. Since, therefore, the
diierence of two colours is always more accurately observed tban their sum,
variations of cobur are more easily detected than variations in brightness, and
the eye appears to be a more accurate judge of the i'dentity of colour of the
two parts of the field than of their equal illumination. The same conclusion may
be drawn from the value of the mean error of the sum of' the three standards,
which ia 2.67, while the square ro& of the sum of the squares of the errors
is 1.76.

§ X. Reduction of the Observations.
By eliminating W from the equations of page 428 by means of the standard
equation, we obtain equations involving each of the fourteen selected colours of
the spectrum, along with the three standard colours; and by transposing the
selected colour to one side of the equation, we obtain its value in terms of
the three standards. If any of the terms of these equations are negative, the
equation has no physical interpretation as it stands, but by tra.nsposing the
negative term to the other side it becomes positive, and then the equation mai
be . verified.
The following Table contains the .values of the fourteen selected tints- in
terms of the standards. To avoid repetition, the symbols of the standard coloiirs
are placed at the head of each colwnn.

TABLE VI.
Observer (K.).
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(44.)

(24.)

44.3 (20)= 18.6
16.1 (28)= 18.6
22.0 (32) = 18.6
25.2 (36) = 12.2
26.0 (4O)=
3.3
3 5 0 ( 4 6 ) = - 1.2
41.4 (48) = - 2.6
62.0(52)=- 3.4
61.7(56)=- 3.1
40.5(60)=- 1.9
33.7(64)=- 1.1
32.3 (72) = + 0.6
44.0 (76) = + 1-1
63.7 (80) = + 0.3

+
+

0.4
5.8
+ 19.3
+ 31.4
+31.4
+31.4
+ 31.4
+31*4
+21a0
+ 7.7
+ 1.1
+ 0.2
+ 0.7
- 1.8
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From these equations we rnay lay down a chart of the spectrum on Newton's
diagram by the following method:-Take any three points, A, B, C, and leb A
represent the standard co10,y (24), B (44), and C (68). Then, to find the position
of any other colour, say (20), divide AC in P so that (18.6) A P = (2.8) PC, and
then divide BP in Q so that (18.6+2.8) PQ=(0.4) &B. At the point Q the
colour corresponding to (20) must be placed. I n this way the diagram of fig. 4,
Plate VI., p. 444, has been constructed from the observptions of all the colours.
.

i

XI. The S'ectrum as laid down on Newton's Diagram.
The curve on which these points lie has this striking feature, that two
portions of it are nearly, if not quite, straight lines. One of these portions
extends from (24) to (46), and the other from (48) t o (64). The colour (20)
and those beyond (64), are not far from the line joining (24) and (68). The
spectrum, therefore, as exhibited in Newton's diagram, forrris two sides of a
triangle, with doubtful fragments of the third side. Now if three colours in
Newton's diagram lie in a straight line, the middle one is a compound of the
two others. Hence al1 the colours of the spectrum may be compounded of
those which lie at the angles of thii triangle. These correspond to the following
colours :-

TABLEVII.
Wave-length.

in water.

Wave-length
in water.

1.332
1.334
1.339

1.747
1.435
1.282

Index

. .
. .
. ..

Scale.

R Scarlet

24

G Green.
B Blue

46%

2328
1914

644

1717

All the other colours of the spectrum rnay be produced by combinations of
these; and since al1 natural colours are compounded of the colours of the spectrum, they rnay be compounded of these three primary colours. 1 have strong
reason to believe that these are the three primary colours corresponding to three
modes of sensation in the organ of vision, on which the whole system of colour,
as seen by the normal eye, depends.

$ XII. Results founcl by n second Obselwr.
We may now consider the results of three series of observations made by
myself (J.). as observer, in order t a determine the relation of one observer to
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another in the perception of colour. The standard colours are connected'by the
following equation, as determined by six observations :The average errors in these observations were-

:::1

B, -16

TABLEVIII.
G + B, -83
B + R, -42

R+G, .95

1

G -B, -83
B - R, -28
R-G; ~ 7 2

1

R + (3 + B, 9 5

shewing that in this case, also, the power of distinguishing colour is more t o be.
depended on than that of distinguishing degrees of illumination.
The average error in the other observations from the rneans was .64 for red,
-76 for green, and 1-02 for blue.

TABLEIX.
Observations by J., October 1859.

FJ XIII.

Cornparbon of Results by Newton's Diagram.

The r&tions of the colours, as given by these observations, are laid d o w ~
in fig. 5, Plate VI., p. 444. It appears from this diagrah, that the positions of
the colours lie nearly in a straight line from (24) to (44), and from (48) to (60).
The colours beyond (60) are crowded together, as in the other diagram, and
the observations are not yet sufüciently accurate to distinguish their relative
positions accurately. The colour (20) a t the red end af the spectrum is further
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from the line joining (24) and (68) than in the other diagram, but 1 have not
obtained satisfactory observations of these extreme colours. It will be observed
that (32)) (36)) and (40) are placed further to the right in fig. 5 than in fig. 4,
shewing that the second observer (J.) sees more green in these colours than
the first (K.), also that (48), (52), (56), and (60) are much further up in fig. 5,
shewing that t o the second observer they appear more blue and less green.
These differences were well seen in making an observation. When the instrument was adjusted t o suit the first observer (K.), then, if the selected colour
were (32)) (36), or (40), the second (J.),on looking into the instrument, saw it
too green ; but if (48), (52)) (56), or (60) were the selected colour, then, if right
t o the first observer, it appeared too blue to the second. If the instrument
were adjusted to suit the second observer, then, in the first case, the other saw
red, and in the second green; shewing that there was a real difl'erence in the
eyes of these two individuals, producing constant and measurable differences in
the apparent colour of objects.

$ XIV.

Cornparison by Curves of

Intensity of the P r i m a r i e s .

Figs. 6 and 7, Plate VI. p. 444, are intended t o indicate the intensities of
the three standard colours at difl'erent points of the spectrum. The curve marked
(R) indicates the intensity of the red or (24), (G) that of green or (44), and (B)
that of blue or (68). The curve marked (S) has its ordinates equal to the
sum of the ordinates of the other three curves. The intensities are found by
dividing every colour-equation by the coefficient of the colour on the, left-hand
side. Fig. 6 represents the results of observations by K., and fig. 7 represents
those of J. It will be observed that the ordinates in fig. 7 are smaller between
(48) and (56) than in fig. 6. This indicates the feeble intensity of certain kinds
of light as seen by the eyes of J., which made it impossible to get observations
of the colour (52) at all without making the slit so wide as to include all
between (48) and (56).
This blindness of my eyes to the parts of the spectrum between the h e d
lines E and F appears to be confined to the region surrounding the axis of
vision, as the field of view, when adjusted for my eyes looking directly at the
colour, is decidedly out of adjustment when 1 view it by indirect vision, turning
the axis of my eye towards some other point. The prism then appears greener
VOL. 1.
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and brighter than the mirror, shewing that the parts of my eye at a distance
from the axis are more sensitive to this blue-green light than the parts close
ta the axis.
It is to be noticed tbat this insensibility is not to al1 light of a green
or blue colour, but to light of a definite refrangibility. If 1 had a species of
colour-blindness rendering me totitlly or partially insensible to that element of
colour which most nearly corresponds with the light in question, then the light
from the mirror, as well as that from the prism, would a.ppear to me deficient
in that colour, and 1 should still consider them chromatically identical; or if
there were any difference, it would be the same for al1 colours nearly the same
in appearance, such as those just beyond the line F , which appear to me quite
bright.
We must also observe that the peculia.rity is confined to a certain portion
of the retina, which is knocvn to be of a yellow colour, and which is the seat
of several ocular phenornena observed by Purkinje and Wheatstone, and of the
sheaf or brushes seen by Ilaidinger in polarized light; and also that though,
of the two observers whose retiults are given here, one is much more affected
with this peculiarity than the other, both are less sensible to the light between
E and F than t o that on either side; and other observers, whose results are
not here given, confirm this.

fj XV. Explanation of the Dz@-ences between the two Observers.
1 think, therefore, t h s t the yellow spot at the foramen centrale of Soemméring
will be found t o , be- the cause of this phenornenon, and that it absorbs. the rays
between E and F , and would, if placed in the path of the incident light,
produce a corresponding dark band in the spectrum formed by a prism.
The reason why white light does not appear yellow in consequence, is that
this absorbing action is constant, and we reckon as white the mew2 of al1 the
colours we are nccustomed t o see. This may be proved by wearing spectacles
of any strong colour for some time, when we shall find that we judge white
objects to be white, in spite of the rays which enter the eye being coloured.
Now ordinary white light is a mixture of al1 kinds of light, including that
between E and F , which is partially absorbed. If, therefore, we compound an
artifîcial white containing the absorbed ray as one of its three components, it
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will be miich more altered by . the absorption than the ordinary light, which
contains many rays of nearly the same colour, which are not absorbed. On the
other hand, if the artificial light do not contain the absorbed ray, it ail1 be
less altered than the ordinary light which contains it. Hence the greater the
absorption the less green will those colours a.ppear which are near the absorbed
part, such as (48), (52), (56), and the more green will the colours appear which
are not near it, such as (32), (36), (40). And these are the chief dserences
between fjg. 4 and fig. 5.
1 first observed this peciiliarity of my eyes when 'observing the spectrum
formed by a very long vertical slit. 1 saw an elongated dark spot running up
and down in the blue, as if confined in a groove, and following the motion
of the eye as i t moved up or down the spectrum, but refusing t o pass out
of the blue into other colours. By increasing the breadth of the spectrum, the
dark port'ion was found to correspond to the foramen. centrale, and to be visible
only when the eye is t,urried towürds the blue-green between E and F. The
spot may be well seen by first looking at a yellow paper, and then a t a blue
one, when the spot will be distirictly seen for a short time, but it soon disappears when the eye gets accustomed to the blue*.
1 have been the more cweful in stating this peculiarity of my eyes, as 1
have reason to believe that it affects most persons, especially those who can see
Haidinger's brushes easily. Such persons, in comparing their vivion with that
of others, may be led to think themselves affected with part.ia1 colour-blindness,
whereas their colour-vision may be of the ordinary kind, but the rays which
reach their sense of sight may be more or less altered in tlieir proportions by
passing through the media of the eye. The existence of real, though partial
colour-blindness will make itself apparent, in a series of observations, by the
discrepancy between the observed values and the means being greater in certain
colours than in others.

§ XVI.

Genercd Conclusions.

Neither of the observers whose results are giveii here shew any indications
of colour-blindness, and when the differeiicx ariving from the absorption of the
rays between E and F are put out of account, they agree in proving ' that there
are three colours in the spectrum, red, green, and blue, by the mixtures of

* See the

Report of the Brithh Associ~tkmfor 1856, p. 1%.

5 5-2

IRIS - LILLIAD - Université Lille 1

436

ON THE THEORY OF COMPOUND

COLOURS.

which colours chromatically identical with the other colours of the spectrum
may be prodiiced. The exact position of the red and blue is not yet ascertained; th& of the green is % from E towards F.
The orange and yellow of the spectrum are chrornatically equivalent to
mixtures of red and green. They are neither richer nor paler than the corresponding mixtures, and the only difTererice is that the mixture may be resolved
by a prism, whereas the colour in the spectrum cannot be so resolved. This
result seems to put an end to the pretensi.on of yellow to be considered a
primary element of colour.
I n the same way the colours from the primary green to blue are chromatically identical with mixtures of these; and the extreme ends of the spectrum
are probably equivalent to mixtures of red and blue, but they are so feeble
in illumination that experiments on t,he same plan with the rest can give no
result, but they must be examined by some special method. When observations
have been obtained from a greater number of individuals, including those whose
vision is dichromatic, the chart of the spectrum may be laid down independently
of accidental diflerences, and a more complete discussion of the laws of' the
sensation of colour attempted.

POSTSCRIPT.
peceived May 8,-Read

May 24, 1880.1

Since sending the above paper to the Royal Society, 1 have obtained
some observations of the colour of the spectrum by persons whose vision is
"dichromic," and who are therefore said to be "colour-blind."
The instrument used in making these observations was similar in principle
to that formerly described, except that, in order to render it portable, the rays
are reflected back t,hrough the prisms, nearly in their original direction; thus
rendering one of the limbs of the instrument unnecessary, and allowing the
other to be shortened considerably on account of the greater angular dispersion.
The principle of reflecting light, so as t o pass twice t.hrough the same prism,
was employed by me in an instrument for combining colours made in 1856,
and a ' reflecting instrument for observing the spectrum has been constructed
independently by M. Porro.
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Light from a sheet of paper illuminated by sunlight is admitted a t the slits
X, Y, Z (fig. 8, Plate VII. p. 444), falls on the prisms P and P' (angles = 45O),
then 'on a concave silvered glass, S, radius 34 inches. The light, after reflexion,
passes again through the prisms P and P , and is reflected by a small mirror,
e, to the slit E, where the eye is placed t o receive the light compounded of
the colours corresponding to the positions and breadths of the slits X, Y, and 2.
At the same time, another portion of the light from the illuminated paper
enters the instrument a t BC, is reflected a t the mirror M, passes through the
lens L,is reflected at the mirror M', passes close to the edge of the prism P,
and is reflected along with the coloured light a t e, to the eye-slit at E.
In this way the compound colour is compared with a constant white light
in optical juxtaposition with it. The mirror M is made of silvered glass, that
at M' is made of glass roughened and blackened at the back, to reduce the
intensity of the constant light to a convenient value for the experiments.
This instrument gives a spectrum in which the lines are very distinct,
and the length of the spectrum fiom A to H is 3'6 inches. The outside
measure of the box is 3 feet 6 inches, by 11 inches by 4 inches, and it can
be carried about, and set up in any position, without readjustment. It was
made by Messrs Smith and Ramage of Aberdeen.
In obtaining observations from colour-blind persons, two slits only are
required to produce a mixture chromaticdy equivalent to white; and at one
point of the spectrum the colour of the pure rays appears identical with white.
This point is near the line F, a little on the less refiangible side. From this
point to the more refrangible end of the spectrum appears to them "blue."
The colours on the less refrangible side appear to them all of the same quality,
but of digerent degrees of brightness; and when any of them are made
suf6ciently bright, they are called "yellow." It is convenient to use the term
"yellow" in speaking of the colours from red to green inclusive, since it will
be found that a dichromic person in speaking of red, green, orange, and brown,
ret'ers to difTerent degrees of brightness or purity of a single colour, and not
to different colours perceived by him. This colour we may agree to cal1
"yellow," though it is not probable that the sensation of it is like that of
yellow as perceived by us.
Of the three standard colours which 1 formerly assumed, the red appears
to them "yellow," but so feeble that there is not enough in the whole red
division of the spectrum to form an equivalent to make up the standard white.
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The green at E appears a good "yellow," and the blue a t Q from F towards
G appears a good " blue." 1 have therefore taken these as standard colours for
reducing dichromic observations. The three standard colours will be referred to
as (104)) (88), and (68), these being the positions of the red, green, and blue on
the scale of the new instrument.
Mr James Simpson, formerly student of Natural Philosophy in my cla.ss, has
furnished me with thirty-three observations taken in good sunlight. Ten of
these were between the two standard colours, and give the following result :-

The mean errors of these observations were as follows :-

Errer of (88) =2'5 ; of (68) = 2'3 ; of (88) +(68) =4'8 ; of (88) -(68)

= 1'3.

The fact that the mean error of the sum was so much greater than the mean
error of the di6erence indicates that in this case, as in al1 others that 1 have
examined, observations of equality of tint can be depended on much more than
observations of equa1it.y of illumination or brightness.
From six observations of my own, made a,t the same time, 1 have deduced
the " trichromie " equation
22% (104)+26 (88) +37*4 (68) = W .....................(2).
If we suppose that the light which reached the organ of vision was the
same in both cases, we may combine these equations by subtraction, and so find
22% (104) - 7.7 (88) + 4'3 (68) = D

.....................

(3)9

where D is that colour, the absence of the sensation of which constitutes the
defect of the dichromic eye. The sensation which 1 have in addition to
those of the dichromic eye is therefore similar to the full red (104), but
difFerent frorri it, i n that the red (104) has 7.7 of green (88) in i t which must
be removed, and 4.3 of blue (68) substituted. This agrees pretty well with the
colour which Mr Pole" describes as neutral t o him, though crimson to others.
It must be remembered, however, t h a t différent persons of ordinary vision require
different proportions of the standard colours, probably' owing to differences in the
absorptive pomers of the media of the eye, and that the above equation (2), if
observed by K., would have been
23 (104)

* PILilosoph&al
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and the value of D, as deduced from these observers, would have been
23 (104)- 1.7 (88)- 1.1(68)=D .......... ..............(%

in which the defective sensation is much nearer to the red of the spectrum. It
is probably a colour to which the extreme red of the spectrum tends, and
which differs from the extreme red only in not containing that small proportion
of " yellow" light which renders it visible to the colour-blind.
From other observations by Mr Simpson the following results have been
deduced :-

I n the Table on the left side (99.2+) mesns the whole of the spectrum beyond
(99'2) on the scale, and (57 -) means the whole beyond (57) on the scale. The
position of the fixed lines with reference t o the scale was as follows :-

A, 116; a, 112; B, 110; C, 106; D , 9 8 ' 3 ; E,88;

7 9 ; G, 61; H,44.

The values of the standard colours in different parts of the spectrum are given
on the right side of the above Table, and are represented by the cwves of
fig. 9, Plate VII. p. 444, where the left-hand curve represents the intensity
of the "yellow" element, and the right-hand curve that of the "blue" element
of colour as it appears to the colour-blind.
The appearance of the spectrurn to the colour-blind is as follows:From A to E the colour is pure "yellow" very faint up to D, and
reaching a ma-ximum between D and E. From E to one-third beyond F towards
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G the colour is mixed, varying from " yellow " to " blue," and becoming neutral
or c c white" at a point near F. In this part of the spectrum, the total intensity, as given by the dotted line, is decidedly less than on either side of it, and
near the line F, the retina close to the " yellow spot" is less sensibIe to light
than the parts further frorn the axis of the eye. This peculiarity of the light
near F is even more marked in the colour-blind than in the ordinary eye.
Beyond F the " blue " element comes t o a maximum between F and Gy and
then diminishes towards H; the spectrum fiom this maximum to the end being
pure " blue."
I n fig. 10, Plate VII. p. 444, these results are represented in a different
mamer. The point D,corresponding to the sensation wanting in the colour-blind,
is taken as the origin of coordinates, the cc yellow " element of colour is represented
by distances measured horizontally to the right from D, and the " blue" element
by distances measured vertically from the horizontal line through D. The
numerals indicate the dzerent colours of the spectrum according to the scale
shewn in fig. 9, and the coordinates of each point indicate the composition of
the corresponding colour. The triangle of colours is reduced, in the case of
dichromic vision, to a straight line " B " "Y," and the proportions of " blue"
and " yellow" in each colour are indicated by the ratios in which this line is
cut by the line from D passing through the position of that colour.
The results given above were al1 obtained with the light of white paper,
placed in clear siinshine. 1 have obtained sirnilar results, when the Sun was
hidden, by using the light of uniformly illuminated cloudr, but 1 do not consider
these observations sufficiently free from disturbing circumstances to be employed
in calculation. It is easy, however, by means of such observations, t o verify the
most remarkable phenomena of colour-blindness, as for instance, that the colours
from red to green a,ppear to d z e r only in brightness, and that the brightness
may be made identical by changing the width of the slit ; that the colour
near F is a neutral tint, and that the eye in viewing i t sees a dark spot in
the direction of the axis of vision ; that the colours beyond are all blue of
different intensities, and that any " blue" may be combined with any ccyellow"
in such proportions as to form "white." These results 1 have verified by the
observations o f another coloiir-blind gentleman, who did not obtain sunlight for
his observations; and as 1 have now the means of carrying the requisite
apparatus easily, 1 hope to meet with other colour-blind observers, and to obtain
their observations under more favourable circumstances.
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On the Cornparison of Colour-blind with ordinary Vision by means
with Coloured Papers.

of

Observations

I n March 1859 1 obtained a set of observations by Mr Simpson, of the
relations between six coloured papers as seen by him. The experiments were
made with the colour-top in the manner described in my paper in the Transactions of the Royal Society of Edinburgh, Vol. XXI, pt. 2, p. 286; and the
colour-equations were arranged so as t o be equated to zero, as in those given
in the Phitosophâcal Magazine, July, 18 5 7. The colours were-Vermilion
(V),
ultramarine (U), emerald-green (G), ivory-black (B), snow-white (W), and pale
chrome-yellow (Y). These six colours d o r d fifteen colour-blind equations, since
four colours enter into each equation. Fourteen of these were observed by
Mr Simpson, and from these 1 deduced three equations, giving the relation of
the three standards (V), (U), (G) to the other colours, according to his kind of
vision. From these three equations 1 then deduced flteen equations, admitting
of cornparison with the observed equations, and necessarily consistent in
themselves.
The cornparison of these equations furnishes a test of the truth of the theory
that the colour-blind see by means of two colour-sensations, and that therefore
every colour may be expressed in terms if two given colours, just as in ordinary
vision it may be expressed .in terms of three given colours. The one set of
equations are each the result of a single observation; the other set are deduced
from three equations in accordance with this theory, and the two sets agree to
within an average error = 2.1.

1. Observed .
Calculated
2.

3.

..
..

.. .
..
Observed .. .
Calculakd ..
Observed
Calcuiated

...
..
Observed . . .
Calculated . .

4. Observed

Calculated

5.
VOL. 1.
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O
O
O
O
O
O

O
O
O
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V.

. ..- 100
. .- 100
Observed . . .+ 47
Observed
Calculated

..+ 44.7
Observed . . .- 100
Calculated . .- 100

Calculated

Not Observed.
Calculated -I- 96

..
Observed . ..- 70
Calculated . .- 73.5
Observed . . .- 100
Calculated . ,-100
Observed .. .f 85

. .+ 86
Observed . .- 20
Calculated

. .Observed . . . -

Calculakd

19

66

..- 70
Oberved . . .+ 100

Calculated

Calculated

. .+

96

But, according to 'Our theory, colour-blind vision is not only dichromic, but
the two elements of colour are identicd with two of the three elements of
colour as seen by the ordinary eye; so that it differs from ordinary vision
only in not yerceiving a particular colour, the relation of which to known colours
may be numerically defined. This colour may be expressed under the form

aV+bU+cG=D

.............................. (W

where V, U, and G are the standard colours used in the experiments, and D is
the colour which is visible to the ordinary eye, but invisible t o the colourblind. If we know the value of D, we may always change an ordinary colourequation into a colour-blind equation by subtracting fiom it nD (n being chosen
so that one of the standard colours is elirninated), and adding n of black.
In September 1856 1 deduced, from th;&-six obserktioiis of my own, the
chromatic relations af the same set of six coloured paperb. These observations,
mith a comparison of them with the trichromie theorYsof vision, are t o be
found in the Philosophical Magazine for July 1857. The relations of the
'
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six colours may be deduced from two equations, of wbich the most convenient
*

f o w is
V.

+39.7
-62.4

B.

U.
G.
i-26.6 +33.7
+1Bm6 -37.6

W.

-22'7,

Y.

.........(17).
+35'7=0..........(18).

-77.3

O

4-45'7

O

=O

The value of D, as deduced from a comparison of these equations with the
colour-blind equations, is
.

1.198 V + 0'0'78 U - 0'276 G = D

..................... P9)-

By making D the same thing as black (B), and eliminating W and Y
respectively from the two ordinary colour-equations by means of D, we obtain
three colour-blind equations, calculated from the ordinary equations and consistent mith them, supposing that the colour (D) is black to the colour-blind.
The following Table ie a comparison of the colour-blind equations deduced
from Mr Simpson's observations alone, with those deduced from my observations
and the value of D.
TABLEC.
V.

(15) Calculated
y (9)
(14) Calculated
By (17)and(19)
(13) Calculated
By (18) and (19)

U.
4

. . + 96

+

. .

6.1
+ 27
+ 27-2
+ 40
+ 38.5

.....

+ 93.9
. . - 70

..
..

-70

- 19
- 13.6

+

- 24

B.

W.

Y.

- 76

-21.7
+ 73
- 72.8

-78.3
O
O

O
O
-30
-30

O
O
O
O

G.

- 81

- 86-4

O

Q

O
O

+ 60
+ 61.5

The average error here is 1.9, smaller than the average error of the individual colour-blind observations, shewing that the theory of colour-blindness being
the want of a certain colour-sensation which is one of the three ordinary coloursensations, agrees with observation to within the limits of error.
In fig. 11, Plate VII. p. 444, 1 have laid down the chromatic relations of these
colours according to Newton's method. V (vermilion), U (ultramarine), and G
(emerald-green) are assumed as standard colours, and placed a t the angles of
an equilateral triangle. The position of W (white) and Y (pale chrome-yellow)
with respect to these are laid down from equations (17) and (18), deduced
from my own observations. The positions of the defective colour, of white, and
of yellow, as deduced from Mr Simpson's equations alone, are given a t "d,"
The positions of these points, as deduced from a combination
tu," and "y."
5 6-2
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of these equations with my own, are given at "D," " W," and "Y." The
difference of these positions fiom those of " d," " w,"and " y," shews the amount
of discrepancy between observation and theory.
It d l be observed that D is situated near V (vermilion), but that a line
from D to W cuts U V at C near to V. D is therefore a red colour, not
scarlet, but further fiom yellow. It rnay be called crimson, and may be imitated
by a mixture of 86 vermilion and 14 ultramarine. This compound colour will be
of the same hue as D ; but since C lies between D and W, C must be
regarded as D diluted with a certain amount of white; and therefore D must
be imagined to be like G in hue, 'but without the intern~ixtureof white which
is unavoidable in actual pigments, and which reduces the purity of the tint.
Lines drawn from D through " W " and "Y," the colour-blind positions of
white and yellow, pass through W and Y, their positions in ordinary vision.
The reason why they do not coincide with W and Y, is that the white and
yellow papers are much brighter than the colours corresponding to the points
W and Y of the triangle V, U, G; and therefore lines from D, which represent
them in intensity as well as in quality, must be longer than D W and DY in
the proportion of their brightness.
'
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[Lecture at the Royal Institution of Great Britain. May 17, 1861.1

XXII. On the Theory of Three Primary Colours.

.

THE speaker commenced by shewing that Our power of vision depends
entirely on Our being able to distinguish the intensity and quality of colours.
The forms of visible objects are indicated to us only by dzerences in colour
or brightness between them and surrounding objects. To classify and arrange
these colours, to ascertain the physical conditions on which the dxerences of
coloured rays depend, and to trace, as far as we are able, the physiological
process by . which these difFerent rays excite in us various sensations of colour,
we must avail ourselves of the united experience of painters, opticians, and
physiologists. The speaker then proceeded to state the results obtained by these
three classes of inquirers, to explain their apparent inconsistency by means of
Young's Theory of Primary Colours, and to describe the tests to which he had
subjected that theory.
Painters have studied the relations of colours, in order to imitate them by
means of pigments. As there are only a limited number of coloured substances
adapted for painting, while the number of tints in nature is infinite, painters
are obliged to produce the tints they require by mixing their pigments in
proper proportions. This leads them to regard these tints as a c t u d y compounded of other colours, corresponding to the pure pigments in the mixture.
It is found, that by using three pigments only, we &in produce al1 colours
lying within certain limits of intensity and purity. For instance, if we take
carmine (red), chrome yellow, and ultramarine (blue), we get by mixing the
carmine and the chrome, all varieties of orange, passing through scarlet to
crimson on the one side, and to yellow on the other; by mixing chrome and
ultramarine we get all hues of green; and by mixing ultramarine with carmine,
we get all hues of purple, from violet to mauve and crimson. Now these are
all the strong colours that we ever see or can imagine: al1 others are like
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these, only less pure in tint. Our three colours can be mixed so as t o form
a neutral grey; and if this grey be mixed with any of the hues produced by
mixing two colours only, al1 the tints of that hue will be exhibited, from the
pure colour to neutral grey. If we could assume that the colour of a mixture
of different kinds of pajnt is a true mixture of the colours of the pigments,
and in the same proportion, then an analysis of colour might be made with
the same ease as a chernical ana.lysis of a mixture of substances.
The colour of a mixture of pigments, however, is often very different from
a true mixture of the colours of the pure pigments. It is found to depend on
the size of the particles, a finely ground pigment producing more effect than
one coarsely ground. It has also been shewn by Professor Helmholtz, that when
light falls on a mixture of pigments, part of it is acted on by one pigment
only, and part of it by another ; while a third portion is acted on by both pigments in succession before i t is sent back to the eye. The two parts reflected
directly from the pure pigments enter the eye together, and form a true mixture
of colours; but the third portion, whiçh has suffered absorption from botb
pigments, is often BO considerable as to give its own character to the resulting
tint. This is the explanation of the green tint produced .by mixing most blue
and yellow pigments.
I n studying the mixture of colours, we must avoid these sources of error,
either by mixing the rays of light themselves, or by combining the impressions
of colours within the eye by the rotation of coloured papem on a disc.
The speaker then stated what the opticians had discovered about colour.
White light, according to Newton, consists of a great number of different kinds
of coloured light which can be separated by a prism. Newton divided these
into seven classes, but we now recognize many thousand distinct kinds of light
in the spectrum, none of which can be shewn t o be a compound of more
elementary rays. If we accept the theory that light is A n undulation, then,
as there are undulations of every different period from the one end of the
spectrum to the other, there are an inJinite number of possible kinds of light,
no one of which can be regarded as compounded of any others.
Physical optics does not lead us to any theory of three primary colours,
but leaves us in possession of an infinite number of pure rays with an infinitely
more infinite number of compound beams of light, each containing any proportions of any number of the pure rays.
These beams of light, passing through the transparent parts of the eye, fall
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on a sensitive membrane, and we become aware of various colours. We know
that the colour we see depends on the nature of the light; but the opticians
say there are an i d n i t e number of kinds of light; while the painters, and al1
who pay attention to what they see, tell us that they can account for al1
actual colours by supposing them mixtures of three primary colours.
The speaker then next drew attention to the physiological diflîculties in
accounting for the perception of colour. Some have supposed that the different
kinds of light are distinguished by the time of their vibration. There are
about 447 billions of vibrations of red light in a second; and 577 biions of
vibrations of green light in the same time. It is certainly not by any mental
process of which we are conscious that we distinguish between these infinitesimal portions of tirne, and it is dificult to conceive any mechanism by which
the vibrations could be counted so that we should become conscious of the
results, especially when many rays of different periods of vibration act on the
same part of the eye a,t once.
Besides, ttll the evidence we have on the nature of nervous action goes
to prove that mhatever be the nature of the agent which excites a nerve, the
sensation will differ only in being more or less acute. By acting on a nerve
in various ways, we rnay produce the faintest sensation or the most violent
pain; but if the intensity of the sensation is the same, its quality must be
the same.
Now, we may perceive by our eyes a faint red light wliich may be made
stronger and stronger till our eyes are dazzled. We may then perform the
same experiment with a green light or a blue light. We shall thus see that
our sensation of colour rnay d8er in other ways, besides in being stronger or
fainter. The sensation of colour, therefore, cannot be due to one nerve only.
The speaker then proceeded t o state the theory of Dr Thomas Young, as
the only theory which completely reconciles these difficulties in accounting for
the perception of colour.
Young supposes that the eye is provided .with three distinct sets of nervous
fib~es, each set extending over the whole sensitive surface of the eye. Each
of these three systems of nerves, when excited, gives us a different sensation.
One of them, which gives us the sensation we cal1 red, is excited most by
the red rays, but also by the orange and yellow, and slightly by the violet;
another is acted on by the green rays, but also by the orange and yellow and
part of the blue; while the third is acted on by the blue and violet rays.
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If we could excite one of these sets of nerves without acting on the
others, we should have the pure sensation corresponding to that set of nerves.
This would be truly a primary colour, whether the nerve were excited by pure
or' by compound light, or even by the action of pressure or disease.
If such experiments could be made, we should be able to see the primary
colours separately, and to describe their appearmce by reference to the scale
of colours in the spectrum.
But we have no direct consciousness of the contrivances of Our own bodies,
and we never feel any sensation which is not infinitely cornplex, so that we
can never know directly how many sensations are combined when we see a
colour. Still less can we isolate one or more sensations by artificial means, so
that in general when a ray enters the eye, though it should be one of the
pure rays of the spectrum, it rnay excite more than one of the three sets of
nerves, and thus produce a compound sensation.
The terms simple and compound, therefore, as applied to colour-sensation,
have by no means the same meaning as they have when applied to a ray of
light.
The ~ipeaker then stated some of the consequences of Young's theory, and
described the tests to which he had subjected it :1st. There are three primary colours.
2nd.
colours.

Every colour is either a primary colour, or a mixture of. primary

3rd. Four colours may always be arranged in one of two ways. Either
one of them is a mixture of the other three, or a mixture of two of them
can be found, identical with a mixture of the other two.
4th. These results rnay be stated in the form of colour-equations, giving
the numerical value of the amount of each colour entering into any mixture.
By means of the Colour Top", such equations can be obtained for coloured
papers, and they rnay be ubtained'with a degree of accuracy shewing that the
colour-judgment of the eye may be rendered very perfect.
The speaker had tested in this way more khan 100 different pigments and
mixtures, and had found the results agree with the theory of three primaries

*

Described in the T~ans.of the Royal Society of Edidurgh, Vol.xxr., and in the Pld. Zag.
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in every case. He had also examined all the colours of the spectrum with
the same result.
The experiments with pigments do not indicate what colours are to be
considered as primary; but experiments on the prismatic spectrum shew that
all the colours of the spectrum, and therefore all the colours in nature, are
equivalent to mixtures of three colours of the spectrum itself, namely, red,
green (near the line E), and blue (near .the line G). Yellow was found to be
a mixture of red and green.
The speaker, assuming red, green, and blue as primary colours, then exhibited them on a screen by means of three magic lanterns, before which were
placed glass troughs containing respectively sulphocyanide of iron, chloride of
copper, and ammoniated copper.
A triangle was thus illuminated, so that the pure colours appeared a t its
angles, while the rest of the triangle contained the various mixtures of the
colours as in Young's triangle of colour.
The graduated intensity of the primary colours in difFerent parts of the
spectrum was exhibited by three coloured images, which, when superposed on
the screen, gave an artificial representation of the spectrum.
Three photographs of a coloured ribbon taken through the three coloured
solutions respectively, were introduced into the camera, giving images representing the red, the green, and the blue parts separately, as they would be seen
by each of Young's three sets of nerves separately. When these were superposed, a coloured image was seen, which, if the red and green images had
been as fully photographed as the blue, would have been a tnily-coloured Mage
of the ribbon. By finding photographic materials more sensitive to the lese
refrangible rays, the representation of the colours of objecta might be greatly
improved.
The speaker then proceeded to exhibit mixtures of the colours of the pure
spectrum. Light from the electric lamp was passed through a narrow slit, a
lens and a prism, so as to throw a pure spectrum on a screen containing three
moveable slits, through mhich three distinct portions of the spectrum were
suffered to pass. These portions were concentrated by a lena on a screen a t
a distance, forming a large, uniformly coloured image of the prism. .
When the whole spectrum was allowed to pass, this image was white, as
in Newton's experiment of combining the rays of the spectrum. When portions
of the spectrum were allowed to pass through the moveable dits, the image was
VOL. 1.
57
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uniformly illuminated with a mixture of the corresponding coloura In order
to see these colours separately, another lens was placed between the moveable
slits and the screen. A magniiied image of the slits was thus thrown on the
screen, each slit shewing, by its colour and its breadth, the quality and.quantity
of the colour which it s d e r e d t o pass. Several colours were thus exhibited,
first separately, and then in combination. Red and blue, for instance, produced
purple ; red and green produced yellow ; blue and yellow produced a pale pink ;
red, blue, and green produced white; and red and a bluish green near the
line F produced a colour which appears very d3erent to different eyes.
The speaker concluded by stating the peculiarities of colour&lind vision,
and by shewing that the investigation into the theory of c~lour is truly a
. physiological inquiry, and that it requires the observations and testimony of
persons of every kind in order t o discover and explain the various peculiarities
of vision.
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XXI.]

XXIII, On Physical Lines of Force.

PART 1.

IN al1 phenomena involving attractions or repulsions, or any forces depending on the relative position of bodies, we have to determine the magnitude an&
direction of the force which would act on a given body, if placed in a given
position.
I n , the case of a body aded on by the gravitation of a sphere, this force
is inversely as the square of the distance, and in a straight line to the centre
of the sphere. In the case of two attracting spheres, or of a body not sphericd,
the magnitude and direction of the force vary according to more complicated
laww I n electric and magnetic phenomena, the magnitude and direction of the
resultant force a t any point is the main subject of investigation, Suppose that
the direction of the force a t any point is known, then, if we draw a line so
that in every part of its course it coincides in direction with the force a t that
point, this line may be called a line of force, since it indicates the direction
of the force in every part of its course.
By drawing a sufûcient number of lines of force, we may indicate the
direction of the force in every part of the space in which it acts.
Thus if we strew iron filings on paper near a magnet, esich %g
will be
magnetized by induction, and the consecutive filings will unite by their opposite
pales, so as to form fibres, and these fibres will indicate the direction of the lines
of force. . The beautiful illustration of the presence of magnetic force dorded
by this experiment, naturally tends to make us think of the lines of force as
something real, and as indicating something more than the mere resultant of
two forces, whose seat of action is a t a distance, and which do not exist there
,
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at a,ll until a magnet is placed in that part of the field. We are dissatisfied
with the explanation founded on the hypothesis of attractive and repellent
forces diirected towards the magnetic poles, even though we may have satisfied
ourselves that the phenomenon is in strict accordance with that hypothesis, and
we cannot help thinking that in every place where we find these lines of force,
some physical state or action must exist in sufEcient energy to produce the
actual phenomena.
My object in this paper is to clear the way for speculation in thii direction,
by investigating the mechanical results of certain states of tension and motion
in a medium, and comparing these with the observed phenomena of magnetism
and electricity. By pointing out the mechanioal consequences of such hypotheses,
1 hope to be of some use to those who consider the phenomena as due to the
action of s medium, but are in doubt as to the relation of this hypothesis t o
the experimental laws already established, which have generally been expressed
in the language of other hypotheses.
1 h a ~ ein a former paper * endeavoured to lay before the mind of the
geometer a clear conception of the relation of the lines of force t o the space
in which they are traced. By making use of the conception of currents in a
fluid, 1 shewed how to draw lines of force, which should indicate by their
number the amount of force, so that each line may be called a unit-line of
force (see Faraday's Reaearches, 3122); and 1 have investigated the path of
the lines where-they pass from one medium to another.
In the same paper 1 have found the geometrical significance of the " Electrotonic State," and have shewn how to deduce the mathematical relations
between the electrotonic state, magnetism, electric currents, and the electromotive
force, using mechanical illustrations to assist the imagination, but not to account
for the phenornena.
1 propose now to examine magnetic phenomena from a mechanical point of
view, and to determine what tensions in, or motions of, a medium are capable
of producing the mechanical phenornena observed. If, by the same hypothesis,
we can connect the phenomena of magnetic attraction with electromagnetic phenomena and with those of induced currents, we shall have found a theory
which, if not true, can only be proved to be erroneous by experiments which
will greatly enlarge our knowledge of this part of physics.

* See a paper '' On Faraday's Lines of Force," Cambridge PJliloeophicd Tramactions, Vol. X. Part
Page 155 of thia volunie.
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The mechanical conditions of a medium under magnetic influence have been
variously conceived of, as currents, undulations, or states of displacement or
strain, or of pressure or stress.
Currents, issuing from the north pole and entering the south pole of- a
magnet, or circulating round an electric current, have the advantage of representing correctly the geometrical arrangement of the lines of force, if we could
account on mechanical principles for the phenornena of attraction, or for the
currents themselves, or explain their continued existence
Undulations issuing from. a centre would, according to the calculations of
Professor Challis, produce an effect similar to attraction in the direction of the
centre; but adrnitting this to be true, we know that two series of undulations
traversing the same space do not combine into one resultant as two attractions
do, but produce an effect depending on relations of phase as well as intensity,
and if allowed to proceed, they diverge from each other without any mutual
action. In ,fact the mathematical laws of attractions are not analogous in any
respect to those of undulations, while they have remarkable analogies with those
of currents, of the conduction of heat and electricity, and of elastic bodies.
In the Cambridge and Dublin Muthematical Journal for January 1847,
Professor William Thomson has given a " Mechanical Representation of Electric,
Magnetic, and Galvanic Forces," by means of the displacements of the particles of
an elastic solid in a state of strain. In this representation me must make the
angular displacement at every point of the solid proportional to the magnetic
force at the corresponding point of the magnetic field, the direction of the axis
of rotation of the displacement corresponding t o the direction of the magnetic
force. The absolute displacement of any particle will then correspond in magnitude and direction t o that which 1 have identified with the electrotonic state;
and the relative displacement of any particle, considered with reference t o the
particle in its immediate neighbourhood, will correspond in magnitude and direction to the quantity of electric current passing through the corresponding point
of the magneto-electric field. The author of this method of representation does
not attempt t o explain the origin of the observed forces by the effects due t o
these strains in the elilstic solid, but makes use of the .mathematical analogies
of the two problems to assist the imagination in the study of both.
We corne now t o consider the magnetic influence as existing in the form of
some kind of pressure or tension, or, more generally, of stress in the medium.
Stress is action and reaction between the consecutive parts of a body, and
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consista in general of pressures or tensions different in different directions a t
the same point of the medium.
The necessary relations among these forces have been investigated by mathematieians; and it has been shewn that the most general type of a stress
consista of a combination of three principal pressures or tensions, in directions
a t right angles to each other.
When two of the principal pressures are equal, the third becomes an axis
of symmetry, either of greatest or least pressure, the pressures a t right angles
to this axis being -al1 equal.
When the three principal pressures are equal, the pressure is equal in every
direction, and there results a stress having no determinate axis of direction, of
which we have an example in simple hydrostatic pressure.
The general type of a stress is not auitable as a representation of a magnetic force, because a line of magnetic force has direction and intensity, but
has no third quality indicating any difference between the sides of the Iine,
which would be analogous to that observed in the case of polarized light *.
We must. therefore represent the magnetic force at a point by a stress
having a single axis of greatest or least pressure, and al1 the pressures a t right
angles to this mis equal. It may be objected that it is inconsistent to represent
a line of force, which is essentially dipolar, by an axis of stress, which is
necessarily isotropie; but we know that every phenomenon of action and reaction
is isotropic in its results, because the effects of the force on the bodies between
which it acts are equal and' opposite, while the nature and origin of the force
may be dipolar, as in the attraction between a north and a south pole.
Let us next consider the mechanical effect of a state of stress symmetrical
about an axis. W e may resolve it, in all cases, into a simple hydrostatic
pressure, combined with a simple pressure or tension along the axis. When the
axis is that of greatest pressure, the force along the axis will be a pressure,
When the axis is that of least pressure, the force dong the axis will be a
tension.
If we observe the lines of force between two magnets, as indicated by iron
filings, we shall see that whenever the lines of force pass nom one pole to
another, there is attraction between those poles; and where the lines of force
from the poles avoid each other and are dispersed into space, the poles repel
I

*
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each other, so t h k in both cases they are drawn in the direction of the
resultant of the lines of force.
It appears therefore that the stress in the axis of a line of magnetic force
is a tension, like that of a rope.
If we calculate the lines of force in the neighbourhood of two pavitating
bodies, we shall find them the sarne in direction rn those near two magnetic
pales of the same name; but we know that the mechanical effect is that of
attraction iristead of repulsion. The lines of force in this case do not run
between the bodies, but avoid each other, and are dipersed over space. I n
order to produce the effect of attraction, the stress d o n g t h e lines of gravitating force must be a pressure.
Let us now suppose that the phenomena of magnetism depend on the
existence of a tension in the direction of the Iines of force, combined with a
hydrostatic pressure; .or in other words, a pressure greater in the equatorial
than in the axial direction: the next question is, what mechanical explanation
can we give of this inequality of pressures in a fluid or mobile medium? The
explanation which most readiiy occurs to the mind is that the excess of pressure in the equatorial direction arises from the centrifuga1 force of vortices or
eddies in the medium having their axes in directions parallel to the lines of force.
This explanation of the cause of the inequality of pressures a t once suggests
the means of representing the dipolar character of the line of force. Every
vortex is essentially dipolar, the two extremities of its agis being distinguished
bg the direction of its revolution as observed from those points.
W e also know that when electricity circulates in a conductor, it produces
lines of magnetic force passing through the circuit, the direction of the h e s
depending on the direction of the circulation. Let us suppose that the direction
of revolution of Our vortices is that in which vitreous electricity must revolve
& order to produce lines of force whose direction within the circuit is the
same as that of the given lines of force.
We shall suppose at present that al1 the vortices in any one part of the
field are revolving in the same direction about axes nearly parallel, but
that in passing from one part of the field to another, the direction of the
axes, the velocity of rotation, and the density of the substance of the vortices
are subject to change. We shall investigate the resultant mechanical effect upon
an element of the medium, and from the mathematical expression of this
resultant we shall deduce the physical character of its different component parts.
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PROP.1.-If

in two fluid systems geometrically similar the velocities and
densities at corresponding points are proportional, then the digerences of pressure at corresponding points due to the motion will Vary in the duplicate ratio
of the velocities and the simple ratio of the densities.
Let 1 be the ratio of the linear dimensions, m that of the velocities,
n that of the densities, and p that of the pressures due to the motion. Then'
the ratio of the masses of corresponding portions will be Pn, and the ratio of
of the systems will be m ;
the velocities acquired in traversing similar
so that Z3mn is the ratio of the rnomenta acquired by similar portions in
traversing similar parts of their paths.
The ratio of the surfaces is 12, that of the forces acting on them is ly,
1
and that of the times during which they act is - - so that the ratio of the
MY

1% and.we have now
impulse of the forces is -,
M

that is, the ratio of the pressures due to the motion (p) is compounded of
the ratio of the densities (n)' and the duplicate ratio of the velocities (ma), and
does not depend on the linear dimensions of the moving systems.
In a circular vortex, revolving with uniform angular velocity, if the
pressure at the axis is po, that a t the circumference will be pl=%+ +pu> where
p is the density and v the velocity a t the circumference. The mean p r e s s u r e
parallel to the axis will be

po + *pd =Pa.
If a number of such vortices were placed together side by aide with their
axes parallel, they would form a medium in which there m-ould be a pressure
p, pardel to the axes, and a pressure pl in any perpendicular direction. - I f the
vortices are circular, and have uniform angulm velocity and density .throughout,
then
p, -p, = 4pg.
If the vortices are not circular, and if the angular velocity and the density
are not uniform, but Vary according to the same law for all the vortices,

IRIS - LILLIAD - Université Lille 1

457

ON PHYSICAL LINES OB FORCE.

where p is the mean density, and C is a numerical quantity depending on the
distribution of angular velocity and density in the vortex. In future we s h d
write - ! instead of Cp, so that
4n

where p is a quantity bearing a constant ratio to the density, and v is the
linear velocity at the circumference of each vortex.

A medium of this kind, filled with molecular vortices having their axes
parallel, differs from an ordinary fluid in having different pressures in different
directions. If not prevented by properly arranged pressures, it would tend to
expand laterally. I n so doing, it would allow the diameter of each vortex to
expand and its velocity t o diminish in the same proportion. In order that a
medium having these inequalities of pressure in diferent directions should be in
equilibrium, certain conditions m w t be fulfilled, which we must investigate.

. PROP.II.-If

the direction-cosines of the axes of the vortices with respect
t o the axes of x, y, and z be Z, m, and n, to find the normal and tangential
stresses on the CO-ordinateplanes.
The actual stress may be resolved into a simple hydrostatic pressure p, acting
1

in all directions, and a simple tension pl-p2, or -pv',
47T

acting along the axia

of stress.
Hence if pm,pm, and pn be the normal stresses parallel to the three axes,
coqsidered positive when they tend to increase those axes; and if p@,pa, and
pw be the tangential stresses in the three CO-ordinateplanes, considered positive
when they tend to increase simultaneously the symbols subscribed, then by
the resolution of stresses",

* Rankine's Applied MeehanoeS, ht.106.
VOL. 1.
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If we write

a=vl, B=vrn, and y=vn,

PROP.III.-To

h d the resultant force on an element of the medium,
arising nom the variation of interna1 stress.
We have in general, for the force in the direction of x per unit of volume
by the law of equilibrium of stresses",

In this case the expression may be written

da
dB
I d
Rernembering that a -+ B -+ y - = - - (a'
dx
dx
dx 2 d x

+B +f),

t h becornes

The expressions for the forces parallel to the axes of y and z may be written
dom from analogy.
Rankine's Applied blechnics, Art. 116.
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We have now t o interpret the meaning of each term of this expression.
We suppose a, 8, y to' be the components of the force which would act
upon that end of a unit magnetic bar which points to the north.
p represents the magnetic inductive capacity of the medium a t any point

referred to air as a standard. pu, p f i py represent the quantity of magnetic
induction through unit of area perpendicular t o the three axes of x, y 2
respectively.
The total amount of magnetic induction through a closed surface m o u n d i n g
the pole of a magnet, depends entirely on the strength of that pole; so that
if dxdy dz be an element, then

which represents the total amount of magnetic induction outwards through the
surface of the element dxdy dz, represents the amount of "imaginary magnet,ic
matter" within the element, of the kind which points north.
The Jirst term of the value of X, therefore,

may be wntten
am..........................................

(8)*

where a is the intensity of the magnetic force, and m is the amount of magnetic matter pointing north in unit of volume.
The physical interpretation of this term %, that the force urging a north pole
in the positive direction of x is the product of the intensity of the magnetic
force resolved in that direction, and the strength of the north pole of the magnet.
Let the parallel lines from left to right in fig. 1 represent a field of magnetic force such as that of the earth, sn being the direction from south to north.
The vortices, according to our hypothesis, wiU be in the direction shewn by the
arrows in fig. 3, that is, in a plane perpendicular to the lines of force, and
revolving in the direction of the hands of a watch when observed from s
looking towards n. The parts of the vortices above the plane .of the paper
will be moving towards e, and the parts below that plane towards W.
5 8-2
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We shall always mark by an arrow-head the direction in which we must
look in order to see the vokices rotating in the
Fig. 1.
direction of the hands of a watch. The arrow-head
will then indicah the w t h w a r d direction in the
magnetic field, that is, the direction in which that
end of a magnet which points to the north'would
set itself in the field.
Ye
-*
Now let A be the end of a magnet which
points north. Since it repels the north ends of
Fig, 2.
other mapets, the lines of force will be directed
from A outwards in all directions. On the north
side the line AD will be in the same direction with s ~--f-)@*
IL
the lines of the magnetic field, and the velocity of
Pf\
/
>
the vortices will be increaxed. On the south side
1
3
the l h e AC will be in the opposite direction, and
~ i g 3.
.
the velocity of the vortices will be diminished, so
that the &es of force are more powerful on the
north side of A than on the south side.
We have seen that the mechanical effect of the
vortices ia to produce a tension along their axes,
so that the resulta,nt effect on A will be to pull
it more powerfully towards D than towards C; that is, A will tend to move
ta the north.
Let B in fig. 2 represent a south pole. The lines of force belonging to B
will tend towards B, and we shall find that the lines of force are rendered
strongei- towards E than towards F, so that the effect in this case is to urge B
towards the south.
It appears therefore that, on the hypothesis of molecular vortices, Our first
term gives a mechanical explanation of the force acting on a north or south
pole in the magnetic field.
We now proceed ta examine the second term,

Here a'+$+y' is the square of the intensity at any -part of the field, and
iei the magnetic inductive capacity at the same place. Any body therefore
-

p
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placed in the field will be urged towards plmes of strolzger magnetic intensity
with a force depending partly on its own capacity for magnetic induction, and
partly on the rate a t which the square of the intensity increases.
If the body be placed in a fluid medium, then the medium, M well as the
body, will be urged towards places of greater intensity, so that its hydrostatic
pressure will be increased in that 'direction. The resultant effect on a body
placed in the medium will be the dzfirence of the actions on the body and
on the portion of the medium which it displaces, so that the body will tend
to or' from places of greatest magnetic intensity, according as it haa a greater
or less capacity for magnetic induction than the surrounding medium.

In fig. 4 the lines of force are represented as converging and becoming
more powerful towards the right, so that the magnetic tension a t B is stronger
than at A, and the body AB will be urged to the right. If the capacity for
magnetic induction is greater in the body than in the surrounding medium, it
will move to the right, but if less it will move to the left.
Fig. 4.

,

Fig. 6.

We may suppose in this case that the lines of force are converging t o a
magnetic pole, either north or south, on the right hand.
I n fig. 5 the lines of force are represented as vertical, and becorning more
numerous towards the right. It may be shewn that if the force increases
towards the right, the lines of force will be curved towards the right. The
effect of the magnetic tensions will then be to draw any body towards the right
with a force depending on the excess of its inductive capacity over that of the
surrounding medium.
We may suppose that in this figlire the lines of force are those surrounding
an electric current perpendicular t o the plane of the paper and on the right
hand of the figure.
These two illustrations will shew the mechanical effect on a paramagnetic
or diamagnetic body placed in a field of varying magnetic force, whether the
increase of force takes place dong the lines or transverse to them. The form
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of the second term of our equation indicates the general law, which is quite
independent of the direction of the lines of force, and depends solely on the
manner in which the force varies fiom one part of the field to another.

We corne now t o tbe third term of the value of X,

Here kfl is, as before, the quantity of magnetic induction through unit of area
perpendicular to the axis of y, and dp
-- da is a quantity which would disapdx dy
pear if adx +Bdy + ydz were a complete dxerential, that is, if the force acting
on a unit north pole were subject to the condition that no work can be done
upon the pole in passing round any closed curve. The quantity represents the
work done on a north pole in travelling round unit of area in the direction
from +x to + y parallel to the plane of xyY Now if an electric current whose
strength is r is traversing the 'axis of z, which, we may suppose, points
vertically upwards, then, if the axis of x . is east and that of y north, a unit
north pole will be urged round the mis of z in the direction from x to y, so
that' in one revolution the work done will be = 4m. Henoe

1
(- - e)repre4.rr d x dy

sents the strength of an electric current parallet to z through unit of area; and
if we write

then p, q, r will be the quantity of electric current per unit of area perpendicular to the axes of x, y, and z respectively.
The physical interpretation of the third term of X, -@r, is that if pp is
the quantity of magnetic induction parallel to y, and r the quantity of electricity
flowing in the direction of z, the element will be urged in the direction of -x,
transversely to the direction of the current and of the lines of force; that is,
an ascending current in a field of force magnetized towards the north would
tend to move west.
To illustrate the action of the molecular vortices, let sn be the direction
of magnetic force in the field, and let C be the section of an ascending magnetic current perpendicular to the paper. The lines of force due to this current
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wiLl be circles drawn in the opposite direction £rom that of the hands of a.
watch ; that kt, in the direction nwse. At e the lines of force
Fig. 6.
wili be the sum of those cd the field and of the çurrent, and
at w they will be the dzerence of the two sets of lines; so
that the vortices on the east side of the current will be more
powarful than those on the west side. Both sets of vortices have
t h e h equatorial parts turned towards Ç, so that they tend to
expand towards C, but those on the east aide have the greatest
effect, so that the resultant effect on the current is to urge it towards the west.
The fourth term,

may' be interpreted in the same way, and indicates that a current q in the
direction of y, that is, to the north, placed in a magnetic field in which the
lines are verticdly upwards in the direction of z, will be urged towards the emt.
The füth term,

merely implies that the element will be urged in the direction in which the
hydrostatic pressure pl diminishes.

We may now write down the expressions for the components of the resultant
force on an element of the medium per unit of volume, thus :

The first term of each expression refera to the force acting on magnetic
poles.
The second term to the action on bodies capable of magnetism by induction.
The tbird and fourth terma to the force acting on electric currents.
And the fifth to tlie effect of simple pressure.
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Before going further in the general investigation, we shall consider equations
(12,. 13, 14), in particular cases, correspmding to those simplified cases of the
actual phenomena which we seek to obtain in order to determine their laws by
experiment.

We have found that the quantities p, q, and r represent the resolved parts
of an electric current in the three CO-ordinatedirections. Let us suppose in the
first instance that there is no electric current, or that p, q, and r vanish. We
have then by (9),

whence we learn that
is an exact dxerential of

~ d x + / 3 d y + ~ d zd+.
= .............................(la

+, so that

p is proportional t o the density of the vortices, and represents the cc capacity
for magnetic induction" in the medium. It is equal to 1 in air, or in whatever
medium the experiments were made which determined the powers of the magnets,
the strengths of the electric currents, bc.

Let us suppose p constant, then

represents the amount of imaginary magnetic matter in unit of volume. That
there may be no resultant force on that unit of volume arising from the action
represented by the first term of equations (12, 13, 14), we must have m = O, or

-+-+-a+
8 4 8 4 - O ............................. (19)-

dx' d

dz2
Now it may be shewn that equation (19), if true within a given apace,
implies that the forces acting within that space are such as would result from
a distribution of centres of force beyond that space, attracting or repelling
inversely as the square of the distance.
Hence the lines of force in a part of space where p is unif'orm, and where
there are no electric currents, must be such as would result from the .the07
of "imaginary matter" acting at a distance. The assumptions of that theory
are unlike those of ours, but the results are identicaL
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Let us first take the case of a single magnetic pole, that is, one end of
a long magnet, so long that its other end is too far off to have a perceptible
inûuence on the part of the field we are considering. The conditions then are,
that equation (18) must be f m e d at the magnetic pole, and (19) everywhere
else. The only solution under these conditions is

where

I.

is the distance from the pole, and m the strength of the pole.

The repulsion a t any point on a unit pole of the same kind is

ln

I n the standard medium p= 1; so that the repulsion ia simply - in that
r"
medium, as has been shewn by Coulomb.
I n a medium having a greater value of p (such as- oxygen, solutions of
aalts of bon, &c.) the attraction, on Our theory, ought to be less than in air,
and in diamagnetic media (siich as mter, melted bismuth, &c.) the attraction
between the aame magnetic poles ought to be greater than in air.
The experiments necessary to demonstrate the difference of attraction of two
magnets according to the magnetic or dbmagnetic character of the medium in
which they are placed, would require great precision, on account of the Limited
range of magnetic capacity' in the fluid media known to us, and the small
amount of the clifference songht for as compared with *he whole attraction.
Let US next take the case of an electric current whose quantity is C,
flowing through a cylindrical conductor whose radius is R, and whose length is
i n h i t e as compared with the size of the field of force considered.
Let the axis of the cylinder be that of z, and the direction of the current
positive, then within the conductor the quantity of current per unit of area is

so that within the conductor

VOL 1.
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Beyond the conductor, in the space round it,

If p=Jx"+y"

is the perpendicular distance of any point from the axis of
2C
tending to move
P

the conduotor, a unit north pole will experience a force = -,

it round the conductor in the direction of the han& of a watch, if the observer
view it in the direction of the current.
Let us now consider a current running parallel to the axis of z in the
plane of xz a t a distance p. Let the quantity of the current be c', and let
C'

the length of the part considered be 2, and its section s, so that - is its
S

strength per unit of section. Putting this quantity for p in equations (12, 13,
14), we find
c'

X = -4;

per unit of volume; and multiplying by ls, the volume of the conductor considered, we find
X = -pflc'E

shewing that the second conductor d l be attracted towards 'the first with a
force inversely as the distance.
We h d in this case also that the amount of attraction depends on the
value of IL, but that it varies directly instead of inversely a,s p ; so that the
attraction between two conducting wires will be greater in oxygen tha.n in air,
and greater & air than in water.

We s h d next consider the nature of electric currents and electromotive
forces in connexion with the theory of molecular vortices.
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PART II.

We have already shewn that aU the forces acting between magnets, substances capable of magnetic induction, and electric currents, may be mechanically
accounted for on the supposition that the surrounding medium is put into such
a state that a t every point the pressures are different in different directions,
the direction of least pressure being that of the observed lines of force, and
the diEerence of greatest and least pressures being proportional to the square
of the i&ensity of the force a t that point.
Such a state of stress, if assumed to exist in the medium, and to be
arranged according to the known laws regulating lines of force, will act upon
the magnets, currents, &c. in the field with precisely the same resultant forces
as those calculated on the ordinary hypothesis of direct action at a distance.
This is true independently of any particular theory as to the cause of this
state of stress, or the mode in which it can be sustained in the medium. We
have therefore a satisfactory answer to the question, " 1s there any mechanical
hypothesis as t o the condition of the medium indicated by lines of force, by
which the observed resultant forces may be accounted for?" The answer is,
the lines of force indicate the direction of minimum pressure a t every point of
the medium.
The second question must be, " What is the mechanical cause of this
difference of pressure in different directions ? " We have supposed, in the fimt
part of this paper, that this clifference of pressures is caused by molecular
vortices, having their axes parallel to the lines of force.
We also assumed, perfectly arbitrarily, that the direction of these vortices
is such that, on looking along a line of force ikom. south to north, we should
see the vortices revolving in the direction of the hands of a watch.
We found that the velocity of the circumference of each vortex must be
proportional to the intensity of the magnetic force, and that the density of
the substance of the vortex must be proportional to the capacity of the medium
for magnetic induction.
We have as yet given no answers to the questions, "How are these vortices
set in rotation.?" and " Why are they arranged according to the known l a w ~
59-2
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of lines of force about magnets and currents?" These questions are certainly
of a higher order of dXculty than either of the former; and 1 wish to separate
the suggestions 1 may offer by way of provisional answer to them, from the
mechanicd deductions which resolved the first question, and the hypothesia of
vortices which gave a probable answer f;o the second.
We have, in fact, now corne to inquire into the physical connexion of these
vortices with electric currents, while we are still in doubt as to the nature of
electricity, whether i t is one substance, two substances, or not a substance a t
all, or in what way it differs from matter, and how it is connected with it.
We know that the lines of fs~rceare affected by electric currents, and we
know the distribution of those lines about a current; so that from the force
we can determine the arnount of the current. Assuming that our explanation
of the lines of force by moleeular vwtices is correct, why does a particular
distribution of vortices indicate an electric current? A satisfactory answer to
this question would lead us a long way towardsl that of a very important one,
" What is an electric current ? "

1 have' found great difficulty in conceiving of the existence of vortices in a
medium, side by side, revolving in the same direction about parallel axes. The
contiguous portions of consecutive vortices must be moving in opposite directions ;
and i t is difEcu1t to understand how the motion of one part of the medium
can coexist with, and even produce, an opposite motion of a part in contact
with it.
The only conception which has a t all aided me in conceiving of this kind of
motion is that of the vortices being separated by a' layer of particles, revolving
each on its owii axis in the opposite direction t o that of the vortices, so that
the .contiguoutr surfaces of the particles and' of the vortices have the sarne
motion.
I n mechanism, when two wheels are intended to revolve in the same direction, a wheel is placed between them so as t o be in gear with both, and this
wheel is c d e d an "idle wheel." The hypothesis about the vortices which 1
have to suggest is that a layer of particles, acting as idle wheels, is interposed
between each vortex and the next, so that each vortex has a tendency to make
the neighbouring vortices revolve in the same direction with itself
I n mechanism, the idle wheel is generally made to rotate about a fixed
axle; but in epicyclic trains and otker contrivances, as, for instance, in Siemens's

.
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governor for .steam-engines", we i h d idle wheels whose centres are capable of
motion. In all these cases the motion of the centre is the half sum of the
motions of the circuderences of the wheels between which it is placed. Let
us examine the reIations which must subsist between the motions of Our vortices
and those of the layer of prticlea hterposed as idle wheels between them.

PROP.IV.-TL,

determine the motion of a layer of particles separating two

vortices.
Let the circumferential velocity of a vortex, multiplied bg the three direction-cosines of its axis respectively, be a, P, y, as in Prop. II. Let 1, m, n be
the direction-cosines of the normal to any part of the surface of this vortex,
the outside of the surface being regarded positive. Then the components of the
velocity of the partides of the vortex at this part of its surface will be
n,d -my parallel to x,

ly - na parallel t o y,
ma lp parallel to z.

-

If this portion of the surface be in contact with another vortex whase velocities
are a', p', y', thea a layer of very s m d particles ~ l a c e dbetween them will
have a velocity which will be the mean of the superlicial velocities of the
vortices which they separate, so that if u is the velocity of the particles in
the direction of x,

u=$m (y'- y ) -&n (F-P)

........................(27),

since the normal t o the second vortex is in the opposite direction to that of
the fhst.

PROP.V.-To.

determine the whde amoun* of particles transferred across
unit of area in the direction of s in unit of tirne.
Let xl, y,, z, be the CO-ordinatesof the centre of the ikt vortex, x2, y,, z,
those of the second, and so on. Let K,
&c. be the volumes of the first,
second, &c. vortices, and 7the sum of their voiumes. Let dS be an element
of the surface separating the first and second vortîces, and x, y, z its CO-ordinates.
Let p' be the quantity of particles on every unit of surface. Then if p .be the
whole quantity of particles transferred across unit of area in unit of time in

c,

* See Goodeve's Elements of b l e c h h , p. 118.
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the direction of S, the whole momentum parallel to x of the particles within
the space whose volume is 7 will be
and we shall have

rp,

-

Yp = ZupdS

..................................( 2 8 ) ~

the summation being extended to every s u d c e separating any two vortices
within the volume
Let us consider the surface separating the h s t and second vortices. Let an
element of this surfme be dS, and let its direction-cosines be Il, w, nl with
respect t o the firat vortex, and 5, m2, n, with respect to the second; then we
know that
Z~+Z,=O,
m,+m,=~, nl+n,=o .....................(29).
The values of a, /?, y Vary with the position of the centre of the vortex;
so that we may write

mith similar equations for

fi and y.

The value of u may be written:-

In effecting the summation of 2updX, we must remember that round any
closed surface ZldS and d similar temu vanish; also that terms of the form
ZlydS, where 1 and y are measured in different directions, also vanish; but that
terms of the form LlxdS, where 1 and z refer to the same axis of co-ordinates,
do not vanish, but are equal to the volume enclosed by the surface. The
result is
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then equation (33) will be identical with the first of equations (9), which give
the relation between the qumtity of an electric current and the intenaity of
the lines of force surroiuiding it.

It appears therefore that, according to our hypothesis, an electric current
is represented by the transference of the moveable particles interposed between
the neighbouring vortices. We may conceive that these particles are very small
compared with the size of a vortex, and that the mags of all the particles
together is inappreciable compared with that of the vortices, and that a great
many vortices, with their surrounding particles, are contained in a single complete
molecule of the medium. The particles must be conceived to roll without aliding
between the vortices which they separate, and not to touch each other, so that,
as long as they remain within the same complete molecule, there is no loss of
energy by resistance. When, however, there is a general transference of particles in one direction, they must pass from one molecule to another, and in
doing so, may experience resistance, so as to waste electrical energy and generate
heat.

*

-

Now let us suppose the vortices arranged in a medium in any arbitrary

& c will then in general have values, so that
dy dz'
there will a t f i r t be electrical currents in the medium. Theae will be opposed
by the electrical resistance of the medium; so that, unleas they are kept up
by a continuous supply of force, th@ WUquickly disappear, and we shall then
manne*. The quantities

have

$- $=

O, &ce; that is, adz

+ Bdy + ydz

will be a complete difïerential

(aee equations (15) and (16)); so that our hypothesis accounts for the distribution of .the.lines of force.
I n Plate VUI. p. 488, fig. . 1, let the vertical circle EE represent an
electric current flowing from copper C to zinc Z through the conductor E X ,
as shewn -by the arrows.
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Let the horizontal circle MW represent a line of magnetic force embracing
the electric circuit, the north. and south directions being indicated by the lines
SN and NS.
Let the vertical circles V and V' represent the molecular vortices of which
the line of magnetic force is the axis. V revolves as the hands of a watch,
and V' the opposite way.
It will appear from this diagram, that if T and V' were contiguous vortices,
particles placed between them would move downwards; and that if the particles
were forced downwards by any cause, they wodd make the vortices revolve as
in the figure. We have thus obtained a point of view from which we may
regard the relation of an electric current t o its lines of force as analogous to
the relation of a toothed wheel or rack to wheels which it drives.
In the h t part of the ,paper we investigated the relations of the statical
forces of the system. W e have now considered the connexion of the motiona
of t h e parts considered as a system of mechanism. It remains that we should
investipte the dynamics of the system, and determine the forces necessary to
produce given changes in the motions of the different parts.

PROP.VI.-To

determine the actual energy of a portion of a medium due
to the motion of the vortices within it.
Let a, /3, y be the components of the circumferential velocity, as in Prop. II.,
then the actual energy of the vortices in unit of volume will be proportional
to the density and to the square of the velocity. As we do not know the
distribution of density and velocity in each vortex, we cannot determine the
numerical value of the energy directly ; but since p also bears a constant
though unknown ratio to the mean density, let us assume that the energy
in unit of volume is

E= Cp (aa+++f),
where C is a constant to be determined.
Let us take the case in which

Let
and let
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=mu and

-m,.....(37);
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then
is the potential -at any point due to the magnetic. system m,and 4,
that due to the distribution of magnetism represented by m,. The actual
energy of .ail'the vortices is
E=8Cp (a2+p+j")
dV ............................. (38)'
the integration being performed over all spaca
This may be ihewn by 'inteption by parts (see Green's ' Essay on Electricity,' p. 10) .to be equd to
E = - 4n& (t$pl+$,mt+$l~+t$,m,) d v
(39).
Or 'since it has been proved (Green's ' Essay,' p. 10) that
.
. 2+lm2dV = X+,m,d V,
E = -~TC((+~%+$,W&,+~$~WZJ
dv ..............B...(40).
Now let the magnetic system m, remain a t rest, and let nz, be moved'
parallel to itself in the direction of s through a space Sz; then, since 4,
depends on nzl ody, it will remain as ' before, so that
will be constant ;
and since
'depends on m, only, the distribution of #iaabout na, d
l remain
will be the same ae before the change. The only part
the sa&, so that
of É that will be dtered is that depending on 2+.m2, because t$l becomes
d+l 8x on account of the displacement. The variation of actual energy due
c$~+-

.................

,

'+2

dx

t o the displacement is therefore
--

6E= -4nC%

.....................(41).

But by equation (12) the work done by the mechanical forces on m, during
the motion is

........................(4 2) ;
and since our hypothesis is a purely mechanical one, we must have by the
conservation of force,
SE+6W=O
(43);
that is, the loss of energy of the vortiees must be made up by work done i~
moving rnagnets, so that

...............................

VOL. I.
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so that the energy of the vortices in unit of volume is

and that of a vortex whose volume is V is

In order to produce or destroy this energy, work must be expended on,
or received nom, the vortex, either by the tangential action of the layer of
particles in contact with it, or by change of form in the vortex. We s h d h
t
investigate the tangential action between the vortices and the layer of particles
in contact with them.

PROP.VIL-To find the energy spent upon a vortex in unit of tirne by
the layer of particles which surrounds it.
Let P, Q, R be the forces acting on unity of the particles in the three
CO-ordiiatedirections, these quantities being functions of x, y, and z. Skce
euh particle touches two vortices at the extremities of a diameter, the reaction
of the particle on the vortices will be equally divided, and wiU be
-+P, - 4 Q J
-+R
on each vortex for unity of the particles; but since the superficial density .of
.1

the particles is - (see equation (34)), the forces on unit of surface of a vortex
2n
will be

a

Now let dS be an element of the surface of vortex. Let the direction-coaines
of the normal be Z, m, n. Let the CO-ordinatesof the element be x, y, 5. Let
the component velocities of the surface be u, v, W. Then the work expended on
that element of surface will be
dE
--_ --1 (Pu+ Qv +Rw)dS
;...............(47).
dt
4n
Let us begin with the first term, PudS. P may be written

......

and
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Remembering that the surface of the vortex is a closed one, so that
and
we find

and the whole work 'done on the vortex in unit of time will be

PROP.VII1.-To

fhd the relations between the alterationa of motion of the
vortices, and the forces P, Q, R which they exert on the layer of particles
between them.
Let V be the volume of a vortex, then by (46) its energy is
1

E = - (aS+p+$)
V .........................
87r

(5119

and
Comparing this value- with that given in equation (50), we find

This equation being true for all values of a, /3, and y, first let /3 and y
vanish, and divide by a. We h d

Simiiarly,
and
From these equations we may determine the relation between the alterations
of motion

da

a,&c.

and the forces exerted on the layem of particlefi between
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the vortices, or, in the laquage of our hypothesis, the relation between changes
in the state of the magnetic field and the electromotive forces thereby brought
into play.

(Cambridge PhiloI n a memoir "On the ~ G a m i c a lTheory of D&ction"
sophical Transactions, Vol. IX. Part 1, section 6), Professor Stokes has given a
method by which we may solve equations (54), and find P, Q, and R in terms
of the quantities on the right hand of those equations 1 have pointed but*
the application of this method to questions in electricity and magnetism.
Let us then find three quantities F, G, H from the equations

with the conditions

DiEerentiating (55) with respect to t, and comparing with (54), we find

We have thus determined three quantities, F, G, H, from which we can
h d P, Q, and R by considering these latter quantities. as the rates a t which
the former ones Vary. In the paper aheady referred to, 1 have given reasons
for considering the quantities F, G, H as the resolved parts of that whkh
Faraday has conjectured to exist, and has called the electrotonic state. In that
paper 1 have stated the mathematical relations between this electrotonic state
and the lines of magnetic force as. expressed in equations (55), and also between
the electrotonic state and electromotive force as expressed in equations (5 8). We
must now endeavour to interpret them from a mechanical point of view in
connexion with Our hypothesis.
Cambmdge Ph&sophicaZ
pp. 205-209 of thia vol.
+
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We shall in the. first place examine the process by which the lines of force
qre produced by an electric current.
:
Let AB, Plate VIII., p. 488, fig. .2, represent a current of electricity in the
direction fiom A to B. Let the large spaces above and below AB represent the
vortices, and let the small circles separating the vortices represent the layers of
particles placed between them, which in our hypothesis represent electricity.
Now let an- electric current fi-om left to right commence in AB. The
row of vortices gh above AB will be set in motion in the opposite direction
t o that of a watch. (We shall cal1 this direction
and that of a watch L.)
We ahall suppose the row of vortices Icl still a t rest, then the layer of particles
between these rows wiU be acted on by the row gh on their lower aides, and
ail1 be at rest above. If they are free to move, they will rotate in the
negative direction, and will a t the same time move from right to left, or in
the opposite direction frorn the current, and 80 form an indwed electric current.
If this current is checked by the electrical resistance of the medium, the
rotating particles will act upon the row of vortices ?il, and make them revolve
in the positive direction till they arrive at auch a velocity that the motion of
the particles is reduced to that of rotation, and the induced current disappears.
If, now, the primary current AB be stopped, the vortices in the row gh will
be checked, ,while those of the row kl still continue in rapid motion. The
momentum of the vortices beyond the layer of particles pq will tend to move
them from left to right, that is, in the direction of the primary current ; but
if this motion is resisted by the medium, the motion of the vortice~beyond pq ,
will be gradually destroyed.
It appears therefore that the phenornena of induced currents are part of the
process of communicating the rotatory velocity of the vortices from one part of
the field t o another.
As an example 'of the action of the vortices in producing induced currents,
let us take the following case:-Let B, Plate VIII., p. 488, fig. 3, be a circular
ring, of uniform section, lapped uniformly with covered wire. It may be shewn
that if an electric current is passed through this wire, a magnet placed within
the coi1 of wire will be strongly affected, but no magnetic effect will be produced
on any externa1 point. The effect will be that of a magnet bent round till
its two poles are in contact.

+,

If the coi1 is properly made, no effect on a magnet placed outside it can
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be discovered, whether the current i~ kept constant or made to Vary in strength;
but if a conducting wire C be made to embrace the ring any number of times,
an electromotive force will act on that wire whenever the current in the coi1 is
made to Vary ; and if the circuit be closed, there will be an actual current in
the wire C.
This experiment shews that, in order to produce the electromotive force, it
is not necessary that the conducting wire should be placed in a field of magnetic
force, or that lines of magnetic force should pass through the substance of the
wire or near it. AU that is required is that lines of force should pass through
the circuit of the conductor, and that these l i n e ~of forca should Vary in quantity
during the experiment.
I n this case the vortices, of which we suppose the lines of magnetic force
to consist, are all within the hollow of the ring, and outside the ring all is a t
rest. If there is no conducting circuit embracing the ring, then, when the
primary current is made or broken, there is no action outside the ring, except
an instantaneous pressure between the particles and the vortices which they
xeparate. If there is a continuous conducting circuit embracing the ring, then,
when the primary current is made, there will be a current in the opposite
direction through C ; and when it is broken, there will be a current through C
in the same direction as the primary current.
W e may now perceive that induced currènts are produced when the electricity yields to the electromotive force,-this
force, however, still existing
when the formation of a sensible current is prevented by the resistance of the
circuit.
The electromotive force, of which the components are P, Q, R, arises from
the action between the vortices and the interposed particles, when the velocity
of rotation is altered in any part of the field. It corresponds t o the pressure
on the axle of a wheel in a machine when the velocity of the driving wheel
is increased or diminished.
The electrotonic state, whose components are F, G, H, is what the electrornotive
force would be if the currents, &c. to which the lines of force are due, instead
of arriving a t their .actual state by degrees, had started instantaneously from
rest with their actual values. It corresponds to the impulse which would act
on the axle of a wheel in a machine if the actual velocity were suddenly given
to the driving wheel, the machine being previously at rest.
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If the machine were suddenly stopped by stopping the driving wheel, each
wheel would re'ceive an impulse equal and opposite t o that which i t received
when the machine was set in motion.
This impulse may be calculated for any part of a system of mechanism,
and. rnay be c d e d the reduced momentum of the machine for that point. In
the varied motion of the machine, the actual force on any part arising from
the variation of motion rnay be found by difFerentiating the reduced momentum
with tespect to 'the time, just as we have found that the electromotive force
rnay be deduced from the electrotonic state by the same process.
Having found the relation between the velocities of the vortices and the
electromotive forces when the centres of the vortices are a t rest, we must
extend our theory to the case of a fluid medium containing vortices, and
subject to al1 the varieties of fluid motion. If we fix our attention on any
one elementary portion of a auid, we shall find that it not only travels from
one place to another, but also changes its form and position, so as t o be elongated in certain directions and compressed in others, and a t the same time (in
the moat general case) turned round by a displacement of rotation
These changes of form and position produce changes in the velocity of the
molecular vortices, which we must now examine.
'

The alteratiori of form and position rnay always be reduced to three simple
extensions or compressions in the direction of three rectarigular axes, together
with three angular rotations about any set of three axes. We shall first consider the effect of three simple extensions or compressions.
p

find the variations of a, P, y in the pardelopiped X, Y, z
when x becomes x+ 8x; y, y + 8y ; and z, z+ 82 ; the volume of the figure
remaining the same.

PROP.1X.-To

By Prop. II. we find for the work done by the vortices against pressure,

and' by Prop. VI. wè h d for the variation of energy,
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The sum S W+6E must be zero by the conservation of energy, and 8 (xyz) = O,
since xyz is constant; so that

I n order that this should be true independently of any relations between a,'./3,
and y, we must have

PROP.X.-TO find the variations of a, P, y due to a rotation 8, about the
a
axis of x from y to z, a rotation 8, about the axis of y from z to x,
rotation 8, about the axis of z from x to y.
The axis of
will move away from the axis of x by an angle 8,; so
that /3 resolved in the direction of x changes from 0 to -PO,.
The axis of y approaches that of x by an angle O,; so that the resolved
part of y in direction x changes from O to
The resolved part of a in the direction of x changes by a, quantity dependi*
on the second power of the rotations, which may be neglected. The variations of
a, 8, y from this cause are therefore
S U = ~ O ~ - ~ O 8/3=at?,-yOu
,,
ôy=PO,-a& ............... (63)The most generd expressions for the distortion of an element produced by
the displacement of its difTerent parts depend on the nine quantities

and these may always be expressed in terms of nine other quantitieq namely,
three simple extensions or compressions,
Sx' Sy' 6d
x' ' y' ' z'
dong three axes properly chosen, x', y', z', the nine direction-cosines of these
axes with their six connecting equations, which are equivalent to three independent quantities, and the three rotations O,, 8, 8, about the axes of x, y, z.
Let the direction-cosines of x' with respect to x, y, z be Il, %, nu those of
y', Z,. m, n, and those of z', &, nz, n,; then we h d
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sz'

d
Sx'
8'
, 8 ~ = 1 : ~ +X 1 : - + 1Y+
CE

2'

S i

SX'

SZ'

- S Z = ~ , ~ ~a + -+la%,-s,}
dy
"
Z
d

dz

Sx'
~

X

Z

O

x'

=

~

+z&
~

~

~

-

..................... (6?>2

-

with sirnilar equations for quantities involving Sy and 82.
Let a', p', y' be the values of a, p, y referred to the axes x', y", 2'; then
a = l,a+mJl+n,y
F=l,a+m$+nq
(65).
y' =laa+m$+n;,
Weshallthenhave
Sa=1,Sa'+1aS~+Z3~+yB,-pû......................... (66),
=G,,Sx'+ ~ ~SY'~ + Sz'~ ~ + ~ e , - p e(67).
,

1J ............................

Y

By substituting the values of a', 3/,'
find ' .

r,

..............

y', and comparing with equations (64), we

'as the variation of a due to the change of form and position.of the element.
The variations of 6 and y have similar expressions.

PROP.
XI.-To h d the electromotive forces in a moving body.
The variation of the velocity of the vortices in a moving element ia due to
two causes-the action of the electromotive forces, and the change of form and
position of the element. The whole variation of a is therefore

But since a is s function of x, y, z and t, the variation of a may be abo written

Equating the two values of Sa and dividing by St, and remembering that in the
motion of an incompressible medium

VOL. I.
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and that in the absence of free magnetiam

da dz da dy + d---p d x da =
+dydx
-------O ......... (73)dz dt

dz dt

dy dt

dy dt

dt

Putting
and
where F, G, and H are the values of the electrotonic components for a 6xed
point of space, our equation becomes

The expressions for the variations of
and y give us two other equations
which may be written down from symmetry. The complete solution of the three

The first and second t e m s of each equation indicate the effect of the motion
of any body in the magnetic field, the third term refera to changes in the
electrotonic state produced by alterations of position or intensity of magnets
or currents in the field, and v is a function of x, y, 2, and t, which Le indeterminate as far 'as regards the solution of the original equations, but which
may always be determined in any given case from the circurnstances of the
problem. The physical interpretation of .i-Ir is, that ' i t is the electric tension a t
each point of space.
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The physical meaning of the terms in the expression for the electromotive
force depending on the motion of the body, may be made simpler by supposing
the field of magnetic force uniforrnly magnetized with intensity a in the direction
of the axis of x. Then if 2, m, n, be the direction-cosines of any portion of a
Iinear conductor, and S its length, the electromotive force resolved in the direction
of the conductor will be

+ +Rn) ...........................(7819

e = S (PZ Qm

that is, the product of pa, the quantity of magnetic induction over unit of area

(

multiplied by S m

m
-

-n

2)
-

, the area swept out by the conductor S in unit of

time, resolved perpendicular to the direction of the, magnetic force.
The electromotive force, in any part of a conductor due to its motion is
therefore rneasured by the nulnber of lines of magnetic. force which it crosses
in unit of time ; and the total electromotive force in a . closed conductor is
measured by the change of the number of lines of force which pass through i t ;
and this is tnie whether the change be produced by the motion of the conductor or by any external cause.
I n order to understand the mechanism by which the motion of a conductor
aoross lines of magnetic force generates an electromotive force in that conductor,
we must remember that in Prop. X. we have proved that the change of form
of a prtion of the medium containing vortices produces a change of the velocity
.of those vortices; and' in particular that an extension of the medium in the
direction of the axes' of 'the vortices, combined with a contraction in all directions perpendicular to this, produces an increase of velocity of the vortices;
while . a shortening of the axis and bulging of the aides produces a diminution
of the velocity of the vortices,

This change of the velocity of the vortices arises from the interna1 effecta
of change of form, and is independent of that produced by external electromotive forces. If, therefore, the change of velocity be prevented or checked,
electromotive forces will arise, because each vortex will press on the surrounding
particles in the direction in which it tends to alter its motion.
Let A, fig. 4, p. 488, represent-the section of a vertical wire moving in the
direction of the arrow from west to east, across a system of lines of magnetic force
61-2
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running north and south. The curved lines in fig. 4 represent the lines of fluid
motion about the wire, the wire being regarded as stationary, and the fluid as,
having a motion relative to it. It is evident that, from this figure, we can trace
the variations of form of an element of the fluid, as the form of the element
depends, not on the absolute motion of the whole system, but. on the relative
motion of its parts.
I n front of the wire, that is, on its east side, it will be seen that as the
wire approaches each portion of the medium, that portion is more and more
compressed in the direction from east to west, and extended in the direction
from north to south; and since the axes of the vortices lie in the north and
south direction, their velocity will continually tend to increase by Prop. X.,
unless prevented or checked by electromotive forces acting on the circumference
of each vortex.
We shall consider an electromotive force as positive when the vortices tend
t o move the interjacent particles upwards perpendicularly to the plane of the
paper.
The vortices appear to revolve as the hands of a watch when we look a t
them from south to north; so that each vortex moves upwards on its west aide,
and downwards on its eaat side. I n front of the wire, therefore, whers each
vortex is striving to increase its velocity, the electromotive force upwa.rds m u t
be greater on its west than on its east side. There will therefore be a continual increase of upward electromotive force from the remote east, where it is
zero, to the front, of the inoving wire, where the upward force will be strongest.
Behind the wire a different action takes place. As the wire moves away
from each successive portion of the medium, that portion is extended fiom east
to west, and compressed from north to south, so as to tend to diminish the
velocity of the vortices, and therefore to make the upward' electromotive force
greater on the eaat than on the west side of each vortex. The upward electrch
motive force will therefore increase continually from the remote west, where it
is zero, to the back of the moving wire, where it wiil be strongest.

It appears, therefore, that a vertical wire moving eastwards WU experience
an electromotive force tending to produce in it an upward current. If there
b no conducting circuit in connexion with the ends of the wire, no current will
be formed, and the magnetic forces will not be altered; but if such a circuit
existcil, there will be a current, and the lines of magnetic force and the velocity
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of the vortices will be altered from their state previous to the motion of the
wire. The change in the lines of force is shewn in fig. 5, The. vortices in.
front of the wire, instead of merely producing pressures, actually increase in
velocity, while those behind have their velocity diminished, and those at the
aides of the wire have the direction of their axes altered; so that the final
effect is to produce a force acting on the wire as a resistance to its motion.
We rnay now recapitulate the assumptions we have made, and the results we
have obtained.
(1) Magneto-electric phenornena are due to the existence of matter under
certain conditions of motion or of pressure in every part of the magnetic field,
a n d not to direct action a t a distance between the magnets or currents. The
substance producing these effects rnay be a certain part of ordinary niatter, or
it rnay be an æther associated with matter. Its density is greatest in iron,
and least in diamagnetic substances; but it must be in all cases, except that of
iron, very rare, since no other substance has a large ratio of magnetic capacity
to what we call a vacuum.
(2) The condition of sny part of the field, through which lines of magnetic
force pass, is one of unequal pressure in different directions, the dire'ction of
the lines of force- being that of least pressure, so that the lines of foroe rnay
be considered lines of tension.
(3) This inequality of pressure is produced by the existence, in the medium
of vortices or eddies, having their axes in the direction of the lines of. force,
and having their direction of rotation determined by that of the lines of force.
We have supposed that the direction was that of a watch to a' spectator
looking from south to north. We might with equal propriety have chosen the
reverse direction, as far as known facts are concerned, by supposing resinous electricity instead of vitreous to be positive. The effect of these vortices depends
on their density, and on their velocity at the circumference, and is independent
of their diameter. The density must be proportional to the capacity of the
substance for magnetic induction, that of the vortices in air being 1. The
velocity must be very great, in order t o produce so powerful effects in so rare
a medium.
The size of the vortices is indeterminate, but is probably very small as
compared with that of a complete molecule of ordinary matter".

* The angular momentum of the system of vortices depends on their average diameter ; so that if the
diameter were sensible, we might expect that a mapet would behave as if it contained a revolving body
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(4) The vortices are separated from each other by a single layer of round
particles, so that a system of cells is formed, the partitions being these layera
of particles, and the substance of each ce11 being capable of rotating as a vortex.

The particles forming the layer are in rolling contact with both the
vortices which they separate, but do not rub against each other. They are
perfectly free to roll between the vortices and so to change their place, provided
they keep within one complete rnolecule of the substance; but in passing from
one molecule to another they experience resistance, and generate irregular
motions, which constitute heat. These particles, in our theory, play the part of
electricity. Their motion of translation constitutes an electric current, their
rotation serves to transmit the motion of the vortices fiom one part of the
field t o another, and the tangential pressures thus called into play constitute
electromotive force. The conception of a particle having its motion connected
with that of a vortex by perfect rolling contact may appear somewhat awkward.
1 do not bring it forward as a mode of connexion existing in nature, or even
as that which 1 would willingly assent to as an electrical hypothesis. It is,
however, a mode of connexion which is mechanically conceivable, and easily
investigated, and it serves to bring out the actual mechanical connexions
between the known electro-magnetic phenornena; so that 1 venture to say that
any one who understands the provisional and temporary character of this
hypothesis, will find himself rather helped than hindered by it in hia search
after the true interpretation of the phenornena.
The action between the vortices and the layers of particles is in part
tangential; so that if there ,were any slipping or dxerential motion between
the parts in contact, there would be a loss of the energy belonging to the
lines of force, and a gradua1 transformation of that energy into heat. Now we
know that the lines of force about a magnet are maintained for an indefinite
time without any expenditure of energy; so that we must conclude that
wherever there is tangential action between dXerent parts of the medium, there
is no motion of slipping between those parts. We must therefore conceive that
'the vortices and particles roll together without slipping; and that the interior
strata of each vortex receive their proper velocities from the exterior stratum
without slipping, that is, the angulax velocity must be the same throughout each
vortex.
(5)

within it, and that the existence of this rotation might be deteded by experiments on the free rotation of a
mqnet. 1 have made experiments to investigate this question, but have uot yet fully tried the apparatus.
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The only procesa in which electro-magnetic energy is lost and transformed
into heat, is in the passage of electricity from one molecule to another. I n al1
other cases the energy of the vortices can only be diminighed when an equivalent
quantity of mechanical work is done by magnetic action.
The efTect of an electric current upon the surrounding medium is to
make the vortices in contact with the .current revolve so that the parts, next
to the current move in the same direction as the current. The parts furthest
from the current will move in the opposite direction; and if the medium is a
conductor of electricity, so that the particles are free to move in any direction,
the particles touching the outside of these vortices will be moved i n . a direction
contrary t o that of the current, so that there will be an induced current in
the opposite direction to the primary one.
(6)

If there were no . resistance to the motion of the particles, the induced
current would be equal and opposite to the primary one, and would continue
as long a s . the primary current lasted, so that it would prevent all action of
the primary çurrent a t a distance. If there is a resistance to the induced
current, its particles act upon the vortices beyond them, and transmit the motion
of rotation t o , $hem, till a t last al1 the vorticeg in the medium. are set in
motion with such velocities of rotation that the particles between them have no
motion except that of rotation, and do not produce currents.
In the transmission of the motion from one vortex t o another, there arises a
force between the particles and bhe vortices, by which the particles are pressed
in one direction and the vortices in the opposite direction. We call the force
acting on the particles the electromotive force. The reaction on the vortices is
equal and . opposite, so that the electromotive force cannot move any part of
the medium as a whole, it can only produce currents. When the primary
current is stopped, the electromotive forces al1 act in the opposite direction.

(7) When an electric current or a. magnet is moved in presence of a
conductor, the velocity of rotation of the vortices in any part of the field is
altered by that motion. .The force by which the proper amount of rotation is
transmitted to each vortex, constitutes in this case also an electromotive force,
and, if permitted, will produce currents.
(8) When a conductor is moved in a field of mapetic force, the vortices

in i t and in its neighbourhood are moved out of their places, and are changecl
in form. The force arising from these changes constitutes the electromotive
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force on a moving condnctor, and is found by calculation to correspond with
that determined by experiment.
W e have now shewn in what wa'y electro-magnetic phenomena .may be
irnitated by an imaginary system of molecular vortices. Those who have been
already inclined to adopt an hypothesis of this kind, will find here the conditions which must be fuKlled in order to give it mathematical coherence, and
a cornparison, so f a satisfactory, between its necessary results and known facts.
Thom who look in a different direction for the explanation of the facts, may
be able to compare this theory with that of the existence of currents flowing
freely through bodies, and with that which supposes electricity to act a t a
distance with a force depending on its velocity, and therefore not subject to
the hw of conservation of energy.
The facts of electro-magnetism are ao complicated and various, that the
explanation of any number of them by several different hypotheses must be
interesting, not only to physicists, but t o all who desire t o understand how
much evidence the explanation of phenomena lends to the credibility of a theory,
or how far we ought to regard a, coincidence in the mathematicd expression of
two sets of phenomena a~ an indication that these phenomena are of the same
kind. W e know that partial coincidences of this kind have been discovered ;
and the fact that they are only partial is proved by the divergence of the
laws of the two sets of phenomena in other respects. We may chance to find,
in the higher parts of physics, instances of more complete coincidence, which
may require much investigation to detect their ultimate divergence.
NOTE.
Since the fint part of this paper was written, 1 have seen in Crelle's J o u r n t for 1859,
a paper by Prof. Helmholtz on Fluid Motion, in which he has pointed out that the lines
of fluid motion are arranged according to the sanie laws as the lines of magnetic force, the
path of an electric current correspondhg to a line of axes of those particles of the fluid
which are in a state of rotation. Thia is an additional instance of a physical anaiogy, the
investigation of which may illustrate both electro-magnetism and hydrodynamics.
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[From the Philosophicat Magazine for January and February, 1862.1

PART III.
TRE THEORY OF MOLECULAR VORTICES APPLIED TO STATICAL ELECTRICITY.

I n the h t part of this paper* 1 have shewn how the forces acting between
rnagnets, electric currents, and matter capable of magnetic induction may be
accounted for on the hypothesis of the magnetic field being occupied with
innumerable vortices of revolving matter, their axes coinciding with the'direction
of the magnetic force a t every point of the field.
The centrifuga1 force of these vortices produces pressures distributed in such
a way that the final effect is a force identical in direction and magnitude
with that which we observe.
In the second parti- 1 described the mechanism by which these rotations
may be made to coexist, and to be distributed according to the known lams
.. . . . ..
.
of magnetic lines of force.
,. .

..

1 conceived the rotating matter to be the substance of certain cells, divided
from each other by cell-walls composed of particles which are very small compared with the cells, and that it is by the motions of these particles, and th&
tangential action on the substance in the cells, that the rotation is communic a t d from one cell to another.

I have not attempted to explain this tangential action, but it is necessary
t o suppose, in order to account for the transmission of rotation from the exterior
to the hterior parts of ea'ch cell, that the substance in the cells possesses
elasticity of figure, similar in End, though different in degree, to that observed
in solid bodies. The undulatory theory of light requires us to admit this kind
of elasticity in the luminiferous medium, in order to account for transverse
vibrations. We need not then be surprised if the magneto-electric medium
possesses the same property.
* Phil Mag. March, 1861 [pp. 451-466 of this vol.].
f PM. Nag. April and May, 1861 [pp. 467-488 of this vol.].
VOL. 1.
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According to our theory, the particles which form the partitions between
the cells constitute the matter of electricity. The motion of theae particles
constitutes an electric current; the tangential force with which the particles
are pressed by the matter of the cells is electromotive force, and the pressure
of the particles on each other corresponds to the tension or potential of the
electricity.
If we can now explain t>he condition of a body with respect to the
surrounding medium when it is said to be "charged" with electricity, and
account for the forces acting between electrified bodies, we shall have established
a connexion between d the principal phenornena of electrical science.
We know by experiment that electric tension is the same thing, whether
observed in statical or in current electricity; so that an electromotive force
produced by magnetism may be made to charge a Leyden jar, as i9 done by
the coi1 machine.
When a difference of tension exists in different parts of any body, the
electricity passes, or tends to pass, from places of greater to places of smaller
tension. If the body is a conductor, an actual passage of electricity takes
place; and if the ditrerence of tensions is kept up, the current continues to
flow with a velocity proportional inversely t o the resistance, or directly to the
conductivity of the body.
The electric resistance has a very wide range of values, that of the metals
being the smallest, and that of glass being so great that a charge of electricity
has been preserved* in a g1a.s vesse1 for years without penetrating the thickness of the glass.
Bodies which do not permit a current of electricity to flow through them
are called insulators. But though electricity does not flow through them,
the electrical effects are propagated through them, and the amoiint of these
effects differs according to the nature of the body; so that equally good insulators may act dxerently as dielectricsf-.
Here then we have two independent qualities of bodies, one by which they
allow of the passage of electricity through them, and the other by which they
d o w of electrical action being transmitted through them without any electricity being allowed to p w . A conducting body may be compared to a porous
membrane which opposes more or less resistance to the passage of a fluid,

* By

Professor W. Thomson.
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while a dielectric k like an elastic membrane which may be impervious to the
fluid, but transmits thè pressure of the fluid on one side to that on the other.
As long as electromotive force acts on a conductor, it .produces a current
which, as it meets with resistance, occasions a continua1 transformation of
electrical energy into heat, which is incapable of being restored again as electrical energy by any reversion of the process,
Electromotive force acting on a dielectric produces a state of polarization
of its parts sirnilar in distribution to the polarity of the particles of iron under
the influence of a magnet*, and, like the magnetic polarization, capable of
being described as a state in .which every particle hm its poles in opposite
conditions.
I n a dielectric under induction, we may conceive that the electricity in
each molecule is so displaced that one aide is rendered positively, and the
other negatively electrical, but that the electricity remains entirely connected
with the mblecule, and does not pass from one moleoule to another.
The effect of this action on the whole dielectric mass is to produce a
general displacement of the electricity in a certain direction. This displacement does not amount to a current, because when it has attained a certain
value i t remains constant, but it is the commencement of a current, and its
variations constitute currents in the positive or negative direction, according as
the -displacement is incrensiiig or dirninishing. The amount of the displacement
depends on the nature of the body, and on the electromotive force; so that
if h is the displacement, R the electromotive force, and E a coefficient
depending on the nature of the dielectric,
and if r is the value of the electric current due to displacement,

These relations are independent of any theory about the internal mechanism
of dielectrics ; but when we find electromotive force producing electric displacement in a dielectric, and when we find the dielectric recovering from its state
of electric displacernent with an equal electromotive force, we cannot help

* See Prof. Mossotti, "Discussione Analitica," Nena&
Part 2, p. 49.

de& Soc, ItccZkna (Modem), Vol.
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regarding the phenornena as those of an elastic body, yielding to a pressure,
and recovering its form when the pressure is removed.
According to o u hypothesis, the . magnetic medium is divided into cells,
separated by partitions formed of a stratum of particles which play the part
of electricity. When the electric paiticles' are urged in any direction, they will,
by their tangential action on the elastic substance of the cells, distort each
cell, and cal1 into play an equal and opposite force arising from the elasticity
of the cells. When the force is removed;' the cells will recover their form,
and the electricity will return to its former position.
In the following investigation 1 have considered the relation between the
displacement and the force producing it, on the supposition that the cells are
spherical. The actual form of the cells probably does not dBer from that of
a sphere sufficiently to make much diflerence in the numerical result.
1 have deduced from this result the relation between the statical and
dynamical measures of electricity, and have shewn, by a cornparison of the
electro-magnetic experiments of MM. Eohlra~sch and Weber with the velocity
of light as found by M. Fizeau, that the elasticity of the magnetic medium
in air is the same as that of the luminiferous medium, if these two coexistent, coextensive, and equally elastic media are not rather one medium.
It appears also from Prop. XV. that the attraction between two electrified
bodies depends on the value of Es, and that therefore it would be less in
turpentine than in air, if the quantity of electricity in each body remains the
same. If, however, the potsntials of the two bodies were given, the attraction
between them would vary inversely as E', and would be greater in turpentine
than in air.

PROP.
XII. TO find . the conditions of equilibrium of an elaatic sphere
whoae surface is exposed to normal
being proportional to the sine of the
. Let the axis of z be the axis of
Let f, 7, 5 be the displacements
tions of x, y, and z.

and tangential forces, the tangential forces
distance from a given point on the sphere.
spherical CO-ordinates.
of any particle of the sphere in the direc-

Let p, pm, p3 be the stresses normal to planes perpendicular t o the th;ee
axes, and let p,, pm, p, be the stresses of distortion in the planes yz, zx,
and xy.
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Let p be the coefficient of cubic elasticity, so that if

Let m be the coefficient of rigidity, so that

Then me have the following equations of elasticity in an isotropic medium,

with siiriilar equations in y and z, and also

I n the case of the sphere, let us assume the radius=a, and
Shen

The equation of interna1 equilibrium with respect to z is

which is satisfied in this case if
m ( e + ~ f + 2 g ) + 2 ( ~ - + r n ) (e+g)=o

...................(87).

The tangential stress on the surface of the sphere, whose radius is a a t
an ,angular distance 8 from the axis in plane xz,
T= ( p m-pz) sin 8 cos 8 +p, (coss 8 - sinV). .....................(88)
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In order that 2' may be proportional to sin 8, the first term must vanish, and
therefore
g=e+f
(90)s

.............................................

The normal stress on the surface a t any point is

N =pmsin28 +p, cos"

+ 2pa sin 8 cos 0

= 2 (tc-+n)(e+g)acos B + ~ ~ ~ C O S B { ( ~ + ~ ) S ~ ~ ~ B +......(
~ C O92);
S~O}

N = -ma(e+2f) cos 8 ...........................(93)-

or by (87) and (go),

The tangential displacement of any point is
t=[cosû-[sine=

- (a"fd)

.....................(94).

sin8

The normal displacement is
n = f s i d + [ c o s 8={a2(e+f)+d)cos 0 .................. (95)-

.

If we make

a y e + f ) + d = ~.................................(9%

there will be no normal displacement, and the displacement will be entirely
tangential, and we shall have
t = aaesin 0 .................................. (97).
The whole work done by the superficial forces is

U = +Z (Tt)dX,
the summation'being extended over the surface of the sphere.
The energy of elasticity in the substance of the sphere is

u=+Z

dq
(dz

d5

d5

dt

dt

-+- dy) p,+ (dz
-+- dz) p,+ (dy
-+- dx) p, } d~
dq

the summation being extended to the whole contents of the sphere.
We .find, as we ought, that these quantities have the same value, namely

U= - &rasme(e + 2f) ...............................(98).
We may now suppose that the tangential action on thè surface arisea frorn a
layer of particles in contact with it, the particles being acted on by their own
mutual pressure, and acting on the surfaces of the two cella with which they
are in contact.

IRIS - LILLIAD - Université Lille 1

ON PHYSICAL LTNES OF FORCE.

495

We assume the axis of z to be in the direction of maximum variation of
the pressure among the particles, and we have to determine the relation
between an electromotive force R acting on the particles in that direction, and
the electric displacement h which accompanies it. .

PROP.XIIL-To find the relation between electromotive force and electric
displacement when a uniform electromotive force R acts p a r d e l to the a.xis of x.
Take any element SS of the surface, covered with a stratum wliose density
is p, and having its normal inclined 0 to the axis of z ; then the tangential
force upon it will be
pRSS sin 0 = 2 TsS.. ............................(99h
T being, as before, the tangentia.1 force on .each aide of the surface. Putting
1
as in equation (34)", we find
p=
R= -2.nmu (ei-2f)

...........................(100).

The displacement of electricity due to the distortion of the sphere is
ZGSipt sin 13 taken 'over the whole surface ............ (101);
and if h is the electric displscement per unit of volume, we shall have
+?ra3h
= $ d e ............................... (1 Oz),

so that
or we may write

R = - 47rEzh.. ....................- ...... ( i 05),

provided we assuine

E= - m e+2f
e

.........................(1O ci).

bFinding e and f from (87) and (go), we get

The ratio of m to p varies in different substances; but in a medium d o s e
elasticity depends entirely upon forces acting between pairs of particles, this
ratio is that of 6. to 5, and in this case

E=mn ....................................(108).
+

P?d Mag. April, 1861 [p. 471 of this vol.].
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When the resistance t o compression is infinitely greater than the resistance to
distortion, as in a liquid rendered slightly elastic by gum or jelly,
E" = 3 ~ m..................................
.
(109).
The value of 9 must lie between these limits. It is probable that the substance
of Our cells is of the former kind, and that we must use the first value of E,
which is that belonging to a hypothetically "perfect" solid*, in. which
5m= 6p

.................................(110),

so that we must use equation (108).

PROP.
XIV.-To

correct the equations (9)f. of electric currents for the effect
due to the elasticity of the medium.
We have seen that electromotive force and electric displacement are
connected by equation (105). DXerentiating this equation with respect to t, we
find

shewing that when the electromotive force varies, the electric displacement also
varies. But a variation of displacement ia equivalent t o a current, and this
current must be taken into account in equations (9) and added to r. The .three
equationa then become

where p, q, r are the electric currents in the directions of 2, y, and 2; a, fi, y
are the components of magnetic intensity ; and P, Q, R are the electromoti,ve
forces. Now if e be the quantity of free electricity in unit of volume, then the
equation of continuity will be

*

See Rankine "On Elasticity," Camb. and M.
Math. J w . 1851.
t Phil. Mag. Xarch, 1861 [p. 462 of this vol.].
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Differentiating (112) with respect to x, y, and x respectively, and substituting,
we find

..................(114);
whence
the constant being omitted, because e=O when there are no electromotive forces.

PROF.XV.-To

find the force acting between two electrified bodies.

The energy in the medium arising from the electric displacements is

U = -6+(Pf+Qg+Rh) SV.....................(w

where P, Q, R are the forces, and
y, h the displacements. Now when there
is no motion of the bodies or alteration of forces, it appears from equations (77)*

that
and we know by (105) that

whence
Integrating by parts throughout all space, and remembering that V vanishes at
an i d n i t e distance,

Nom let there be two electrxed bodies, and let e, be the distribution of
the electric tension due to it, and let
electricity in the h s t , and

Let e, be the distribution of electricity in the second body, and Y',the
tension due to i t ; then t h e whole tension a t any' point will be VI + <P,, and
the 'expansion for U will become

U=+Z ( ~ ~ e , + ~ a e , + V , e , + W S
&v~.....................
)
(124).
*

Phil. Mag. May, 1861 [p. 482 of this vol.].
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Let the body whose electricity is el be moved in any way, the electricity
moving dong with the body, then since the distribution of tension W, moves
with the body, the value of
remains the same.
Y2ea also remains the same; and Green has shewn (Essay on Electricity,
p. 10) that Y1e2=Y2el, so that the work done by moving the body against

electric forces

W=6U=6Z (vPel)6V ........................(125).

And if el is confined to a small body,

W =e18v2,

where F is the resistance and dr the motion.
If the body e, be small, then if r is the distance from e,, equation (123)
gives
e2
Y 2 = D-;

T

F= -E-fWa ...............................

whence

r"

(127) ;

or the force is a repulsion varying inversely as the square of the distance.
Now let 9, and 9, be the same quantities of electricity measured statically, then we know by definition of electrical quantity

and this will be satisfied provided
ql = Ee, and q, = Ee,

..........................(129) ;

so that the quantity E previously determined in Prop. XIII. is the number by
which the eledrodynamic measure of any quantity of electricity must be
multiplied to obtain its electrostatic measure.
That electric current which, circulating round a ring whose area is unity,
produces the same effect on a distant magnet as a magnet would produce
whose strength is unity and length unity placed perpendicularly to the plane
of the ring, is a unit current ; and E units of electricity, measured statically,
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traverse the section of this current in one second,-these units being such that
any two of them, placed a t unit of distance, repel each other with unit of force.
We may suppose either that E units of positive electricity move in the
positive direction through the wire, or that E units of negative electricity move
in the negative direction, or, thirdly, that aE units of positive electricity move
in the positive direction, while &E units of negative electricity move in the
negative direction at the same tirne.
The last is the supposition on which MM. Weber and Kohlrausch* proceed,
who have found
+E=155,370,000,000 ...i..
(13O),

..................

the unit -of length being the millimetre, and that of time being one second,
whence
E = 310,740,090,000
(131).

........................

PROP.XV1.-To

find the rate of propagation of transverse vibrations
through the elastic medium of which the cells are composed, on the supposition that its elasticity is due entirely to forces acting between pairs of particles.

By the ordiinary method of investigation we know that

where rn is the coefficient of transverse elasticity, and p is the density. By
referring to the equations of Part I., it will be seen that if p is the density
of the matter of the vortices, and p is the "coefficient of magnetic induction,"

m= P p

whence

.................................(134);

and by (108)
In air or vacuum p= 1, and therefore

V =E
=310,740,000,000 millimetres per second

.................(136).

= 193,O 8 8 miles per second

* Abharndungeen

der R6nig. Siicfichen

GeseElechafi, VOL III. (1857), p. 260.
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The velocity of light in air, as determined by M. Fizeau*, is 70,843 leagues
per second (25 leagues to a degree) which gives

V = 314,858,000,000 millimetres
= 195,647 miles per second

...................... (137).

The velocity of transverse undulations in our hypothetical medium, calculated
from the electro-magnetic experirnents of MM. Eohlrausch and Weber, agrees so
exactly with the velocity of light calculated from the optical experiments of
M. Fizeau, that we can scarcely avoid the inference that light consists in the
transverse undulations of the sarne medium which is the cause of ebctric and
magnetic phenomena.

PROP.XVI1.-To

find the electric capacity of a Leyden jar composed of
any given dielectric placed between two conducting surfaces.
Let the electric tensions or potentials of the two sudaces be
and V2,
Let S be the area of each surface, and 8 the distance between them, and l e t
e and -e be the quantities of electricity on each surface; then the capacity

Within the dielectric we have the variation of V perpendicular to the surface

Beyond either surface this variation is zero.
Hence by (115) applied a t the surface, the electricity on unit of area is

and we deduce the whole capacity of the apparatus,

so that the quantity of electricity required to bring the one surface to a

* Comptes Barlus, Vol. xxrx. (1849)' p. 90. I n Galbraith and Haughtan's Manml of Astronorny,
hl. F i u ' s result is stated at 169,944 geographical miles of 1000 fathoms, which gives 193,118
statute miles; the value deduced from aberration is 192,000 miles.
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given tension varies directly as the surface, inversely as the thickness, and
inversely as .the square of E.
Now the coefficient of induction of dielectrics is deduced from the capacity
of induction-apparatus formed of them; so that if D is that coefficient, D varies
inversely as E, and is unity for air. Hence

where V and V, are the velocities of light in air. and in the medium.
if i is the index of refraction,

Now

.V
=i, and
VI

-

so that the inductive power of a, dielectric varies directly as the square of the
index of refraction, and inversely as the magnetic inductive power.
In dense media, however, the optical, electric, and mapetic phenomena
may be modified in different degrees by the particles of gross matter; and their
mode of arrangement may influence these phenomena dserently in different
directions. The axes of optical, electric, and magnetic properties will probably
coincide; but on account of the unknown and probably complicated nature of
the reactions of the heavy particles on the zetherial medium, it may be impossible t o discover any general nuinerical relations between the optical, electric,
and magnetic ratios of these axes.

It seems probable, however, that the value of E, for any given axis,
depends upon the velocity of light whose vibrations are parallel t o that axis,
or whose plane of polarization is perpendicular to that axis.
In a uniaxal crystal, the axial value of E will depend on the velocity of
the extraordinary ray, and the equatorial value will depend on that of the
ordinary ray .
In "positive" crystals, the axial value of E will be the least and in
negative the greatest.
-The value of Dl,
which varies inversely as E', will, cœteris paribus, be greatest
for the axial direction in positive crystals, and for the equatorial direction in
negative crystals, such as Iceland spar. If a spherical portion of a crystal,
radius =a, be suspended in a field of electric force which would act on unit of
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electricity with force =1, and if Dl and D, be the coefficients of dielectric
induction dong the two axes in the plane of rotation, then if 8 be the inclination of the axis to the electric force, the moment tending to turn the sphere
will be

(Dl-Da)
Pa3sin 28 .................. (143),
@Dl 1) ( 2 D X )
and the axis of greatest dielectric induction (Dl) will tend to become parallel to

+

the lines of electric force.

PART IV.
THE THEORY O F MOLECULML VORTICES APPLIED TO THE ACTION OF MAGNETISN
ON POLAFUZED LIGHT.

The connexion between the distribution of lines of magnetic force and that
of electric currents may be completely expressed by saying that the work done
on a unit of imaginary magnetic matter, when carried round any closed curve,
is proportional to the quantity of electricity which passes through the closed
curve. The mathematical form of this law may be expressed as in equations (9)*,
which 1 here repeat, where a, P, y are the rectangular components of magnetic
intensity, and p, q, r are the rectangular components of steady electric currents,

The same mathematical connexion is found between other sets of phenornena
in physical science.
(1)

If a, /3, y represent displacements, velocities, or forces, then p, q, r

will be rotatory displacements, velocities of rotation, or moments of couples producing rotation, in the elementary portions of the mass.

* PhQ. Mq. b c h ,
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If a, /3, y represent rotatory displacements in a uniforrn and continuous
substance, then p, q, r represent the relative linear displacement of a particle
with respect to those in its immediate neighbourhood. See a paper by Prof. W.
Thomson " On a Mechanical Representation of Electric, Magnetic, and Galvanic
Forces," Camb. and Dublin Math. Journal, Jan. 1847.
(3) If a, p, y represent the rotatory velocities of vortices whose centres
are fixed, then p, q, r represent the velocities with which loose particles placed
between them would be carried along. See the second part of this paper (Phil.
May. April, 1861) [p. 4691.
(2)

It appears from al1 these instances that the connexion between magnetism
and electricity has the same mathematical form as that between certain
pairs of phenomena, of which one has a linear and the other a rotatory
character. Professor ChallisX conceives magnetism to consist in currents of a
fluid whose direction corresponds with that of the lines of magnetic force; and
electric currents, on this theory, are accompanied by, if not dependent on, a
rotatory motion of the fluid about the axis of the current. Professor Helmholtzt
has investigated the motion of an incompressible fluid, and has conceived lines
drawn so as to correspond a t every point with the instantaneous axis of
rotation of the fluid there. He has pointed out that the lines of fluid motion
are arranged according to the same laws with respect to the lines of rotation,
as those by which the lines of magnetic force are arranged with respect to
electric currents. On the other hand, in this paper 1 have regarded magnetism
aa a phenornenon of rotation, and electric currents as consisting of the actual
translation of particles, thus assuming the inverse of the relation between the
two sets of phenomena.
Now it seems natural to suppose that all the direct effects of any cause
which is itself of a longitudinal character, must be themselves longitudinal, and
that the direct effects of a rotatory cause must be themselves rotatory. A
motion of translation along an axis cannot produce a rotation about that axis
unless it meets with some special mechanism, like that of a screw, which
connects a motion in a given direction along the axis with a rotation in a given
direction round i t ; and a motion of rotation, though it may produce tension
along the axis, cannot of itself produce a current in one direction along the axis
rather than the other.
* Pha. Hag. December, 1860, January and Eebruary, 1861.
t Crelle, Journal, Vol. LY. (1858), p. 25.
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Electric currents are known to produce effects of transference in the direction of the current. They transfer the electrical state from one body to another,
and they t,ransfer the elements of electrolytes in opposite directions, but they
do not* cause the plane of polarization of light to rotate when the light traverses the axis of the current.
On the other hand, the magnetic state is not characterized by any strictly
longitudinal phenomenon. The north and south poles difîer only in their names,
and these names might be exchanged without altering the statement of any
magnetic phenomenon; whereas the positive and negative poles of a battery are
completely distinguished by the different elements of water which are evolved
there. The magnetic state, however, is characterized by a well-marked rotatory
phenomenon discovered by Faraday?-the rotation of the plane of polarized light
ahen transmitted along the lines of magnetic force.
When a transparent diamagnetic substance has a ray of plane-polarized light
passed through it, and if lines of magnetic force are then produced in the
substance by the action of a magnet or of an electric current, the plane of
polarization of the trtlnsmitted light is found to be changed, and to be turned
'through an angle depending on the intensity of the magnetizing force within'
the substance.
The direction of this rotation in diamagnetic substances is the same as that
in which positive electricity must circulate round the substance in order to
produce the actud magnetizing force within it; or if we suppose the horizontal
part of terrestrial magnetism to be the magnetizing force acting on the substance, the plane of polarization would be turned in the direction of the earth's
true rotation, that is, from west upwards to east.
I n paramagnetic substances, M. Verdet$ has found that the plane of polarization is turned in the opposite direction, that is, in the direction in which
negative electricity would flow if the magnetization were effected by a helix
surrounding the substance.
I n both cases the absolute direction of the rotation is the same, whether
the light passes from north to south or from south t o north,-a fact which distinguishes this phenomenon from the rotation produced by quartz, turpentine, &c.,

*

Faraday, ExpmenrnentalResecv~clm,951-954,

t Ilid., Series

$ C m p h Rendw, Vol.
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in which the absolute direction of rotation is reversed when that of the light
is reversed. The rotation in the latter case, whether related to an axis, aa in
quartz, or not so related, as in fluids, indicates a relation between the direction
of the ray and the direction of rotation, which is similar in its forma1 expression
to that between the longitudinal and rotatory motions of a right-handed or a
left-handed screw; and it indicates some property of the substance the mathematical form of which exhibits right-handed or left-handed relations, such as are
known to appe;tr in the external forms of crystals having these properties. I n
the magnetic rotation no such relation appears, but the direction of rotation is
directly connected with that of the magnetic lines, in a way which seems to
.
indicate that magnetism is really a phenomenon of rotation.
The traseference of electrolytes in figed directions by the 'electric current,
and the rotatios of polarized light in fixed directions by magnetic force, are
the facts the consideration of which has induced me t o regard magnetism as a
phenomenon of rotation, and electric currents as phenomena of translation, instead
of following out the analogy pointed out by Helmholtz, or adopting the theory
propounded by Professor Challis.
The theory that electric currents are linear, and magnetic forces rotatory
phenomena, agrees so far with that of +4mp?re and Weber; -and the hypothesis
that the magnetic rotations exist wherever magnetic force extends, that the
c&trifugal force of these rotations wcounts for magnetio attractions, and that
the inertia of the vortices accounts for induced currents, is supported by the
opinion of Professor W. Thomson*. I n fact the whole theory of molecular vortices developed in this paper h a been suggested $0 me by observing the
direction in which those investigators who study 'the action of media are looking
for the explanation of electro-magnetic phenomena.
Professor Thomson has pointed out that the cause of the magnetic action
o n light must be a real rotation going on in the magnetic field. A right-handed
circularly polarized ray of light is found to travel with a different velocity
according as it passes from north to south, or fiom south to north, along a
line of magnetic force. Now, whatever theory we adopt about the direction of
vibrations in plane-polarized light, the geometrical arrangement of the parts of
the medium during the passage of a right-handed circularly polarized ray is
exadly the same whether the ray is moving north or south. The only clifference
Y See Nichol's Cyclopœdia, art. '' Mapetism, Dynamicd Relations of," edition 1860 ; Proceedkgs
of Royal Society, June 1856 and June 1861; and Phil. Mag. 1857.
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is, that the particles describe their 'circles in opposite directions. Since, therefore,
the conJiguration is the same in the two cases, the forces acting between particles must be the same in both, and the motions due to these forces miist be
equal in velocity if the medium was originally a t rest; but if the medium be
in a state of rotation, either as a whole or in molecular vortices, the circular
vibrations of light may difîer in velocity according as their direction is similar
or contrary to that of the vortices.
We have now to investigate whether the hypothesis developed in this
paper-that
magnetic force is due to the centrifuga1 force of small vortices, and
that these vortices consist of the same matter the vibrations of which constitute
light-leads
to any conclusions as to the effect of magnetism on polarized iight.
We suppose transverse vibrations to be transmitted through a magnetized
medium. How will the propagation of these vibrations be dected by the
circumstance that portions of that medium are in a state of rotation?
In the followkg investigation, 1 have found that the only effect which the
rotation of the vortices will have on the light will be to make the plane of
polarization rotate in the same direction as the vortices, through an angle
proportional-

( A ) to the thickness of the substance,
(B) to the resolved part of the magnetic force p a d e l to the ray,
( C ) to the index of rehction of the ray,
(D) inversely to the square of the wave-length in air,
(E) to the mean radius of the vortices,
(F)to the capacity for magnetic induction.
A and B have been fully investigated by M. Verdet*, who has shewn that
the rotation ia strictly proportional to the thickness and to the rnagnetizing
force, and that, when the ray is inclined to the magnetizing force, the rotation
is as the cosine of that inclination. D has been supposed to give the true
relation between the rotation of different rays; but it is probable that C must
be taken into account in an accurate statement of the phenornena. The rotation
varies, not exactly inversely as the square of the wave length, but a little faster;
so that for the highly refrangible rays the rotation is greater than that given
by this 'law, but more nearly as the index of refiaction divided by the square
of the wave-length.

* Annales

de Chimie et de Phyeique, sér. 3, VOLXLI. p. 370; Vol.
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The relation (E) between the amount of rotation and the size of the
vortices shews that different substances may differ in rotating power independently of any observable difference in other respects. We know nothing
of the absolute size of the vortices; and on Our hypothesis the optical phenomena
are probably the only data for determining their relative size in different substances.
On Our theory, the direction of the rotation of the plane of polarization
depends on that of the mean moment of momen$a, or afiplar momentm, of the
molecular vortices ; and since M. Verdet haa discovered that magnetic substances
have an effect on light opposite t o that of diamagnetic substances, i t follows that
the molecular ,rotation must be- opposite in the two classes of substances.
We can no longer, therefore, consider diamagnetic bodies as being those
whose coefficient of magnetic induction h less than that of space empty of
gross matter. We must admit the diamagnetic state to be the opposite of the
paramagnetic; and that the vortices, or at leaat the influential majority of them,
in diamagnetic substances, revolve in the direction in which positive electricity
revolves in the magnetiziing bobbin, while in paramagnetic substances they
revolve in the opposite direction.
This result agrees so fm with that part of the theory of M. Weber*
which refers to the paramagnetic and diamagnetic conditions. M. Weber supposes the electricity in paramagnetic bodies to revolve the same way as the
surrounding helix, while in diamagnetic bodies it revolves the opposite way.
Now if we regard negative or resinous electricity as a substance the absence
of which constitutes positive or vitreous electrioity, the results will be those
actually observed. This will be true independently of any other hypothesis
than that of M. Weber about magnetism and diamagnetism, and does not
require us t o admit either K. Weber's theory of the mutual action of electric
particles in motion, or Our theory of cells and cell-walls.
1 am inclined to believe that iron difFers from other substances in the
manner of its action as well as in the intensity of ita magnetism; and 1 think
its behaviour may be explained on our hypothesis of molecular vortices, by
supposing that the particles of the bon itself are set in rotation by the tangential action of the vortices, in an opposite direction to their own. These
large heavy particles would thus be revolving exactly as we have supposed the

*

Taylor's S&t$c

Memoirs, Vol.

P.

p. 477.
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infinitely small particles constituting electricity to revolve, but without being
free like them to change their place and -form currents.
The whole energy of rotation of the magnetized field would thus be greatly
increased, as we know it to be; but the angular momntum of the iron
particles would be opposite to that of the æthereal cells and immensely greater,
so that the total angular momentum of the substance will be in the direction
of rotation of the iron, or the reverse of that of the vortices. Since, however,
the angular momentum depends on the absolute sbe of the revolving portions
of the substance, it may depend on the state of aggregation or chemical
arrangement of the elements, as well as on the ultimate nature of the components of the substance. Other phenomena in nature seem to lead to the
conclusion that al1 substances are made up of a number of parts, finite in size,
the particles composing these parts being themselves capable of interna1 motion.

PROP.XVII1.-To

find the angular momentum of a vortex.

The angular momentum of any material system about an axis is the sum
of the products of the mass, dm, of each particle multiplied by twice the area
*.
it describes about that axis in unit of time; or if 2 is the angular momentum
about the axia of 2.

As we do not know the distribution of density within the vortex, we shall
determine the relation between the angular momentum and the energy of the
vortex which was found in Prop. VI.
Since the time of revolution is the same throughout the vortex, the mean
a

angular velocity o will be uniform and 1- where a is the velocity a t the
T

circumference, and

r

the radius.

'

Then
A =Z d m h ,

E = +Zdmrba=+Am,

and the energy

1

= - /AU'Vby Prop. VI.*

87~

whence

* Phd.
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for the axis of x, with similar expressions for the other axes, V being the
.
volume, and .r the radius of the vortex.

PROP.X1X.-To

determine the conditions of undulatory motion in a medium
containing vortices, the vibrations being perpendicular to the direction of propagation.
Let the waves be plane-waves propagated in the direction of z, and let
the axis of x and y be taken in the directions of greatest and least elasticity
in the plane xy. Let x and y represent the displacement parallel to these axes,
which will be the same throughout the same wave-surface, and therefore me
shall have x and y functions of z and t only.
Let X be the tangential stress on unit of area parallel to xy, tending to
move the part next the origin in the direction of x.
Let Y be the corresponding tangential stress in the
direction of y,
Let kl and k2 be the coefficients of elasticity with respect
to these two kinds of tangential stress ; then, if the medium
is at rest, ,

Ir/

Now let us suppose vortices in the medium whose velocities are represented
as usual by the symbols a, fi, y, and let us suppose that the value of a is
da
increasing at the rate -, on account of the action of the tangential stresses
dt
alone, there being no electromotive force in the field. The angular momentum
in the stratum whose area is unity, and thickness dz, is therefore increasing
i
da
a t the rate -pr -dz; and if the part of the force Y which produces this effect
47T dt
1
da
is Y', then the moment of Y' is
Y'dz, so that Y' = - -pr 47r
dt '

-

The complete value of Y when the vortices are in a state of varied motion is
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The whole force acting upon a stratum whose thickness is dz and area
dX
dY
unity, is - dz in the direction of x, and -dz in direction of y. The mass
dz
dz
of the stmtum is pdz, so that we have as the èquations of motion,

d î
dz4.
d 1
da
d)Y_--dds - v z a dds 4RPT dt

d2x d X

d2x

-7i;,-+--pr-

p z = i
-Y-!Kk
P dt"

...m.......

(146).

da
dB
Now the changes of velocity - and - are produced by the motion of
dt
dt
the medium containing the vortices, which distorts and twists every element
of its mass; so that we must refer to Prop. X.* to determine these quantities
in terms of the motion. We find there a t equation (68),

Since 8% and Sy are fulictions of z aqd t only, we may write. this equation
-dt - Y a t

dp- d"y

and in like manner,

................................. (147),

dt -Y dzdt

so that if we now put

4 = a",

1 PT
k2= bap, and - y = c" we may write the
4~ P

equations of motion

4, -Y

d t V z 2

........................
m
t

These equations may be satisfied by the values
x=Acos(nt-mz+a)
y = B sin (nt-mz+a)
provided

...........................(1 49)y

and

* Phil. Mag. May
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(148).

,y d3x

1861 [p. 481 of this vol.].
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Multiplying the la.st two equations together, we fmd
an equation quadratic with respect to m2, the solution of which is

These values of m2 being put in the equations ( 1 5 0 ) will each give a ratio
of A and B,
A
as- baT J(a2- b2y+ 4n2d
--

B-

2nca

Y

which being substituted in equations ( 1 4 9 ) , will satisfy the original equations
(148)- The most general undulation of such a medium is therefore compounded
of two elliptic undulations of different eccentricities travelling with different
velocities and rotating in opposite directions. The results msly be more easily
explained in the case in which a =b ; then
ma=-

n2
and
aTnca

A = T B .....................(153).

Let us suppose that the value of A is nnity for both vibrations, then we
shall have

The first terms of x and y represent a circular vibration in the negative
direction, and the second term a circular vibration in the positive direction,
the positive having the greatest velocity o f propagation. Combining the terms,
we may write
x = 2 cos (nt -p)cos q z
............................... (155),
y = 2 cos (nt - p z ) sin
where
and
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These are the equations of an undulation consisting of a plane vibration

2a

2n

whose periodic time is - and wave-length -=X,
n '
2'

propagated in the direction

n

of z with a velocity -=v, while the plane of the vibration revolves about the
2'
2a
axis of x in the positive direction so as to complete a revolution when z = - .

q

Now let us suppose ca s m d , then we may m i t e
n
a

p = - and q=-

naca

2a3

...........................(157);

1 r

and remembering . that c2= - - -y, we 'find
47v

Here I. is the radius of the vortic&, an unknown quantity. p is the densitg
of the luminiferous medium in the body, &hioh is also unknown; but if we
adopt the theory of Fresnel, and rnake s the density in space devoid of gross
matter, then
= sia ....................................(159),
where i is the index of refraction.

On the theory of MacC~lla~gh
and Neumann,
p=s

in all bodies.
p

....................................(160)

is the coefficient of magnetic induction, which is unity in empty space

or in air.
y is the velocity of the vortices a t their circumference estimated in the
ordinary units. Its value is unknown, but it is proportional to the intensity of
the magnetic force.
Let Z be the magnetic intensity of the field, measured as in the case of
terrestrial magnetism, then the intrinsic energy in air per unit of volume is
1
1
- z2=-ns',
8
7
r
anwhere s is the density of the magnetic medium in air, which we have reason
t o believe the same as that of the luminiferoua medium. We therefore put
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A is the wave-length of the undulation in the substance. Now if A be the
wave-length for the same ray in air, and i the index of refraction of that ray in
the body,

A=-

A

i

.....................................(162).

Also v, the velocity of light in the substance, is related to V, the velocity of
light in air, by the' equation

v=-

v .....................................(163).

a'
Hence if z be the thickness of the substance through which the ray .passes, the
angle through which the plane of polarization will be turned will be in degrees,

or, by what we have now calculated,

I n this expression aJl the quantities are known by experiment except r, the
radius of the vortices in the body, and s, the density of the luminiferous
medium in air. .
The experiments of M. VerdetX supply all that is wanted except the determination of Z in absolute measure ; and this would &O be known for aJl bis
experiments, if the value of the galvanometer deflection for n semi-rotation of
the testing bobbin in a known magnetic field, such as that due to terrestrial
magnetism a t Paris, were once for all determined.

*

Antrales de Chimie et de Physipwe, sér. 3, Vol.

VOL. 1.
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[From the London, Edinburgh, and Dublin Philosophical Magazine and Journal of Science.
Vol. XXVII. Fourth Series.]

XXIV. On Rec+roçal Figures and Diagrams of Forces.

RECIPROCAL
figures are such that the properties of the first relative to the
second are the same a~ those of the second relative to the first. Thus inverse
figures and polar reciprocals are instances of two different kinds of reciprocity.
The End of reciprocity which we have here to do with has reference to
figures conaisting of atraight lines joining a system of points, and forming
closed rectilinear figures; and it consists in the directions of al1 lines in the
one figure having a constant relation to those of the lines in. the other figure
which correspond to them.
In plane figures, correspunding lines may be either parallel, perpendicular,
or a t any constant. angle. Lines meeting in a point in one figure form a
closed polygon in the other,
In figures in space, the lines in one figure are perpendicular to
in
the other, and the planes correvponding to lines which meet i n . a point form
a closed polyhedron.
The conditions of reciprocity may be conaidered from a purely geometrical
point of view; but their chief importance sri*$ from the fact that either of
the figures being considered as a system .of points acted on by forces along
the lines of connexion, the other figure is a diagram of forces, in which these
forces are represented in plane figures by lines, and in solid figures by the
areas of planes.
The properties of the "triangleJ' and "polygon" of forces have been long
known, and the "diagram" of forces hm been used in the case of the funicular
polygon; but 1 am not aware of any more general statement of the method
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of drawing diagmms of forces before Profeqsor Xaakine applied it to frames,
roofs, &o. in liis Applied Xeehafiics, p, 137, &c. The "polyhedron of forces,"
o r the equilibrium of forces perpendicular and proportional to the areu of the
faces of a pdyhedran, hm, 1 believe, been eniznciated independently at various
times ; but the application to a "frairie" is given by Professor Rankine in the
PJdosophical Magazine, February, 1864.

1 propose to treat the question geometrically, as reciprocal figures are
subject to certain conditiod besides those belonging to diagrams of forces.
On Reciprocal Phne figures..

DeJi;&tion..-Tvo plane figures are reciprocal when they oonsist of an equd
nuniber of lines, so éhat corresponding lines in the two figures aw pmllel,
and corresponding lines which converge to a point in one figure fom a closed
polygon in the other.

Note.-If dortespoding h e s in the tm figures, hstead of being pardel
are at; rigM angle$ ot any other angle, they may be made pardel t3y turning
m e of the figures round in its own plane.
Since every polygon in one figure has three or more sides, every point in
the other i%gure rhuat have three or more lines converging t o it; and since
every line ia the one figure hafi two and only two extremities to which lines
converge, every line ';î the other figure must belong t o two, and' only two
closed polygons. The. sirnplesk plane figure fulf;lling these conditions is that
formed by the si9 lines which J o h four points in pairs. The reciprocal figure
consists of six lines parallel respectively to these, the points in the one figure
corresponding to triangles in the other.
Generab Relatiolil between the Numbers oj? Points, Lines, und PoEygons in
~ ~ ~ r 0 c rFigures,
a.J

The effect of drawing a line, one of whose extremities is a point connected
with the sy~teniof fines already drawn, is either t o intrduoe one new point
into the system, or to complete one new polygon, or t o divide a pblggon inta
two parts, ~cordingw it is dram t6 an isolated point, or a point already
connected with the qystern Heace the sum of poiats aiad pdggons in the
65-2
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system is increased by one for every new line. But the simplest figure consists
of four points, four polygons, and six lines. Hence the sum of the points and
polygons must always exceed the number of lines by two.
Note.-This
is the same relation which connects the numbers of summits,
faces, and edges of polyhedra.
Conditwns of indeterminatems and impossibility in drawing reciprocal Diagrams.
Taking any line parallel to one of the lines of the figure for a base,
every new point is to be determined by the intersection of two new lines.
Calling s the number of points or summits, e the number of lines or edges,
and f the number of polygons or faces, the aasumption of the fir. line determines tmo points, and the remaining s - 2 points are determined by 2 (s-2)
limes. Hence if
e=2s-3,
every point may be determined, If e be less, the forrn of the figure will be
in some respects indeterminate; and if e be greater, the construction of the
figure will be impossible, unless certain conditions among the directions of the
lied are fulfilled.
These are the conditions of drawing any diagram in which the directions
of the lines are arbitrarily given ; but when one diagram is already drawn in
which e is greater than 2s- 3, the directions of the lines will not be altogether
arbitrary, but will be subject to e (2s 3) conditions.
Now if e', s', f' be the values of e, s, and f in the reciprocal diagram
e = e', s =f', f = s',
e=s+f-2,
et=s'+f'-2.

- -

.

Hence if s =f, e= 2i - 2 ; and there will be one condition connecting the
directions of the lines of the original diagram, and this condition will ensure
the possibility of constructing the reciprocal diagram. If
so that the construction of the reciprocal diagram will be possible, but indeterminate to the extent of s- f variables.
If s<JI the construction of the reciprocal diagram will be impossible unless
(s -f ) conditions bé fulfled in the original diagram.
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If any number of the points of the figure are so connected among themselves as t o form an equal number of closed polygons, the conditions of
constructing the reciprocal figure m u t be found by considering these points
sepasately, and then examining their connexion with the rest.
Let us now consider a few cases of reciprocal figures in detail. The
sirnplest case is that of the figure formed by the six lines connecting four
points in a plane. If w e now draw the six lines connecting the centres of the four circleu which pass through
Fig. 1.
three out of the four points, we shall have a reciprocal
figure, the corresponding lines in the two figures being
a t right angles.
The reciprocal 6gure formed in this way is definite
in size and position; but any figure similar to it and
placed in any position is still reciprocal t o the original
figure. .If the reciprocal figures are lettered as in fig. 1,
we shall have the relation

I n figures 2 and II. we have a pair of reciprocal figures in which the
lines are more numerous, but the construction very easy. There are seven
points in each figure corresponding to seven polygons in the other.
Fig. 2.

Fig. II.

The four points of triple concourse of lines ABC, BDE, HIL, LJK
correspond t o four triangles, abc, bde, hil, Qk.
The three points of quadruple concourse ADFR, CEGK, IFGJ correspond
t a three quadrilaterals, adfh, cegk, ifgj.
The five triangles ADB, EBC, GJK, JJL, HIF correspond to five points
of triple concourse, adb, ebc, gjk, ijl, hif:
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The quadxilaterd DEG-F corresposcb to the point of qudmple exnoourse

deg$
The pentagoil A(?KLB corre~pondst o the ~iléetingbf the Gve lines acklk.
I n drawing the reciprocal of fig. 2, it is best to begh with a point of triple
concourse. The reciprocal triangle of this point being drawn, determines three
l i e s of the new Ggure. If the other extremities of any of the lines meeting
in this point are points of triple concourse, we may - in the .same way determine more lines, two a t a time. I n drawing these lines, ~e have only to
remember that those lines which in the first figure form a polygoa, &art from
one point in the reciprocal figure. fn this way we may p~oceed as long as
we can always determine all the limes except two of each successive polygon.
The case represented in figs. 3 and III. is an instance of a
of reciprocal figures f u l w g the condit;ons of possibility and' determinateness, but
Pig. III.

presenting a slight difficulty id drawing by the foregoing rule. Each figure has
here eight points and eight polygons; but after we have drawn the lines s,
n, O, k, r, we cannot proceed with the figure aimply by d r a d n g the last two
lines of polygons, because the next polygons to be drawn are quadrilaterals, and
we have only one side of each given, The m i e s t way to proceed is t;o produce
abcd till they form a quadrilateral, then ta draw .a subsidiary figure sirnilu to
tlmpq, with abcd similarly situated, an4 then éo rediice the latter k u r e t o
such a scale and position that a, b, C, d coincide in both figures.
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In figures 4 and IV. the aondition that the number of polygons is equal
to the nurnber of points iFI not fuE1led. In fig. 4 there are five points and
Fig. IV.

Fig. 4.

C

six triangles; in fig. IV. there are six points, two trfalngieb lind three quadrilaterals. Hence if fig. 4 id given, fig. IV. is indeterminate to the extent of one
variable, besides the elements of scale and position. Jn fact; whea we have drawn
ABC and indicated the difections of P, Q, R, we may fi% on any p o i ~ tof P
as one of the angles of XYZ and cornplete the triarigle XYZ. The size of
XYZ is kherefore indeterminate. Conversely, if fig. IV. is given, fig. 4 cannot
be. ~onstructedunless one condition be fulillled. That condition is that P, Q,
and R meet in a point. When this is fulfilled, it follows by geometry that
the points of concourse af A and X, B and Y, snd C and Z lie in one straight
h e W, whicl) is parallel to w ip fig. 4. The condition m$y d a o be expressed
by saying that fig. IV. m u ~ tbe a perspective projection o f a polyhedron whose
quadrilateral fqces are planes. The planes of these faces intersect at the co:opcourse
of P, Q, R,and t h ~ s eof the triangular face8 interseçt i4 the line W,
Figs. 5 and V. represent another case of the aame kirid. In fig. 5 we
have six points and eight triangles; fig. V. is therefore capable of two degrees
of variability, and is subject t o t w o conditions.
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The conditions are that the four intersections of corresponding sides of
opposite quadrilaterals in fig. V. shall lie in one straight line, parallel t o the
Fig. V.

Fig. 5.

iI I:
;
,

&'

line joining the opposite points of fig. 5 which correspond t o these quadrilaterals.
There are three such lines marked x, y, q and four points of intersection lie on
each line.
We may express this condition also by saying that fig. V. must be a perspective projection of a plane-sided polyhedron, the intersections of opposite
planes being the lines x, y, z.
I n fig. 6, let ABCDE be a portion of a polygon bounded by other polygons
of which the edges are PQRST, one or more of these edgee meeting each angle
of the polygon.
I n fig. VI., let abcde be lines parallel to ABCDE and meeting in a point,
and let these be terminated by .the lines pqrst parallel to PQRST, one or
more .of these linee completing each sector of 6g. VI.
I n fig. 6 draw Y through the intersections of AC and PQ, and ' i n fig.
VI. draw y through the intersections of a, ÿ and cl q. Then the figures of
six lines ABCPQY and abcpqy will be reciprocal, and y will be parallel t o Y.
Draw X parallel to x, and through the intersections of TX and CE draw 2,
and in %. VI. draw z through the intersections of cx and e t ; then CDETXZ
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and cdetxx will be reciprocal, and Z will be parallel to z. Then through. the
intersections of AE and YZ draw W, and through those of ay and ex draw
w ; and since ACEYZW and aceyxw are reciprocal, W will be parallel to W.
Fig. 6.
1p

Fig. VI.

By going round the remaining sides of the polygon ABCDE in the sarne
way, we should find by the intersections of lines another point, the line joining
which with the intersection of A E would be parallel to w, and therefore we
should have three points in one line; namely, the intersection of Y and 2,
the point determined by a similar process carried on on the other part of the
circumference of the polygon, and' the intersection of A and E; and we should
find similar conditions for every pair of sides of every polygon.
Now the conditions of the figure 6 being a perspective projection of a
plane-sided polyhedron are exactly the same. For A ,being the intersection of
the faces A P and AB, and C that of BC and QC, the intersection AC will
be a point in the intersection of the faces A P and CQ.
Similarly the intersection PQ will be another point in it, so that Y is the
line of intersection of the faces AP and CQ.
In the same way Z is the intersection of ET and CQ, so that the intersection ,of Y and Z is a point in the intersection of A P and ET.
Another such point can be determined by going round the remaining sides
of the polygon; and these two points, together with the intersections of the
lines AE, must aJl be in one straight line, namely, the intersection of the faces
AP and ET.
Hence the conditions of the possibility of reciprocity in plane figures are
the same as those of each figure being the perspective projection of a planesided polyhedron. When the number of points is in every part of the figure
equal to or less than the number of polygons, this condition is fuWed of
itself. When the number of points exoeeds the number of polygons, there will
VOL. I.
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be an impossible case, unless certain conditions are fulfilled so that certain sets
of intersections lie in straight lines.

Application to Statics.
The doctrine of reciprocal figures rnay be treated in a purely geometrical
manner, but i t rnay be much more clearly understood by considering it as a
method of calculating the forces among a system of points in equilibrium; for,
If forces represented in magnitude by the lines of a figure be made to act
between the extremities of the corresponding lines of the reciprocal figure, then
the points of the reciprocal figure will al1 be in equilibrium under the action
of these forces,
For the forces which meet in any point are parallel and proportional to
the sides of a polygon in the other figure.
If the points between which the forces are to act are known, the problem
of determining the relations among the magnitudes of the forces so as to produce
equilibrium d l be indeterminate, determinate, or impossible, according as the
construction of the reciprocd figure is so.
Reciprocal figures are mechanically reciprocal; that is, either rnay be taken
as representing a system of points, and the other as representing the magnitudes
of the forces acting between them.
In figures like 1, 2 and II., 3 and III., in which the equation
e=2s-2
is true, the forces are determinate in their ratios; so that one being given,
the rest rnay be found.
When e > 2s- 2, as in figs. 4 and 5, the forces are indeterminate, so that
more than one must be known to determine the rest, or else certain relations
among them must be given, such as those arising from the elasticity of the
parts of a frame.
When e < 2s- 2, the determination of the forces is impossible except under
certain conditions. Unless these be f d l l e d , as in figs. IV. and V., no forces
dong the lines of the figure can keep its points in equilibrium, and the figure,
considered as a frame, may be' said to be loose.
When the conditions are fulfilled, the pieces of the frame can support forces,
but in such a way that a small disfigurement of the frame may produce in-
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fhitely great forces in some of the pieces, or may throw the frame into a loose
aondition at once.
The conditions, however, of the possibility of determining the ratios of the
forces in a frame are not coextensive with those of finding a figure perfectly
reciprocd to the frame. The condition of determinate forces is
e=2s-2;
the condition of reciprocal figures is that every line belongs to two polygons
only, and
e=s+f-2.
In fig. 7 we have six points connected by ten lines in such a way that
the forces are all determinate; but since the line L is a side of three triangles,
we cannot draw a reciprocal figure, for we should have to draw a straight line
1 with three ends.

If we attempt to draw the reciprocal figure as in fig. VIL, we s h d find
that, in order to represent the reciprocals of all the lines of fig. 7 and fix
their relations, we must repeat two of them, as h and e by h' and e, so as
to form a parallelogram. Fig. VII. is then a complete representation of the relations of the force which would produce equilibrium in fig. 7; but it is redundant
by the repetition of h and e, gnd the two figures are not reciprocal.
Fig. VIL

On Reciprocal Figures in three dimensions.
DeJinition.-Figures
in three dimensions are reciprocal when they can be so
placed that every l i e in the one figure is perpendicular to a plane Eue of the
ather, and every point of concourse of lines in the one figure is represented by
a closed polyhedron with plane faces.
66-2
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in space with their ten connecting
The simplest case is that of five
lines, forming ten triangular faces enclosing five tetrahedrons. By joining the five
points which are the centres of the spheres circumscribing these five tetrahedrons,
we have a reciprocd figure of the kind described by Professor Rankine in the
Philosophical Magazine, February 1864; and forces proportional to the areas of
the triangles of one figure, if applied dong the corresponding lines. of connexion
of the other figure, will keep its points in equilibrium.
In order to have perfect reciprocity between two @es,
each figure must
be made up of a number of closed polyhedra having plane faces of separation,
and such that each face belongs t o two and only two polyhedra, corresponding
to the extremities of the reciprocal line in the other figure. Every line in the
figure is the intersection of three or more plane faces, because the plane face in
the reciprocal figure is bounded by three or more straight lines.
Let s be the number of points or summits, e the number of lines or edges,
f the number of faces, and c the number of polyhedra or cells. Then if about
one of the summits in which polyhedra meet, and (+ edges and 7 faces, we
faces and a summits and 7 edges,
describe a polyhedral cell, it will have
and we shall have

+

r]=++(r-2;
s, the number of summits, will be decreased by one and increased by u ;

c, the number of cells, will be increased by one;
f, the number of faces, will be increased by
e, the number of edges, will be increased by 7 ;

+;

+

so that e+c-(s+ f ) will be increased by q + 1- (u+ - l), which is zero, or
thiis quantity is constant. Now in the figure of five points already discussed,
e = 10, c = 5, s = 5, f= 10 ; so that generally
e+c=s+f,
in figures made up of cells in the way described.

The condition of a reciprocal figure being indeterminate, determinate, or impossible except in particular cases, is

This condition is sufficient to determine the possibility of finding a system of
forces dong the edges which will keep the summits in equilibrium ; but it is
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manifest that the mechanical problem rnay be solved, though the reciprocal figure
cannot be constructed owing t o the condition of al1 the sides of a face lying
in a plane not being fulfilled, or owing to a face belonging to more than two
cells. Hence the mechanical interest of reciprocal figures in space rapidly
diminishes with their complexity.
Diagrams of forces in whick the forces are represented by lines rnay be
always constructed in space as well as in a plane, but in general some of the
lines must be repeated.
Thus in the figure of five points, each point is the meeting place of four
lines. The forces in these lines may be represented by five gauche quadrilaterals
(that is, quadrilaterals not in one plane); and one of these being chosen, the
other four rnay be applied to its sides and t o each other so as to form five
sides of a gauche hexahedron. The sixth side, that opposite the original quadrilateral, will be a parallelogram, the opposite sides of which are repetitions of
the same line.
We have thus a complete but redundant d i i a m of forces consisting of
eight points joined by twelve lines, two pairs of the lines being repetitions.
This is a more convenient though less elegant construction of a diagram of
forces, and it never becomes geometrically impossible as long as the problem is
mechanically possible, however complicated the original figure rnay be.
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[From the Royal Society Transactions, Vol.

CLV.]

XXV. A Dynarnical T h e o y of the Electromagnetic Field.
(Received October 27,-Read

December 8, 1864.)

PART 1.
INTRODUCTORY.

(1)

THE most obvious mechanical phenornenon in electrical and magnetical

experiments is the mutual action by which bodies in certain states set each
other in motion while still at a sensible distance from each other. The first
step, therefore, in reducing these phenornena into scientific form, is to ascertairi
the magnitude and direction of the force acting between the bodies, and when
it is found that this force depends in a certain way upon the relative position
of the bodies and on their electric or magnetic condition, it seems a t first sight
natural to explain the facts by assuming the existence of something either at
rest or in motion in each body, constituting its electric or magnetic state, and
capable of acting at a distance according to mathematical laws.
In this way mathematical theories of statical electricity, of magnetism, of
the mechanical action between conductors carrying currents, and of the induction
of currents have been formed. I n these theories the force acting between the
two bodies is treated with reference only to the condition of the bodies and
their relative position, and without any express consideration of the surrounding
medium.
These theories assume, more or less explicitly, the existence of substances
the particles of which have the property of acting on one another at a distance
by attraction or repulsion. The most complete development of a theory of this
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kind is that of M. W. Weberx, who has made the same theory include electrostatic and electromagnetic phenomena.
In doing so, however, he has found it necessary t o assume that the force
between two electric particles depends on their relative velocity, as well as on
their distance.

This theory, as developed by MM. W. Weber and C. Neumann?, is exceedir& ingenious, and wonderfully comprehensive in its application to the
phenomena of statical electricity, electromagnetic attractions, induction of currents
and diamagnetic phenomena; and i t comes to us with the more authority, as
i t has served to guide the speculations of one who has made so great an
advance in the practical part of electric science, both by introducing a consistent
system of units in electrical measurement, and by actually determining electrical
quantities with an accuracy hitherto unknown.
The mechanical difliculties, however, which are involved in the assumption of particles acting a t a distance with forces which depend on their velocities
are such as to prevent me £rom considering t.his theory as an ultimate one,
though i t may have been, and rnay yet be useful in leading to the coordination of phenomena.
(2)

1 have therefore preferred to seek an explanation of the fact in another
direction, by supposing them to be produced by actions which go on in the
sumunding medium as will as in the excited bodies, and endeavouring to
explain the action between distant bodies without assuming the existence of
forces capable of acting directly a t sensible distances.
The theory 1 propose rnay therefore be called a theory of the Electq-Omagnetic Field, because i t has to do with the space in the neighbourhood of
the electric or magnetic bodies, and it rnay be called a Dynumical Theory,
because it assumes that in that space there is matter in motion, by which
the observed electromagnetic phenomena are produced.
(3)

The electromagnetic field is that part of space which contains and
surrounds bodies in electric or magnetic conditions.
(4)

* 6'Electrodynamische Maassbestimmungea" Leipzk T~ans.Vol. 1. 1849, and Taylor's flcientific
Mernoirs, Vol. v. art. xiv.
t Ezplkme tatatur quomodo $at & lu& p h u m pohrizationk per vires electkas vel n q n e t k a s
&linetur.-Halis Saxonum, 1858.
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It .may be filled with any kind of matter, or we may endeavour to render
i t empty of all gross matter, as in the case of Geissler's tubes and other socalled vacua.
There is always, however, enough of matter left to receive and transmit
the undulations of light and heat, and it is because the transmission of these
radiations is not greatly altered when transparent bodies of measurable density
are substituted for the so-called vacuum, that we are obliged to admit that the
undulations are those of an aethereal substance, and not of the gross matter,
the presence of which merely modifies in some way the motion of the aether.
We have therefore some reason to believe, from the phenomena of light
and heat, that there is an 2ethereal medium filling space and permeating bodies,
capable of being set in motion and of transmitting that motion from one part
to another, and of communimting that motion to gross matter so as to heat
it and affect it in various ways.
Now the energy oomrnunicated to the body in heating it must have
formerly existed in the moving medium, for the undulations had left the source
of heat some time before they reached the body, and during that time the
energy must have been half in the form of motion of the medium and half in
the form of elastic resilience. From these considerations Professor W. Thomson
has argued*, that the medium must have a density capable of cornparison with
that of gross matter, and has even assigned an inferior limit to that density.
(6) We mdy therefore receive, as a datum derived from a branch of science
independent of that with which we have t o deal, the existence of a pervading
medium, of small but real density, capable of being set in .motion, and of transmitting motion from one part to another with great, but not infinite, velocity.
(5)

Hence the parts of this medium must be so connected that the motion of
one part depends in some way on the motion of the -rest; and at the same
time these oonnexions must be capable of a certain kind of elastic yielding,
since the communication of motion is not instantaneous, but occupies time.
The medium is therefore capable of receiving and storing up two kinds of
energy, namely, the "actual" energy depending on the motions of its parts, and
"potential" energy, consisting of the work which the medium will do in recovering from displacement in virtue of its elasticity.

* "On the Possible Density of the Luminiferous Medium, and on the Nechanical Value of a
Cubic Mile of Sunlight," Tra~actwnsof J e Royal Society of Edinburgh (1854), p. 57.
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The propagation of undulations consists in the continua1 transformation of
one of these fohns of energy into the other alternately, and a t any instant
the amount of energy in the whole medium is equally divided, so that hal£
is energy of motion. and half is elastic resilience.

(7) - A medium having such a constitution rnay be capable of other kinds
of motion and displacement than those which produce the phenomena of light
and heat, and some of these rnay be of sueh a kind that they may be
evidenced to our senses by the phenomena they produce.
(8) Now we know that the luminiferous mediiim is in certain cases acted
on by magnetism; for Faraday" discovered that when a plane polarized ray
traverses a transparent diamagnetic medium in the direction of the lines of
magnetic force produced by magnets or currents in the neighbourhood, the plane
of polarization is caused to rotate.

This rotation is always in the direction in which positive electricity must
be carried round the diamagnetic body in order to produce the actual magnetization of the field.

M. Verdet-f- has since discovered that if a paramagnetic body, such as
solution of perchloride of iron in ether, be substituted for the diamagnetic body,
the rotation is in the opposite direction.
Now Professor W, Thomson$ has pointed out that no distribution of forces
acting between the parts of a medium whose only motion is that of the luminous vibrations, is sufficient t o account for the phenomena, but that we must
admit the existence of a motion iii the medium depending on the' magnetization,
in addition to the vibratory motion which constitutes light.

It is true that the rotation by magnetism of the plane of polarization has
been observed only in media of considerable density; but the properties of the
magnetio field are not so much altered by the substitution of one medium for
another, or for a vacuum, as to allow us to suppose that the dense medium
does anything more than merely modify the motion of the ether. We have
therefore warrantable grounds for inquiring whether there rnay not be a motion
of the ethereal medium going on wherever magnetic effects are observed, and
-

* Experimental Researches, Series XIX,
lComptes Rendus (1856, second half year, p. 529, and 1857, first half year, p. 1209).
$ Proceedings of the Royal Society, June 1856 and June 1861.
VOL. 1.
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me have some reason to suppose that this motion is one of rotation, baving
the direction of the magnetic force as its axis.
W e may now consider another 'phenomenon observed in the electromagnetic field. When a body is moved across the lines of magnetic force it
experiences what is called an electromotive force; the two extremities of the
body tend to become oppositely electrified, and an electric current tends t o flow
through the body. When the electromotive force is sufficiently powerful, and is
made to act on certain coinpound bodies, it decomposes them, and causes one
of their components t o pass towards one extremity of the body, and the other
in the opposite direction.
(9)

Here we have evidence of a force causing an electric current in spite of'
resistance; electrifying the extremities of a body in opposite ways, a condition
which is ~ustained only by the action of the electromotive force, and d i c h , as
soon as that force is removed, tends, with an equal and opposite force, to
produce a counter current through the body and t o restore the original electrical
atate of the body; and finally, if strong enough, tearing to pieces chernical
compounds and carrying their components in opposite directions, while their
natural tendency is to combine, and to combine with a force which can geiierate
im electromotive force in the reverse direction.
This, then, is a force acting on a body caused by its motion through the
electromagnetic field, or by changes occiirring in that field itself; and the effect
of the force is either to produce a current and heat the body, or to decompcsem
the body, or, when it can do neither, to put the body i n a state of electric
polarization,-a
state of constraint in which opposite extremities are oppositely
electrified, and from which the body tends to relieve itself as soon as the
disturbing force is removed.
According to the theory which 1 propose +,O explain, this " electromotive force" is the force called into play during the communication of motion
from one part of the medium to another, and it is by means of this force
tliat the motion of one part causes motion in another part. When electromotive
force acts on a conducting circuit, it produces a current, which, as it meet8
with resistance, occasions a continua1 transformation of electrical energy into
heat, which is incapable of being restored again to the form of electrical energy
by any reversa1 of the process.
(10)
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(11) But when electromotive force acts on a dielectric it produces a state
of polarization of its parts similar in distribution t o the polarity of the parts
of a mass of iron under the influence of a magnet, and like the magnetic
polarization, capable of being described as a state in which every particle has
its opposite poles in opposite conditions*.
In a dielectric under the action of electromotive force, we may conceive
that the elect;icity in each molecule is so displaced that one side is rendered
positively and the other negntively electrical, but that the electricity remains
entirely connected with the molecule, and does not pass from one molecule to
another. The effect of this action on the whole dielectric mass is to produce
n general displacement of electricity in a certain direction. This displacement
does not amount to a current, because when i t has attained to a certain value
it. remains constant, but it is the commencement of a current, and its variations constitute currents in the positive or the negative direction aczording as
the displacement is increasing or decreasing. I n the interior of the dielectric
there is no indication of electrification, because the electrXcation of the surface
of any molecule is neutralized by the opposite electrxcation of the surface of
the molecules in contact with it ; but a t the bounding surface of the dielectric,
where the electrification is not neutralized, me find the phenornena which indicate
positive or negative electrification.
The relation between the electromotive force and the amount of electric
displacement it produces depends on the nature of the dielectric, the same
electromotive force producing generally a greater electric displacement in solid
dielectrics, such as glass or sulphur, than in air.
(12) Here, then, me perceive another effect of electromotive force, namely,
electric displacement, which according to our theory is a kind of elastic yielding
to the action of the force, similar to that which takes place in structures and
machiines owing to the want of perfect rigidity of the connexions.
(13) The prnctical investigation of the inductive capacity of dielectrics is
rendered difficult on account of two disturbing phenomena. The first is the
conductivity of the dielectric, which, though in many cases exceedingly small,
is not altogether insensible. The second is the phenomenon called electric absorp-

" Faraday, Ex~erÊnuntaZResearches, Series
Vol. xx~v.Part 2, p. 49.

XI.;

Mossotti, Mem. della Soc. Itaziana (Modem),
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tion *, in virtue of which, when the dielectric is exposed to electromotive force,
the electric displacement gradually increases, and when the electromotive force
is removed, the dielectric cloes not instantly return to its primitive state, but
only discharges a portion of its electrification, and when left t o itself gradually
acquires electrification on its surface, as the interior gradually becomes depolarized.
Almost al1 solid dielectrics exhibit this phenornenon, which gives rise to the
residual charge in the Leyden jar, and to several phenomena of electric cables
described by Mr F. Jenkin t.
(14) We have here two other kinds of yielding besides the yielding af
the perfect dielectric, which me have compared to a perfectly elastic body. The
yielding due t o conductivity may be compared t o that of a viscous fluid (that
is t o say, a fluid having great interna1 friction), or a soft solid on which the
sinallest force produces a permanent alteration of figure increasing with 'the
time during which the force acts. The yielding due to electric absorption may
be compared t o that of a cellular elastic body containing a thick fluid in its
cavities. Such a body, when subjected t o pressure, is compressed by degrees
on account of the gradua1 yielding of the thick fluid; and mhen the pressure
is removed i t ' does not a t once recover its figure, because the elasticity of the
substance of the body has gradually to overcome the tenacity of the fluid before
i t can regain complete equilibrium.
Several solid bodies in mhich no such structure as we have supposed can
be found, seem t o possess a mechanical property of this kindf; and it seems
probable that the same substances, if dielectrics, may possess the analogous
electrical property, and if magnetic, may have corresponding properties relating
to the acquisition, retention, and loss of magnetic polarity.
(15) It appears therefore that certain phenomena in electricity and magnetism lead to the same conclusion as those of optics, namely, that there is
an ~ t h e r e a lmedium pervading a l l bodies, and modified only in degree by their
presence; that the parts of this medium are capable of being set in motion
by electric currents and magnets; that this motion is communicated from one

* Faraday, Experinzental Researc7~es,1233-1 250.
t Reports of British Association, 1859, p. 248; and Rqort of Cornmittee of Board of Trade on
Submarim

Cables, pp. 136

& 464.

$ AS, for instance, the composition of glue, treacle, &c., of which small plastic figures are made,
wliich after being distorted gradually recover their Aspe.
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part of the medium to another by forces ariaing from the connexions of those
parts ; that under the action of these forces there is a certain yielding depending
on the elasticity of these connexions; and that therefore energy in two d8erent
forms .may exist in the medium, the one form being the actual energy of motion
of its parts, and the other being the potential energy stored up in the connexions, in virtue of their elasticity.
Thus, then, we are led to the conception of a complicated mechanism
capable of a va& variety of motion, but a t the same time so connected that
the motion of one part depends, according to definite relations, on the motion
of other parts, these motions being communicated by forces arising from the
relative displacement of the connected parts, in virtue of their elasticity. Such
a mechanism must be subject t o the general laws of Dynamics, and we ought
t o be able t o work out al1 the consequences of its motion, provided we know
the form of the relation between the motions of the parts.
(16)

We know that when an electric current is established in a oonducting
circuit, the neighbouring part of the field is characterized by certain magnetic
properties, and that if two circuits are in the field, the magnetic properties of
the field due to the two currents are combined. Thus each part of the field
is in connexion with both currents, and the two currents are put in connexion
with each other in virtue of their connexion with the magnetization of the field.
The first result of this connexion that 1 propose to examine, is the induction of
one current by another, and by the motion of conductors in the field.
The second result, which is deduced fiom this, is the mechanical action
betmeen conductors carrying currents. The phenornenon of the induction of
currents has been deduced from their mechanical action by Helmholtz * and
Thomsont. 1 have followed the reverse order, and deduced the mechanical action
from the laws of induction. 1 have then described experimental rnethods of
determining the quantities L, M, N, on which these phenomena depend.
(17)

(18) 1 then apply the phenomena of induction and attraction of currents
to the exploration of the electromagnetic field, and the laying down systems
of lines of magnetic force which indicate its magnetic properties. By exploring

" <'Conservation of Force," Physical Society of Berlin, 1847; and Taylor's Scùmt$c Memoirs, 1853,
p. 114.
t Reports of the B&ish Association, 1848 ; Philos~hhicalJIayaxine, Dec, 1851.
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the same field witG a magnet, 1 shew the distribution of its equipotential
magnetic surfaces, cutting the lines of force a t right angles.
I n order to bring these results within the power of symbolical c,zlculation,
1 then express them in the forrn of the General Equations of the ElectroField. These equations expressThe relation between electric displacement, true conduction, and the
total current, compounded of both.
The relation between the lines of magnetic force and the inductive
coefficients of a circuit, as already deduced from the laws of induction.
The relation between the strength of a current and its magnetic effects,
according to the electromagnetic system of measurement.
The value of the electromotive force in a body, as arising from the
motion of the body in the field, the alteration of the field itself, and
the variation of electric potential from one part of the field to
another.
The relation between electric displacement, and the electromotive force
which produces it.
The relation between an electric current, and the electromotive force
which produces it.
The relation between the amount of free electricity a t any point, and
the electric displacements in the neighhourhood.
The relation between the increase or diminution of free electricity and
the electric currents in the neighbourhood.
There are twenty of tliese equations in al], involving twenty variable
quantities.

1 then express in terms of these quantities the intrinsic energy of
' (19)
the Electromagnetic Field as depending partly on its magnetic and partly on
its electric pola.rization a t every point.
From this 1 determine the mechanical force acting, lst, on a moveable conductor carrying an electric current; Zndly, on a magnetic pole; 3rdly, on an
electrified body.
The last result, namely, the mechanical force acting on an electrified body,
gives rise to an independent method of electrical measurement founded on its
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electrostatic effects. The relation between the units employed in the two methods
is shewn to depend on what 1 have called the "electric elasticity" of the medium,
and to be a velocity, which has been experimentally determined by MM. Weber
and Kohlrausch.

1 then shew how to calculate the electrostatic capacity of a condenser, and
the specific inductive capacity of a dielectric.
The case of a condenser composed of parallel layers of substances of difTerent
electric resistances and inductive capacities is next examined, and it is shewn
that the phenomenon called electric absorption will generally occur, that is, the
condenser, when suddenly discharged, will after a short time shew signs of a
residual charge.
The general equations are next applied to the case of a magnetic
disturbauce propagated through a non-conducting field, and it is shewn that
the only disturbances which can be so propagated are those which are transverse
to the direction of propagation, and that the velocity of propagation is the
velocity v, found from experiments such as those of Weber, which expresses
the number of electrostatic units of electricity which are contained in one electromagnetic unit.
(20)

This velocity is so nearly that of light, that it seems we have strong
reason to conclude that light itself (including radiant heat, and other radiations
if any) is an electromagnetic disturbance in the form of waves propagated through
the electromagnetic field according to electromagnetic laws. If so, the agreement between the elasticity of the medium as calculated from the rapid alternations of luminous vibrations, and as found by the slow processes of electrical
experiments, shews how perfect and regular the elastic properties of the medium
must be when not encumbered with any matter denser than air. If the same
character of the elast*icity is retained in dense transparent bodies, i t appears
that the square of the index of refraction is equal to the product of the specXc
dielectric capacity and the specific magnetic capacity. Conducting media are
shewn t o absorb such radiations rapidly, and therefore to be generally opaque.
The conception of the propagation of transverse magnetic disturbances t o
the exclusion of normal ones is distinctly set forth by Professor Faraday * in
his "Thoughts on Ray Vibrations." The electromagnetic theory of light, au
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proposed by him, is the same in substance as that which I have begun to
develope in this paper, except that in 1846 there were no data to calculate
the velocity of propagation.
The general equations are then applied to the calculation of the coefficients of mutual induction of two circular currents and the coefficient of selfinduction in a coil. The want of uniformity of the current in the different
parts of the section of a wire a t the commencement of the current is investigated, 1 believe for the first tirne, and the consequent correction of the coefficient
of self-induction is found.
(21)

These results are applied to the cilculation of the self-induction of the coil
used in the experiments of the Cornmittee of the British Association on Standards
of Electric Resistance, and the value compared with that deduced from the
experiments.

PART II,
ON ELECTROMAGNETIC INDUCTION.

Electromagnetic Mornentum of a Current.
(22) W e may begin by considering the state of the field in the neighbourhood of an electric current. W e knom that magnetic forces are excited in
the field, their direction and magnitude depending according to known laws
upon the form of the conductor carrying the current. When the strength of
the current is increased, al1 the magnetic effects are increased in the same proportion. Now, if the magnetic state of the field depends on motions of. the
medium, a certain force must be exerted in order to increase or diminish these
motions, and when the motions are excited they continue, so that the effect
of the connexion between the current and the electrornagktio field surrounding
it, is to endow 'the current with a kind of momentum, just as the connexion
between the driving-point of a machine and a fly-wheel endows the driving-point
with an additional momentum, which may be oalled the momenturn of the flywheel reduced to the driving-point. The unbalanced force acting on the drivingpoint increases this momentum, and is measured by the rate of its increase.
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I n the case of electric currents, the resistance to sudden increase or diminution of strength produces effects exactly like those of momentum, but the
amount of this momentum dependa on the shape of the conductor and the
relative position of its different parts.

Mutual Action of two Currents.
If there are two electric currents in the field, the magnetic force at
any point is that compounded of the forces due to each current sepmtely,
and since the two currents are in connexion with every point of the field,
they will be in connexion with each other, so that any increase or diminution
of the one will produce a force acting with or contrary to the other.
(23)

Dynamical Illustration of Reduced Momentuna.
t'

As a dynamical illustration, let us suppose a body C so connected
with two independent driving-points A and B that its velocity is p times that
of A together with q times that of B. Let u be the velocity of A, v that
of B, and w that of C, and let Sx, 8y, 82 be their simultaneous displacements,
then by the general equation of dynamics*,
(24)

where X and Y are the forces acting at A and B.
But

8z=p8x

and

+ @y.

Substituting, and remembering that Sx and Sy are independent,
d

,

+
d
Y - (Cppu+ Cqav)
- dt

x=

1

(Cplu Cpqv)

-

..........S.................

(1).

We may call Cpk + Cpqv the momentum of C referred to A, and Cppu + Cy'v
its momentum referred to B; then we may say that the effect of the force
X is to increase the momentum of C referred to A, and that of Y to increase
its momentum referred to B.
* Lagrange, Méc. A d . II. 2, $ 5,
VOL, T.
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If there are many bodies connected with A and B in a similar way but
with difi'erent values of p and q, we may treat the question in the same way
by assuming
L=Z(Cp3), M=Z (C'q), and N = 2 ( C $ ) ,
where the summation is extended to al1 the bodies with their proper values of
C, p, and q. Then the momentum of the system referred t o A is
Lu + Mv,
and referred to B,

Mu + Nu,

and we shall have

where X and Y are the external forces acting on A and B.
(25) To make the illustration more complete we have only to suppose
that the motion of A is resisted by a force proportional to its velocity, which
we may call Ru, and that of B by a similar force, which we may call Sv, R and
S being coefficients of resistance. Shen if f and -q are the forces on' A and B,

du
dt

If the velocity of A be increased a t the rate -, then in order t o prevent B
d
from moving a force, y=-- (Mu) must be applied t o it.
dt

This effect on B, due to an increase of the velocity of A, corresponds t o
the electromotive force on one circuit arising from an increase in the strength
of a neighbouring circuit.
This dynamical illustration is to be considered merely as assisting the
reader t o undewtand what is meant in mechanics by Reduced Momentum. The
facts of the induction of currents as depending on the variations of the quantity
called Electromagnetic Momentum, or Electrotonic State, rest on the experiments
of Faraday*, Felicif-, &c.
t Annales de Chimie, sér. 3, XXXIV. (1852), p. 64.
* Experiw~entalResearches, Series I., rx.
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Coe$îcients of Induction for Two Circuits.
(26) In the electromagnetic field the values of L, M, N depend on the
distribution of the magnetic effects due t o the two circuits, and this distribution depends only on the form and relative position of the circuits. Hence
L, M, N are quantities depending on the form and relative position of the
circuits, and are subject to variation with the motion of the conductors. It will
be presently seen that L, M, N are geometrical quantities of the nature of lines,
that is, of one dimension in space; L depends on the form of the first conductor,
which we shall call A, N on that of the second, which we shall call B, and
M on the relative position of. A and B.

(27) Let f be the electromotive force acting on A, x the strength of the
current, and R the resistance, then Rx will be the resisting force. I n steady
currents the electromotive force just balances the resisting force, but in va.riable
currents the resultant force f - R x is expended in increasing the "electromagnetic momentum," using the word momentum merely to express that which
is generated by a force acting during a time, that is, a velocity existing in a
body.

I n t.he case of electric currents, the force in action is not ordinary
mechanical force, a t least we are not as yet able to measure it as common force,
but we call it electromotive force, and the body moved is not merely the
electricity in the conductor, but something outside the conductor, and capable
of being affected by other conductors in the neighbourhood cmrying currents.
I n this i t resembles rather the reduced momentum of a driving-point of a
machine as influenced by its mechanical connexions, than that of a simple
moving body like a cannon ball, or water in a tube.

Elect~*omagneticRelations of two Conducting Circuits.
I n the case of two conducting circuits, A and B, we shall assume
that the electroma~gneticmomentum belonging to A is
(28)

Lx + My,
MX+NY,

and that belonging to B,
where L, M, N correspond to the same quantities in the dynamical illustration,
except that they are supposed t o be capable of variation when the conductors
A or B are moved.
68-2
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Then the equation of the current x in A will be
[=

and that of y in B

Rx+-ddt (Lx+My)......................

d
T=Sy+ -(Mx+Ny)
............................
dt

(51,

where 6 and 7 are the electromotive forces, x and y the currents, and R and S
the resistances in A and B respectively.

Induction of one Current by another.
Case 1st. Let there be no electromotive force on B, except that
which arises from the action of A, and let the current of A increase from O
to the value x, then
d
(29)

S Y +(Mx+Ny)=o,
~

whence

M

x,

.............................. (6)

that is, a quantity of electricity Y, being the total induced current, will flow
through B when x rises from O to x. This is induction by variation of the
current in the primary conductor. When M is positive, the induced current
due to increase of the primary current is negative.

Induction by Motion of Conductor.
(30) Case 2nd.

Let x remain constant, and let M change from M t o M',

then

y= -M'-M x ;................................. (7)
S
so that if M is increased, which it will be by the primary and secondary
circuits approaching each other, there will be a negative induced current, the
total quantity of electricity passed through B being Y.
This is induction by the relative motion of the primary and secondary conductora
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Equation of Work: and Efiergy.
To form the equation between work done and energy produced,
multiply (1) by x and (2) by y, and add
(31)

Here (x is the work done in unit of
on the current x and maintaining it,
tromotive force q. Hence the left-hand
done by the electromotive forces in unit

time by the electromotive force acting
and yy is the work done by the elecside of the equation represents the work
of tirne.

Heat produced by the Current.
(32)

On the other side of the equation we have, first,

R2+Sya=ZI.................................( 9 ) ~
which represents the work done in overcoming the resistance of the circuits in
unit of time. This is converted into heat. The remaining terms represent
work not converted into heat. They'may be written
d
dl;
dM
dN
- (L2+2M~y+Ny')
+ f di " Z f Z X Y + ) ~21'-

+ dt

Intrinsic Energy of the Currents.
(33) If L, My N are constant, the whole work of the electromotive forces

which is not spent against resistance will be devoted to the development of
the currents. The whole intrinsic energy of the currents is therefore

+L2+Mxy++Nyz=E

........................... (10).

This energy exists in a form imperceptible to our senses, probably as actual
motion, the seat of th& motion being not merely the conducting circuits, but
the space surrounding them.

Mechanical Action between Conductors.
(34)

The remaining terms,
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represent the work done in unit of time arising from the variations of L, M,
and N, or, what is the same thing, alterations in the form and position of the
conducting circuits A and B.
Now if work is done when a body is moved, it must arise from ordinary
mechanical force acting on the body while it is moved. Hence this part of
the expression shews that there is a mechanical force urging every part of the
conductors themselves in that direction in which L, M, and N will be most
increased.
The existence of the electromagnetic force between conductors carrging
currents is therefore a direct consequence of the joint and independent action
of each current on the electromagnetic field. If A and B are alloaed to approach
a distance ds, so as to incresse M from M to M' while the currents are x
and y, then the work done will be
(M' - M ) XY,
and the force in the direction of ds will be

and this will be an attraction if x and y are of the same sign, and if M is
increased as A and B approach.

It appears, therefore, that if we admit that the unresisted part of electromotive force goes on as. long as i t acts, generating a self-persistent state of
the current, which we may cal1 (from mechanical analogy) its electromagnetic
moinentum, and that this momentum depends on circumstances external t o the
conductor, then both induction of currents and electrornagnetic attractions may
be proved by mechanical reasoning.
What 1 have called electrornagnetic momentum is the same quantity which
is called by Faraday" the electrotonic state of the circuit, every change of which
involves the action of an electromotive force, just as change of momentum
involves the action of mechanical force. ,

If, therefore, the plienomena described by Faraday in the Ninth Series of
his Experintental Reseurches were the only known facts about electric currents,
the laws of Ampère relating t o the attraction of conductors carrying currents,
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as well as those of Faraday about the mutual induction of currents, might be
deduced by mechanical reasoning.
In order to bring these results within the range of experimental verification, 1 shall next investigate the case of a single current, of two currents, and
of the six currents in the electric balance, so as to enable the experimenter
to determine the values of L, M, N.
Case of a single Circuit.

The equation of the current x in a circuit whose resistance is R,
and whose coefficient of self-induction is L, acted on by an external electromotive force 8, is
(35)

When f is constant, the solution is of the form
&t
x= b+(a-b) e-I;
,

where a is the value of the current at the commencement, and b is its final
value.
The total quantity of electricity which passes in time t , where t is great, is

The value of the integral of x" with respect to the time is

The actual current changes gradually from the initial value a to the final value
O, but the values of the integrals of x and xl are the same as if a steady

L
R and were then suc-

current of intensity +(a+b) were to flow for a time 2 - ,
ceeded by the steady current b.

L
The time 2 - is generally so minute a fraction

R

of a second, that the effects on the galvanometer and dynamometer may be

calculated as if the impulse were instantaneous.
If the circuit consists of a battery and a coil, then, when the circuit is
first completed, the effects are the same as if the current had only half its
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L
This diminution of the current, due to
R'

final strength during the time 2-

induction, is sometimes called the counter-current.
(36) If an additional resistance r is suddenly thrown into the circuit, as
by breakig contact, so as to force the current t o pass through a thin wire

of resistance r, then the original current is ci=- f

R' and the final current

The current of induction is then

2R+r

"' f R ( R + r ) '

is

and continues for a time

L
. This current is greater than that which the battery can maintain in
Ri-r
the two wires R and r, and may be sufficient to ignite the thin wire r.
2-

When contact is broken by separating the wires in air, this additional
resistance is given by the interposed air, and since the electromotive force across
the new resistance is very great, a spark will be forced across.
If the electromotive force is of the form Esinpt, as in the case of a coil
revolving in the magnetic field, then

E .

x=- sm (pt - CC),
P

where pa=R"+L2p2,and tan a = !if?
R '
Case

of two Circuits.

(37) Let R be the primary circuit and S the secondary circuit, then we
have a case similar to that of the induction coil.

The equations of currents are those marked A and B, and we may here
assume L, M, N as constant because there is no motion of the conductors.
The equations then become
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To find the total quantity of electricity which passes, we have only to
integrate these equations with respect to t ; then if x,, y, be the strengths of
the currents a t time 0, and xl, y, at time t , and if X, Y be the quantities
of electricity passed through each circuit during time t,

When the circuit R is completed, then the total currents up to time t,
when t i8 great, are found by making

The value of the total counter-current in R is therefore independent of the
secondary circuit, and the induction cui-rent in the secondary circuit depends only
on LW,the coefficient of induction between the coils, S the resistance of the
secondary coil, and x, the final strength of the current in R.
When the electromotive force 4' ceases to act, there is an extra current
in the primas. circuit, and a positive induced current in the secondary circuit,
mhose values are equal and opposite to those produced on making contact.

Al1 questions relating to the total quantity of transient currents, as
measured by the impulse given t o the magnet of the galvanometer, may be
(38)

solved in this way without the necessity of a complete solution of the equations. The heating effect of the current, and the impulse it gives to the
suspended coil of Weber's dynamometer, depend on the square of the current
ah every instant during the short time it lasts. Hence we must obtain the
solution of the equations, and from the solution we may find the effects both
on the galvanometer and dynamometer; and we may then make use of the
method of Weber for estimating the intensity and duration of a current uniform
while it lasts which would produce the same effects.
VOL. I.
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(39) Let n,, n, be the roots of the equation
(LN-M" n2+ (RN+LX) n RS= O.. ...................(16),

+

and let the p r h a r y coil be acted on by a constant electromotive force Rc, so
that c is the constant current it could maintain; then the complete solution of
the equatiom for making contact is

From these we obtain for calculating the impulse on the dynamometer,

The effects of the current in the secondary coil on the galvanometer and
dynamometer are the same as those of a uniform current

for a time
(40) The equation between work and energy may be easily verified. The
work done by the electromotive force is

[Jxdt = c3(Rt-L).
Work done in overcoming resistance and producing heat,

Rjx'dt + SJy"t =ca(At- 3L).
=gcaL.

Energy remaining in the system,

(41) If the circuit R is suddenly and completely interrupted while carrying
a current c, then the equation of the current in the secondary coil would be

M
and gradually disappears.
N

This current begins with a value c-,
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M

Ma

The total quantity of electricity is c - and the value of jgdt is c' 2SN '
S'
The effects on the galvanometer and dynamometer are equal t o those of a

M

N

uniform current +c - for a time 2 N
S'
The heating effect is therefore greater than that of the current on making
contact.
(42) If an electromotive force of the form f=Ecospt acts on the circuit
R, then if the circuit S is removed, the value of x will be

E.

x - - sin ( pt -a),

where '

-A
Ah=R"+LF,

P
tan a = 4-

and

R

'

The effect of the presence of the circuit S in the neighbourhood is to
alter the value of A and a, to that which they would be if R became

and L became
Hence the effect of the presence of the circuit S is to increase the apparent
resistance and d i i s h the apparent self-induction of the circuit R.
On the Determination o f Coe$cients o f Induction by the Electrk Balance.
The electric balance consists of six conductors joining four points, A , C, D, E, two
and two. One pair, AC, of these points is connected through the battery B. The opposite pair,
DE, is connected through the galvanometer G.
Then if the resistances of the four remaining
conductors are represented by P, Q, R, S, and
the currents in them by x, z-2, y, and y+z,
(43)

69-2

IRIS - LILLIAD - Université Lille 1

the current through G will be z. Let the potentials a t the four points be A, C,
D, E. Then the conditions of steady currents may be found from the equations

Px=A-D,
Ry=A-E,
Gz = D - E ,

Q (x-z)=D-C
S (y+z)=E-C
B(z+y)= - A + C + F

i

..................(21).

Solving these equations for z, we find
1 1 1
+-+-+-+B

P Q R S

BG
+-PQRS
I n this expression F is the electromotive force of the battery, z the current
through the galvanometer when it has become steady. P, Q, R, S the resistances
in the four arms. B that of the battery and electrodes, and G that of the
galvanometer.
(44) If PX= QR, then z = 0, and there will be 'no steady current, but a
transient current through the galvanometer may be produced on making or
breaking circuit on account of induction, and the indications of the gdvanometer may be used to determine the coefficients of induction, provided we
understand the actions which take place.

We shall suppose PS=QR, so that the current z vanishes when sufficient
t h e is allowed, and

Let the induction coefficients between P, Q, R,S
be given by the following Table, the coefficient of induction of P on itself being p, between P and Q, h,
and so on.

P Q R S
p
h k
. Q h q m n .

Let g be the coefficient of induction of the gdR k m r o
vanometer on itself, and let it be out of the reach of .
S Z n o s
the, inductive influence of P, Q, R, S (as it must be
in order to avoid direct action of P, Q, R, S on the
needle) Let X, Y, Z be the integrals of x, y, x with respect to t. At
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making contact x, y, z are zero. After a time z disappéars, and x and y reach
constant values. The equations for each conductor will therefore be
.

.

PX
+ ( p + h ) x + ( k +Z)y=IAdt-JDdt
Q ( X - Z ) + ( h + p ) x + ( m + n ) y=JDdt -$Cdt
RY
+ (k +m) x + ( r + O ) y=JAdt-JEdt
S ( Y + Z ) (2 + n ) x + ( o +s) y=JEdt-ICdt
.GZ= IDdt - JEdt.

+

................(24)-

Solving these equations for Z, we h d
1 1 1 1
+-+-+-+B -+- -+- + G
P
P R Q S
z{ Q R S

( ) ( )

(k- + -;)(A -+-k)

+---PQRS
BG

(P+Q+R+s)}

....(25).

(45) Now let the deflection of the gdvanometer by the instantaneoiis
current whose intensity is Z be a.
"Let the permanent deflection produced by making the ratio of PS to QR,
p instead of unity, be O.
AIso let the time of vibration of the gdvanometer needle from rest to rest
be T.
Then calling the quantity

[In those circumstances the values of z and y found in Art. 44 require mdication before
being inserted in equatioii (24). This has been pointed out by Lord Rayleigh, who employed the
method devcribed in the text in his second determination of the British unit of resistance in
absolute measure. See the Philosophicd Transactk, 1882, Part II. pp. 677, 678.1
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I n determining T by experiment, it is best to make the alteration of resistance in one of the arms by means of the arrangement described by Mr Jenkin
in the Report of the British Association for 1863, by which. any value of p
from 1 t o 1.01 can be accurately measured.
We observe (a) the greatest deflection due to the impulse of induction
when the galvanometer is in circuit, when the connexions are made, and when
the resistances are so adjusted as to give no permanent current.
We then observe (B) the greatest deflection produced by the permanent
current when the resistance of one of the arms is increased in the ratio of
1 to p, the galvanometer not being in circuit till a little while after the connexion is made with the battery.
I n order to eliminate the effects of resistance of the air, i t is best to Vary
p till 6 = 2u nearly ; then
1
2 sin *a
T=T--(~-~)--............................ (28).
tan *P
If all the arms of the balance except P consist of resistance coils of v e q
fine wire of no great length and doubled before being coiled, the induction
coeflicients belonging to these coils will be insensible, and T will be reduced
to

2 The electric balance therefore affords the rneans of measuring the selfP.

induction of any circuit whose resistance is known.
(46) It rnay also be used to determine the coefficient of induction between
two Circuits, as for instance, that between P and S which we have called m ;
but i t would be more convenient to measure this by directly measuring the
current, as in (37), without using the balance. We may also ascertain the

P by there being no current of induction, and thus, when
equality of P
- and -

P

Q

we know the value of p, we may determine that of q by a more perfect method
than the cornparison of deflections.

Exploration of the Electromagnetic Field.
(47) Let us now suppose the primary circuit A .to be of invariable form,
and let us explore the electromagnetic field by means of the secondary circuit
B, which we ahall suppose to be variable in form and position.
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W e . may begin by supposing B to consist of a short straight conductor
with its extremities sliding on two parallel conducting rails, which are put in
connexion a t some distance,from the sliding-piece.
Then, if sliding the moveable conductor in a given direction increases the
value of M, a negative electromotive force will act in the circuit B, tending
to produce a negative current in B during the motion of the sliding-piece.
If a current be kept up in the circuit B, then the sliding-piece will itself
tend to move in that direction, which causes M to increase. At every point
of the field there will always be a certain direction such that a conductor moved
in that. direction. does not experience any electromotive force in whatever direction its extremities are turned. A conductor carrying a current wiU experience
no mechanical force urging it in that direction or the opposite.
This direction is c d e d the direction of the line of magnetic force through
that point.
Motion of a conductor across such a line produces electromotive force in
a direction perpendicular to the line and to the direction of motion, and a conductor carrying a current is urged in a direction perpendicular to the line and
to the direction of the current.
(48) We may next suppose B to consist of a very small plane chcuit
capable of being placed in any position and of having its plane turned in any
direction. The value of M will be greatest when the plane of the circuit is
perpendicular to the line of magnetic force. Hence if a current is maintained
in B it will tend to set itself in this position, and will of itself indicate, like
a magnet, the direction of the magnetic force.

On fines of Magnetic Force.
(49) Let any surface be drawn, cutting the lines of magnetic force, and
on t h surface let any system of lines be drawn at small intervals, so as to
lie side by side without cutting each other. Next, let any line be drawn on
the surface cutting all these lines, and let a second line be drawn near it, its
distance from the first being such that the value of M for each of the small
spaces enclosed between these two lines and the lines of the first system is
equal to unity.
In this way let more lines be drawn so as to form a second system, so
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that the value of M for every' reticulation formed by the intersection of the
. t a o systems of lines is unitiy.

Finally, from every point of intersection o f these reticulatiops let a line be
drawn through the field, always 'coinciding in direction with the direction of
magnetic force.
(50) In this way the whole field will be filIed with lines of magnetic force
at regular intervals, and the properties of the electromagnetic field will be completely expressed by them.

For, lst, If any closed curve be drawn in the field, the valulue of M for
that curve will be expressed by the number of lines of force which p a s through
that closed curve.
2ndly. If this curve be a conducting circuit and be moved through' the
field, an electromotive force will act in it, represented by the rate of decrease
, ,.
of the number of lines passing thr'ough the curve.
#

3rdly. If a current be maintained in the circuit, the conductor will be
acted on by forces teiiding t o move it BO' as t o increase the number of lines
passing through it, and the amount of work done by these forces is eqiial t o
the current in the circuit multiplied by the number of additional lin&. .
Ithly. If a, srnall plane circuit be placed in the field, and be free to turn,
it vil1 place its plane perpendicular t o the lines of force. A small rnagnet will
place itself with its axis in the direction of the lines of force.
5thly. If a long uniformly magnetized bar is placed in the field, each pole
will be acted on by a force in the direction of the lines of force. The number
of lines of force passing through unit of area is equal to the force acting on
a unit pole multiplied by a coefficient depending on the magnetic nature of the
medium, and called the coefficient of magnetic induction.
I n fluids and isotropoic solids the value of this coefficient p is the same
in whatever direction the lines of force pass through the substance, but in
crystallized, strained, and organized solids the value of p may depend on thè
direction of the lines of force with respect to the axes of crystallization, strain,
or growth.
I n al1 bodies p is aflected by temperature, and in iron i t appeaiis to diminish
as the intensity of the mapetization increases.
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On Magnetic Equipotential Surfaces.
(51) If we explore the field with a uniformly magnetized bar, so long that
one of its poles is in a very weak part of the magnetic field, then the magnetic forces will perform work on the other pole as it moves about the field.
If we start frorn a given point, and move this pole from i t to any other
point, the work performed will be inclependent of the path of the pole between
the two points; provided that no electric currerit passes between the dXerent
paths pursued by the pole.
Hence, when there are no electric currents but only magnets in the field,
we may draw a series of surfaces such that the work done in passing from one
t o another shall be constant whatever be the path pursued between them. Such
surfaces are called Equipotential Surfaces, and in ordinary cases are perpendicular
to the Lines of magnetic force.
If these surfaces are so drztwn that, when a, unit pole passes from any one
t o the next in order, unity of work is done, then the work done in any motion
of a magnetic pole will be measured by the strength of the pole multiplied by
the number of surfaces which it has passed through in the positive direction.
(52) If there are circuits carrying electric currents in the field, then there
will still be equipotential surfaces in the parts of the field external t o the conductors carrying the currents, but the work done on a unit pole in passing
from one to another will depend on the number of times which the path of
the pole circulates round any of these currents. Hence the potential in each
surface will have a series of values in arithmetical progression, differing by the
work done in passing completely round one of the currents in the field.
The equipotential surfnces will not be continuous olosed surfaces, but some
of them will be limited sheets, terminating in the electric circuit as their common
edge or boundary. The number of these will be equal to the amount of work
done on a unit pole in going round the current, and this by the ordinary
measurement = 4795 where y is the value of the current.
These surfaces, therefore, are connected with the electric current as soapbubbles are connected with a ring in M. Plateau's experiments. Every current
y has 4ny siirfaces attached to it. These surfaces have the current for their
common edge, and meet it at equal angles. The form of the surfaces in other
pmts depends on the presence of other currents and magnets, as well as on
the shape of the circuit to which they belong.
VOL. 1.
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PART III.
GENERAL EQUATIONS OF THE ELECTROMAGNETIC FIELD.

Let us assume three rectangular directions in space as the axes of
x, y, and z, and let al1 quantities having direction be expressed by their components in these three directions.
(53)

Electrical Currents (p, q, r).
(54) .An electrical current consists in the transmission of electricity from
one part of a body t o another. L e t the quantity of electricity transmitted iii
unit of time across unit of area perpendicular to the axis of 1: be called p, then
p is the component of the current at that place in the direction of x.

We shall use the letters p, q,

t o denote the components of the current
per unit of area in the directions of x, y, z.
r

Electrical Displacements (f, g, h).
(55) Electrical displacement consists in the opposite electrification of the
sides of a molecule or particle of a body which may or may not be accompanied with transmission through the body. Let the quantity of electricity which
would appear on the faces dy . dz of an element dz, dy, dz Lut from the body
be f . dy .dz, then f is the component of electric displacement parallel to x. We
shall use f, g, h to denote the electric displacements parallel to x, y, z respectively.
The variations of the electrical displacement must be added to the currents
p, q, r to get the total motion of electricity, which we may cal1 p', q', r', so that

.................................(A).
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Electromotive Force (P, Q, R).
(56) Let P, Q, R represent the components of t.he electromotive force at
any point. Then P represents the difference of potential per unit of length in
a conductor placed in the direction of x a t the given point. W e may suppose
an indefinitely short wire placed parallel to x at a given point and touched,
during the action of the force P, by two small . conductors, which are then
insulated and removed from the influence of the electromotive force. The value
of P might then be ascertained by measuring the charge of the conductors.

Thus if 1 be the length of the wire, the dxerence of potential a t its ends
will be Pl, 'and if C be the capacity of each of the small conductors the charge
on each . will be 2CPI. Since the capacities of moderately large conductors,
measured on the electromagnetic system, are exceedingly small, ordinary electromotive forces arising from electromagnetic actions could hardly be measured in
this way. I n practice such measurements are always made with long conductors,
forming closed or nearly closed circuits.
Electromagnetic Momentum (F, G, H).
Let F, G, H represent the components of electromagnetic momentum
at any point of the field, due to any system of magnets or currents.
(57)

Then F is the total impulse of the electromotive force in the direction of
s t h a t would be generated by the removal of these m a p e t s or currents from
the field, t h a t is, if P be the electromotive force a t any instant during the
removal of the system

F = IPdt.
Hence the part of the electromotive force which depends on the motion of
magnets or currents in the field, or their alteration of intensity, is

Electl-omagnetic Monzentum of a Circuit.
(58)

Let

s be the length of the circuit, then
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round the circuit, we shall get the total electromagnetic momentum of the circuit,
or the number of lines of magnetic force which pass through it, the variations
of which measure the total electromotive force in the circuit. This electromagnetic momentum is the same thing to which Professor Faraday has applied the
name of the Electrotonic State.

If the circuit be the boundary of the elementary area dy dz, then its electromagnetic momentum is

and this is the number of lines of magnetic force which pass through the
area dy dz.
Magnetic Pome (a,

P, y).

(59) Let a, P, y represent the force acting on a unit magnetic pole placed
at the given point resolved in the directions of x, y, and z.

Coeficient of Magnetic Induction (p).
Let p be the ratio of the magnetic induction in a given medium to
that in air under an equal magnetizing force, t,hen the number of lines of force
in unit of area perpendicular to x will be pa ( p is a quantity depending on
the nature of the medium, its temperature, the amount of magnetization already
produced, and in crystalline bodies varying with the direction).
(60)

Expressing the electric momentum of small circuits perpendicular t o
the three axes in this notation, we obtain the following
(61)

Equcttions

of Magnetic Force,

dF
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Equations of Currents.
(62) It is kiiown from experiment that the motion of a magnetic pole
in the electromagnetic field in a closed circuit cannot generate work unless the
circuit which the pole describes passes round an electric current. Hence, except
in the space occupied by the electric currents,

adx+pdy+ ydz= d+
a complete differential of

............................. (31)

4, the magnetic potential.

+

The quantity
may be siisceptible of an indefinite number of distinct values,
according to the number of times t h a t the exploring point passes round electric
currents in its course, the dxerence between successive values of
corresponding to a passage completely round a current of strength c being 4nc.

+

Hence if there is no eleetric current,

but if there is a current p',

Similarly,

W e may cal1 these the Equations of Currents.

Electromotive Force in a Circuit.
(63)

Let

4' be the electromotive force acting round the circuit A, then

where ds is the elernent of length, and the integration is performed round the
circuit.
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Let the forces in the field be those due to the circuits A and B, then
the electromagnetic momentum of A is

where u and v are the currents in A and B, and

Hence, if there is no motion of the circuit A,

+

where
is a function of x, y, z, and t, which is indeterminate as far as regards
the solution of the above equations, because the terms depending on it will
disappear on integrating round the circuit. The quantity #I can always, however,
be determined in any particular case when we know the actual conditions of
is, that it represents the electq-ic
the question. The physical interpretation of
potential a t each point of space.

+

Electromotive Force on a Moving Conductor.
Let a short straight conductor of length a, parallel to the axis of
dx d y dz
x, inove with a velocity whose components are and let its exdt ' dt' Z'
(64)

tremities alide dong two parallel conductors with a velocity ds

dt -

Let us find

the alteration of the electromagnetic momentum of the circuit of which this
arrangement forms a part.
dx dy dz
I n unit of time the moving conductor has travelled distances d t ' dt' dt
dong the directions of the three axes, and a t the same time the lengths of
ds
the parallel conductors included in the circuit have each beeii incïeased by -.
dt
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Hence the quantity

will be increased by the following increments,

dx dFdy
a d- F
-+-A+-(dX dt d y dt

dFdz\
, due t o motion of conductor,
dz d i )
dHdz), due to lengthening of circuit.

The total increment will therefore be

or; by the equations of Magnetic Force (8),

If P is the electromotive force in the moving conductor parallel to x referred
to unit of length, then the actual electromotive force is Pa; and since this is
measured by the decrement of the electromagnetic rnomentum of the circuit, t5e
electromotive force due to motion will be

The complete equations of electromotive force on a moving conductor
may now be written as follows :(65)

Equations of fllect rornotire Force.
,,

The first term on the right-hand side of each equatioii represents the electromotive force arising fmni t.he motion of the conductor itself. This electromotive
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.force is perpendicular to the direction of motion and to the lines of mczgnetic
force; and if a parallelogram be drawn whose sides represent in direction
and magnitude the velocity of the conductor and the magnetic induction at that
point of the field, then the area of the parallelogram will represent the electromotive force due to the motion of'the conductor, and the dire'ction of the force
is perpendicular to the plane of the parallelogram.
The second term in each equation indicates the effect of changes in the
position or strength of magnets or currents in the field.
The third term shews the effect of the electric potential $. It has no effect
in causing a circulating current in a closed circuit. It indicates the existence
of a force urging the electricity t o or from certain definite points in the field.

Electric Elasticity.
(66) When an electromotive force acts on a dielectric, i t puts every part
of the dielectric into a polarized condition, in which its opposite sides are
oppositely electrified. The amount of this electrification depends on the electromotive force and on the nature of the substance, and, in solids having a structure
defined by axes, on the direction of the electromotive force with respect to these
axes. I n isotropic substances, if k is the ratio of the electromotive force to the
electric displacement, we may write the

Equations

of

Electric Elasticity,

Electric Resistance.
(67) When an electromotive force acts on a conductor it produces a current
of electricity through it. This effect is additional to the electric displacement
already considered. I n solids of complex structure, the relation between the
electromotive force and the current depends on their direction ,through the solid.
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I n isotropic substances, which alone we shall here consider, if p is the specific
resistance referred to unit of volume, we may write the

Eqfcations of 'Electric Resistance,

Electric Quantity.
Let e represent the quantity of fiee positive electricity contained in
unit of volume at any part of the field, then, since this arises from the electrification of the different part^ of the field not neutralizing each other, we may
write the
(68)

Equatiofi of Free Electricity,

df dg dh
dx: dy dz

e+-+-+-=O

............................(G).

If the medium conducts electricity, then we shall have another condition, which rnay be called, as in hydrodynamics, the
(69)

de

dp dq
dx dy

-+-+-+-=O

dt

dr
dz

...........................(H).

(70) In these equations of the electromagnetic field we have assumed twenty
variable quantities, namely,

............................

For Electromagnetic Momentum
F G H
,, Magnetic Intensity ....................................... a B y
,, Electromotive Force ...................................... P Q R
,, Current due to true Conduction .....................P P r
,, Electric Displacement .................................... f 9 h
,, Total Current (including variation of displacement) p' q' r'
,, Quantity of Free Electricity
e
9,
Electric Potential..
v

...........................
........................................
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Between these twenty quantities we have found twenty equations, viz.
Three equations of Magnetic Force .................................(B)
Electric Currents .............................. (C)
Y,
Electromotive Force ...........................(D)
Electric Elnsticity .............................. (E)
Electric Resista.nce .............................. (FI
7,
Total Currents ................... ...........(4
>
One equation of Free Electricity ....................................
. .
(G)
>,
Continuity .........................................(Hl
9,

99

.
.

9

These equations are therefore sufficient to determine al1 the quantities which
occur in them, provided we know the conditions of the problem. I n many
questions, however, only a few of the equations are required.
Intrinsic Energy of the Electromagnetic Field.

(71) We have seen (33) that the i n t r h i c energy of any system of currents
is found by multiplying half the current in each circuit into its electromagnetic
momentum. This is equivalent to finding the integral
X=+2,(Fpt+ Gq'+ Hr') d V...........................(37)
over all the space occupied by currents, where p, q, r .are the components of
currents, and F, G, H the components of electromagnetic momentum.
Substituting the values of p', q', r' .from the equations of Currents (C),
this becomes
-2 $ ' -d- - dB + G da
---dy
da dl?
dz)
(di C Z ~ ) + H ( & - ~ ) )
8 .rr

{ ($

Integrating by parts, and remembering that a, P, y vanish a t an infinite
distance, the expression becomes
dH dG
d
dH
dG d F
where the integration is to be extended over all space. Referring to the equations of Magnetic Force (B), p. 556, t b hecomes
1

E=-8{a.pa+/3.
8~
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where a, p, y are the components of magnetic intensity or the force on a unit
magnetic pole, and pu, ,xP, py are the components of the quantity of magnetic
induction, or the number of lines of force in unit of area.
I n isotropie media the value of p is the same in al1 directions, and we
may' express the result more simply by saying that the intrinsic energy of any
part of the magnetic field arising from its mapetization is

per unit of volume, where 1 is the magnetic intensity.

(72) Energy may be stored up in the field in a different way, namely,
by the action of electromotive force in producing electric displacement. The
work done by a variable electromotive force, P, in producing a variable displacement, f, is got by integrating

lPdf
from P=O to the given value of P.
Since

P = i$ equation (E), this quantity becomes
pjdf = $If= = 4Pj

Hence the intrinsic energy of any part of the field, a . existing in the
form of electric displacement, is

42(Pf+ Qg + Rh)d V.
The total energy existing in the field is therefore

The first term of this expression depends on the magnetization of the field,
and is explained on Our theory by actual motion of some kind. The second
term depends on the electric polarization of the field, and is explained on Our

theory by strain of some kind in an elastic medium.
(73) 1 have on a former occasion* atternpted to describe a particular kind
of motion and a particular kind of strain, so arranged as to account for the
phenomena. In the present paper 1 avoid any hypothesis of this kind; and in

* "On Physical Lines of

Force," PIdosophical Magazz'ne, 1861-62.

(In this VOL p. 451.)

7 1-2
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using such words as electric momentum and electric elasticity in reference to
the known phenomena of the induction of currents and the polarization of
dielectrics, 1 wish merely to direct the mind of the reader to mechanical phenomena which will assist him in understanding the electrical ones. Al1 such phrases
in the present paper are to be considered as illustrative, not as explanatory.
In speaking of the Energy of the field, however, 1 wish to be understood literally. A.ll energy 1s the same as mechanical energy, whether it exists
in the form of motion or in that of elasticity, or in ariy other form. The
energy in electromagnetic phenomena is mechanical energy. The only question
is, Where does it reside? On the old theories it resides in the electrified bodies,
conducting circuits, and magnets, in the form of an unknown quality called
potential energy, or the power of producing certain effects at a distance. On
Our theory i t resides in the electromagnetic field, in the space surrounding the
electrified and magnetic bodies, as well as in those bodies thernselves, and is
in two daerent forms, which may be described without hypothesis as magnetic
polarization and electric polarization, or, according t o a very probable hypothesis,
as the motion and the strain of one and the same medium.
(74)

(75) The conclusions arrived at in the present paper are independent of
this hypothesis, being deduced from evperimental facts of three kinds:
1. The induction of electric currents by the increase or diminution of

neighbouring currents according to the changes in the lines of force passing
through the circuit.
The distribution of magnetic intensity according to the variations of a
magnetic potential;
2.

3.

The induction (or influence) of statical electricity through dielectrica.

We may now proceed to demonstrate from these principles the existence
and laws of the mechanical forces which act upon electric currents, magnets, and
electrified bodies placed in the electromagnetic field.
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PART IV.
MECHANICAL ACTIONS IN THE FIELD.

Mechanical Force on a Moveable Conductor.
W e have shewn ($5 34 & 35) that the work done by the electromagnetic forces in aiding the motion of a conductor is equal to the product
of the current in the conductor multiplied by the increment of the electromagnetic momentum due to the motion.
(76)

Let a short straight conductor of length a move parallel to itself in the
direction of x, with its extremities on two pardlel conductors. Then the increment of, the electromagnetic momentum due to the motion of n will be

That due t o the lengthening of the circuit by increasing the length of the
parallel conductors will be

The total incrernent is

,

which is by the equations of Magnetic Force (B), p. 556,

Let X be the force acting dong the direction of x per unit of length of
the conductor, then the work done is Xa6x.
Let C be the current in the conductor, and let p', q', r' be its components, then
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or
Similarly,

X = /Lyq' -,Up/
Y = p a l i -pyp'
Z = ppp' -p q '

FIELD.

1

.......................................( J ) .

These are the equations which determine the mechanical force acting on a
conductor carrying a current. The force is perpendicular to the current and
to the lines of force, and is measured by the area of the parallelogram forrned
by limes parallel to the current and lines of force, and proportional to th&
intensities.

Mechanical Force on a Magnet.
(77) In any part of the field not traversed by electric currents the distribution of magnetic intensity may be represented by the dxerential coefficients
of a function which may be called the magnetic potential. When there are no
currents in the field, this quantity has a single value for each point, When
there are currents, the potential has a series of values a t each point, but its
dxerential coefficients have only one value, namely,

Substituting these values of a, P, y in the expression (equation 38) for the
intrinsic energy of the field, and integrating by parts, it becomes

The expression
indicates the number of lines of magnetic force which have their origin within
the space V. Now a magnetic pole is known to us only as the origin or
termination of lines of magnetic force, and a unit pole is one which has 4a
lines belonging to it, since it produces unit of magnetic intensity a t unit of
distance over a sphere whose surface is 4a.
Hence 'if m is the amount of free positive magnetism in unit of volume,
the above expression may be written 4am, and the expression for the energy
of the field becomes
E = -Yi (*@a) dV ..............................(40).
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+,

If there are two mapetic poles m, and m, producing potentials
and 4,
in the field, then if m, is moved a distance dx, and is urged in that direction
by a force X, then the work done is Xdx, and the decrease of energy in the
field is
d (4($1 + +a) (q+ mJI,
and these must be equal by the principle of Conservation of Energy.
is determined by ml, and 42 by m,, the quantities
Since the distribution
+lml and +,m, will remain constant.
It can be shewn also, as Green has proved (Essay, p. IO), that

+,

where a, represents the magnetic intensity due to ml.
Similady,
Y=7 4 1 9

z =m,y,.

1

...................... (KI.

So that a magnetic pole is urged in the direction of the limes of magnetic
force with a force equal to the product of the strength of the pole and the
magnetic intensity.
(78) If a single magnetic pole, that is, one pole of a' very long magnet,
be placed in the field, the only solution of 4 is

where. m, is the strength of the pole, and r the distance from it.
The repulsion between two polea of strength rn, and m, is

I n air or any medium in which p= 1 this is simply - but in other
T=

media the force acting between two given magnetic poles is inversely proportional to the coefficient of magnetic induction for the medium. Thk may be
explained by the magnetizatik of the medium induced by the action of the
poles.
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Mechanical Force on an Electrijîed Body.
(79) If there is no motion or change of strength of currents or magnets
in the field, the electromotive force is entirely due to variation of electric
potential, and we shall have ($ 65)

Integrating by parts the expression (1) for the energy due to electric
displacement, and remembering that P,Q, R vanish a t an infinite distance, it becomes

or by the equation of Free Electricity (G), p. 561,
- &x ( ~ ed)
By the same demonstration as was used in the case of the mechanical
action on a magnet, it may be shewn that the mechanical force on a small
body containing a quantity e, of free electricity placed in a field whose
has for components
potential arising from other electrified bodies is Tl,

v.

So that an electrified body is urged in the direction of the electïomotive
force with a force equal to the produ& of the quantity of free 'electricity and
the electromotive force.
If the electrification of the field arises from the presence of a small
electrified body containing el of free electricity,a the only solution of 7k; is
Tl=-k el

....................................(43h

47r S
where r .is the distance £rom the electrified body.
The repulsion between two electrified bodies el, e, is therefore
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Memurement of Electrostatic Efects.
(80) The quantities with which we have had to do have been hitherto
expressed in terms of the Electromagnetic System of measurement, which is
founded on the mechanioal action between currents. The electrostatic system of
measurement is founded on the mechanical action between electrified bodies,
and is independent of, and incompatible with, the electromagnetic system ; so
that the units of the difl'erent Ends of quantity have different values according
to the system we adopt, and to pms from the one system to the other, a
reduction of al1 the quantities is required.
According to the electrostatic system, the repulsion between two small
bodies charged with quantities r),, q, of ele~tricityis

where r is the distance between them.
Let the relation of the two systems be such that one electromagnetic unit
of electricity contains v electrostatic units ; then q, = ve, and q2=ve,, and this
repulsion becomes
E e,e,
ei" e,e,
--- by equation (44)
9 4~ 13
(4%
whence k, the coefficient of "electric elasticity" in the medium in which the
experiments are made, i. e. common air, is related to v, the number of electrostatic units in one electromagnetic unit, by the equation

..................

The quantity v may be determined by experiment in several ways.
cording to the experiments of MM. Weber and Kohlrausch,

Ac-

v=310,740,000 metres per second.
(81) It appears from this investigation, that if we assume that the medîum
which constitutes the electromagnetic field is, when dielectric, capable of receiving
in every part of it an electric polarization, in which the opposite aides of every
element into which we may conceive the medium divided are oppositely electrified, and if we also assume that this polarization or electric displacement is
proportiond to the electromotive force whiah produces or maintains it, then we
VOL 1.
72

IRIS - LILLIAD - Université Lille 1

570

A DYNAMICAL THEORY OF THE ELECTROMAGNETIC FIELD.

can shew that electrified bodies in a dielectric medium will act on one another
with forces obeying the same laws as are established by experiment.
The energy, by the expenditure of which electrical attractions and repulsions are produced, we suppose to be stored up in the dielectric medium which
surrounds the electrified bodies, and not on the surface of those bodies themselves, which on our theory are merely the bounding surfaces of the air or other
dielectric in which the true springs of action are to be sought.
- .

Note on the Attraction of Gravitation.
After tracing to the action of the surrounding medium both the
magnetic and the electric attractions and repulsions, and h d i n g them I o depend
on the inverse square of the distance, we are naturally led to inquire whether
the attraction of gravitation, which follows the same law of the distance, is
not also traceable to the action of a surrounding medium:
(82)

Gravitation differs from magnetism and electricity in this ; that the bodies
concerned are al1 of the same kind, instead of being of opposite signs, like
magnetic poles and electrified bodies, and that the force between these bodies
is an attraction and not a repulsion, as is the case between like electric and
magnetic bodies.
The lines of gravitating force near two dense bodies are exactly of the
same form as the lines of magnetic force near two poles of the same name;
but whereas the poles are repelled, the bodies are attracted. Let E be the
intrinsic energy of the field surrounding two gravitating bodies Ml, M,, and
let E' be the intrinsic egergy of the field surrounding two magnetic poles,
m,, m, equal in numerical value to M, M,; and let X be the gravitating
force acting during the displacement Sx, and X' the magnetic force,
X'sx = SE';
XSx = SE,
now X and X' -are equal in numerical value, but of opposite signs; so that
SE=-&,
'

or

E=C-E'

where a, 6, y are the components of magnetic intensity.
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gravitating force, and A!' the resultant magnetic force a t a corresponding part
of the field,
R = -R, and a l + ~ + f = R = R ' ' .
Hence
1
E = C - 2 - E d V ........................................
8 77

(47).

The intrinsic energy of the field of gravitation must therefore be less whereever there is a resultant gravitating force.
As energy is essentidy positive, i t is impossible for any part of space to
have negative intrinsic energy. Hence those parts of space in which there is
no resultant force, such as the points of equilibrium in the space between the
dXerent bodies of a system, and within the substance of each body, must have
an intrinsic energy per unit of volume greater than

where R is the greatest possible value of the intensity of gravitating force in
any part of the universe.
The assumption, therefore, that gravitation arises
surrounding medium in the way pointed out, leads to
part of this medium possesses, when undisturbed, an
and that the presence of dense bodies influences the
this energy wherever there is a resultant attraction.

from the action of the
the conclusion that every
enormous intrinsic energy,
medium so as to diminish

As 1 am unable to understand in what way a medium can possess such
properties, 1 cannot go any further in this direction in searching for the cause
of gravitation.
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TKEORY OF CONDENSERS.

Capacity of a Condenser.
(83) The simplest form of condenser consists of a uniform layer of insulating
matter bounded by two conducting surfaces, and its capacity is measured by the
quantity of electricity on either surface when the difference of potentials is unity.
Let S be the area of either surface, a the thickness of the dielectric, and
7c its coefficient of electric elasticity ; then on one side of the condenser the
potential is YI,and on the other aide %+ 1, and within its substance
du' 1
- = -=kf

dx

CG

.................................(48).

du'
Since - and therefore f is zero outside the condenser, the quantity of electricity

dx

- SJ and on the second + Sf.
s
denser is therefore Sf = - in electromagnetic measure.

on its h s t surface =

The capacity of the con-

ak

SpeciJic Capacity of Electric Induction ( D ) .
(84) If the dielectric of the condenser be air, then ifs capacity in electro-

S

static measure is - (neglecting corrections arising from the conditions to be
4?ra
fulfilled a t the edges). If the dielectric have a capacity whose ratio to that of
DS
air iEl D, then the capacity of the condenser will be -.
4 ~ a
Hence

5......................................
D= k
(4919

where IE, is the value of k in air, which is taken for unity.
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Electric Absorption.
(85) When the dielectric of which the condenser is formed is not a perfect
insulator, the phenomena of conduction are combined with those of electric displacement. The condenser, when left charged, gradually loses its charge, and in
some cases, after being discharged completely, i t gradually acquires a new charge
of the same sign as the original charge, and this finally disappears. These
phenomena have been described by Professor Faraday (Experimntal Researches,
Series XI.) and by Mr P. Jenkin (Report of Cornmittee of Board of Trade on
Subrnarine Cables), and may be classed under the name of "Electric Absorption."
We shall take the case of a condenser composed of any numbe~of
parallel layers of different materials. If a constant dxerence of potentials between
its extreme aurfaces is kept up for a sufficient time till a condition of permanent steady flow of electricity is established, then each bounding surface will
have a charge of electricity depending on the nature of the substances on each
side of it. If the extreme surfaces be now discharged; these interna1 charges
will gradually be dissipated, and a certain charge may reappear on the extreme
surfaces if they are insulated, or, if they are connected by a conductor, a certain
quantity of electricity may be urged through the conductor during the reestablishment, of equilibrium.
(86)

Let the thickness of the several layers of the condenser be cc, a,, &c.
Let the values of k for these layers be respectively kl, k2, k3, and let
C G ~ ~ + C G & ~ + &=CCk:
C.

..............................(50)s

where k is the "electric elasticity" of air, and a is the thickness of an equivalent condenser of air.
Let the resistances of the layers be respectively r,, r,, &ce, and let
r,+r,+ &c.=r be the resistance of the whole condenser, t o a steady current
through it per unit of surface.
.Let the electric displacement in each layer be

A, f,,&c.

Let the electric current in each layer be pl, p, &c.
Let the potential on the first surface be Vu and the electricity per unit
of surface el.
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Let the corresponding quantities at the boundary of the first and second
surface be v2 and e,, and so on. Then by equations (G) and (H),

But by equations (E) and (F),

After the electromotive force has been kept up for a sufficient time the
current becomes the same in each layer, and

v

p,=p,=&c. =p=;,

where Y? is the total difference of potentials between the extreme layers. We
have then
and

These are the quantities of electricity on the digerent surfaces.
(87) Now let the condenser be discharged by connecting the extreme surfaces
through a perf'ect conductor so that their potentials are instantly rendered equal,
then the electricity on the extreme surfaces will be dtered, but that on the
interna1 surfaces will not have time to escape. The total difîerence of potentiqls
is now
Y'=a,k~e'l+a&2(e'~+e,)+a~3(e'l+e,+e,),&c.=O ............(54);

whence if e', is what . el becomes a t the instant of discharge,
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Y
The instantaneous discharge is therefore - or the quantity which would
a.k '
be discharged by a condenser of air of the equivalent thickness a, and it is
unaffected by the want of perfect insulation.

(88) Now let us suppose. the connexion between the extreme surfaces
broken, and the condenser le& t o itself, and let us consider the gradual dissipation of the interna1 charges. Let T' be the dzerence of potential of the
extreme surfaces at any t h e t ; then

but

a,k,

%4

Hence f ,= A l e - 7 , f,= A,e-xt, &c. ; and by referring to the values of ep1, e,,
&c., we find
r

alkl ak

so that we find for the clifference of extreme potentids a t any t h e ,

(89) It appears from this result that if all the layers are made of the
same substance, 'rE" will be zero always. If they are of different substances,
the order in which they are placed is indifferent, and the effect will be the
same whether each substance consists of one layer, or is divided into any number
of thin layers. and arranged in any order among thin layers of the other substances. Any substance, therefore, the parts of which are not mathematically
homogeneous, though they may be apparently so, may exhibit phenomena of
absorption. Also, since the order of magnitude of the coefficients is the same
as that of the indices, the value of W can never change sign, but must start
from zero, become positive, and finally disappear.
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(90) Let us next consider the total amount of electricity which would
pass from the f i s t surface to the second, if the condenser, after being thoroughly
saturated by the current and then discharged, has its extreme surfaces connected
by a conductor of resistance R. Let p be the current in this conductor; then,
during the discharge,
Y' =p,rl +p2r2
+&c. =PR ............................ (59)-

Integrating with respect to the time, and calling q,, q,, q the quantities of
electricity which traverse the digerent conductors,

The quantities of electricity on the several surfaces will be

and since a t last a l l these quantities vanish, we find

whence

a qu&tity essentially positive; so that, when the primary electrification is in
one direction, the aecondarg discharge is always in the same direction as the
primary discharge

".

* Since thia paper was communicated to the Royal Society, 1 have seen a paper by M. Gaugain
in the An&
de CAimG for 1864, in which he has deduced the phenomena of electric absorption and
secondary discharge from the theory of oompoiuid condensem.
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PART VI.
ELECTROMAÜNETIC THEORY OF LIGHT.

At the commencement of this paper we made use of the optical
hypothesis of an elastic medium through which the vibrations of light are
propagated, in order t o shew that we have warrantable grounds for seeking,
in the same medium, the cause of other phenomena as well as those of light.
We then examined electromagnetic phenomena, seeking for their explanation in
the properties of the field which surrounds the 'electriiied or magnetic bodies.
In this way we arrived a t certain equations expressing certain properties of
the electromagnetic field. We now proceed to investigate whether these properties of that which constitutes the electromagnetic field, deduced fiom electromagnetic phenomena alone, are sufficient to explain the propagation of light
through the same substance.
(91)

(92) Let us suppose that a plane wave whose direction cosines are 1, m, n
is propagated though the field with a velocity V. Then a,ll the electromagnetic functions will be functions of
w=k+my+nz-

Vt.

The equations of Magnetic Force (B), p. 556, will become

If we multiply these equations respectively by 1,

m, n, and add, we n i d

which shews that the direction of the magnetization must be in the plane of
the wave.
VOL. 1.
73
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(93) If we combine the equations of Magnetic Force (B) with those of

Electric Currents (C), and put for brevity

dF dG d H
-+-+-=J,
dx dg dz

and

d
d = d 2
-dxl
+ - +dya
- = v ?dzz

............ (63),

If the medium in the field is a perfect dielectric there is no true conduction,
and the currents p', q', r' are only variations in the electric displacement, or,
by the equations of Total Currents (A),

But these electric displacements are caused by electromotive forces, and by the
equations of Electric Elasticity (E),
P=kJ
&=kg,
R=kh ......................... ( 6 6 ) .
These eledromotive forces are due to the variations aither of the electromagnetic or the eledrostatic functions, as there is no motion of eonductors in
the field; so that the equations of electromotive force (D) are

(94)

C o m b i i g these equations, we obtain the following :-
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If we digerentiata the third of these equations with respect to y, and
the second witk respect ka 2, and subtract, J and Y dkappear, and bgs remernbering the equations (B) of magnetic force, the results may be written

+ +

(95) If we assume that a, fi y are functions of lx my nz - Vt =w, the
first equation becomes

The other equations give the m e value for V, so th& the waxe is propgated in either direction with e velocity K
Thïs wave consists entirely of magnetic disturbances, the direction of magnetization being in the plane of the wave. No magnetic disturbance whose
direction of magnetization is not in the plane of the wave can be propagated
as a plane ware a t all.
Hence magnetic disturbances propagated through the eIectromagnetic field
agree with light in this, that the disturbance a t my point is transverse to
the direction of propagation, and such waves may have all the properties of
polarized light.
( 9 6 ) The only medium in which experiments have been made to determine
the- value of k is air, in which p = 1, and therefore, by equation (46),

By the electromapetic

v=v ........................................ (721.
experiments of MM. Weber and Kohlrausch *,

v = 310,740,000 metres per second
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is the number of electrostatic units in one electromagnetic unit of electricity,
and this, according to our result, should be equal t o the velocity of light in
air or vacuum.
The velocity of light in air, by M. Fizeau'sQ experimentg, is

according t o the more accuraie experiments of M. Foucault t,

V =298,000,000,
The velocity of light in the space surrounding the earth, deduced from
the coeficient of aberration and the received vduë af the radius of the earth's
oïbit, is
y= 308,000,000.
(97) Hence the velocity of light deduced from experirnent agrees sufficiently
well with the value of u deduced from the only set of experiments a-e as yet
possess. The value of v was determined by measuring the electromotive force
with which a condenser of known eapacity was charged, and then dischaxging
as to measure the quantity of electricity
the condenser through a galvanorneter,,~~
in it in electromagnetic measure. The only use made of light in the experiment
was to see the instruments. The value of -CI' found by M. Foucault was
obtained by determining the angle through which a revolving mirror turned,
while the light reflected from it went and returned dong a measured course.
No use whatever was made of electricity or magnetism.

The agreement of the results seems t o shew that light and rriagneti~m
aïe affections of the same substance, and that light is ail electromagnetic disturbance propagated through the field according t o electromagnetic laws;
Let us now go back upon the equations in (94), in which the
quantities J and T occur, t u see whether any other kiiid of disturbance can
be propagated through the medium depending on these quantities which disappeared
from the final equations.
(98)

*
t
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from the equation

F', G', H' from the equations

and the equations in (94) become of the forrn

DifTerentiating the three equations with respect to x, y, and x, and adding, we
find that

and that
kVzGI= 4pp-

Hence the disturbances indkated by

Y=

dt"

..............................(78).

F', G', H' are propagated with the velocity

J49 thro,ugh the field; and since
-

the resdtant of these disturbances is in the plane of the wave.
The remaining part 'of the total disturbances F, G, H being the part
depending on X, is subject t o no condition except that expressed in the equation
(99)
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If we perform- the operation Va on this equation, it becornes

Since the medium is a perfect insulator, e, the free electricity, is immove-

dJ
is a function of x, y, z, and the value of J is either
dt
constant or zero, or uniformly increasing or dimbishing with the time; so that
no disturbance depending on . J can be propagated as a.wave.
able, and therefore

The equatioris of the dectmmagnetic field, deduced from purely
experimental evidence, shew that transversal vibrations only can be propagated.
If me were to go beyond Our experherttd knowledga and t o assign a definite
density to a substance wlzich we should d the electric fluid, and select either
vitreous or r e s i n m electriciig as the representative of that fluid, then we might
have normal vibrations propagated with a velocity depending on this density.
We have, however, no evidence as to the density of electricity, as we do not
even know whether to consider vitreous electricity as a substance or as the
absence of a suhtance.
(190)

Hence electromagnetic science leads to exactly the same conclusions as
optical science with respect to the direction d the disturbances which can be
propagated through the field; both affirm the propagation of transverse vibrations, and both give the same valocity of propagation. On the other hand, both'
sciences are a t a loss when calFed on t o affirm or deny the existence of normal
vibrations.

Relation between the Index of Refrccction- and the Electromagwtic Character
of the substance.
(101) The velocity of light in a medium, wcording to the Undulatory
Theory, is
1

;
K%
where i is the index of refraction and
is the velocity in vacuum.
velocity, according to the Electromagnetic Theory, is

E
-D

where, by equations (49) and (71), k --ko,and IC, = 4~ V , .
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Rence
or the Specific Inductive Capacity is equal to the square of the index of refraction divided by the coefficient of magnetic induction.
Propagation, oj' Electromag~ticDistur3ames ia a Cqsta2lized Medium.

n m c h i d Lhe conditions of propagation of a plane wave
in a medium for which the d u e s of k and p are difFerent in different directions. As we do not propose to give a complete investigation of the question
in the present imperfect state of the theory as extended to disturbances of
short period, we shall assume that the axes of magnetic induction coincide in
directïon with those of electric elasbicity.
(102) Let

2i8

(103) Let the values of the magnetic coefficient for the three .axes be
A, EL,v, hhen the equations of magnetic f m e (B) become

The quatianrj of electric currents (C) reniain as befm.
The equations of electric elnsticity TE) wiU be

P = 47raaf

1

Q = 4nbag
I? = 4nc2h

.................................( 8 9

where ha2, 4nb", and 4rc1 are the values of k for the axes of x, y, z.

Oombining theae equations with (A) and (D), we get equations of the form

(104) If 1, m, n are the direction-cosines of the wave, and V its velocity,

and if

k+rny+nz-
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7 t = w .............................. (84)s

then F, G, H, and W will be functions of w ; and if we put F', G
', H',Y?'
for the second differentials of these quantities with respect to w, the equatio~s

If we now put

we shall find
with two sirnilar equations for G' and H'. Hence either

V F =ZW, VG'=mW and YH'=nW.. ........ (go).
The third supposition indicates that the resultant of P: G', H' is in the
direction normal to the plane of the wave; but the equations do not indicate
that such a disturbance, if possible, could be propagated, as we have no other
relation between W and E", G', H'.
The solution V=O refers to a case in which there is no propagatio~.
" The solution U=O gives two values for V Scorresponding t o values of F',
G', H', which are given by the equations

* [Although it is not expressly stated in the text it should be noticed that in finding equations
(91) and (92) the quantity W is put equal to zero. See 5 98 and also the corresponding treatment of this subject in the ~ l e c t r i c i t iand Magnetism ii § 796. I t may be observed that the
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(105)

Th6 velocities .along the axes are as. fkllows :-

Direction of propagation

..................

Direction of the èlectric displacements

Now we know that in each principal plane of a crystal the ray polarized
in that plane obeys th6 ordinary law of refraction, and therefore its velocity
is the same in whatever direction in that plane it is propagated.

If polarized light consists of electromagnetic disturbances in which the
electrio displacement is in the plane of polarization, then
If, on the contrary, the electric displacements are perpendicular to the plane
of polarization,
X=p=v
(94).
.m.. ...............................

We know, from the magnetic experiments of Faraday, Plücker, &c., that in
many crystnls A, b, v are unequal.
.
.
equations referred to and the table given in 3 105 may perhaps be more readily understood from
a different mode of elimination. If we
. .write
+ vns= PApv and MF' + p G ' + vnH' = Q X p , '
A$ +

it is readily seen that
%a

"

-

FI=,? VW axXQ
V s - aPAP '

with similar expressions for G', H'. From thwe we readily obtain by rmoning similar to that in
§ 104, the equation correspondhg to (86fJ'viz. :

This form of the equation ltgrees with that &en

in the Electricity and Magnetism ii.

3

797.

Bp means of this equtltion the equations (91) and (92) readily follow when Y = O.
ratios of P' : G' : H' for any direction of propagation may also be determined.]
VOL. 1.
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Let R be the resistance in electromagnetic measure of a plate of the
substance whose thickness is ,x,breadth b, and length 1, then

Most transparent solid bodies are good insulators, whereas all good
conductors are very opaque.
(107)

Electrolytes allow a current to pass easily and yet are often very transparent. We may suppose, however, that in the rapidly alternating vibrations
of light, the electromotive forces act: for so short a time that they are unable t o
effect a complete separation between the particles in combination, so that when
the force is reversed the particles oscillate into their former position without
loss of energy.
Gold, silver, and platinum are good conductors, and yet when reduced t o
sufficiently thin plates they allow light to pass through them. If the resistance
of gold is the same for electromotive forces of short period as for those with
which we make experiments, the amount of light which passes through a piece
of gold-leaf, of which the resistance was determined by Mr C. Hockin, would
be only i0-" of the incident light, a totally imperceptible quantity. 1 find that
,and ,lm of green light gets through such gold-leaf. Much of this
between
is transmitted through holes and cracks; there is enougli, however, transmitted
through the gold itself to give a strong green hue to the transmitted light.
This result cannot be reconciled with the electromagnetic theory of light, unless
we snppose that there is less loss of energy when the electromotive forces are
reversed with the rapidity of the vibrations of light than when they act for
sensible times, as in Our experiments.

Absolute Values
(108)

of

the Electromotive and fiynetic Forces cctlled hzto play in the
Propagation of Light.

If the equation of propagation of light is
27r

F= A cos - (z - V t ) ,
X
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the electromotive force will be
2n

V sin - ( z - Vt);
X

and the energy per unit of volume will . b e

P"
8 ~ p'

v'

where P represents the greatest ,value of the electromotive force. Half of this
consists of magnetic and half of electric energy.

The energy passing through a unit of are.

so that

where V is the velocity of light, and W is the energy communicated to unit
of area by the .light in a second.
Accordiig to Pouillet's data, as cdculated by Professor W. Thomson", the
mechanical value of direct sunlight a t the Earth is
83.4 foot-pounds per second per ,square foot.
This g i ~ e sthe maximum value of P in direct sunlight a t the Earth's distance
from the Sun,
P = 60,000,000,
or about 600 Daniell's cells per metre.

A t khe Sun's surface the value of P would be about
7

,

13,000 Daniell's cells per metre.
A t the Earth the maximum magnetic force would be -193 t.
A t the Sun it would be 4.13.
These electromotive and magnetic forces must be conceived to be reversed
twice in every vibration of light ; that is, more than a thousand million million
times in a second.

" Transactwns of th Royal Society of Edinburgh, 1854 ("Mechanical Energies of the Solar
System ").
t

The horizontal magnetic force at Kew is about 1.76 in metrical iinits.
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PART VII.
CALCULATION O F THE COEFFICIENTS OF ELECTROMAGNETIC INDUCTION.

(109) The electromagnetic relations between two conducting circuits, A and
B, depend upon a function M of their form and relative position, as hm been
already shewn.

M may . be calculated in several diierent ways, which must of course al1
lead t o the same result.
First Method. M is the electromagnetic momentum of the circuit
A carries a unit current, or

B when

where 8,G, H are the components of electromagnetic momentum due to a unit
current in A, and ds' is an element of length of B, and the integration is
performed round the circuit of B.
To find F, G, H, we observe that by (B) and (C)

with corresponding equationa for G and H, p', q', and r' being the components
of.the current in A.
Now if we consider only a single element ds of A, we s h d have
dx
dz
~ ' = ~ c i s , $=$LI+
r' = ds ds,

and the solution of the equation gives
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mhere p is the distance of any point from cls.

Hence

wliere 0 is the angle between the directions of the two elements ds, ds', and
p is the distance between them,' and the integration is performed round botli
circuits.
I n this method we confine our attention during integration to the twb linear
circuits alone.
Second Method M is the number of lines of, magnetic forie which
pass through the circuit B when A carries a unit current, or
(110)

-

M=Z ( p d + p ~ r n + p y n dS',
)

where pu, &?,py are the components of magnetic induction due to unit current
in A, S' is a surface bounded by the current B, and 1, m, n are the directioncosines of the normal to the surface, the i n t e p t i o n being extended over the
. .
surface.
.

We may express this in the form

1
P"

M= pz - sin 0 sin'6 sin +dS'ds,
where d S is an element of the surface bounded by B, cls is an element
of the circuit A, p i.,~ the distance between them, 8 and 0' are the angles
between p and ds and between p and the -normal to d S respectively, and $I is
the angle between the planes in which B and t9' are measured. The integration
is performed round the circuit A and over the surface bounded by B.
This method is most convenient in the case of circuits lying in one plane,
in which case sin 8= 1, and sin
1.

+=

(111) Third Method.

M is that part of the intrinsic magnetic energy of

the whole field which depends on the product of . t h e currents in the two
.
circuits, each current being unity.
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Let ,a,B, y be the components of magnetic intensity a t any point due t o
the first circuit, a', p', y' the same for the second circuit; then the intrinsic
energy of the eleinent of volume d V of the field is
.

E{(a+ay+(/3+/3')'+
812

(y+y)3dv.

The part which depends on the product of the currents is

Rence if we know the magnetic int,ensities 1 and
iii each circuit, we rnay obtain M by integrating

I' due to the unit current

Y- Z ~ L
P Icos Bd V
412

over al1 space, where 8 is the angle between the directions of I and I'.

Application to a Coil.
To find the coefficient (M) of mutual induction between two circular
linear conductors in parallel planes, the distance between the curves being everywhere the same, and small compared with the radius of either.
If r be the distance between the curves, and a the radius of either, theii
when r is very small compared with a, we find by the second method, as a
first approximation,
(112)

To appioximate more clo'sely to the value of Ai, let a and a, be the radii of
the circles, and b the distance between their planes; then
?s=(cz-&)I+~~.
W e obtain &I by considering the following conditions:1st. M must fulfil the differential equation
d=M CPM 1 d M
=+.+-=o.
db
ada .
This equation being true for any magnetic field symmetrical with respect to the
common axis of the circles, cannot of itself lead to the determination of 111 as
a function of a, a,, and b. We therefore make use of other conditions.
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Zndly.
"

.

The value of M must remain the same when a and a, are exchanged.
.

3rdly: ~ h fugt
e two terms of M mu& be the same as those given above.

M may thus be expanded in the following series :-

(113) We may apply this result to find the coefficient of self-induction
(L) of a circular coil of wire whose section is small coapared with the radius
of the circle.

Let the section of the coil be a rectangle, the breadth in the plane of
the circle being c, and the depth perpendicular to the plane ~f the circle being b.
.

.

Let the mean radius of the coi1 be a, and the number of windings n ;
then we find, by integrating,

L =ZI(I(M(X~
b2c2
dy') dz dzj dx' dy',
where M(xy x'y') means the value of M for the two windings whose coordinates
are x y and x'y' respectively ; and the integration is performed first with respect
to x and y over the rectangular section, and then with respect to x' and y'
over the same space.

-

r
1
cot 28 . I-cos
28 --cot2910gcos0
3
6

1
--tanVlogain8
6

1 3 sin48
+--,log sin
3 cos O

Here a =
,, r =
,, O =
,, n =

mean radius of the coil.
diagonal of the rectangdar section = JO2+CZ,
angle between r and the plane of the circle.
number of mindings.

The logarithmi are Napierian, and the angles are in circular measure,
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I n the experiments made by the Cornmittee of the British Association for
determining a standard of Electrical Resistance, a double coi1 was used, consisting of two nearly equal coils of rectangular section, placed parallel t o each
other, with a s m d interval between them.
The value of L for this coil was found in the following way.
The value of L was calculated by the preceding formula for six different
cases, in which the rectangular section considered hm always the sarne breadth,
while the depth was
A, B, C, A + B , B+C; A + B + C ,
and n = 1 in each case.
Calling the results

L ( A ) , L (B), L (C), &c.,

we calculate the coefficient of mutual induction M ( A C ) of the two coils thus,

2ACM(AC)=(A+B+C)'L(A+B+C)-(A+B)"L(A+B)
-(B+C)"L(B+C)+B"L(B).
Then if n, is the number of windings in the coil A and n, in the coil C, the
coefficient of self-induction of the two coils together is

L =n,"L( A )+ 2n,nJI (AC)+nl L (C).
These values of L are calculated on the supposition that the windings
of the wire are evenly distributed so as to 6.U up exactly the whole section.
This, however, is not the case, as the wire is generally circular and covered with
insulating material. Hence the current in the wire is more concentrated than i t
would have been if it had been distributed uniformly over the section, and the
currents in the neighbouring wires do not act on it exactly as such a uniform
ciment would do.
(114)

. The

corrections arising fiom these considerations may be expressed as numerical quantities, by which we must multiply the length of the wire, and they
are the same whatever be the form of the coil.
Let the distance between each wire and the next, on the supposition that
they are arranged in square order, be D, and let the diameter of the wire
be d , then the correction for diameter of wire is

VOL. 1.
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The correction for the eight nearest wires is
0.0236.
For the sixteen in the next row
+0.00083.

+

These corrections being multiplied by the length of wire and added to the
former result, give the tme value of L, considered as the measure of the
potential of the coi1 on itself for unit current in the wire when that current
has been established for some tirne, and is uniforrnly distributed through the
section of the wire.
But at the commencement of a current and during its variation the
current is not uniform throughout the section of the wire, because the inductive action between digerent portions of the current tends to make the current
stronger at one part of the section than a t another. When a uniform electromotive force P arising from any cause acts on a cyl&drical wire of specific
resistance p, we have
(115)

where F is got from the equation

r being the distance from the axis of the cylinder.

Let one term of the value of F be of the form Trn, where T is a
function of the time, then the term of p which produced i t is of the form

--1 ~'TY-~.
4*lu

Hence if we write

The total counter current of self-induction a t any point is

from t = O to

t=m.
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When t = O , p = ~ ,

:.

y
3 );r

=O, kc.

=p,

O

When t = c o , p = - ,

P

When t =O, p = O throughout the section,

Also if

.*.

r30P, ($)

= O, &c.

=

O

Z be the length of the wire, and R its resistance,

PZ
R

and if C be the current when established in the wire, C = -.
The total counter current may be written

Now if the current instead of being vaxiable from the centre t o the circumference of the section of the wire had been the same throughout, the value
of P would have been

where y is the current in the wire a t any instant, and the total counter
current w o d d have been

or the value of L which must be used in calculating the self-induction of a

wire for variable currents is less than that which ia deduced flom the aupposition of the current being constant throughout the section of the wire by &pl,
7 5-2
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where E is the length of the wire, and p is the coefficient of magnetic induction for the substance of the wire.
The dimensions of the coil used by the Committee of the British
Association in their experirnents a t King's College in 1864 were as follows :(116)

metre.

Mean radius ........................=a= -158194
Depth of each coil.. ............. = b = .O1608
Breadth of each c d . . ............ = c = .01841
Distance between the coils ..... ='O2010
Number of windings.. ............ n = 3 13
Diameter of wire .................% = -00126
The value of
metres.

L derived from the first term of the expression is

437440

The correction depeading on the radius not being infinitely great compared
with the aection of the coil as found from the second term is - 7345 metres.
The correction depending on the diimeter of the wire is
per unit of length ..................................................
Correction of eight neighbouring wires .............................
For sixteen wires next to these ...........*..........................
Correction for variation of current in different parts of section

)+,44997
+ .O236

+ -0008

- ,2500

Total correction per unit of length ..................................
'22437
Length ............................................................ 3 1 1.236 metres.
Sum of corrections of this kind .......................................
70
Final value of L by cdculation .................................... 430165 ,,

This value of L was employed in reducing the observations, according to
the method explained in the Report of the Committeex. The correction depending on L varies as the square of the velocity. The results of sixteen
experiments to which this correction had been .applied, and in which the velocity
varied from 100 revolutions in seventeen seconds to 100 in seventy-seven seconds,
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were compared by the method of least squares to determine what further correction depending on the square of the velocity should be applied to make the
outstanding errors a minimum.
The result of this examination shewed that the calculated value of L should
be multiplied by lg0618 to obtain the vdue of 4, which would give the most
consistent results.
We have therefore L by calculation.. ............................... 430165 metres.
Probable value of L by method of least squares .................. 456748 ,,
RRsult of rough experiment with the Electric Balance (see 5 46) 410000 ,,
The value of L calculated from the dimensions of the coi1 is probably much
more accurate than either of the other determinations.
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* XXVI. On the Calculation.of the Equilibrium and Stgness of Frarnes.
THE theory of the equilibrium and defledions of frameworks subjected to
the action of forces is sometimes considered as more complicated than it really
is, especially in cases in which the framework is not sirnply stig, but is
strengthened (or weakened as it may be) by additional c&ecting pieces.
1 have therefore stated a general method of solving all such questions in
the least complicated manner. The method is derived from the principle of
Conservation of Energy, and is referred t o in Lamé's Legons sur E'EZasticité,
Leçon 7"", as Clapeyron's Theorem; but 1 have not yet seen any detailed
application of it.
If such questions were attempted, especially in cases of three dimensions,
by the regular method of equations of forces, every point would have three
equations to determine its equilibrium, so as to give 3s equations between
e unknown quantities, if s be the number of points and e the number of
connexions. There are, however, six equations of equilibrium of the system
which must be fulflled necessarily by the forces, on account of the equality
of action and reaction in each piece. Hence if
the effect of any external force will be definite in producing tensions or pressures
in the m e r e n t pieces ; but if e > 3s- 6 , these forces will be indeterminate.
This indeterminateness is got rid of by the introduction of a system of e equations of elasticity connecting the force in each piece with the change in its
length. I n order, however, to know the changes of length, we require to assume
3s displacements of the s points; 6 of these displacements, however, are equivalent to the motion of a rigid body so that we have 3s-6 displacements of
points, e extensions and e forces to determine from 3s-6 equations of forces, e

* [ O h g to an oversight this paper is out of its proper place; it should have been immediately
before the niemoir on "The Electro-magnetic Field." (No. XXV.)]
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eqnations of extensions, and e equations of elasticity ; so that the solution is
alw ays determinate.
The following method enablea us t o avoid unnecessary complexity by treating
separately al1 pieces which are additional to those required for making the frame
stiff, and by proving the identity in form between the equations of forces and
those of extensions by means of the principle of work.

On the Stz$izes of Prames.
GeometricaE deJinition of a Fram. A frame is a system of lines connecting
s number of points.

A stiff frame is one in which the distance between any two points cannot

.

be altered without altering the length of one or more of the connecting lines
of the frame.
A frame of s points in space requires in general 3s- 6 connecting lines to
render it stiE In those cases in which stiffoess ean be produced with a smaIler
number of lines, certain conditions must be f u m e d , rendering the case one of
a maximum or minimum value of one or more of its lines. The stiffness of
such frames is of an inferior order, as a small disturbing force may produce
a displacement infinite in cornparison with itself.
A frame of s points in a plane requires in general 2s - 3 connecting lines t o
render it stiff.
A frame of s points in a line sequires s - 1 connecting lines.
A frame may be either simply stX, or i t rnay be self-strained by the introduction of additional connecting lines having tensions or pressures dong them.
I n a frame which is sirnply stiff, the forces in each connecting line srising
from the application of a force of pressure or tension between any two points
of the frame may be calculated either by equations of forces, or by drawing
diagrams of forces according to known methods.
I n general, the lines of connexion in one part of the frame rnay be affected
by the action of this force, wliile those in other parts of tshe frame rnay not
be so dected.

Elasticity and Extensibility of a connecting piece.
Let e be the extemion produced in a piece by tension-unity acting in it,
then e may be called its extensibility. Its elasticity, that is, the force required
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to produce extension-unity, will be

-.
e
1

We shall suppose that the effect of

pressure in producing compression of the piece is equal to that of tension in
producing extension, and we shall use e indifferently for extensibility and compressibility.

Work done against Elasticity.
Since the extension is proportional to the force, the whole work done will
be the product of the extension and the mean value of the force; or if z is
the extension and F the force,
x=eF,

When the piece is inextensible, or e=O, then al1 the work applied at one end
is transmitted t o the other, and the frame may be regarded as a machine whose
e&ciency is perfect. Hence the following

THEOREM. If p be the tension of the piece A due to a tension-unity
between the points B and C, then an extension-unity taking place in A will
bring B and C nearer by a distance p.
For let X be the tension and x the extension of A, Y the tension and
y the extension of the line BC; then supposing al1 the other pieces inextensible,
no work will be done except in stretching A, or

+Xx++Yy=O.
But X = p Y , therefore y = -pz, which was to be proved.

PROBLEM
1. A tension F is applied between the points B and C of a
frame which is simply stiff; t o find the extension of the line joining D and E,
al1 the pieces except A being inextensible, the extensibility of A being e.
Determine the tension in each piece due to unit tension between
and let p be the tension in A due to this cause.

B and C,

Determine also the tension in each piece due t o unit tension between
and E, and let y be the tension in the piece A due to this cause.

D

Then the actual tension of A is Fp, and its extension is eFp, and the
extension of the line DE due to this cause is -Fepq by the last theorem.

IRIS - LILLIAD - Université Lille 1

ON THE CALCULATION OP THE EQUILIBRIUM AND STIFFNESS OP F R H E % 601

If the other pieces of the frame are extensible, the complete value
of the extension in DE due to a tension F in BC is
COR.

-

(epa),

where 8(epq) means the sum of the products of epq, which are to be found
for each piece in the same way as they were found for A.
The extension of the line BC due to a tension

-

P

in BC itself d l be

(q",

S(epa)may therefore be called the resultant extensib'ility dong BC.

A tension F is applied between B and C; to find the
extension between D and E when the frame is not simply stX, but has
additional pieces R, S, T, &c. whose elasticities are known.
Let p and q, as before, be the tensions in the piece A due to unit
tensions in BC and DE, and let r, s, t , &c. be the tensions in A due to
unit tension in R, S, T, &c.; also let R, S, T be the tensions of R, S, T,
and p, u, T their extensibilities. Then the tension A
PROBLEBI
II.

the extension of A

=e(Fp+ Rr+Ss+ Tt+&.);
the extension of R
=

extension of S
extension of T

-PZ (epr)-me73 - SZers - TZert + &c. =Rp ;

- - TZ(est)= Su ;
= - FZ(ept)- RZ(ert)- SZ(est)- TS(et2)
= TT;

= -FZ (eps) RZ(ers) SZes'

also extension of DE
=

- FL(epq)- RZ(eq9.)- SZ(eqs)- n ( e q t )= x,

the extension required. Here we have as many equations to determine R, S, T,
&c. as there are of these unknown quantities, and by the last equation we
determine x the extension of DE from F the tension in BC.
Thus, if there is only one additional connexion R, we h d

and

VOL. 1.
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If there are two additional connexions R and S, with elasticities p and a,

The expressions for the extensibility, when there are many additional pieces,
are of courae very complicated.

It will be observed, however, that p and q always enter into the equations
in the same way, so that we may establish the following general
THEOREM. The extension in BQ, due to unity of tension along DE, is
always equal t o the tension in DE due to unity of tension in BC. Hence we
have the following method of determining the displacement produced a t any
joint of a frame due to forces applied at other joints.
iat. Select as many pieces of the frame as are sufficient to .render al1 its
points sti£î. Call the remaining pieces R, S, T,' &c.
2nd. Find the tension on each .piece due to unit of tension in the
direction of the force proposed t o be applied. Call this the value of p for each
piece.
3rd. Find the tension on each piece due to unit of tension in the
direction of the displacement to be determined. Call this the value of q for
each piece.
4th. Find the tension on each piece due to unit of tension along R, S, T,
&c., the additional pieces of the frame. Call these the values of r, s, t, &c.
for each piece.
5th. Find the extensibility of each piece and cal1 it e, those of the
additional pieces being p, a, T , &c.
6th. R, S, T, &c. are to be determined from the equations
Rp + RY,(er") S(ers) + T 2 (ert) + B 2 (epr) = 0,
Sa R8(ers) S(e9) T2 (est) B 2 (eps) = O,
TT RC(ert) S(est) TC (et3) FX (ept) = 0,
as many equations as there are quantities to be found.

+
+

+
+
+

+
+

+
+

7th. x, the extension required, is then found from the equation
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In s&uctures a c t d on by weights in which we wish to determine the
deflection a t any point, we may regard the points of support as the extremities
of pieces connecting the structure with the centre of the earth; and if the
supports are capable of resisting a horizontal thrust, we must suppose them
connected by a piece of equivalent elasticity. The deflection is then the
shortening of a piece extending fiom the given point to the centre of the
earth.

EXAMPLE.
Thus in a, triangular or Warren girder of length 1, depth d,
with a load W placed a t a distance a fiom one end, 0 ; to find the deflection
at a point distant b from the same end, due to the yielding of a piece of
the boom whose extensibility is e, distant x from the same end.
Z-a
The pressure of the support a t O = W
and if x is less than a, the

7;

W
force at x will be - x(Z- a), or
dl

If x is greater than a,
a(Z-5)
p= -

dl

'

Similarly, if x is less than b,
P'

~ ( 1 -b )
dl ;

but if x is greater than b,
(1-X)
q= b-

dl

'

The deflection due to x is therefore Wepp, where the proper values of p
and q must be taken according to the relative position of a, b, and x.
If a, b, 1,
the beginning
opposite 1, &c.,
each piece = e ,
of series,

x represent the number of the respective pieces, reckoning fiom
and calling the first joint O, the second joint and the piece
and if L be the length of each piece, and the extensibility of
then the deflection of b due to W at a will be, by summation

IRIS - LILLIAD - Université Lille 1

604

ON THE CALCULATION OF THE EQUILIBRIUM AND STIFFNESS OF FRAMES,

This is the deflection due t o the yieldig of al1 the horizontal pieces.
The greater the number of pieces, the less is the importance of the last term.
Let the inclination of the pieces of the web b e a, then the force on a
2-a
piece between O and a is' W - or
I sin a'
z-a

sin a

when x c a ,

and

P'=~-

a
when %>a.
sin a

Also
z-b
when x < b,
sin a
b
q'=t-when x > b.
sin a
q'=ic

If e' be t h e extensibility of a piece of the web, we have to sum WZe'p'q'
t o get the deflection due to the yielding of the web,
We'
lasinaa afl- b){l+ f(b-a)}.

= --
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